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Abstract

Reduction of the size of magnetic bits for data storage, transfer and processing of
information down to the nanoscale would lay the foundation for large advances in
information technology, both in terms of processing speed and energy efficiency. Such
a development requires analysis of the stability of localized magnetic states with respect
to thermal fluctuations and random external influences. In the dissertation, these issues
are investigated in the framework of harmonic transition state theory. The lifetime of
skyrmions and antiskyrmions, two examples of chiral magnetic structures, is calculated
using various values of materials parameters, such as the ratio of the lattice constant
to the skyrmion size. The energy barrier for skyrmion collapse is found to approach
the Belavin-Polyakov lower bound of the energy of a topological soliton in the s-
model, and the entropy contribution to the pre-exponential factor in the Arrhenius rate
expression for the lifetime is found to approach a constant. As a result, the skyrmion
lifetime can, for large enough number of spins, correspond to thermal stability at
room temperature even without magnetic dipole—dipole interaction. Calculations of
skyrmions in antiferromagnets are also presented, and their properties compared with
skyrmions in corresponding ferromagnets. The rates of skyrmion collapse and escape
through the boundary of a track, as well as the binding to and collapse at a non-magnetic
impurity, are calculated as a function of an applied magnetic field. The lifetime of
antiskyrmions in an Mn—Pt-Sn tetragonal Heusler material has been calculated using an
atomic scale representation including nearly a million spins. The long lifetime observed
experimentally at room temperature is found to result from energetic effects rather than
entropic effects in this system. The properties of antiskyrmions in ferromagnetic and
antiferromagnetic thin films are analyzed using an energy conserving transformation of
skyrmion spin configuration and vectors in the extended Heisenberg Hamiltonian. The
dynamics as well as thermal stability of antiskyrmions and corresponding skyrmions
can easily be compared using the transformation.






Utdrattur

Smakkun seguleininga fyrir gagnageymslu leggur grunninn ad miklum framférum i
upplysingataekni, baedi hvad vardar hrada og orkunotkun. Slik préun krefst greiningar a
stodugleika stadbundinna segulastanda med tilliti til varmaorku og tilviljunarkenndra
utanadkomandi ahrifa. I ritgerdinni eru pessi atridi rannsékud med pvi ad nota virkjun-
arastandskenninguna innan kjorsveifilsnalgunarinnar. Liftimi skyrmeinda er reiknadur
at fyrir ymis gildi & hlutfallinu milli grindarfastans og steerdar skyrmeindarinnar. Orku-
préskuldurinn fyrir eydingu skyrmeindar nalgast Belavin-Polyakov nedri mérk a orku
stakeindar i s-likaninu og 6reiduframlagid til forveldisstudulsins i Arrhenius likingunni
stefnir & fasta. Par af leidandi Liftimi skyrmeindar getur skrymeind verid naegjanlega
stddug vid stofuhita ef hiin samanstendur af neegjanlega stérum fjélda spuna, jafnvel pott
tviskauts-tviskauts vixlverkun sé ekki tekin med i reikninginn. Gerdir eru Utreikningar
a skyrmeindum i andseglandi efnum og eiginleikar peirra bornir saman vio skyrmeindir
i samseglandi efnum. Hradafastinn fyrir eydingu skyrmeindar inni i efninu, sem og
brotthvarf skyrmeindar i gegnum jadra segulefnisins og binding vid éseglandi 6hrein-
indi, er reiknadur sem fall af 4l6gdu segulsvidi. Liftimi andskyrmeinda vid stofuhita i
Mn-Pt-Sn Heusler efni hefur verid reiknadur Ut med pvi ad nota atomskala likan sem
inniheldur naestum milljon spuna. Nidurstdour reikninganna syna ad sa langi liftimi
sem hefur verid dkvardadur med melingum 4 tilraunastofu stafar af harri virkjunarorku
frekar en entropiudhrifum i pessu kerfi. Eiginleikar andskyrmeinda i samseglandi og
andseglandi punnum hadum eru greindir med vorpun & spunavigrum og utvikkudum
Heisenberg Hamilton virkja. Audvelt er ad bera saman feerslueiginleika sem og varma-
fraedilegan stodugleika andskyrmeinda og samsvarandi skyrmeinda med pessari vorpun.






Table of Contents

Abstract iiii

Utdrattur v

Table of Contents vii

List of Figures ix

List of Original Articles Xiii

Acknowledgments Xxv
1 Introduction 1
2 Transition state theory 5
2.1 Calculation of minimum energy paths and energy barriers . . . ... ... ... 5
2141 Geodesic Nudged Elastic Band (GNEB) Method . . . ... ... ......... 6
21.2 String Method . . . . . . .. L 7
213 Minimum Mode Following Method . . . . .. ... ... ... ... ......... 7
214 Truncated Minimum Energy Path Method . . . . . . ... .. ... ......... 8
2.2 Pre-exponential factor . ... ... . ... . . ... 9
3 Lattice and micromagnetic model 13
3.1 Isotropic exchange . . ... ... ... . ... 13
3.2 Antisymmetric exchange or Dzyaloshinskii-Moriya interaction . ... .. .. 16
3.3 ANISOtrOpY €NEIgY . . . . o v ot e e 19
3.4 Zeeman energy of interaction with an external field . .............. 20
3.5 Magnetic dipole-dipole interaction . ............... ... . ... ... 21
4 Stability of chiral magnetic structures 23
4.1 Stability of magnetic skyrmions at various spatial scales . . .. ........ 23
411 Scalinglaws . . . . .. 23
4.1.2 Activation energy forcollapse . . . . . . ... L 24
413 Pre-exponential factor forcollapse . . . . . . ... ... ... oL 30
4.2 Antiferromagnetic skyrmion . . . .. ... L 33
4.3 Stability of Antiskyrmion . . . . .. ... L 39
4.4 Antiskyrmion dynamics . ... ... ... L 40
5 Conclusion 45
6 Appendix A: Rates of magnetic transitions 47
7 Appendix B: General equations for ferromagnetic system 55
References 61

Article I: Lifetime of skyrmions in discrete systems with infinitesimal lattice constant
67



Table of Contents

Article II: Skyrmions in antiferromagnets: Thermal stability and the effect of external
field and impurities 87

Article llI: Stability of long-lived antiskyrmions in the Mn-Pt-Sn tetragonal Heusler
material 98

viii



List of Figures

List of Figures

2.1 Energy surface for the system determined by the radius of a skyrmion

and by the thickness of a domain wall. The minimum energy path be-

tween skyrmion states A and B stabilized by the Dzyaloshinskii-Moriya

and dipole interactions, respectively. . . . . . ... ... ..o L 10
3.2 Definitionofangle gij. . . ... ... ... L 14
3.3 (@) Square lattice, (b) triangular lattice. Arrows show vectors a connect-

ing node i with its nearest neighbors. The filled area corresponds to the

elementarycell. . . . .. ... ... .. ... 15
4.4 Out-of-plane component of magnetic moments for the skyrmion state as

function of dimensionless distance from the skyrmion center d = r=a;.

(a) Different values of the scaling parameter N=1, 3, 9 correspond to

different lattice constants but the same skyrmion size. (b) Alterna-

tively, different values of the scaling parameter N=1, 2, 3 correspond to

different skyrmiom size but the same lattice constant. . . . . .. ... .. 25
4.5 Energy of the skyrmion state as a function of scaling parameter. Insets

show skyrmion configurations for N = 1, 3, 9. Right upper inset shows

the exchange Ej, anisotropy Ea, Dzyaloshinskii-Moriya Ep and Zeeman

Ez contributions to total skyrmion energy as a functions of scaling

parameters N. . . . . . . .. 26
4.6  Minimum energy path for skyrmion annihilation when N=6 (blue) and

part of the path when N=150 (red). Inset shows on a smaller scale in

the region of the path when N=150 near the maximum. Saddle points

are marked with crosses. . . . . . . . . .. 27
4.7 Out-of-plane component of magnetic moments for saddle point config-

uration for various scaling parameters. The distance is measured from

the center of the skyrmion, d = r=h;. Insets show saddle configurations

forN=2,7,10. . . . . .. 28
4.8 Barrier for collapse DE as a function of scaling parameter N. Energy

contributions Ej; Ea; Ez; Epm at saddle point as a functions of scaling

parameter N (inset). Exchange energy goes to 4p for large scaling

parameter (denoted by green dashed line). . . . . ... ... ... .... 29
4.9 Prefactor as a function of scaling parameter N. Dynamical and entropic

parts of prefactor for skyrmion collapse as a function of scaling param-

eter N (inset). Approximation cN® was used for fitting of dynamical

pre-exponential factor. . . . . .. ... .. L 31



List of Figures

4.10

411

412

413

4.14

4.15

4.16

Dynamic pre-exponential factor as a function of scaling parameter N.
Square root of absolute value of negative eigen value as a function of
scaling parameter N and it’s approximation by function cN9, where
d 0:7. Blue curves correspond to interstitial location of center of

saddle point configuration, and green curves correspond to on-atom one. .

Lifetime of skyrmion at T=90 K, 100 K, 200 K, 300 K as a function of

scaling parameter N. J =100 meV, m =0:2meV/TatN=1. . . ... . ..

(a): AFM skyrmion in a magnetic field of B = 0; 0:2and 0:3 jJj=m. The
color (red vs blue) indicates the direction of the out-of-plane component
of the magnetic vector and the color intensity the magnitude. (b): Radius
(in units of lattice parameter, a) of a skyrmion as a function of applied
magnetic field in the AFM (blue) and the corresponding FM (red) where
the sign of the exchange coupling parameter, J, and the Dzyaloshinskii-
Moriya parameter, D, has been reversed. In a field of 0.07 jJj=m, the
FM skyrmion becomes unstable, but the AFM skyrmion is stable, even
for significantly larger field (see inset for extended scale). While the
radius of the skyrmion in an FM shrinks with applied field, it increases
in an AFM. (c): FM skyrmion in a magnetic field of B = 0; 0:02 and
0:04 jJj=m. The same color code as in top panel but smaller field.

(a): Rate constant for the escape of a skyrmion through a boundary of the
track and collapse inside the track as a function of an applied magnetic
field at a temperature of 100 K. For a skyrmion in the AFM (blue) the
effect of the field is weak, but for a skyrmion in the corresponding FM
(red) the rate of annihilation increases dramatically as the strength of
the applied field increases and a crossover occurs between collapse
and escape, the former becoming more likely for large field. (b): Pre-
exponential factor, ng, for the rate constants illustrated in (a). A similar
variation with the field strength is seen, a decrease for the AFM but
a large increase for the corresponding FM. Insets: Scale extended to

larger field strength. . . . . . . ... ..

