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Abstract

In this paper, we show that Hilbert space-valued stochastic models are robust with
respect to perturbations, due to measurement or approximation errors, in the under-
lying volatility process. Within the class of stochastic-volatility-modulated Ornstein—
Uhlenbeck processes, we quantify the error induced by the volatility in terms of
perturbations in the parameters of the volatility process. We moreover study the ro-
bustness of the volatility process itself with respect to finite-dimensional approxi-
mations of the driving compound Poisson process and semigroup generator, respec-
tively, when considering operator-valued Barndorff-Nielsen and Shephard stochastic
volatility models. We also give results on square root approximations. In all cases,
we provide explicit bounds for the induced error in terms of the approximation of
the underlying parameter. We discuss some applications to robustness of prices of
options on forwards and volatility.
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1 Introduction

In mathematical finance, the dynamics of forward and futures prices may be mod-
elled as an infinite-dimensional stochastic process taking values in some suitable
Hilbert space. To capture probabilistic features of the price evolution, operator-
valued stochastic volatility models have recently gained some attention in the litera-
ture. In this paper, we address the question of robustness of Hilbert-valued stochas-
tic processes with respect to perturbations in the underlying stochastic volatility
dynamics.

The HIM approach in fixed-income theory (see Heath et al. [33] and Filipovi¢ [29,
Chap. 4]) has been adopted into commodity and energy futures price models (see
Benth et al. [14, Chap. 6]). Using the so-called Musiela parametrisation, the forward
price f;(x) at time ¢+ > O of a contract delivering a commodity (say oil or coffee
beans) in time x > 0 defines a stochastic process (f;( - ));>0 which takes values in a
Hilbert space of real-valued functions on R . By no-arbitrage considerations, its risk-
neutral dynamics may be modelled as the solution of a stochastic partial differential
equation

dfi(x) = 0y fi(x)dt + 0;d B;. (1.1)

Here, 9, is the derivative operator with respect to x, (B;);>0 is a Wiener process in
the Hilbert space and (o;);>0 is some suitable operator-valued stochastic process act-
ing on elements of the Hilbert space. We refer to Peszat and Zabczyk [40, Chap. 9]
for details on such stochastic partial differential equations, and to Benth and Kriih-
ner [11] for a current account on the application to energy and commodity markets.
We remark in passing that our analysis is also relevant in more exotic weather deriva-
tives markets as well as fixed-income theory. Moreover, ambit fields as defined in
Barndorff-Nielsen et al. [4, Chap. 5] can be re-cast as solutions of equations like
(1.1) (see Benth and Eyjolfsson [9]), which ties our work to a rather general class of
random field models where stochastic volatility plays an important role (e.g. turbu-
lence, see [4, Chap. 9]). Ambit fields have been applied to futures price modelling in
Di Persio and Perin [26] and Barndorff-Nielsen et al. [3].

In recent years, there has been a growing interest in developing and analysing
infinite-dimensional stochastic volatility models, that is, stochastic dynamics for o
taking values in a suitable space of operators. We refer to Benth et al. [13], Benth
and Simonsen [18], Cox et al. [23, 24], Friesen and Karbach [30], Cuchiero and
Svaluto-Ferro [25] and Benth and Sgarra [17] for models of the variance V being
a dynamics on the positive Hilbert—Schmidt operators, where one defines o as the
(positive) square root of V. Rough volatility models have gained a lot of attraction, see
e.g. El Euch and Rosenbaum [27] for rough Heston models. Benth and Harang [10]
propose an infinite-dimensional version of such stochastic volatility models feasible
for a forward term structure dynamics. A stochastic volatility dynamics in infinite
dimensions gives a versatile model for describing the second-order risk variations
across maturities.

The proposed infinite-dimensional volatility models can be split into two classes.
The first extends the Barndorff-Nielsen and Shephard (BNS) stochastic volatility
model. The BNS model, suggested by Barndorff-Nielsen and Shephard [5], was later
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Robustness of Hilbert space-valued stochastic volatility models 1119

extended to a multivariate context by Barndorff-Nielsen and Stelzer [6]. The BNS
model in infinite dimensions belongs to the affine class of models studied in Cox
et al. [23, 24]. The second stream of operator-valued stochastic volatility models is
the lifting of the Heston model (see Heston [34] for the original one-dimensional
model). Benth and Simonsen [18] and Benth et al. [8] have studied the Heston model
in infinite dimensions. The present paper takes the infinite-dimensional BNS class of
models as its starting point to study robustness.

When estimating a particular volatility model, or doing numerical simulations of
it, one inevitably introduces perturbations of the “real” volatility. One can view these
perturbations as projections of the infinite-dimensional volatility dynamics onto a
finite set of (principal) component processes. In this paper, we analyse the robustness
of the volatility process itself along with the forward prices, and we show that the
induced error can be controlled. Indeed, for the volatility, variance and forward price,
we are able to show pathwise robustness.

There are some recent accounts on the numerical simulation of such volatility
models together with the forward price, i.e., the solution of (1.1). In Benth et al. [7],
a semi-discrete finite difference scheme for the Heston infinite-dimensional volatility
process is combined with a finite element approximation of (1.1). Based on regularity
results for the model, sharp convergence rates are proved and illustrated in numerical
examples. In parallel to our studies, we learned that Karbach [35] recently has stud-
ied finite-rank approximations of affine stochastic volatility models. As mentioned,
this class of volatility models includes the infinite-dimensional BNS dynamics that
we consider here. Karbach [35] shows that there is a sequence of finite-rank volatility
models which converges weakly in the path space equipped with the Skorohod topol-
ogy. Moreover, a Galerkin approximation for the corresponding generalised Riccati
equations is introduced and studied for the dynamics as in (1.1) with affine volatil-
ity. In this paper, we provide explicit bounds in L?(P) of the maximum pathwise
error in terms of the various parameters in the volatility model. The pathwise error is
measured in the norm of the Hilbert space where the dynamics take values.

In a large part of this paper, we analyse the difference between the stochastic
volatility and its approximation in terms of three main parameters. These are the
initial (current) variance, the drift of the BNS volatility model (which is a bounded
operator on the space of Hilbert—Schmidt operators) and the driving Lévy process
(which is a compound Poisson process in the space of Hilbert—Schmidt operators).
We establish bounds on the pathwise error measured by the Hilbert—Schmidt and op-
erator norms, both for the variance model and the square root of it (the volatility). The
estimates for the volatility process rely on results by Birman et al. [19] on fractional
powers of self-adjoint operators. Our main result, Theorem 2.3, assesses the pathwise
error of the Hilbert-space-valued and volatility-modulated Ornstein—Uhlenbeck dy-
namics ¢t — f; (as given by (1.1)). The result is shown using arguments involving the
measurable selection theorem of Kuratowski and Ryll-Nardzewski [36].

Our results are directly applicable for a continuity and robustness analysis of
option prices considered as functionals of the different parameters in the volatility
model. We refer to Benth and Kriithner [12] for an exposition of various options on
infinite-dimensional forward price models in commodity markets, including flow for-
wards. Cuchiero and Svaluto-Ferro [25] analyse options on realised volatility in an
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1120 F.E. Benth, H. Eyjolfsson

infinite-dimensional framework. We also want to mention the recent work by Benth
et al. [15, 16] on limit theorems for realised variation of stochastic partial differen-
tial equations like (1.1), which can be utilised for non-parametric estimation of the
infinite-dimensional stochastic variance.

