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Abstract
Hyperspectral images (HSIs) acquired by hyperspectral imaging sensors contain hun-
dreds of spectral bands. The abundant spectral information provided by an HSI makes
it possible to discriminate different materials in a scene. Therefore, HSIs have been
widely used in various fields, such as agricultural production, mineral exploration, and
environmental protection. However, HSIs are usually corrupted by different noises such
as quantization noise, thermal noise, and shot noise, due to the influence of photon
effects, atmospheric absorption, and sensor disturbance. Therefore, denoising is an
important preprocessing step for HSI analysis and applications. HSI has the low-rank
characteristic, which is exploited by representing the spectral vectors of HSI in a low-
dimensional subspace. Thus, it is an effective way to use the low-rank characteristic of
HSI for HSI denoising. This thesis proposes several low-rank-based denoising methods
for HSI to improve HSI applications.

The main contributions of the thesis are the following.

- Two new low-rank based HSI denoising methods. One is the non-local means low-
rank approximation (NLMLRA) method, which uses a Slanted Butterworth function to
construct a low-rank approximation for non-local means (NLM) operator. The Slanted
Butterworth function is a filter function, that removes the noise in the NLM operator
and retains the eigenvalues above a given threshold value to preserve the low-rank
charactoristic of HSI. The Chebyshev polynomials is used for NLMRA to improve the
practicability and reduce the computational cost. The other is the wavelet-based block
low-rank representations (WBBLRR) denoising method. WBBLRR uses 3-D wavelet
transform to decompose HSI into different sub-images (approximation ciefficients sub-
image and detail coefficients sub-images). Each sub-image can be considered as a block,
where each block utilizes a low-rank representations model with different regularization
parameters to obtain the denoised block.

- A new sparse and low-rank based HSI denoising method. This is the spectral-spatial
transform-based sparse and low-rank representations (SSWSLRR) method. The pro-
posed method uses both `1 penalty and weighted nuclear norm penalty in the transform
domain to exploit the sparse and low-rank characteristics of HSI to remove noise.

- Several mixtures of factor analyzers (MFA) low-rank based methods are proposed
for HSI denoising and feature extraction.

- Four new MFA based HSI denoising methods. MFA is a low-rank probabilistic
method. HSIs usually have different classes with different characteristics and can-
not be assumed to obey a Gaussian distribution. Thus, the Gaussian mixture model
can be used to solve the non-normal distribution problem. MFA uses the Gaussian



mixture model to allow a low-rank representation of the Gaussians for different sam-
ples of HSI to remove noise. Furthermore, MFA is applied in the wavelet domain to
remove noise is also analyzed. In addition, mixed noise is discussed using MFA with
local spatial-spectral correlation of HSI.

- Six new unsupervised, supervised, and semi-supervised feature extraction methods.
All the methods are proposed based MFA to exploit the low-rank representation for
HSI. And the methods set different number of layers of MFA to construct the algorithm
frameworks and use different samples to train the models. Unsupervised methods only
use unlabeled samples to extract features of HSI. Supervised methods only utilize la-
beled samples to extract features of HSI. Semi-supervised methods use both unlabeled
and labeled samples to extract features of HSI.
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Ágrip
Hyperspectral myndir (HSI) sem fengnar eru af skynjun skynjara geisla innihalda hun-
druð litrómsbanda. Nægar litrófsupplýsingar sem gefnar eru af HSI gera það mögulegt
að mismuna mismunandi efnum í senu. Þess vegna hafa HSI verið mikið notaðar á
ýmsum sviðum, svo sem landbúnaðarframleiðsla, steinefnaleit og umhverfisvernd. HSI
eru þó venjulega skemmdir af mismunandi hávaða eins og magnstuðli, hitauppstreymi
og skothávaða, vegna áhrifa ljósáhrifa, frásogs andrúmslofts og truflunar skynjara.
Þess vegna er afneitun mikilvægt forvinnsluskref fyrir HSI greiningu og forrit. Þessi
ritgerð leggur til nokkrar afmörkunaraðferðir fyrir HSI til að bæta árangur fyrrnefndra
umsókna. Helstu framlög ritgerðarinnar eru eftirfarandi.

- Tvær nýjar lágstéttar HSI afbótaaðferðir. Önnur er NLMLRA aðferðin sem er ekki
staðbundin og notar slantaða Butterworth aðgerð til að búa til lágmarks nálgun fyrir
rekstraraðila sem ekki er staðbundinn (NLM) og er á skilvirkan hátt útfærð á grund-
velli Chebyshev margliða. Hitt er aðferðin sem byggir á bylgjulögun (low-rank rep-
resentations) (WBBLRR) afneitunaraðferð. WBBLRR notar 3-D bylgjubreytingu til
að brjóta niður HSI í mismunandi blokkir, þar sem hver blokk notar lág-stig framset-
ningarmódel til fá denoised blokkina, og notaðu síðan andhverfa 3-D bylgjubreytingu
fyrir alla denoised blokkina til að fá denoised HSI.

- Ný dreifðar og lágstéttar HSI afneitunaraðferðir. Þetta er litrófs-staðbundna byl-
gjubundna dreifðar og lágstiga framsetning (SSWSLRR) aðferð. Fyrirhuguð aðferð
notar 3-D stakan wavelet umbreytingu (3-D DWT) til að brjóta niður hávær HSI til
dreifðra bylgjustuðla. Hávaðinn í HSI er niðurbrot í bylgjustuðla með dreifðri dreifingu
lítilla amplituda. Til að fjarlægja hávaðann á áhrifaríkan hátt í wavelet léninu er lagt
til veginn kjarnorku norm reglugerð, sem veitir góða nálgun fyrir raunverulega stöðu
Og lögð er til ný strjál og lítil refsiaðferð sem byggð er á vegnu kjarnorkuviðmiði og
ströngum viðurlögum, sem geta dregið saman aðlögunarhæfilega hvern bylgjustuðul,
þ.e. stærri stuðlarnir skreppa minna saman en þeir minni munu minnka meira, þar
sem stærri stuðlar bera meiri upplýsingar en minni.

- Lagðar eru til nokkrar blöndur af þáttargreiningartækjum (MFA) með lágu stigi
aðferðir til að afmarka HSI og draga út eiginleika.

- Fjórar nýjar MFA byggðar HSI afbótaaðferðir. MFA, 2-D bylgjumiðað MFA (WMFA-
2D) og 3-D bylgjumyndað MFA (WMFA-3D) er lagt til að fjarlægja Gaussískan há-
vaða. WMFA-2D og WMFA-3D nota MFA í wavelet domian til að fjarlægja hávaða
er mælt með staðbundnum staðbundnum og litróf fylgni byggðri MFA (LSSC-MFA)
til að fjarlægja blandaðan hávaða.

- Sex nýjar aðferðir til útdráttar án eftirlits, eftirlits og hálfgerðar eftirlits. MFA,
djúpt MFA (DMFA), MFA (SMFA), DMFA (SDMFA), MFA (S2MFA) , og hálfstýrð
DMFA (S2DMFA) lögun útdráttaraðferða er fyrirhuguð HSI flokkun. The MFA lengir



Gaussian blöndu líkanið til að leyfa lágvíddar framsetningu Gaussians. DMFA er djúp
útgáfa af MFA og samanstendur af tveggja laga MFA, þ.e. sýnum úr aftari dreifingu
við fyrsta lagið er innflutt í MFA líkan í öðru laginu. SMFA samanstendur af eins lags
MFA og SDMFA er tveggja laga SMFA. SMFA og SDMFA nýta merktar upplýsingar
til að draga úr eiginleikum HSI á áhrifaríkan hátt. S2MFA og S2DMFA nýta bæði
merktar og ómerktar upplýsingar til að draga út eiginleika HSI.
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Chapter

Introduction 1
This chapter begins with introducing hyperspectral images (HSI). The concept of
hyperspectral denoising is explained and main methods used in denoising are re-
viewed. Feature extraction and its relationship to hyperspectral denoising is also
discussed. The chapter concludes with the goals and novelties of the work presented
here, along with an overview of the thesis.