Minimum energy path for the attachment of a skyrmion to a non-
magnetic impurity atom in the AFM and subsequent collapse there.
The lowest energy spin configuration is when the defect is located in
a region of the skyrmion where the magnetic moments have no out-of-
plane component. Inset graph: Rate constant for the detachment from
the impurity as a function of the applied magnetic field strength at T =
3 K. Insets 1-5: Configurations of the magnetic vectors at the various

labeled points along the minimum energy path. . . . . ... ... .. ..

Energy of the equilibrium antiskyrmion at the (blue line with diamonds)
local minimum Er,, and (red line with circles) saddle point Es, at the
collapse versus the scaling parameter N. The inset shows the preexpo-
nential factor in the Arrhenius law versus N at the parameter J = 110

MEV. . . o e

Antiskyrmions in (a) ferromagnetic and (b) antiferromagnetic material

in the absence of an external magnetic field. . . . ... ... .......

32

35

40

41



List of Tables

4.17 Spin textures of (a) skyrmion and (b) antiskyrmion in ferromagnetic ma-
terial related by the symmetry transformation (Sy; Sy;S;) ¥ (Sx; Sy; Sz).
The images are for the 45 x 45 lattice. (c) Comparison of radial profiles
of the antiskyrmion and skyrmion shown in (a) and (b). In the figure, the
z-component of the antiskyrmion has been multiplied by -1. Location
with respect to the center of the (anti)skyrmion is given in nanometers
at the bottom x-axis, while the top x-axis gives the location in terms of
the spacing between coarse grained spins. . . . . . ... ... ... ...
4.18 Tilted view of skyrmion and antiskyrmion illustrating the effect of
the transformation, R, and the possibility of having the direction of
spin polarized current coincide with the velocity of the antiskyrmion.
Left: Skyrmion traveling with velocity v at an angle, Q, the Hall angle
(Litzius et al., 2017; Jiang et al., 2017) to the applied current j. Right:
Antiskyrmion moving along the current j if the angle between j and ¥ is
Q=2. Only SOT are presentinthiscase. . ... ... ... ........

Xi






LIST OF FIGURES LIST OF FIGURES

List of Original Articles

Articles included in this thesis:

Article I: Potkina M. N., Lobanov I. S., Jonsson H., Uzdin V. M., 2022,
Lifetime of skyrmions in discrete systems with infinitesimal lattice
constant, IMMM 549, 168974.

Article II:  Potkina M. N., Lobanov I. S., Jénsson H., Uzdin V. M., 2020,
Skyrmions in antiferromagnets: Thermal stability and the effect
of external field and impurities, J. Appl. Phys. 127, 213906.

Article I1l:  Potkina M. N., Lobanov I. S., Tretiakov O. A., Jonsson H., Uzdin
V. M., 2020, Stability of long-lived antiskyrmions in the Mn-Pt-Sn
tetragonal Heusler material, Phys. Rev. B 102, 134430.

Other articles published during PhD study but not included in this thesis:

Article IV:  Lobanov I. S., Potkina M. N., Jénsson H., Uzdin V. M., 2017,
Truncated minimum energy path method for finding first order
saddle points, Nanosystems: Physics, Chemistry, Mathematics
8(5), 586.

Article V:  Uzdin V. M., Potkina M. N., Lobanov I. S., Bessarab P. F., Jonsson
H., 2018, The effect of confinement and defects on the thermal
stability of skyrmions, Phys. B: Condens. Matter 549, 6.

Article VI:  Uzdin V. M., Potkina M. N., Lobanov 1. S., Bessarab P. F., Jénsson
H., 2018, Energy surface and lifetime of magnetic skyrmions,
JMMM 459, 236.

Article VII: Varentsova A. S., Potkina M. N., von Malottki S., Heinze S.,
Bessarab P. F., 2018, Interplay between size and stability of mag-
netic skyrmions, Nanosystems: Physics, Chemistry, Mathematics
9(3), 356.

Article VIII: Denisov K. S., Rozhansky 1. V., Potkina M. N., Lobanov I. S.,
Lahderanta E., Uzdin V. M., 2018, Topological Hall effect for
electron scattering on nanoscale skyrmions in external magnetic
field, Phys. Rev. B 98, 214407.

Article IX:  Vlasov S. M., Bessarab P. F., Lobanov I. S., Potkina M. N., Uzdin
V. M., Jénsson H., 2020, Magnetic skyrmion annihilation by
qguantum mechanical tunneling, New J. Phys. 22, 083013.

Xiii



List of Original Articles

Article X:  Varentcova A. S., von Malottki S., Potkina M. N., Kwiatkowski
G., Heinze S., Bessarab P. F., 2020, Toward room-temperature
nanoscale skyrmions in ultrathin films, npj Comput. Mater. 6,
193.

Article XI:  Potkina M. N., Lobanov I. S., Uzdin V.M., 2020, Nonmagnetic
impurities in skyrmion racetrack memory, Nanosystems: Physics,
Chemistry, Mathematics 11(6), 628.

Article X11: Potkina M. N., Lobanov I. S., Uzdin V.M., 2020, Fine energy
structure of a magnetic skyrmion localized on a nonmagnetic
impurity in an external magnetic field, Phys. Compl. Syst. 1(4),
165.

Article XI11: Lobanov I. S., Potkina M. N., Uzdin V.M., 2021, Stability and
Lifetimes of Magnetic States of Nano-and Microstructures (Brief
Review), JETP Lett. 113, 801.

Xiv



Acknowledgments

Acknowledgments

First of all, | would like to thank Prof. Hannes Jénsson for supervision, support and
helpful discussions on my thesis work. It was my great fortune to work with him. |
also thank Prof. Valery Uzdin, Dr. Igor Lobanov and Dr. Pavel Bessarab for friutfull
collaboration. 1 would also like to extend my thanks to my parents for supporting me
during my PhD study.

XV






1 Introduction

The internal structure, dynamics, and stability of magnetic states are the most important
problems of fundamental nanomagnetism and new technologies in spintronics. Here,
fundamental problems are a decrease in the characteristic sizes of magnetic elements, an
increase in the rate of magnetic recording and information transfer, and energy efficiency
of developed systems. The operation of any device based on magnetic materials is
accompanied by magnetization reversal processes and changes in the magnetic states
of a system as a whole or its parts. These processes depend on the spatial sizes of
elements. On one hand, the reduction of these sizes allows changing the magnetic state
by a weaker action; on the other hand, magnetic states become less stable in this case.
The interaction with a thermal bath can lead to their spontaneous change and loss of
information contained in the magnetic configuration. Thus, the theoretical calculation
of the stability of magnetic states to thermal fluctuations and random perturbations,
which can be quantitatively estimated by the lifetimes of magnetic states, becomes of
primary importance. In particular, it is desirable for magnetic memory that the lifetime
of the corresponding magnetic states be tens of years at room temperature. The spatial
size of an individual bit should be as small as possible, from one to several tens of
nanometers. The development of magnetic carriers where such localized structure can
exist is a complex problem of great theoretical and applied interest.

One of the approaches to this problem is the use of “topological” magnetic textures
with a nonzero “topological charge” q (Belavin and Polyakov, 1975; Bogdanov and
Yablonskii, 1989). The topological charge for quasi-two-dimensional systems with a
continuous magnetization distribution has the form

1= L7 g 1O 150
4p fx Ty

dxdy;

where S(r) is the three-dimensional unit vector directed along the magnetization
at the point r. The topological charge is an integer indicating how many times the
vector S(r) wraps the unit sphere. It is conserved under the continuous variation of the
magnetization and, thus, the transition from the state with q & 0 to the state with g =0,
e.g., ferromagnetic, under the continuous variation of the magnetization is impossible.
This should ensure the “topological protection” of magnetic structures against thermal
fluctuations (Nagaosa and Tokura, 2013) and makes them promising candidates for the
development of a new-generation superdense and fast magnetic memory, elements of
artificial neural networks, and other spintronic devices (Finocchio et al., 2016; Fert et al.,
2017). However, the topological protection in real magnetic systems, where magnetic
moments are localized at sites of a discrete crystal lattice, can be treated only within an
approximate description, and the problem of the numerical calculation of lifetimes of
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such magnetic states arises. The hierarchy of scales characteristic of magnetic systems
makes the problem of estimating the lifetime very difficult for stochastic simulation.
The rates of oscillations of individual magnetic moments forming magnetic states even
at a nanoscale can be 10-20 orders of magnitude higher than the rates of transitions
between the states themselves (Krause et al., 2009). For this reason, the lifetimes and
rates of magnetic transitions at temperatures of practical interest cannot be adequately
calculated by numerically solving the dynamic equations for magnetic moments and
using standard Monte Carlo methods. However, transition state theory for magnetic
degrees of freedom can be used (Coffey et al., 2001; Bessarab et al., 2012). This
statistical approach implies the consideration of the multidimensional energy surface
of the system as a function of the parameters specifying the directions of all magnetic
moments in the system and the search for local minima on it corresponding to the
ground and metastable states of the system, and with the minimum energy paths (MEPS)
giving the most probable mechanisms of magnetic transitions. Maxima along MEPs
correspond to first-order saddle points on the energy surface, which determine energy
barriers between states. An expression corresponding to the Arrhenius law for rates of
magnetic transitions can be obtained in the harmonic approximation where the shape
of the energy surface at the minima and saddle point is approximated by a harmonic
function of all variables. This approach was first used to calculate rates of chemical
reactions (Hanggi et al., 1990) and diffusion of atoms on the surface at epitaxial growth
(\Voter, 1985) and is currently one of the most accepted methods for estimating the rates
of magnetic transitions in nanostructures (Fiedler et al., 2012; Bessarab et al., 2013b;
Desplat et al., 2018; Varentcova et al., 2020). Although this theory is successfully used
to analyze the stability of topological magnetic structures, a number of fundamental
problems remain unstudied, indicating the necessity of further development of the
theoretical method itself and its applications to particular magnetic structures. Some of
these problems are discussed in this work.

