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Abstract

The thesis contains material from papers studying polynomial approximations of
holomorphic functions in several variables. These approximations are weighted,
in the sense that the norm used to assess the approximation is weighted, and
polynomials used for the approximation are restricted to a certain subring of
polynomials. The notion of the degree of a polynomial is also different from the
classical setting. The main aim is to develop an analog of the Bernstein-Walsh-
Siciak theorem, a generalization of the Runge-Oka-Weil theorem.

To aid this study the Siciak-Zakharyuta functions, sometimes called global
extremal functions or pluricomplex Green functions, from pluripotential theory
are generalized. They are then used to construct weights for Hérmander’s L2-
estimates of solutions to d-equations and the solutions to those equations are
then used to construct the desired polynomials.

Agrip

Ritgerdin er samansett af efni ur greinum sem fjalla um marglidunalganir &
faguoum foll { moérgum breytisteeroum. Pessar nélganir eru metnar med vegnum
stoolum og marglidurnar sem eru notadar koma tr hlutbaugum margliona.
Hugtakid um stig marglidanna er einnig frabrugdid i hefdbundna tilfellinu. Megin
markid rannsoknanna er ad setja fram og sanna utgafu af Bernstein-Walsh-Siciak
setningunni, sem er alhezefing & Runge-Oka-Weil setningunni.

Til ad sanna pessa setningu er notast vio alhaefda utgafu af Siciak-Zakharyuta
fallinu ar fjolmeettisfraedi. Pad er svo notad sem vigt i L?-mati Hérmanders 4
lausnum & O-afleidujéfnum. Lausnir slikra jafna eru sidan notadar til ad smida
marglidournar sem & ad nota i nalgununum.
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Introduction

Our studies will focus on different forms of polynomial approximations. A
lot is known about approximations of holomorphic functions by polynomials,
both in one and several variables. This includes results such as Runge’s well
known theorem, Theorem 3.2. One way of studying polynomial approximations
is through the application of potential theory, or pluripotential theory when
working in several variables. This is the approach taken, for example, in Section
6.3 in Ransford [37].

The central aim of this thesis to study weighted polynomial approximations
in certain subfamilies of polynomials. Additionally, the polynomials may have
different degrees than in the classical setting. This becomes relevant when study-
ing quantitative results such as the Bernstein-Walsh-Siciak theorem, Theorem
3.4. Much of the thesis is devoted to developing and studying the pluripotential
theory related to these polynomial families.

The first three sections of this introduction provide definitions and classical
results that inform the content of the thesis. Section 1 gives definitions and
basic results from complex analysis in several variables and Section 2 does the
same for pluripotential theory. Section 3 goes over some quantitative results
in polynomial approximations along with giving an outline of a proof of the
Bernstein-Walsh-Siciak theorem based only on Hérmander’s L2-estimates for
solutions to 0-equations. Section 4 describes the contents of Papers I-III, where
the pluripotential theory of Lelong classes is generalized to allow more precise
control over the growth of the functions in the class. These Lelong classes are
connected to gradings of subfamilies of polynomials. Section 5 applies this theory
to generalize the Bernstein-Walsh-Siciak theorem.

1 Holomorphic functions

We denote by C" the n-fold cartesian product of the complex plane. The real
euclidean space R?" can be identified with C™ by

(@1, Y1, Ty Yn) > (X1 1, Tt iYn) = (215005 20)

With this identification, we view R?" as vector space over C. For z = (z1,...,2,)
in C" we define the euclidean norm by |2z|? = |21]?>+- - - +]|2,|? and the supremum
norm by ||z]jec = max{|z1],...,|zn|}. We will denote the punctured complex
plane by C* = C\ {0}, and to simplify notation we let C** = (C*)". We
similarly let C™* = C™ \ {0}, where we abuse notation by letting 0 denote the
additive identity in C™. The open unit disc and unit circle in C will be denoted
byD={z€C;|z|]<1}and T={z€C; |z| =1}.

Let Q@ C C™ be open and f: 2 — C be continuous. We say that f is
holomorphic on € if it is holomorphic in each variable separately, and denote
the class of all such functions by O(2). This is equivalent to the mapping
¢ — f(Ca + b) being holomorphic for all b € Q, a € C™*, and ¢ € C such that



Ca+b e Q. A result of Hartogs tells us that the assumption that f is continuous
is superfluous.

Theorem 1.1 (Hartogs’s theorem). Let Q C C™ be open and f: Q — C be
holomorphic in each variable. Then f is smooth.

As in one dimension, we say that f is entire if it is holomorphic on C™.

By the definition of holomorphic functions, one might imagine that many
properties of holomorphic functions in C generalize to several variables. While
this is true, there are still many differences between C and C™, where n > 1.
Another theorem of Hartogs shows such a difference.

Theorem 1.2 (Hartogs’s extension theorem). Let n > 1, Q@ C C™ be an open
set, K C Q compact such that Q\ K is connected, and f € O(Q\ K). Then
there exists F € O(Q) such that F = f on Q\ K.

By taking K as a singleton, we see that holomorphic functions in several
variables can not have isolated singularities and the level sets of entire functions
are unbounded. In contrast, the level sets of a non-constant holomorphic function
in one variable can not contain accumulation points. One way to justify the
differences between one and several variables is to consider holomorphic functions
as solutions to partial differential equations.

As in one dimension, we define the homogeneous Cauchy-Riemann equations by

dg 1/ dg 10g .
— — 4+ — ) = =1,...,n.

aij - 5
So a smooth function is holomorphic if and only if it satisfies the homoge-

neous Cauchy-Riemann equations. We also have the non-homogeneous Cauchy-
Riemann equations given by

Ju .
ngja ]:1,...,Tl,
J
where f1,..., f, are smooth functions. We simplify our notation to du = f,

where f = (f1,..., fn). This notation can be formalized by considering w and f
as differential forms, but we will omit this since it is not needed. We refer to the
equation du = f as a 0-equation. Solving O-equations has many applications
and will be our central tool later, where the solutions will be used to construct
polynomials that approximate a given function. Note that the equation Ju = f
has a large solution space, since the kernel of the linear operator

= ou ou
u a- 191 - |
821 an
is the space of holomorphic functions. Hérmander proved that a solution could
be found that satisfies an L2-estimate.



Theorem 1.3 (Hérmander’s L?-estimate). Let 1) € PSH(C"), and a > 0. If
fi € L2 (C") and 0f;/0z, = Of,/0z;, for j,k = 1,...,n then there exists

u € L? (C") such that Ou = f and

1 n
/(C lu|?e=%e d) < - Z/C |filPe a2 d), (1.1)
n — Jen

where ¥, = 1 + alog(l+ |- |?).

Here PSH(C™) denotes the class of plurisubharmonic function on C™, which
are defined and discussed in the next section. The stated version of Hérmander’s
estimate for the d-equations is a global version. Usually, C" is replaced with
a more general €, but this is not needed for our studies. See Theorem 4.2.6
in Hormander [23]. In the case of a more general 2, and when n > 1, some
geometric restrictions need to be imposed for the equations to be solvable.
The classical restriction is that €2 is a domain of holomorphy or pseudoconver.
Domains of holomorphy are natural settings when studying holomorphic functions
and pseudoconvex sets are their counterpart when studying plurisubharmonic
functions. These two assumptions turn out to be equivalent, demonstrating the
connection between complex analysis and pluripotential theory. See Theorem
4.2.8 in Hérmander [23]. The case when n = 1 is simpler since all open sets are
domains of holomorphy.

To apply Hérmander’s estimates we commonly have to convert this L2-
estimate into a pointwise estimate. In Section 7 of Paper I this is done using
the Cauchy formula and in Section 2 of Paper IV this is done using the mean
value property of holomorphic functions.

The Cauchy formula in one variable generalizes naturally to several variables,
since we define a function f on 2 C C™ to be holomorphic if it is holomorphic
in each variable separately. To state a Cauchy formula in C™ we use multi-index
notation, that is, for z € C" and o € N, we let 2@ = 27" - - - z&~. If we assume
D" c Q and set

- , aeN",
(2mi)™ Jon - C1 Cn

Co —

then f is given by
f(z) = Z cqz®, zeD™
aENn

We refer to this identity as the Cauchy formula, since it follows by applying
the classical Cauchy formula in each variable of f. In one variable we use the
Cauchy formula to prove various Liouville theorems, for example that if p € O(C)
such that |p(z)| < A + B|z|™, for constant A and B, and integer m, then p is
a polynomial of degree no greater than m. We get the same result in several
variables, but with a slight twist. The notion of the degree of a polynomial
is more complicated in several variables. In fact, a flexible way of assigning
polynomials degrees is at the heart of the research this thesis is based on. We



circumvent this discussion, for the time being, by being direct. Let p € O(C"),
given by the Taylor series p(z) = > cyn €a2®, be such that

p(2)] < A+ Bl2|", z€C",

for some constants A and B, and integer m. Then ¢, = 0 for all @ € N such
that ay + -+ + a,, > m. This is the standard way of defining an m-th degree
polynomial in several variables.

2 Plurisubharmonic functions

Solutions u: U — R, where U is an open subset of R”, to the differential equation
2 2

Au = 0, where A = % 4+ -+ 88? denotes the Laplace operator, are called
1 n

harmonic. An upper semicontinuous u: U — R U {—o0}, that satisfies Au > 0,
in the weak sense of distributions, is said to be subharmonic on U and the family
of subharmonic functions on U that are not identically —oco on any connected
component of U is denoted by SH(U). The study of harmonic and subharmonic
functions is referred to as potential theory. Subharmonic functions relate to their
mean values, similarly to harmonic functions. In fact, an upper semicontinuous
w on an open set U C R™ is subharmonic if and only if

1
WD) S gy [ ww doty), zev

for all r > 0 such that B(x,r) C U, where B(z,r) is the open euclidean ball
with center x and radius r, S(x,r) denotes the surface area of the ball, and o
is the surface area measure in R™. Potential theory in two (real) dimensions is
commonly applied in the study of complex analysis in one variable. An explicit
connection between complex analysis and potential theory is that the pullbacks
of subharmonic functions by holomorphic maps are subharmonic. Namely, if
U and V are open sets in C, f: U — V holomorphic, and « € SH(V), then
uo f € SH(U). In several complex variables, potential theory is not restrictive
enough, since the subharmonic functions do not always respect the complex
structure. For an example take u(z1, 22) = —1/(|21]? + |22[%), 2 = (21, 22) € C**.
We have that

Au 8%u

4 - 821821

2|z |?
(|21[? + |22]2)3

= (laf” + 227 -

so by the symmetry u(z1, z2) = u(22, z1), we have that

_ 40%u n 40%u B
- 021071 029079 o

Au 0.

So u is harmonic on C?*, and thus subharmonic as well. Let us now consider the
univariate function v(¢) = u(¢,0), ¢ € C*. If v were subharmonic on C* then by



Theorem 3.6.1 in Ransford [37] it could be extended uniquely to a subharmonic
function on C. But no such extension exists since v is not integrable on any
neighborhood of 0, which it would need to be by Theorem 2.5.1 in [37].

To remedy this we consider a subfamily of the subharmonic functions. We
say a function u: @ — R U {—o0}, where Q is an open subset of C", is plurisub-
harmonic if it is upper semicontinuous and subharmonic on all complex lines
intersected with 2. In terms of integral averages, an upper semicontinuous u is
plurisubharmonic if and only if

1
u(z) < g [ e+ Cu) dc.
for all z € Q and w € C" such that wD + z C Q. We denote by PSH () all
plurisubharmonic functions on ) that are not identically —oo on any connected
component of 2. Omitting functions that are —oo on an open set ensures that
all functions in PSH(Q?) are locally integrable, so

PSH(Q) C L. (Q) c D'(Q)

where Li (Q) is the class of locally integrable functions in  and D’(12) is the
space of distributions on Q. As a consequence we may endow PSH () with the
subspace topology of either L (£2) or D’(2). These two topologies turn out
to be the same topology. A discussion and application of this topology can be
found in Section 3 of Paper II.

In potential theory polar sets are of importance as the insignificant sets, similar
to the null sets of measure theory. Pluripotential theory has its analog. We say
a set £ C C" is pluripolar if for all z € E there exists an open neighborhood
U of z and v € PSH(U) such that u|yng = —oo. A theorem of Josefson says
that this local definition is equivalent to a global one. That is, if £ is pluripolar
there exists u € PSH(C™) such that u|g = —oco. Pluripolar sets are in a sense
smaller than Lebesgue-null sets, since all pluripolar sets have Lebesgue measure
zero but some Lebesgue-null sets are not pluripolar sets.

One source of plurisubharmonic functions are the holomorphic functions,
since if f is holomorphic then log|f| is plurisubharmonic. Consequently, the
zero sets of non-constant holomorphic functions are pluripolar sets.

One reason to study plurisubharmonic functions over holomorphic functions
is because they are more flexible. For instance, if v and v are plurisubharmonic,
then so is max{u,v}. In the extremal case v = sup,cru, for some family
F C PSH(QQ) of plurisubharmonic functions which is locally bounded above,
can fail to be plurisubharmonic because it is not generally upper semicontinuous.
However, when v is upper semicontinuous it is also plurisubharmonic. In the
case where v is not upper semicontinuous, we can take the upper semicontinuous
regularization, given by

v*(z) = lim v(w), z€Q,
w—rz
which is plurisubharmonic. Plurisubharmonic functions constructed in this way
are referred to as extremal.



One common family of plurisubharmonic function to study is the Lelong
class, given by

LC") ={uePSH(C");u< log™ Il lloo + cu}

where ¢, is some constant depending on u and log™ 2 = max{0,logz}, = € R.
The specific norm chosen does not matter since all norms on C” are equivalent.
Using the supremum norm is a natural choice for upcoming generalizations.
Functions belonging to £(C™) are said to have logarithmic growth or minimal
growth.

We can not take the supremum of L£(C™) directly and expect it to be
plurisubharmonic, since the Lelong class is not locally bounded above. Instead,
we take supremum over subfamilies of £L(C").

For a compact K C C™ we define the Siciak-Zakharyuta function of K by

Vi (z) = sup{u(z); u € L(C"),ulx <0}, zeC".

The family {u € L(C™); u|g < 0} is locally bounded above if and only if K
is not pluripolar. See Klimek [26], Corollary 5.2.2. If K is pluripolar then
Vi(z) =0 for z € K and Vi (z) = +oo for z ¢ K.

The Siciak-Zakharyuta functions are also called global extremal functions or
pluricomplexr Green’s functions. To elaborate on the latter term, we note that
when n =1 and K C C is compact with non-polar boundary, we have that Vi
is the Green’s function of C\ K with a pole at infinity, commonly denoted by
go\kx- That is Vi is the unique function in £(C) that is harmonic on C\ K and
Vi (w) — 0 as w — z for all z € OK \ F', where F' is a polar set.

If K ={zeC";|z—al <r}, for a € C" and some norm || - ||, then

Vi (2) = log™ u, z e C".

The basic properties of Vi, for more general K, can be derived from this example.
It can be shown that Vi is lower semicontinuous if K is compact. This will
be discussed in more detail later. Furthermore, if Vg = 0 on K then Vi is
continuous. We will later use the fact that V5 € £(C™) for all non-pluripolar
K C C™. See Corollary 5.2.2 in Klimek [26].

3 Polynomial approximations

An early result in polynomial approximations is Weierstrass’s theorem.

Theorem 3.1 (Weierstrass’s theorem). Let f: [—1,1] = R be continuous and
€ > 0. Then there exists a polynomial p such that || f — p|lj—11] < €.

In other words, every continuous function on the interval [—1,1] can be
approximated uniformly by polynomials. An analogous result in the complex
plane is Runge’s theorem. To state it we recall that a compact set K C C" is



said to be polynomially convex if it coincides with its polynomial hull, which
is given by K = {z € C"; |p(2)| < |pllk, for all p € P(C")}, where P(C"™)
denotes the space of all polynomials. For a compact K C C we can describe
K in terms of its complement, that is the complement of K is the unbounded
complement of K. So, when n = 1, the polynomial hull has the effect of filling
in the holes in K. This nice description of polynomial convexity does not work
when n > 1. Generally, if K C R" C C™ is compact then it is polynomially
convex.

Theorem 3.2 (Runge’s theorem). Let K C C be compact and polynomially
convez, f be holomorphic in a neighborhood of K, and € > 0. Then there exists
a polynomial p such that ||f —p||lx < e.

Weierstrass’s theorem and Runge’s theorem are examples of qualitative
results, since they state when approximations are possible. Our focus will
be on quantitative results. This includes theorems about how well one may
approximate when approximations are possible. Our studies will center around
the Bernstein-Walsh-Siciak theorem and related theorems.

To this end we define, for a function f on a set K C C™ and integer m, the
m-th approximation coefficient of f on K by

diem(f) = inf{[|f = pllx; p € Pm(C")},

where P,,,(C") is the class of polynomials of degree not greater than m. These
coefficients describe how well f can be approximated by polynomials of bounded
degree. Runge’s theorem can be rephrased to say that dx . (f) — 0, as m — +o0,
if K is compact and polynomially convex and f is holomorphic in a neighborhood
X of K. The rest of this section will study how the rate of decay of di m/(f)
relates to X.

We first consider an initial result of Bernstein [9], which serves as a quantita-
tive counterpart to Weierstrass’s theorem.

Theorem 3.3 (Bernstein’s theorem). Let R > 1, f be a continuous function
on the interval K = [—1,1], and ERr be the open set bounded by an ellipse with
foci =1 and 1 and semi major azis R. Then f can be extended to a holomorphic
function on Eg if and only if

1

T 1/m <

(3.1)

The inequality in Bernstein’s theorem describes how quickly dg . (f) con-
verges to 0 as m goes to infinity. In fact, it tells us that for all 0 < v < R the
inequality dg m(f) < (R —~)~™ holds for all but finitely many m. Walsh [56,
§4.6] calls this overconvergence.

To generalize Bernstein’s theorem for a larger class of K we need to find
some replacement for Fr. This was first done by Walsh [55]. We will go over an
overview of Walsh’s theorem in lieu of a direct statement as its generalization
to several variables is nearly identical. Walsh’s theorem replaces the interval
[—1,1], in Bernstein’s theorem, with a compact K C C such that the Green’s



Er

An idllustration of Bernstein’s theorem.

function ge\k is continuous and the ellipse Eg is replaced with the sublevel set
Xr={2€C; go\k(2) <log R}. It can be shown that

gov—1(2) =log |z + (22 = 1)Y?|, zeC\[-1,1],

where the branch of the square root is chosen such ¢ + (2 — 1)1/2 > 1 for t > 1.
Then Xgr = Eg, so Walsh’s result matches Bernstein’s in this case. See Lemma
5.4.2 in Klimek [26].

We have already discussed how the Siciak-Zakharyuta functions are a gen-
eralization of Green’s functions to several variables. Siciak used this idea to
generalize Walsh’s theorem to several variables.

Theorem 3.4 (The Bernstein-Walsh-Siciak theorem). Let R > 1, K C C™ be
non-pluripolar, compact and polynomially convex, f: K — C be a function on
K, and X = {z € C"; Vk(z) < log R}. Then there exists F' € O(XRg) such
that F|g = [ if and only if

1

T 1/m <
'rrlgnoo dK’m(f) - R

(3.2)

Both directions in the Bernstein-Walsh-Siciak theorem can be proven by
constructing satisfactory polynomials, although one direction is simpler. If we
assume (3.2) holds we can pick polynomials p,, that are close to achieving the
infimum in dg ., (f). If this is done with care one can show that the sequence
(Pm)men converges uniformly on compact subsets of X g, and its limit, therefore,
defines a holomorphic function F' that agrees with f on K. Theorem 1.1 in
Paper 1V is a generalization of the “if” part of Theorem 3.4 and is proven using
this same process.

Before considering the other half of the proof in full generality it is instructive
to consider specifically the case when n = 1 and K = D. Then Vi (2) = log™ |2
so Xr = RD. We assume we have some F' € O(RD) and want to show that (3.2)
holds. We may write F(z) = E;io ¢jz?, z € RD, and we set py,(z) = Z;”:O cjz.
If we fix 0 < v < R we have by a Cauchy estimate |a;| < (R —v)7?C,, where
Cy= sup F(z). So

|z|=R—~
oo oo ; C'y
Ao S =Pullp < D 1ol <Oy 3 (R=9)7 = e
j=m+1 j=m+1 v



since the final series is geometric. The constant C,, does not depend on m, so
we have that

T 1/m
T s 1) <
This holds for all 0 < v < R, so (3.2) follows.

The case of K = D is easy because we have a canonical polynomial approxi-
mation of functions in O(RD), R > 1, in their Taylor series. Proving the general
case is structurally similar to this special case, but we need a sufficiently flexible
manner of constructing polynomials.

We will now show how Hoérmander’s estimates for d-equations can be used to
construct polynomials to prove the “only if” part of the Bernstein-Walsh-Siciak
theorem. This is done in detail and more generality in Paper IV. To start we
will give a general outline of the d-equation we will be considering. We will
then see how specific restrictions to the parameters will allow us to construct
polynomials that approximate a given function.

To recall the setting of the theorem we assume that f is a holomorphic
function on the open set Xg and that K is a compact set in Xp. We then let
x be a smooth function with compact support in Xr. Then xf is a smooth
function on X that can be extended to a smooth function on C™ by assigning
it the value 0 outside of Xgr. For m € N, 0 < a < 1, and v,,, € PSH(C™) we let
u,, be a solution to Ju,, = fOx satisfying (1.1), and p,, = X f — tn,. Without
specifying x, ¥, or a we have that

Opm = O(X[f) — Oum = xOf + fOx — fOx =0,

since df = 0, so p,, € O(C™).

If we assume our weight v, satisfies 1, < 2mlog™ | -]+ C for some constant
C, then we can use the mean value property of holomorphic functions, along
with (1.1) and Lipschitz continuity properties of the logarithm, to show that
Ip(2)| < A+ B|z|™" for all z € C". The Liouville theorem then tells us that
Pm € P (C™), since a < 1.

Let us now see how we can pick x and ¢, such that ||f — pn||x is close
to being minimized. Fixing ¢,v > 0, we set ¢, = 2mVg and x such that
{z € Xgr; x(2) = 1} is a neighborhood of Xg_. Note that Vx € L(C") so
Pm € Prm(C™). Using the mean value property for holomorphic functions and
(1.1) we get that

F(2) = pm(2) < CLeme Y /C FOx/0%;Pe a2 d), 2 € K,
j=17¢"

for some constant C] , that does not depend on m. Now since x is constant on
Xr—~ and outside of Xr we have that the union of the supports of the partial
derivatives of x lie in Xz \ Xr—4. So Vix > R — v holds on the support of the
integrands in the right hand side of the previous inequality, and consequently

CE7’767TL€

If(2) = pm(2)] < W,

z€e K,



Tllustrated is a potential placement of supp Ox due to the construction of x. As
pictured the complement of the support has two components. We have that x = 1
on the bounded component and x = 0 on the unbounded component.

where C; , is another constant that does not depend on m. So

— MM es
T m ~ T €,y _
(01 < T G -

and letting v and ¢ go to zero yields (3.2).

4 Generalized Lelong classes

In this section, we will lay the groundwork for our generalization of the Bernstein-
Walsh-Siciak theorem. First,we will consider how we restrict which polynomials
we allow, and then we will look at the related pluripotential theory.

We call o € N™ a multi-index. The exponentiation by multi-indices is given by

24 =220 2= (7z1,...,2,) €C",
and the length of multi-indices is denoted by |a|] = a1 + -+ + a,. Note
that we define N = {0,1,2,3,...}. So p € O(C"), given by the Taylor series
P(2) = D qenn Ca2®, is in Pp (C") if ¢ = 0 for o € N™ such that |o| > m. The
choice to use the £'-norm to describe the size of the multi-indices is standard,
but arbitrary. We are interested in a more flexible way to describe the degrees
of polynomials. The method we develop will sometimes lead to us working with
polynomial rings that are proper subfamilies of P(C™). This can be seen as
certain polynomials having degree +o0.

Let S be a compact convex subset of R’} that contains 0. From this set
we will generate our polynomials. We say that a function p is an m-th degree

10



3T
2T

Although Py (C?)
Additionally PS(

= ((CZ) we immediately have that P5(C?) # PI(C?).
%)
contain z v~ 23 if j >

pT
# PT(C?), since P¥(C2%) = P(C?) but PT(C?) does not
1.

These are the only monomials that are not in PT(C").

polynomial with respect to S if it can be written by

p(z) = Z cqz®, zeC™

aemSNN»

The space of all such polynomials is denoted by P35 (C") and we set P¥(C") =
Uso_y P (C™). Let us consider some concrete examples.

First we note that if S = ch{0,e1,...,e,}, where ch denotes the closed
convex hull and ey, ..., e, is the standard basis of R”, then P,,(C") = P2 (C").

Now let S = ch{0,a} C R%, for some a € N". Then p € P (C") if there
exists ¢ € P, (C!) such that p(z) = ¢(2%), 2 € C". Generally, not all polynomials
in P¥(C") will be given in this way. To see this consider the case where n = 2,
p(z1,22) = 2122, and a = (2,2). However, if gcd{aq,...,a,} =1 this describes
all polynomials in P2 (C™).

For another example, we set S = ch{(0,0), (1,0), (1,1)} C R2. The monomial
2%, for a = (a1, a2) € N2, is then in P9(C?) if and only if a; < as. Note that
2+ 23, for an integer j > 1, is not contained in P(C?).

Throughout this thesis we will assume that S C R} is a compact convex set
containing 0. To justify these assumptions we note that the convexity of S implies
that P (C")P§ (C™) C Py, ,(C™), the compactness of S implies that Pj (C") is
finite dimensional, and the fact that S contains 0 implies that P; (C") C Pz, (C"),
for £ < m, and that P°(C") contains the constant polynomials.