•

1.1 Hyperspectral Images

Remote sensing is the process of detecting and monitoring the material characteristics
of a scene by measuring its reflected and emitted radiation from satellite or aircraft
sensors.

Hyperspectral remote sensing image is collected by hyperspectral sensors. Hyperspec-
tral sensors can measure reflected light within a scene in hundreds of narrow spectral
bands from across the electromagnetic spectrum. Thus, Hyperspectral image (HSI)
contains contiguous hundreds of spectral bands and usually covers the visible to the
near infrared spectral region. The abundant spectral information provided by an HSI
makes it possible to discriminate different materials in a scene. Therefore, HSIs have
been widely used in various fields, such as agricultural production, mineral exploration,
and environmental protection.

Hyperspectral dataset is often presented as a 3-D data cube in which the first and
the second dimension are the spatial dimensions and the third dimension is the spec-
tral dimension. One such data cube is shown in Fig. 1.1. The data is Indian Pines
hyperspectral dataset and is collected by the Airborne Visible/Infrared Imaging Spec-
trometer at Indian Pines. The image contains 145 × 145 pixels with spatial resolution
of 20m, and 220 spectral bands from 400 nm to 2500 nm with spectral resolution of
9.15 nm.

HSIs are usually corrupted by different noises such as quantization noise, thermal
noise, and shot noise, due to the influence of photon effects, atmospheric absorption,
and sensor disturbance. Quantization and thermal noise are typically modeled as signal
independent Gaussian additive noise, while shot noise can be modeled as variance
dependent additive noise [1–3].
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1.2 Hyperspectral image Denoising

Figure 1.1: Indian Pines dataset

1.2 Hyperspectral image Denoising
HSI denoising has considerably evolved in recent years [4–11] and can be divided into
model-based and deep learning-based denoising methods. This dissertation only focus
on the model-based denoising methods.

1.2.1 2-D Band-Wise Based Methods

By treating each spectral band of an HSI as a separate grayscale image 2-D denoising
methods can be extended to HSI denoising. Examples of those methods are the non-
local means (NLM) filter [12], the 2-D wavelet denoising [13], the block-matching and
3-D filter (BM3D) [14], and the weighted nuclear norm minimization (WNNM) [15].
Single-band methods utilize only spatial information leading to spectral distortion.

1.2.2 Spectral-Spatial Based Methods

HSIs are spectrally correlated. Therefore, denoising methods should jointly exploit
spatial and spectral information [16]. Several spectral-spatial denoising methods have
been proposed [17]. Yuan et al. [18] suggested a spectral-spatial adaptive total vari-
ation denoising method for removing Gaussian noise. Chen et al. [19] proposed a
denoising method based on spectral-spatial domain mixing prior. Huang et al. [20]
used a spatial-spectral weighted nuclear minimization denoising method for removing
mixed types of noise in HSI. Besides all the methods above, there are other methods
based on transforming HSI to the wavelet domain and utilize wavelet-based spatial
and spectral information to remove the noise [21]. Chen et al. [22] used principal
component analysis (PCA) of the HSI and then transformed the low-energy PCA
output channels to wavelet domain to remove the noise using 2-D spatial and 1-D
spectral wavelet shrinkage denoising. Othman et al. [23] suggested a hybrid of spa-
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tial and spectral wavelet shrinkage by using a spectral derivative to elevate noise and
then utilizes wavelet-based spatial and spectral denoising. Rasti et al. [24] presented
a wavelet domain-based spectral-spatial penalty method for HSI denoising. These
wavelet-based spectral-spatial methods use spatial and spectral information of HSI to
remove noise and utilize wavelet transform to provide a sparse representation for clean
HSI to further remove noise in the wavelet domain.

1.2.3 Low-Rank Based Methods

Recently, many low-rank model-based methods have been proposed for HSI denois-
ing [25–31]. Zhang et al. [32] presented a low-rank matrix recovery (LRMR) method
for removing mixed types of noise in HSI. An extension of the LRMR method [33] was
proposed using an adaptive iteration regularization framework for HSI denoising. Chen
et al. [34] presented a nonconvex low-rank matrix approximation method using a non-
convex regularizer. These low-rank model-based methods exploit the low-dimensional
structures in the HSIs. HSIs are usually self-similarity and have sparse characteristics
in the spatial domain and hence can be denoised using sparse representation. Lu et
al. [35], and Li et al. [36] suggested a HSI denoising method based on sparse rep-
resentation using the high similar spatial information of HSI. More recently, several
denoising methods based on a combination of low-rank and sparse representation have
been presented [37]. Zhuang et al. [38] utilized similar patches in the low-dimensional
subspace to exploit the sparse and low-rank characteristics of HSI. Rasti et al. [39]
used sparse low-rank model, which utilizes sparse penalized least squares for estimat-
ing the unknown signal for denoising. Tensor-based denoising methods given in [40–45]
exploited the low-rank and the sparse characteristic of similar tensors to remove noise.

1.3 Feature Extraction

HSIs provide abundant spectral information about a scene. In general, an HSI con-
tains hundreds of spectral bands with high spectral resolution. However, the high
dimensionality of hyperspectral images (HSIs) makes the processing computationally
and memory costly, and the reliability of supervised classifiers and classification accu-
racy can not be ensured without enough number of training samples [46]. As a result,
reducing the spectral dimensionality is of great interest in HSI analysis [47]. Dimen-
sionality reduction (DR) is a pre-processing method that decreases the dimensionality
of HSI extracts information for HSI post-processing and can be divided into feature
selection (FS) and feature extraction (FE) [17]. In FS, a subset of spectral bands is
selected from the original set of spectral bands. FE transforms the HSI into a new
feature space and in that space extracts features. This dissertation only focus on the
FE methods.
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1.4 Thesis Contributions and Organization

1.3.1 Unsupervised Feature Extraction
FE has been widely used in HSI processing [48]. FE can be divided into three parts,
unsupervised FE (UFE), supervised FE (SFE), and semi-supervised FE (S2FE). The
UFE methods use unlabeled samples, while SFE methods require labeled samples
to extract features. S2FE methods use both labeled and unlabeled samples to ex-
traction features. A classical UFE method is principal component analysis (PCA),
which searches for a projection to maximize the signal variance [49]. Recently, some
probabilistic methods were proposed to reduce the dimensionality of HSI, such as
factor analysis (FA) [50]. FA is a linear Gaussian latent variable model, in which all
of the marginal and conditional distributions are assumed to be Gaussian. Proba-
bilistic principal component analysis (PPCA) [49], and mixtures of factor analyzers
(MFA) [51, 52]. In addition, there are several UFE methods in the literature, such
as multiscale quaternion Weber local descriptor histogram (MQWLDH) [53], orthog-
onal total variation component analysis (OTVCA) [54], sparse and smooth low-rank
analysis (SSLRA) [47], and segmented stacked autoencoder (S-SAE) [55].

1.3.2 Supervised Feature Extraction
SFE methods use labeled samples to improve class separability. Linear discriminant
analysis (LDA) [56] and nonparametric weighted feature extraction (NWFE) [57] are
examples of widely used SFE methods for HSI processing. LDA maximizes the sep-
aration between different classes to extract features. NWFE uses the nonparametric
extension of scatter matrices to extract features. Extension to these methods are,
for example, modified Fishers LDA (MFLDA) [58], regularized LDA [59], and kernel
NWFE [60]. There are other SFE methods used for HSI processing that use, for exam-
ple, manifold-learning based HSI feature extraction [61], and low-rank representation
with the ability to preserve the local pairwise constraints information (LRLPC) [62].

