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Abstract
In this thesis we explore Lyapunov functions for stochastic differential equations. Lyapunov
functions are a useful tool to study the stability of an equilibrium of such stochastic systems
and long term behaviour of solutions around an equilibrium point. We discuss a method of
estimating, with rigorous lower bounds, what is called the basin of attraction of an equilibrium
by using a combination of local and non-local Lyapunov functions. First we talk about a
generalisation of Lyapunov functions for almost sure exponential stability, to a larger and
more useful class of functions. Second, we describe a method to calculate local Lyapunov
functions by linearising the stochastic system. Third, we calculate non-local Lyapunov
functions using a numerical method called meshless collocation. This approach allows us to
calculate true Lyapunov functions numerically instead of just approximations. We describe
this method and talk about the computational challenges that we faced, which led us to study
Wendland functions and explore different ways to evaluate them numerically. This resulted in
a method to generate Wendland functions in an optimal form and a software library to carry
out meshless collocation using Wendland functions to solve partial differential equations
numerically.





Ágrip
Í þessari ritgerð munum við skoða Lyapunov föll fyrir slembnar diffurjöfnur. Lyapunov föll
eru mjög gagnleg þegar við könnum stöðugleika jafnvægispunkta slembna kerfa, og langtíma
hegðun sérlausna í kringum þá. Við fjöllum um aðferð, til að reikna svokallað aðdráttarsvæði
og nákvæmar neðri skorður, sem felst í því að nota saman staðbundið Lyapunov fall og
óstaðbundið Lyapunov fall. Fyrst fjöllum við um Lyapunov föll, fyrir næstum örugglega
veldisaðfellustöðug kerfi, og alhæfum þau fyrir stærra og gagnlegra fallarúm. Í öðru lagi þá
fjöllum við um aðferð til að reikna staðbundin Lyapunov föll með því að línugera slembna
kerfið. Í þriðja lagi, þá reiknum við óstaðbundið Lyapunov fall með tölulegri aðferð sem kallast
möskvalaus samleguaðferð. Með þessari aðferð getum við reiknað út raunverulegt Lyapunov
fall tölulega í stað þess reikna út tölulega nálgun. Við fjöllum um reiknierfiðleika sem við
tókumst á við, og hvernig í framhaldinu við skoðuðum Wendland föll og mismunandi aðferðir
til að reikna þau tölulega. Niðurstaðan var aðferð sem býr til Wendland föll í hagkvæmri mynd
og hugbúnaður sem nýtir þau til að leysa hlutafleiðujöfnur með mösvkalausri samleguaðferð.





For Stefania.
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1 Introduction
The concept of stability of a classical dynamical system captures the idea that sample paths
with two close starting values will not diverge too far away from each other as time passes.
Specifically, an equilibrium is stable if paths that start close to the equilibrium stay close at all
times.

Aleksandr Lyapunov defined functions to analyse the stability of an equilibrium for deter-
ministic dynamical systems, and a generalisation of these functions play a central role in
our thesis project. Lyapunov functions are comparable to potential energy to some extent.
The idea is, to show that the ‘energy’, or function value, is decreasing along all solution
paths. If that is the case, then all solution paths must tend to a minimum ‘energy level’ at the
equilibrium, so all solution paths tend to the equilibrium. This is a simple but powerful idea
that is the cornerstone for the study of stability of dynamical systems.

The thesis topic, however, is the analysis of the stability of stochastic differential systems
as opposed to deterministic dynamical systems. There are, however, many similarities
between the two different types of systems, and there is a theme of generalising concepts
that work well for the study of deterministic dynamical systems to stochastic ones. One such
generalisation is the previously mentioned Lyapunov function. For stochastic systems we can
not expect to find a function that is decreasing for all sample paths of a given initial value,
as sample paths of stochastic systems can vary wildly. The correct generalisation is then to
look for supermartingales, that is to say functions whose expectation decreases with time.
A complication that arises is that in general we can not expect the Lyapunov functions to
be differentiable at the origin, therefore in paper [Bjornsson and Hafstein 2018a(Paper I)]
we generalise a result on a type of Lyapunov functions to the larger class of functions not
differentiable at the origin.

Another generalisation of a deterministic concept is what we call g-basin of attraction for our
stochastic system. For deterministic systems given by an autonomous differential equation,
the basin of attraction of an equilibrium is the set of all initial values such that the solutions
tend to the equilibrium as time increases. For the stochastic concept, a g-basin of attraction is
the set of initial values such that the sample paths tend to the equilibrium as time increases,
with probability at least g . That is to say, for all initial values inside the g-basin of attraction,
the paths leave the basin with probability less than 1� g .

Following the method used in the paper [Gudmundsson and Hafstein 2018] we use a com-
bination of a local and a non-local Lyapunov function to estimate the g-basin of attraction.
The local Lyapunov function is calculated by finding a Lyapunov function for the linearised
version of the system, as is done in paper [Bjornsson, Giesl, et al. 2018(Paper III)], which
will be a Lyapunov function for the original stochastic system.