Our next goal is to generalize the Lelong class to give a more precise description
of its growth properties, giving us a class of plurisubharmonic functions related
to PS(C™). To this end we recall the supporting function of S, given by

ps(&) =sup(z,§), €£eR"™
eSS

11



The supporting function is convex and positively homogeneous, that is pg(t§) =
tos(€) and ps(§+n) < ws(§) + ps(n), for all t > 0 and £,n € R™. In fact,
if o: R™ — R is convex and positively homogeneous then it is the supporting
function of

A={z eR"; (x,&) < p(§), for all £ € R"},

that is ¢ = pa. The logarithmic supporting function of S can now be defined by
Hg(z) = ps(log|z1], .. .,log|z,]), 2z¢€ C*™.

This function can be extended to all of C" by - lim Hg(w), with its values
*MIw—z

on C™\ C*™ given by logarithmic supporting functions of lower dimensional sets.
We then have that Hg € PSH(C™) N C(C™). The details of these properties of
the logarithmic supporting functions can be found in Propositions 3.3 and 3.4
of Paper I. Our generalization of the Lelong class will be the plurisubharmonic
functions that do not grow faster than Hg, that is £%(C") will denote the class
of u € PSH(C™) such that u < Hg + ¢, for some constant ¢,, depending on wu.

The logarithmic supporting functions had already appeared in the literature in
Rashkovskii [39], which is related to Rashkovskii [38] and Lelong and Rashkovskii
[27], where they are called indicators. There they are introduced to study the
total Monge-Ampére masses of globally plurisubharmonic functions of logarithmic
growth.

Central to our studies will be the Siciak-Zakharyuta function of E, with respect
to S, and with weight ¢ which we define by

ngq =sup{u; u € ES((C"),u|K <gq},

where F is a subset of C" and ¢: F — RU {+o0}. The weight ¢ is said to be
admissible if

(i) it is lower semicontinuous,
(ii) the set {z € E; ¢(z) < 400} is non-pluripolar,
(iii) lim Hg(z) —q(z) = —oc0.
|z] =400
z€E

Note that (iii) is not relevant if E is bounded, which is often the case.

In the study of the Lelong classes £5(C"), the following assumptions on S
appear:

(i) S=%X =ch{0,e1,€e2,...,e,}, where ey, ..., ez is the standard basis in R™.
We call ¥ the standard simplex in R™.

(ii) S =X, =ch{0,z1e1,22e2,...,2ne,}, where z € R7}.

(iii) S is such that for all z € S the box [0,z1] X -+ x [0,z,] C S. In such a
case, we say that S is a lower set.

12



(a7 b)
S S S
Sl 2 3 5
\ \ \

Some examples in R2. From left to right, Sy is the standard simplex, Ss is a
lower set, S is not a lower set but contains a neighborhood of 0, Sy does not
contain a neighborhood of 0 but is a convex body, and S5 is not a convez body. If
b =0 or a/b is rational then the rational points are dense in Ss. Otherwise they
are not. In the case of S3, Sy, and S5 dotted lines have been added to denote
their respective lower hulls.

(iv) S is such that exists a > 0 such that ¢¥ C S. In this case, we say that S
contains a neighborhood of 0 in R} .

(v) S has a non-empty interior. In this case, we call S a convexr body. This
implies that S is the closure of its interior.

(vi) SNQ" = S. In other words, the rational points are dense in S.
(vii) No additional assumptions on S are made.

Recall that in all cases we assume that 0 € S C R} and that S is compact and
convex. Assumption (i) encompasses the classical setting, that is £Z(C") =
L(C™). Assumption (ii) is relevant when considering the convexity of the sublevel
sets of V for compact K. Assumption (iii) is the setting of Bos and Levenberg
[14]. Note that this assumption is restrictive, since the intersection of lower sets
is a lower set. Notable examples of lower sets are the intersection of an /P unit
ball and R’} for 1 < p < 400, that is

S={zeR};al+ - +2l <1}, 1<p<+oo,

and S = {z € R ; max{xy,...,z,} < 1}, corresponding to the case of p = 4o0.
Assumptions (iv), (v), and (vi) are more malleable than assumption (iii),
since if no assumption is made on S then S; = ch(S U (1/5)X) satisfies these
assumptions and S = N;S;. This is relevant in the proof of Theorem 1.1 in
Paper III. Assumption (iv) is the setting of [8] and [29], while assumption (v)
is used in [30] and [34]. Assumption (vi) is relevant in [30]. The goal of Paper I
was to start with no additional assumptions and add them only when necessary.

Most results in the classical setting of S = 3 generalize to lower sets. An
example that does not generalize can be found in Section 5 of Paper III. Lempert
proved in discussions with Momm [33] that if K C C™ is compact and convex
and t > 0 then the sublevel set {z € C"; Vk(z) < ¢} is convex. Dieu and Long
[34] generalized to sublevel sets of V2 when S is a convex body. In Paper III it
is shown that this is not true in general. In fact, if S is not a simplex of the form
Y, for x € R, then the sublevel sets {z € C"; Hg(z) < t} are not convex, for
t large enough.

13



14 {Hs <logt}

1 t 1

The left image shows the sublevel set {z € C?; Hg(z) < logt}, fort > 1 and
S =1[0,1] x [0,1] C RZ, as pictured on the right. Note that the sublevel set is
not convexr. The sublevel set is drawn in the coordinates |z1| and |za|, which
is justified by the fact that logarithmic supporting functions are rotationally
symmetric in each variable, that is Hg(z1,22) = Hg(|z1], |22|). For our choice
of S we have that Hg(z1, z) = log™ |z1| + log™ |2z2|. So when |z1],|z2] > 1 the
boundary of the sublevel set is parameterized by x — (x,t/x), x € [1,1].

In the case when S is not a lower set we are sometimes interested in the
smallest lower set that contains S, called the lower hull of S and denoted by
Sy, or sometimes SM. This notation makes sense when considering the more
general I'-hull of S, where I is a cone in (R™ \ R™) U {0}, given by

Sr={z € RY; (2,£) < ps(¢), for all € € T},

These hulls are introduced and studied in Sections 5 and 7 of Paper 1. Setting
I' =R gives us the lower hull of S.

To justify our definition of £°(C™) we look at a connection between it and P (C").
In the classical setting of S = 3, we have for p € O(C™) that p € P,,(C") if and
only if log |p|*/™ € L£(C™). This is a variant of the Liouville theorem discussed in
Section 1. Theorem 3.6 in Paper I is a Liouville theorem for P%(C™). It states
that, for p € O(C™) and m € N, the following are equivalent:

(i) p e Pr(C"),
(if) log|p|"/™ € £5(C"),
(iii) |p(2)] < C(1 + |z])%e™Hs(=) for all z € C", where a < d},,

where d., denotes the distance from m.S to N* \ m.S in the L'-norm. We also
have an L? version of this Liouville theorem. Theorem 7.2 in Paper I states that
if

/ Ip|2e™2mH s (14 |- |*)7d\ < +o0,

14



for some 0 < a < d2,, where d2, denotes the euclidean distance from mS to

m?
N™ \ msS, then p € Por™ (C"), where T, = {€ € R"; (1,,€) > (a — dm)|€]}
and 1, = (1,...,1) € N*. Example 7.4 in Paper I shows that the I';,-hull is
necessary.

In light of these Liouville theorems, studying the distance from m.S to N\ mS
is interesting. Proposition 4.1 in Paper IV gives a lower bound for these distances,
independent of m, when S is a convex polytope with rational vertices, that is
when S = ch{vy,...,v,}, for vi,...,v, € Q. It states that

1
d(mS,N*\ mS) > —d(ngS,N" \ ngS) >0, meN",
nq

where ¢ is a common denominator for all coordinates of vy, ...,v,. The lower
bound follows from an interesting formula for convex sets that relates dilations
with translations using the extremal points of the set. Recall that a point a € A
is called extremal in A if for all x,y € A and ¢ € [0, 1] such that tz+ (1 —t)y = a,
then either z = a or y = a, and the set of all extremal points of A is denoted by
ext A. Then, for a convex set A C R", we have

1mn7n
A=A+ — t A N*
m +n Z extA, me s

Jj=1

which means that any x € mA can be written as ¢ = a+b1 + - - - + b;upn—n, Where
a€ Aand by,...,bpn_n € %extA.

We will now turn our attention to the regularity of VI?, - In the classical setting
we have that Vi , is lower semicontinuous if K is compact and ¢ is admissible.
This can be shown by regularizing functions in £(C™). Central to the proof is a
variant of Dini’s theorem.

Theorem 4.1 (Dini’s theorem). Let K C C™ be compact, f; be a decreasing
sequence of upper semicontinuous function on K with limit f and g be a lower
semicontinuous function on K such that f < g. Then for every e > 0 there
exists j. such that f; < g+¢ for j > je.

The proof does not differ greatly from the proof of the classical version of
Dini’s theorem. For every z € K we can choose j, such that f;(z) < g(z)+e for all
J > j». Since f; —g is upper semicontinuous the set U, = {z € K ; f;(z)—g(2) <
¢} is an open neighborhood of z. The family {U, ; z € K} is an open cover of K,
so by the compactness of K we can take z1,.. .z such that {UZ]. ;j=1,...,0}is
also an open cover of K. We can then conclude by taking j. = max{ji,...,J¢}.

Let us fix an open U C C", and assume that for all u € £5(C") there exists
a sequence u; in £5(C™) such that all u; are continuous on U and u; N\, u. If we
fix e > 0 and u € £L%(C") such that u|x < ¢ and take such a sequence we have
by Dini’s theorem that there exists j such that u; —e < ¢ on K. Since u; \,u
we have that Vfg 4 can be taken as the supremum over a family of functions that
are continuous on U. This implies that VKS,q is lower semicontinuous on U. See
Lemma 2.3.2 in Klimek [26].
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So showing the lower semicontinuity of Vf‘g 4 can be done by finding a method
of regularization that preserves the Lelong class £5(C"). When S = ¥ this is
done using integral convolutions with standard smoothing kernels. For details
see Theorem 2.9.2 in Klimek [26]. Theorem 5.8 in Paper I shows that this
method works if and only if S is a lower set. So in the case where S is not a
lower set, other methods must be used. Paper II is devoted to studying various
other methods of regularizations, which we will now describe. Throughout the
discussion, we will assume that v € £5(C") is bounded below. This restriction
is sometimes stronger than those in Paper II but it is sufficient when studying
the Siciak-Zakharyuta functions, since Vf;’q > inf,ecx ¢(w) > —oo, when ¢ is
admissible. The first method considered is given by

a _ : —u(w —1
f,0(2) = —log inf {e™"™ +5 (e — w)},

where § > 0 and p is a function on C”. This is a generalization of a method
of Siciak [44] and was studied because in [8] it is claimed that if p = |- | and
¢ is taken small enough then R§ ju € L£3(C") if S contains a neighborhood of
0. Example 2.2 in Paper II gives a counterexample to this assertion. Theorem
2.1 in Paper II shows that R§  u is continuous on C", R§ ju € L£3(C™), and

5,0 N\ u, as 6 N0, if S is a lower set, u is a distance functlon and § > 0
is taken small enough. A continuous positive function p is called a distance
function if p(z) = 0 if and only if z = 0 and pu(tz) = |t|u(z), for all z € C™ and
t € C. It is also shown precisely how small ¢ needs to be taken.

We will allow us a slight abuse of notation by identifying a lower case vector
in C™ with a diagonal matrix denoted by the corresponding upper case letter.
So if z € C™ then Z € C™*" will denote the diagonal matrix with diagonal z.
This notation is useful since the subadditivity of the supporting function g
implies that

Hs(Zw) = Hg(z1w1, . .., 2nwy) < Hg(z) + Hg(w), z,w e C".

We don’t a have nice upper bound for Hg(z + w) unless S is a lower set.
Proposition 3.2 in Paper I gives two upper bounds, both of which behave poorly
near the coordinate hyperplanes C™ \ C*".

The infimum in R§ u is sometimes called an infimal convolution. The
second regularization operator considered in Paper II is given by the supremal
convolution

Rbu(z) = sup {u(Zw) — 6~ log([lw — Lnlloe + 1)},
weCn
where 1,, = (1,...,1) € N" and 0 > 0. Theorem 3.2 in Paper II states that
Rbu € £5(C) if 5 < og', where o5 = ps(1,). Additionally, it is showed that

R w is continuous on C*"* and R(Su N\ % as d N\, 0. This shows that V; o 18 lower
semicontinuous on C*".
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Lastly, two related integral operators are defined by
Rgu(z) = [ u(Az)0s(4) dr()

Rdu(z) = log R§e"(2) = log / A hs(A) dA(A), zeCm

n

where 1 is a smooth function on C" with compact support, is rotationally
symmetric in each variable, and [ dX = 1, and ¢5(z) = 62" ((z — 1,,) /).
Theorems 4.1 and 4.3 in Paper II tell us that R§u, R¢u € £5(C"), R§u and R¢u
are both smooth on C*", and R§u N\, u and Ru \, u as § \, 0.

Siciak [44] proved a formula for Vi when K can be written as a cartesian product.
He showed that, for non-pluripolar compact K1 C C™ and Ko C C"2,

VK1><K2 (21, ZQ) = max{VKl (Zl), VK2 (22)}, Z1 € Cnl,ZQ e C,

This formula is called Siciak’s product formula. Bos and Levenberg [14] proved
a related formula. They showed that if S is a lower set, Ki,..., K, C C are
compact and non-polar, and K = K; x --- x K, then

Vlg(z) =ps(Vk,(z1),-.., VK, (2s)), z€C™ (4.1)

Levenberg and Perera [29], and then Dieu and Long [34], attempted to generalize
this for S which are not lower sets. However, these results are false. The purpose
of Paper III is to point out these errors and find a correct generalization. There
it is shown that equation (4.1) can only hold if S is a lower set. The main result
of Paper III is that if

e Si,...,S¢ are compact convex subsets of R}, ... R, respectively, all

containing 0,
e Ki,..., K, are compact subsets of C™, ..., C™, respectively,

o n=ny+ - +ny,

TC Rﬁ is compact convex, and

S C R% given by
S=J@181) x - x (25),

xzeT

then S is compact convex, contains 0, and
VE(z) = @T(Vl‘gll(zl), ce Vlgf(z[)), z=(21,...,%20),%; € C".

We refer to this equation as the generalized product formula. In the case where
¢ = n then S is the lower hull of T, and this formula reduces to a slight
generalization of (4.1). By setting T = ch{(0,1),(1,0)} we get a generalization
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log | 2o

0 log |21+ a

1 e @

The zones correspond to the values taken by V(z1,22) = max{log"’ |z;| +
a,log’ |z2|}, with a < 0. The picture is drawn in the coordinates |z1| and
|22|, where the x-axis and y-axzis correspond to |z1| and |zs|, respectively. Note
that generally log™ 21| + a # log™ |e®2z1], but since log™ |23| > 0, we have that
V (21, 22) = max{log™ |e®z],log™ |2|}.

of Siciak’s original formula. In this case S = ch{(S; x {0}"2) U ({0} x S3)},
and o7 (&1,&2) = max{&1, &}, and thus

Vg(z) = maX{Vigll (zl),ng (22)}, z=(z1,22) € C™" x C™.

This formula appears in [34] with the assumption that S; and Ss are convex
bodies. Their proof, however, only works if S; and S; contain a neighborhood
of 0.

A natural next step is to add weights to the generalized product formula.
However, this can not be done. In Proposition 4.2 in Paper III it is shown that

V(z)=@r(Vi, (21), ..., Vil (), z€C™,

may fail to be maximal outside of K7 x --- x Kj, which is a necessary condition
for Vg) o> for all admissible weights ¢g. The maximality of Vfg’ 4 outside of K
follows from Theorem 6.1 in Paper I and [26, Corollary 3.7.6].

Proposition 4.2 in Paper III serves as a general counterexample. A simpler,
more specific, counterexample can also be given. Let n =0 =2, §1 = Sy =X,

T = ch{(1,0),(0,1)}, K1 = K5 =D, g2 =0, and ¢ = a < 0. By Example 5.1.1
in Klimek [26] we have that
V (21, 22) = max{log" |z1| + a,log™ |2}
= max{log™ |2 |,log™ |z|}

a
:Vﬁz(e 21,2’2)7 21,22 GC,

since Vig,qua = Vfgq +a for all K C C™, weights g on K, and a € R. By Theorem
5.3.1 in [26] we have that Vi (e®21, 22) = V5(21, 22), where D = (e7*D) x D. So
the support of (ddV)", given by supp(ddV )™ = (e~T) x T, intersects C? \ﬁ2.
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5 A generalized Bernstein-Walsh-Siciak theorem

When generalizing the Bernstein-Walsh-Siciak theorem to the weighted setting
we must reconsider how the approximations are evaluated. In the classical setting
we consider uniform approximations of f by a polynomial p of degree < m, so
the error is quantified using the supremum norm ||f — p||x. In our weighted
approximations, we will use a weighted supremum norm, that is || (f —p)e™ ™9 k,
where ¢: K — RU {400} is our weight on K. To this end we define

g qm(f) = mf{[|(f = p)e” ™|k ; p € Pm(C")}.

A Bernstein-Walsh-Siciak theorem in this setting is novel and appears as a
corollary to the main result in Paper IV. We are also interested in polynomial
approximations using polynomials in P°(C"), for compact convex S C R7
containing 0, so we define

g (F) = WE{(f = p)e™™ || i s p € P (C™)}.

In this setting Bos and Levenberg [14] proved a Bernstein-Walsh-Siciak theorem
when S is a lower set and g = 0.

Before stating the main result of Paper IV we should recall that the I'-hull
of S, where I is a cone in (R™\ R™) U {0}, is given by

Sr = {z € R} ; (2,€) < ps(€), for all € € T},

and satisfies §p2 C §p1 if I'y € T's. More basic properties of these hulls are
found in Proposition 5.6 in Paper I. The main result of Paper IV is split into
two theorems.

Theorem 5.1. Let S C R} be a compact convex set that contains 0, q be an
admissible weight on a compact K C C", such that VI?,T] < q, and for everyr >0

define X, = {z € C™; Vf?’q(z) <logr}. Let f: K — C be bounded, assume that
L={:€K; lim A g ()™ =0} £ @

and that, for some R >0, K C Xg, and

T d, ()" <

m—»00 K.qm R
Then the following hold:

(i) For every v > 0, such that K C Xg_, the function f|; extends to a
holomorphic function F,, € O(Xg_).

(ii) If X is an open component of Xr and Lx = LN X is non-pluripolar, then
flLx extends to a unique holomorphic function on X.

(iii) If ¢ <log R then L = K and, consequently, there exists F € O(Xg) such
that Flg = f.
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The set L denotes where we may assume our polynomial approximation
tends to f, pointwise. Points (i)-(iii) illustrate how a larger L gives us stronger
results.

Theorem 5.2. Let S C R be a compact convex set that contains 0, such
that S = SNQ", q an admissible weight on a compact subset K of C", and
R > 0. Assume that Vfgq is continuous, Xpr is bounded, and K C Xg. Let
dp, = d(mS,N" \ mS) be the euclidean distance between mS and N™\ mS. If

f € O(XRg) then

— 3 1
i dylr (Y™ < =

m—o00 a4 - R’

where Ty, = {£ € R™; (1,€) > —%dm|£|}.

The proof of Theorem 5.1 is essentially the same as in the classical setting.
To prove Theorem 5.2 the approach described at the end of Section 3 is adapted.
The biggest hurdle is analyzing what type of polynomials are constructed. This
is where the I',,-hulls come in. With the weight ,, chosen in the proof, these
hulls can not be omitted. See Example 7.4 in Paper I.

When S is a lower set, we have SM = S, by Theorem 5.8 in Paper I. So
S C gpm C §R1 =S5, and hence §[‘m = S, since R} C I';,,. This gives us our
first corollary.

Corollary 5.3. Let S be a lower set, ¢ be an admissible weight on a compact
subset K of C™, such that Vfgq is continuous, and K C Xg, for some R > 0. If
f € O(Xg) then

— 1

: S 1/m
n}gnoo dK,q,m(f) / < E
When g = 0 we have that K C Xp if and only if R > 1. So, setting ¢ =0

yields the main result of Bos and Levenberg [14, Theorem 3.1].

Corollary 5.4. Let S be a lower set, K be a compact subset of C", such that
V2 is continuous, and R > 1. Then f € O(Xg) if and only if

— 1
: S 1/m < =
Am di (f)7 < 5

Our final corollary is a weighted version of the classical Bernstein-Walsh-
Siciak theorem. It is obtained by setting S = ¥, in Corollary 5.3.

Corollary 5.5. Let g be an admissible weight on a compact K C C", such that
Vi g s continuous, and assume K C Xg, for some R > 0. If f € O(XRg) then

— 1
m dggm(f)Y™ < =
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Polynomials with exponents in compact convex
sets and associated weighted extremal functions -

Fundamental results

Benedikt Steinar Magntsson, Alfheidur Edda Sigurdardoéttir,
Ragnar Sigurdsson and Bergur Snorrason

Abstract

This paper is a collection of fundamental results for the study of poly-
nomial rings P°(C"™) where the m-th degree polynomials have exponents
restricted to mS, where S C R%} is compact, convex and 0 € S. We
study the relationship between P°(C") and the class £%(C™) of global
plurisubharmonic functions where the growth is determined by the loga-
rithmic supporting function of S. We present properties of their respective
weighted extremal functions @f(,q and Vﬁ,q in connection with properties
of S. Our ambition is to give detailed proofs with minimal assumptions
of all results, thus creating a self contained exposition.

1 Introduction

Approximation theory deals with problems of determining whether a given func-
tion in some prescribed function space can be approximated by functions in a
certain subspace. The theorems of Runge and Mergelyan are prototypes of re-
sults from approximation theory. The Runge theorem states that every function
f holomorphic in some neighborhood of a simply connected compact subset K
of C can be approximated in the uniform norm || - ||x on K by polynomials and
the Mergelyan theorem states that it is enough to assume that f is continuous
on K and holomorphic in the interior of K.

Quantitative approximation theory deals with problems of relating proper-
ties of the given function f to the error in approximation which is usually mea-
sured as the distance from f to a certain finite dimensional subspaces of the ap-
proximating subspace. The Bernstein-Walsh theorem is a prototype of a result
from quantitative approximation theory. It states that a holomorphic function f
defined in some neighborhood of a compact simply connected subset K C C ex-
tends as a holomorphic function to the sublevel set {2z € C; go\x (2, 00) < log R}
if and only if limy,—, oo di (f, K)V/™ < 1/R, where R > 1, g\ (+,00) is the
Green function of C\ K with logarithmic pole at oo, d,,(f, K) is the distance
from f to the space P,,(C) of all polynomials of degree < m with respect to the
uniform norm on K, and it is assumed that the domain C\ K is regular for the
Dirichlet problem in the sense that ge\ g (-, 00) vanishes at the boundary of K.
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The Runge theorem is generalized to several variables where simple connect-
edness of K generalizes as polynomial convexity. This generalization is usually
called the Oka-Weil theorem. There only exist fragmentary, but interesting,
results generalizing the Mergelyan theorem to several complex variables. See
Levenberg [20].

The origin of the subject of the present paper is the generalization by Siciak
[30] of the Bernstein-Walsh theorem. There he introduced the extremal function
Py = limy,—y00 Pi,m, where @x ,, = sup{|p|*/™; p € Pp(C"), Ipllx < 1} and
Pm(C™) is the space of all polynomials of degree < m. In his work log @k
plays the role of gc\ i (-, 00) and the regularity condition at 0K is that ®7(z) =
lim¢,, @ (¢) < 1 for every z € K. Siciak’s paper is a seminal work on the
understanding of the interrelation between quantitative approximation theory
in several complex variables and pluripotential theory. He studied this subject
further in many of his works, for example [31, 32, 33, 34]. See also Bloom’s
Appendix B in the monograph by Saff and Totik [28].

We will systematically work with subspaces of the polynomial space P(C")
in n variables. For every non-empty bounded subset S of R} we let PI(CM)
denote the space of all polynomials p which can be written on the form p(z) =
2 ac(ms)nnn Gaz®; z € C", and let PI(C") = UpmenPs(C"). The standard
simplex ¥ = ch{0,ey,...,e,}, where ch A denotes the convex hull of a set A
and (e1,...,e,) is the standard basis in R"™, yields the standard grading of
polynomials of degree < m, that is P2 (C") = P,,(C"). If S is a compact
convex set in R” with 0 € S then the space P*(C™) forms a polynomial ring
where the degree of a polynomial p is the minimal m € N such that p € P23 (C?).

The polynomial spaces P55 (C") appear in Shiffman-Zelditch [29] with S as
an integral polytope and later in Bayraktar [4] as sparse polynomials. These
polynomial classes and their relation to pluripotential theory have been studied
by Bloom, Levenberg and their collaborators [1, 2, 3, 4, 5, 6, 7, 8, 10, 11, 12,
13, 21, 25]. Unfortunately, in some of these papers there are false results stated
that we have not seen corrected. We point them out and correct them as far as
we can.

In Section 2 we define the Siciak function with respect to S, E, and ¢ for ev-
ery function ¢: E — RU{+00} on a subset E of C" by ‘I’%,q = lim,;, 00 @%7(“%,
where

B3 qm = sup{lp|"/™: p € PR(C"), [pe 5 < 1}, m N,

We drop S in the superscript if S = ¥ and ¢ in the subscript if ¢ = 0. The
grading of the polynomial classes P2 (C") implies that for every z € C" the se-
quence (—log (2%, ,,(2))" Jmen- is subadditive and a lemma by Fekete implies
that

s . s s
Phq = 0 Phgm = SUP PL g m,

without any restriction on S or ¢. This was first proved by Siciak [30, Theorem
6.1] for S = X. For the reader’s convenience we prove the Fekete Lemma 2.3,
because ingredients from the proof are needed in the proof of Proposition 2.2,
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where it is shown that the convergence is uniform on a compact subset X, if ¢ is
bounded below on F and @%) 4 1s continuous on X. This statement on uniform
convergence appears in many arguments in pluripotential theory. See for exam-
ple Bloom and Shiffman [12, Lemma 3.2], Bayraktar [1, 4, Theorem 2.10], and
Bayraktar, Hussung, Levenberg, and Perera [8, Theorem 1.1]. The statements
on uniform convergence in these papers all follow directly from Proposition 2.2
only with the conditions that S is compact and convex with 0 € S and gq is
bounded below.