1.3.3 Semi-supervised Feature Extraction
It is labor-intensive and time-consuming to collect a large number of labeled samples,
so in real applications, the number of labeled samples is usually limited [63, 64]. In
contrast, it is easier to obtain unlabeled samples. Therefore, S2FE methods which
utilize both labeled and unlabeled samples are widely employed for HSI processing [65].
Examples of S2FE methods are semi-supervised local Fisher discriminant analysis
(SELF) [66], semi-supervised local discriminant analysis (SELD) [67], and Graph-
based semi-supervised FE methods [68].

1.4 Thesis Contributions and Organization
In this thesis, there are four major contributions. First, we propose two new low-rank
based denoising methods for HSI. One is the non-local means low-rank approximation
(NLMLRA) method. The other is the wavelet-based block low-rank representations
(WBBLRR) denoising method. NLMLRA uses low-rank approximation for non-local
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means operator in the original domain. WBBLRR utilizes a low-rank representations
model for each block in the wavelet domain.

Another contribution of the thesis is that we propose a denoising method based on
sparse spectral-spatial and low-rank representations (SSSLRR) using 3-D orthogonal
transform (3-DOT). SSSLRR can be effectively used to remove Gaussian and mixed
noise. SSSLRR uses 3-DOT to decompose noisy HSI to sparse transform coefficients.
3-D discrete orthogonal wavelet transform (3-D DWT) is a representative 3-DOT
suitable for denoising since it concentrates the signal in few transform coefficients, the
3-D discrete orthogonal cosine transform (3-D DCT) is another example. An SSSLRR
using 3-D DWT will be called SSSLRR-DWT. SSSLRR-DWT is an iterative algorithm
based on the alternating direction method multipliers (ADMM) that uses sparse and
nuclear norm penalties. We use an ablation study to show the effectiveness of the
penalties we employ in the method. Both simulated and real hyperspectral datasets
demonstrate that SSSLRR outperforms other comparative methods in quantitative
and visual assessments to remove Gaussian and mixed noise.

The third major contributions of the thesis are that we propose several mixtures
of factor analyzers (MFA) low-rank based methods for HSI denoising. MFA uses a
Gaussian mixture model to segment the original HSI into different parts, where each
part follows Gaussian distribution and then utilizes a factor analyzer to get a low-rank
factor loading matrix, and finally uses the inverse transformation of the matrix to
get the denoised hyperspectral dataset. Also, we investigate the performance of MFA
in the wavelet domain for HSI denoising and analyze the denoising result of MFA
combining with local spatial-spectral correlation model for removing mixed noise.

The fourth major contributions of the thesis are that we propose six new unsupervised,
supervised, and semi-supervised MFA-based feature extraction (FE) methods for HSI
classification. There are MFA, deep MFA (DMFA), supervised MFA (SMFA), super-
vised DMFA (SDMFA), semi-supervised MFA (S2MFA), and semi-supervised DMFA
(S2DMFA) FE methods for HSI. We also propose an image segmentation method
based on the Gaussian mixture model for these FE methods to solve the problem of
a non-normal distribution. MFA assumes a low-dimensionality representation of the
Gaussians in the Gaussian mixture model. DMFA consists of a two-layer MFA, which
inputs the samples from the posterior distribution at the first layer to an MFA model
at the second layer. SMFA and SDMFA are supervised FE methods that use labeled
samples to extract features of HSI. S2MFA and S2DMFA exploit both labeled and
unlabeled information to extract features of HSI. Based on these three FE methods,
a framework for HSI classification is also proposed. While the dimensionality of the
desired features needs to be selected by the user in conventional DR methods, the pro-
posed framework automatically determines the dimensionality of features according to
classification accuracy without prior supervision by the user.

In Chapter 2, two low-rank based methods is proposed for HSI denoising. There are
NLMLRA and WBBLRR denoising methods. LNLLRA is an extension of the idea
of [69], which focuses on grayscale images. The distinction of our proposed method
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is that we use full-band pixel-based patches to calculate the weighting function to
take full advantage of the high spatial and spectral correlation and constructs a low-
rank approximation function for denoising operator to improve the NLM denoised
performance rather than only using spatial information alone as in [69]. To improve
the practicability and reduce computational cost, Chebyshev polynomials are used in
the NLMLRA. WBBLRR mainly includes three steps for HSI denoising. First, the
noisy HSI is decomposed to different sub-images blocks in wavelet domain using 3-D
wavelet decomposition. Second, each block uses low-rank representations model to
obtain the denoised block. Third, the denoising HSI is obtained using inverse 3-D
wavelet transformation for all the denoised blocks.

In Chapter 3, a sparse and low-rank based method (SSSLRR) is proposed using 3-D
orthogonal transform (3-DOT) for HSI denoising to remove Gaussian and mixed noise.
The thesis used both 3-D discrete orthogonal wavelet transform (3-D DWT) and 3-D
discrete orthogonal cosine transform (3-D DCT) as representative of 3-DOT. The 3-D
DWT is exploited in SSSLRR-DWT to provide a sparse representation for HSI by
jointly using the correlated spatial and spectral information. The idea is that the
wavelet transform concentrates the signal energy in few coefficients while the noise
has energy spread over all coefficients [70, 71]. A new sparse and low-rank penalized
model is proposed for removing noise in the wavelet domian. The method uses the
`1 penalty and the weighted nuclear norm low-rank penalty to adaptively shrink the
wavelet coefficients and penalize the singular values to remove the noise.

An algorithm based on the alternating direction method of multipliers (ADMM) is
developed to get the optimal parameters and denoised results for SSSLRR-DWT.
To analyze the effectiveness of different penalties for SSSLRR-DWT both in signal
and wavelet domain, four different methods were analyzed. The analysis shows that
SSSLRR-DWT uses both `1 penalty and weighted nuclear norm low-rank penalty in
the wavelet domain yields better denoising results than the other methods. Moreover,
a new SSSLRR-DCT denoising method was also proposed, which uses the 3-D discrete
orthogonal cosine transform (3-D DCT) for SSSLRR. The analysis shows that both
SSSLRR-DWT and SSSLRR-DCT have good denoising results. The experimental
results indicate that our proposed method improves the denoising performance for
both simulated and real noisy HSI datasets.

In Chapter 4, several MFA-based low-rank methods are proposed for HSI denoising.
Three new MFA, 2-D wavelet based MFA (WMFA-2D), and 3-D wavelet based MFA
(WMFA-3D) are proposed for removing Gaussian noise. MFA utilizes Gaussian mix-
ture model to segment the original HSI to different parts, where each part follows a
Gaussian distribution and then utilizes a factor analyzer to get a low-rank factor load-
ing matrix, and finally uses the inverse transformation of the low-rank factor loading
matrix to get the hyperspectral data without noise. WMFA-2D and WMFA-3D use
the MFA in the wavelet domain. MFA is particularly suitable for denoising of HSI
with a high level of noise. While WMFA-2D and WMFA-3D can be effectively used to
denoising of HSI with a low level of noise. One new local spatial-spectral correlation
based automatic MFA (LSSC-AMFA) is proposed for removing mixed noise. LSSC-
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AMFA utilizes a novel local spatial-spectral correlation (LSSC) method to remove the
missing lines noise. Then LSSC-AMFA uses MFA to remove the missing pixels, salt
and pepper noise, and Gaussian noises.