The non-local Lyapunov function is calculated numerically using so called meshless colloca-
tion using radial basis functions (RBF). The specific radial basis functions we use are called
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Wendlandfunctions, which are piece-wise polynomials with compact support. The method
aims to solve the Lyapunov PDE boundary value problem, which is a partial differential
equation of the formLV(x) = h < 0 for all x 2 U , for a domainU , and some �xed boundary
values on¶U , whereL is the second-order differential operator de�ned in equation(16).
This is done by constructing a functionV which satis�es the PDELV(xi) = h < 0 for a set of
pointsxi 2 U , using the radial basis functions. The detailed method is laid out in the paper
[Bjornsson, Hafstein, et al. 2019(Paper II)], which furthermore provides rigorous a-posteriori
estimates onLV(x). This provides us with a method to verify that the approximation is a valid
Lyapunov function, even when the theory of elliptic PDEs does not guarantee the existence of
a solution to our Lyapunov PDE, as is the case if the operatorL is not strictly elliptic.

The veri�cation of the non-local Lyapunov function involves evaluatingLV(x) in a test
grid, which can have a very high number of points and each point requires us to evaluate
the Wendland RBF and its derivatives up to 4th order. It is therefore essential that these
evaluations of the Wendland functions can be carried out in an ef�cient and accurate way. This
brings us to the last part of the project which was to investigate different methods of evaluating
Wendland functions, as was done in paper [Bjornsson and Hafstein 2018b(Paper IV)]. The
result was that a speci�c factorized form of Wendland functions was most ef�cient. In papers
[Bjornsson and Hafstein 2019b(Paper V)] and [Bjornsson and Hafstein 2019a(Paper IV)] we
provide an algorithm and software to generate the Wendland functions in this factorized format.
We furthermore provide a software library and examples of how to carry out the meshless
collocation using Wendland functions in the speci�ed format. The software is available at
https://gitlab :com/hjortur/wendland-function-generator .

The outline of the thesis is as follows:

In chapter 2 we give a general description of stochastic differential equations, their stability
and a general introduction to Lyapunov functions. We furthermore talk about issues that arise
with differentiability at the origin.

In chapter 3 we talk about using two different Lyapunov functions, local and non-local, and
give a discussion on their use to estimate theg-basin of attraction.

In chapter 4 we describe meshless collocation, a numerical method to solve partial differential
equations, and speci�cally how we used this method to calculate non-local Lyapunov functions,
using Wendland radial basis functions. We discuss veri�cation of the Lyapunov function
properties and computational challenges.

In chapter 5 we list the six papers the thesis project is comprised of, and we provide a short
description of each paper.

Finally in chapter 6 we will conclude the thesis with a short discussion on the results obtained.
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2 Stochastic differential equations

2.1 Solutions to SDEs

A stochastic differential equation is an equation in the following form

dX(t) = f (X(t);t)dt + g(X(t);t)dB(t); (1)

where f : Rd � [t0;¥ [! Rd andg : Rd � [t0;¥ [! Rd � RQ. This is simply a short hand for
the integral equation

X(t) = x0 +
Z t

t0
f (X(s);s)ds+

Z t

t0
g(X(s);s)dB(s); t � t0; (2)

where the second integral is a multidimensional Itô integral, see [Øksendal 2010, Def. 3.3.1].

This integral is with respect to aQ-dimensional Wiener process, orBrownian motion
f B(t)gt� 0, which is also sometimes denoted byf W(t)gt� 0.

We say that the processf B(t)g = ( B1(t);B2(t); : : : ;BQ(t))gt� 0 is astandardQ-dimensional
Brownian motion if allf B j (t)gt� 0, j = 1; : : : ;Q are1-dimensional Brownian motions and all
f B1(t)gt� 0, f B2(t)gt� 0, � � � , f BQ(t)gt� 0 are independent. Now for a �xedt, B(t) is a random
variable, but by abuse of notation we often callB(t) a Brownian motion. In this case we are
referring to the whole Brownian motion stochastic process instead of a �xed timet.

The result of the thesis project is mostly concerned withautonomousdifferential equations,
that is where neitherf norg depend explicitly on the time variablet. In that case we can write
the SDE in the form:

dX(t) = f (X(t))dt + g(X(t))dB(t): (3)

However, we present some of the theory here for the more general case of time dependent
SDEs.

We work in a complete probability space(W;F ;P) with a right continuous �ltrationf F tgt� 0
such thatF 0 contains allP null sets. We furthermore assume that the processf B(t)gt� 0 is a
Brownian motion with respect to the �ltrationf F tgt� 0. We denote byE the expectation with
respect to the probability measureP. A solution (orstrongsolution) of the SDE in equation
(1) is a processX(t) that satis�es the following condition:

De�nition 2.1. An Rd valued stochastic processX(t) for t0 � t is called a solution of the
SDE in(1) if it has the following properties:

(i) X(t) is continuous andF t-adapted.

(ii) The processes f(X(t);t) and g(X(t);t) are inL 1 andL 2 respectively.

3



(iii) Equation (2) holds for all t in[t0;¥ [ with probability1.

We say that a solution X(t) of (1) is uniqueif for any other solution Y(t) we have

P
�
X(t) = Y(t) for all t � t0

�
= 1;

that is, X(t) and Y(t) are indistinguishable.

In this thesis we assume that the functionsf andg in equation(1) satisfy the conditions
below which are suf�cient for the existence of uniquestrong solutionsto the SDE. These
are relatively mild conditions on the functionsf andg, and are summed up in the following
theorem, see [Mao 2008; Khasminskii 2012]:

Theorem 2.2.Assume that for everyT � t0, there exist two positive constantsKT andKT
such that for all x;y 2 Rd and all t 2 [t0;T]:

(i)
k f (x;t) � f (y;t)k2

_
kg(x;t) � g(y;t)k2 � KTkx� yk2; (4)

(ii)
k f (x;t)k2

_
kg(x;t)k2 � KT(1+ kxk2): (5)

Then there exists a unique solution to the SDE in(1) and furthermore that solution belongs to
M 2([t0;¥ [;Rd).