In Section 3 we introduce the logarithmic supporting function Hg of S and
the Lelong class with respect to S. The function Hg is defined on C*" as the
supporting function ¢g of S, ¢g(&) = sup,cg(s,€), & € R™, in logarithmic
coordinates extended to C™\ C*" as an upper semicontinuous function and the
Lelong class £°(C™) with respect to S is defined as the set of all u € PSH(C")
satisfying u < ¢, + Hg, where ¢, is a constant only depending on u and PSH(X)
denotes the set of plurisubharmonic functions on an open set X C C". We have
Hs(2) = log™ ||2||oe, which implies that £¥(C") is equal to the Lelong class
L(C").

What values Hg takes at points on the coordinate hyperplanes C™ \ C*"
is opaque from its definition itself, but Proposition 3.3 provides an explicit
formula. Additionally, this formula shows that the zero set N'(Hg) of Hs may
very well be unbounded. We prove in Proposition 3.4 that Hg extends from
C*™ as a continuous plurisubharmonic function on C”.

The usual grading of the polynomials can be characterized by growth, and so
is also the case for PS(C"). It is clear that if p € P35 (C") then |p| < Cpefls for
some constant C;, > 0. In Theorem 3.6 we prove a Liouville type theorem which
states that if f € O(C") satisfies a growth estimate |f(2)] < C(1 + |z|)%e™Hs(2)
for some C' > 0 and some a > 0 strictly less than the distance from m.S to
N"\ mS in L'-norm, then f € P35 (C").

In Section 4 we define the Siciak-Zakharyuta function
Vg’q(z) = sup{u(z); u € L5(C"), ulp < ¢}, zeC",

with respect to S and any ¢: E — R U {+0c0} on a subset E of C". We drop
S in the superscript if S = ¥ and ¢ in the subscript if ¢ = 0. By Klimek
[19, Example 5.1.1], we have Vi (z) = log™ (||z — a||/r) for any norm || - || and
K ={z¢€ C";||z—al <7}, r >0, the closed ball in || - || with center a
and radius r. These classical examples can not be generalized for Vg for the
simple reason that the Lelong class £%(C") with respect to S does not need to
be translation invariant. We prove in Proposition 4.3 that VES = Hg for any
subset £ of C™ such that T* C F C N(Hg), where T denotes the unit circle
in C and N (Hg) the zero set of Hg. This is a generalization of Bayraktar [4,
Example 2.3].

We introduce admissible weights in Definition 4.4, where we follow Bloom
[28, Appendix B], with the natural generalization for the Lelong classes with
respect to S given in Bayraktar, Bloom, and Levenberg [6]. In Proposition 4.5
we prove that for every compact convex S C R% with 0 € S and admissible
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weight ¢ on a closed subset F the upper regularization Vg”; of Vg’ g 1sin E:?_ (cm),
the set of u € £L%(C") such that Hg — ¢, < u for some constant c,.

It is a fundamental problem to characterize those S and admissible weights ¢
for which Vg, q = log @%7 - The classical Siciak-Zakharyuta theorem states that
Vi = log @, for every compact subset K of C", see [19, Theorem 5.1.7]. It was
first proved by Zakharyuta [38] and generalized to Vi ; = log @ 4 for continu-
ous ¢ on a compact K by Siciak [31, Theorem 4.12]. Magnusson, Sigurdardottir,
and Sigurdsson [22] prove that for every compact and convex S C R with 0 € S
and every admissible weight ¢ on a closed £ C C™, the equation Vg, q = log @%7 q
holds on C*" if and only if SN Q" is dense in S. In the case when VESH is lower
semicontinuous equality holds on C". In Proposition 4.7 we show that if SNQ"
is not dense in S, then ngq # log @%A for any admissible weight ¢ on a closed
set F C C™. Magnusson, Sigurdsson, and Snorrason [23] prove a generalization
of the Bernstein-Walsh-Siciak theorem to the weighted setting with approxima-
tion by polynomials from the polynomial ring P°(C").

In Section 5 we study regularity of ngq. We introduce a regularization
operator Rs that preserves the class £°(C") and has the property that Rsu €
C>®(C*™)N L3 (C™) for every u € L9(C™) and Rsu \, u as § N\, 0. This property
enables us to prove in Proposition 5.4 that V}?,q is lower semicontinuous on
C*™ for every S and every admissible weight ¢ on a compact set K. It is
crucial to know if the upper regularization Vg:; of V}S: o satisfies ng < g on
K, for then Vi5* = V3 and V  is continuous at every point where it is lower
semicontinuous.

It is a natural question to ask under which conditions on S the class £5(C™)
is preserved under the standard method for regularization of plurisubharmonic
functions, that is convolution u — wu * ¢, where ¢ € C5°(C") with ¢ > 0,
and ftc" td\ = 1. In Theorem 5.8 we prove that £%(C") is preserved under
convolution if and only if S is a lower set, which says that the cube Cy =
[0,81] x -+ x [0, sp] is contained in S for every s € S. This is a complete answer
to a question raised by Bayraktar, Hussung, Levenberg, and Perera [8, Section
2].

In Section 6 we consider an equilibrium measure ugq = (ddCVg:;)n for
Vg:;. We prove in Theorem 6.1 that its support is located where ng; > q and
in Theorem 6.2 we prove that its total mass is u2, ,(C") = (27)"n! vol(S) where
vol denotes the euclidean volume. See also Bayraktar [4, Proposition 2.7] and
Rashkovskii [26, Section 3].

In Section 7 we return to the problem of characterizing the classes P35 (C") by
growth properties we started in Theorem 3.6. Our main result, Theorem 7.2, is
that every entire function f in the weighted L?-space L?(C™,)) consisting of all
measurable functions which are square integrable with respect to the Lebesgue
measure A on C" with weight e% and ¢ = 2mHg+a log(l—i—\ |) is a polynomial
in PSF (C™), where S is the T-hull of S defined by Sp = {z € R% 5 (x, &) <

vs(€),VE € T'} for a certain cone I' C R™. Bayraktar, Hussung, Levenberg, and
Perera [8, Proposition 4.3]. claim that f € P35 (C") for any polytope S and
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a sufficiently small. Example 7.4 shows that their claim is false even if S is a
polytope containing a neighborhood of 0 in R”. The Siciak-Zakharyuta type
theorem [8, Theorem 1.1] does not have a sound proof as it is based on their
Proposition 4.3. As far as we can see the proof is only valid if S is a lower set.

In Section 8 we continue the discussion in Perera [25] and show that for any
polynomial map f: C* — C¢ and any compact convex 0 € S C C”, there is a
canonical minimal choice of S’ such that f*: P35 (C") — PS5 (C) is well-defined
for all m € N and f*: £5(C") — £5(CY) is well-defined. In the case when
¢ = n we show when such pullbacks are bijective.

Snorrason [36] generalized the Siciak product formula, Siciak [30, 31] and
Klimek [19, Theorem 5.1.8]. He shows in Corollary 1.3, that the generalization
of Bos and Levenberg [13] of Siciak’s product formula only holds for lower sets.
This shows that neither Levenberg and Perera [21, Proposition 1.3] and Nguyen
Quang Dieu and Tang Van Long [24, Theorem 1.3] hold. The error in both the
papers is the same, the authors implicitly assume that ¢g(£) = ¢g(£T) holds
for every £ € R", where £T = max{0, £}, but in Theorem 5.8 we prove that this
identity holds if and only if S is a lower set. In [36, Section 5| Snorrason shows
that the sublevel sets of V2 are not convex in general. This contradicts Nguyen
Quang Dieu and Tang Van Long [24, Theorem 1.2], where they claim that for
every convex body S and every compact convex K C C" the sublevel sets of
Vﬁ are convex. All these mistakes showed us the importance of a careful study
of the values of Hg near points on the union of the coordinate hyperplanes as
we have done in Propositions 3.3 and 3.4.
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2 Weighted polynomial classes and Siciak func-
tions

Let S be a bounded subset of R} = {# € R";2; > Oforall j = 1,...,n}.
For every m € N we associate to S the space P2 (C") of all polynomials in n
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complex variables of the form

p(z) = Z agz®, zeC", (2.1)

ae(mS)NN"

with the standard multi-index notation and let P°(C") = Uy,enPs (C"). If S
is the standard simplex ¥ = ch{0, ey, ...,e,}, then the space P> (C") consists
of all polynomials of degree < m, which we denote by P,,,(C™). We let P(C") =
UmenPm (C™) denote the space of all polynomials in n complex variables.

Assume now that S is a compact convex subset of R with 0 € S. If o € jS
and 5 € kS for some j,k € N* say a = ja and f = kb with a,b € S, then
convexity of S gives a + 8 = (j + k)((1 — A)a + Ab) € (j + k)S, where X =
k/(j + k) € [0,1]. Thus, 2%2° € Pf+k(((3") and by taking linear combinations
of products of monomials we get

P (CMPE(C") C PFyi(Ch). (2.2)

This tells us that P¥(C") is a subring of P(C"). For every p € P%(C") we
define the S-degree deg®(p) of p as the infimum over m for which p € P5 (C").
We have

deg® (p1 + p2) < max{deg” (p1),deg” (p2)}, (2.3)
deg®(p1p2) < deg®(p1) + deg® (p2). (2.4)

Equality does not hold in general in either of these inequalities.

Definition 2.1. Let S C R’ be a compact convex set, 0 € S, and ¢q: E —
R U {400} be a function on E C C". For m € N* = {1,2,3,...} the m-th
Siciak extremal function with respect to S, E, and q is defined by

OF gm(2) = sup{|p(2)["/™; p € PL(C"), pe ™|l <1}, z€C,
the Siciak extremal function with respect to S, E, and q is defined by

s T &9
dp ,(2) = n}gnoo Qg m(2), z€C™
We drop S in the superscripts if S = 3 and ¢ in the subscripts if ¢ = 0. Note
that the family {p € P35 (C");|lpe"™4||g < 1} is never empty since it always
contains the zero polynomial. Furthermore, we define (ID%’ g0 =1

Observe that our definition of @%, q.m deviates from the original definition

of Siciak [30], which is (@%qum)m in our notation. We have that ®%, , ®%
are lower semicontinuous on C" for m = 1,2,3,..., for all these functions are
suprema, of continuous functions.

If ¢ is bounded below, say by the real number ¢g, then the constant polyno-
mial p(z) = €™ is in PJ(C") and ||pe~"9||p = |[e"™@~%) |z < 1. Hence, it
follows that @%%m(z) > e for every z € C™ and m € N*.
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Proposition 2.2. Let S C R} be a compact convex set with 0 € S, E C C",
and ¢: E — RU {400} be a function. Then for j,k =1,2,3,...

(@5 ,,(2)) (8%, 1 (2)F < (@5 00(2)) T, zeCr, (2.5)
and
@%_’q(z) :nlgnoo@Eqm(z) —7snu>p1 @Eqm(z) z e C". (2.6)

If q is bounded below and fI’E ¢ 18 continuous on some compact subset X of C",
then the convergence is umform on X.

We need ingredients from the proof from Tsuji [37, Lemma after Theorem
ITI1.25 on page 73|:

Lemma 2.3. (Fekete lemma) Let (ay,)men+ be a subadditive real sequence,
that is aj1r < aj +ay for j,k=1,2,3,.... Then lim a,,/m = ir;f1 /M.
m— o0 m>

Proof. Denote the infimum of a,,/m by a and take g € R such that —co < a <
B. Then there exists j € N* such that a;/j < 8. Every m > j can be written
as m = sj + r for some s,7 € N with s > 1 and 0 < r < j. By assumption, we
have a,, < as; + ar < sa; + ar, SO

A sa; + ar maXye<; g

- < - B(l—r/m)—FT, (2.7)

which implies lim a,,/m < . Since j3 is arbitrary we have
m—ro0

hm am /M < 1nf am/m< lim ay,,/m.
m— m—00

Hence, the limit (possibly —o00) exists and the equality holds. O

Proof of Proposition 2.2. Take p; € P7(C") with [[pje™7|p < 1 and p;, €
PZ(C™) with [|pre ™ ||z < 1. Then |pjpre” U+ < 1 and (2.2) implies
DD € ’PJJF,C(C"). Hence, |p;(2)px(2)] < (@%qj+k( ))]+k. By taking supre-
mum over p; and pg (2.5) follows. By (2.5) the sequence defined by a,, =
—log (@% am(Z ))m is subadditive for every z, so (2.6) follows from Lemma 2.3.

Assume now that ¢ > ¢g for some ¢y € R and that <I>S . 1s continuous
> e?. Since
‘IJ%' g = SUD;,>1 o3 %.q.m- it follows by a simple compactness argument that it is
sufficient to show that for every zg € X and every € > 0 there exists § > 0 and
k € N* both depending on zy and € such that

on X. By the discussion after Definition 2.1 we have ®3 am

@%’q( ) — <I)S7q’ (2) <e, z€B(z,0)NX, m>k. (2.8)
Let ¢ = supy @%’q and choose v > 0 such that ¢(1 —e™?) < 1ec and j € N~

so large that ®%, (z0) — @

1 . S . .
7.,j(%0) < z¢. Since ®3  is continuous on X and
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CI)%’ . 1S lower semicontinuous on C", there exists § > 0 such that for all z €

B(z9,0) N X we have
@%g(z) - @%’q(zo) < ie and @%ﬁq’j(zo) <I>Eq]( z) < 1e.
The three estimates imply
@%’q(z) - @%,q’j(z) <3e, z2€B(2,0)NX, (2.9)
and (2.8) follows from (2.9) if we can prove that there exists k& > j such that
@%’q(z) - @%’q’m(z) < @%,q(z) - @%,q’j(z) +3e, z€X, m>k  (2.10)

For every z € C" the sequence a,, = — log (@% 0 m(Z ))m is subadditive. By
(2.7) we have for every m > j written as m = sj +r with s € N* and r € N
with 0 <7 < j that

—sjlog ® log &3
—log(b%qm(z)g 8.] og Eq]( ) rlog E.,q,r ( )’ ZE(C”.
s m

We have sj/m = 1 —r/m, logéqu(z) > —logc for every z € X, and
log CID%,(N(Z) > qo for every z € C™, s

_TlogéEq]( )+r10g®Eqr( )
m

10g ®E qs m( ) > IOg q)%,q,j(z) +

1 1 q0
>log<I>qu() %, z € X.

chhoose k > j so large that jlog(c/e®)/k < ~. Then ®%, am(2) > i gi(z)e
an

B3 (2) = BF 40 (2) S OF ,(2) = 5 (2) + @F () (1 —e7)

for every z € X and m > k. Since @%7[1’]-(2) < cforevery z € X and ¢(1—e™7) <
1€ the estimate (2.10) holds. O

3 The Lelong class with respect to a convex set

Let us begin by setting some notation for the sequel. We denote by H(X),
SH(X), PSH(X), O(X), LSC(X), and USC(X) the classes of harmonic and
subharmonic functions on a domain X in C, plurisubharmonic and holomor-
phic functions on a complex manifold X, and lower and upper semicontinuous
functions on a topological space X, respectively. We define the coordinate-wise
logarithm of the modulus, exponential function, and positive part, by

Log: C™ — R", Log(z) = (log|z],...,log|za]), z€C*™,
Exp: R" — RY, Exp(¢) =e® = (e1,... ), £ eR™,
TR SR, = (&, 6, & = max{§;,0), ¢€R™
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We let D denote the unit disc and T the unit circle in C. The Lelong class
L(C™) is the set of all u € PSH(C™) such that for some constant ¢, depending
on u we have

u(z) < ¢y +log" ||2]|ee, 2z € C™.
ik

It is clear that log lloo can be replaced by log™ || - || or log(1 + || - ||) for any

norm || - || on C™.

Definition 3.1. For every compact subset of R} with 0 € S we define the
supporting function of S as

p(z) =sup(s,z), =z €R™,
ses

and the logarithmic supporting function of S as the function Hg: C" — R4
defined on C*™ by

Hs(2) = (ps o Log)(z) = max (silog|zi| 4+ -+ + splog|z,]), ze€C™,

and extended to C™ \ C*" by
Hs(z) = lim Hg(w), z€C"\C".

C*now—z
The real number og = ¢g(1), where 1 = (1,...,1) € R", is called the logarith-
mic type of Hg.

Since pg is positively homogeneous of degree 1 and convex, that is pg(t§) =
tos(§) and ps(§+n) < ws(§) +ps(n) for every t € Ry and {7 € R, we have

Hs() = HHs(al, ... |zl AeRY, zeC, (3.)
Hs(ziwy, ..., zpwy) < Hg(z) + Hg(w), z,w € C™. (3.2)
Observe that ps(—1) = 0 and
Hs(\z) < Hg(2) + oslogt [\, z€C™, AeC*. (3.3)
If we write z = ||z]|cow with ||w]lec = 1, then this formula implies Hg/og €
L(C"),
Hs(z) < oslog’ ||2]|le, 2€C™. (3.4)

Directly from the definition we see that Hg € PSH(C*) N C(C*™). Since
C™\C*" is pluripolar and Hg is locally bounded above we have Hg € PSH(C"™).

Proposition 3.2. Let S C R} be compact conver and with 0 € S. Then for
every z € C* and w € C™ we have

H(z +w) < H(2) + ps(unl/z1), ., lwal /2,
and in particular, for every w € D" and § €]0, 1] we have

Hs(1 + dw) < dog.
Furthermore,

Hs (2 +w) < Hs(2) + @s(log” (Jwil/|z1]), ... log™ (lwal/|znl)) + o5 log 2.
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Proof. By plurisubharmonicity of Hg and convexity of the functions given by
w = ps(lwi/]z1], ..., |wn|/|2zn|) we may assume that w, z +w € C*™. For some
t € S we have

Hgs(z +w) = log(|z1 +w1|™ -+ |2, + wa|™)

< (t,Logz) + Y _t;log(1+ |w;l/|z)).

Jj=1

Since logl +z) <z, for x > 0 the first estimate follows. Since 1 + jw € C**
forweD", § €]0,1], and Hg(1) = 0, the second estimate follows. For the third
estimate we use the fact that log(1 + z) < log2 4+ log™  for = > 0. O

The zero set N (Hg) of Hg can be understood in terms of the zero set of ¢g
which is a cone. Since N(Hs) N C*™ = Log™ (N (ps)) and R” C N(gg), the
closed unit polydisc D" is contained in N (Hg). Furthermore, N'(Hg) is equal

to D" if and only if R;.S = R’ . We have a complete description of the values
of Hg at every point in C™ \ C*, the union of the coordinate hyperplanes.

Proposition 3.3. Let S be a compact convexr subset of R with 0 € S. For
every a # 0 in some coordinate hyperplane we have

Hs(a) = Hs, (aj,, ..., aj,),

where J C {1,...,n} consists of the indices j1 < --- < j¢ of the non-zero
coordinates aj,,...,aj, of a and Sy C R’ consists of all t € R such that if
s € RY is defined by s;, =ty for jr € J and s; =0 for j & J, then s € S.

Proof. After renumbering the variables we may assume that J = {1,...,¢} and
agy1 =+ = a, = 0. We write z = (2/,2") € C", where 2’ € C’ and 2" € C"~*.
Then a’ € C*, so Hg, is continuous at a’ and we have

Hg,(d')= lim Hg,(w')= _lim  sup (t,Logw’)
P C*an/_)a/ “ C*m,gw/%a/ teSJ
= lim sup (s, (Logw’,0,...,0))

Cmow'=a’ 5—(¢,0)es

< lim sup(s,Logw) = Hs(a).
C*"ow—a g8
To prove the converse inequality we take C*" 3> w; = (wj1,...,W;n) — a
such that lim; .o, Hg(w;) = Hg(a). There exists s; € S such that Hg(w;) =
(sj,Logw;) for every j. Since Hg > 0 and log|w; | — —oo as j — oo for
k=4£+1,...,n, it follows that s;, — 0as j = oo for k =¢+1,...,n. By
compactness of S there exists a subsequence s;, converging to (t,0) € S. We
have t € S; and conclude that

HS(a) = kli_?;o Hs(wjk) = leH;o <5jk’LOg w]k> = <t,LOg a,> < HSJ (a/)'
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With a proof similar to Rashkovskii [27, Proposition 2.2], we are able to
show that Hg € C(C™):

Proposition 3.4. Let S be a compact convexr subset of R with 0 € S. Then
Hg is plurisubharmonic and continuous on C™.

Proof. Let 0 # a € C*\ C*. Since Hg € PSH(C™) N C(C*™), it suffices to
prove that Hg is lower semicontinuous at a. After renumbering the variables
we may assume agy; = - = an = 0 and a; # 0 for j < £. We also write
z = (¢,2") € C", where 2/ € C® and 2" € C" ‘. Let z; € C" be such
that z; — a. Since Hg is rotationally invariant in each variable it takes the
constant value Hg(z;) on the distinguished boundary of the n — ¢ dimensional
polydisc {(z,¢") s [¢}/| < |2} ],k =1,...,n — £}, so by the maximum principle
Hg(2},0) < Hg(z;). By Proposition 3.3 we have that Hg(2},0) = Hg,(2}), for
J=A{1,...,£}. By the continuity of Hg, at a’ we have

lim Hs(z;) > lim Hs(z},0) = lim Hg,(zj) = Hg,(a’) = Hs(a).

Jj—roo j—o0 j—o0
This proves the lower semicontinuity of Hg at a. O

Definition 3.5. For every compact convex subset S of R"} with 0 € S we define
the S-Lelong class £7(C™) as the set of all u € PSH(C") such that

U(Z) <cyut HS(Z)v z e (Cna

for some constant ¢, depending on u, and define Ei((C”) as the subclass of
functions u, that have the same asymptotic behavior at infinity as the function
Hg, that is

—cy + Hs(2) <u(z) <ec,+ Hg(z), zeCm (3.5)

The Liouville theorem tells us that an entire function f € O(C™) which
satisfies a growth estimate |f(z)] < C(1+ |z])**™, z € C", for some m € N and
a € [0, 1], is a polynomial of degree < m, that is f € P,,(C"). The following is
a Liouville type theorem for the polynomial classes Pz (C"):

Theorem 3.6. Let d,,, denote the distance between mS and N™ \ mS in the
L'-norm. Then for every f € O(C™) the following are equivalent:

(i) fePn(C).

(i) log|f[*/™ e L£5(C™).
(iii) there exists a € [0,dp,[ such that |fle=mHs—alos" Il ¢ Loo(Cm).
(iv) there exists a € [0,d,[ and a constant C > 0 such that

£ < CU+[e)emis), 2 e,
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Proof. (i)=(ii): If @ € mS, then |2¢| < e™Hs(2) g0 for f € P (CM), f(z) =

2 ae(ms)nnn Gaz”, we have log |£(2)[/™ < ¢p/m+Hg(2) with ¢y = log 2 ae(ms)nnn |aal:
(ii)=(iii): We have |f|e-mHs—aloa" Il < | fle=mHs ¢ [2°(C™).

(iii)=-(i): Observe first that mes (&) +alléT oo = Pmstax(€) for every € € R™.

Let f(2) = > ,cnn @a2® be the power series expansion of f at 0. We need

to show that a, = 0 for all @« € N*\ mS. Since a < d,, we have (mS +

a¥) NN" = (mS) NN", so a € N*\ (mS + aX). Hence, there exists £ € R"

such that (o, &) > pmstan(§). We let C; denote the polycircle with center

0 and polyradius (e*é!,...,e'") and observe that by the Cauchy formula for
derivatives we have

o — 1 () d¢y---dGy,
C@m) Jo, ¢ Gla

For ¢ = (et&1t01 . et&ntifn) on C; we have

IF(OI/1¢Y] < Ot —pmstax(€))

, S0 the right hand side tends to 0 as t — +00, and we conclude that a, = 0.

(iii)<(iv): Follows from the equivalence of the euclidean norm |-| and ||+||cc. O

Recall, from Klimek [19, p. 87], that a real valued v € PSH(X) on an open
subset X of C" is said to be mazimal, if for every relatively compact open subset

G of X and every v € USC(G)N'PSH(G) satistying v < u on dG we have v < u
on G. For the reader’s convenience we prove the following well known result.

Lemma 3.7. Let X be an open subset of C* and u € PSH(X) be real valued.
Assume that for every relatively compact open subset G of X there exists a
family (g.).cc of holomorphic maps g,: D, — C™ defined on open subsets D,
of C, such that K, = g;(G) is compact, z = g.(1.) for some 7, € K., and
u 0 g, s harmonic on D,. Then u is maximal on X.

Proof. By Klimek [19, Proposition 3.1.1], we may take v € PSH(X) in the
definition of maximality. We assume that v < u on G and need to prove
that v(z) < u(z) for every 2 € G. The set K, = g;1(GQ) is compact, the
function s, = vog, € SH(D,) is less than or equal to h, = uog, € H(D,)
on the boundary of K,. By the maximum principle for harmonic functions

v(z) = $.(12) < hy (1) = u(2). O
For every z € C™ we define a parametric curve f,: C = C”, f, = (f.1,..., fzn)
by
—iTlog|z;|( . . . 0
fan)=1¢ GillaiD, 2 #0. ¢ (3.6)
0, Zj = 0,

We have f,(i) = z and ||f.(7)||cc = 1 for every 7 € R. If ||z]|sc > 1, then for j
with |z;| = ||z|lec We have

fLj(r) = —ie” T8 Fil(log|z)(z;/|1z]) # 0, T €C.
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Hence, f, parametrizes an open Riemann surface in C™ through the point z.
Furthermore, we have Hg(f.(7)) = Im7r Hg(z) for Imm > 0. The function
C> 71— Hg(f.(7)) is subharmonic, harmonic in the upper half plane, equal to
0 on the real axis, and takes the value Hg(z) at <. By Lemma 3.7 with f, in
the role of g, and Hg in the role of u we get:

Proposition 3.8. Let S be a compact convex subset of R} with 0 € S. Then
Hg is mazimal on C™\ ON (Hg), where N (Hg) is the zero set of Hg.

4 Weighted Siciak-Zakharyuta functions

Definition 4.1. Let S C R’} be a compact convex set, 0 € S, and ¢q: E —
R U {400} be a function on E C C". The Siciak-Zakharyuta function with
respect to S, E, and q is defined by

ng(z) =sup{u(z); u € ES((C”), ulp <gq}, ze€C".
We drop S in superscripts if S = ¥ and ¢ in subscripts if ¢ = 0.