The problem of construction of the energy surface of the system and search for MEPs
between locally stable states on it is considered in Chapter 2. In addition to the “nudged
elastic band method” and string method, we describe the method of truncated MEP that
allows the search for first-order saddle points on surfaces with millions of degrees of
freedom and, thus, the calculation of microstructures with atomic resolution (Lobanov
et al., 2017) and the minimum mode following method for magnetic systems (Mdller
et al., 2018) that makes it possible to seek first-order saddle points if only the initial state
is specified and the final state is unknown. Using the last method, one sometimes can
find mechanisms of transition to surprising final states, although it is more complex than
algorithms used in cases where the final state is known. Methods of the calculation of
the pre-exponential factor in the Arrhenius law for lifetimes of magnetic structures are
also described in Chapter 2. Although an analytical expression for the pre-exponential
factor can be obtained in the harmonic approximation of transition state theory, this
expression includes the determinant of the Hessian matrix at saddle points and local
minima on the energy surface. Its calculation for the energy surface with the dimension
equal to or larger than a million is a difficult problem, but it can be solved if interactions
are short range and the Hessian matrix is sparse (Lobanov and Uzdin, 2021). Chapter
3 presents connection between lattice and micromagnetic Heisenberg model. Chapter
4 presents the results of calculations of energy barriers and lifetimes of skyrmions



with different sizes in ferro- and antiferromagnetic media, skyrmions on magnetic
tracks, in the presence of nonmagnetic impurities and external magnetic field, as well

as comparison of dynamical properties and stability of skyrmions and antiskyrmions.
Chapter 5 presents conclusions.






2 Transition state theory

2.1 Calculation of minimum energy paths and en-
ergy barriers

To describe quasi-two-dimensional topological magnetic structures, we use the general-
ized Heisenberg model, where the energy surface is described by the expression

E= (3Si Sj+Djj [Si SjI)  (mSj B+KSZ); D
hi; i [

Here, S; is the three-dimensional unit vector directed along the magnetic moment at
the i-th site, J is the Heisenberg exchange parameter, D;; is the Dzyaloshinskii-Moriya
vector, B is the magnetic field perpendicular to the plane of the system, is the anisotropy
constant same at all sites of the lattice, and m is the magnetic moment same at all sites
of the lattice. The parameters J and D;; are assumed nonzero only for moments at

neighboring sites. The anisotropy axis €; is perpendicular to the plane of the system.
The magnetic configuration is specified by the set of all vectors S;. The energy
surface is the energy functional of all variables that specify the directions of S;. Such
variables can be polar g; and azimuth f; angles specifying the direction of each vector.
If the number of sites is 108 (which corresponds to, e.g., a 1000 x 1000 square lattice),
the dimension of the energy surface is 2 10°%. Near the poles, where gi = 0;p, the
angle f; is poorly defined, which complicates the calculations. To solve this problem,
one can use the stereographic projection (Rybakov et al., 2015) or take orthogonal
matrices as coordinates (Ivanov et al., 2020). Below, we present the results of calcu-
lations in Cartesian coordinates in the tangential space to the kSjk = 1 manifold. In
this case, Lagrange multipliers should be introduced to correctly define the Hessian
matrix (Lobanov and Uzdin, 2021). Expression (1) does not include the energy of the
magnetic dipole—dipole interaction, which can play a significant role for the stabiliza-
tion of topological microstructures (Bittner et al., 2018). According to calculations in
(Lobanov et al., 2016), this contribution for nanostructures can be taken into account
by renormalizing the anisotropy parameter with the same form of MEPs. All methods
discussed below are also applicable to systems with the explicit inclusion of the dipole
contribution, although numerical calculations of large systems are more laborious be-
cause of the long-range character of the interaction. Local minima on the energy surface
corresponding to the ground and metastable states can be sought using standard methods
such as the conjugate gradient method (Ivanov et al., 2020) or the Newton method and
its derivatives. It is more difficult to find first-order saddle points corresponding to the
maximum along one direction and to the minimum in all other directions, but just these
points determine energy barriers between locally stable states. Saddle points can be
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found as the maximum along the MEP that connects locally stable magnetic states. If
these states are known a priori, the following computational methods can be used.

2.1.1 Geodesic Nudged Elastic Band (GNEB) Method

A path is approximated by a discrete set of images of states of the system, po;::: pn,
which are attributed to points on the energy surface, where po and py correspond to the
initial and final locally stable states, respectively. The distance along the path is called
the coordinate of the reaction. The geodesic between pg and py is often taken as the
initial approximation for the path. The tangent vector t" is defined at each point p, of
the path by means of the following procedure (Henkelman et al., 2000). The vector €"
is specified in the segments of increasing and decreasing energy along the path as

C
£ = t}; E(pn+1) = E(pn) > E(pn 1);
t";  E(pn+1) <E(pn) <E(pn 1);

where t! = pp+1 prnand t" =p, pn 1. If E(pn) is the local maximum or mini-
mum along the path, then €" is defined as the weighted sum of t? and t", which is
continuously transformed to the above relations when the energy along the path varies
monotonically. The unit vector along £" is taken as the tangent vector t". Images are
connected by artificial “springs,” which prevent their falling to minima on the energy sur-
face. The stiffness of springs in most of the variants of the GNEB method is chosen the
same for all images. However, an increase in the stiffness of springs for images located
near the maximum of the energy along the path increases the stability of algorithms,
particularly quasi-Newton ones. In this case, the image with the maximum energy
“attracts” the other images of the system, ensuring better resolution near a saddle point,
which is of main interest for estimating the stability to thermal fluctuations (Henkelman
et al., 2000; Ivanov et al., 2020). The forces of elasticity should be comparable with
the energy gradient in order to ensure convergence to the MEP. Further, the system
of images is relaxed under the action of the projection of forces of elasticity f, on
the tangent to the path and the projection of the energy antigradient on the direction
orthogonal to the path:

Fo= E(pn)+( E(pn) tHE"+ 15 t";

where fo =K[jpn+1  Pnj JPn  Pn 1j]land jpn+1  Pnj is the distance between the
(n+1)th and nth images along the path. Springs ensure an almost uniform distribution of
images along the path in the equilibrium state. In the subspace orthogonal to the tangent
to the path, images are located at the minimum and, therefore, have the maximum
statistical weights among nearby states. The introduction of artificial nudging springs
explains the term “nudged elastic band method.” In the GNEB method, it is taken into
account that the length of the vectors S; is constant; consequently, tangent vectors to the
path are projected on the tangent subspace to magnetic moments. This method can be
used within collective magnetism models when the magnitudes of magnetic moments
are determined from self-consistent calculations at fixed orientations at each site of the
lattice (Bessarab et al. (2014); Ivanov et al. (2017)). When the MEP is determined, the
image with the maximum energy provides an estimate for the energy of the saddle point.



2.1 Calculation of minimum energy paths and energy barriers

To more accurately determine this energy, one can use the “climbing image” method
(Henkelman et al., 2000), which allows the exact determination of the saddle point. In
this case, the image pmax With the maximum energy along the path is chosen, the forces
of elasticity of artificial springs acting on it are removed, and an additional force equal
to the energy gradient along the path is introduced for the image to move in the direction
of increasing energy:

Fmax = E(Pmax) +2( E(pmax) tM)tm:

The rule for optimization of other images along the path does not change and images
themselves are used to determine one degree of freedom for which the energy is max-
imized. Since the chain of images converges to the MEP, it is a good approximation
for the energy surface along the reaction coordinate near the saddle point. When the
maximum energy along the path is found, the density of images on different sides of the
saddle point can be different. Two or more images that climb to the saddle point can be
chosen if it is necessary to study its vicinity in more detail. The GNEB method was used
for the first time in (?) to calculate the activation barrier for the collapse of the skyrmion.
Then, the GNEB method was used for a more detailed analysis of mechanisms of
collapse (Lobanov et al., 2016) and for study of the interaction of skyrmions with the
magnetic field, edges of an image, and defects (Uzdin et al. (2018b,a)). The GNEB
method has now become a standard method for the analysis of the stability of two-
dimensional systems with magnetic skyrmions (Cortés-Ortufio et al., 2017; Malottki
et al., 2017; Bessarab et al., 2018) and three-dimensional topological systems (Rybakov
et al., 2015; Hoffmann et al., 2020) (but it is sometimes incorrectly implemented, see
(Rohart et al., 2016)).

2.1.2 String Method

This method is based on the evolution of smooth curves with an internal parameterization
(strings) that leads to the MEP between locally stable initial and final states (E et al.,
2002; Heistracher et al., 2018). It is similar to the GNEB method, but another algorithm
is used instead of elastic springs that uniformly distribute images along the path. Images
are first shifted under the action of the transverse component of the real force. Then, the
path is approximated, e.g., by means of the spline interpolation; its length is determined;
and the positions of images are corrected so that they are located at the same distance
from each other along the path. The climbing image algorithm can also be used here to
exactly determine the position of the saddle point.

2.1.3 Minimum Mode Following Method

This method can be used when only the initial state of the system corresponding to a
local minimum on the energy surface is known (Muller et al., 2018; Olsen et al., 2004).
It allows finding the nearest first-order saddle points determining scenarios of transition
to different a priori unknown states. Beginning with the point close to the minimum, the
system at each iteration step is displaced in the direction of the eigenvector of the Hessian
of the energy corresponding to the minimum eigenvalue. Relaxation to the state with
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the minimum energy is performed in the subspace orthogonal to this eigenvector. The
search for the minimum eigenvalue does not require large computational efforts and can
be performed, e.g., with the Lanczos algorithm (Golub and Loan, 2013). The calculation
of the minimum mode is not necessary if two states are relaxed simultaneously, keeping
the distance between them, as in the dimer method. In this case, these states are
ordered along the eigenvector corresponding to the minimum mode (Henkelman and
Jonsson, 1999). When the minimum eigenvalue becomes negative, the minimum mode
following method implements a procedure similar to the climbing image algorithm,
ensuring convergence to a firstorder saddle point. Starting with different initial states
near the minimum, one can obtain several saddle points each corresponding to a certain
mechanism of escape from the initial state. This method applied to magnetic systems
(Maller et al., 2018) made it possible to obtain a magnetic transition corresponding to
the formation of two skyrmions from one, which is accompanied by the doubling of the
topological charge of the system. The activation energy of this process appeared to be
comparable with the activation energy for the collapse of the skyrmion.

2.1.4 Truncated Minimum Energy Path Method

This method allows finding a part of the total path including the saddle point (Lobanov
et al., 2017). The saddle point and its vicinity are important for the determination of
transition rates between magnetic configurations within transition state theory. For
the collapse of the skyrmion, the configuration of the state at the saddle point is an
atomic-scale noncollinear structure even for micron skyrmions. This allows determining
activation barriers and lifetimes of such states without the calculation of the total MEP,
which is difficult to find because the size of the structure becomes large far from the
saddle point and overly large computer memory is required. In this method, one of the
images is separated as an anchor, e.g., with the maximum energy, and a part of the path
with a fixed length including this image is considered. Some images in this part should
be on one side of the crest separating the initial and final states on the energy surface and
the other images should be on the other side. At the end of the path, only the transverse
component of the energy gradient is set to zero. After that, the path is optimized, e.g.,
as in the string method, and images in the segment are redistributed. In contrast to the
string method, in the truncated MEP method, images are redistributed over a part of
the path around the saddle point. The anchor is not involved in the redistribution, and
the image nearest to it is chosen as the anchor at the next iteration step. One of the
locally stable states, e.g., the initial or final state, can be taken as the anchor. Then,
its position does not change during the operation of the algorithm, but the second end
of the segment should be behind the region of the transition state. This requires the
qualitative understanding of the shape of the energy surface and the general structure of
the transition state. In the general case, the energy surface specified by the generalized
Heisenberg model is a manifold of a large dimension, which can be million and more
for real topological systems considered at the atomic scale.