The paper is structured as follows. In Sect. 2, we present the notation we employ
in the paper and discuss the stochastic volatility processes as elements in a sepa-
rable Hilbert space. The main result of this section is that the stochastic-volatility-
modulated Ornstein—Uhlenbeck process is robust with respect to perturbations of the
variance process, meaning that the error such a perturbation causes in the volatility-
modulated process can be quantified in terms of the error induced by the variance
process. In Sect. 3, we focus our attention on the variance process and present results
on how to quantify the error induced by employing approximations. We focus on
the case when the variance process is given by an Ornstein—Uhlenbeck-type infinite-
dimensional process which involves an initial value, a bounded semigroup genera-
tor and a compound Poisson process. In particular, we elaborate on error bounds in
the case of finite-dimensional approximations of the compound Poisson process and
semigroup generator. In Sect. 4, we discuss square root approximations of positive
definite variance processes and approximative processes.

2 Approximation of forwards

Fix a complete filtered probability space (€2, F, (F;):>0, P). Let H denote a sepa-
rable real Hilbert space, with an inner product (-, -)y, and norm | - |y, and denote
by H := Lps(H) the space of Hilbert—Schmidt operators, i.e., the Hilbert space of
bounded operators 7 € L(H) = L(H, H) with || T ||y = (T, T)n < 00, where

(S Thu =) (Ser. Te)u
k=1

denotes the inner product of H for any S,7 € H and (ex)ien is an orthonormal
basis (ONB) in H. A compact operator 7 € L(H) is a trace-class operator if it has
an absolutely convergent series of eigenvalues and the trace-norm is defined by (see
Bogachev [21, Sect. 2.5])

1T == T Y413, (2.1)

where 7* is the adjoint of 7. Denote the Banach space of trace-class operators with
norm (2.1) by Bj. In what follows, we consider an H-valued stochastic-volatility-
modulated Volterra process

t
X, =/ S(t — $)v/Vs dBy, (2.2)
0

where (B;);>0 is an H-valued Wiener process with the covariance operator Q being
a positive definite trace-class operator on H, and (V;);>0 is an H-valued nonnega-
tive definite stochastic variance process. We assume (V;);>0 to be predictable (with
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Robustness of Hilbert space-valued stochastic volatility models 1121

respect to the strong topology on ) and satisfy the integrability condition

t
E[ [ isa =5y Q‘/znids] <o 23)
0

forall < T for a fixed time horizon T < oco. We refer to Sect. 3 for a specification of
the volatility process V. Finally, (S(#));>0 is supposed to be a Cp-semigroup on H.
We recall from Peszat and Zabczyk [40, Chap. 9] that the stochastic process X in
(2.2) is a mild solution of the SPDE

dX, = AX,dt +/V, dB, (2.4)

with zero initial condition X = 0. Here, .4 denotes the generator of the semigroup S.
Remark that we can easily include an initial condition Xo € H by adding the term
S(t) X to the dynamics in (2.2).

In the following example, we discuss the stochastic process in (2.2) in view of
term structure modelling in commodity markets based on the analysis in Benth and
Kriihner [11, 12].

Example 2.1 Given a Hilbert space H of real-valued measurable functions on R, we
can define the forward price f;(x) of a commodity at time ¢t > 0 and with fime fo
delivery x > 0 as f;(x) := 6x(X;). Here, X is given by (2.2) and §y is the evalua-
tion operator, which is assumed to be a continuous linear functional, i.e., §, € H*.
Furthermore, in this commodity market context, S(¢) is the shift semigroup, i.e.,
S)(g) = g(- + 1) for g € H, which has the generator A = 9/dx. Letting H
be the Filipovi¢ space (see Filipovi¢ [29, Chap. 5] as well as the end of this section
for the original definition), the evaluation operator is an element in H* and S is a
Co-semigroup. This model of f defines the risk-neutral dynamics of the term struc-
ture dynamics of forward prices. Possible operator-valued stochastic models for the
variance process )V are provided later in this paper.

Here are some considerations on the approximation of (2.2). Let V" be some ap-

proximation or perturbation of VV, which is supposed to satisfy the same predictability
and integrability assumptions (2.3) as V. We want to assess the error X; — X}', where

t
X;l:/ S(t — s)\/Vr dB;. (2.5)
0

Clearly, it holds for I]' := X, — X7 that

t
= / S(t = 9)(/Vs — V) dBy. 26)
0

In this section, we want to bound the random variable supy-, 7 |1/’ |%, in L' (P) for
the given time horizon 7' > 0. It is relatively straightforward to obtain a f-dependent
L' (P)-bound for |It"|%{. Our approach is then to demonstrate that the real-valued
stochastic process ¢ > |It"|%{ is a.s. continuous and then to apply the measurable
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1122 F.E. Benth, H. Eyjolfsson

selection theorem of Kuratowski and Ryll-Nardzewski (see e.g. Aliprantis and Bor-
der [1, Sect. 18.3] for an excellent exposition). Their selection theorem states that
there exists a random variable & that takes values in [0, T'] such that

2 2
sup |1}y = {1y
0<t<T

To this end, denote by C([0, T]; H) the space of all continuous H-valued func-
tions on [0, T'] equipped with the supremum norm. Furthermore, for any g > 1, let
L9(0,T; H) :== L9((0,T), B((0, T)), Leb; H), where Leb denotes Lebesgue mea-
sure. The following result is inspired by Peszat and Zabczyk [40, Chap. 11], and we
use it to prove that the real-valued stochastic process ¢ +> |I,"|%{ is a.s. continuous.
This is needed in the proof of Theorem 2.3.

Lemma 2.2 Suppose that Z is a predictable H-valued stochastic process such that

T
E[/ ||ZSQ1/2||;1_Lds] <0
0
holds for some g > 2 and T > 0. If
t
X, = / S(t — s)Z;dBs,
0
then X € C([0, T]; H) holds a.s.
Proof Suppose « € (0, 1/2) is a constant with 1/¢g < «. Foreach ¢t € [0, T, let
1 t
)i = ———— t—s) %St —5)Z,dB;.
t T(l—a) ‘/O ( s) ( §)Z5d By

Then by the Burkholder—Davis—Gundy inequality, see Marinelli and Rockner [37],
Young’s inequality and the Hille~Yosida bound ||S(#)[lop < ceX’ it follows that

T
/0 E[|Y,|%1dt

T t q/2
< c/ E[(f (t—s)_2“||8(t—s)ZSQl/ZH%_[ds) ]d;
0 0

T q/2 T
<C sup ||8(r)||zp( fo s—wds) E[ fo ||ZSQ1/2||3{ds}<oo,

0<t<T

where C > 0 is a constant that depends only on ¢. Thus |Y|‘}1 € L'(Leb x P), and
Fubini’s theorem implies that |Y|7_I € L'(Leb) as.,ie., Y € L9(0, T; H) a.s. Now
for each v € L91(0, T; H), define the Liouville-Riemann operator I, by

t
I ¥)(t) == % /0 (t — )78t — )Y (s)ds.
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Robustness of Hilbert space-valued stochastic volatility models 1123

By the stochastic Fubini theorem and the semigroup property of S, it follows that

t Ky
T(@)(1 —a)(I,Y), =/ (t—s)“—ls(t—s)/ (s — 1) *S(s — r)Z,dB,ds
0 0

t t
:/ S(t —r)<f (t— )" (s —r)_“ds)Z,dB,.
0 r

Furthermore, by Peszat and Zabczyk [40, Lemma 11.2], we find that

T —a)

t 1
el o \—«a _ _ a1 —a _
/r (t—8)"""(s—r)%ds= /0 (1—-—2)*%""z7%dz = I

Therefore X; = (1Y );. According to Peszat and Zabczyk [40, Theorem 11.5], I, is
a bounded linear operator from L4(0, T; H) to C([0, T]; H); so X € C([0,T]; H)
holds almost surely. |

We are now in a position to prove our main results. The following maximal-
inequality-type result is related to the Burkholder-type inequalities in Gawarecki and
Mandrekar [31, Lemma 3.3]. The result we present here has to the best of our knowl-
edge not been given in the case when S is a general semigroup (not necessarily
quasi-contractive), and our result is moreover stated with the operator norm on the
right-hand side, rather than the Hilbert—-Schmidt norm, which enables us to prove
Corollary 2.4 concerning the robustness of the stochastic volatility process with re-
spect to the variance process (2.6). In the proof, we employ the measurable selec-
tion theorem of Kuratowski and Ryll-Nardzewski [36] in the final step to obtain the
inequality with the supremum over the compact interval [0, 7] inside the expected
value. We observe that this is necessary since we cannot employ the steps we do at
the beginning of the proof with the supremum inside the integral, nor could we have
used the methodology in [31] under our assumptions.