Here the symbol_ denotes themaximum, i.e. a_ b = max(a;b), andM 2([t0;¥ [;Rd) denotes
the set off F tg-adaptedRd valued processesh(t) such that

E
Z T

t0
kh(t)k2dt < ¥ for everyT � t0: (6)

The conditions given in the previous theorem are known as theLipschitz conditionsand the
Linear growth conditions. These conditions, as well as the assumptions on the probability
space(W;F ;P) and �ltration f F tgt� t0 are calledthe usual conditions.

The usual conditions guarantee that for any givendeterministicinitial valueX(t0) = x0 2 Rd

there exists a unique strong solution to equation(1), with continuous sample paths, denoted
by Xx0;t0. In integral form

Xx0;t0(t) = x0 +
Z t

t0
f (Xx0;t0(s);s)ds+

Z t

t0
g(Xx0;t0(s);s)dB(s); t0 � t: (7)

We often even suppress the initial timet0 from the notation, and simply writeXx0 as the initial
time is just 0 or understood from context.

Finally, we assume that

f (0;t) = 0 and g(0;t) = 0 for all t � t0; (8)

which ensures that the origin is an equilibrium of the SDE and we have thetrivial solution
X(t) = 0. Note that this is a necessary condition for the trivial solution to even exist. These
zeros of the functionsf andg along with theusual conditionsare assumed to hold throughout
this thesis.
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2.2 Stability of SDEs

There are many different versions of stability for SDEs that are in use. Here we review some
of them. For further information we direct the reader to [Khasminskii 2012; Mao 2008;
Kloeden et al. 1992].

De�nition 2.3. (Stability in Probability (SiP)) The trivial solutionX(t) = 0 of the standard
SDE in(1) is said to bestochastically stableor stable in probability(SiP) if for everyr > 0
and0 < e < 1 there exists ad > 0 such that:

kxk < d implies P
�

sup
t> 0

kXx(t)k < r
�

� 1� e: (9)

Recall thatXx(t) denotes the solution of equation(1) which satis�es the initial condition
Xx(0) = x, i.e. the solution started atx.

De�nition 2.4. (Asymptotic Stability in Probability (ASiP)) The trivial solutionX(t) = 0 to
the standard SDE in(1) is said to bestochastically asymptotically stableor asymptotically
stable in probability(ASiP) if it is stochastically stable and in addition for every0 < e < 1
there exists ad > 0 such that:

kxk < d implies P
n

lim
t! ¥

kXx(t)k = 0
o

> 1� e: (10)

A quick explanation of these different conditions is the following: The �rst condition (SiP)
tells us that if we start close enough to the origin, then the solution stays close to the origin
with as high a probability as we want. The second condition (ASiP) says that starting close
enough the solution not only stays close to the origin but also tends to the zero solution.

In his book [Khasminskii 2012] writes these de�nitions as the limits

lim
kxk! 0

P
�

sup
t> 0

kXx(t)k � r
�

= 1 8r > 0 SiP (11)

lim
kxk! 0

P
�

limsup
t! ¥

kXx(t)k = 0
�

= 1 ASiP: (12)

The reason we do chose a different representation is that we want to look at the stochastic
analog of what is calledbasin of attraction(BOA) in deterministic theory. Its motivation is
simple and it aims to answer the following question: How far from the origin can sample
paths start and still approach the equilibrium ast ! ¥ with probability greater than a given
con�denceg.

De�nition 2.5. (g Basin of attraction) Consider a system with domainU � Rd satisfying the
usual conditions. For any0 < g � 1 the setA g � U , given by:

A g =

(

x 2 U

�
�
�
�
�
P

n
lim
t! ¥

kXx(t)k = 0
o

� g

)

; (13)

is called theg basin of attractionor the g-BOA, see (Paper II and Paper III). HereXx(t)
denotes the unique strong solution of the SDE with initial conditionx.
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Now if A g is theg-BOA for an SDE satisfying the usual conditions, then any sample path
started inA g will tend towards the origin with probability at leastg.

There is also another type of stability we deal with in this thesis, calledalmost sure exponential
stability, see e.g. [Mao 2008], which is the following condition:

De�nition 2.6. (Almost sure exponential stability) The trivial solutionX(t) = 0 of equation
(1) is said to be almost surely exponentially stable if for every initial valuex, the solution
Xx(t) to (1) satis�es:

limsup
t! ¥

1
t

logkXx(t)k < 0 almost surely: (14)

In contrast to the previous types of stability, this last one says that almost all sample paths of
the solution will tend to the origin exponentially fast.