In Chapter 5, six new unsupervised, supervised, and semi-supervised MFA-based
methods are proposed for HSI feature extraction and are then used for classifica-
tion of them. There are MFA, deep MFA (DMFA), supervised MFA (SMFA), super-
vised DMFA (SDMFA), semi-supervised MFA (S2MFA), and semi-supervised DMFA
(S2DMFA) feature extraction methods. All of them are probabilistic dimensionality
reduction (DR) methods, instead of assuming that a whole HSI obeys a Gaussian
distribution, the methods use a Gaussian mixture model to extract more effective
information for DR. The Gaussian mixture model is used for MFA to allow a low-
dimensionality representation of the Gaussian. A two-layer MFA, DMFA, utilizes the
samples from the posterior at the first layer to an MFA model at the second layer.
MFA and DMFA are two unsupervised DR method. The methods are particularly
suitable for DR of HSI with a non-normal distribution and unlabeled samples. SMFA
and SDMFA are two supervised DR methods and use labeled samples to extract fea-
tures. SDMFA is a deep version of SMFA and consists of a two-layer SMFA. SMFA
and SDMFA can be effectively used to DR of HSI with a non-normal distribution and
labeled samples. S2MFA and S2DMFA are two semi-supervised DR methods, which
simultaneously consider labeled and unlabeled samples to extract features. S2MFA
uses a Gaussian mixture model to segment image to different parts, each part follows
a Gaussian distribution and contains many labeled and unlabeled samples and uses
a factor analyzer to get a factor loading matrix. This matrix uses labeled samples to
improve the class discrimination and employs both labeled and unlabeled samples to
preserve the local spatial features of the data and then is used for transforming the
original HSI to an optimal low-dimensional subspace to achieve DR. S2DMFA is a
two-layer S2MFA. S2MFA and S2DMFA are particularly suitable for DR of HSI with
a complicated probability distribution and labeled and unlabeled samples. Based on
the six DR methods, we also proposed a framework for HSI classification, the over-
all accuracy of a classifier on validation samples is used to automatically determine
the optimal number of features of DR for HSI classification. This framework can au-
tomatically extract the most effective feature for HSI classification. To validate the
performance of DR, we conduct experiments in terms of SVM classification based on
real HSIs. The experimental results show that our proposed methods can give better
results than statistical DR comparison methods.

Finally, in Chapter 6, conclusions are summarized and future work is detailed.

1.5 Publications
Chapter 2 is based on the following publications:

[a] Bin Zhao, Johannes R. Sveinsson, Magnus O. Ulfarsson, Jocelyn Chanussot,
“Non-local means low-rank approximation for hyperspectral denoising”, accepted
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by IEEE International Geoscience and Remote Sensing Symposium (IGARSS),
pp. 4147-4150, 2021.

[b] Bin Zhao, Johannes R. Sveinsson, Magnus O. Ulfarsson, Jocelyn Chanussot,
“Wavelet-based block low-rank representations for hyperspectral denoising”, ac-
cepted by IEEE International Geoscience and Remote Sensing Symposium (IGARSS),
pp. 2484-2487, 2021.

Chapter 3 is based on the following publications:

[c] Bin Zhao, Johannes R. Sveinsson, Magnus O. Ulfarsson, Jocelyn Chanussot,
“Hyperspectral image denoising using spectral-spatial transform-based sparse
and low-rank representations”, submitted to IEEE Transactions on Geoscience
and Remote Sensing, 2021.

Chapter 4 is based on the following publications:

[d] Bin Zhao, Johannes R. Sveinsson, Magnus O. Ulfarsson, Jocelyn Chanussot, “Lo-
cal spatial-spectral correlation based mixtures of factor analyzers for hyperspec-
tral denoising”, IEEE International Geoscience and Remote Sensing Symposium
(IGARSS), pp. 1488-1491, 2020.

[e] Bin Zhao, Johannes R. Sveinsson, Magnus O. Ulfarsson, Jocelyn Chanussot,
“Hyperspectral images denoising based on mixtures of factor analyzers”, IEEE
International Geoscience and Remote Sensing Symposium (IGARSS), pp. 1516-
1519, 2020.

Chapter 5 is based on the following publications:

[f] Bin Zhao, Johannes R. Sveinsson, Magnus O. Ulfarsson, Jocelyn Chanussot,
“Semi-supervised mixtures of factor analyzers feature extraction for hyperspec-
tral images”, IEEE Geoscience and Remote Sensing Letters, pp. 1–5, 2020.

[g] Bin Zhao, Johannes R. Sveinsson, Magnus O. Ulfarsson, Jocelyn Chanussot,
“Unsupervised and supervised feature extraction methods for hyperspectral im-
ages based on mixtures of factor analyzers”, Remote Sensing, vol. 12, no. 7, pp.
1179, 2020.

[h] Bin Zhao, Johannes R. Sveinsson, Magnus O. Ulfarsson, Jocelyn Chanussot,
“Mixtures of factor analyzers and deep mixtures of factor analyzers dimension-
ality reduction algorithms for hyperspectral images classification”, IEEE Inter-
national Geoscience and Remote Sensing Symposium (IGARSS), pp. 891-894,
2019.

[i] Bin Zhao, Johannes R. Sveinsson, Magnus O. Ulfarsson, Jocelyn Chanussot,
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alyzers dimensionality reduction algorithms for hyperspectral images classifica-
tion”, IEEE International Geoscience and Remote Sensing Symposium (IGARSS),
pp. 887-890, 2019.
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Chapter

Low-Rank Based Methods 2
In this chapter, two low-rank based methods are proposed for HSI denoising. The
two methods are non-local means low-rank approximation (NLMLRA) and wavelet-
based block low-rank representations(WBBLRR) denoising methods. NLMLRA uses
the patch-based similarity weighting function to construct the non-local means
(NLM) denoising operator and utilizes Chebyshev polynomials-based low-rank
approximation to improve the denoising performance. WBBLRR uses 3-D wavelet
transformation to decompose HSI into different blocks, where each block utilizes a
low-rank representations model to obtain the denoised block, and then uses inverse
3-D wavelet transformation for all the denoised blocks to obtain the denoised HSI.
•

2.1 Non-Local Means Low-Rank Approximation
2.1.1 Introduction
NLM is a single-band image denoising method, which uses the spatial self-similarity of
image to denoise. NLM utilizes the patch-based weighted function to get the denoised
results. The denoising operator of NLM is constructed from patches of the corrupted
noisy image. Thus, the denoising operator is affected by noise. NLMLRA is an ex-
tension of the idea of [69], which focuses on grayscale images. The distinction of our
proposed method is that we use full-band pixel-based patches to calculate the weight-
ing function to take full advantage of the high spatial and spectral correlation and
constructs a low-rank approximation function for denoising operator to improve the
NLM denoised performance rather than only using spatial information alone as in [69].
To improve the practicability and reduce computational cost, Chebyshev polynomials
are used in the NLMLRA.

2.1.2 Problem Formulation

Let X = [x1,x2, ...,xn]T ∈ Rn×B denote a clean HSI with n pixels and B spectral
bands. Here, xi ∈ RB is the ith pixel. The additive noise is assumed in hyperspectral
denoising problem, the observational model can be described as

Y = X + N, (2.1)

where Y, N ∈ Rn×B represent the observed noisy HSI and noise, respectively. There-
fore, HSI denoising problem is to find an estimate X̂ ∈ Rn×B of X from Y.

Non-local means (NLM) is a classical image denoising method and can be expressed
as
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x̂i =
∑m
j=1 wi,jyj∑m
j=1 wi,j

, (2.2)

where m is the number of similar patches, wi,j is a patch-based weighting function,
i.e.,

wi,j = exp(−
‖ Yj − Yi ‖2

2
2h2 ), (2.3)

where Yi ∈ Rp×B is a patch and is centered around yi, p is the size of the patch, h > 0
is filtering parameter. In matrix notation NLM is

X̂ = AY, (2.4)

where A = D−1W is an NLM operator of Y, D ∈ Rn×n is a diagonal matrix given
by Dii =

∑m
j=1 wi,j , and wi,j are the elements of W.