Theorem 2.3 Suppose that Z is a predictable H-valued stochastic process and that
2 ! 1/2
E[ sup ||Z,||0p] VE[/ 12,0 ||g{ds:| < o0
0<t<T 0
for some q > 2and T > 0. Then

2

t
/ S(t — $)2,dB,
0

}SC(T)IE[ sup_ 12113, .

0<t<T

]E|: sup
0<t<T H

where C(T) = ¢*Tr(Q) fOT e’*5ds and |S(t)llop < ceX! for constants k € R, ¢ > 0
andallt > 0.

Proof Let X; := f(; S(t — 5)Z,d Bs. By the 1t6 isometry, we have

t
E[|X,[3] = E[ /O IS — s)szWu%tds}.
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1124 F.E. Benth, H. Eyjolfsson

Since the Hilbert-Schmidt norm satisfies |[LK[lyy < [[£llopllKCll for a bounded

linear operator £ and a Hilbert—Schmidt operator /C, it follows that

ISt — )20 213y < ISt — $)llopll 250?134
< ) Zllopl 02134
= ek ITe(Q) 12 Z4 |l op.-

In the second inequality, we appealed to the general Hille—Yosida bound of the op-
erator norm of a Cp-semigroup. In the last step, we used the well-known identity
Tr(Q) = [|Q"/?||3,. Hence, if t < T,

t
E[IX, 4] < czTr(Q)E[ / e2k<’—f>||zs||§pds}
0

t
= PT(Q) [ sk sup 12,13
0

0<t<T

< COE| swp 1Z13].
T

0<r<

where C(t) = czTr(Q) fol e2ksds forallt € [0, T']. Now we apply Lemma 2.2 to con-
clude that X € C([0, T]; H) and therefore t |X,|%{ e C([0, T]; R). By the mea-
surable selection theorem of Kuratowski and Ryll-Nardzewski [36] (see also Peszat
and Zabczyk [40, Theorem 8.8]), we conclude that there exists a random variable &
which takes values in [0, T'] and such that supy, .7 | X ,|%1 = |X¢ |%1 holds. Hence,
since £ < T and C(§) < C(T), it follows that

E[OE?ET |X,|%,] = E[]E[IXgI%ﬂE]] < C(T)E[OE?ET IIZzllﬁp]

The proof is completed. O

We remark that we may use the fact that ||Lllop < [|£|l% holds for a Hilbert—
Schmidt operator £ to obtain a version of the preceding result with the Hilbert—
Schmidt norm on the right-hand side of the inequality. However, we do genuinely
need the operator norm to obtain the following result. We furthermore remark that in
Sect. 4, we discuss approximations of the square root process using the operator and
the Hilbert—Schmidt norms.

Corollary 2.4 Suppose that

E[ sup ||Vr — thllgf] < o0

0<t<T

for some q > 2. Then

B[ sup 1171 ] < CCOE[ sup IV = Vi),

0<t<T 0<r<T
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Robustness of Hilbert space-valued stochastic volatility models 1125

where we recall the definition of 1" in (2.6). Here C(T) = 2Tr(Q) fOT e2*sds, and
k € R, ¢ > 0 are constants such that ||S(t)|lop < cekt,

Proof According to Bogachev [21, Lemma 2.5.1], it holds that

IVVs = VY2125 < 1Vs = Villop-

Hence by the assumption and the fact that || L]l < [[£l|l3; for a Hilbert-Schmidt
operator L, it follows that

JE[/OTII(\/VS—\/W)Q”ZIIZLCZS]SCE[/O A2 Wuop}

§CTE[ sup |Vr — V"||‘1/2] o0,
0<t<T

where C = (Tr(Q))4/?. Note furthermore that Holder’s inequality yields

B s IV =V, | < B[ sup 1V~ Vi)

0<t<T 0<t<T

<[ (o, 1 =viiw) "]

=E[ sup [V, - V'147].
0<t<T

Thus the result follows from Theorem 2.3. O

Consider a financial derivative written on a forward or futures contract on a com-
modity. Forwards are contracts delivering an underlying (oil, metals, soybeans, power
or gas, say) at a predetermined (period of) time. Following the analysis in Benth and
Kriihner [12], we can express the price at time ¢ > 0 of such a forward as D(X;)
for some D € H* and X, in (2.2). The linear functional D models either fixed-
delivery contracts or contracts where delivery takes place over a time period. Assum-
ing that X is modelled directly under the risk-neutral probability measure, the current
arbitrage-free price of a European option with exercise time t paying p(D(X;)) is
given by

P =E[p(D(Xp))].

Here, we have let the risk-free interest rate be equal to zero for simplicity. If we
consider a payoff function p : R — R which is Lipschitz-continuous with Lipschitz
constant K > 0, we find with X" as in (2.5) that

P = P = [E[p(D(X:))] - E[p(DXD)]]
< KE[[D(X; = XD)]]
< KIDllopElIXc — X;1].
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1126 F.E. Benth, H. Eyjolfsson

By Corollary 2.4, we can bound |P — P"| by the norm difference of the variance
processes V — V", This tells us that option prices depend continuously on the variance
process. In the next sections, we are going to establish precise estimates for the error
induced by the difference in variance, giving robustness estimates for the option price.

In portfolio management and estimation of models, the forward dynamics are con-
sidered under the objective market probability rather than the risk-neutral probability.
In such models, a risk premium enters into the general model (2.4) (or (1.1)) as an
additional drift term. This drift term may depend on the variance. This would mean
that we have a mild solution of the form (2.2) with an additional term

t
/ St — )y (Vy)ds.
0

A stability analysis would be possible by modifying the above arguments under ap-
propriate conditions on y. Furthermore, if we consider in such a context pricing of
derivatives, the change of measure to the risk-neutral one involves a dependency on
the variance process as well. To assess stability then is becoming a challenging task
that we plan to investigate in future works. Notice also that in risk management,
one may be interested in calculations of the so-called value-at-risk (VaR) of posi-
tions in forwards. The term structure of variance is the fundamental variable in such
calculations, but the risk premium is also of importance.

Before proceeding, let us discuss a specific choice of a Hilbert space H partic-
ularly relevant for commodity forward market modelling. As already indicated in
Example 2.1, the Filipovi¢ space is a convenient choice for H when modelling the
term structure of commodity forwards. To this end, consider real-valued measurable
functions g on R which are weakly differentiable and satisfy

g2 == (3(0)” + /O w(x) (g (1)) dx < oo

for a nondecreasing continuously differentiable scaling function w : Ry — [1, 00)
with w(0) = l and w™! € LI(R+). Here, g’ denotes the weak derivative of g. The
space H equipped with the norm | - |, is a separable Hilbert space (see Filipovi¢ [29,
Chap. 5]) and furthermore, the evaluation operator is a continuous linear functional
on H and the shift semigroup defines a Cp-semigroup. Moreover, the Filipovi¢ space
is a Banach algebra. From Benth and Kriihner [11, Lemma 3.5], the shift semigroup
is quasi-contractive on the Filipovi¢ space. A typical choice of scaling function is
w(x) = exp(ax) for v > 0.