2.3 Lyapunov functions

For the stochastic differential equation in (1), written here again for clarity,

dX(t) = f (X(t);t)dt + g(X(t);t)dB(t); (15)

there is an associatedgenerator:

Lv(x;t) = ¶tv(x;t) + f (x;t) � Ñxv(x;t) +
1
2

tr
�

g(x;t)> H v(x;t)g(x;t)
�

=
¶v
¶t

(x;t) +
d

å
i= 1

fi(x;t)
¶v
¶xi

(x;t) +
1
2

Q

å
q= 1

d

å
i; j= 1

gq
i (x;t)

¶2v
¶xi¶x j

(x;t)gq
j (x;t)

=
¶v
¶t

(x;t) +
d

å
i= 1

fi(x;t)
¶v
¶xi

(x;t) +
1
2

d

å
i; j

h
g(x;t)g(x;t)>

i

i j

¶2v
¶xi¶x j

(x;t):

(16)

wherev : Rd � R+ is an appropriately differentiable function, andH v(x;t) is theHessianof
the functionx 7! v(x;t). In this thesis we follow the convention thatR+ = f t 2 R j t � 0g.
Note that this is just the drift term of the stochastic differential for the Itô processt 7! v(X(t);t)
whereX(t) is a process with differential given by(15). We write here the famous Itô's formula
for completeness [Øksendal 2010, Thm. 4.2.1]:

Theorem 2.7.(Itô's formula) Letv(x;t) be a function de�ned onRd � R+ that has continuous
partial derivatives up to second order inx and up to �rst order int. If X(t) is ad-dimensional
Itô process with differentials given by(1) then the processY(t) = v(X(t);t) is also an Itô
process with differential given by

dY(t) = dv(X(t);t) = Lv(X(t);t)dt +
d

å
i

¶v
¶xi

(X(t);t)gi(X(t);t)dB(t)

= Lv(X(t);t)dt + Ñxv(X(t);t)g(X(t);t)dB(t):

(17)

HereLv is the generator given by(16)andÑxv(x;t) is the gradient with respect to the spatial
coordinatex, written as a row vector.
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We usually just writedv(X(t);t) instead ofdY(t) in the theorem above. We remind the reader
that the differential formulation given by Thm. 2.7 is a short hand for writing out the process

v(X(t);t) = v(X(t0);t0) +
Z t

t0
Lv(X(s);s)ds+

Z t

t0
Ñxv(X(t);t) � g(X(t);t)dB(t); (18)

and by taking the expectation of both sides we get

E[v(X(t);t] = v(X(t0);t0) + E
� Z t

t0
Lv(X(s);s)ds

�
: (19)

This is because the stochastic integral part in equation(18) is a martingale with expectation
zero. LetU be some closed bounded domain inRd and assume thatv(x;t) � 0 andLv(x;t) � 0
for all (x;t) 2 U � [t0;¥ [. Then the processv(X(t);t) is asupermartingalewith

E[v(X(t ^ t); t ^ t) j F s] � v(X(s);s) a.s. (20)

wheret = inff t j X(t) 2 Ucg is the �rst exit time fromU, andt ^ t = min(t ;t). Note that the
above equation furthermore implies

E[v(X(t);t] � v(X(t0);t0): (21)

This is the key property that has been used to study stability of SDEs, see e.g. [Mao
2008; Khasminskii 2012], and these type of functionsv as described above, with additional
restrictions, are calledLyapunovfunctions. There are many different de�nitions of Lyapunov
functions used throughout the literature, see e.g. [Menshikov, Popov, and Wade 2016] for
Lyapunov functions for Random Walks, and [Shaikhet 2013] for Lyapunov functions for
stochastic difference equations. All of these are different variations on the theme described
before.

2.4 Differentiability at the origin

It turns out that the condition thatv(x;t) being twice continuously differentiable in thex
coordinate is too strict. Rafail Khasminskii showed in his book “Stochastic Stability of
Differential Equations” [Khasminskii 2012, Chpt. 5.3] that even for the simplest case,1
dimensional autonomous SDE which isstableand with constant coef�cients, there may not
exist such (Lyapunov)v which are smooth at the origin. Indeed the example Khasminskii
uses is

dX = bXdt+ s XdB; (22)

whereb ands are constants such that0 � b < s 2=2. This system isstable(see De�nition
2.3) but sinceb � 0 its deterministicpart is unstable, and exhibits the interesting phenomenon
that a deterministic system can be stabilised with noise.

This gives rise to a class of functions denotedC2;1
0 (U � R+ ), where we say that a function

v(x;t) is of classC2;1
0 (U � R+ ) if it is twice continuously differentiable with respect tox and

continuously differentiable with respect tot for all (x;t) 2 U � R+ , except possibly for the
setx = 0. This is the correct class of Lyapunov functions to consider and the de�nition here
is the one used by [Khasminskii 2012].
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To make the de�nitions easier to state we use so calledK ¥ -functions. We say thatmis aK ¥ -
function, orm2 K ¥ if m: [0;¥ [! [0;¥ [, is a continuous and strictly increasing function such
thatm(0) = 0, andlimx! ¥ m(x) = ¥ . We then get the following theorem, see [Khasminskii
2012]:

Theorem 2.8.(Stochastic Lyapunov function) If there exists a functionV(x;t) 2 C2;1
0 (U � R+ ),

with V(0;t) = 0, and am2 K ¥ such that:

(i) m(kxk) � V(x;t) for all (x;t) 2 U � f t > 0g,

(ii) LV (x;t) � 0 for all x 6= 0.

Then the trivial solution of(1) is SiP(see De�nition 2.3).

If we replace condition(ii ) in the theorem above withLV(x;t) � m2(kxk) for someK ¥
functionm2, then the trivial solution of(1) is not just stable in probability butasymptotically
stable in probability(see De�nition 2.4).

Note that in the statement of Itô's formula in Theorem 2.7 we requireV to be differentiable at
x = 0. This is not a problem and the functionV in Theorem 2.8 is still a supermartingale and
equation (20) still holds. The reason for this is that the setx 6= 0 is inaccessible.