From Theorem 3.6 it follows that log <I>S B S VE for every compact convex
S C R% and every ¢: E — RU {400} on E C C". We will need a variant of
the Phragmen—Lmdelof principle, see [18, Lemma 2.1].

Lemma 4.2. Let v be subharmonic in the upper half plane Cy = {z € C; Imz >
0} such that for some real constants C' and A we have v(z) < C + Alz| for all
ze€Cy, and C_*_giIle*)IU(Z) <0 for allx € R. Then v(z) < Almz for all z € Cy.
By Klimek [19, Example 5.1.1], we have Vi (z) = log™ (||z — al|/r) if || - || is
any norm and K = {z € C"; ||z —a| < r}, » > 0, is the closed ball in this
norm with center a and radius r. The polynomial classes P23 (C") are in general
not translation invariant, so we can not expect to have a generalization of this
example. The following is proved in special cases by Bos and Levenberg [13]:

Proposition 4.3. Let S be a compact convex subset of R} with 0 € S and let
E be a subset of C" such that T" C E C N'(Hs). Then Vg = Hg.

Proof. Since Hg € L%(C") and Hg|g = 0 we have Hg < V3, so it is sufficient to
prove that if u € £5(C") with u|g < 0 we have u(z) < Hg(z) for every z € C*"
such that Hg(z) > 0. Define f, by (3.6) and v € SH(C) by v(1) = u(f.(1)),
7 € C. Since u € L%(C") we have v(r) = u(fz( ) < ew + Hs(f2(7)) =

¢u + Im7 Hg(z), Imr > 0, and since f.(R) C D" we have v < 0 on R. Lemma
4.2 gives u(z) = v(i) < HS( ). O

Since T™ C N (Hg) for every S the maximum principle implies that D" c
N (Hg), where D denotes the unit disc in C.

Definition 4.4. Let 0 € S C R} be compact and convex and ¢: £ — RU{+o0}
be a function on £ C C™. We say that ¢ is an admissible weight with respect to
S on E if
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(i) ¢ is lower semicontinuous,
(ii) the set {z € F; q(z) < 400} is non-pluripolar, and
(iii) if F is unbounded, then  lim (Hg(z) —q(z)) = —o0.

E>z,|z|—o0
This definition is taken from Bloom [28, Appandix B: Definition 2.1]. Some
authors use the term admissible external field for ¢ rather than weight in this
situation and then they refer to e? as a weight. Observe that if ¢ is an admis-
sible weight, then E is non-pluripolar and that if E is unbounded then ¢ = 0
does not need to be an admissible weight. In the case when F is unbounded and
S is a neighborhood of 0 in R}, then ¢ = 0 can not be an admissible weight.

Proposition 4.5. Let S be a compact conver subset of R} with 0 € S and q
be an admissible weight with respect to S on a compact subset K of C™*. Then
Vi € £3(C).

Proof. The upper regularization Vg}’; of Vg’ o 18 plurisubharmonic in C" if ¢ is an
admissible weight with respect to S on E. Since Vfg ¢ S gon K, g is admissible
on K and {z € K; q(z) < +o0} C {z € C"; Vlg,q(z) < 400}, the set on the
right is non-pluripolar. By Klimek [19, Proposition 5.2.1], it follows that the
family U = {u € L5(C"); u|x < q} C 05L(C") is locally uniformly bounded
above, where og = pg(1) is the logarithmic type of Hg. Let ¢ > 0 be such that
u\ﬁn < c for all w € U. Then by Proposition 4.3, we have Vfgq < Vﬁs’n +c =
Hg + c¢. Hence, ngz € L5(C"). If ¢ = max,ex Hs(w) — min,er g(w) then
Hs —c < Vg, s0 Vi e LI (C). O

Admissible weights on unbounded closed sets yield the same Siciak and
Siciak-Zakharyuta functions as some compact subsets. Admissible weights do
not obstruct the growth of Siciak-Zakharyuta functions. See Bloom [28, Ap-
pendix B].

Proposition 4.6. Let S be a compact conver subset of R} with 0 € S and q
an admissible weight on a closed subset E of C", and set Er = ENB(0, R) for
every R > 0. Then Vﬁq = ngq and @%g = (I)%R,q for R sufficiently large.
Furthermore, ng& e £i(C).

Proof. Since Er C FE for every R > 0 we have (I)%,q < @%M and Vg’q <
VgR’q, so we need to prove the reverse inequalities. By Definition 4.4, E is
non-pluripolar and by [19, Corollary 4.7.7], a countable union of pluripolar
sets is pluripolar. It follows that Eg, is non-pluripolar for some Ry > 0 and

consequently Eg is pluripolar for every R > Ry. By Proposition 4.5, V3* €

ERr,q
L£5(C") and it follows that for some constant ¢ > 0
Vg;q(z) <c+Hg(z), zeC". (4.1)
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Condition (iii) in Definition 4.4 implies that we can choose Ry > Ry such that
q(z) —Hg(z) >¢, z€FE\Epg,. (4.2)

Now we take u € £3(C") and assume that u < g on Eg,. By (4.1) we have
u < ¢+ Hg(z) for all z € C™ and by (4.2) we have u < g on E'\ Eg,. Hence,
u < ng.

Let p € PJ,(C") for some m € N be such that |[pe=™4| g, < 1. By Theorem
3.6 we have u = log |p|*/™ € £5(C") and u < q on Er,. Again by (4.1) and
(4.2) we have u < g on E'\ Er, as well. Then ||[pe~™?||g < 1 and |p|1/m < @%7(1.
The last statement follows directly from Proposition 4.5. O

For a general compact convex S with 0 € S, let S" = SN Q" be the closure
of the set of rational points in S. Then PS5 (C") = PS'(C") for every m € N*
and consequently log @%7(1 = log @%:q < ngq < ng. Observe that S = 5" if
S is a convex body but S # S’ for example if S is a line segment in R? with
irrational slope.

Proposition 4.7. Let S C R} be compact and convexr with 0 € S. If SNQ™ is
not dense in S, then for every admissible weight q on a closed E C C™ we have
log (I)%,q % Vg’q.

Proof. Since S’ = SNQ" C S, there exists a £ € R™ with ¢g/ (§) < ps(£). By
Proposition 4.5 there exist constants ¢ and ¢’ such that

Hg(z)—c< Vﬁq and Vg:q(z) < Hg(z)+ .

For r > 0 sufficiently large, we have pg/(r) + ¢ < ¢g(rf) — ¢, so for z =
(emér, ... emn)

log @%’q(z) = log @gq(z) < Vg’/q(z) < Hg(z)+d < Hg(z)—c

concluding the proof. O

The next result regards the Siciak-Zakharyuta functions with respect to S, F
and g when we have decreasing sequences of sets S; \, S or increasing sequences
of weights ¢; " q.

Proposition 4.8. Let S, j € N and S be compact convex subsets of RY with
0€S and S; ¢S, q be an admissible weight on a compact subset K of C",
(Kj)jen be a decreasing sequence of compact sets with N; K; = K, and (g;);en
be a sequence in LSC(K;) such that q; /* q. Then:

(i) L3(C") = njenl(C").

(i) If V[gf; < q on K for some j, then V[‘?fq N Vfgq as j — oo.
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(iii) Ewvery g; is an admissible weight on K, Vf?j’qj SV, and @f(j’q]_ SO,
as j — oQ.

Proof. (i) Obviously £5(C") C N;£% (C"). Let u € N;£5% (C") and set ¢, =
supg u. Then by Proposition 4.3 we have v — ¢, < Vﬁf,f = Hsg, for every j. We
have Hg, \, Hg, so u < ¢, + Hg and u € £L5(C").

(i) We have V¢, < Vl}gfq and since V;fq* < ¢ the equation Vlf'fq* = V[ijq holds.
By Proposition 4.5 we have ngq € L% (C"). Since the sequence is decreasing

V=1lm;_, fofq* € N;L%(C") = £5(C") and V < g on K. Hence,

S . S S
Vicg = lim Vic, <V < Vigy.
(iii) Since F' = {#z € K; ¢q(z) < +o0} C F; = {z € K;; qg;(2) < +o0} for
every j and F' is non-pluripolar, the set F; in non-pluripolar and every g; is
an admissible weight on K;. Since the sequence (Vlgﬁqj) jen is increasing and

bounded above by Vf?} 4 we need to show that Vfg’ SV =limj Ve For

295"
that purpose we take u € £%(C") with u < ¢ on K and ¢ > 0. For every
2o € K there exists j. such that u(zg) — e < gj.(2). Since uv € USC(C™) and
g;. € LSC(K;) it follows that we have u(z) —e < ¢;_(2) for all z € K; NUj for
some neighborhood Uy of zg in C™. A simple compactness argument gives that
there exists an open neighborhood U of K such that v —e < ¢; on K; C U for
j > je, possibly with j. replaced by a larger number. Hence, u — e < V, and
since € is arbitrary we conclude that v < V. By taking supremum over u we
get Vig,q < V. The same argument for log|p|'/™, p € PS(C"), in the role of u

implies that ®% | < lim; . ®7 by Proposition 2.2. O

5 Regularity of Siciak-Zakharyuta functions

In this section we study regularity of the functions @%’ , and Vg’ 4 Where we
assume that S is a convex subset of R’} with 0 € S and that ¢: £ — RU{+4o00} is
a function on a subset & of C". Since the Siciak function @%7 o 1s the supremum
of a subclass of C(C™) we have @%)q € LSC(C™). If g is an admissible weight
on a closed set F, then by Proposition 4.6 we have Vg”g € Ei((C").

If VES,Z < g on FE then ngq = VES,Z and we conclude that Vg,q is continuous
at every point where it is lower semicontinuous. In this section we prove that
VESH € LSC(C*™) for every admissible weight on a compact set K. For that
purpose we need to discuss regularization of plurisubharmonic functions, but
we begin with local L-regularity of sets.

Definition 5.1. A subset E of C" is said to be L-regular at a point a € E
if Vg is continuous at a and FE is said to be locally L-reqular at a if ENU is
L-regular at a for every open neighborhood U of a. We say that E is (locally)
L-reqular if E is (locally) L-regular at every a € E.
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The function Vg is continuous at every interior point of £. Moreover, Vg is
continuous at a € E if and only if V}(a) = 0. Thus, it is sufficient to check the
condition for local L-regularity at boundary points only.

Lemma 5.2. Let E be a closed subset of C*, a € E and assume that there
exists a norm with closed unit ball B such that for some § > 0 and b € E we
have a € B=0b+ 0B C E. Then E is locally L-regular at a.

Proof. Let || - || denote the norm and U be open with a € U. Choose 7 > 0 so
small that C = ¢+ 7B C U, where ¢ = (1 — 7)a + 7b. We have C C B C E, so

0 < Vii(a) < V¢(a) = log™ ([la— ¢l /r8) = log™ (|la — b]| /8) = 0.
O

Observe that the lemma implies that every set of the form F = A + /B is
locally L-regular, where A C C" is closed and B is the closed unit ball with
respect to some norm. The following result is a generalization of Siciak [31,
Proposition 2.16].

Proposition 5.3. For every continuous function q on a locally L-regular closed
Sx

subset E of C™ we have VES;‘J < q and consequently V]g,q =Vgyg
Proof. Let a € E and take ¢ > 0. Since ¢ is continuous on F there exists an
open neighborhood U of a such that ¢(z) < gq(a) + ¢ for every z € ENU. Since
E is locally L-regular we have V7~ (a) =0 and

Vg,t](a) < VgAU,q(a}l»s(a) < USVE*T\U(O’) + q<a’) +te= q(a’) +e.
Since a and € are arbitrary the inequality holds. O

Convolution is a standard tool for approximating functions u € PSH(C"™).
We define a convolution operator Li (C") — L{ (C™), u + u * p, for a given
positive Borel measure p with compact support,

wx pu(z) = /n u(z —w)dp(w), ze€C" (5.1)

If u € PSH(C™) then u* u € PSH(C™) and if 14 is a probability measure then
u +— u * p preserves L(C™). In the case that p is presented by a C* function,
w=1d\ then u* p = wu=x1 is a C* function. If we define ¥5 € C3°(C™) by
¥s(2) = 672"p(2/6), 6 > 0, with ¢ € C§°(C") radially symmetric, ¢ > 0, and
Jon W dX =1, then uxths N, u as § \, 0. See Klimek [19] or Hormander [15, 16].
Siciak [31, Proposition 2.12] used convolution to prove that Vg, € LSC(C")
for compact E and ¢ € LSC(E). In general, the class £5(C") is not preserved
under convolution (cf. Theorem 5.8).

In order to preserve a particular subclass of PSH(C™) under regularization,
special methods are sometimes needed. For example homogeneity is preserved
under

Rsu(z) = /Gu(Az)zb(;(A) du(4), =zeC" (5.2)
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where G is some group of n X n matrices with real or complex entries and p is
a positive measure on the matrix space R™"*™ or C"*™. The smoothing kernel
15 is chosen so that it converges to the Dirac measure d; at the identity I as
d — 0. This method only gives a C* function on C" \ {0}, when we integrate
over the group of complex invertible matrices, and it gives a C*> function on
C™\ CR", where CR"™ = {A\z; A € C,2 € R"}, when we integrate over the group
of real invertible matrices. See Sigurdsson [35] and Hormander and Sigurdsson
[18].

In order to preserve the classes £5(C") for a compact convex S C R with
0 € S it is natural to choose G as the group of invertible diagonal matrices.
This group can be identified with C*™ with coordinate wise multiplication, so
it is natural to choose u as the Lebesgue measure A on C".

In the following text we allow us a slight abuse of notation by identifying
a vector denoted by a lower case letter with a diagonal matrix denoted by the
corresponding upper case letter. Thus, we identify the vector a € C" with
the diagonal matrix A with diagonal a and in particular the vector 1 with the
identity matrix I. We define

Ryu(z) = / (A2 (4) dA(4) = / (T4 5B)2)U(B)ANB) (5.
_ /nu((l—|—6w1)z1,...,(1+6wn)zn)w(w) d\(w), =zeCn,

where we choose a function 0 < ¢ € C§°(C™), rotationally symmetric in each
variable with [i., ¥ dX = 1, and set ¢5(z) = d=*"¢((z — 1)/d). By the Fubini-
Tonelli theorem Rs: Ll .(C") — L} (C") and Rsu — u in the L] _ topology
as  — 0 and with local uniform convergence for v € C(C™). Furthermore,

Rs: PSH(C") — PSH(C™). This implies that if u € £5(C") then Rsu €
L3 (C™), more precisely, if u < ¢, + Hg, Proposition 3.2 implies

Rsu(z) < / (cu + Hs(1 + 6w) + Hg(2)) v (w) dA(w)
<c¢y+ Cogd+ Hg(2), zeC”,

where C' = sup,couppy [|[W[loo- The linear map C* — C", A + Az, has the
Jacobi determinant |2; - - - 2, |2, so for every z € C*™ and corresponding matrix
7 with z on the diagonal we have

Rou(z) = / ) (Z7w) |21 20l dA(w)
_ / w(W)s (w121, - ) 2n) |21 -+ - 2|2 dN(w).

By applying the Lebesgue dominated convergence theorem we may differentiate
with respect to z; under the integral sign infinitely often, so this shows that for
every u € Li _(C") we have Rsu € C>(C*").

loc

Proposition 5.4. Let S be a compact conver subset of R} with 0 € S and q
be an admissible weight on a compact subset K of C™. Then
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(i) Vg, € LSC(C*™), and if L5(C") is preserved under convolution (see
Theorem 5.8) then Vi , € LSC(C™).

(i) If Vi < q on K then Vi € L5(C") NC(C™) and if log ®%., = Vi,
then Vg,q eC(Cn).

Proof. (i) It is sufficient to show that there exists an increasing sequence
(uj)jen in £5(C™) NC(C*™) such that u; < g on K for every j and such that
lim;_ o uj(2) = V£7q(z) for every z € C*. (See Klimek [19, Section 2.3].) We
take u € L5(C™), e > 0, and let R; be the regularization operator (5.3). Since
Rsu \, u and ¢ € LSC(K) there exists d. such that u — ¢ < Rsu — e < ¢
on K for every § < .. These estimates tell us that there exists a family
F C L£5(C") N C>(C*™) such that Vl}q)q = supF. By the Choquet lemma
Vfg, 4 = supg for some countable subfamily G. By arranging the elements of G
into a sequence (v;);jen and then setting w; = maxy<; v, we have u; Vlgq
as j — oo. Hence, Vg € LSC(C*"). This is a modification the proof of [31,
Proposition 2.12], where the regularization operator is given by (5.1), and that
is the second statement.

(ii) We have V2% > Vi and by the definition of ViZ = we have VZ* < V2 .
Hence, Vi . = Vg% € USC(C™) and from (i) it follows that Vi e C(C*).
The last statement follows from the fact that @%7 g € LSC(C™). O

Our next task is to characterize the £°(C™) classes that are invariant under
the convolution operator u — w1 given by (5.1). For that purpose we need to
review a few facts from convexity theory and define the hull of a convex set in
R? with respect to a cone. Recall that a point x in a convex set S is said to be
an extreme point of S if the only representation of x as a convex combination

= (1 —t)a + tb with a,b € S and t €]0,1[ is the case x = a = b. We let
ext S denote the set of all extreme points in the convex set S. Note that by the
Minkowski theorem [17, Theorem 2.1.9], every non-empty compact convex set
S is the closed convex hull of its extreme points and

ps(€) = max (z,£), &eR". (5.4)
r€ext S
Every affine hyperplane {z € R"™; (2,£) = ¢g(§)} with £ € R™ is called a
supporting hyperplane of the set S. For every s € OS the set N2 = {¢ €
R™; (s,€) = ¢s(§)} is a convex cone which is called the normal cone of S at
the point s. For every £ the upper bound in (5.4) is attained at some s € ext S,
50 R" = Ugcext sNZ.

Every normal cone N is an intersection of closed half spaces in R with the
origin in the boundary hyperplanes, that is NY = (,c5¢{¢ € R™; (s —t,&) >
0}. Observe that S can be replaced by the set of extreme points ext S. In the
case S is a convex polytope and s is an extreme point, then N SS is an intersection
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of finitely many half spaces in R"™ with boundary hyperplanes containing the
origin. See Figure 2(b).

If £ € R™ and & € R, then [(z,&) + &|/|¢] is the distance from the point
x € R™ to the hyperplane {y € R™; (y,£)+& = 0}. For supporting hyperplanes
with normal £ we have &, = —pg(£). Hence, [ps(£)]/|€| is the euclidean distance
from the origin in R™ to the supporting hyperplane {x € R"; (x,£) = ps(§)}.

Recall that a subset I' of R™ is said to be a cone if t£ € T' for every £ € T
and t € Ry. The dual cone I'° = {z € R"; (2,§) > 0V €'} of T is a closed
convex cone and if I" # R" is closed and convex, then I'°° =T

Definition 5.5. For every cone I' C (R” \ R™) U {0} with T # {0} and every
subset S of R} we define the I'-hull of S by

Sr={z €RY; (2,6) < ps(é) VE €T,
and we say that S is I'-convez if S = Sp.

Note that if I'y C I'y then §p2 - §1"1. For every compact and convex S we
have S = {z € R"; (z,£) < pg(£) V€ € R"} = Sk which implies that S C Sp
for every cone I' C R".

Proposition 5.6. Let S be a compact convex subset of R} with 0 € S and T’
be a proper closed convex cone containing at least one point in RY". Then

Sr=(S-T°)NR",

and g (&) = ws(&) holds for every & € T'. If for every £ € R™ and every extreme

point x of Sp there exists n € T such that (z,£) < (z,n) and ps(n) = ps(£),
then S is I'-convez.

Proof. Take a =s—t e S = (S —I°)NRY} with s € S and t € I'°. For every
¢ € T we have (t,£) > 0 which implies (a, &) = (s,&)— (t,€) < ¢g(¢) and a € Sr.

Conversely, we take a € S’ and prove that a & §F. Without restriction, we
may assume that a € R’. Since S —I'° is convex the Hahn-Banach theorem
implies that {a} and S —I'° can be separated by an affine hyperplane. Hence,
there exists £ € R™ \ {0} and ¢ € R such that (a,&) > ¢ and (z,&) < ¢ for
every ¢ € S —I'°. By replacing ¢ by sup,cg_ro (z,§) we may assume that there
exists s € S and ¢ € I'° such that (s —¢,£) = ¢. Now we need to prove that
¢ € T' =T'*° by showing that (y,&) > 0 for every y € I'°. Since I'° is a convex
cone, we have t +y € I'° and ¢ — (y,£) = (s —t —y,&) < ¢. Hence, (y,§) > 0.
This implies that (a,&) > ¢ > pg(¢) and we conclude that a & Sr.

Let £ € T" and take a = s —t € §F, such that s € S, t € I'°, and gpgr(g) =
(s —t,&). Since <87§> < ps(é) < 905‘}(5) = <87§> - <t7£> and <t’§> > 0, we
conclude that ¢ = 0 and ps(§) = pg (§). If for every £ € R™ and every extreme
point z of Sp there exists n € I’ such that (z,&) < (z,1) and pg(n) = @s(£),
then Sp = Sgn = S. O
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Definition 5.7. We say that a subset S of R} is a lower set if for every s € S
the cube Cy = [0, 1] x - -+ x [0, s,,] is a subset of S and we call

Sen = UsesCs = (S —R})NRY
the lower hull of S.

We have a characterization of lower sets:

Theorem 5.8. Let S C R be compact and conver with 0 € S and set o5 =
vs(1). Then the following are equivalent:

(i) S CRY is a lower set,
(ii) S = S\Ri;
(i) ¢s(€) = ws(€V) for cvery € € R,
(iv) Hs(z —w) < ogl|lw|lec + Hs(2) for every z,w € C",
(v) L£3(C™) is translation invariant, and

(vi) if u € L5(C") then ux1p € L5(C") for every ¢ € Cg°(C™) with 1 > 0 and
JonWdX=1.

Proof. (i)« (ii)<(iii): Observe that the extreme points of C; are t = (t1,...,tp)
with t; = 0 or t; = 55, 50 @c, (§) = SUPseeys o, (t,§) = (s,&T) for every € € R™,
Hence, for every lower set S we have ¢g(£) = sup,cg(s,£1) = pg({T) for
& € R™. This equivalence follows from Proposition 5.6 with n = £*.

(iii)=(iv): Let w € C", z € C*" and assume that z — w € C**. Since

¢s()—ps(n) < ps(§—n) and (&) < os]|€]lo for every €, € R™ and |log™ 2 —
logt y| < |z — y| for every z,y € R, (iii) implies that

Hs(z —w) — Hs(z) = ps(Log™ (2 — w)) — ¢s(Log™ (2))

< 05 max| log™ [z — w;| —log™ ||

< o max|lz; —wj| — || < 05wl

By continuity of the function Hg the inequality follows.

(iv)=(v): If u < ¢, +Hg, then u(- —w) < ¢, +0s||w| oo+ Hg for every w € C™.
(v)=(vi): It is sufficient to show that Hg %1 € £5(C"). We observe that for
every v €]0, 1[ the Riemann sum A, = ) /.. P(ya)y2" tends to 1 = f(cn ¥ dA\
as v — 0. This implies that the function u,: C* — R defined by the Riemann
sum

Uy (2) = Z Hg(z - 'ya)w(’ya)'y_%/Av

a€Z2n

tends to Hg * ¢ as v — 0. By (v) the function u. is in £5(C") for it is a
convex combination of functions in £°(C") and we have u,, — ¢, < Vﬁgn = Hg,
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where ¢, = supgn u. Furthermore, since Hg € C(C") the convergence is locally
uniform, so by Proposition 4.3 we have Hg * 1)(z) < supgr Hg * ¢ + Hg(z) for
z € C" and conclude that Hg % ¢ € £5(C").

(vi)=(iii): We begin by taking ¥(¢) = x(¢1) -+ x(¢n), where 0 < x € C3°(C)
is rotationally invariant, supp x C D, and f(c x d\ = 1 and observe that with
this choice of ¢ we have (f x)(z) = Z;‘:l(fj * X)(%;) for any locally integrable
function of the form f(2) = 327, f;(2).

Let n € R*™ have at least one strictly negative coordinate, enumerate the
coordinates so that n; < 0for j=1,...,fand n; >0for j =¢+4+1,...,n, and
take s € S such that ¢g(n) = (s,n). Then for every ¢ > 0 we have

Hs * (") — Hs(e') = / ps(Log(e" — () %(C) dA(C) — (s, tm)

n

> [ (siLog(e' = ¢) — ) 6(O) dAQ)

=Y [ ogle™ = G = ) x(G) aAG)
=1 P
4
— (s )+ 355 [ Togle™ = GI(G) dAG)
=1 P

L3 s /D log |1 — =5, [x(¢;) dA(G,)-

j=t+1

We let v =log|-| € SH(C)NH(C*). Then for j =1,...,¢
/Dlog et — Gl x(G) dN(¢) = (v = X) (€)= v x(0), t— +oo.

Since v € H(C*), x is rotationally invariant, and supp y C D, the mean value
property gives for j =4+ 1,...,n

/D log [1— e~ ;| x(¢;) AA(;) = log1 = 0.

Hence,
‘

Hg x4p(e) — Hs(e") = —t{s, 1) + ) 550 % x)(e"). (5.5)
j=1

Assume that (iii) does not hold and take & € R™ such that pgs(&) < ¢s(&)-
Then at least one coordinate of £; is strictly negative. By continuity, we can
choose £y € R*", and we can renumber the coordinates so that & ; < 0 for
j=1,...,0and §; > 0 for j = ¢+ 1,...,n. By continuity there exists
an open neighborhood U of ¢ such that ¢g(&) < ps(n) for every n € U.
We fix n = (/,&) € U with n; < 0 for j = 1,...,¢. There exists a point
s = (¢,8") € 08, such that (s,n) = (s',n') + (s",n") = ps(n). We have
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(s',n"y < 0. Equality is excluded for it would imply s’ = 0’ and pg(n) =
(s", &0y = (0, "), &0) = (s,&0) < ps(&o), contradicting the choice of 7. Hence,
(s',n") < 0, and the estimate (5.5) implies that Hg x ¢ — Hg is unbounded,
contradicting (vi). O

6 Monge-Ampére masses

The equilibrium measure for a bounded non-pluripolar set £ C C™ is the Monge-
Ampére operator of Vg, defined as up = (dd°V})"™ where d¢ = i(0 — 9) and
(dd°VE)™ = dd°VEA- - - Add°V} is defined in terms of currents. Similarly denote
the Monge-Ampére measure of Vgﬁ’; by

1, = (dd°VEr)".