For the clear representation of the energy surface and understanding of possible
scenarios of magnetic transitions, it is useful to plot the two-dimensional energy surface
under the assumption that the directions of all magnetic moments can be specified by
two parameters. Such an approach was used in (Moskalenko et al., 2016), where the



2.2 Pre-exponential factor

magnetization reversal in the spin spring was simulated by the motion of a domain
wall in the magnetically soft magnet and the magnetic configuration was specified by
the position and thickness of the domain wall. For topological magnetic structures
such as skyrmions, there are analytical expressions approximately describing the profile
of the skyrmion and its magnetic configuration obtained from the comparison with
experimental data (Romming et al., 2015; Boulle et al., 2016; Buttner et al., 2018).
These relations with a few parameters reproduce quite well locally stable skyrmion states.
We assume that the magnetic configuration in the nonequilibrium state under magnetic
transformations is also specified by the same set of the parameters and only their values
change in the process of transition. Then, the dimension of the energy surface is equal to
the number of these parameters. We consider magnetic configurations used in (Buttner
et al., 2018) within the model with the continuously distributed magnetization including
the magnetic dipole—dipole interaction in addition to contributions specified by Eq. (1).
The structure consisting of magnetic material layers and heavy metal was calculated
in the effective medium approximation with renormalized parameters. The localized
topological state was specified by three variables: the radius of the skyrmion R, the
thickness of its domain wall D, and the angle y between the magnetic moments at the
edge of the skyrmion and the radial direction. Contributions to the energy, in particular,
the dipole interaction, can be estimated analytically (Bittner et al., 2018). This allows
constructing the energy surface of the system in the (R, D) coordinates shown in Fig.
2.1 for the following parameters: the exchange stiffness of the magnetic material A =
2:5pJ=m; Dzyaloshinskii—-Moriya parameter D = 6:5 10 *J=m?, anisotropy constant
K =0:2pJ=m, magnetic field B = 0:27 T, saturation magnetization Mg = 0:35 MA=m,
total thickness of the sample d = 126;4nm, and y = 0°. The MEP between skyrmions
of different sizes is shown in Fig. 2.1 by the white line with white circles indicating
images. It is seen that the radius of the skyrmion decreases first in the process of
transition from the large skyrmion to the small one and then, after the passage through
the saddle point, the thickness of its domain wall decreases. We note that the distances
between images seem nonidentical because of different scales along the axes in Fig. 2.1.

2.2 Pre-exponential factor

Transition state theory for magnetic degrees of freedom implies that magnetic moments
are classical objects with a given interaction energy, which is determined, e.g., by
Eqg. (1), and that magnetic transitions are slow processes compared to oscillations of
individual moments, so that the Boltzmann distribution is established and maintained in
the entire accessible region on the energy surface up to the transition state inclusively.
Furthermore, paths on the energy surface are assumed reactive, i.e., go from the initial
to final state, crossing the dividing surface only once (Bessarab et al., 2012, 2013a).
Within transition state theory, the following Arrhenius law can be obtained for lifetimes
of magnetic states:

DE
t =toexp KT : )

where T is temperature, DE = E; Ep, is the difference between the energies
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Figure 2.1. Energy surface for the system determined by the radius of a skyrmion and
by the thickness of a domain wall. The minimum energy path between skyrmion states A
and B stabilized by the Dzyaloshinskii-Moriya and dipole interactions, respectively.

Es and E, at the saddle point and in the initial state, respectively. If the harmonic
approximation is used for the shape of the energy surface at the saddle point and
minimum corresponding to the initial state, the pre-exponential factor ty depends on
the Hessians of the energy at these points. In Appendix B, we derive formulas for
calculating the transition rate in the framework of the harmonic approximation to
transition state theory:
s o s
n
= i _Z_Sl_(bn)z
2p o,z

where states Sy, and S - minimum and saddle point on energy surface, Er, and Es
- corresponding energies, Hy and Hs - Hessians of energy in Sy, and Sg, zJ and e" are
eigenvalues and eigenvectors of Hg, b" = ¢" %el.

Expression (3) for the transition rate includes the ratio of determinants of the
Hessian of energy at the corresponding points of the energy surface. This ratio is usually
calculated as the ratio of the products of the eigenvalues of the Hessian (Fiedler et al.,
2012; Bessarab et al., 2013b; Desplat et al., 2018; Varentcova et al., 2020). However,
all eigenvalues of the Hessian for systems with millions of degrees of freedom cannot
be determined by standard methods. For this reason, calculations of microsystems with
the atomic resolution have not yet been performed. Progress has been recently achieved
in this field with the use of sparseness of Hessians (Lobanov and Uzdin, 2021). The
interaction between magnetic moments is shortrange; consequently, the Hessian matrix
can be represented in the block tridiagonal form. The block Cholesky decomposition

detHn Es Em

K jdetHs &P ket

©)

10



2.2 Pre-exponential factor

(Golub and Loan, 2013) allows one to write a recurrent relation for the elements of
the block diagonal corresponding to the subsystems of the initial system with one
of the spatial coordinates fixed, significantly reducing the dimension of the problem.
The proposed method makes it possible to calculate the determinants of Hessians for
microsystems with atomic resolution.

11






3 Lattice and micromagnetic model

Let us now consider various contributions to energy within the framework of the
generalized Heisenberg model, which is often used in describing topological magnetic
structures. The energy surface is determined by the expression

E =Eex+Epm +Ek +Eze +Epp 4)

Here, Eex and Epy denote the contributions of the isotropic and antisymmetric
exchange interactions, respectively, Ex is the energy of magnetic anisotropy, Eze is the
energy of interaction with an external magnetic field, and Epp - energy of magnetic
dipole-dipole interaction. Let’s consider each contribution to (4) in more detail.

3.1 Isotropic exchange

In the discrete model, when the magnetic moments are assumed to be localized at the
sites of the crystal lattice exchange energy is

Eex = ! Ji:iSi Sj; 5)
2 i
where S;j is the unit vector directed along the magnetic moment at the site i. The
exchange interaction parameter Jj.j decreases with increase of the distance between the
magnetic moments and will further be considered nonzero only between the nearest
neighbors. However, in a number of works in which exchange integrals are chosen
based on density functional calculations to describe topological magnetic structures, the
parameters Jj.j are taken into account up to 8 - 9 nearest neighbors (Heinze et al., 2011,
Paul et al., 2020). In this case, the sign of the exchange parameter changes with distance
and it is argued that taking into account the competition of exchange interactions
significantly affects the assessment of the stability of the magnetic state (Malottki et al.,
2017).

In models with a continuous distribution of magnetization m, the contribution of the

isotropic exchange interaction to the energy density is written in the form

A mjZ;

where )

. . T m;

j mi*= T
i;j=xy;z J

13



3 Lattice and micromagnetic model

Let’s consider, for example, the magnetic moments of a square or triangular lattice.
We will count the exchange energy from the energy of the ferromagnetic state. Then, in
the case of small deviations of the directions of the magnetic moments at neighboring
sites, we can write

J _
Eex = 2 ¢ SiS'j) Jiz;j;
ij i

I

where Ji;j jSi  Sjj - angle between unit vectors S; and Sj, shown in figure 3.2.

Figure 3.2. Definition of angle jj;;.

Denoting

Si =m(r); Sj = m(r+a);

we obtain:

7 @ m+a)y; ©

Eex =

where summation over a is over all vectors connecting the i-th atom with its nearest
neighbors (Fig. 3.3). Let’s expand m(r+a) in a row up to the first order:

m(r+a)=m(n+(@ )m(r)=

(7
2 2
N LR LAY L% L
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3.1 Isotropic exchange

Figure 3.3. (a) Square lattice, (b) triangular lattice. Arrows show vectesnnecting
node i with its nearest neighbors. The lled area corresponds to the elementary cell.

> Im *, o Im ?

ol fm, im,

e 2a.ay 2
x Yy Ty

Cross-terms containingay will be canceled when summed after substitution in
(6).

For the square and triangular lattices considered here, the sum over the nearest
neighbors i a2= & af, We denote it by, then

L.o .« - .
Eex= ZJa[(me)2+(Nmy)2+(Nmz)2]: (8)
Here q q
N My My
Nmp = — —_—
e X & Ty &
- Ima 2. fmg 2
N 2= 2 —_—
(Nmy) X Ty

Multiply and divide the right side of the equation (8) per unit cell voluvhe

L .o ~ - .
Eex= @ Vel(Nmg?+(Nimy)? +(Rimy)?]
AV
ForV;! 0, the sum on the right-hand side tends to the integral. We have:
L z
Eex= g3 [(Rim)?+(Rimy)? +(Rimy)?Jdv
Cc
In the model with continuous magnetization
VA
Eex= A jNmj2dVv

15



3 Lattice and micromagnetic model

Hence, we obtain a correspondence between the parameters of the micromagnetic
and discrete models:

L
A= )

For a square latticd: = 2a%; V. = a?d andA = 3, for triangular:L = 3a%; \ =
—2a?d andA = 3J.

3.2 Antisymmetric exchange or Dzyaloshinskii-Moriya
interaction

Skyrmions and other topological structures may be stabilized even in the presence of
competing exchange interactions without taking into account the spin-orbit interaction
(Heil et al., 2019). However, many of the topological states are chiral, i.e. do not match
in space with their mirror image (Nagaosa and Tokura, 2013). The existence of these
magnetic structures is explained by the presence of an antisymmetric exchange - the
Dzyaloshinskii-Moriya (DM) interaction, which occurs in systems without an inversion
center (Dzyaloshinsky, 1958; Moriya, 1960).

On a discrete lattice, the DM interaction energy is given by the formula

1
Epm = Eé‘ Di;j[S Sjl;
i
whereD;;j - DM vector.

Let Dj;; = Dd;;j; whered;;j is the unit vector along the DM vectdD, is the DM
constant. Then the energy will take the form:

Do
Epm = 5d di;j[S Sjl (10)
7]

Since the magnetic moments are parallel in ferromagnetic (FM) ordering, the DM
energy is zero, and we can say that (10) sets the DM energy with respect to the FM
state.