De�nition 2.9. (Inaccessible set) LetX(t) be a solution of the SDE in(1). Let t G =
inff t j X(t) 2 Gg be the �rst hitting time of the setG. We say that the setG is inaccessi-
ble to the process X(t) if

Pf t G < ¥ g = 0: (23)

It is known that for SDEs that satisfy theusual conditionsand have an equilibrium at the
origin, that the origin pointx = 0 is inaccessible to any sample pathXx0 for x0 6= 0, see
e.g. [Khasminskii 2012, Lemma 5.3]. Itô's formula is then applicable to functionsV as in
Theorem 2.8 since they fail to be differentiable at an inaccessible pointx = 0. For further
information see [Khasminskii 2012, Chpt. 5.2].

Seeing the different approaches for these Lyapunov functions in the literature and especially
in light of the result that Khasminskii obtained, we looked at results that Xuerong Mao got in
his book [Mao 2008, Thm. 3.3]. Speci�cally, Mao writes the following theorem:

Theorem 2.10.Assume that there exists a functionV 2 C2;1(Rd � [t0;¥ [) and constantsp> 0,
c1 > 0, c2 2 R, c3 � 0, such that for allx 6= 0 and t � t0,

(i) c1kxkp � V(x;t),

(ii) LV (x;t) � c2V(x;t),

(iii) k(ÑxV(x;t)) g(x;t)k2 � c3V2(x;t).

Then
limsup

t! ¥

1
t

log(Xx0(t)) � �
c3 � 2c2

2p
a.s. (24)

for all x0 2 Rd. In particular, if c3 > 2c2, the trivial solution of(1) is almost surely exponen-
tially stable, see De�nition 2.6.

In our paper [Bjornsson and Hafstein 2018a] we generalise this theorem, and another related
one, to functionsV like above that are of classC2;1

0 , i.e. not differentiable atx = 0. We get
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that the above theorem still holds without further modi�cations if we drop the requirement
thatV be differentiable at the origin.
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3 Local and non-local Lyapunov functions
There is a technical problem that arises when trying to solve thepartial differential equation
(PDE)LV � 0 numerically on some domainA that contains the origin. The operatorL is
elliptic on a domainA if and only if the matrixg(x;t)g(x;t)> from equation(16) is positive
de�nite, i.e. all of its eigenvalues are strictly positive, see [Gilbarg and Trudinger 2001, Chpt.
3]. Furthermore,L is strictly elliptic if the eigenvalues of the matrixg(x;t)g(x;t)> are larger
thanl for some constantl > 0 on the entire domainA .

Sinceg(0;t) = 0 we see that the operatorL can not be elliptic on a domain that contains the
origin, and therefore the standard theory of elliptic PDEs does not apply. By cutting out a
small closed setB that contains the origin we can frequently guarantee the strict ellipticity
of the operatorL on the domainA nB, and therefore the existence and uniqueness of the
solution to the PDELV(x;t) = h < 0 on the domainA nB. For this purpose we introduce
the notion of a non-local Lyapunuv function. By solving this PDE instead ofLV(x;t) � 0
we can often guarantee that our solutionV is a true Lyapunov function instead of just an
approximation to a solution. This is possible even in the case thatL is not elliptic, e.g. if
g(x;t) does not have full rank.

Since we have removed the equilibrium point from the domain of the non-local Lyapunov
function, we need topatch-upthe hole around the origin to check if the null solution is
actually stable. For this purpose we calculate what we call a local Lyapunov function for
the system in a domainB containingB, using different methods. We then use these two
Lyapunov functions to estimate the probabilistic basin of attraction (BOA, see De�nition 2.5).

In this thesis project we are mostly concerned with the autonomous SDEs of the form

dX(t) = f (X(t))dt + g(X(t))dB(t): (25)

Up until now we have presented some of the general theory of Lyapunov functions, but the
results we obtained for local and non-local Lyapunov functions are for autonomous systems.
We therefore assume from now on that we are working with the system in equation(25)
satisfying theusual conditionsand that we have an equilibrium atx = 0 (see chapter 2.1).

3.1 Local Lyapunov function

Following the conventions used in the papers [Gudmundsson and Hafstein 2018] and [Bjorns-
son, Hafstein, et al. 2019] we say that a functionW is a local Lyapunov function if it satis�es
the following conditions.

De�nition 3.1 (Local Lyapunov function). Consider the system(25). A functionW 2 C(N ) \
C2(N n f 0g), where0 2 N � Rd is a domain, is called a (local) Lyapunov function for the
system(25), if there are functionsm1;m2;m3 2 K ¥ , such that W ful�ls the properties:
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(i) m1(kxk) � W(x) � m2(kxk) for all x 2 N ,

(ii) LW(x) � � m3(kxk) for all x 2 N n f 0g.

It is dif�cult to solve the system above for general functionsf andg, but paper [Bjornsson,
Giesl, et al. 2018] introduces a method to �nd such a local Lyapunov function. The idea is to
consider the linearisation of the system in equation (25), i.e.

dX̃(t) = FX̃(t)dt +
Q

å
q= 1

GqX̃(t)dBq(t); (26)

with F = D f (0) andGq is the Jacobian of theq-th column ofg at 0, anddBq(t) is theq-th
component ofdB(t). We can look for a local Lyapunov functionW for the system in equation

(26)of the formW(x) = kxk
p
2
Q =

�
x> Qx

� p
2 whereQ is a symmetric positive de�nite matrix

andk�kQ denotes theQ-norm. Now this functionW will also be a local Lyapunov function for
the original system, in equation(25), in some domain around the origin. The paper provides
an explicit lower bound on the domain and shows thatW is a local Lyapunov function for the
original system in a domain

D = f x 2 Rd : kxkQ � r g; (27)

wherer > 0 is obtained by explicit bounds on the second derivatives and Taylor remainders
of the functionsf andg. For the full details see [Bjornsson, Giesl, et al. 2018, Thm. 3.4].