Theorem 6.1. Let S C R} be compact and conver with 0 € S, E C C" be
closed, and q be an admissible weight on E. Then

(i) supppuy , C{z € E; V% (2) > q(2)}, and

(i) {z € E; Vg’;(z) > q(2)} is pluripolar.

Proof. (i) We need to prove that ng’; is maximal in U = (C" \ E) U {z €
E; Vg”j](z) < q(z)}, which is open. Take a € U. If a € C™ \ E then we take
r > 0 such that B(a,r) € C"\ E. If on the other hand a € E and Vg;(a) < q(a)

then by upper semicontinuity of Vg”; and lower semicontinuity of ¢ there exists
r > 0 such that

Sx .
sup Vi3 (() < inf q
¢eB(a,r) qu( ) CEENB(a,r)

We need to prove that the restriction of u3, , to some B(a, ) is the zero measure.
We let V € PSH(C™) be the function given by

= Vg’*;(z), z € C"\ Bla,r),
Vi) {u(z)7 z € B(a,r),

where u is the Perron-Bremermann function on B(a,r) with boundary values
S .
Vi e,

u(z) = sup{v(z); v € PSH(B(a,r)), v* < VESTI on 0B(a,r)}.

Then ng’; <V and since V only deviates from ng’; on a compact set we have
V € L£5(C") by Proposition 4.6. Furthermore, in the case Vg_f](a) < ¢(a) the
maximum principle implies

V(z)< sup VEH(Q)< inf q(¢) <q(2), =€ Bla,r),
¢(€eB(a,r) ’ ¢€B(a,r)
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and it implies that V' < g on E. Hence, V = Vg”; and, by Klimek [19, Theorem
441, p3, . = (dd°Vg*)" =0 on B(a,r).

(ii) Since Vi3, < gon E we have {z € E; q(z) < +o0} C {z € C"; Vj , < +oo}
Since q is admissible, the left-hand side is non-pluripolar, and then so is the

right-hand side. Since £5(C")/ps(1) C L(C") it follows from Klimek [19,
Proposition 5.2.1 and Theorem 5.2.4 and 4.7.6] the set {z € E'; ¢ < Vg*&(z)} C
O

{z e C; ngq(z) < Vg:;(z)} is pluripolar.

The complex Monge-Ampére mass of Hg can be described in terms of the
real Monge-Ampére mass of pg. Let Uy = Hg x5, \( Hs, where 0 < §; N\, 0
and 5,(¢) = 8, 2"p(¢/60), ¥(¢) = x(¢1) -+ x(¢n), where 0 < x € C3°(C) is
rotationally invariant, suppx C D, and [ xd\ = 1. Then U, € C>(C") N
PSH(C™) and Uy(z) = Uy(|z1],- - -, |2n|) holds. We set vg(€) = Up(es, ..., esn).
Since

PU(z) 1 Pu(§)

— . (C*"L
0,07, dzzn 0606, S

it follows that
82U, (2) 1 9ve(€)
det ( 02,07, ) RIEIEET (asjask> .

With z; = €% 6, € [0,27] we have

(D) dzr AdZy A= Adzn NdZn = |21+ - 2, *dEdD

and on C*"™ we have

d*ve(€)
0&; 08

The real Monge-Ampére measure of v, denoted MAg(v), is defined for C? func-

tion by ()
MAR(v) = det (8£8£k> d¢,

and extended to convex functions by locally uniform limits. This is done in
Figalli [14, Proposition 2.6].
Letting ¢ — oo, we have, for every Borel set E C R",

(dd°U;)™ = n! det ( ) dedo.

/L gy )" = 1 (MAx () © d6) (¢ 0,201
= 2m)"n! MAg(ps)(E).
In particular
/ (ddHg)" = (2m)"nl MAg (5)({0D). (6.1)

This will be useful for our next result. Its proof is borrowed from Rashkovskii
[27, Theorem 3.4].

50



Paper I — Fundamental results

Theorem 6.2. Let S C R} be compact and conver with 0 € S, E C C" be
closed, and q be an admissible weight on E. Then

u%q(@") = (27)"n!vol(S),
where vol denotes the euclidean volume.

Proof. By Proposition 4.5, V}g q — Hs is bounded. The comparison principle,
Klimek [19, Theorem 3.7.1]. then implies that

il (€)= / (dd°Hg)" = o o(C7).

By Theorem 6.1 (i), pgn o(C") = [1.(dd°Hg)". We already established in (6.1)
that

[ @ s = Cryaiatds(es)((0)
By Blocki [9], see also Figalli [14], we have

MAg(ps)({0}) = vol({s € R"; (s,£) < ¢s5(£), V& € R"}) = vol(5).
O

7 Characterization of polynomials by L?-estimates

In this section we study characterization of the polynomial spaces P35 (C™) with
weighted L2-norms of entire functions. Recall that the Liouville type Theo-
rem 3.6 states that if f € O(C") and |f\e‘"”qs_‘“°’3?+ IFllee € L°°(C™) for some
a € [0,d,,[, where d,, is the distance between mS and N\ mS in the L'-norm,
then f € P3 (C"). We take a measurable function 19: C* — R and let L?(C", )
denote the space of all measurable f: C™* — C such that

118 = [ 15e v an < +oc. (1)
Proposition 7.1. Let f € L?(C", )N O(C") for some measurable p: C* — R

with power series expansion f(z) = Y cyn aa2® at the origin. Then for every
polyannulus Ay = {( € C™; €% < |(j| < €™} in C", where 0,7 € R", 0; < T}

forj=1,...,n, with volume v(A, ) = 7" H?Zl(ezﬁ' — €293), we have
1£1lv (/ e’ >”2
aq| < dX(¢ . 7.2
| a| 'U(Ao',’r) AG,T |Ca|2 ( ) ( )
Furthermore, if 1 is rotationally invariant in each variable ;, then for x(§) =
T(esr, ... et) and Ko = [[j=iloj, 7] € R"™ we have

1/2
- (gl —(1,7) 2(x(6)—(@€)) g\ ! 7.3
|aa| i Hn (1 _ 672(7-].,0-].))6 K € (5) * ( * )
i=1

o, T
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Proof. By the Cauchy formula for derivatives

o — 1 f(Q) déi---dg,
C@r) Jo, ¢ G- Cn

1 i01 . ien
/ e i) gy - a.
[—m,m]

= (27’()” raei{a,0)

where C,. = {z € C"; |z;| = r;}, is any polycircle with center 0 and polyradius
r e Ri™. We parametrize C, by [-m, 71" 3 0 — (re%, ... rpe’®), multiply

the integral by ry- -7, drq ---dr,, integrate with respect to r; over [e%,e™],

note that fe oy i) T3 dri = 1(€2 — €23, set Ly, = 17, ([, em] [, ),
and get
(rie? ... rpetfn
o= a 7— / f : raet({o,0) ) (7’1 dT1d91) e (Tn drnden)
f(©) / e0(0)/2
= d\(¢ »(C)/2 | dN(C).
v(Ag,T) /A (o sl LS —7a Q)

Now (7.2) follows from the Cauchy-Schwarz inequality and (7.3) by integrating
over the angular variables and also using the fact that v(A4, ;) = 7" H?Zl (€27 —
e293). O

Theorem 7.2. Let S be a compact conver subset of Ry with0 € S, m € N*, and
dp, = d(mS,N™ \ mS) denote the euclidean distance between mS and N™\ mS.
If f € O(C™) and for some a € [0,dy,|

[P e < o, (1.0
(C’H.

then f € P,%F((C”), where Sr is the T-hull of S and T = Ty consists of all &
such that the angle between the vectors 1 = (1,...,1) and £ is < arccos(—(d, —

a)/ V).

Observe that the largest possible d,, is 1 and smallest possible a is 0, which
implies that the largest possible opening angle of the cone T is arccos(—1/y/n)
in the case d,, = 1 and I' = R™ \ R*". If q¢ is the infimum of a such that
(7.4) holds, then T'y, = Ugsq,la. Therefore f is a polynomial with exponents
in mS’F(aO) = ﬂa>a0m5'p(a).

We are interested in conditions on cones A C I" which guarantee that S A= S:

Corollary 7.3. The function f in Theorem 7.2 is in P35 (C") in the cases:
(i) S =S, for some cone A contained in {€ € R™; (1,£) > 0}.
(ii) S is a lower set, that is S = §R1.

(iii) (mS)NN" = (mSp) NN".
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Figure 1: The cone I' has opening angle 6 = arccos(—(dm — a)/v/n)

Proof of Theorem 7.2. Let f(z) = Y, cnn @az® be the Taylor expansion of f
at the origin. We need to show that a, = 0 for every o € N \ mgp. Since
a & mSr, there exists 7 € T such that |7| = 1 and (o, 7) > mpg(7). By rotating
T we may assume that 7 is an interior point of I'. Since the angle between 7 and
1 is < arccos(—(d,, — a)/+/n) we have —(1,7) < d,,, — a. We choose € > 0 such
that d,, —a—e > 0, and —(1,7) < d,, —a—e. Recall that (o, 7) —mpg(7) is the
euclidean distance from « to the supporting hyperplane {z; (x,7) = mepgs(7)},
so by assumption meg(7) — (a, 7) < —d,,. Hence

—(1,7) + mps(1) — {a,T) < —a —&.

We take o € R™ \ {0} with o; < 7; for j =1,...,n such that

_<17T> + m@S(f) - <Ck,§> < _(a’ +€)|£|a f € Ka,'r = H[UjaTj]'
j=1
By homogeneity we get
_t<177-> + m@S(ﬁ) - <Oé,§> < —(CL +5)‘€|a t> Oa 5 € tKU,T-

Let &; = log|¢;| and observe that (1 + [¢]?)* < (n + 1)® max{1, [|¢||?¢}. From
this inequality and (7.4) it follows that f € L?(C",4), where

39(¢) = alog||¢llec + mHs(¢) = all€]loo + meps ().

We set x(£) = (e, ..., e5). Then

_t<177-> + X(g) - <Oé,§> < _E|£|a t>0, £ € tKO’,T'
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The estimate (7.3) with ¢K, . in the role of K, , gives

1/2
laa] < £l e t(LT) / 2(x(§)—(a.8)) dA(€) /
> Hn (1 IR e—Z(Tj—aj)t) Ko

=1
”f”?/) —elo|tin/2 1/2
B Hn 1(1 —e—Q(Tj—aj)t)e e/ v(Ko,r) /2= 0, t— +o0,
J:
and we conclude that a, = 0. O
(07m)
ms N ey
(0,1)
(mb, m(1-0))
(ma, 0) ;
(1,0) (m,0) N0

Figure 2: (a) The set S. (b) The normal cones N7 of the extreme points of S.

The I'-hull §p can not be replaced by S in Theorem 7.2:
Example 7.4. Let m >4 and S C Rf_ be the quadrilateral
S = ch{(0,0), (a,0), (b,1 —b),(0,1)}.

where 0 <a < 1/m,0<a<b< 1l m(l->) <1 and (b—a)/(1—0b) >
m—2—am. Then (1,0),(2,0),...,(m—3,0) ¢ mS, but the calculations below
show that ||pgl2mms < +oo for pp(z) = 2F0) = 2k with k =1,...,m — 3.

Since the map (Rx] — 7w, 7[)2 — C2, (&1,01,&2,0:) s (e517901 ef2t02) hag
the Jacobi determinant e?$112¢2 we have

HpkH%mHs :/ ‘21|2k6_27an(z) d)\(z) _ 471_2/ 62(k+1)§1+2£2—2m<p5(5) dé dés,
c2

R2
0, £ € NG o)
afl) 5 € Ni )
¢s(§) = max (z,§) = (@0
z€ext(S) bgl + (]. — b)fg, g S N(b,(l—b))’
&, EeNS,,

o4
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We split the integral over R? into the sum of the integrals over the normal cones
at the extreme points of S, which we calculate as

0 0
1
21614262 ge _ 2k+1)E1 g / 2% ge. —
/Ns ‘ ¢ /_Ooe S e =y
0,0)
oo —&1(b—a)/(1-D)
/ e2(k+1)€1+28>—2mags d¢ = / e2(k+1-ma)éy / o262 déy dé
N(Sa.()) 0 —00

1
TA4(b—a))d-b+ma—1—Fk)

/ 2k )1 +262 ~2m (b6 +(1-D)E2) g
N

S
(b,1—b)
(o) &1
:/ 62(k+17mb)§1/ e2(1—m(1-)é dgo déy
0 —&1(b—a)/(1-D)

B 1 1 1
4(1—m(1—b))(m—2—kz+(b—a)/(l—b)—i—ma—l—k))’

00 3
/ 2(k+1)61+26—2m¢> d¢ = / e2(1-m)é2 / ’ e2(k+1)& ¢ dés
NS o

©.1) 0
- 1
S+ )m—2-h)

This shows that (7.4) is satisfied with py in the role of f, but pj ¢ P35 (C™).

8 Pullbacks of polynomial classes by polynomial
maps

Let S C R" be compact and convex with 0 € S and f = (f1,..., fn): Cct - cn

be a polynomial map. If fj(z) = Y o aja2®, I; = {& € N';a;, # 0},

and S; C RY be the convex hull of I;. Then f; € Plsj (C*) and for every
P(W) =3 ge(ms)mme bsw? in P3(C™) we have

(f o))=Y bpfi()’ - ful2)Pr, zeCh

pe(mS)NN~
By Theorem 3.6 we have |f;(z)| < e 75 ) which implies that

I(f*p)(2)] < Z |bg|eleArthrHs, ()t +BnHs, (2)
Be(mS)NN™

< < Z |bﬁ|6<c,5>>6mws(s@s1 (Log 2),...,¢s,, (LogZ))’ 2 e CH.
pe(mS)NN»
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We have for every ¢ € R? that

05(05, (), 95,(€)) = sup{(w151 +++ + Tnsn, £); T E S, 5, € S}
= 31612 181+ ta, 8, (§) = psr(§),

where S’ = Uges2151 + -+ + 2,5,. The set S/ C Rﬂ is compact and convex.

Proposition 8.1. Assume that SN Q" = S. Then with the notation above S’ is
the smallest compact convex subset T ofRﬂ_ with 0 € T for which f* (P;Z (C")) C
PL(CY) for all m € N.

Proof. Assume that T'C S’ such that f* (PS C™) ) C PI(CY) for every m € N.
Then there exists £ € R’ such that o7 (§) < psr(€) and, since S N Q™ is dense
in S, we can choose r € S N Q" such that

er(§) <rif{ea, &) + -+ ralan,§) < ps(§). (8.1)

Now we fix m € N such that v = mr € N, define p € PS((C”) by p(w) = w.
By Theorem 3.6, there exists a constant c, such that

|F*p(2)| < er?tmHz(E) 5 e Ch (8.2)

Since S; is a convex polytope in R’ | the set N1 Uacexts, Ng?f is dense in R?,
where N Si is the interior of ij . Hence £ may be chosen from Noi’ where
aj € extS; and ¢s,(§) = (a;,&) > (&) for every a € I \ {a;}. All the
o are from N’ by the definition of S;. We define the sequence ((x)xen in ct
by ¢, = (eF61, ... e*¢) and we will show that (8.1) implies that the sequence
(f*p((k)e_mHT(Ck))keN is unbounded, contradicting the estimate (8.2). First

we observe that ;7 = €®(®¢) and then that (8.1) implies

(oL, ?n)we—mHT(Ck) — ekm(ri{an &)+ tralom.§) =T (€) +00, (8.3)

as k — 4+o00. Next we observe that

FiG)/GT =ty + Y ajae OO0 g, 20, (8.4)
acl;\{a;}

Fo(CR) /(G- Gem) T = (F(GR) /)™ - (Fa () /G )™ (8.5)

By combining (8.3), (8.4), and (8.5), we see that (f*p((k)e*mHT(Ck))keN is
unbounded.

Assume now that f is a proper map and that ¢ is a given admissible weight
function on a compact set K C C™. Then f*q is lower semicontinuous and

{ze f7UE); fa(2) < +oo} = [ ({w € K5 q(w) < +00}).
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Since inverse images of non-pluripolar sets by proper maps are non-pluripolar
it follows that f*q is an admissible weight on f~!(K). Furthermore, we have

1 pe™™ " g1y = llpe™™| -
From Proposition 8.1 we conclude that f*( K., m) < q)?:l(K),f*qm@’ for every

m € N*, consequently f* (@f( ) < <I> and equality holds if f*: P (C") —
PS

m

“H(K),f*q
(C*) is surjective.

Next we look at the pullback of Lelong classes. Let u € £%(C"), say u <
¢y + Hgs. Then for every z € C* with Logf(z) € C*™ we have

(f*u)(2) < cu + Hs(f(2)) = cu + ps(log|f1(2)], ..., log | f1(2)])
< ¢y + ps(er + s, (Logz), ..., cn + ws, (Logz))
<y +ps(e) + ps(ps, (Logz), ..., ¢s, (Logz))
=cu +¢s(c) + Hs (2)

and conclude that f*u ers (CH. Ifu < gon K, then f*u < f*qon f~1(K), we
have f* (VKq) < V F-1(k),f+q 20d that equality holds if f*: L3(CM) — £5(CY)
is surjective.

When ¢ = n we have the following weighted transformation rule, which is a
generalization of Klimek [19, Theorem 5.3.1] and Perera [25, Theorem 1]:

Proposition 8.2. If f: C* — C" is proper, the following are equivalent:
(i) The difference f*Hgs — Hgr is bounded, that is f*Hg € L3 (C™).

(ii) For every compact set K C C™ and every admissible weight ¢ on K we
have f*Vi¢ g = Vit (), f-q-

Proof. (i)=(ii): Let u € £5(C") with ulf-1(x)y < f*q. By Klimek [19, Theo-
rem 2.9.26], the function v(z) = max{u(w): w € f~!(z)} is plurisubharmonic
on C™. Let ¢ be a constant such that f*Hg — Hg: > —c. Then v|x < ¢ and

v(z) < max Hg(w)+c,

wef=1(z)

< max f[f"Hg(w)+c+cy
_wef—l(z)f s(w)

= Hg(z) 4+ ¢+ cy.

It follows that u < f*v < f*Vng.

(ii))=(i): Let c= max Hg (w)and ¢ = max Hg(w). Then
wef~1(D") we f(D")
HS'_C<V f-1(D") f*VﬁS;L:f*HS

and

s’ * /
HS/ VD” > V f(]D)n)) f f(]D) ) > f HS —C.
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Paper II — Approximations and reqularity

Polynomials with exponents in compact convex
sets and associated weighted extremal functions -

Approximations and regularity

Bergur Snorrason

Abstract

We study various regularization operators on plurisubharmonic functions
that preserve Lelong classes with growth given by certain compact con-
vex sets. The purpose is to show that the weighted Siciak-Zakharyuta
functions associated with these Lelong classes are lower semicontinuous.

1 Introduction

A common tool in pluripotential theory is regularization by convolution. If
u € PSH(Q), for some open Q C C", then u * x5 € PSH(Qs) N C>(0ys) for
6 > 0, where

uxxs(z) = /n u(z — w)xs(w) di\(w), =z € Q.

Here 25 = {z € Q; B(z,0) C Q}, where B(z,0) is the open euclidean ball with
center z and radius d, x5 is a standard smoothing kernel in C™ with support in
the closed ball B(0,§), and C*°({s) is the family of smooth function on Q5. We
also have that u * x5 \,u as § N\, 0. In the specific setting of 2 = C™ we have
that Qs = C™, so every function in PSH(C™) can approximated by a decreasing
sequence in PSH(C™) N C>(C™). For details on smoothing by convolution see
Theorem 2.9.2 in Klimek [9].

In some cases it is necessary to choose a method for regularizing plurisubhar-
monic functions that preserves a certain subclass of PSH(C™). One such case
is the Lelong class £(C™). We say that u € PSH(C") belongs to the Lelong
class, denoted by £(C"), if u(z) < log™ ||z||ec + ¢y for some constant c,,, where
|l - loo is the supremum norm in C" and log™ z = max{0,logz}. A powerful
tool in the study of pluripotential theory is the Siciak-Zakharyuta function of
E C C™, defined by

Ve(z) = sup{u(z);u € L(C"),u|lg <0}, =ze€C"

One can show that smoothing with a standard smoothing kernel preserves the
Lelong class, namely if u € £(C") then u * x5 € £(C™). This is then used to
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show that Vi is lower semicontinuous for compact K C C™. See Section 5.1 in
[9].

In the recent study of pluripotential theory related to convex sets the Lelong
classes are generalized by describing the growth more freely. We fix a compact
convex set 0 € S C R’ and recall that the supporting function of S, given by
0s(&) = sup,eg(z, ), is positively homogeneous and convex, which is equivalent
to s(t) = tps(§) and ps(§+n) < @s(§) +ps(n), for t € Ry and &, n € R™.
We define the logarithmic supporting function of S by
{ @S(10g|21‘ 10g|zn|)7 AS C*n’

Hs(2) = lim HS() z € Cr\C*,

C*myw—z

where C* = (C*)™ and C* = C\ {0}. This function is continuous and plurisub-
harmonic on C" and its behavior on the coordinate hyperplanes C™ \ C*" can
be described using logarithmic supporting functions of sets of lower dimensions.
See Propositions 3.3 and 3.4 in [11]. We define the Lelong class given by S as
the set of all u € PSH(C") satistying u < Hg + ¢, for some constant c¢,, and
we denote it by £5(C"). Similarly, we define £3(C") as the set of all func-
tions u € £9(C") satistying Hg + ¢, < u, for some constant c,. This leads to
our definition of the Siciak-Zakharyuta function of E C C™ and S with weight
q: E— RU{+o0},

ng(z) = sup{u(z);u € ES((C"),U\E <gq}, zeC™

We also write V2 = VK 0 Vg = Vi g and Vi = VK 0, Where 3 is the standard
simplex in R™ given by ¥ = ch{0,e1,...,en}, where ch A denotes the closed
convex hull of the set A.

We say that the weight ¢ is admissible if g is lower semicontinuous, the set
{z € F';q(z) < +00} is non-pluripolar, and . lim (Hg(z) —q(2)) = —o0, if

Sz,|z| =00
E is unbounded.

Fundamental results of the Siciak-Zakharyuta function are developed in [11].
There it is proven that VI?, 4 18 lower semicontinuous on C*™, but it is not proven
that it is lower semicontinuous on all of C™. The obstruction to proving semi
continuity on C" is a suitable method of approximating functions in £%(C")
by functions in £%(C") N C(C"), where C(C") denotes all continuous function
on C", since smoothing by convolution with a standard smoothing kernel does
not always preserve £5(C"). In fact, £3(C") is preserved by the standard
convolution operator if and only if S is a lower set, that is when S is such that
for all x € S we have that [0,z1] x -+ X [0,2,] C S. See Theorem 5.8 in [11].
To remedy this we consider other regularization operators.

In Section 2 we consider a generalization of an operator used by Siciak [15,
Proposition 1.3].

Theorem 1.1. Let S C R} be a lower set, u € L5 (C™) be bounded below,
w be a distance function on C*, u < Hg + ¢, for some constant c,, and § €
10,05 e r,[, where g = ps(1,...,1) and r, = inf|, =y p(2) > 0. Then

R}, su(z) = — logwiélgn{e_“(w) +0 tu(z —w)}, zeCm (1.1)
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is in L5(C") NC(C") and R su ™ u as 6\ 0.

With p = |-|, Siciak proved that R, ;u € L(C")NC(C") and that R“ sU N\ U
as § N\ 0. In [1] this process is referred to as Ferrier approzimation, since Siciak
developed it using a result from Ferrier [2]. Here it is attributed to Siciak, as
Ferrier was not concerned with approximations. It is claimed in [1, Proposition
3.1 that if 4 = |- |, u € £L5(C"), and S is such that it contains a neighborhood
of 0 in R, then R} ;u € L3(C™") NC(C™). The following example shows that
this claim is false.

Example 1.2. Let S = ch{(0,0), (a,0), (0, a), (b,a)} = ch(aXU{(b,a)}), a > 0,
b>a(a+1),and p=]-|. Then

Hs(z1, 20) = max{blog |z1| + alog |z2|,alog™ ||z||}, 21,22 € C*.

So, with » = b/(a + 1) > a, we have that
Hs(¢,[¢I77) 2 log ¢, ¢ eC™.
Setting w = (¢, |¢]7") in (1.1) yields
Ry 5Hs(C,0) > —log(e™ Mo+ 674 (™)

log(|¢|*" =" +871[¢|™")
g(lé?lr(“+1 +671) + rlog ]
g(1+671) +rlog¢l.

| V

—lo
—1lo

So R sHs(C,0)— Hs(C,0) > (r—a)log|¢| —log(1407") is not bounded above,
since 7 — a > 0, and hence R}, ;Hg is not in L£3(Cn).

The infimum in the operator R}, 5 is an infimal convolution of the functions
e~% and §~1|-|. Details on infimal convolutions and its application in convexity
theory can be found in Rockafellar [14]. Applications in complex analysis can
be found in Kiselman [8] and Halvarsson [3, 4, 5].

In Section 3 we consider the following supremal convolution.

Theorem 1.3. Let 0 6 S C R%} be compact conver, 1, = (1,...,1) € N”,
o5 = ps(1y), 8 €]0,05"[, u € L5(C™) be locally bounded, and set

Rgu(z) = sup {u(Zw) — 0~ og(w — 1alls + 1)}, z€C",
weCn

where Zw = (zjw1, ..., 2,wy). Then Rbu € L5(C"), Rbu is continuous on
C*™, and Riu N\, u as § \, 0.