Image Y is noisy, A is constructed from noisy data, and is thus noisy as well [72]. We
would like to replace A with an operator which is less noisy. In particular, we look for
replacing A with its low-rank approximation (LRA). A simple way to construct the
LRA is to use truncated singular-value decomposition (SVD). However, directly calcu-
lating the SVD of A is computationally expensive and often impractical. The Slanted
Butterworth (SB) function [69] is a filter function, that can suppress eigenvalues with
small magnitude when applied to a matrix and accurately approximate the remain-
ing low-rank operator, while preserving the fundamental properties of the original
operator. Therefore, we use SB function to construct an LRA for NLM operator.

Constructing LRA for the NLM operator based on Chebyshev polyno-
mials

The SB function can be expressed as

fsbω,d(x) = x(1 + ( 1− x
1− ω )2d)− 1

2 , x ∈ [0, 1] (2.5)

where 0 ≤ ω ≤ 1 is filter cutoff, d ∈ N is the order of the filter. The SB function based
on NLM operator A becomes

fsbω,d(A) = A(In + (In −A
1− ω )2d)− 1

2 , (2.6)

where In is the n × n identity matrix. The direct evaluation of the matrix function
fsbω,d(A) for a large matrix A is infeasible [69]. Here, we use Chebyshev polynomials
to evaluate the fsbω,d(A) function.

The Chebyshev polynomials of the first kind of degree k are given by

Tk(x) = cos(k arccos(x)), x ∈ [−1, 1], k = 0, 1, 2, ... (2.7)
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The Chebyshev expansion is

f(x) =
∞∑
j=0

αjTj(x) (2.8)

α0 = 1
2 〈f, T0〉T , αn = 〈f, Tn〉T , n ∈ N, (2.9)

where αi is Chebychev coefficient for f(x), 〈f, Tj〉T = 1
N+1

∑N+1
k=1 f(xk)Tj(xk), j =

0, ..., N, and xk = cos(π(k− 1
2 )

N ).

We evaluate fsbω,d : [0,1] → R by truncating (2.8), i.e.,

fsbω,d(z) ≈
N∑
j=0

αjTj(y), (2.10)

where N is the length of the truncation and is set to 50 as a default value, and
y = 2z − 1 maps fsbω,d from [0,1] to [-1,1]. Thus fsbω,d(A) is approximated by

fsbω,d(A) ≈ SN (fsbω,d,A) =
N∑
j=0

αjTj(2A− In). (2.11)

Finally, the clean image of Y is estimated as

X̂ = SN (fsbω,d,A)Y. (2.12)

2.1.3 Experiments and Results
In the following experiments, we use two simulated and one real noisy HSI datasets.
The simulated datasets are Washington DC Mall (WDCM) dataset (Appendix B.1)
and University of Pavia (UP) dataset (Appendix B.2). In the experiments, two small
parts of the WDCM and UP datasets are used. Their sizes are 200× 200× 191 for the
WDCM dataset and 200× 200× 103 for the UP dataset. Both datasets are assumed
to be noise-free HSIs. The datasets are normalized band by band between [0,1] before
adding noise. The Gaussian noise with zero-mean and standard deviation σ was added
to the clean WDCM and UP datasets. In the experiments, we set σ to two different
values 0.05, and 0.1.

To evaluate the denoised results of the simulated datasets, the quantitative metrics
are peak signal-to-noise ratio (PSNR) (Appendix A.1) and mean structural similarity
(MSSIM) (Appendix A.2) are used.

Here, we evaluate the performance of NLMLRA and NLM for both quantitative met-
rics and visualization of the denoised WDCM and UP HSIs. The PSNR and SSIM of
each band are calculated and depicted in Fig. 2.1 for quantitative assessment. Table 4.1
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(a) (b)

(c) (d)

Figure 2.1: PSNR (a)-(b), and SSIM (c)-(d) values of each band of
denoised WDCM and UP datasets (� = 0 :05).
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Table 2.1: The quantitative evaluation results (PSNR(dB), MSSIM, and
Time (second)) for the di�erent denoising methods for the Washington
DC Mall (WDCM) and the University of Pavia (UP) datasets. The best
results are in bold typeface.

Dataset Noisy level Metric Noisy NLM NLMLRA

WDCM

� = 0 :05
PSNR 26.02 29.52 32.83
MSSIM 0.6750 0.8198 0.9069
Time - 11.24 9.07

� = 0 :1
PSNR 20.01 25.79 28.56
MSSIM 0.4081 0.6549 0.7793
Time - 11.96 9.16

UP

� = 0 :05
PSNR 26.03 30.65 33.69
MSSIM 0.6184 0.8381 0.9060
Time - 5.59 4.60

� = 0 :1
PSNR 20.01 26.69 29.56
MSSIM 0.3427 0.6828 0.8036
Time - 5.61 4.61

Figure 2.2: The results for the di�erent denoising methods for the
WDCM dataset. (a) Original band 1, (b) Noisy band 1, (c) NLM, and
(d) NLMLRA.
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gives the denoising results in terms of PSNR, MSSIM, and Time for both the WDCM
and UP datasets. From the �gure and table, it can be seen that the obtained PSNR,
SSIM, and MSSIM of NLMLRA are higher than for NLM method. The denoising
methods are implemented using MATLAB R2019a on a computer having Intel Core
i7-67000 processor (3.40 GHz), 8.00 GB of memory and 64-bit Windows 10 Operating
System. The running times for NLMLRA are faster than NLM.

We choose� = 0 :05 for both the WDCM and UP datasets to demonstrate visual
quality. Figs. 2.2 and 2.3 show the denoised results for band 1 of the WDCM dataset
and band 32 of the UP dataset, respectively. NLM cannot completely remove the
noise as there is still noise in the denoised images. NLMLRA works well in �ltering
out the noise and provides cleaner denoised images.

For the experiments based on the real dataset, the Indian Pines dataset (Appendix B.3)
is used. Fig. 2.4 presents the denoised results for bands 2, and 105. It can be clearly ob-
served that NLM gives oversmooth denoised images. The proposed NLMLRA method
gives better denoised images.

Figure 2.3: The results for the di�erent denoising methods for the UP
dataset. (a) Original band 32, (b) Noisy band 32, (c) NLM, and (d)
NLMLRA.
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Figure 2.4: The results for the di�erent denoising methods for the Indian
Pines dataset. (a) Original band 2, (b) NLM, (c) NLMLRA, (d) Original
band 105, (e) NLM, (f) NLMLRA.

2.2 Wavelet-Based Block Low-Rank Representa-
tions

2.2.1 Introduction

HSI can be represented by low-rank approximation owing to the high correlation in
the spectral domain. Using this characteristic, singular value thresholding (SVT) and
block SVT (BSVT) denoising methods were proposed in [73]. SVT uses singular value
decomposition (SVD) for noisy HSI and then utilizes soft thresholding for singular
value and �nally uses inverse SVD for a low-rank matrix to obtain the denoised HSI.
BSVT is an extended denoising method of SVT that segments HSI to di�erent blocks
and then uses SVT for each block. In this chapter, we propose the WBBLRR denoising
method for HSIs. WBBLRR mainly includes three steps for HSI denoising. First, the
noisy HSI is decomposed to di�erent sub-images blocks in wavelet domain using 3-D
wavelet decomposition. Second, each block uses low-rank representations model to
obtain the denoised block. Third, the denoising HSI is obtained using inverse 3-D
wavelet transformation for all the denoised blocks.