The direction of the vecta;; depends on the type of inverse symmetry breaking
(Moriya, 1960). In a bulk sample, for example, in compounds of MnSi cubic magnets
with a B20 crystal structure without an inversion center, the DM vector is directed along
the vector connecting the lattice sites (Mihlbauer et al., 2009):

o & ay
di;j = a Xt 3

Let us nd the relationship between the contributions from the DM interaction in
the discrete model and the model with a continuous magnetization distribution. As in
the case of the Heisenberg exchange, we denote

16



3.2 Antisymmetric exchange or Dzyaloshinskii-Moriya interaction

S=m(r); Sj=m(r+a)

Eow= 5 & dglm(r) m(r+ a) (11

i;a

Substitute the decomposition(r + a) (7) into the mixed product:

di;j[m(r) m(r+a)]=

ax & 0
a a
my My W
1 1
After summation in (11), all terms will be canceled, except for:
2
& o Ime Amy & Ame, Im
a ™ X me X a % Ty me fy
Thus,
" ) , #
Do & im, Tmy ay m, Tmy
Ebpm= — =X —= - + 2 —Z+m—2
M= 8 T e Mg Ta Mgy TMgy
Let's multiply and divide the right side of this equation gy
DL , im, im, im, im,
Eom = Ve My—— —Zrm—2 -
M Nad e Mgy W T M Mgy
ForV.! 0, the sum on the right-hand side tends to the integral. We have
4
DL im, im, my fimy
Epm= — — —+tm_— — av 12
M= e ™oy P T Mgy (12)

The notations coincides with the ones introduced when describing the contribution
of the Heisenberg exchange.
In the model with continuous magnetization

z im; im, Tm, Ty
Epm=D —_— — — —= dVv 1
DM mxﬂy myﬂx+mzﬂx mz‘”y d (13)

Then the correspondence of the DM constants to the micromagnetic and discrete
models has the form:

DL
2V.a
The energy density of a bulk DM can be written as follows (Kang et al., 2016):

(14)
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3 Lattice and micromagnetic model

me my m

_ N — 1T £ £
w=Dm N m=D % 1y 9z
me my m

The antisymmetric exchange interaction in bulk samples leads to the formation
of topological chiral structures with Bloch-type domain walls, in which the magnetic
moment rotates in a direction orthogonal to the normal to the wall. A different situation
is realized if the breaking of the inversion symmetry is due to the presence of a surface
or interface. In this case, the DM vector is directed perpendicular to the line connecting
the interacting atoms (Fert, 1991) and Néel domain walls are formed with the rotation
of the magnetic moment in the plane perpendicular to the wall.

In this case
a ax
d.= 2 X
i S
A =
3 X 0
di;j[m(r) m(r+a)]= my ﬂmy ; m,
Tmy Tmy my my m, m;
Mt acpe &y Myt acpe &gy Mt acge + &g
After summation in (11), all terms will be canceled except those containing:
g

m, Tmy a3 my my
2 Mygy Meqy andy Megd Mg
Similarly to the case with the volume interaction of the DM, we obtain:
VA

DL Tmy Tm, Tmy Tm,
Eom= —— BLLLL L P LU S LLL Iy
M= ova  Max Max Ty Mgy
L
TV

Thus, the relationship between the parameliei@ndD is the same for the interface

and bulk DM interaction. As a result, wepobtain the ratio of the parameters for a square

lattice: D = 2, for a triangular oneD = £D.

The DM energy density in the case of the interface DM interaction has the form
(Bogdanov and Yablonskii, 1989):

Tmy im, Tmy, im,
=D m—— Lk - - 1
w rnz‘"X rmﬂermz‘ﬂy m),ﬂy (15)

Sometimes, two more equivalent expressions are used for the DM interaction energy
density, due to the presence of an interface:

1: w= Dm[z N] m] accordingto (Heil etal., 2019)

& & & q q

Nil= 0 0 1 = L L

z N T 1 1 Q“Hy+e"'ﬂx
x Ty 1z
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3.3 Anisotropy energy

& & &
~ Tm, Tm, Tmy, Tmy
z N\p m= & & Tt G & —
Mxy My M, x Ty Ty X

~ _ Tm, Tm, my Tmy

mlz N] m]= mx—ﬂx my—ﬂy + mz—ﬂy + mz—ﬂx ;

which results in the expression (15).
2 w=D(mN m (m N)m,) according to (Wang et al., 2018)

< 1 1 1
N=e— — —
ekﬂx+ e’ﬂy+ eZ‘ITZ

< - Tme  Tmy  Tm, Tm, Tm, Tm,
N N = A —J - = - = - = - %=
MmN m-(m R)m; = m, 1x ¥ Ty ¥ 1z M X my Ty me 1z

_ Ty Tmy Tm; Tm;.
m, +m my x my Ty

which also results in the expression (15).

In some cases, models are considered that include two different DM vectors in a thin
magnetic Im on a metal surface to describe chiral magnetic states in it (Vedmedenko
et al., 2007). In tetragonal Heusler alloys Mn-Pt-Sn, an anisotropic DM interaction has
been experimentally discovered, leading to the formation of an antiskyrmion lattice
(Nayak et al., 2017).

The general form of the energy density of the Dzyaloshinskii-Moriya interaction may
be written as a linear combination of Lifshitz invariaht# = mfem; mifiim; i j;k2
fx;y;zg; 1> j: We are considering the ca§gm = 0.

Li=LA+LALp=L%+L % Wp= DL p.

3.3 Anisotropy energy

On a discrete lattice, the contributions due to magnetic anisotropy are written in the
form

Ec= aK(es)’ (16)

wheree is the unit vector along the anisotropy axfsjs the anisotropy constant. If

K < 0, the “easy plane” anisotropy is realized in the system, aKdif O - “easy axis”.
Although skyrmion topological states (Nagaosa and Tokura, 2013; Bordacs et al., 2017)
can exist in both cases, in what follows we will consider only the case of quasi-two-
dimensional magnetic systems with anisotropy of the "easy axis" typeawith,. In

this case, the anisotropy energy is given by the formula:
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3 Lattice and micromagnetic model

Ex= KA
|

If the anisotropy energy is measured from the energy in a ferromagnetic state with
magnetic moments ordered along #hexis, then:

Ec=Ka(l ) (17)
i
Let's transit to a continuous description of the magnetization:
m(r)=§
Multiply and divide the right side of the equation (17) Yy

K o
Bc = aV( my(r)?)
c

ForV:! 0, the sum on the right-hand side tends to the integral:
K Z
Ex=— (1 md)dV
Ve

In the model with continuous magnetization

A
Ex=K (1 md)dV

Hence, we obtain the correspondence of the anisotropy parameters in the micromag-
netic and discrete models:

K
K = — 18
Ve (18)
For a square latticek = -5, for triangular:K = p%.

3.4 Zeeman energy of interaction with an external
eld

Let us consider the case when the magnetic eld is directed perpendicular to the plane
of the system, along the magnetization at in nity, co-directed withzlagis. The
Zeeman energy of interaction with an external eld of magnitBdeneasured from a
homogeneous ferromagnetic state for a discrete model, is represented in the following
form

Eze= mBA (1 S (19)

Eze= m3 (BS); (20)
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3.5 Magnetic dipole-dipole interaction

wheremis the magnitude of the magnetic moments, which is assumed to be the same at
all lattice sites.
Let's transit to a continuous description of the magnetization:
m(r)=§
Multiply and divide the right side of the equation (19) Yy
mB
Bze= - a V(1 my(1)
c

ForV;! 0, the sum on the right side tends to the integral:

VA
B
Eze= A (1 my(r))dv
C
In a continuous micromagnetic model
VA

Eze= MsB (1 my(r))dV,

where the integration is over the sample volume.
From this we obtain the relationship between the magnetic moment at the site and
the saturation magnetizatidns:

m
Mg= — 21
V2 (21)
For a square latticeVls = 3%, for triangular:Ms= p20.

3.5 Magnetic dipole-dipole interaction

The energy of the dipole-dipole interaction in the discrete model has the form:
" #

_ m)nﬁé SS 35S ri§ rij) .
5 :

3
S P M

Epp (22)
Herem is a magnetic constant, the vectgy is directed from the i-th to the j-th
site, the summation is carried out over all pairs of spins. This interaction is long-range,
in contrast to all those considered above, and its calculation for micromagnetic systems
presents signi cant dif culties. In most cases, below we will consider small-radius
skyrmions in quasi-two-dimensional systems. In this case, we can assume that the
dipole interaction is taken into account through the effective anisotropy (Lobanov et al.,
2016).
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4 Stability of chiral magnetic structures

4.1 Stability of magnetic skyrmions at various spa-
tial scales

Magnetic skyrmions are promising candidate for information carriers in future mem-
ory and logic devices. For realization of these ideas the thermal stability becomes
a fundamental problem, since thermal uctuations and random external effects can
lead to structural breakdown and loss of data. At the moment experimentaly observed
skyrmions at room temperature have micron sizes (Woo et al., 2016). Understanding
of such stability and its conection with skyrmion size is a rst step to constuction
of compact and reliable skyrmion-based data storage. When the size of a skyrmion
is increased, the direction of neighboring magnetic moments becomes more similar
and the continuous magnetization model becomes more appropriate for describing the
system. How does topological protection present in continuous models manifest itself
in the limit of in nitesimal lattice constant in discrete models? How does stability

of skyrmions change under scaling transformation? These questions are addressed in
this section. We calculate the energy of the skyrmion state, the minimum energy path
between the metastable skyrmion and the homogeneous ferromagnetic state, and the
activation energy of the skyrmion collapse for a gradually decreasing lattice constants
while the skyrmion radius is kept constant. The pre-exponential factor in the Arrhenius
law for the lifetime is estimated within the harmonic approximation to transition state
theory for decreasing values of the lattice constant. The parameter values for the dis-
crete lattice model are scaled with the lattice constant in such a way as to be consistent
with the same continuous micromagnetic model, and therefore to keep the size of the
skyrmion and its energy unchanged.