The meaning of Zw is justified in Section 3. We note that og may be 0.
This only happens when S = {0}, which is a case of no interest, since then
L£5(C™) would only contain the constant functions.

In Section 4 we consider two related operators. The first one was developed
in Section 5 in [11].
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Theorem 1.4. Let 0 € S C R} be compact convezx, § €]0,1[, u € L£5(C"), and
set

Riu(z) = /n u(Zw)s(w) d\(w), z¢€C", (1.2)

where Ys(w) = §2"p((w—1,)/3) and 1 is a smoothing kernel that is rotation-
ally invariant in each variable. Then R§u € L£5(C"), RSu is smooth on C*",
and R§u \, v as 0 \, 0. If u is locally bounded below and lim,_,,u, = uq, in
PSH(C™), for all a € C™, where u, is given by u,(w) = u(Zw), for w € C",
then R§u € C(C™).

The assumption that u is locally bounded below ensure that Rfu > —oo.
Taking u(z) = log |21| we have R$u(z) = —oo0, for z € {0} x C"~1. So R§u fails
to be continuous.

A possible approach to showing continuity on all of C" is to regularize e"
instead of u. The second operator in Section 4 is given by log R§e". It must be
shown that this function is plurisubharmonic.

Theorem 1.5. Let 0 € S C R} be compact convezx, § €]0,1[, u € L5(C"), and
set

Réu(z) = log/ e ZWys(w) dA(w), z € C™. (1.3)
Then Réu € £L5(C"), Ru is smooth on C*", and Riu \, u as § \, 0.

In a recent paper of Perera [12] a classical results on the regularity of Vi
is considered, and attempts are made to generalize it to the setting of V]§7q'
Perera [12] claims to give sufficient condition for VK to be Holder continuous
on C™, with the only assumption on S that it is a convex body. In Section 5
we show that this can not hold without additional restrictions to S. The main
result, Corollary 5.2, is that if S is not a lower set then £5(C") contains no
uniformly continuous functions. So V[g 4, can not be Holder continuous if S is
not a lower set, since all Holder continuous functions are uniformly continuous
and V2* IS Yo (C”)

The maln motlvation for the study of these regularizations is proving that
Vfg 4 is lower semicontinuous on C", not just C*", for compact K C C" and
admissible g. We fix an open set {2 € C" and note that, if for all u € £L%(C")
there exists a decreasing sequence (u;)jen in £5(C"), with u;|o continuous,
such that u; \, u, then Vlg 4 is lower semicontinuous on (2. If we take € > 0
and assume that v < ¢ then we can find j, € N for all z € K such that
uj(z) < q(z)+e for all j > j,. Since uj — ¢ is upper semicontinuous there exist
open sets U, for all z € K such that u; < ¢+ ¢ in U, for j > j,. The open sets
U, are a covering of K so we can find 21, ..., 2, such that K C U,, U---UU,,.
Setting k = max{j.,,...,J., } we get that u; —e < g on K, for j > k. So VKS,q
is given as the supremum over a family of functions continuous on €2, and is
therefore lower semicontinuous on 2.

In this paper we consider regularizations that work for 2 = C**. Whether
these, or any other, regularizations work on all of C” remains an open question.
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2 Infimal convolutions
Recall that Siciak’s infimal convolution was given by

R}, su(z) = —log wigén{e_“(w) +6tu(z —w)}, zeCm,

with ¢ = [ - |. In Ferrier [2] it is proven that Rf ;u is plurisubharmonic and
continuous when u is plurisubharmonic, 6 = 1, and p = | - |. Generalizing for
d > 0 is not significant. In Siciak [15] it is shown that if

log(]z] + 1) — ey < u(z) <log(|z| +1) +cy, 2€C

for some constant c¢,, then R ;u(z) < log(|z| + 1) + ¢, for < e, and conse-
quently that R su € L(C™). He also shows that R} su ™\ u when 0 0. The
fact that R}, su is plurisubharmonic is not obvious, but follows from geometric
arguments. We will recall some useful results on pseudoconvex domains before
going through the proof.

Let u € PSH(C™). Recall that Q@ = {z € C";u(z) < ¢} is pseudoconvex.
To see this take compact K C € and note that u < ¢ — 4§ on K, for some § > 0,
so u < ¢ — 0 on Kpgsy(cny, which is compact. So we have that Kpsy ) C
.[?7)5’}_[(((:71.) C 2, which implies that I/(\'pgq.[(g) is relatively compact in 2, so 2 is
pseudoconvex.

We call a continuous function p: C* — R a distance function if (i) p(z) =0
if and only if z = 0 and (ii) p(tz) = |t|u(z) for z € C™ and ¢ € C. Note that
by (ii) we have constants r, = inf|, =1 u(2) and s, = sup,_; pu(2) such that
rulz] < p(z) < sulz|, for z € C™, and by (i) we have that r, > 0. For an open
Q C C™ we define the p-distance to the boundary by

po(z) = ul}lég iz —w), zeQ,

and note that it is a continuous function. Pseudoconvex domains are classically
characterized by distances, namely an open {2 C C" is pseudoconvex if and only
if —log uq is plurisubharmonic for every (or some) distance function u. See
Theorem 2.10.4 in Klimek [9].

Proof of Theorem 1.1. To start off we show that R}, suis continuous and plurisub-
harmonic. We let

Q={(z,a) € C" x C;|a| < e7 )}

and note that € is a sublevel set of (z, a) — u(z) +1og |al, so it is pseudoconvex.
We define a distance function i on C"*! by fi(z,a) = |a| + 6 1u(z), and see
that, for (z,a) € C"™ x C,

fio(z,a) = inf{|la — b + 6 ' u(z — w) ; (w,b) € C" x C, [ > e ()}

By Theorem 2.10.4 in [9] we have that —log i is continuous and plurisub-
harmonic on © D C" x {0}, so C" 5 z — —logfia(z,0) is continuous and
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plurisubharmonic and

fia(z,0) = inf{|b| + 6~ pu(z — w); (w,b) € C" x C, |b| > e~}

e —u(w —1 _ pa n
= wlélén{e W) 4 57z —w)} = R}, su(z), zeC".

So RZ) sU is plurisubharmonic and continuous.
Since S is a lower set we have that Hg(z—w) < Hg(z)+og|w|. See Theorem
5.8 in [11]. So, for z € C™,

Rﬁ_’(;u(z)

IN

—log inf {e"HsG=w) 4 5=tecur |w|} + e,
weCn

IA

—log inf {e"HsG)moslvl 4 5=1ccup ||} 4 ¢,
weCn

< Hg(z) — 1ngi£én{e_05|wl + (5—160“7",1,|’LU|} + Cy.

Note that if f: Ry — R, f(z) = e % + bz for a,b > 0, then f'(z) = b —
ae” ™ > b —a. So f is increasing if a < b. We have that § < a;lecurm
implying that og < 6 'e““r, so the last infimum is obtained at w = 0. So
R su(z) < Hs(2) + ¢y and R}, su € L£5(Cn).

We let &; \, 0, and set us,,(2) = —log(e %) 4§~ y(w)) and

Kj ={w € C";us; w(2z) > u(z2)},

Since u is bounded below we have liim‘zl_mo u5j7w(z) = —o0, and therefore K;
is bounded. We also have that u is upper semicontinuous, so K is closed, and
consequently compact. We also have that us; .,(2) is upper semicontinuous as
a function of w, so there exists w; € K; such that R ; u(z) = us; v, (2). Note
the usw(2) \y —0o as 6 \, 0 for all z € C™ and w € C™*. So N;K; = {0} and
w; — 0 as j — oo, and consequently, for z € C",

u(z) < lim Ry 5 u(z) = lim ug; 0, (2) < lim u(z —w;) < u(z),
j—oo Y j—oo 7 j—o00

so R}, su ™\ u, as 6 0. O

3 Supremal convolutions

Let us recall some topological properties of PSH(2), with the goal of determin-
ing when sup F is upper semicontinuous, for some family F C PSH(2) that is
locally upper bounded. For more details see Hormander [6, Theorems 4.1.8-9]
and [7, Theorem 3.2.11-13]. Recall that PSH(R?) is the family of plurisubhar-
monic functions on €2 that are not identically —oo on any connected component
of Q, so

PSH(Q) C Li,.(Q) € D'(Q).

The topology PSH(Q) inherits from the weak topology on D’() coincides with

topology it inherits from L{ (Q) as a Fréchet space topology with semi-norms
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J = [y [fI dX, for compact K. With this topology PSH () is a closed subspace
of L, .(Q), so it is a complete metrizable space.

Furthermore, PSH () has a Montel property which says that every sequence
(uj)jen in PSH(Y), that is locally bounded above and does not converge to —oo
uniformly on every compact subset of {2 has a convergent subsequence with limit
in PSH(R).

Sometimes sup F = sup Fy for some Fy C F containing a minimal element.
The Montel property then states that Fy is relatively compact. If, in addition,
Fo is closed then sup F is upper semicontinuous. This follows from Proposition
2.1 in Sigurdsson [17], which we include for the convenience of the reader.

Lemma 3.1. Let Q@ C C™ be open and F be a compact family in PSH().
Then sup F is upper semicontinuous, and consequently plurisubharmonic.

Proof. To start off the proof we recall some essential properties of integral av-
erages. If f € Ll _(2) we let M, f(z) denote the integral average of f over a
euclidean ball with center z and radius r > 0, where we assume that the eu-
clidean distance from z €  to the boundary of ) is strictly less than r. We
have that L (Q) x C" x R%, (f, z,7) — M, f(z) is continuous.

Let u = supF, 29 € Q, and a € R such that u(zg) < a. If we can show
that there exists a neighborhood V of zy such that u|y < a then u is upper
semicontinuous. Let € > 0 such that u(z9) < a —e and vy € F, and take rog > 0
such that

vo(z0) < Myyvo(20) < a—e.

By the continuity of (f, z) — M,, f(z) there exists an open neighborhood Uy of
v in PSH(QY) and an open neighborhood Vj of 2y such that

M,v(z) <a—e, vel, z€V.

The mean value property implies that v(z) < a—¢ for v € Uy and z € Vj. Since
v was arbitrary and F is compact there exists a finite covering Uy, ..., U, of
F and open neighborhoods Vi, ..., Vg of z such that v(z) < a — ¢, for v € U;
and z € V;. If we set V =N;Vj, then v(z) <a—cforallve Fand z € V. So
u|y < a and w is therefore upper semicontinuous. O

As usual we let 0 € S C R"} be compact and convex, 1,, = (1,...,1) € N*,
and og = pg(1l,). We will allow us a slight abuse of notation by identifying a
vector in C” denoted by a lower case letter with a diagonal matrix denoted by
the corresponding upper case letter. Thus we identify a € C™ with the diagonal
matrix A with diagonal a. In this notation the subadditivity of the supporting
function of S implies that

Hs(Zw) = Hs(Wz) = Hg(z1w1, . . ., 2nWy) (3.1)
< Hg(z) + Hg(w), z,we C",
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Proof of Theorem 1.3. Recall that we are studying the operator defined by

Rju(z) = sup {u(Zw) — 5~ log(|lw — 1, + 1)}
weCn
eu(Zu))

= log sup , z € C".
ween ([w = 1nllee +1)1/0

With us . (2) = u(Zw) — § 1 log(||lw — 1n]lee + 1), which is plurisubharmonic,
we have that Rgu = SUP,,ccn Us,w- The assumption that u is locally bounded
ensures that us,, € PSH(C™). For every 6 > 0 we have that us1, = u so
Rgu > wu. Additionally,

Hs(w) < o5log” [w]leo < oglog(w = 1nlle +1), weC™
This, along with (3.1), implies that if u < Hg + ¢, then

Rf;u < Hg+ sup {(os — 6 Hlog(||lw — 1n]jec + 1)} + cu.
weCn

Since § < 051, we have Réu < Hg+c,. We also have, for all ¥ > 0 and 2z € C",

Rgu(z) < max sup  w(Zw), Hg(2) + cy + (05 — 6 Hlog(y+1) .
wEln-&-fyﬁn

With z € C" fixed and € > 0, we may take y small enough that u(Zw) < u(z)+e
for all w € 1,, + 'y]D)n, since u is upper semicontinuous. Consequently,

Rbu < max{u+¢, Hg + ¢, + (05 — 6 ") log(y + 1)}.

The second term converges to —oo as ¢ \, 0, so, since Rgu > u, we have that
Rbu ™\ u as § \, 0.

We now observe that Réu = sup F,, 5 for F, s = {max{u,us.,};w € C"} C
PSH(C™). All functions in F, s are bounded above by Hg + ¢, and u is a
minimal element of F,, 5, so F, s is relatively compact by the Montel property.
To show that F,, s is closed in PSH(C™), and thus that R%u is plurisubharmonic,
we note that

Usw < Hg+cy + (05 — 5 1) log™ lwlew, weC”,

and recall as well that u is assumed to be locally bounded below. So fixing
a € C" and U = B(z,1) as the euclidean ball with center z and radius 1, and
setting My < M as constants such that My < u(z) — ¢, and Hg(z) < My, for
z € U, where ¢, > 0 is such that v < Hg + ¢,, we have that

usw(z) —u(z) < My — My + (0 — 5_1)10gJr lwlleo, 2z€U, weC".

So if w € C" is such that log" ||w|lee > (M; — My)/(6~! — og) > 0, then
us.w(2) < u(z), for z € U. So, since u < Rbu, we have that

Rbu(z) = sup  usw(z), z€U,
weB(z,r)
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where r = max{1, e —=M2)/(67'=05)} " If we take a sequence (wj)jen in C”
such that vs.;, — v in PSH(C"), where vs5,, = max{u,usw}, we need to
show that v € F, 5. If (w;);en is unbounded then we can pick a subsequence
(wj, )ken C C™"\B(z,7). Since Vs,w;, = U, we have that v = u € F 5. If (w)) jen
is bounded we can pick a convergent subsequence (wj, )xen With limit w. By
the upper semicontinuity of (z,w) — vs,, we have that limg— o Vs, = Us,uw,
and by Theorem 4.1.9 in [6] we have that limp—s oo Vs,w;, =V almost everywhere.
So v = vs,, almost everywhere and, since they are plurisubharmonic, we have
that v = vs, € Fu,5. Consequently, F,, s is compact and, by Lemma 3.1, ngu
is plurisubharmonic.

All that remains to be proven is that ngu is lower semicontinuous. By a
change of variables, we have, for z € C*",

Rgu(z) = sup {u(Zw) — 6~ log(|jw — 1]l + 1)}
weCn
— sup {u(w) — 6 log(| 2w — 1w + 1)}
weCn

So we set vs(2) = u(w) — 6 Hog(||Z7'w — 1]l + 1), and note that vs .,
is continuous on C*" and Riu(z) = sup,ccn vs.w(2), for 2 € C*™. So Riu is
given as the supremum of continuous functions on the open set C*”, and is
consequently lower semicontinuous on C*”. See Lemma 2.3.2 in Klimek [9]. O

4 Integral convolutions over diagonal matrices

Let us recall that the regularization from Theorem 1.4 was define by

Reu(z) = / u(Az)s(4) AN(A) = / W((T+0B))(B) d\(B)  (4.1)

- / w((1+ 0wr)z, ., (1+ 0wn)za)(w) dA(w), =z € C™,
where 1) € C5°(C") is rotationally symmetric in each variable and an Yd\ =1,
and 15(2) = 6 2((z — 1,)/9).

Proof of Theorem 1.4. By the Fubini-Tonelli theorem R§: L (C") — L (C™)

and R§u — u, in the L{ _ topology, as § \, 0. We also have that R§: PSH(C") —
PSH(C™). Proposition 3.2 in [11] states that Hg(1,40w) < dog, forallw € D",
so R§: L5(C") — L£5(C™), for all compact convex S C R” containing S. In
fact, if u € £5(C") and ¢, is a constant such that u < Hg + ¢, then, by (3.1),

Ri(:) < [ (Hs(2)+ Ha(L+ 60) + cu)b(w) dAw)
= Hg(z) + Cogd + ¢y, zeC",

for some constant C. The linear map C* — C", A — Az has the Jacobi
determinant |27 - - - z,|?, so

Su(z) = /n w(w)s(Z 7 w)|zy - - - 20|72 dN(w), 2z € C*™.
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By applying Lebesgue’s theorem on dominated convergence we may differentiate
by z; under the integral sign arbitrarily often. So if v € L (C") then R§u €
Note that R§u(z) = U.(¢s), where U, is the distribution associated to u.,
which is locally integrable since u is locally bounded. Let us fix a € C". Since
Uy = Ug, in PSH(C™), as z — a, we have that
lim R§u(z) = lim U, (¢s) = Ua(v5) = Rsu(a),
z—a

z—a
showing that R§u is continuous at a. O

Recall that the operator in Theorem 1.5 is given by

Réu(z) = log R§e"(z) = log/ e Z4ps(a) dA(a), z € C".

n

We have already shown that efisu N e® as § N\ 0. We also have that

Riu < Hg + ey + log / eH5(@) s (A) dA(A),

n

if ¢, is a constant such that u < Hg+c¢,. To show that R?u is plurisubharmonic
we recall that following result.

Lemma 4.1. Let Q C C and u: Q — [0,00[. Then logu € SH(Q) if and only
if 2 = u(2)e?Re(m2) € SH(Q) for all T € C.

Proof. To simplify notation we denote by Re(7-) the function z — Re(7z). If
log u is subharmonic then so is e'°8uT2Re(m) gince 2Re(7-) is subharmonic, for
all 7 € C.

So we assume ue ) is subharmonic for all 7 € C. We further more
assume u is smooth and u > 0. We have that

9 <lau)Au 4 9udu

2Re(T:

uAu — |Vul?

Al =4— -
ogu U u? 0z 0z u?

0z

w0z

For all 7 € C we also have that

0 < A(ue2Re(T-)) _ 4%%(UB2R6(T')) — 462Re(7~)2 <6’LL +7_'U>
e (B2 20 100

ou TOU 2
4u u32+u82+|T>

Au 1 0ul? 1 Ouou
_ 2Re(7:) | 2% el B
4ue ( + ‘T—F 235 82) .

4 u Oz

As this holds for all 7 € C and © > 0 we have that

Au 1 Oudu
< DU Louou_ A,
0= 4y u2 0z 0z o8
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so logu is subharmonic. For a general u > 0 we set vs = (u+9) * x5 > 0, where
Xs 18 a standard smoothing kernel. Then, for z € C,

/ U5(U}) 2 Re(Tw) d)\( ) / (U, * X(S)(w)eQ Re(Tw) d)\(w) + 5e2 Re(T2)
B(z,r) B(z,r)
and, by the Fubini-Tonelli theorem,

Uk w)e? Re(Tw) w) = a e2Re(T0)y (y—q w a
/ ) w = [ st [ o (w—a) dA(w)dA(a)

> g2 Re(m2) / u(z — a)xs(a) d\(a) = u * xs5(2)e? Re(rz)
C

so vse?Re(™) gsatisfies the submean inequality, and is therefore subharmonic.

We have already shown that this implies that logvs is subharmonic, and since
logvs \( logu as 6 \, 0, logu must also be subharmonic. See Theorem 2.4.6 in
Ransford [13]. O

Proof of Theorem 1.5. What remains is to show that Rglu is plurisubharmonic.
We fix a,b € C", 7 € C, and set, for { € C,

U(C) _ Rgeu(a—FCb)eQRe(To :/ eu(W(a+Cb))+2Re(7—C),¢5(W) d)\(W)

By [13, Theorem 2.4.8] we have that v € SH(C). So, by Lemma 4.1, { —
Rgu(a + ¢b) is subharmonic and, consequently, Rf;lu is plurisubharmonic. O

5 Uniform continuity in Lelong classes

Classically, sufficient conditions on K such that Vi is Holder continuous on C"
have been studied. See, for example, Siciak [16]. In Perera [12] this study is
continued for V2 4~ Her main result, stated in the abstract, claims that if .S
is a convex body, and K and ¢ are sufficiently regular then VK is a-Holder
continuous on C”. The main aim of this section is showing that thls result can
not be true if S is not a lower set, no matter what regularity we impose on K
and q. We will do this by showing that if S is not a lower set then Vf?’q will
never be uniformly continuous. Let us begin by recalling the definition of some
classes of regularity.

Let U C C™ be an open set and f be a function on U. We say that f is
uniformly continuous if for € > 0 there exists § > 0 such that |f(z+y)—f(z)] < ¢
for all x,y € U such that x + y € U and |y| < §. We say that f is a-Holder
continuous, for 0 < a < 1 if

[f(z) = fy)l < Clz —y[* z,yel,

for some constant C. We also say the f is Hdélder continuous if it is a-Holder
continuous for some 0 < o < 1. We say that f is Lipschitz continuous with
Lipschitz constant C' if

lf(z)— f(y)| <Clx—vy|, =z,yel.
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The Lipschitz continuous functions coincide with 1-Hélder continuous functions,
and the Holder continuous functions are uniformly continuous. We can describe
Hg in these terms, depending on whether S is a lower set or not.

Theorem 5.1. Let 0 € S C R be compact and conver. If S is a lower set
then Hg is Lipschitz continuous with Lipschitz constant og = @s(1,). If S is
not a lower set then Hg is not uniformly continuous.

Proof. First we assume S is a lower set. Then, by Theorem 5.8 in [11],
HS(Z):SOS(IOg—F |Zl|a"'alog+|zn|)7 ZGC”,

where log" 2 = max{0,log 2}, so log* 0 = 0. Note that log™ z is Lipschitz con-
tinuous with Lipschitz constant 1 and (g is Lipschitz continuous with Lipschitz
constant og. To see this note that

ps(§) =ps(€—n+n) <ps(€—n)+ps(n), &neRy,
s0 ¢s(§) — ¢s(n) < ps(& —n) and consequently

0s(€) —ps(n) <ps(€—n) <osll —nlle <oslé—nl, EneR.

With Log™ 2z = (log™ |21],...,log™ |2,]), we have, for z,w € C",

|Hs(2) — Hs(w)| = |0s(Log™ 2) — s (Log™ w)|
< og|Logt z — Logt w| < o5|z — w|.

Before continuing recall that pgs < o7 if and only if S C T. So Hg < Hr if
and only if S C T. It will prove useful to us that if S is not a subset of T, then
Hgs — Hy is not bounded above.

Now assume S is not a lower set. To show that Hg is not uniformly con-
tinuous it is sufficient to show that, for all § > 0 we have w € 6D" such that
z +— Hg(z + w) — Hg(2) is unbounded. After possibly rearranging the vari-
ables, there exists s = (s,s”) € RY x R’‘ such that s € S and (s',0) ¢ S.
By Proposition 3.3 in [11] we have that Hg(2',0) = Hr(2'), 2/ € C*, where
0 € T C RY is compact convex and s’ € T. So, with L = ch{0,s'} C RY, we
have that H; — Hp is not bounded above. Note that, for 2/ € C*¢ \]D)é7

Hg(2',6,...,8) =sup (z1log|2}] + - + 2 log |zg] + (zpg1 + - + 25) log d)
€S

> sylog|z)| + -+ selog|zp| + (se1 + -+ + 5p,) log d
= Hp(2') + (s¢41 + -+ + 5,) log d.

HS(Z/767 s 76) - HS(Z/707 ce 70) > HL(ZI) - HT(Z/) + C(Sa 2z € CE \DZ7
where Cs = (sg41 + -+ + spn) log d, and consequently z — Hg(z + w) — Hg(z)

is not bounded for w = (0,...,0,4,...,d). To be clear, w; = --- = wy, = 0 and
Wep1 = -+ = wy, = . This shows that Hg is not uniformly continuous. O
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We know that Vi, = VES; = Hg, where T = {z € C;|z| = 1}. See Propo-
sition 4.3 in [11]. However, the previous proposition does not provide a coun-
terexample to the main result in [12], since D™ does not satisfy the boundary
condition required by the Proposition and T™ is not the closure of an open set.
A consequence of the previous result will however suffice.

Corollary 5.2. Let 0 € S C R be compact and convex. If S is not a lower
set then Ei (C™) contains no uniformly continuous functions.

Proof. Let u € Ei (C™) and ¢, be a constant such that
Hg(z) — ey <u(z) < Hg(2) + ¢y, z€C".
We then have
u(z+w) —u(z) > Hg(z +w) — Hg(2) — 2¢y, 2z,w e C".

As shown in the previous Proposition, there exists w € 6@”, for every § > 0,
such that z — u(z + w) — u(z) is unbounded, and thus w is not uniformly
continuous. O

By Proposition 4.5 in [11] we have that Vg* € L£3(C"), for all compact
convex S C R} containing 0, compact K C C" and admissible g on K. So if S
is not a lower set then Vi can not be uniformly continuous, and thus it can
not be Holder continuous.

An error in [12] is in the proof of Lemma 2.4. A major step in the proof
involves finding a constant C,, depending on w, such that VC‘(’;,q(z +w) <
Hgs(2)+Cy, for z € C™, where ¢ has been extended to C™ by standard methods
of extending Holder continuous functions. This is in contradiction to Theorem
5.8 in [11], where it is shown that £°(C") is translation invariant if and only if
S is a lower set.

We will now assume that n = 2, since this is done in the proof of Lemma 2.4
in [12]. Where the proof fails is assuming that Hg (21, 22) = sup,cg 2 log |22],
if |z1] < 1. We can see this is not true by an explicit counterexample. Let
S = ch{(0,0),(1,1),(1,0)}. Then sup,cgz2log|zs| = log|zz|. However, if
|z2] > 1 and 21 = 1/2p then Hg(z1,22) = sup,cg(x2 — x1)log|z2| = 0, since
o —x1 < 0forall xeS.