There have been other developments for calculating local Lyapunov functions, in the thesis
[Bjarkason 2022] a method to formulate the local Lyapunov function conditions as abilinear
matrix inequality(BMI) is presented. Additionally they present a program that generates
this BMI, and attempts to solve it, automatically. For a different viewpoint on studying the
dynamics of the stochastic differential equation around the equilibrium see [Arnold 2003].

3.2 Non-local Lyapunov function

Next we introduce a non-local Lyapunov function in the setU as in [Gudmundsson and
Hafstein 2018]. A non-local Lyapunov function satis�esLV < 0 in a large setU , not including
a small neighborhoodB of the equilibrium.

De�nition 3.2 (Non-local Lyapunov function). Let A ;B � Rd, B � A � , be simply con-
nected compact neighbourhoods of the origin withC2 boundaries and setU := A nB � . A
function V2 C2(U ) for the system(25)such that

(i) b � V(x) � a for all x 2 U , V� 1(b) = ¶B , V� 1(a) = ¶A with b< a, and

(ii) LV (x) < 0 for all x 2 U ,

is called anon-local Lyapunov functionfor the system(25). We refer to¶A as the outer
boundary ofU and¶B as the inner boundary ofU .

This is a slight modi�cation of the original de�nition where we have replaced the original
constants 0 and 1, byb anda respectively.
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To �nd a non-local Lyapunov functionV using a computer we simply look for numerical
solutions of the PDE 8

><

>:

LV(x) = r(x) for x 2 U ;

V(x) = a for x 2 ¶A ;

V(x) = b for x 2 ¶B ;

(28)

where we usually setb = 0, a = 1, andr(x) = � h for a suf�ciently small positive constant
h. The method chosen to obtain these numerical solutions for this thesis project was to use
meshless collocationusingradial basis functions(RBF). This method is described in the next
section.

A Lyapunov function as in equation(28) lets us estimate the probability that a solution started
in a pointx0 2 U exits throught the inner boundary¶B before the outer boundary¶A . Set
t as the �rst exit time fromU , then by equation (20) we have

V(x0) � E[V(Xx0(t ))] = aPf Xx0(t ) 2 ¶A g+ bPf Xx0(t ) 2 ¶B g; (29)

sincePf t < ¥ g = 1, see [Gudmundsson and Hafstein 2018, p. Lm. 10]. For the casea = 1
andb = 0, this reduces toV(x0) � Pf Xx0(t ) 2 ¶A g.

3.3 Estimating the basin of attraction

The next theorem, from paper [Gudmundsson and Hafstein 2018] shows how the local and
non-local Lyapunov functions taken together give us information about theg-BOA of the
autonomous system in equation(25). We estimate the probability that a solution that starts in
the setU leaves the set through theinner-boundary using the non-local Lyapunov function,
and then using the local Lyapunov function we estimate the probability that they converge to
the origin. The combined probability can then be bounded from below by theg given in the
next theorem.

Theorem 3.3. Consider the system in(25) and assume that there exists a local Lyapunov
functionW : N ! R+ as in de�nition 3.1 and a non-local Lyapunov functionV : U ! R+
as in De�nition 3.2 for the system. Let0 < b < 1 andb < l < a < a and the setB from
De�nition 3.2 such that

W� 1(Wmax) � V � 1([b; l ]) and ¶B = V � 1(b) � W� 1([0;bWmax]): (30)

Then the set V� 1([b;a ]) [ B is a subset of theg-BOA of the origin, where

g =
(a� a )(1� b)

a� b� b(a� l )
: (31)
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4 Meshless collocation

4.1 Overview

Recall that to calculate a non-local Lyapunov function we essentially, see equation(28), have
to solve a PDE of the form

(
LV(x) = r(x) for x 2 U ;

V(x) = c(x) for x 2 ¶U ;
(32)

wherer and c are some suitable functions,U � Rd is a bounded domain with smooth
boundary¶U andL is the differential operator given in(16). To solve this PDE numerically
we use so calledMeshless collocation. The method is an approach to �nding norm minimal
solutions to an interpolation problem in aReproducing Kernel Hilbert Space(RKHS), see
[Wendland 2005, Def. 10.1] which in our case is a Sobolev space [Giesl 2007a, p. Lm. 3.13].

This interpolation problem will guarantee thatV satis�es the PDE(32)at the given collocation
points, and furthermore this interpolation problem has a solution [Iske 2018, Thm 8.3] and
[Giesl 2007a, Prop. 3.20], even when there is no solution to (32).

4.2 Interpolation problem

As mentioned in the introduction our goal is to solve, approximately, the PDE(32). Our
solution will be a function in a RKHS, which is a Hilbert spaceH of functionsU ! R with
inner producth�; �i H and a kernelF : U � U ! R such that

(i) F (�;x) 2 H for all x 2 U ,

(ii) g(x) = hg;F (�;x)i H for all x 2 U andg 2 H.