4.1.1 Scaling laws

The energy of the magnetic system is described by a Heisenberg-like model for a two-
dimensional square lattiq¢). The vector of DMID;. is taken to lie in the plane of

the lattice and point in the direction along the vector connecting atomic sites j and k,
which contributes to stabilization Bloch type skyrmions. Formally, the lattice constant
does not enter into (1), but if we consider the same system with larger resolution, the
parameters corresponding to this system have to be changed by de nite way. As was
shown in Chapter 3 one can obtain micromagnetic model with continuous distribution
of magnetization in space from Heisenberg - like model (1). In this case energy counted
from homogeneous ferromagnetic state can be written as
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4 Stability of chiral magnetic structures

VA
E=  w((Xdx W(x):AkNSk2 D(SrotS) K (K°S) M¢(B S (23)

Here integration is taken over whaR? space. The exchange stiffness DMI
densityD, anisotropy densiti andMs are proportional to the exchange paraméjgr
modulus DMI vectoD; ., anisotropy constar{ andmin (1). However the coef cients
of proportionality depend on the type of crystal lattice, number of exchange parameters
used in lattice model etc. The correspondence between continuous and lattice model is
ambiguous so that different lattice models may correspond to the micromagnetic model
with the same set of parameters. Nevertheless, the evolution under scaling of parameters,
corresponding to some micromagnetic ones, is determined unique and depends only
on the dimensionality of the system. Note, that in this paragraph the micromagnetic
parameter®\ , D, K andMs have the meaning of energy densities per unit area, unlike
energy densities per unit volume considered in Chapter 3. Thus, their connection with
discrete parameters will be given by the formulas derived in the Chapter 3 but without
dividing by sample thickness d:

J=2A: D=aD; K=a’K : m= a’Ms

This relations gives us the scaling law for values of discrete parameters at different
lattice constant, which correspond to the same set of micromagnetic parameters:

a _ ) a _ D(a). a _ K. a _ ma)
JN_J(a)’DN_N’KN_NZ’mN_NZ (24)
Within the framework of the lattice model we performed the calculations using

following set of dimensionless parameters at initial lattice consianf:= 0:35, K=J =

0:16, mB=J = 0:02. The initial cell size was chosen suf ciently large compared to

skyrmion size 80 30atoms on square lattice with periodic boundary conditions) to

prevent the in uence of boundary conditions on the state of the skyrmion. The lattice
constant for initial system will be denoted as We will call furtherN as scaling
parameter, which denotes the number of times a lattice constant decreases.

The parameter transformation given by Eq. (24) can be interpreted in two ways, as
illustrated in Fig.4.4 (a) and Fig.4.4 (b): Either as a decrease in lattice constant as N
is increased while keeping the micromagnetic parameters the same, and thereby the
size of the skyrmion, or as a change in the size of the skyrmion while keeping the
constant lattice xed and thereby changing the values of the micromagnetic parameters.
Calculated skyrmion pro les for these two interpretationsNbr 1;3;9 are shown in
Fig. 4.4 (a) and foN = 1;2;3 are shown in Fig. 4.4 (b). Parametgrs the distance
from the skyrmion center in the units af. One can see that skyrmion pro les coincide
at rst case, and scale at N times at second one.

4.1.2 Activation energy for collapse

Fig. 4.5 shows how the energy of the skyrmion with respect to the ferromagnetic ground
state depends on the scaling paraméehe spin con gurations foN = 1;3;9 are
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4.1 Stability of magnetic skyrmions at various spatial scales

shown in the insets. For smdl the energy of the skyrmion decreases with size but for
suf ciently small lattice constant, wheN becomes larger than 9 (which corresponds to
7 10* atoms in the supercell), the energy of the system is nearly constant and approaches
the value corresponding to the energy of the continuous model.

Note that not only the total energy of the skyrmion but also each contribution to the
energy in Eq. (1) is nearly constant fdr> 9 and doesn't change after that with scaling
as can be seen in the inset of Fig. 4.5 (c).

Figure 4.4. Out-of-plane component of magnetic moments for the skyrmion state as
function of dimensionless distance from the skyrmion cehter=a;. (a) Different

values of the scaling parameter N=1, 3, 9 correspond to different lattice constants but
the same skyrmion size. (b) Alternatively, different values of the scaling parameter N=1,
2, 3 correspond to different skyrmiom size but the same lattice constant.
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4 Stability of chiral magnetic structures

Figure 4.5. Energy of the skyrmion state as a function of scaling parameter. Insets show
skyrmion con gurations for N = 1, 3, 9. Right upper inset shows the exchapge E
anisotropy B, Dzyaloshinskii-Moriya 5 and Zeeman f£contributions to total

skyrmion energy as a functions of scaling parameters N.

To study the dependence of skyrmion stability on scaling parameter we calculated
MEPs between the skyrmion and the FM state. The point of highest energy along the
MEP, a rst order saddle point on the multidimensional energy surface given by Eq.
(1), minus the initial state energy gives the activation energy for the transition. For
N = 1 the dimensionality of the energy surface is 1800, and it increases as the square
of the scaling parameteN2. For smallN, the MEP can easily be calculated using
the geodesic nudged elastic band mett®)d\\VhenN becomes large, this, however,
becomes a computationally demanding task. Since the shape of the path is known it is
possible to focus only on the region around the maximum and thereby reduce the effort
signi cantly using Truncated Minimum Path Method (Lobanov et al., 2017) described
in Chapter 2. This method allowed us to carry out calculations ip%0150. Figure
4.6 shows the computed full MEP for N=6 and truncated MEP for N=150. The path for
N=6 starts from minimum corresponding to skyrmion, and for case of N=150 it starts
from some non-stationary small skyrmionic-like state. The size of transition state is
much smaller than in initial skyrmionic state, which allows to not consider magnetic
moments on the periphery, which are constant during transition, and therefore to use in
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4.1 Stability of magnetic skyrmions at various spatial scales

calculation only central part of lattice of size 200x200 spins instead of using full lattice
of 4500x4500 spins.

Figure 4.6. Minimum energy path for skyrmion annihilation when N=6 (blue) and part
of the path when N=150 (red). Inset shows on a smaller scale in the region of the path
when N=150 near the maximum. Saddle points are marked with crosses.

Skyrmion pro le S, = cogQ(r)) at the saddle point at different N is shown in the
Fig. 4.7. FoN < 20 magnetic moments in the neighbourhood ef 0 in the saddle
point are ordered under de nite ang®6 0. Center of symmetry for transition state is
in the interstitial position. However fad > 20the center of transition state is shifting
to the lattice siter = O.

The gure 4.8 shows the dependence of the energy barrier for skyrmion collapse on
the scaling parameter. Each contribution to transition state energy, determined by the
Eq. (1), is plotted in inset of Fig. 4.8.
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4 Stability of chiral magnetic structures

Figure 4.7. Out-of-plane component of magnetic moments for saddle point
con guration for various scaling parameters. The distance is measured from the center
of the skyrmiond = r=h;. Insets show saddle con gurations for N =2, 7, 10.

The logarithmic increase of activation energy with N takes place only iyp<020.

But for a larger N there is no divergence and barrier tends to a constant value. A
closer look at the evolution of the central magnetic moment at the point r=0 as it passes
through the saddle point shows that fée 20 it jump-like changes direction on the
opposite. This leads to very small relative changes in energy, since the total number of
spins for such N is very large. However in continuous limit this transition changes the
topological charge of the system. Such a transition mechanism agrees with the scenario
of magnetization reversal of the vortex core in the disk of nite thickness. As was shown

in (Thiaville et al., 2003), in the framework of the microscopic approach, magnetization
reversal occurs by Bloch-point injection on the one side of the disk, passing of this
singularity along the disk axis and exit from the other side.

For a large enough scaling parameter the main contribution to the energy in tran-
sition state comes from exchange interaction of magnetic moments, although small
contribution from DM interaction still exists even at N=150, as it is seen in inset of
Fig. 4.8. Tending of Anisotropy and Zeeman contribution to zero may be explained
by the following. Pro le S,(r) becomes larger with N at eachas it is seen in Fig.

4.7. At large N directions of neibourgh magnetic moments become more similar and
continious model gives good estimation of energy in discrete model. In continuous
approximation Anisotropy and Zeeman contributions depen8,an the following
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4.1 Stability of magnetic skyrmions at various spatial scales

way: K R(1 Sf)dxandMSBR(l S)dx, as was shown in chapter 3, and that is why
they decrease whe®)(r) becomes larger.

Due to the fact that only exchange interaction remains, the transition state at large N
corresponds to the-model soliton (Yang, 2001). According to (Belavin and Polyakov,
1975) in the continuous model with only exchange interaction the ertiergiyany
structure with topological charggsatis es inequalitye > 4pJq. Therefore the barrier
for nucleation of any structure wittp= 1, as in the case of skyrmion, cannot be lower
than4pJ. Our calculations shows that barrier is equal to this value for very large N
and therefore barrier for skyrmion nucleation from FM state in the continuous case can
be estimated as the energy of solitorsirmodel and skyrmion collapse goes trough
the shrinking up to very small (in nitesimal in continuous case) size. Calculations for
large N shows that exchange interaction gives the main contribution and the barrier
approaches to this value shown in Fig. 4.8 by green dashed line.

Figure 4.8. Barrier for collaps®E as a function of scaling parameter N. Energy
contributions B; Ea; Ez; Epm at saddle point as a functions of scaling parameter N
(inset). Exchange energy goes for large scaling parameter (denoted by green
dashed line).

Obviously §cal|ng of coordinates does not change exchange energy in continious
model:E= A~ kRiSk?dx, therefore scaling will be zero mode for transition state of
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4 Stability of chiral magnetic structures

skyrmion collapse at large N. Indeed, in Fig. 4.6 at MEP at N=150 near the saddle point
a at area with tiny change in energy is visible, corresponding to the breathing mode.

Starting from N=1 the activation energy for collapse increases with scaling parameter
due to variation of exchange and DM interaction (inset of Fig. 4.8). This explains
why the activation energy for the magnetization reversal, which was obtained within
micromagnetic calculations (Thiaville et al., 2003; Suess et al., 2018), depends on mesh
size.

Although transition state energy for collapse in continuous limit does not depend on
parameters of anisotropy, DMI and magnetic moment, activation energy will do because
the energy of skyrmion minimum is determined by these parameters.

4.1.3 Pre-exponential factor for collapse

Our calculation shows that at rst energy barrier is growing with scaling parameter
but then approaches to constant value. We are interested in considering of metastable
skyrmions, i.e. skyrmions with enerdgy > 0. In that case energy barrier for collapse
is limited by the valuddE 6 4pJ. For typical exchange parameter 25 meV we obtain
energy barrier of about 300 meV, which will give exponential factor for rate of collapse at
room temperature of ordef® 6. Typical pre-exponential factor obtained for nanosize
skyrmions is10° 10'%s ! (Bessarab et al., 2018). If pre-exponential factor would
not vary essentially with the size of skyrmion the lifetime of even microscale skyrmions
will not be larger tharl0 4 seconds that is de nitively not enough for applications.
Therefore investigation of the question about evolution of pre-exponential factor with
parameter N is of great importance.