2.2.2 Problem Formulation

Let X 2 Rn � B denote a clean HSI withn pixels and B spectral bands. The additive
noise is assumed in hyperspectral denoising problem, the observational model can be
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described as
Y = X + N ; (2.13)

where Y , N 2 Rn � B represent the observed noisy HSI and noise, respectively. The
HSI denoising problem is to �nd an estimate bX 2 Rn � B of X from Y . Using 3-D
discrete wavelet transform (3-D DWT) decomposition, the model can be expressed as

Y = DW + N ; (2.14)

where D 2 Rn � n is the 3-D orthogonal wavelet basis,W 2 Rn � B is a wavelet coe�-
cients matrix. To enforce the low-rank, nuclear norm penalty is used on the wavelet
coe�cients W . Here, the wavelet-based low-rank denoising problem can be expressed
as

cW = arg min
W

kH � W k2
F + � k W k� ; (2.15)

where H = D T Y , k � k2
F is the Frobenius norm, and k W k� is the nuclear norm of

W . The solution of the abovementioned optimization (2.15) is

cW = US w (� )V T (2.16)

where W = U (� )V T is the singular value decomposition (SVD) ofW , and for each
diagonal element� ii of � , Sw (� ) is the generalized soft-thresholding operator with
� .

Sw (� ) ii = max(( � ) ii � �; 0): (2.17)

HSI can be decomposed into di�erent sub-images (approximation coe�cients sub-
image and detail coe�cients sub-images) using 3-D DWT decomposition. Each sub-
image can be considered as a block. Here, the main idea of WBBLRR is to apply di�er-
ent regularization parameters for di�erent blocks. Therefore, the WBBLRR problem
can be expressed as

cW = arg min
W

7L +1X

k=1

kH k � W k k2
F + � k k W k k� ; (2.18)

whereH = [ H 1; H 2; :::; H 7L +1 ] (the notation ';' shows vertical concatenation) and L is
the level of the 3-D DWT decomposition, and W = [ W 1; W 2; :::; W 7L +1 ]. Therefore,
the solution to each block optimization problem is given by

cW k = U k Sw (� k )V T
k ; (2.19)
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where W k = U k (� k )V k
T is the SVD of W k , k = 1 ; 2; :::; 7L + 1 , and Sw (� k ) =

max((� k ) ii � � k ; 0).

Finally, the clean image of Y is estimated as

bX = D cW : (2.20)

2.2.3 Experiments and Results
In the following experiments, SVT, BSVT, and WBBLRR denoising methods are
compared on two simulated and one real noisy HSI datasets. The simulated datasets
are Washington DC Mall (WDCM) dataset (Appendix B.1) and University of Pavia
(UP) dataset (Appendix B.2). In the experiments, two small parts of the WDCM
and UP datasets are used. Their sizes are200� 200� 191 for the WDCM dataset
and 200� 200� 103 for the UP dataset. Both datasets are assumed to be noise-free
HSIs. The datasets are normalized band by band between [0,1] before adding noise.
The Gaussian noise with zero-mean and standard deviation� was added to the clean
WDCM and UP datasets. In the experiments, we set� to two di�erent values 0.05,
and 0.1.

To evaluate the denoised results of the simulated datasets, the quantitative metrics
are peak signal-to-noise ratio (PSNR) (Appendix A.1) and mean structural similarity
(MSSIM) (Appendix A.2) are used.

Table 2.2: The quantitative evaluation results (PSNR(dB), MSSIM, and
Time (second)) for the di�erent denoising methods for the Washington
DC Mall (WDCM) and the University of Pavia (UP) datasets. The best
results are in bold typeface.

Dataset Noisy level Metric Noisy SVT BSVT WBBLRR

WDCM

� = 0 :05
PSNR 26.02 36.84 37.14 39.11
MSSIM 0.6750 0.9688 0.9705 0.9731
Time - 25.19 71.24 16.13

� = 0 :1
PSNR 20.01 28.94 31.34 35.33
MSSIM 0.4081 0.9293 0.9388 0.9425
Time - 24.74 71.36 16.13

UP

� = 0 :05
PSNR 26.03 35.94 36.62 38.07
MSSIM 0.6184 0.9406 0.9469 0.9562
Time - 11.86 34.28 8.84

� = 0 :1
PSNR 20.01 27.74 30.30 34.30
MSSIM 0.3427 0.8744 0.8859 0.9070
Time - 11.68 34.21 9.19

Here, we evaluate the performance of SVT, BSVT, and WBBLRR for both quantita-
tive metrics and visualization of the denoised WDCM and UP HSIs. The PSNR and
SSIM of each band are calculated and depicted in Fig. 2.5 for quantitative assessment.
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(a) (b)

(c) (d)

Figure 2.5: PSNR (a)-(b), and SSIM (c)-(d) values of each band of
denoised WDCM and UP datasets (� = 0 :05).
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(a) (b) (c)

(d) (e)

Figure 2.6: The results for the di�erent denoising methods for the
WDCM dataset. (a) Original band 5, (b) Noisy band 5, (c) SVT, (d)
BSVT, and (e) WBBLRR.

Table 2.2 gives the denoising results in terms of PSNR, MSSIM, and Time for both the
WDCM and UP datasets. From the �gure and table, it can be seen that the obtained
PSNR, SSIM, and MSSIM of WBBLRR are higher than for BSVT and SVT methods.
The denoising methods are implemented using MATLAB R2019a on a computer hav-
ing Intel Core i7-67000 processor (3.40 GHz), 8.00 GB of memory and 64-bit Windows
10 Operating System. The running times for WBBLRR are faster than BSVT and
SVT.

We choose� = 0 :05 for both the WDCM and UP datasets to demonstrate visual
quality. Figs. 2.6 and 2.7 show the denoised results for band 5 of the WDCM dataset
and the UP dataset, respectively. WBBLRR works well in �ltering out the noise and
provides cleaner denoised images.

For the experiments based on the real dataset, the Indian Pines dataset (Appendix
B.3) is used. Fig. 2.8 presents the denoised results for bands 4, 5, and 200, respectively.
It can be clearly observed that the noise is suppressed by all the denoising methods
and the proposed WBBLRR method gives good denoised images.
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(a) (b) (c)

(d) (e)

Figure 2.7: The results for the di�erent denoising methods for the UP
dataset. (a) Original band 5, (b) Noisy band 5, (c) SVT, (d) BSVT, and
(e) WBBLRR.
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(a) (b) (c)

(d) (e) (f)

(g) (h) (i)

(j) (k) (l)

Figure 2.8: The results for the di�erent denoising methods for the Indian
Pines dataset, from left to right bands 4, 5, and 200, respectively, and
from top to bottom: Original band, SVT, BSVT, and WBBLRR.
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2.3 Conclusions

In this chapter, we propose two new low-rank based denoising methods for HSI. There
are NLMLRA and WBBLRR denoising method. NLMLRA uses the patch-based sim-
ilarity weighting function to construct the NLM denoising operator. To improve the
practicability and reduce computational cost, Chebyshev polynomials are used in the
NLMLRA. WBBLRR is a block low-rank representations method that uses 3-D wavelet
transformation to segment HSI to di�erent blocks and utilizes low-rank representations
to obtain denoised blocks. To validate the performance of denoising methods, two sim-
ulated datasets and one real HSI dataset are used in the experiments. The experiment
results show that the NLMLRA and WBBLRR give good denoised results.
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Chapter

Sparse and Low-Rank Based
Method

3
In this chapter, a denoising method based on sparse spectral-spatial and low-rank
representations (SSSLRR) using 3-D orthogonal transform (3-DOT). SSSLRR can
be e�ectively used to remove Gaussian and mixed noise. SSSLRR uses 3-DOT
to decompose noisy HSI to sparse transform coe�cients. 3-D discrete orthogonal
wavelet transform (3-D DWT) is a representative 3-DOT suitable for denoising since
it concentrates the signal in few transform coe�cients, the 3-D discrete orthogonal
cosine transform (3-D DCT) is another example. An SSSLRR using 3-D DWT
will be called SSSLRR-DWT. SSSLRR-DWT is an iterative algorithm based on the
alternating direction method multipliers (ADMM) that uses sparse and nuclear norm
penalties. We use an ablation study to show the e�ectiveness of the penalties we
employ in the method. Both simulated and real hyperspectral datasets demonstrate
that SSSLRR outperforms other comparative methods in quantitative and visual
assessments to remove Gaussian and mixed noise.