It is worth noting that other results in [12] need correcting, as they depend
on wrong results from other papers. Corollary 1.3 depends on [1, Proposition
3.1], which is shown to be incorrect in Example 1.2 herein. Proposition 2.3
also depends on [1, Proposition 3.1], as well as depending on Levenberg and
Perera [10, Proposition 2.2]. Proposition 2.2 in [10] relies on constructing a
strictly plurisubharmonic function in £3(C™). This construction is the content
of Section 3 in the paper. First it is done under the assumption that S is a
convex polytope, that is S = ch{vy,...,v,} C R%, where vy = 0. The specific
function chosen is

V4
hs(z) = log (Z |z|”f), zeCn.
j=1
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In the case where S is not a convex polytope, but still contains a neighborhood
of 0, Levenberg and Perera [10] take a decreasing sequence of convex polytopes
Sj such that N;S; = S. They then claim that hg; is a decreasing sequence
and use its limit as a candidate function. But the sequence is not decreasing.
This can be seen by considering the point 1,,. In fact, hs,(1,) = log(# ext Sj),
where # A denotes the number of elements in the set A. So if S is not a convex
polytope then hg,(1,) = 400, as j — +00. An alternative to [10, Proposition
2.2] can be found in in [18, Lemma 2.1 and Proposition 2.2], which apply when
S contains a neighborhood of 0.
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Paper III — Generalized product property

Polynomials with exponents in compact convex
sets and associated weighted extremal functions -

Generalized product property

Bergur Snorrason

Abstract

A famous result of Siciak is how the Siciak-Zakharyuta functions, some-
times called global extremal functions or pluricomplex Green functions
with a pole at infinity, of two sets relate to the Siciak-Zakharyuta func-
tion of their cartesian product. In this paper Siciak’s result is generalized
to the setting of Siciak-Zakharyuta functions with growth given by a com-
pact convex set, along with discussing why this generalization does not
work in the weighted setting.

1 Introduction

Let £L(C™) denote the Lelong class in C™, consisting of all u € PSH(C™) such
that u(z) < log™ |z| + ¢y, for z € C™ and some constant c,. For every compact
K C C™ we define the Siciak-Zakharyuta function of K by

Vi (z) = sup{u(z) ;u € L(C"),ulx <0}, zeC™

Siciak proved in [9] a product formula for these functions. Namely, if K; C C™,
forj=1,....,6, K=Ky x---x Ky, and n =ny + - + nyg, then

Vi (2) = max{Vk, (z1),.. ., Vk,(20)}, 2= (21,...,20) € C",z; € C.

See Klimek [3], Theorem 5.1.8.

Bos and Levenberg in [1] continued the study of pluripotential theory related
to convex sets by, among other results, generalizing Siciak’s product formula.
To state the result we define, for S C R’} compact convex and containing 0, the
logarithmic supporting function by

Hs(z) = ps(Log(z)), zeC™,

where pg(§) = sup,cg(z,§) is the supporting function of S and Log(z) =
(log|z1], .- .,log |z,|). We then extend the definition of Hg to C™ by

Hs(z): lim Hs(w), z e C™.

C*now—z
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This allows us to define the Lelong class £°(C™) with respect to S consisting
of u € PSH(C™) such that u(z) < Hg(z) + ¢, for some constant ¢,. We
also define £9(C") as the family of those functions u € £5(C") such that
Hs — ¢, <u< Hg +¢,. For every compact K C C"™ and function ¢ on K we
can then define the weighted Siciak-Zakharyuta function of K, S, and ¢ by

Vﬁ,q(z) = sup{u(z);u € ES(C"),U\K <gq}, zeC".

In the case where ¢ = 0 we omit it in the subscript. The superscript is omitted
when S is the standard simplex in R™, that is S = ¥ = ch{0,eq,...,e,}, where
e1,...,en is the standard basis of R™ and ch is denotes the closed convex hull.
This is justified since VI%O = Vi . The main result of this paper is the following.

Theorem 1.1. Let K; C C"% be compact and non-pluripolar for j =1,...,¢,
and K =K1 x---xKy,n=n1+---+ny, T C Rﬁ_ be compact convex, S; C R:L_j
be compact convex containing 0, for j =1,...,¢, and S C R’} be given by

S=J@S1) x - x (zeSe).

xzeT

Then
S\ S1 Se _ n;
Vi (z) = or(Vig; (1), ..., Vi (20)), 2= (21,...,2n), 2; €C™.

Taking T' = ch{e, ..., e/} and S; = ¥;, where X; is the standard simplex in
R™ | we get S = ¥, so this generalizes Siciak’s original result, since in this case
or(§) = max{&,...,&}. This result also generalizes Theorem 1.1 in Nguyen
and Long [8]. They prove the following.

Corollary 1.2. Let K; C C™ and Ko C C™ be compact and non-pluripolar,
K = K1 x Ky, Sy C R} and So C R be compact convexr and containing a
neighborhood of 0 in R"" and R'}?, respectively, and S = ch((S1 x {0}) U ({0} x
S3)). Then

Vi(2) = max{V!(21), V2 (22)}, z€C™ x C™.

In [8] it is not assumed that S; and S contain a neighborhood of their
respective origins, but their proof requires it, see Proposition 2.2 herein.

Another corollary of Theorem 1.1 is Proposition 2.4 in Bos and Levenberg [1].
To state this result we recall the definition of a lower set, which can be seen as the
real counterpart to a complete Reinhardt domain. A compact convex S C R,
with 0 € S, is said to be a lower set if for all s € S the box [0, s1] x - - - x [0, s,] is
contained in S. Theorem 5.8 in [6] gives several equivalent characterizations for
this property. One of these is that S is a lower set if and only if p5(£) = ps(£T),
for all £ € R™, where f;»“ = max{0,{;}. We refer to the smallest lower set

containing S as the lower hull of S denoted by §, and note that S is a lower
set if and only if S = S. The supporting function of S is therefore given by
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©5(8) = ps(€T). If we assume £ = n and S; = [0, 1] in Theorem 1.1 we have
that

0s(€) = pr(ep1 (&), - ep1én) = er(&, - &) = e7(8)

since ¢q5)(§) = max{al,b¢}. So S = T, since supporting functions uniquely
determine compact convex sets. This is clarified further in Section 2. So set-
ting ¢ = n and S; = [0, 1] leads to the following, which is a generalization of
Proposition 2.4 in [1].

Corollary 1.3. Let K1,..., K, C C be compact and non-polar, K = Ky x--- X
Ky, and S C R’} convex compact and containing 0. Then

VE(2) = s(Vie, (1) - -, Vi, (20)), 2 € C™.

In [1] this is proven in the setting where S is a lower set. Then the formula
becomes

VI?(Z) :SOS(VK1(ZI)7"'7VKn(Zn))? ZE(C”. (11)

Levenberg and Perera [4] claim to prove that the formula also holds if we only
assume that aX C S for some a > 0, where X is the standard simplex in R".
Subsequently Nguyen and Long [8] claimed it holds under the relaxed condition
that S is a convex body, that is when the interior of S is not empty. These
results can not hold. Both make the erroneous assumption that the right hand

side of (1.1) is in £9(C"), but Theorem 1.1 tells us that it is in £3(C"). We
can also show that these result are wrong by an explicit counterexample.

Let K1 = Ko =D and K = K, x Ky = D By Proposition 4.3 in [6], we
have that Vﬁ = Hg, for every 0 € § C R’} compact and convex. If we set

S = ¢h{(0,0), (1,0),(1,1),(0,a)} then ws(§) = max{&f, (& + &)*,a&}, for
all £ € R?, and thus

Hg(z) = max{log™ |21, (log|z1| + log |22|) ", alog™ |22},
for z € C2. But
¢s(Vg(21), V5(22)) = max{log™ |21, log™ |21] +1og™ |22/, alog™ |22},
for z € C2, and, for ¢ € C with |(] > 1,
VE(CTN¢) = Hs(¢1,¢) = alog|¢| <log|¢| = s (V5($), V(™))

when a < 1.

We get more corollaries when we have an explicit formula for ¢p. One
immediate example is taking T = {(1,1)}, since then pr(§) = & + &2 and
S = Sl X S2.

Corollary 1.4. Let K1 C C™ and Ko C C™ be compact and non-pluripolar,
and Sy C R} and Sy C RY? be compact convex and containing 0. Then

Vi 2 (2) = Vit (z1) + Vi (22), 2 € C™ x C™,
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It is well known that @7 (§) = ||| if T = BNRY, where B is the unit
ball with respect to the norm || - ||, and p,q > 1 satisfy 1/p + 1/¢ = 1, see the
discussion of equations (2.2.12) in [2].

Corollary 1.5. Let nq,...,n, be natural numbers, n =ny+---+ny, K; CC%
be compact and non-pluripolar forj =1,... ¢, and K = K1 x---xK,, S; C RT
be compact convex and containing 0, for j =1,...,¢, and S C RY} be given by

S= |J @8) x -+ x (xeSe).

‘
$€R+
llzll,<1

Then
VE2(2)1 = ngll (z1)7+ -+ Vf?ﬁ(Z@)q, z=(21,...,20), z; € C".

Note that BNR? is a lower set so the previous result becomes particularly
explicit when ¢ = n.

Corollary 1.6. Let p,q > 1 with 1/p+1/q = 1, K; C C be compact and
non-pluripolar for j = 1,...,n, and K = K| x --- x K,,, § C R} is given by
S={zeR%;|z|, <1}. Then

VE(2)T = Vi, (21)7 + -+ Vi, (z0)?, z€C™

A natural question is if it is possible to generalize Theorem 1.1 to the
weighted case. The answer turns out to be negative, as is shown in Propo-
sitions 4.1 and 4.2. As a follow up, we will look into when the sublevel sets of
V2 are not convex, even if K is convex.

For general results on weighted Siciak-Zakharyuta functions and their prop-
erties see [6] and the references therein. See also [5] and [7].

2 Background

This section is an overview of required fundamental results from [6]. We will use
the notation C* = C\ {0} and C*" = (C*)". We fix a compact convex S C R’}
such that 0 € S. Recall that we define the logarithmic supporting function of
S by

ps(Log(2)), z € C,
Hs(2) = lim Hg(w), z¢C™,
C*m"3w—z

where ¢g(§) = sup,cg(z,§) and Log(z) = (log|z1],...,log|z,|). We then define
the Lelong class £5(C™) with respect to S as those u € PSH(C") such that
u < Hg + ¢, for some constant ¢,. For a function ¢ on a compact K C C" we
define the Siciak-Zakharyuta function of K, ¢, and S by

Vi o(2) = sup{u(z);u € L5(C"),ulx < q}, z€C".
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The function ¢ is referred to as a weight and is said to be admissible if it is lower
semicontinuous and the set {z € K;q(z) < +oo} is non-pluripolar. Let now
K C C™ be compact and ¢ an admissible weight on K. By Proposition 5.4 in [6]
we have that Vlg,q is lower semicontinuous on C*” and if furthermore ng <q
on K then VI?’; = Vjiq € L£3(C™), and consequently, Vf?,q is continuous on
C*™. Here Vf?j; denotes the upper semicontinuous regularization of Vfg 4 The
assumption that VI?,Z < q is not restrictive, since VKSisﬁn,q/ < ¢, where ¢ is
a continuous (and thus admissible) weight on K + eD", and VI%,%_ S Vg) g if
K; N\, K and ¢; /" ¢. See Lemma 5.2, and Propositions 5.3 and 4.8 in [6]. The

Siciak-Zakharyuta functions are also continuous under decreasing sequences in
S under some conditions. Namely, if 7; ~\, S, such that VE{; < q for some

j €N, then V;fq N Vf?,q- See Proposition 4.8 in [6].
Fundamental to this study is that we can explicitly determine some Siciak-
Zakharyuta functions. By Proposition 4.3 in [6] we know that V2 = Hg if

T" c K Cc {z € C";Hg(z) =0},

where T is the unit circle in C. An example of such a K is D".

Lemma 2.2 in Nguyen and Long [8] contains a comparison result that can be
used, in certain cases, to characterize the Siciak-Zakharyuta functions in terms
of maximality. For the convenience of the reader we include it here, along with
their proof.

Lemma 2.1. Let u,v € PSH(C™) such that:
(i) u<von K,

(i) lim, . v(z) = 400,

(iii) sup,ccn u(z) — v(2) < +o0,

(iv) v is maximal on C"\ K,
(v) v is bounded from below on K,

then u < v on C".

Proof. By (v) we may assume that v > 0 on K. We now fix A > 1 and note
that, by (iii), there exists a constant C' such that u < v+ C. By (ii) and the
upper semicontinuity of v we can take R > 0 such that v(z) > C(A — 1)~} for
z € Ug, where Ug = {z € C";|z| > R}. We then have

u(z) <v(z)+C = Mv(z)+ (1 = Nv(z)+ C < M(z), ze€Ug.

By the positivity of v on K and (i) we have that u < Av on K UUg. Note that,
by (iv), v is maximal on C" \ (K U Ug) so v < Av on C". This holds for all
A > 1 so we conclude that u < v. O
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Proposition 2.2. Let S C R} be compact and conver with 0 € S such that S
contains a neighborhood of 0 in Ry, K C C" compact, q an admissible weight
on K, and v € L (C"). If Vg; <wv < q on K and v is mazimal on C" \ K
then v = Vfg*q on C™.

Proof. Since v € L£5(C") and v < g on K it is clear that v < Vg)*q. By
assumption S contains a neighborhood of 0 in R, that is there exists a > 0
such that aX C S, so

v>Hg+C >alog” || + C.

This implies that lim, _, ., v(z) = +00 and v is bounded below on K. Hence, v
and u = Vfg’; satisfy the conditions of Lemma 2.1 and thus Vi?,*q <w. O

In [8] Nguyen and Long do not include the assumption that S contains a
neighborhood of 0 in R. So the proof of their Theorem 1.1 is incomplete.

Central to the proof of our main result is the Siciak-Zakharyuta theorem.
The version we require can be found in [5], as Theorem 1.1, and is restated
here for the convenience of the reader. The Siciak-Zakharyuta theorem relates
V;?, 4 to an extremal function given by polynomials. This function, the Siciak
extremal function, is defined by

5 o(2) = T sup{|p(=)[1/"™;p € PS(C"),pe ™|k <1}, zeCT,

where P23 (C™) consists of all polynomials p of the form p(z) = S ez

a€e(mS)NN»
Theorem 2.3 ([5], Theorem 1.1). Let S C R’} be compact convex and contain-
ing 0, K C C™ be compact, and q an admissible weight on K. Then

Vlgq(z) = log CIJf(’q(z), zeC™,

if and only if S =S NQ".

Let us now turn our attention to the generalization of the product property.
Recall that if A C R™ is compact and convex then its supporting function
0A(€) = sup,ea(, &) is positively homogeneous and convex, that is p(t§) =
toa(§) and pa(E+n) < wa()+@a(n), for t € Ry and n,& € R™. Furthermore,
if ¢: R™ — R is positively homogeneous and convex then it is the supporting
function of precisely one compact convex set. See Theorem 2.2.8 in [2]. Let
0 € S; CR™ be compact convex for j =1,...,fand T C Rﬂ_ compact convex.
Note that we do not assume that 0 € 7. By this assumption (7 is increasing
in each variable, so if u; € L% (C") for j=1,...,¢, then

u(z) = or(u1(21), ..., ue(ze))
<¢r(Hs, (21),...,Hs,(20)) + pr(c), 2€C",

for ¢ € RY. The convexity of ¢ implies that u € PSH(C"). This leads us to
define : R™ — R by

90(5) = @T(@Sl(gl)w . '7@5[(5@))7 € = (515 cee 75@)7 5] S ]anv

84



Paper III — Generalized product property

for j =1,...,¢. Note that ¢ is positively homogeneous and convex so it is the
supporting function of some compact convex S C R™. We have thus shown that
u € L5(C") and, since ¢7(0) = 0,

@T(Vlgi<zl)7 . .,Vi?j(z'g)) <VE(2), z=(21,...,20), 25 € CY, (2.1)
where K = K x -+ x Kj.
To determine an explicit formula for S we set
Si = {01} x - x {0; 1} x 8; x {0541} x -+ x {0c},

where 0; is the origin of R™. For £ = (&,...,&) € R™ we have 3, &) =
ps;(&), for j =1,...,4, s0 o5 = or(pz,,.-.,¢g,)- For compact convex sets
A,B C R™ and a > 0, we have that aps +¢p = Qaat+n, and if (Ay)acr, I # 0,
is a family of compact sets, A = chUyerA,, and

0(€) =suppa,(§), §eR",
a€el

is bounded for every £ € R", then ¢ is the supporting function of A. We
therefore have

ps(§) = Slelg(fﬁ@gl (&) + -+ zepg, (€))

= Sup(@z1§1+...+u§2(§))a §eR”,
zeT

so S =ch UmeT(xlgl + -+ .ngz). Actually, the union is convex:
Lemma 2.4. Let A C Rﬂ_ and By,...,By CR™ be conver sets. Then
C= U a1B1 4 -+ a¢By
acA
is a conver subset of R™. If A, By,..., By are compact, then C is compact.

Proof. Let ¢; = wqywy + -+ + xpwp,co = 1121+ -+ yeze € C and t € [0,1],
where z = (z1,...,2¢), y = (y1,...,y¢) € Aand wj,z; € Bj for j =1,...,¢.
Then

(1 =t)ey +tea = (1 —t)xywy + tyrz1 + -+ + (1 — t)zpwe + tyeze.

Since Bj is convex we have (1 — t)z;w; + ty;2z; € ((1 —t)z; + ty;)B;, so for
a=(1—t)xz+ty we have (1 —t)c; +tca € a1B1 + -+ + ayBy C C. The last
statement follows by a simple sequence argument. O

Finally note that ¢s = ¢r(ps,,...,¢s,) = 0. It is well known that the
supporting function of a compact convex set is positive if and only if the set
contains the origin.
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So, in conclusion, S C R is compact and convex, contains 0, is given by

S=|J =S+ +wS = J@S) x - x (zeS), (2.2)

zeT zeT

has the supporting function

905(5) :SDT(QOS1(§1)7"'7QOS[(€Z))7 EZ (517"'352)7 fj eanv (23)

and the logarithmic supporting function

Hs(z) = pr(Hs, (z1), ..., Hg,(20)), z=(21,...,2¢0), zj € C".

3 Proof of the main result

We will prove Theorem 1.1 by applying the Siciak-Zakharyuta theorem along
with a product variant of the Bernstein-Walsh inequality. Recall that the
Bernstein-Walsh inequality states that

S
F < N fllpeye™ P, zec,

for 0 € S C R} compact and convex, K C C" non-pluripolar compact, and
f € PS(C™). This is a consequence of Theorem 3.6 in [6], namely that f,
holomorphic on C, is in P (C™) if and only if log | f|*/™ € L£L%(C").

The proof of the product variant of the Bernstein-Walsh inequality follows
Klimek’s proof of Theorem 5.1.8 in [3] and Siciak’s proof of Proposition 5.9 in
[9], in a similar way as the proof of Bos and Levenberg [1].

Proposition 3.1. Let K; C C" be compact and non-pluripolar forj =1,...,¢,
and K =K1 x---xKy,n=n1+---+ny, T C Rﬂ be compact convex, S; C Rif
be compact convex and containing 0, for j =1,...,£, S CR% be given by (2.2),
and f € P5(C"). Then

S S
1f(2)| < ||f||Loo(K)em“"T(VKi(21)7""‘/1(?(“)), z2=(z1,...,2), z € C™.

Proof. We will assume that S; N Q" # {0} for j = 1,...,¢. If this were not
the case then f(z), z € C", would not depend on z; € C". We fix an r > 0
and let G; = K; +7D™ for j =1,...,fand Q, = G x --- X GY.

We now need to define an orthonormal basis for P (C") for j = 1,...,,
as subspaces of L?(G;). To do this we define p;: R;S; NN" — R, by

pila;) =inf{t € R;; € t5;}

and let k;: N — R, .S;NN" be a bijection such that p;(k;(k)) < pj(x;(k+1)) for

all k € N. We then set e, = 2% (%) apply the Gram-Schmidt process to (ex)ken

to get (éx)ren, and define pjo, = énfl(a X for all a; € Ry S; N N™. This
j J

construction implies that if 277 = Y7, ¢;xpj g, (2;) then pj 5, € prilea)Sicny)

for all k € N such that ¢;, # 0 and z; € C™.
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Now we define py = p1,a; - - - Pt,a, for a@ = (ai,...,ar) € RS NN, where
a; € N% for j =1,...,¢. We now need to show that {p,;a € RLtSNN"}isa
basis for P°(C"). First we show that p, € P(C") for all @ € Ry S N N", and
then we show that the span of {p,;a € R, S NN"} is PY(C™).

Let m € Nand o = (a1, ..., a¢) € mSNN", where ¢ € RZJ forj=1,...,¢
By the definition of S there exists « € 1" such that o; € mx;S; for j =1,... L.
By construction pjq; € P (C™) for j =1,...,¢, so for some C > 0, and all
zeC™,

[Pa(2)] = [P1,00 (21)] - - - [Pe,a (20)]
< C@mels1 (21) ... emezse(ZZ)

= Cem™@1Hsy (21)++zeHs, (20))
S Cem‘PT(Hsl (21)7"')HSZ(ZZ))
= CemHs(?) zeC",

so we infer p, € P2 (C").

To show that {p,;a € R, S N N"} spans P°(C") it is sufficient to show
that z® belongs to the span for all « € R;.SNN". We let m € N and a =
(a1,...,ap) € mS NN", where a; € RT. Then there exists x € T such that
aj € mz;Sjfor j =1,...,4 Forj=1,....,0 welet 3, € R..S; NN such
that

d;
29 = cjupip, (), 2 €CY,
k=1

where ¢;, € C*, for k = 1,...,d;. By construction of the bases we have, for
j =1,...,¢, that B;, € mx;S; for k = 1,...,d;. This then implies that
(Bikrs--+sBjk;) € mS for kj = 1,...,d; and j = 1,...,£, and thus that
P11 gy - P, € {Pasa € RySNN"} We also have that

dq d;
2% = Z Z C;{:l,‘..,kgplgﬁl,k,l (21) .o 'pf,ﬁe,ke (Zf)v ze Cn?
ki=1  k;=1
where ¢ .= C1r, - ok, S0 {pa;a € RyS NN} spans PS(C"). We
note as well that {p, ;o € R, SNN"} is an orthonormal basis for P¥(C") as a
subspace of L?(Q,.).
We can now write

flz)= Z Cabalz), z€C™, (3.1)
aEmSNNP

where ¢, = (f,pa). By the Cauchy-Schwarz inequality |co| < Cr||fllL~(0,),
where C, = Vol(©,.)"/2. Let us now fix z = (z1,...,2/) € C", where zj € C,
for j =1,...,¢ If a = (a1,...,0q¢), where a; € mz;S; for j =1,...,¢ and
x € T, we get, by the submean value property (in each variable), that

[Pj.a; (a;)]* < (7””2)_nj/ [Pj,a; (Q)I2dN(Q) < (1) ™™,

rD"i 4a;
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for a; € K; and j =1,...,¢. By the Bernstein-Walsh inequality

xS ;8
Pa(2)] < (wr2)~"/2emViq ) L emVie ()

S
_ 7T7n/27‘7n67n(x1VK; (zl)+~~~+giKf (ze))

< 7'('_"/2 —nemtpT( Kl L(z1)yeees V}fl(zz))

Since mS C mogX C [0,mog]™, the number of terms in the sum in equation
(3.1) is no greater than (mog + 1)™, where o5 = ¢g(1,...,1). So

m z SZ 4 n
1F(2)] < Crll fllpe (g, ym ™™/ 2™ o7 Vicy (1) Vi Dimog+1)".  (3.2)

Applying the above inequality on f* € P35, (C"), for t € N, we get

51 Sy
1f(2)|f < Cer”tLoo(Qr)an/%, nemter (Vi) (z1),-.. Vit (2 K))(mt()'s +1)m

Taking the t-th root improves the estimate in (3.2) to

s S 1/t
N < Il e Vi GV GO (/2= (mtrg + 1))

We can now take the limit as ¢ goes to infinity and then as r goes to zero to get

£ ()] < 11l ey €™ 0T (Vich (1) Vicg (2))

concluding the proof. O

Theorem 1.1 now follows from the Siciak-Zakharyuta Theorem 2.3, along
with some regularization arguments discussed in Section 2, which we will now
restate. Take K C C" non-pluripolar and 0 € S C R} compact and convex.
Setting K. = K + eD" we have that VS* < 0 on K and VK ' Vi when
€ \( 0, see Propositions 4.8 and 5.3 in [6] b T; CRY is a decreasmg sequence
of convex compact sets containing 0 then VK AW VI“?, when j — oo, if V};k <0
on K, for some k € N, see Proposition 4.8 in [6].

Proof of Theorem 1.1. Recall that, by (2.1), we have, for z € C*,

er(Vii(21), ..., Vigh(ze)) < Vi (2),

so the goal is to prove the inverse inequality. To do this we use Theorem 2.3
and Proposition 3.1. For Theorem 2.3 to apply we assume some regularity on S
and ij , V[?ll, ceey Vf?ﬁ These assumptions are then relaxed using regularization
arguments.

To start off we assume that S = SNQ" and Vl}q,Vfgi,...,VIgﬁ are all

plurisubharmonic. The second assumption implies that @T(Vl‘gi,...,Vf?ﬁ) is
plurisubharmonic. Theorem 2.3 implies that for z € C*™

Vi(2) = Tim sup{log|f(2)[V/"™; f € Pp(C"), flic <1},
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which, with Proposition 3.1, yields, for z € C*™,

ViE(2) < or(VEL (1), .., ViEi (20)).

By assumption V2 and cpT(VI*?I (z1),. .-, Vfgﬁ (2¢)) are plurisubharmonic, so
5 . S T, 5 S
V) = T VW) < T er(VE(wn), ., Vi (we)

=or(VgH(z1),..., Vi (=),  z€C

since C™ \ C*" is pluripolar. Equality then follows from (2.1).