In pre-exponential factor for rate constant de ned by expresgtwo factors may
be distinguished. The rst, entropic factdy, is de ned in the following way:

s
_ detHm
7 jdetHg
and the second one, dynamical factor, is de ned by expression:
s
R g s
d= ——(b"
4,528

Therefore, full pre-exponential factor ifg = % fqfe: The inset of Fig. 4.9 shows
the dependence of logarithm of entropy term on scaling parametieis seen that only
because of entropy factor the pre-exponential factor decreases by 5 orders of magnitude
when changing from the nano to microscale systems. Now we consider dynamical factor
fg containing the contribution from the linearized Landau-Lifshitz equation. Direct
calculation demonstrates that this dynamical factor increases with scaling parineter
Fig. 4.9 shows that this factor gives increase of one order of magnitudes of prefactor
when scaling paramet@t increases in 37 times. As a result the total prefactor decreases
by 4 orders of magnitudes with transition from the nano to the micro scale (Fig. 4.9,
inset). We use@N? function for tting of dynamical pre-exponential factor.
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4.1 Stability of magnetic skyrmions at various spatial scales

Figure 4.9. Prefactor as a function of scaling parameter N. Dynamical and entropic
parts of prefactor for skyrmion collapse as a function of scaling parameter N (inset).
Approximation cN was used for tting of dynamical pre-exponential factor.
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4 Stability of chiral magnetic structures

Figure 4.10. Dynamic pre-exponential factor as a function of scaling parameter N.
Square root of absolute value of negative eigen value as a function of scaling parameter
N and it's approximation by function dN\where d  0:7. Blue curves correspond to
interstitial location of center of saddle point con guration, and green curves
correspond to on-atom one.

Fig. 4.10 shows dependence of dynamical prefactor on N up to N=150. For
points up to N=37 we use free boundary conditions and full lattice. Saddle points for
30< N < 150was obtained using TMEP method with reduced lattice size. For points
30< N < 150 fq was approximated by functiceNY, which gives linear dependence in
double logarithmic scale.

Note that with increase of the temperature the role of pre-exponential factor became
more and more essential because in the case of equal number of zero modes in the
minimum and saddle point this term is temperature independent whereas the exponent
contains the ratio of activation energy akuT .

As a result we calculated lifetime for skyrmion collapse as a function of scaling
parameter N. Fig. 4.11 shows lifetime at three temperatures: 100 K, 200 K and 300 K.
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4.2 Antiferromagnetic skyrmion

Figure 4.11. Lifetime of skyrmion at T=90 K, 100 K, 200 K, 300 K as a function of
scaling parameter N. # 100 meVm= 0:2 meV/T at N=1.

If one interprets scaling transformation as a change in the size of the skyrmion while
keeping the constant lattice xed and thereby changing the values of the micromagnetic
parameters, then Fig. 4.11 shows lifetime in transition from nano- to micron scale. One
can see that at such increase of skyrmion size the lifetime changes by several orders of
magnitude. For example, at room temperature, it increases by 8 orders of magnitude and
is about a few seconds. Only 4 orders of magnitude is due to increase of exponential
factor. So the barrier is not suf cient to stabilize skyrmions at room temperature and the
increase of preexponential factor becomes crucial for that. This result makes it possible
to explain why microscale skyrmions can be experimentally stable at room temperature
(Woo et al., 2016), while nanosized ones are usually unstable (Romming et al., 2013).

4.2 Antiferromagnetic skyrmion

In addition to quasi-two-dimensional skyrmions in thin ferromagnetic layers and mul-
tilayer systems, numerous other topological structures are of interest for fundamental
magnetism and applications (Kuchkin and Kiselev, 2020). One of the promising elds
is the use of ferrimagnetic and antiferromagnetic chiral materials as carriers of localized
topological states. Skyrmions with a size up to 10 nm that are stable at room temperature
and move under the action of the current at velocities above 1 km/s were obtained in
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4 Stability of chiral magnetic structures

these systems (Caretta et al., 2018; Woo et al., 2018). Skyrmions in ferromagnetic mate-
rials move at a certain angle to the current called the Hall angle (Litzius et al., 2017); this
angle in ferrimagnetic materials is much smaller and it vanishes in antiferromagnetic
materials (Barker and Tretiakov, 2016; Zhang et al., 2016). In synthetic antiferromag-
nets consisting of ferromagnetic layers with the antiferromagnetic interlayer interaction
(Duine et al., 2018), skyrmions with a size of 10 nm antiferromagnetically coupled in
neighboring layers at room temperature were experimentally obtained (Legrand et al.,
2020). The analysis of the stability and the estimate of lifetimes of topological states,
in particular, skyrmions, in antiferromagnets can be performed within transition state
theory, as for ferromagnetic materials (Bessarab et al., 2019). The comparison of the
properties of such structures in ferromagnetic and antiferromagnetic materials is of
particular interest. Analytical and numerical calculations show that the magnetic eld
provides the opposite effects on skyrmions in two types of materials: it increases the ra-
dius of the skyrmion in antiferromagnets, whereas this radius in ferromagnets decreases
when the eld is directed against the magnetization in the center of the skyrmion (Fig.
4.12).
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4.2 Antiferromagnetic skyrmion

Figure 4.12. (a): AFM skyrmion in a magnetic eld of8 0; 0:2and0:3jJj=m The

color (red vs blue) indicates the direction of the out-of-plane component of the magnetic
vector and the color intensity the magnitude. (b): Radius (in units of lattice parameter,
a) of a skyrmion as a function of applied magnetic eld in the AFM (blue) and the
corresponding FM (red) where the sign of the exchange coupling parardeterd the
Dzyaloshinskii-Moriya parameter, D, has been reversed. In a eld of fIp#m the

FM skyrmion becomes unstable, but the AFM skyrmion is stable, even for signi cantly
larger eld (see inset for extended scale). While the radius of the skyrmion in an FM
shrinks with applied eld, it increases in an AFM. (c): FM skyrmion in a magnetic eld

of B= 0; 0:02and0:04jJj=m The same color code as in top panel but smaller eld.

To implement racetrack memory devices based on skyrmions, it is necessary to
estimate the stability of a skyrmion on a track. Two scenarios of skyrmion decay in such
system were found: inside the track through symmetrical collapse and escape through
the track boundary. We consider a system of magnetic moments localized at the nodes
of a square lattice track in the x—y plane. The width of the track is 60 lattice sites along
the y-direction with free boundary conditions at the edges. The simulation cell contains
also 60 lattice sites along the x-direction but with periodic boundary conditions applied
there. Our calculations have shown that with an increase in the magnetic eld, the rates
of the processes of collapse of skyrmions and spontaneous escape through the edge of
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4 Stability of chiral magnetic structures

the magnetic track decrease in antiferromagnetic materials and increase signi cantly in
ferromagnets (Fig. 4.13).

Calculations within the generalized Heisenberg model speci ed by Eq. (4) show that
the energy surfaces of ferromagnetic and antiferromagnetic systems in the absence of
magnetic eld are completely equivalent. In the presence of magnetic eld, the energy
surfaces are close to each other if the anisotropy parameter is changed quadratically in
eld:

(MsB)?
16J j

In this case, activation barriers should coincide. However, our calculations show that
the lifetimes of skyrmions in ferromagnetic and antiferromagnetic materials are different.
The reason is the different dynamics of skyrmions in these systems leading to different
contributions to the pre-exponential factor in the calculated rates of magnetic transitions.
The correspondence of the application of the magnetic eld for antiferromagnetic media
to the renormalization of the anisotropy constant in a ferromagnetic material means that
the activation energy for collapse of the skyrmion in an antiferromagnetic material

K 71K (25)
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4.2 Antiferromagnetic skyrmion

Figure 4.13. (a): Rate constant for the escape of a skyrmion through a boundary of the
track and collapse inside the track as a function of an applied magnetic eld at a
temperature of 100 K. For a skyrmion in the AFM (blue) the effect of the eld is weak,
but for a skyrmion in the corresponding FM (red) the rate of annihilation increases
dramatically as the strength of the applied eld increases and a crossover occurs
between collapse and escape, the former becoming more likely for large eld. (b):
Pre-exponential factono, for the rate constants illustrated in (a). A similar variation
with the eld strength is seen, a decrease for the AFM but a large increase for the
corresponding FM. Insets: Scale extended to larger eld strength.
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4 Stability of chiral magnetic structures

Figure 4.14. Minimum energy path for the attachment of a skyrmion to a non-magnetic
impurity atom in the AFM and subsequent collapse there. The lowest energy spin

con guration is when the defect is located in a region of the skyrmion where the
magnetic moments have no out-of-plane component. Inset graph: Rate constant for the
detachment from the impurity as a function of the applied magnetic eld strength at T =

3 K. Insets 1-5: Con gurations of the magnetic vectors at the various labeled points
along the minimum energy path.

can be determined from existing data for ferromagnetic skyrmions without additional
calculations.

An important issue for practical applications of magnetic skyrmions is the effect
of impurities in the magnetic material. Figure 4.14 shows the minimum energy path
for the attachment of a skyrmion in AFM to a non-magnetic substitutional atom and
subsequent collapse of the skyrmion. There is a small activation energy barrier for
attaching to the defect, but once that has been overcome the energy drops below that of
a free skyrmion. The optimal con guration is obtained when the non-magnetic atom
is located in the region where the magnetic moments have no out-of-plane component
(see Fig. 4.14). This de nes the optimal distance between the impurity and the center
of the skyrmion. There is still a large probability that the skyrmion detaches from
the impurity because the energy barrier is rather small. The impurity, however, also
increases greatly the probability of collapse as the activation energy drops to a half
compared to that of a free skyrmion. The impurity stabilizes the contracted skyrmion at
the transition state more than the relaxed skyrmion in the initial state, thereby lowering
the activation energy. Correspondingly, the lifetime drops if the skyrmion is bound
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4.3 Stability of Antiskyrmion

to the impurity. The skyrmion detaches more readily from an impurity in the AFM
than in the corresponding FM, and this difference becomes greater as the eld strength
increases (see inset in Fig. 4.14). Thus an applied eld has a bene cial effect for a
skyrmion in the AFM by increasing the rate of detachment as well as by decreasing the
rate for collapse, as shown in Fig. 4.13.