�

3.1 Introduction

Recently, many low-rank model-based methods have been proposed for HSI denois-
ing [25�31]. Zhang et al. [32] presented a low-rank matrix recovery (LRMR) method
for removing mixed types of noise in HSI. An extension of the LRMR method [33]
was proposed using an adaptive iteration regularization framework for HSI denois-
ing. Chen et al. [34] presented a nonconvex low-rank matrix approximation method
using a nonconvex regularizer. These low-rank model-based methods exploit the low-
dimensional structures in the HSIs. HSIs are usually self-similarity and have sparse
characteristics in the spatial domain and hence can be denoised using sparse represen-
tation. Lu et al. [35], and Li et al. [36] suggested a HSI denoising method based on
sparse representation using the high similar spatial information of HSI. More recently,
several denoising methods based on a combination of low-rank and sparse represen-
tation have been presented [37]. Liuet al. [37] uses group sparse and nuclear norm
low-rank penalties for removing stripe noise. Zhuanget al. [38] utilized similar patches
in the low-dimensional subspace to exploit the sparse and low-rank characteristics of
HSI. Rasti et al. [39] used sparse low-rank model, which utilizes sparse penalized
least squares for estimating the unknown signal for denoising. Tensor-based denoising
methods given in [40�45] exploited the low-rank and the sparse characteristic of similar
tensors to remove noise.

In this chapter, we propose a denoising method based on sparse spectral-spatial and
low-rank representations (SSSLRR) using 3-D orthogonal transform (3-DOT) for HSI
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denoising to remove Gaussian and mixed noise. The paper used both 3-D discrete or-
thogonal wavelet transform (3-D DWT) and 3-D discrete orthogonal cosine transform
(3-D DCT) as representative of 3-DOT. The 3-D DWT is exploited in SSSLRR-DWT
to provide a sparse representation for HSI by jointly using the correlated spatial and
spectral information. The idea is that the wavelet transform concentrates the signal en-
ergy in few coe�cients while the noise has energy spread over all coe�cients [70,71].
A new sparse and low-rank penalized model is proposed for removing noise in the
wavelet domian. The method uses thè 1 penalty and the weighted nuclear norm low-
rank penalty to adaptively shrink the wavelet coe�cients and penalize the singular
values to remove the noise.

3.2 Problem Formulation and Proposed Denoiser

Let X = [ x1; x2; :::; xB ] 2 Rn � B denote a clean HSI with n pixels and B spectral
bands. Here,x i 2 Rn is the i th vectorized spectral band. We assume the following
observational model

Y = X + N ; (3.1)

where Y , N 2 Rn � B represent the observed noisy HSI and noise, respectively. There-
fore, estimating bX 2 Rn � B of X from Y is the HSI denoising problem.

3.2.1 SSSLRR

Using the 3-DOT decomposition, the observational model is formulated as

Y = D 2WD T
1 + N ; (3.2)

where D 2 2 Rn � n represents a spatial part of the 3-DOT, D 1 2 RB � B represents a
spectral part of the 3-DOT, and W 2 Rn � B is a coe�cients matrix.

To enforce sparsity and low-rank a cost function using aǹ 1 and a weighted nuclear
norm low-rank penalties is de�ned as

cW = arg min
W

kH � W k2
F + � 1kW k1;1 + kW k!; � ; (3.3)

whereH = D T
2 YD 1, k �k2

F is the Frobenius norm,kW k1;1 :=
P B

i =1 kw i k1 (w i denotes
the i th column of W ), and kW k!; � is the weighted nuclear norm of W , which is
de�ned as

kW k!; � = � i j! i � i (W )j; (3.4)

where ! i is the weight assigned to thei th singular value � i (W ) of W .

We adapt alternating direction method of multipliers (ADMM) [74] for solving (3.3).
The optimization problem (3.3) is transformed into the equivalent problem

min
W ;Z

kH � W k2
F + � 1kW k1;1 + kZk!; � ;
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s.t. W � Z = 0: (3.5)

The augmented Lagrangian function of the abovementioned optimization is

L � (W ; Z; U ) = kH � W k2
F + � 1kW k1;1 + kZk!; �

+
�
2

kW � Z + U k2
F ;

(3.6)

where � > 0 is the ADMM penalty parameter. The ADMM consists of the iterations:

W-Step: Fix Zk , U k and estimate W k+1 by solving

W k+1 := arg min
W

L � (W ; Zk ; U k ): (3.7)

Z-Step: Fix W k+1 , U k and estimate Zk+1 by solving

Zk+1 := arg min
Z

L � (W k+1 ; Z; U k ): (3.8)

U-Step: Fix W k+1 , Zk+1 and update U k+1 with

U k+1 := U k + W k+1 � Zk+1 : (3.9)

The minimization problem (3.7) is equivalent to

arg min
W

kH � W k2
F + � 1kW k1;1 +

�
2

kW � Zk + U k k2
F : (3.10)

By ignoring irrelevant terms and using trace properties, the minimization problem
(3.10) is equivalent to

arg min
W

1
2

kW � B k2
F + � kW k1;1; (3.11)

where B = 2H + � Z k � � U k

2+ � , and � = � 1
2+ � . This problem (3.11) can be solved by using

soft-thresholding function [75]

wk+1
i;j = sign(bi;j ) maxfj bi;j j � �; 0g; (3.12)

where wk+1
i;j and bi;j are the entries in the i th row and j th column of W k+1 and B ,

respectively.
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The minimization problem (3.8) is equivalent to

Zk+1 = arg min
Z

�
2

kW k+1 � Z + U k k2
F + kZk!; � (3.13)

has the closed-form solution [15]

Zk+1 = PS ! (�) QT ; (3.14)

whereW k+1 + U k = P� QT is the singular value decomposition (SVD) ofW k+1 + U k

with singular values ordered by nonincreasing magnitude.S! (�) is a generalized soft-
thresholding function on the diagonal matrix � . For the i th singular value � ii ,

S! (�) ii = max(� ii � ! i ; 0): (3.15)

The weight ! i is

! i =
� !

� (� ii + ")
; (3.16)

where " is a nonzero constant and is used to avoid dividing by zero and� ! is a
constant. This means that larger singular values will be penalized less than smaller
singular values. Thus, the weighted nuclear norm low-rank penalty provides better
estimation for the rank compared with the nuclear norm which treats all the singular
values equally, since larger singular values implying major information that are more
important than smaller ones [15].

Finally, the estimate is obtained as

bX = D 2
cWD T

1 : (3.17)

The SSSLRR method is summarized in Algorithm 1 and illustrated in Fig. 3.1.

Algorithm 1 SSSLRR HSI Denoising Algorithm

1: Input : Y , � 1, � ! , and �
2: Initialization : Z0 = U 0 = 0 , and k = 0
3: repeat

4: B = 2D T
2 YD 1 + � Z k � � U k

2+ �

5: W k+1 = arg min W
1
2 kW � B k2

F + � 1
2+ � kW k1;1

6: Zk+1 = arg min Z
�
2 kW k+1 � Z + U k k2

F + kZk!; �

7: U k+1 = U k + W k+1 � Zk+1

8: k  k + 1
9: until stopping criterion is satis�ed, i.e., kW k+1 � W k k2

F =kW k k2
F � �

10: Output : bX = D 2
cWD T

1
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Figure 3.1: The schematic of the SSSLRR, which uses the 3-D DWT
for the 3-DOT.