The models we consider in this paper are driven by noise processes that are el-
ements in infinite-dimensional separable Hilbert spaces (i.e., the noise has infinite
rank), which allows e.g. modelling maturity-specific risk. This is a realistic model
characteristic from the perspective of hedging in these models; see for example Car-
mona and Tehranchi [22, Chap. 6]. In practical applications, one would project onto
finitely many principal components (eigenfunctions). Theorem 2.3 and the results of
the following sections quantify the expected (pathwise) error introduced by approxi-
mating the volatility in such models with finite-rank models, where the latter describe
the behaviour of the forward curves under the n leading factors.
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Robustness of Hilbert space-valued stochastic volatility models 1127

3 The variance process

In this section, we focus on the BNS stochastic volatility model for V, as introduced
in Benth et al. [13] and later studied in an affine extension by Cox et al. [23, 24]. We
introduce various perturbations of V and quantify the induced distance to the original
volatility process.

Given a square-integrable Lévy process (L;);>0 With covariance operator Q,
consider the variance process

th - Q:tht +d£t (31)

with initial condition Vy € H and where € € L(H) is a bounded operator. Then
we have

t
Vi =6V +/ & —s)dLs, 3.2)
0

where € generates the uniformly continuous Co-semigroup &(¢) = exp(€t) on H.
We remark that since L(#) is a Banach algebra, it follows that G(t) € L(H). Note
that the variance process ) depends on the initial position Vj, the semigroup gen-
erator ¢ and the Lévy process £. We furthermore remark that one can let € be an
unbounded operator in the variance process. However, in what follows, we analyse
a class of generators which is restricted to being bounded in Benth et al. [13] due
to technical reasons. Therefore we only consider bounded generators in what fol-
lows, a property that we frequently make use of. Recall the definition of the mean of
an #H-valued Lévy process, cf. Peszat and Zabczyk [40, Definition 4.45]: If £ is an
‘H-valued Lévy process with a mean M € H, then the process (Zz)zzo given by

Ly=L, — Mt (3.3)
is a zero-mean martingale.

Proposition 3.1 It holds that

t t 2
E[IIV: 13,1 < Coll& @) llop + C1/ 1S(s) llopds + Cz(/ ||6(s)||opds) ,
0 0

where Co = 3]E[||V0||%_L], C1 =3Tr(Qr) and Cr = 3”M”%-l and M and Q  denote

the mean and covariance operator of L, respectively.

Proof By (3.2) and (3.3), it holds that

t 2
E[V13,] < 3<E[IIG(I)V0||2H] + H fo S(t — )dsM

t 2
+]E|:H/ G —s)dLs :|>
0 H

H
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1128 F.E. Benth, H. Eyjolfsson

Observe that E[[|G(1)Vol13,1 < E[I1Voll2, 116 (1) lop, and similarly, it holds that

t t
‘ / S — s)dsM < ||M||7-L/ 16t — s)llopds.
0 H 0

By [40, Corollary 8.17], it moreover follows that

t
E[H/ &(t — s)dL,
0

2 t
2
= [ 180 =008 gy

t
< Tr(Qp) /O 16 = ) llopds.

where we used the trace equality Tr(Qz) = || Qlﬁ/2 ”iHS('H)' The result follows. [

Given Proposition 3.1, it follows that if the semigroup (S(s))s>0 is uniformly
exponentially stable, then limsup,_, ., E[||V; ||%_[] < 00. Note furthermore that since
(&(s))s>0 is by definition a uniformly continuous semigroup, the uniform exponen-
tial stability is equivalent to s (€) < 0, where s(€) := sup{fX : A € o(€)} is the spec-
tral bound of € and o (&) denotes the spectrum of € (see Engel and Nagel [28, The-
orem V.3.7]). Thus if A < Oforall A € o(€) and do(€)N{z € C: Nz =0} =0,
then limsup,_, . E[||V; ”%—L] < 0o. We give examples of specifications for the opera-
tor € and relate them to these results in Sect. 3.2.

Introduce the process V = (V'),~, where

t
Vit = / S(t — s)dLs. (3.4)
—00

It can be shown that V%' is stationary with a time-independent distribution. One
can show that when s(€) < 0, the variance process V is asymptotically stationary
when + — oo with a stationary distribution coinciding with that of VS“‘, meaning
that the characteristic functional of V; converges to the characteristic functional of
Vgtat as t — 00; see Benth and Eyjolfsson [9] for more details. As can be seen from
the characteristic functional of V,‘“‘ﬂt (see [9]), the distribution of the scalar stochastic
process 7 > (VP T4, is invariant to shifts with respect to ¢ for any 7 € H, and
we furthermore have E[|(VS@t Ty %] < IITII%_[E[HVZSMIH%{] < 00 by the Cauchy—
Schwarz inequality.
We consider approximations of the variance process in (3.2) of the form

dV! = "Vidt +dL7, (3.5)

where the initial value Vjj, semigroup generator €" and a Lévy process £" approx-
imate the initial value, generator and Lévy process of the variance process V. We
remark that in order to ensure that the square root of the volatility process is well de-
fined, it must be self-adjoint and nonnegative definite. Conditions which ensure this
are given in Sect. 4. In the following subsections, we study results which quantify
the error induced in the variance process by approximating the corresponding initial
value, the Lévy process and the semigroup generator, respectively.
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3.1 Approximation in the compound Poisson process case

In this subsection, we suppose that £ is an #-valued compound Poisson process
N
Lo=) X, (3.6)
i=1

where (N;);>0 is a Poisson process with intensity A > 0 and (&} );eN is a sequence of
independent and identically distributed (i.i.d.) H-valued random variables. We choose
an RCLL version of N so that £ becomes an RCLL Lévy process with values in .
Suppose furthermore that

N
Ly=>"x, (3.7)
i=1

where the compound Poisson processes £ and L£" are driven by the same Poisson
process N for each n > 1. We study finite-dimensional approximations of the com-
pound Poisson process (3.6) by a sequence of compound Poisson processes of the
form (3.7).

Example 3.2 Suppose that X; = (Y;))®% = (Y;, -)gY;, where (Y;);ey are i.i.d. and
H-valued random variables. Given an ONB (¢;) jen of H, define

n
Y=Y (Yi.e)ue; (3.8)
j=1

for n > 1. In Proposition 3.4, we study the approximation of the i.i.d. H-valued
random variables A&j, i.e., the jumps of the compound Poisson process defined in
(3.6), with X" = (¥/")®2, where n > 1.

The following result shows that the tensor product forms a locally Lipschitz-
continuous operator.

Lemma3.3 If f,g € H, then

1£%% — &% < (flu + gl f — gl

Proof By the definition of the Hilbert—Schmidt norm and the triangle inequality, it
holds that

1f®2 =25, =Y I(frepu f— (g epugly
j=1
<> (fepullf —glu +1(f — g epullgln)’.

Jj=1
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By Parseval’s identity, it follows that
o
D (foepplf =gl + (f — g epleliy) = (f 1 + 181i)1f — gl
j=1
and an application of the Cauchy—Schwarz inequality together with Parseval’s iden-
tity yields
oo
SIS epull(f =g epul < I flulf — gl
Jj=1
Hence we conclude that || f®2 — g®2||%{ <(flu+1glm?f — g|12q. O

An application of Holder’s inequality now yields the following result.