4.3 Stability of Antiskyrmion

Recently, many distinct topological structures were discovered theoretically (Kuchkin
and Kiselev, 2020). They may look different but have one common feature-nontrivial
topological charge. Among them skyrmion is the most studied both experimantally and
theoretically in last decade. In 2017 another structure were discovered experimentally
called antiskyrmion (Nayak et al., 2017), which have opposite to skyrmion topological
charge. The magnetic structure of the antiskyrmion is depicted in the Fig. (4.16, a). It
was shown experimentally that skyrmions and antiskyrmion can coexist in tilted eld
(Peng et al., 2020), and independently also these structures were found in experiment,
where depending on temperature one of this structure were preferable (Jena et al.,
2020). Skyrmion and antiskyrmion have many distinguishing features. For example,
in contrary to antiskyrmion skyrmion has axisymmetric shape. One of the issue of
skyrmion application in memory and logic devices is moving of skymion under angle
(Hall angle) to the direction of spin-polarized current. In the same time value of Hall
angle for antiskyrmion depends on the direction of current and may be equal to zero
(Huang et al., 2017). Skyrmion and antiskyrmion have different shape and energy when
taking into account dipolar interaction (Camosi et al., 2018), but this difference become
the less the less the magnetization is. The reason of it is the equivalence of energy
surface of skyrmion and antiskyrmion in the absence of dipolar interaction, that will be
shown in next section. This fact yields in the same lifetime for two structures.

The lifetimes of the antiskyrmion in the Mn—Pt—Sn Heusler alloy were studied in the
harmonic approximation of transition state theory. We used the same scaling approach
as in section 4.1, i.e. calculations were performed for a series of states described by
the discrete model with different lattice constants and different numbers of magnetic
moments. The model parameters were chosen such that all systems correspond to the
same continuous model. If the lattice constant is reduced by a factor of N, the exchange
constant] for the two-dimensional system does not change, the Dzyaloshinskii—-Moriya
parameter decreases by a factoNpfand the magnetic moment and anisotropy pa-
rameter decrease by a factorNf. The experimental lattice constant and magnetic
parameters correspondltb= 20. The system containetbN 45N magnetic moments
and satis ed periodic boundary conditions. Fig. 4.15 shows the dependence of the
energiesEy, andEgp of the antiskyrmion in the equilibrium state and at the saddle
point at its collapse, respectively, and (inset) the pre-exponential factor in the Arrhenius
law on the parameted. Calculations show that the stability of the antiskyrmion at
room temperature is ensured by a high activation energy for collapse, whereas the
pre-exponential factor has a characteristic valug®fs ! despite a large number of
spins. Thus, energy rather than entropy effects are responsible for a long lifetime of
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4 Stability of chiral magnetic structures

Figure 4.15. Energy of the equilibrium antiskyrmion at the (blue line with diamonds)
local minimumEn, and (red line with circles) saddle poils, at the collapse versus the
scaling parameter N. The inset shows the preexponential factor in the Arrhenius law
versus N at the parameter=) 110meV.

the antiskyrmion observed in the experiment. Atomic-resolution calculations for the

magnetic microsystem with more than a million of degrees of freedom became possible
owing to the truncated MEP method (Lobanov et al., 2017) and the recurrent calculation
of the determinants of the Hessian of the energy instead of its diagonalization (Lobanov
and Uzdin, 2021).

4.4 Antiskyrmion dynamics

In this section we will show the properties of antiskyrmions in both ferromagnetic (FM)

and antiferromagnetic (AFM) ultrathin Ims are related to those of skyrmions by energy-
conserving symmetry transformations of the spin con gurations and vectors in the
Heisenberg-type Hamiltonian. Using this transformation, the dynamics of antiskyrmions
can be deduced from those of corresponding skyrmions. Antiskyrmions in FM and
AFM materials are shown in Fig. 4.16.

Simulated systemWe consider a thin Im with perpendicular anisotropy in a
magnetic eld described by a Heisenberg-type Hamiltoni&n Depending on the
type of DMI, this Hamiltonian can support either Bloch or Néel skyrmions. In the
calculations presented here, the DMI vector is taken to point along the bond connecting
sitesi and j so as to give Bloch type skyrmions. The vector can be writteld;ps
(fij XD+ (fij Y)D2 wherefj; is a unit vector pointing from siteto site j. We note
that the dipole-dipole interaction is not included in the Hamiltonian.
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Figure 4.16. Antiskyrmions in (a) ferromagnetic and (b) antiferromagnetic material in
the absence of an external magnetic eld.

Spin symmetry transformatiofio compare skyrmion and antiskyrmion properties
we should identify a symmetry transformation converting a skyrmion into a corre-
sponding antiskyrmion while preserving the energy of the system. For simplicity, but
without loss of generality, we concentrate on the case of a symmetric antiskyrmion with
D1 =(D;0;0) andD,=(0; D;0) in Eq. (1). In this case the spin transformation of
skyrmion into antiskyrmion takes the for(8;S;;S,) ! (S S S). To keep scalar
and cross product in Eq1) invariant, we found transformation of material parameters
in the following way:(Ky; Ky;Kz) ! (Kx; Ky; Kz),D1=(D;0,0)! Di=(D;0,0),
D2=(0;,D;0)! D>=(0; D;0),and(Hx;Hy;H;) ! (Hx; Hy; Hz). This symmetry
transformation can be written in matrix form 8= RS where

R=diag(1;, 1, 1): (26)

The pro les of the antiskyrmion and skyrmion connected by this transformation
coincide as can be seen in Fig. 4.17. The transformaiconserves all terms in
the Hamiltonian, Eq. (1), as well as the form of the Landau-Lifshitz-Gilbert (LLG)
equation of motion without torque terms (see Appendix B). As a result, the lifetime of
an antiskyrmion is equal to that of the corresponding skyrmion.

Antiskyrmion in AFMFor comparison, we now consider antiskyrmions in AFM
material. To go to the description of AFM from FM, one need to change sign of
exchange interaction. As was mentioned in section 4.2, to keep energy constant in case
external magnetic eld is absent one need also change DM interactibrl as D and
every other spinaS! S. Therefore, the energy of a FM antiskyrmion (Fig. 4.16
(a)) and an AFM antiskyrmion (Fig. 4.16 (b)) is the same and the activation energy for
annihilation of FM and AFM antiskyrmions coincide for the corresponding material
parameters. However, our calculations show that their lifetimes are somewhat different,
by a factor of 6 akgT = J, because of a difference in the dynamics of skyrmions in
FM and AFM materials, leading to a difference in the ux through the transition state.

Antiskyrmion DynamicsWe now consider how the LLG dynamics of an anti-
skyrmion in FM changes under transformation (26). The equation describing the
evolution of the magnetizatio8 = S(r;t) under current driven torques (Tatara and
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Figure 4.17. Spin textures of (a) skyrmion and (b) antiskyrmion in ferromagnetic
material related by the symmetry transformati@®; S;S,) ! (S¢ S ). The

images are for the 45 x 45 lattice. (¢) Comparison of radial pro les of the antiskyrmion
and skyrmion shown in (a) and (b). In the gure, the z-component of the antiskyrmion
has been multiplied by -1. Location with respect to the center of the (anti)skyrmion is
given in nanometers at the bottom x-axis, while the top x-axis gives the location in
terms of the spacing between coarse grained spins.

Kohno, 2004; Thiaville et al., 2005; Ado et al., 2017) is
1S dE(S) a 1S
— = _— —S —+T; 27
qt - 90 gs AR TREE (27)

whereg is the gyromagnetic rati@ is the damping constan)s the size of the magnetic
moment, and™ are the current torques, which are divided in two classes: spin-transfer
TSt (STT) and spin-orbi s° (SOT) torques:

T= T+ bTS T%0= aT®+ bTP+ cT+ dT™ (28)
where _
Ti= (NS T°=s ( N)s (29)
TR = s (2 )y T°=s (S (2 ) (30)
TC = S (S 2(Si) T'=sS «s)); (31)

with a; b; c¢; d andb being constant that determine the strength of the various torques,
andj is the electrical current.

Under the transformatioR, the rst two terms on the right-hand side of Eq. (27)
remain invariant sinceE{S9 = EQRS] = E[S] (see Appendix B). All SOT are invariant
underR if the current is transformed gs7! Rj and if only SOT are present, the
dynamics of the skyrmion coincides with the dynamics of an antiskyrmion after the
transformation. As for STT, they are invariant unéawithout transformation of the
current (see Appendix B) and the dynamics of a skyrmion coincides with the dynamics
of an antiskyrmion without any modi cation of the current.
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Figure 4.18. Tilted view of skyrmion and antiskyrmion illustrating the effect of the
transformation, R, and the possibility of having the direction of spin polarized current
coincide with the velocity of the antiskyrmion. Left: Skyrmion traveling with velacity
at an angleQ, the Hall angle (Litzius et al., 2017; Jiang et al., 2017) to the applied
currentj. Right: Antiskyrmion moving along the currgrif the angle betweepandy

is Q=2. Only SOT are present in this case.

If both SOT and STT are simultaneously present, it is impossible to nd a current
transformation that preserves the LLG dynamics. However, a straightforward procedure
can be used to predict the antiskyrmion velocity if the skyrmion velocity is known
(Appendix B). Assuming the (anti)skyrmion preserves its shape as it moves, the LLG
equation leads to the generalized Thiele equation (Thiele, 1973; Tretiakov et al., 2008;
Clarke et al., 2008)

G v abv Bj=0 (32)

wherev is the (anti)skyrmion velocity = ( 0;0;4pQ) the gyromagnetic coupling
vector, Q the topological chargeD the dissipative force tensor, amthe tensor
determined by the torques.

Considering the motion of a skyrmion in the presence of SOT and STT, the tensor
B = BS°+ B®! spilts into two parts, corresponding to spin-orbit torqB&%and spin-
transfer torqueBSt. Then two velocities can be de ned$(j) andvs'(j), corresponding
to the skyrmion motion due to only spin-orbit and spin-transfer torques, respectively.
If the skyrmion shape is the same for the transport under spin-orbit and spin-transfer
torques, the skyrmion velocity under both torques is the superposiPn= vs(j) +
va(j).

We now consider the corresponding antiskyrmion. The shape of a skyrmion and
an antiskyrmion is the same if the transformati®is applied. However, the trajectory
of the antiskyrmion can be different from that of the skyrmion. The LLG equation for
an antiskyrmion gives another Thiele equation with another teéBsmrresponding to
modi ed parameters. Since Thiele equation is linear, its solution with both SOT and
STT is a sum of solutions for the separate terms. Therefore, the antiskyrmion velocity is

va(i) = v R+ v()): (33)
The velocity of an antiskyrmion is, therefore, a superposition of the velocity of a

skyrmion subjected to the same STT and the velocity of a skyrmion subjected to SOT
for a current re ected by R.
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