In our thesis project we work with radially symmetric kernelsF (x;y) = y (kx � yk), where
y = y l ;k is aradial basis function(RBF) given by a Wendland function, see chapter 4.3. We
choose pointsX1 = f x1; : : :xNg � U andX2 = f x1; : : : ;xMg � ¶U , and look to solve the
interpolation problem

(
LV(xi) = r(xi) for all i = 1; : : :N;

V(xi) = c(xi) for all i = 1; : : : ;M:
(33)

The solutionV to this interpolation problem is given by

V(x) =
N

å
k= 1

ak(dxk � L)yy (kx � yk)+
M

å
k= 1

aN+ k(dxk
� L0)yy (kx � yk); (34)
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whereL0 is the identity operator,dyV(�) = V(y) and superscripty denotes that the operator is
applied with respect to the variabley.

The constantsa i are determined as a solution to the linear system

Aa = g; (35)

whereA, called theinterpolation matrix, is the symmetric matrix

A =
�

B C
CT D

�
(36)

and the matricesB = ( b jk) j ;k= 1;:::;N, C = ( c jk) j= 1;:::;N;k= 1;:::;M andD = ( d jk) j ;k= 1;:::;M have
elements

b jk = ( dx j � L)x(dxk � L)yy (kx � yk);

c jk = ( dx j � L)x(dxk
� L0)yy (kx � yk);

d jk = ( dx j
� L0)x(dxk

� L0)yy (kx � yk):

The vectorg has components given by

gj = r(x j ); 1 � j � N;

gj+ N = c(x j ); 1 � j � M:

Using Wendland functions as our radial basis function ensures that the interpolation matrixA
in equations (35, 36) is symmetric and positive de�nite. Since these Wendland functions have
compact support the matrixA is also sparse. There are other choices for radial basis functions
for the interpolation problem e.g. Gaussiany (r) = exp(� r2), but this function does not have
a compact support.

4.3 Wendland functions

The Wendland functions, see [Wendland 2017; Wendland 2005; Giesl 2007a], are compactly
supported radial basis functions that are polynomials on their support, which makes computa-
tions with them simple. They are a family of functions depending on two parametersl ;k 2 N0,
using the same numbering scheme as used in [Giesl 2007a], de�ned by the recursive relations:

y l ;0(r) = [( 1� r)+ ]l (37)

and

y l ;k+ 1(r) = Cl ;k+ 1

Z 1

r
ty l ;k(t)dt; (38)

where(1� r)+ := maxf 1� r;0g andCl ;k+ 1 6= 0 is a constant. Therefore these functions also
satisfy the relation

� Cl ;k+ 1y l ;k(r) =
d
dry l ;k+ 1(r)

r
: (39)

For interpolation using a particular Wendland function as the base function, the value of the
constantCl ;k+ 1 6= 0 is not of importance because the Wendland function appears linearly on
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both sides of a linear equation. Therefore, one can just �x values that are convenient for
the problem at hand and we will do this in the following section. However, when solving
collocation problems, we apply a differential operator, see equations(35) and(36), so we
get terms involving both the original Wendland function and its derivatives. The derivative
of a Wendland function can be written in terms of a lower order Wendland function, using
equation(39), and when doing this it is necessary to keep track of the constantsCl ;k+ 1 for the
derivatives. It is only the constant for the base function that can be chosen arbitrarily. After
the choice has been made, we must keep track of it through all calculations.

The Wendland functions have several important properties, cf. e.g. [Giesl 2007b, Prop. 3.10]:

(i) y l ;k(r) is a polynomial of degreel + 2k for r 2 [0;1] and supp(y l ;k) = [ 0;1].

(ii) The radial functionY(x) := y l ;k(kxk) is C2k at 0.

(iii) y l ;k is Ck+ l � 1 at 1.

Frequently we �x the parameterl :=
� d

2

�
+ k+ 1, whered is the spacial dimension we are

working in, and a constantc > 0 to �x the support. By the properties stated above, the radial
functionY(x) := y l ;k(ckxk) is then aC2k function withsupp(Y) = B d(0;c� 1) � Rn, where
B n(0;c� 1) is the closedn-dimensional ball around the origin with radiusc� 1.

4.4 Veri�cation

By using meshless collocation we obtain a functionV that satis�es the PDE at each collocation
point, see equation (33).

Let A ;B , andU be as in the de�nition of non-local Lyapunov functions (De�nition 3.2) and
let V(x) be a numerical approximation obtained using meshless collocation as described in
previous sections. Now, by [Bjornsson, Hafstein, et al. 2019, Theorem 4.3] if

n := max
y2YU

LV(y)+ Cu
d2

4
h2 < 0; (40)

thenV is a true non-local Lyapunov function for the system. Hered is the dimension of the
system,h > 0 is a parameter controlling the density of the evaluation grid, andYU is the
evaluation grid that coversU . Finally the constantCU is an upper estimate on the second
order derivatives of our functionLV, obtained using Taylor-type estimates, for further details
see [Bjornsson, Hafstein, et al. 2019] and [Mohammed and Giesl 2015].

This means that the equationLV(x) < 0 holds for any pointx 2 U . This, along with a local
Lyapunov functionW as described in (De�nition. 3.1) allows us to get rigorous estimate of
the stochasticg-basin of attraction for our SDE.

This method is described in detail in paper [Bjornsson, Hafstein, et al. 2019] which is the
main result of this thesis project.

4.5 Computational challenges

To compute a Lyapunov function using the meshless collocation discussed above, a large
number of evaluations of the RBF functiony and its derivatives are necessary. When verifying
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the properties of the Lyapunov function we need to do even more evaluations. Therefore it is
essential that these evaluations can be carried out in an ef�cient and accurate way.