Proposition 3.4 Suppose that X; = (Y;))®2, where (Y;)icN is a sequence of i.i.d.
H-valued random variables, and X' = (Yi”)®2, where Y[ is defined by (3.8) for all
n,i > 1. Thenif p, q € [1, oo] are conjugate exponents, it holds that

B[l — X131 < 2E[1Y: 5/ 1/PElY; — ¥/ 13119, (3.9)
In particular, we have that
E[llX; — X"113,] < 2@ Y |51ENY; — Y3 D'2, (3.10)
and if |Yi|g € L*(P), the right-hand side of (3.10) converges to zero as n — oo.
Proof 1t follows by Lemma 3.3 and the inequality |Y;'|y < |Y;|y that
1 = X713, < 21Vl 1Y = Y]

The bound in (3.9) now follows by Holder’s inequality. We obtain the particular case
(3.10) by choosing p = g = 2. According to the triangle inequality,

\Yi =Yg < |Yilg +1Y"|a <2|Yiln.

Because Y; — Yl." — 0 a.s. due to (3.8), the dominated convergence theorem yields
that the right-hand side of (3.10) converges to 0 as n — oo. |

Let us state some useful lemmas; the first is known, but we include it here for the
convenience of the reader and for future reference.

Lemma 3.5 Suppose that U is a separable Hilbert space and L; = Z,N:tl Jifort >0
is a U-valued compound Poisson process, where the Poisson process N has intensity
A > 0and (J;)ien are i.i.d. U-valued random variables. Then:

1) We have

E[|L: |31 = ME[|J113] + 222 [ELL]17.
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2) We have

E[|L|3]1 < At (1 4+ ADOE[|J113].

Proof By conditioning, we note that

ElL) =E [HZJ( \NZH— _M(M) HZ

Since (J;, Ji)y = |J,~|%, and E[(J;, Jj)u]l = (E[J;], E[J;])y wheni # j and the
(Ji)ien are i.i.d., it follows that

|

Putting these equations together, it follows that

k

>

i=1

2
} Z E[J;. Jj)u] = kE[ 1 3]+ k(k — DIEL1]13.
i,j=1

E[IL/13] = ME[|J115]+ A2 E[1]13,.
Finally, 2) follows from 1) and
IE[J1117, < (E[lA1uD? < Ell41F],

where we have used Jensen’s inequality twice. ]

The following lemma will be used for the Hilbert space H and the Banach space
of trace-class operators.

Lemma 3.6 Suppose that || - ||g denotes the norm of a Banach space B which is a
subspace of L(H), and assume that € € L(). Suppose moreover that V and V" are
the variance processes defined by (3.1) and (3.5), respectively, where €" = € and the
compound Poisson processes L and L" are driven by the same Poisson process N,
and that V;, V' € B forallt € [0, T], where T > 0. Then it holds that

N;
Ve =Vils < e”¢'°P’<||vo - Vil +)_ 1% - X,-”IIB)-
i=1

Proof Let (T;);en be the (exponentially distributed) jump times of the Poisson pro-
cess N which the compound Poisson processes £ and £ have in common. Then by
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the triangle inequality and the assumption that € € L(B),

IV =Vl =160V = V) + Y & — (X — X)lIs

T;<t
n n
< 18@lopllVo = Vi lls + Y 16t — TllopllXi — X' I8
T;<t
< el — Vilig + 3 el eI — A
Ti<t

Ni

< e”Q”"P‘<|IVo ~Vills + 1% — 9(,-"”8),
i=1

where the second inequality uses the exponential bound of the semigroup. (|

Now we investigate the error induced on the compound Poisson and variance pro-
cesses by approximating &} with X', where we do not assume any specific form for
the jump-size approximation A7".

Proposition 3.7 Suppose for each n > 1 that (X;);en and (X]');en are sequences of
H-valued i.i.d. random variables and that || X;||3¢, | X |3 € L>(P) foralln,i > 1.
Then L and L" defined by (3.6) and (3.7), respectively, are square-integrable com-
pound Poisson processes. Suppose furthermore that ¥V and V" are the variance pro-
cesses defined by (3.1) and (3.5), respectively, where €" = € € L(H) foralln > 1
and the compound Poisson processes L and L" are driven by the same Poisson
process N. Then for every T > 0,

E[ sup Vi = VI ] = CoMENIVo = VI3 + CLDELIX: — X7 13),

0<t<T
where Co(T) = 2e2T1€lop qnd € (T) = 22T 1€op T3 (1 + AT)e2T1€llop,
Proof By part 2) of Lemma 3.5, it holds that
E[IL: 13,1 < A (1 4+ 20E[ X7 [13,] < 0.

So L; and L} (by the same reasoning for £") are square-integrable. According to
Lemma 3.6 (using that H is Hilbert with € € L(#)), it holds that

Ny
Ve =Vlln < e'Q"op’(nvo —Villa+ Y 11X — X,-"”H)
i=1

It moreover follows by the triangle inequality and square-integrability assumption
that

E[IX; — &/113,1 < 2(EL[IX; 15,1 + E[IX 13,]) < co.
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Hence by Lemma 3.5, we can conclude that t ZlNz’l X — X'y is a
square-integrable compound Poisson process with values in Ry (a subordinator).
Thus by appealing to the inequality (x + y)? < 2(x? 4 y?) and Lemma 3.5, we get

B[ sup Vi = V13,
0<t<T

N; 2
< 2e2T”¢'°PIE[||vo —V3II3, + sup ( & — 24"||H) }
0
1

<t<T

Nt 2
< 262710y <]E[||Vo — Vsl + E[(Z 1% = Al ) D
i=1

< 262 1€lor (B[ Vo — VA 13,1+ AT (1 + ADE[| X1 — XJ113,)).
The result follows. ]

We can easily obtain the following corresponding result for the approximation of
the compound Poisson process.

Corollary 3.8 Suppose for each n > 1 that (X;);en and (X]");en are sequences of
H-valued i.i.d. random variables and moreover that || X; |3, | X} | € L?(P) for all
n,i > 1. If the compound Poisson processes L and L" defined by (3.6) and (3.7),
respectively, are driven by the same Poisson process N, then for every T > 0,

B[ sup 16— £113,] = CDIELIA - 2151,
0<t<T

where C(T) =2TA(1 + AT).
Proof This follows from Proposition 3.7 by setting Vjy = Vp foralln and € = 0. [

Given an ONB (¢;)jen of H, we introduce by tensorisation elements in L(H)
defined by

ejQer = (e, - )Hej (3.11)

for each (j, k) € N2, It is well known (see e.g. Pedersen [39, Proposition 3.4.14])
that the family (ej ® ex)(j j)en2 defines an ONB of H.

Recall that an operator A € L(U), where U is a separable Hilbert space, is said
to be compact if it transforms any bounded subset of U into a set whose closure is
compact (i.e., the set is relatively compact). Note that if 7 € H, then T is compact;
see Pedersen [39, Proposition 3.4.8]. Recall furthermore that an operator A € L(U)
is said to be diagonalisable if there exists an ONB of U which consists of eigen-
vectors of A. If an operator 7 is compact and normal, meaning that 77* = T*T,
where 7™ is the adjoint of T, then it is diagonalisable, i.e., there exists an ONB of
eigenvectors (ex)xen of 7, and the corresponding eigenvalues (Ag)reN vanish at in-
finity, i.e., Ay — 0 when k — oo (see [39, Theorem 3.3.8]). In what follows, we

@ Springer



1134 F.E. Benth, H. Eyjolfsson

use the notation (E;) jen for an ONB of H. Note in particular thatif d : N — N2 is
a bijective correspondence, then we can let E; = 4(;), Where ¥(j ) = ¢; ® ey is
defined by (3.11) and (e;) jen is an ONB on H.