3.2.2 SSSLRR-DWT

The SSSLRR-DWT denoising method uses the 3-D discrete orthogonal wavelet trans-
form (3-D DWT) to be a representative of the 3-DOT. In SSSLRR-DWT, the 2-D or-
thogonal (spatial) wavelet basisD 2 2 Rn � n and the 1-D orthogonal (spectral) wavelet
basisD 1 2 RB � B are used for 3-D DWT to decompose the 3-D HSI to sparse wavelet
coe�cients W 2 Rn � B . SSSLRR-DWT uses the sparse and low-rank penalized model
for the wavelet coe�cients to remove noise.

3.2.3 SSSLRR-DCT

3-D discrete orthogonal cosine transform (3-D DCT) is also a classical 3-DOT. SSSLRR-
DCT denoising method uses 3-D DCT as the 3-DOT in SSSLRR. For SSSLRR-DCT,
the 2-D orthogonal (spatial) cosine basisD 2 2 Rn � n and the 1-D orthogonal (spectral)
cosine basisD 1 2 RB � B are used for 3-D DCT to decompose the noisy HSI to sparse
cosine coe�cients W 2 Rn � B . The sparse and low-rank penalized model is utilized
for SSSLRR-DCT to shrink the cosine coe�cients to remove noise.
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The 3-D DWT or 3-D DCT can concentrate the signal energy in few coe�cients
while the noise spreads over all coe�cients. Both SSSLRR-DWT or SSSLRR-DCT
are iterative algorithms and can adaptively shrink either wavelet coe�cients or cosine
transform coe�cients and penalize the singular values of the coe�cient matrix. The
larger (signal) singular values will be shrunk less while the smaller ones (noise) will
be shrunk more leading to denoising. Both SSSLRR-DWT and SSSLRR-3DCT yield
good denoising performance. However, the focus of this paper is on SSSLRR-DWT.

3.2.4 Ablation Study

SSSLRR-DWT uses the sparse and low-rank penalized model based on the`1 and
weighted nuclear norm low-rank penalties in the wavelet domain for HSI denoising.
To further analyze the e�ectiveness of the penalties for the SSSLRR-DWT denoising,
an ablation study of SSSLRR-DWT is performed. SSSLRR-DWT is compared with
the following denoising methods:

1. SSWSR: Only the `1 penalty is used, i.e., the cost function is

cW = arg min
W

kH � W k2
F + � 1kW k1;1: (3.18)

2. SSWLRR1: Only the nuclear norm penalty is used, i.e., the cost function is

cW = arg min
W

kH � W k2
F + � � kW k� ; (3.19)

where k � k� is the nuclear norm.

3. SSWLRR2: The weighted nuclear norm low-rank penalty is used in the signal
domain instead of using it in the wavelet domain, i.e., the cost function is

bX = arg min
X

kY � X k2
F + kX k!; � ; (3.20)

4. SLRR: The `1 penalty and the weighted nuclear norm low-rank penalty are used
in the signal domain, i.e., the cost function is

bX = arg min
X

kY � X k2
F + � 1kX k1;1 + kX k!; � ; (3.21)

The ADMM algorithm is adapted to get the solutions for these optimization problems.

The simulated WDCM dataset for Cases 1-3 and UP dataset for Case 7 (detailed
experimental setting is given in Section III) is used for this experiment. Tables 3.1
and 3.2 and Figs. 3.2-3.8 present the denoising results. SSWSR can remove most
of the Gaussian and the salt and pepper noise but can not remove the stripe noise.
The di�erence in results between SSWLRR1 and SSWLRR2 shows that the extra
�exibility provided by the weighted nuclear norm compared to the traditional nuclear
norm leads to better denoising results. Both SLRR and SSSLRR-DWT can e�ectively
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Table 3.1: The quantitative evaluation results (PSNR( dB), MSSIM,
MFSIM, and SAM(degrees)) for the di�erent denoising methods using
the Washington DC Mall (WDCM) dataset. The best results are in bold
typeface.

Noise level Metric Noisy SSWSR SSWLRR1 SSWLRR2 SLRR SSSLRR-DWT

� = 0 :1

PSNR 20.004 32.171 33.304 35.627 35.906 37.968
MSSIM 0.4528 0.9263 0.9449 0.9582 0.9593 0.9794
MFIM 0.7348 0.9598 0.9707 0.9745 0.9790 0.9867
SAM 30.350 8.5714 7.4659 6.0733 6.0960 4.0887

� = 1 , � = 10

PSNR 22.820 32.429 31.771 33.965 38.267 44.165
MSSIM 0.8674 0.9633 0.9553 0.9691 0.9857 0.9968
MFIM 0.9306 0.9777 0.9701 0.9781 0.9910 0.9977
SAM 23.863 8.9575 7.7902 6.0998 4.8411 1.9880

� s U(0:1; 0:2)

PSNR 16.371 28.816 30.774 32.777 33.250 35.544
MSSIM 0.3083 0.8686 0.9199 0.9274 0.9326 0.9661
MFIM 0.6423 0.9289 0.9565 0.9573 0.9655 0.9782
SAM 39.689 12.054 9.1468 7.9920 8.0173 5.2188

Table 3.2: The quantitative evaluation results (PSNR( dB), MSSIM,
MFSIM, and SAM(degrees)) for the di�erent denoising methods using
the University of Pavia (UP) dataset. The best results are in bold type-
face.

Noise level Metric Noisy SSWSR SSWLRR1 SSWLRR2 SLRR SSSLRR-DWT

Case 7

PSNR 12.891 23.738 24.054 26.119 28.432 30.933
MSSIM 0.1465 0.6590 0.6876 0.7489 0.7883 0.9066
MFIM 0.5321 0.8601 0.8735 0.8902 0.9169 0.9553
SAM 41.441 12.021 12.124 11.309 8.8532 7.2942

(a) (b) (c) (d) (e) (f) (g)

Figure 3.2: Denoising for the UP dataset, Case 7 using di�erent meth-
ods. The small green square is a zoomed-in area shown in the big square.
(a) Original pseudocolor image (R: 70, G: 120, B: 170), (b) Noisy image,
(c) SSWSR, (d) SSWLRR1, (e) SSWLRR2, (f) SLRR, and (g) SSSLRR-
DWT.

remove mixed noise. The bene�t of using the`1 and weighted nuclear norm low-
rank penalties can clearly be seen by noticing that both SLRR and SSSLRR-DWT
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(a) (b) (c) (d) (e) (f) (g)

Figure 3.3: Denoising for the WDCM dataset, Case 1 with � = 0 :1,
using di�erent methods. The small green square is a zoomed-in area
shown in the big square. (a) Original pseudocolor image (R: 70, G: 120,
B: 170), (b) Noisy image, (c) SSWSR, (d) SSWLRR1, (e) SSWLRR2,
(f) SLRR, and (g) SSSLRR-DWT.

(a) (b) (c) (d) (e) (f) (g)

Figure 3.4: Denoised images (the �rst row) and residual images (the
second row) for the WDCM dataset, Case 1 with� = 0 :1, using di�erent
methods. (a) Original band 95, (b) Noisy band 95, (c) SSWSR, (d)
SSWLRR1, (e) SSWLRR2, (f) SLRR, and (g) SSSLRR-DWT.

(a) (b) (c) (d) (e) (f) (g)

Figure 3.5: Denoising for the WDCM dataset, Case 2 with � = 1 ,
� = 10, using di�erent methods. The small green square is a zoomed-
in area shown in the big square. (a) Original pseudocolor image (R:
70, G: 120, B: 170), (b) Noisy image, (c) SSWSR, (d) SSWLRR1, (e)
SSWLRR2, (f) SLRR, and (g) SSSLRR-DWT.

outperform SSWSR, SSWLRR1, and SSWLRR2. Finally, SSSLRR-DWT outperforms
SLRR and yields the best results of all the methods, highlighting that working in the
wavelet domain yields some gains.
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