Since we used Wendland functions as our radial basis functions, we studied different methods
to evaluate these functions, which results are summarised in papers [Bjornsson and Hafstein
2019a; Bjornsson and Hafstein 2019b; Bjornsson and Hafstein 2018b (Paper IV,V and VI)]. It
turned out that the most optimal way to evaluate these functions was in a speci�c factorised
form. Previous methods, see e.g [Argáez, Hafstein, and Giesl 2017], relied on calculating
the coef�cients of the expanded polynomials and evaluating the polynomials using Horner's
method [Burrus et al. 2003] but this turned out to be not optimal.

We instead developed an algorithm and software to calculate the Wendland functions of
arbitrary degree in this factorised format, replacing tedious and error prone calculations by
hand. This method and the corresponding software library is summarised in (Paper IV). The
software library is available at:

https://gitlab :com/hjortur/wendland-function-generator .
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5 Contributions
Here is a list of the papers included in this thesis and a short description of their contributions.

Paper I:

Lyapunov Functions for Almost Sure Exponential Stability. The paper builds up on the
work of [Mao 2008] by generalising theorems on almost sure exponential stability. In
his book, X. Mao shows that a certain Lyapunov function is suf�cient for a solution
of a stochastic differential equation to be almost surely exponentially stable. We
generalize this result to a larger class of Lyapunov functions. Chapter 2.3 provides
further discussion.

Paper II:

Computation of the stochastic basin of attraction by rigorous construction of a Lyapunov
function. The paper uses a method to calculate theg basin of attraction for a stochastic
differential equation by combining two different Lyapunov functions as was done in
paper [Gudmundsson and Hafstein 2018]. Furthermore the paper provides a method
to calculate the non-local Lyapunov function using Meshless collocation and a way to
verify the properties of the resulting function. This gives us rigorous lower bounds on
theg basin of attraction.

Paper III:

Local Lyapunov Functions for Nonlinear Stochastic Differential Equations by Lin-
earization. The paper shows how a local Lyapunov function for a stochastic differential
equation can be calculated by a linearisation of the SDE. The result is an explicit lower
bound on the domain where the resulting local Lyapunov function is a true Lyapunov
function for the original system.

Paper IV:

Advanced algorithm for interpolation with Wendland functions. The paper builds up on
previous work in [Bjornsson and Hafstein 2019b(Paper V)] and [Bjornsson and Hafstein
2018b(Paper VI)]. The paper describes an algorithm to generate Wendland functions in
an ef�cient form and a software library that can be used to calculate non-local Lyapunov
functions for both deterministic and stochastic autonomous differential equations.

Paper V:

Algorithm and Software to Generate Code for Wendland Functions in Factorised Form.
The paper describes an algorithm to generate Wendland functions in a speci�c factorised
form and describes software that generates these Wendland functions, in factorised form.
This software was later improved as described in [Bjornsson and Hafstein 2019a(Paper
IV)].
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Paper VI:

Veri�cation of a Numerical Solution to a Collocation Problem. The paper describes
some of the computational challenges when trying to verify the properties of a non-
local Lyapunov function calculated using meshless collocation of Wendland radial basis
functions. Different methods to evaluate Wendland functions were compared and a
speci�c factorised form of Wendland functions was found to be the most ef�cient, both
in terms of speed of evaluation and numerical accuracy.
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6 Conclusions
In this dissertation we have given an overview of the concept of stability of stochastic
differential equations. We described Lyapunov functions and their application for analysing
the stability of an equilibrium for a stochastic system, and looked at meshless collocation,
which is a numerical method for calculating such Lyapunov functions.

We have made contributions in a few different, but related areas of this project. First of all we
have generalized a previous result on Lyapunov functions for almost sure exponential stability
to a larger class of functions.

We have also contributed to a method to calculate non-local Lyapunov functions numerically
for the purpose of estimating theg basin of attraction for autonomous stochastic differential
equations. A meshless collocation method delivers us a non-local Lyapunov function in the
form of a sum of Wendland functions, and computational challenges we faced in this project
led us to explore various methods of evaluating Wendland functions.

We found an ef�cient method to evaluate Wendland functions and designed an algorithm
that generates Wendland functions of arbitrary degree in an ef�cient form. We developed a
software library that calculates Lyapunov functions using Wendland functions in an ef�cient
form, for both stochastic and deterministic systems.

Lastly, we contributed to a method of calculating local Lypunov functions for stochastic
differential systems usinglinearisation.
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Paper I

Lyapunov Functions for Almost Sure Exponential Stability

Bjornsson, H. and Hafstein, S.

Dynamical Systems in Theoretical Perspective, Springer Proceedings in Mathematics and
Statistics 248

Reproduced with permission from Springer Nature
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Paper II

Computation of the stochastic basin of attraction by rigorous construction of a
Lyapunov function.

Bjornsson, H. and Hafstein, S. and Giesl, P. and Scalas, E. and Gudmundsson, S

Discrete and Continuous Dynamical Systems, Series B, 24-8, Issue 2

Used with permission of American Institute of Mathematical Sciences, from Discrete and
Continuous Dynamical Systems, Series B, 24-8, Issue 2, 2019; permission conveyed through
Copyright Clearance Center, Inc.
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Paper III

Local Lyapunov Functions for Nonlinear Stochastic Differential Equations by
Linearization

Bjornsson, H. and Giesl, P. and Gudmundsson, S. and Hafstein, S.

Proceedings of the 15th International Conference on Informatics in Control, Automation and
Robotics (ICINCO)

Reproduced with permission SciTePress, Science and Technology Publications, Lda
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