Suppose that (4, ),en is a nested sequence of finite-dimensional subspaces of 7,
meaning that U, € U, for n > 1. Denote by I1, € L(#) the orthogonal projection
onto U, and let

T :=11,T. (3.12)
Note in particular that | 7" |3y < || T |l3 for alln > 1 since ||IT,[lop < 1.So T" € H.

Proposition 3.9 Suppose that T € H and T" is defined in (3.12), where we define
Uy, = spanfe; @ e : j +k < n}and (ej) jen is an ONB of H. Then it holds that

IT=T"3 = Y (Tew.ej)y-

Jj+k>n

If furthermore the basis (ej) jeN consists of the ezgenfuncttons of T and (Aj) jen are
the corresponding eigenvalues, then (X.}) jeN € 0% and

2 2
IT=T"5 = ) A
k>n/2
Proof Note that according to Parseval’s identity on #, it holds that

2
Z (T.ej ®@er)yle; @ ex)
H

Jjt+k>n

D (T.ej®@e)yy

Jj+k>n

Z (T@k,@j)%{.

j+k>n

17— T"13

Here we applied the identity
o
(T e @er)y = Z (Tem. (ex-em)u €j) ;= (Ter.e)u
m=1

in the last step. Suppose now that (e;) jen is the basis of eigenvectors of 7. Then

TMS

Z 1 Tejl% = ITN3, < oo

and
Z (T ek, Ej)%{ = Z )L,%(ek,ej)%_] = Z )»%.
Jj+k>n j+k>n k>n/2
Hence the proof is complete. O
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We remark that if we let 7 = X, a random variable, in Proposition 3.7, the eigen-
values are random variables. Furthermore, according to Proposition 3.9, if the opera-
tor 7 € H is diagonalisable with an ONB of ‘H which consists of the eigenfunctions
of T, then the corresponding sequence of eigenvalues vanishes at infinity since it is
in the sequence space £2. Hence according to [39, Theorem 3.3.8.], it follows that 7~
is normal and compact.

3.2 Finite-dimensional approximation of the semigroup generator

Now, before proceeding with the general results, let us consider specific examples of
operators € € L(#) and their finite-dimensional approximations ¢”. Motivated from
Benth et al. [13], let

¢\ T :=CTC, (3.13)
€T :=CT +7C, (3.14)

where C € L(H) and C* is the adjoint of C. We notice that the operator €, is
an infinite-dimensional extension of the matrix-valued volatility model considered
in Barndorff-Nielsen and Stelzer [6]. Note moreover that according to the identity
e®!T = e TeC"" (see Benth et al. [13]), it holds that [[e®*'[|op < [[e®||2,. Hence
if s(C) < 0 (i.e., if A < O for all A € 0(C) and the spectrum has a non-zero Haus-
dorff distance to {z € C : 3z = 0}), then the semigroup (&(#)),;>0 is uniformly
exponentially stable (see the discussion following Proposition 3.1), so that there exist
constants M > 1 and o > O such that ||6:Q‘2’||Op < Me % forall t > 0.If C is fur-
thermore normal, then according to the spectral theorem (see Engel and Nagel [28,
Theorem 1.3.9]), there exist a o-finite measure space (X, ;) and a measurable func-
tion g : X — C such that C is unitarily equivalent to a multiplication operator C,
on L*(X, w), given by Cof = gf for f € H, where g is a fixed function. This
means that C = Z/I_ICgL{, where U € L(H, L*(X, 1)) is a unitary operator. Thus
the canonical example of an operator C € L(H), where H is a function space, is the
multiplication operator C,.

Note that if C;, is a multiplication operator on L?(X, ), then its spectrum is given
by the essential range of g (see [28, Proposition 1.3.10]), and since C, — A is invertible
if and only if U/ _ICgL{ —r=U-c ¢« — AU is invertible, it moreover holds that the
operator C = U _1Cg1/{ on H has the same spectrum as C,.

Example 3.10 Suppose that H = H,, is the Filipovi¢ Hilbert space of Example 2.1.
Let& =¢yandC =U _ICgL{ , where U/ is a unitary operator, C, is a multiplication
operator on L2([0, 1], Leb) such that Cof =gffor fe L2([0, 1], Leb), and more-
over that g € L*([0, 1], Leb) is real-valued with an essential range that is a subset
of (—oo, —§] for some § > 0. If (e;) jen denotes an ONB in Hy, and (f}) jen is an
ONB in L%([0, 1], Leb), then U € L(H,,, L%([0, 1], Leb)) can be defined by

Ug = (g.epufi

j=1
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for g € H,. It is easy to check that /! is specified by U~ 'g = 2;11(8’ fi)aej
for g € L2([0, 1], Leb), and that Ug,Uh), = (g, h)y for g,h € Hy, ie., U is
unitary. Thus C has a negative spectrum which equals the essential range of g, and
so ¢ is uniformly exponentially stable, which is equivalent to s(€) < 0, and V is

asymptotically stationary, with a stationary distribution coinciding with that of ngt
as defined in (3.4).

In the next result, we state a general approximation estimate for V — V" in terms
of € — ",

Proposition 3.11 Suppose that €, C" € L(H) and that V and V" are the variance
processes defined by (3.1) and (3.5), respectively, where V;j = Vg and L" = L for all
n > 1 and L is a square-integrable compound Poisson process. Then it holds that

E[ sup IV = V13, = cnle — e

0] 9
0<t<T P

where
C(T) = 212 UCIeVIC o) (B Vg |12, ] + ATE[ X7 13,] + AT EL X 11 ]D)?).

Proof Suppose A, B € L(U) are linear operators on a Banach space U. Then for any
k > 1, it holds that

A% — B¥llop < k(I Allop V 1| Bllop)* " 1A — Bllop.

Assume || B|lop = 0. This implies B = 0 and we have by the algebra property of
L(U) that || A llop < ||A||0p, and thus the assertion holds in the case when [|A|lop =0
or | Bllop = 0. Suppose therefore without loss of generality that || Al|op, [|Bllop > O.
By employing a telescope argument, it holds that

k—1
AR — Bk = Z Ak=1=mA — ByB™.

m=0

Since the space L(U) of linear operators is a Banach algebra, it follows that

B llop
[ Allop

k—1 m
||A’C—B’<||ops||A||’;;1 ( ) 1A = Bllop

<k(lAlsy" v I1BIS, DIA = Bllop.

By employing the series representation of the exponential function, it follows that if
t >0,

00 k

¢t ey k k t(|€]lop V| E"

le® —e®|lop < E:k—m — (@) lop < re! ICIp VI op) g — @ .
k=0
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Hence (3.2) and a repeated application of the triangle inequality yield

t
Ve = Vi < 1% — e )MWolly + H / (=) — & =g, H
0 H

N;
¢ ar -1 e (t—;
< 11e® — e loplVollz + Y e — e =m0 [| Xl
i=1

Ni
< e (1€l 1€l (”VO”H T2 1% ||H) 1€ = € flop-
i=1

Note furthermore that by the properties of a real-valued compound Poisson process
with intensity A, it follows by Lemma 3.5 that

E[ sup (”VO”H + i | Xi ||H>2:|

0<t<T i=1
< 2(E[||vo||%] +E[( sup Z %112 ])
<t<T
= 2(E[IVoll3,1 + ATEL X1 13,1 + A T2 EL X [121)%).
Thus

B[ sup IV, VI, ] = e — e,
0<t<T

The proof is complete. O
Proposition 3.12 Suppose €| and €, are specified by (3.13) and (3.14), respectively,
fora givenC € L(H), and &}, & € L(H) are given by €T = C"T + T(C")* and
¢ =C"T (CY)* for some C" € L(H). Then

€1 — €T llop < 2[IC = C"llop
and

1€2 = Gllop = (IICllop + IC* llop) IC = C" llop-

Proof Suppose 7 € L(H). Then using that (AB)* = B*A* and || A*|| = |.A|l for
A, B e L(H), we get

& —EDT Ny < 1€ —=C)Tlly + IITC* = (€))llp = 21C = C lopl T Nl
Similarly, we obtain that
(€ — &) T llop < (IICllop + IC op) IC = C*Mlopll T I3+

The result follows from the definition of the operator norm. ]
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Example 3.13 Consider the setting of Example 3.10 with H = H,,, where we have
C= L{’]CgZ/{, C, is a multiplication operator on LZ([O, 1], Leb) and U is unitary.
Suppose that C" := u—lcgu for some bounded operator Cg,’ on LZ([O, 1], Leb) and
f € Hy,. Then using that I/ is unitary, it holds that

1€ = C") flw = U™ (Co = CIUS Ly = 1(Cg — COUF |2 < 1Cg — Collopl f -

Hence we conclude that |[C — C"|lop < IC; — C;’HOP, and similar arguments give
IC — Cn”op = ||Cg - Cg”op so that ||C — Cn”op = ||Cg - ngl”op'

We refer to Morrison [38] for spectral approximation techniques for multiplica-
tion operators and Hansen [32] for approximation techniques of linear operators on
separable Hilbert spaces.

We finish this subsection by exploring the case of finite-dimensional approxima-
tions of compact operators.

Proposition 3.14 Suppose €1, &, are defined by (3.13) and (3.14), respectively, where
C is a normal and compact operator. Then there exists an ONB (e;) jen of H con-
sisting of eigenfunctions of C and such that the corresponding sequence (X;) jeN of
eigenvalues vanishes at infinity. It furthermore holds that (e ® ex) j jyen? is an ONB
of H consisting of eigenfunctions of €;, i.e., €;(ej @ ex) = Ajr(e; ® ey) holds for
all j,k > 1, where the eigenvalues are given by A = Ajiy wheni = 1 and
Ajx = Aj + A when i = 2. Moreover, €1 is a compact operator, and &, is not a
compact operator.

Proof The existence of the ONB with eigenvalues that vanish at infinity follows by
Pedersen [39, Theorem 3.3.8]. We recall that according to [39, Proposition 3.4.14],
(ej ® ex)(jkyene is a basis of H. If f € H, then

CilejQex)f = (ex,C* f)nCej = (Cex, f)u Ce;
= Ajhlew, lmej =rjr(e; @ep) f

and

Clej ®er)f = (ex. HuCej + (ex.C*fluej = (ex, fluCej + (Cex, fu e
= +Ar)(ek, flmej = (Aj+Ap)(e; Qep) f.

Thus the family (e; ®ek)( i k)eN? consists of eigenfunctions of €;,i = 1, 2, where the
eigenvalues are given by Ajx = AjAr wheni = 1land A = A; + A wheni = 2.
In particular, €; and &, are diagonalisable. Now for any € > 0, there are only finitely
many A;, j > 1, which are larger than € in absolute value. Thus for any € > 0, the
set {(j, k) € N2 . [AjAk| > €} is finite. Hence according to [39, Lemma 3.3.5], €; is
compact. On the other hand, if |[A;| > € > 0, then {(j, k) € N2 : |Aj + Ak| > €} has
infinitely many elements since we may select N > 1 such that |A; + Ax| > € for all
k > N. Thus according to [39, Lemma 3.3.5], €; is not compact. U
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Example 3.15 Let H = L*([0, 1], Leb) and define

1
€ 2/0 (s A1) f(s)ds

for f € H. Then as the kernel function c(s, t) = s At is symmetric, the operator C is
of trace-class, symmetric and nonnegative definite (see Peszat and Zabczyk [40, The-
orem A.8]). The kernel function c(z, s) is moreover the covariance function of a uni-
variate Brownian motion, c(¢, s) = E[B; Bg], which is fixed throughout the example.
Now given this construction, it follows by the Karhunen—Loeve expansion that

B, = Z\/)ijjej(f),
J

where (§;) jen are i.i.d. (orthonormal) standard Gaussian random variables. In this
case, the eigenvectors and eigenvalues of C are given by

. 2
ej(t) = V2 sin (M> Aj = <#)

2 Qj + Dr

for j > 0. If H, is the Filipovi¢ Hilbert space of Example 2.1, we can define the
operator C, € L(Hy,) by Cy, = U~'CU, where U is a unitary operator, like we did in
Example 3.10. Note that C,, is compact (since C is compact) and that the spectra of
Cy, and C coincide, i.e., the eigenvalues of C,, equal the eigenvalues of C.

Suppose that (E;) jen is an ONB of H, € € L(H) and for each n > 1, define
Uy == span{E; : j € J,}, where J, € N and (J;),en is a nested sequence of finite
subsets of N so that J,, € J,, 4 for all n > 1. Define ¢" by

¢t = I1,CI1,, (3.15)

where I1,, € L(H) is the orthogonal projection onto U,. Note that since L(H) is a
Banach algebra and IT, is a contraction operator, it follows that

1€ lop < 1T I3 1€ ll0p < 1€0p, (3.16)

so that clearly €" € L(#H) and ¢€"T € U, for each T € H. Our next result demon-
strates that the approximation (3.15) converges in operator norm as n — oo if € is
normal and compact.

Proposition 3.16 Suppose that € is a normal and compact operator. Then there exists
an ONB (Ej)jen of H consisting of eigenfunctions of € and such that the corre-
sponding sequence (A ;) jeN of eigenvalues vanishes at infinity. Assume furthermore
that U, = span{E; : j € J,}, where J, C N and (J,)neN is a nested sequence of

finite subsets of N so that J,, C Jy41 foralln > 1. Then

IE€—eTI3, = > ANT. Ej3,.

jedy
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1140 F.E. Benth, H. Eyjolfsson

where €" is defined by (3.15) and T € H. It furthermore holds that

||€—Qi"||§p§2 sup Afn—>0 asn — oo.
melJg

Proof The existence of the ONB with eigenvalues that vanish at infinity follows by
Pedersen [39, Theorem 3.3.8]. Take 7 € H; then we may write

T=)(T.Ej)nEj.

J
Since CE; = AjE; and
AT, Ej)ypy =(T,ANEj)3 =(T.CEj)y = (C*T, Ej)3,

it follows by Parseval’s identity that

2
€ —eYT N5 = | D (T, Ejyu AjE;
jess H
2
=| Y (T Ej)n E;
jess H
=Y (CT.Epj =D AT Ejjy.
jeJs jeJs

Since the eigenvalues vanish at infinity, i.e., A; — 0 as j — oo, it follows that

le—e" 3, = sup > ANT.E;)

”T”H:l jEJ,f
< sup Z(T, Ej)%_L sup A2
HT”H:leJ; meJy
_ T_ 7~n 2 A2
= sup | 7, sup A,
17l =1 meJy
§2supA,2n—>O asn — 00. O
melJg¢

Corollary 3.17 Suppose that € is a normal and compact operator with eigenvectors
(ej ® er)(jryen? and eigenvalues (A1) ryenzs where (ej)jeN is an ONB of H.
Assume that U, = span{e; @ ex : j +k < n}. Then

IE—eT I3 = Y AF(Tew e,

Jj+k>n
where " is defined by (3.15) and T € H. It furthermore holds that

||¢—¢”||§p52 sup A?,k —0  asn— oo.
jt+k>n
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Proof Using the identity

(T,ej @ex)y = Z (Tem. (ex-emuej)y = (Tex, ej) .

m=1

we establish the first claim, the expression for the norm. The second claim follows by
Proposition 3.16. U

Combining Propositions 3.11 and 3.16, we can control the error by the tail con-
vergence of the eigenvalues when € is normal and compact. This is made precise in
the next result.

Corollary 3.18 Suppose that € is a normal and compact operator with eigenvectors
(Ej)jen and eigenvalues (A j) jen and that U, = span{E; : j € J,}, where J, € N
and (Jp)neN is a nested sequence of finite subsets of N so that J, € J,41 for all
n > 1. Suppose furthermore that ¥V and V" are the variance processes defined by
(3.1) and (3.5), respectively, where €" is defined by (3.15), V{ = Vo and L = L for
alln > 1 and L is a square-integrable compound Poisson process. Then it holds that

B[ sup IV, = V/I,] =€) sup A2,

0<t<T meJ¢

where C(T) = 4T%>T1€op (BR[| Vo 13,1 + ATE[I X1113,] + A2T2(E[|1 X; 1% ])?), and
the right-hand side of the above inequality converges to zero as n — 00.

Proof This follows from Propositions 3.16 and 3.11 and the inequality (3.16). ]

Recalling the option pricing example discussed at the end of Sect. 2, we can now
apply for example Proposition 3.11 and Corollary 3.18 to assess the pricing error
|P — P"| in terms of the approximation error induced by €", or Proposition 3.7 for
the option price robustness towards errors in £ and V.

4 The square-root process

In this section, we study the robustness of the volatility process which is the square
root of the variance process.

If an operator A is self-adjoint and nonnegative definite, there exists a unique non-
negative definite operator /A such that ~/Av/A = A. A sufficient set of conditions
that together guarantee that V(¢) in (3.1) is nonnegative definite, as given by Benth et
al. [13], is that

a) (CT)* =¢T%,

b) €Hy < Hy, where H denotes the convex cone of nonnegative definite
operators on #;

c¢) L is a self-adjoint and nonnegative definite square-integrable Lévy process with
values in H;
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d) V) is self-adjoint and nonnegative definite.
In the following result, we employ the operator norm to investigate the error
induced on the square root of the variance process.

Proposition 4.1 Suppose that V and V" are nonnegative definite. If V and V" are the
variance processes defined by (3.1) and (3.5), respectively, then for every T > 0, it
holds that

B sup IV = VVI3,] < B[ sup 1V, = Vlop)]

0<t<T 0<t<T
Proof This follows immediately according to Bogachev [21, Lemma 2.5.1]. ]

Remark 4.2 The inequality |/x — \/y |> < |x — y]| is well known for real numbers
x, y. However, extending this inequality to norms of (positive definite) operators is
not immediate. Bogachev [21, Lemma 2.5.1] has shown this result we rely on in the
proof of Proposition 4.1 above.

We remark that the inequality || - lop < || - ll3 can be employed to obtain the
Hilbert—Schmidt norm on the right-hand side in the above result. In the following
result, we obtain an analogue of Proposition 4.1 where the Hilbert—Schmidt norm is

on the left-hand side and the trace-class norm appears on the right-hand side.

Proposition 4.3 Suppose that V and V" are nonnegative definite and of trace-class,
where V and V" are the variance processes defined by (3.1) and (3.5), respectively.
Then for every T > 0, it holds that

B sup IV = VT, < B[ sw v =7

O0<t=<T <t<T

Proof According to Ando [2, Corollary 2], which holds for nonnegative and com-
pact operators on H (see also Birman et al. [19] for the initial result and Birman
and Solomyak [20, Sect. 8.4] for an overview), it holds that if A, B are nonnegative
definite and compact operators, then

INVA = VBlly < A = BI'?|%,

where | 7| = (7*7)!/? denotes the modulus of an operator 7~ € . Note that accord-
ing to Pedersen [39, Proposition 3.4.8], all Hilbert—-Schmidt operators are compact.
Hence according to the definition of the trace-norm (2.1), it follows that

B[ sup IV = VI, < B[ sup v =V

0<t<T 0<t<T
The proof is complete. O
We end this subsection with corollaries which detail how the above result with

the trace-norm on the right-hand side can be employed when either the compound
Poisson process or the generator ¢ are approximated.
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Corollary 4.4 Suppose that V and V" are nonnegative definite and of trace-class,
where V and V" are the variance processes defined by (3.1) and (3.5), respectively,
with Vi = Vo and €' = € € L(By) for all n > 1, where the compound Poisson
processes L and L™ are driven by the same Poisson process N. Then for every T > 0,
we have

B[ sup WV, = VI, = DB - X710,

0<t<T
where C(T) = kel YoT AT and k > 0 is a constant.

Proof According to Lemma 3.6, it holds that

N;
E[ sup [V, — V;nlll] < E|: sup el ®lo? Z X — Xinlll]

0<t<T 0<t<T im

Nr
S el@linE[ Z ”‘X‘l _ ‘)(l'n”l}

i=1
= el Sl ATE[ A — A7 [1].
The result follows by Proposition 4.3. ]

The following result reduces the trace-norm of a tensor product of Hilbert space
elements to a product of their norms.

Lemmad.5 If f,g € Hyand T = f @ g sothat Th = (g, h)y f for h € H, then
1T = 1f1ulgla-

Proof 1t is easy to show that 7* = g ® f and T*T = |f|2H g®2. A simple cal-

culation then shows that (7*7)/4 = | f I;I/ZI g|;13/ 2g®2. The result follows from an

application of Parseval’s identity because

o
1T = 1£1alelz 182215, = | flalgly' D¢ eul® = flulglu. O
k=1

Example 4.6 Suppose that we have X; = (Y;)®2, where (Y;);cn is a sequence of i.i.d.
H-valued random variables, and 7" = (Yi")®2, where Y is defined by (3.8) for all
n,i > 1. Then according to Lemma 4.5, it holds that

1% — X' < 1Y —YH) @Yilli + 1Y ® (Yi — Y h
= (\Yilg + 1Y IDIY: = Y|
<2\Yi|ulYi = Y'|u.

Hence by appealing to the Cauchy—Schwarz inequality, we obtain that

B[l X — A 111 < 2(B[|Y; |3 1E[Y; — Y32
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1144 F.E. Benth, H. Eyjolfsson

Corollary 4.7 Suppose V and V" are nonnegative definite and of trace-class, where
VY and V" are the variance processes defined by (3.1) and (3.5), respectively, with
y = Vo, L=L"and ", & € L(B)) foralln > 1. Then for every T > 0, we have

E[ sup WV = VI3, = CDlE = lop,

0<t<T

where C(T) = kTel I€lpVIC o) (B[ V1] + ATE[|X1[1]) and k > 0 is a
constant.

Proof Using the same reasoning as in the proof of Proposition 3.11 with the Hilbert—
Schmidt norm replaced by the trace-class norm, it follows that

N
||Vt _ th ”1 E tet(”Q:Hop\/”Q:"”cup) (”Volll _I_ Z ”/’Yl ”1> ||Q: _ Q:n”0p~
i=1

Hence we obtain

E[ sup IV = Vyli| = Te" ISl VI€ o) @[V ] + ATELX 1 DIE = € lop.
0<t<T

The result follows by Proposition 4.3. ]

Cuchiero and Svaluto-Ferro [25] analyse options on the realised volatility (so-
called VIX options) in an infinite-dimensional framework. One could introduce op-

tions on the realised volatility of forward prices, with a payoff p(DVfl/ 2) at some

exercise time 7. Here, D € H* maps the volatility operator V,l/ % into the real line
by an integral and evaluation operator, say. If the payoff function p is Lipschitz-
continuous, we can apply the results of this section to assess the robustness of such
volatility options with respect to the parameters € and £, both in operator and in
Hilbert-Schmidt norms.
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