We now drop the assumptions on S and instead assume that TNR** # (). Let
Kj.=K;j+eD" K. =K+eD" =K. x---x Ky, Sjx = ch{(1/k)%; US,},
for k=1,2,3,..., and

S;C = U (l'lsl,k) X o0 X ($25g7k) C Ri

zeT
If # € TNR* then (2151 1) X -+ X (4Se 1) C S} Since 2151k, ..., 2S¢ are
all convex bodies, S}, is also a convex body. Consequently, S; N Q" = S}, and
Vih(2) = or (Vi (21), . Vi H(20)), 2 € C™.
So, by the continuity of ¢, we have
S T S T S, Sek
VE(2) = Jim V() = lim or(Virt (a0), . Vs (2)
:@T(Vlgiys(zlx"'7VI§2E(Z€))’ S (Cn
and
S\ 1 s o s s
Vi (2) = gg}% Vi, (2) = 313(1) @T(VK; (1), VK,?E (2¢))
:wT(VI‘gll(zl),...,ng(Ze)), z e C™.

Lastly we assume 7 NR** = () and T # {0}. If T = {0} then VZ = 0
and ¢ = 0 so there is nothing to prove. By rearranging the coordinates, we
can assume that 7 = A x {0}, where A C R¥ satisfies that A NR** # () and

k < €. Note that ¢7(£) = wa(&1,...,&k), 50 ps(§) = par(&1,...,&), where
v=mni+---+n and

A = (@181) x -+ x (xxSk).

z€A

We then get, by the Liouville theorem for subharmonic functions, that functions
in £5(C™) only depend on their first v variables. So

Vi (2) =V (2) = oa(VEL (1), Vi (1))
ZQDT(VIA?;(Zl)77VKS§(Z@))7 Ze(cn7

where K = K1 x - x K. O
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4 The weighted case

We would like to prove a version of Theorem 1.1 which includes weights. One
approach is to try to find the correct representation of ¢ such that

V2, (2) = or(Vi: . (21), -, V,f;’qg(ze)x zeC™,

holds. A natural first guess is to take ¢ = @r(q1,...,q¢). The following re-
sults will show that this choice of ¢ is not correct. We will then show that
no choice of ¢ will work in the generality of Theorem 1.1, since the function
@T(Vlgi,ql (z1)y- .-, Vl‘gj,qg (z¢)) may fail to be maximal outside of K, which is a
necessary condition for Vf?ﬁ o for any choice of an admissible weight ¢. See 6],
Theorem 6.1.

Proposition 4.1. Let ny,...,ne be natural numbers, K; C C" be compact and
non-pluripolar for j =1,... €, and T C Rﬂ be compact convexr and containing
more than one point, and {0} # S; C RT be compact convex and containing 0,
forj=1,...,£, such that V;;* =0, on Ky, for j =1,...,L. Then there exist
admissible weights q,...,q0 on Ki,..., Ky respectively, such that, for some
z e C”,
VZg(2) > or(Vigh o, (21), . Vigt o, (20)),

where K = K1 X -+ X Ko, g = or(q1,...,q), and S is given by equation (2.2).
Furthermore, if T is a convexr body then the previous statement holds for all
constant weights q¢; <0, j=1,...,¢.

Proof. Recall that if n € R® with || = 1 then {z € R’;(z,n) = or(n)} and
{z € R*;(z,n) = —pr(—n)} are supporting hyperplanes of S with outward
normals 17 and —n, respectively. The distance between these parallel hyperplanes

is pr(n) + pr(=n), since 0 = pr(0) < @r(n) + ¢r(—n). So diamT > or(n) +
or(—n), where diam T denotes the diameter of T. If L C T is a line segment

parallel to 7z, with || = 1, then o7 (nr) + ¢r(—nr) = wr(nL) + ¢r(-nr) =
diam L. We can take L such that diam L = diam T, so

diam 7T = ISlllfl(@T(ﬂ) +@r(=n)).

Consequently, since T' contains more than one point, we can find n € Rﬂ_ such
that o7 (n) + or(—n) > 0.

Since Vfgj * =0 on Kj, Proposition 5.4 in [6] implies that Vfgj is continuous
on C*"% and consequently V% (C™) =Ry.

Now let € RY such that ¢7(n) + ¢r(—n) > 0, z; € C" be such that
Vfi’ (z;) =nj, and ¢j(w) = —nj;, forw € K and j =1,...,¢. Then Vlfj’qj(zj) =
0 and

@T(Vz}gi,ql (z1)y -, Vi?:,qz (z¢)) = 0.

But, we have by Theorem 1.1 that

V2 (2) = VE(2) +or(ar,. .. a0) = or(VE (1), ..., Vi (20)) + o7 (—n)
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= pr(n) +r(-n) > 0.

S s
So Vf‘gq(z) > ¢T(VKI,q1 (z1)y. -+, Vs 4 (2¢)).
Now assume that 7" is a convex body and ¢; < 0 are given constant weights.
Then T contains a Euclidean ball with radius r and thus

er(n) +or(=n) = 2,
for all n € R’. So we set n; = —q; and proceed as previously in the proof. [

Note that all the weights in the previous theorem are negative. Counterex-
amples with positive weights can, however, be inferred. Take T' = ¥. Then
or(€) = max{&,...,&}. For a € R we have that Vﬁ,q +a= Vf?,q+a and

S Se _ S1 Sy
SOT(VKl-,ql’ T VKeyqz) ta= LPT(VKLQH*W e VKz,qe+a)'

Now we turn to the question of whether there is any way to choose ¢ to
attain an equality. Recall that, for compact K C C", compact convex S C R}
such that 0 € S and aX C S for some a > 0, and admissible weight ¢ on K,
Proposition 2.2 states that the only function v € £3(C") that is maximal on
C" \ K and agrees with Vfgj} on K, is V;?Z itself. This enables us to show that

¢S(V£;7ql (#1)y. -+, Vlgj 4, (70)) is not generally maximal outside of K7 x - -+ x K.

Proposition 4.2. Let ni,...,n, be natural numbers, K; C C" be compact and
non-pluripolar for j=1,....¢, and T C Rﬁ be compact convex body, S; C Rif
be compact convex and containing 0 with a¥; C S; for some a, forj=1,...,¢,
such that V;j* =0on Kj;, forj=1,...,¢, and g; <0 is a constant weight on

K, forj=1,...,0. Then
V() = or(Vig! 4, (21), -, Vil 4 (20))
:@T(Vigll(zl)_FQIa7V}§f(zf)+q5)7 ZEC“,
is not mazimal on C" \ K.
Proof. Let K = Ky x --- x Ky and S be given by (2.2). We have that ngj_quj €

Eij (C™7), see Proposition 4.5 in [6], so there exists a constant ¢ such that

Hgs, —c < Vfgj,qj- Since ¢7(§) < (€& — 1) + @r(n) holds for all £, € R™, we
have
Hs —r(e,...,c) <op(Hsy —¢,...,Hg, —c) < V.

So Vik = ¢r(qi,...,q) and V € L5(C"). If V were maximal outside of K
then, by Proposition 2.2, we would have V = VKS7q where ¢ = pr(q1,...,q0),
contradicting Proposition 4.1. So V' is not maximal outside of K. O

5 Convexity of sublevel sets

Theorem 1.2 in [8] states that for ¢ > 0, convex body 0 € S C R", and compact
convex K C C", the sublevel set {z € C";V;2(2) < t} is convex. In this section

91



we will show that this does not hold in the state generality. The error in the
proof in [8] is in the first equality on page 516, where max{a, b} + max{c,d} =
max{a+ ¢, b+ d} is used. This identity does not hold generally. To describe for
which sets S the result can not hold we define, for 2 € Ri", the simplezx given
by x as

Yy = Ch{oafﬂlela cee 7$n6n} = {5 € R:L_ ;51/171 + o+ fn/zn < 1}7
where eq,...,e, is the standard basis for R".

Proposition 5.1. Let S # {0} be a compact convex subset of R'} containing 0
that is not a simplex. Then there exists tog > 0 such that the sublevel set

{z€C";Hs(z) <t}
is not convex for all t > tg.

Proof. Assume first that S contains a neighborhood of 0 in R’} and define
r € R} by z; = max{t € R;te; € S} > 0. By assumption there is an s € S
such that s ¢ ¥, and consequently s1/x1+ -+ s,/x, > 1. For a > 1 we have
by Proposition 3.3 in [6] that Hs(a'/%7e;) = loga, for j =1,...,n, and

Hs (@b /n, .. al/* [n) > sy log(a¥/* [n) + - + s, log(aV/*" /)

= (s1/z1+ -+ sn/zn)loga — (s1 4+ + sp)logn.
Setting
~ (s1+---+sy)logn
51/x1+"'+5n/xn -1

to > 0,

t > tg, and a = et, we have that loga > to and consequently
Hs(a'/® /n,...,a"® /n) > loga = Hg(a/%ie;)

for j =1,...,n. Since t = log a we have that al/xlej, ...,a'*me, are all in the
sublevel set {z € C"; Hg(z) < t}, but their average is not. So the sublevel set
is not convex.

Now assume S does not contain a neighborhood of 0. Then, by possibly
rearranging the variables, we may assume that Hg(¢,0,...,0) = 0 for ¢ € C.
Since S # {0} we may assume that there is an s € S such that s; > 0, since
otherwise we could write S = {0} x T reducing the problem to a lower dimension.
Let us now fix ¢ > 0 and note that

Hs(¢/2,1/2,...,1/2) > s1log|C| — (s1 + 82 + - - + 8,) log 2,

for ( € C, so we can choose 7 € C such that Hg(7/2,1/2,...,1/2) > t.
We have that Hg(7,0,...,0) = Hg(0,1,...,1) = 0, so both (7,0,...,0) and
Hg(0,1,...,1) are in the sublevel set {z € C"; Hg(z) < t} but their average is
not. So the sublevel set is not convex. O
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Paper IV — The Bernstein- Walsh-Siciak theorem

Polynomials with exponents in compact convex
sets and associated weighted extremal functions -

The Bernstein-Walsh-Siciak theorem

Benedikt Steinar Magntusson, Ragnar Sigurdsson
and Bergur Snorrason

Abstract

We generalize the Bernstein-Walsh-Siciak theorem on polynomial approx-
imation in C™ to the case where the polynomial ring P(C"™) is replaced by
a subring P°(C") consisting of all polynomials with exponents restricted
to sets m.S, where S is a compact convex subset of R} with 0 € S and
m = 0,1,2,3,..., and uniform estimates of error in the approximation
are replaced by weighted uniform estimates with respect to an admissible
weight function.

1 Introduction

The Runge-Oka-Weil theorem states that if K is a compact polynomially convex
subset of C™ and f is a holomorphic function in some neighborhood of K, then
f can be approximated uniformly on K by polynomials. We let P,,,(C™) denote
the space of polynomials of degree < m in n complex variables and let

dim(f) = nf{[|f = pllx ; p € Pm(C")}

denote the smallest error in an approximation of f by polynomials of degree
< m, i.e., the distance from f to P, (C") in the supremum norm || - ||x on
C(K). Then the Runge-Oka-Weil theorem is equivalent to stating that

lim dK,m(f) =0.

m— oo

The Bernstein-Walsh-Siciak theorem states that

— 1

: l/m < _
if and only if f has a holomorphic extension to Xr = {2z € C"; ®k(z) < R},
where ®x = lim,, 00 P n and Pg = sup{|p|'/™; p € P (C"), |Ipllx < 1}
are the Siciak functions of the set K and it is assumed that ®x is continuous
and R > 1. For more on this result see Siciak [7, §10].
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In this paper, we generalize the Bernstein-Walsh-Siciak theorem where P,,, (C")
is replaced by the space P2 (C") of all polynomials p of the form

p(z) = Z anz®, z€C",

ae(mS)NN»

for a given compact convex subset S of R with 0 € S, and P(C") is replaced
by P%(C™) = UpmenP23 (C™). For every function ¢: E — RU {400} defined on
a subset F of C" and m = 1,2,3,... we define the Siciak functions with respect
to S, F, q, and m by

O g (2) = sup{lp()|"™ s p € P (C"), [pe™ ™5 <1}, zeC",

and the Siciak function with respect to S, F, and g by @%’q = lim,, 00 (I)%,q’m.
By Proposition 2.2 in [6] we have that

@%,q(z) = sup @%7q,7n(z) = lim @%ﬂﬂn(z), zeC", (1.1)

meN m—o0

and if ¢ is bounded below and @%7 4 1s continuous on a compact X C C", then
the convergence is uniform on X.

The Lelong class with respect to S, denoted by £%(C"), is defined in terms
of the supporting function ¢g of S, given by ¢g(£) = sup,cq (s,§) for £ € R™,
and the map Log: C*" — R", given by Log z = (log |21, . .., log|2x|). We define
the logarithmic supporting function Hg € PSH(C™) of S by

Hg = ¢goLog
on C*” and extend the definition to the coordinate hyperplanes by the formula

Hs(z) = lim Hg(w), =ze€C"\C*".
C*now—z
The Lelong class £°(C") is defined as the set of all u € PSH(C") satisfying a
growth estimate of the form u < ¢, + Hg for some constant ¢,. The Siciak-
Zakharyuta function with respect to S, E C C", and q¢: E — R U {400} is
defined by

Vﬁq(z) = sup{u(z); u € ES(C"),u|E <gq}, zeC™

Finally, the distance from a bounded function f on E to P35 (C") with respect
to the supremum norm on F with weight e™™¢ is defined by

A5 () = mf{[[(f = p)e ™™ ||z p € PE(C™)}.

We call the sequence (d%’qm (f))men the approximation numbers of f on E with
respect to S and q.

Observe that the standard simplex ¥ = ch{0,eq,...,e,} has the support-
ing function ¢x(¢) = max{¢ ..., &} where 5;' = max{¢;,0} and that the
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logarithmic supporting function is Hx;(z) = log™ ||2||o0, Which implies that the
Lelong class £¥(C") is the standard Lelong class £(C"), see for example Sec-
tion 5 in Klimek [4], and the polynomial space P> (C") is P,,(C"). We drop

the superscript S in the case S = ¥ and the subscript ¢ in the case ¢ = 0.

The function ¢: E — R U {400} is said to be an admissible weight with
respect to S on E if q is lower semi-continuous, the set {z € F'; q(2) < +oo} is
non-pluripolar, and for £ unbounded limpgs. |20 (Hs(2) — q(2)) = —00.

By Proposition 3.6 in [6], an entire function p is in P23 (C") if and only if
log |p|*/™ is in £5(C™). This implies that log CIJ%J < Vgﬂ. In Corollary 4.7 in
[6], we have examples where equality does not hold and in Theorem 1.1 in [5]
it is proved that for an admissible weight g on a closed set F C C” the equality
Vg’q = log q)%’q holds on C*" if and only if SN Q" is dense in S.

Bos and Levenberg [1, Theorem 3.1| generalized the Bernstein-Walsh-Siciak
theorem to the case where the polynomial ring is P°(C") and the weight is
q = 0, with the assumption that Vf? is continuous and S is a lower set. We say
that S is a lower set if for all € S the box [0, z1] X - -+ x [0,2,] C S. Lower sets
can be described in terms of their supporting functions, logarithmic supporting
functions, and respective Lelong classes. See Theorem 5.8 in [6] and Theorem
5.1 in [10].

We have not been able to find a generalization of the Bernstein-Walsh-Siciak
theorem, with weighted uniform estimates, in the form of an equivalence state-
ment. We have to separate our results into two parts, where in the first part we
assume that the approximation numbers d% q,m( f) decrease exponentially with
m. One reason for this separation is the different influences S and g have. The
added detail to Theorem 1.1 is due to the weight ¢, while most of the added
assumptions in Theorem 1.2 are because of S.

Theorem 1.1. Let S C R} be a compact convex set with 0 € S, q be an
admissible weight on a compact subset K of C", such that VI?,Z <qon K, and

for every r > 0 define X, = {z € C"; V[§7q(z) < logr}. Let f: K — C be
bounded, assume that

L={ze K; lim df,,.(f)e™®) =0} # o
m—o0 o

and that for some R >0, K C Xpg, and

— w1
im d ()Y <5 (1.2)

m—roo

Then the following hold:

(i) For every v > 0, such that K C Xpgr_~, the function f|; extends to a
holomorphic function F,, € O(Xgr_~).

(i) If X is an open component of Xr and Lx = LNX is non-pluripolar, then
flLx extends to a unique holomorphic function on X.
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(iii) If ¢ <log R then L = K and, consequently, there exists F € O(Xg) such
that F|K = f

If p,, are such that ||(f — pm)e ™|k is close to d7 a m(f), as in Section 2,
then L denotes the set where p,, — f, pointwise. If ¢ is bounded above then
Pm — f uniformly on L.

The assumption that Vf?z < g on K implies that VK ¢ 1S upper semicontinu-
ous and that the sublevel sets X, are all open. See Proposition 4.5 in [6]. Here
V ,q( 2) = lim,_,, VK7q( w) denotes the upper semicontinuous regularization of
V.o

For the converse statement, we need the concept of a hull of a compact
convex subset S of R’} with respect to a cone I',

S = {w € RY; (2,6) < ps(€), V¢ € T} (13)

We have S = §Rn for every compact convex subset S of R} and if I'y C I'y
then §p2 C §1“1. Since S C R} and 0 € S, we have that s = 0 on R” and
S = S@m\rn)ufo}-

Theorem 1.2. Let S C R’} be a compact convex set with0 € S and S = SNQ",
q be an admissible weight on a compact subset K of C", and R > 0. Assume that
VK is continuous, Xg 1s bounded, and K C Xg. Let dy, = d(mS,N"\ mS) be
the euclidean distance between msS and N* \ mS. If f € O(XR) then

1
lim d Fg’m(f)l/m

m— o0 "y 7R

where Ty, = {€ € R™; (1,&) > f%dm|§|}, and the hull §1"m with respect to Ty,
is defined by (1.3).

(1.4)

In the special case when S is a lower set we have §R1 = S by Theorem 5.8
in [6]. So S C Sp,, € S n =5, since R} C I',. It is possible that S is a lower

set, but not a convex body, that is S may be a lower set with an empty interior.
These lower sets, however, are not interesting in their own right, since they can
be written, after possibly rearranging the variables, as S = T x {0}"~*, where
T C Rﬂ_ is lower body. In this case pg(§) = pr(&1,...,&), so the function in
L3(C™) only depend on the first ¢ variables. When S is a lower body we also
have that the sublevel sets X,. are bounded, for » > 0. This holds since there
exists a > 0 such that a¥ C S, so Hg > alog™ || -||oc. By Proposition 4.5 in [6],
there exists a constant ¢ such that Vi , > Hg + ¢ > alog|| - [|oc + ¢. So when S

is a lower body the sublevel sets of Vlg’ 4 are bounded.
Corollary 1.3. Let S be a lower set, ¢ be an admissible weight on a compact

subset K of C™ and assume that VK is continuous and K C Xpg for some
R>0. If f € O(Xg), then (1.2) holds.

A Bernstein-Walsh-Siciak theorem for a lower set S and weight ¢ = 0 is
proved in Bos and Levenberg [1, Theorem 3.1]. Their result follows from Corol-
lary 1.3, since if ¢ = 0 then K C Xg if and only if R > 1.
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Corollary 1.4. Let R > 1, S be a lower set, and K C C" be a compact set such
that Vi is continuous. Then f € O(Xg) if and only if 1i_1>n df(,m(f)l/m <1/R.

Setting S = X in Corollary 1.3 we get a weighted Bernstein-Walsh-Siciak
theorem. We include it to justify our definition of the approximation numbers
d% om(f)- In [2, Theorem 2.4] a weighted Bernstein-Walsh theorem is proved,
for n = 1, using approximation by weighted polynomials. They use qu,m(f) =
inf{||f — e ™p||; p € Pmr(C")}, with the assumption that e”9 extends as an
entire function which is non-vanishing on K.

Approximations of this form have been studied for decades, but it does not
match some of our intuitions for VI“?’ 4~ To see this we note that dj . (f) =
dg m(f) when g = a is any constant weight, whereas df(,qym(f) = e*m“d%m(f)
under the same assumption. In this case, df(, o.m([f) are a closer match for the

classical Bernstein-Walsh-Siciak theorem, since V}gq = Vfg + a.

Corollary 1.5. Let R > 0 and q be an admissible weight on a compact subset
K of C", and assume that Vi, < q and K C Xg. If f € O(Xg), then

T 1/m
n%gnoc dK,q,m(f) / = 1/R

Section 4 discusses lower bounds for the distances from mS to N\ m.S. This
is done to justify some technical decisions in the proof of Theorem 1.2. They are
also interesting in their own right since these distances appear in results that
give sufficient conditions for entire functions to belong to certain polynomial
classes. See Theorems 3.6 and 7.2 in [6].

This paper is part of a series of papers studying the Lelong class £5(C"),
with the aim of relating it to polynomial approximations using polynomials
from P¥(C™). This self-contained exposition began in [6], with a focus on
fundamental results that could be useful in the following papers.

A commonly used tool in pluripotential theory is approximation by integral
convolution with a smoothing kernel. The Lelong class £(C") is closed under
such smoothing, whereas £%(C") may not be. In [6, Theorem 5.8] it is shown
that £%(C") is closed under such smoothing if and only if S is a lower set.
Methods of approximation under which £%(C") is always closed are considered
in [11].

Siciak [8, Proposition 5.9] proved a product formula for the Siciak-Zakharyuta
functions, relating the behavior of the Siciak-Zakharyuta function of a carte-
sian product with the Siciak-Zakharyuta function of each term. This formula
is greatly generalized in [10], along with showing that a weighted version of the
formula is not possible.

The Siciak-Zakharyuta theorem relates the Siciak-Zakharyuta functions with
the Siciak functions. It states that Vx = log®x. In [5] it is showed that
Vlgq = log @i’q on C*" if and only if SNQ" is dense in S. This result will play
an important role in the proof of Theorem 1.2.

In [9] generalizations of the Runge-Oka-Weil theorem are considered. Namely,
the paper considers when holomorphic functions can be approximated by poly-
nomials in °(C"). The hull of compact subsets of C" with respect to P°(C")
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is relevant, as in the classical Runge-Oka-Weil theorem. This hull is the same
as the classical polynomial hull when S contains a neighborhood of 0 in R”,
but is otherwise more complicated, as it may not be bounded. Techniques from
[9] appear in the proof of Theorem 1.2.
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2 Proof of Theorem 1.1

The proof is a modification of a classical argument which is the easy part of the
equivalence in the original Bernstein-Walsh theorem.

Proof of Theorem 1.1. For a sequence &, \, 0 we can, by (1.2), find a sequence
of polynomials (p,)men, With pg = 0 and p,,, € P35 (C"), such that

1£(2) = pm(2)] € (L + m)d g (f)e™P), 2 € K. (2.1)

Then, for every v €]0, R[ such that K C Xr_,, there exists a constant A, > 0,
such that

Ay(1+em)™

d3 <|I(f = pm)e ™|k < : N.
e () <N = po)e™ s < TR me
For every j € N* and every z € K we have
pj(2) = pj—1(2)| < |f(2) = p;i(2)| + | f(2) = pj-1(2)]
Ay(1+¢ej_1) R—vy\ .
< J . eda(z)
= T (R_) ( 0a(z) ) ¢

Since ¢ € LSC(K) takes its minimum a at some point in K, we have
1 . .
7 log (R =2YIpj(2) = pj1(2)l/(1 +€52) By) <q(2), z €K,

where B, = A,(1+ (R — v)/e”). By the definition of Vliq this implies that

1 . .
7 log (R=pj(2) = pjm1(2)/ (L +-1)' By) < V@ (2), =z€C",
and consequently

B’Y(]‘ + Ejfl)jejvfqu(z)

-y , zeCn.

pj(2) —pi—1(2)| <
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If 0 < o < 1 such that K C X,(g—), then ng’q(z) < log(o(R — 7)) for z €
Xg(Rf'y))a which implies that

pi(2) = pj—1(2)] < By ((L+¢5-1)0)", 2 € Xyr-m),

and this estimate implies that p,, = Z;”:l (pj—pj—1) converges locally uniformly
on Xpr_~ to a holomorphic function F,. By (2.1), we have F, = f on L,
proving (i). Point (ii) then follows from the identity principle for holomorphic
functions. For (iii) we assume supg ¢ < log R and let z € K and Ry > 0 such
that ¢ < log Ry < log R. Then e4(*) < Ry, so

T mq(z 1/m Tor m RO

T (45 g (Dem @) < Ro T di (5 < 2 < 1.
Therefore, lim,, oo df(}q’m(f)em’ﬂz) =0,since Y °_, df(’q,m(f)em‘“z) converges
by the root test. Since this holds for all z € K we have that L = K. O

3 Proof of Theorem 1.2

Proving (1.4) involves constructing polynomials that approximate f sufficiently
well. This is done by solving d-equations using Hérmander’s L2-estimates.

Proof of Theorem 1.2. 1t is sufficient to construct a sequence of polynomials

(Pm)men such that p,, € Pprm (C") and
Tim [(f = pm)e ™™ < 1/R. (3.1)

The polynomial p,, will be of the form p,, = xf — u, where x is a cut-off
function with support in Xg, equal to 1 on X, for some v €]0, R[, and u,,
is a solution to Ou,, = fOy satisfying the weighted L? estimate

1 _
/ |Um‘2(1 + ‘w|2>—ame—2me d\ < r |faX|2(1 4 |,w|2)—am+26—2m\/m d)\,
n m JCn

(3.2)
where (V;,)men is a sequence in £5(C") and (a,,)men is a sequence of strictly
positive numbers such that

lim aX/™ =1. (3.3)
m— o0
For the choice of these sequences we follow Section 5 in Sigurdardottir [9].
Since Vliq is continuous, the Siciak-Zakharyuta theorem, Theorem 1.1 in
[5], implies that log ®% , = V¢, and by (1.1) we have that log ®3 . — V&,
locally uniformly on C".
The subset S,,, = ch(SN %N") of S is a polytope with rational vertices and
P5m(C") = P5(C"). Hence &3, = O and

K,q,m>

S Sm Swt S
log ®% 4 m = logq)K’q’m < VK,q < VRq

101



Consequently, V[?’Z — Vf? ¢ uniformly on compact subsets of C". For simplicity,
we set ay, = 2d(mSy, N"\ mS,,), Vi, = Vig”;7 Y = 2mVp, + am log(1 + ] - ?),
and 7, = wm —2log(1+]-]?). We note that VS'Z* <VZ <gqon K,soV,
is upper semicontinuous, and therefore plurisubharmonic. By Theorem 4.2.6 in
Hoérmander [3] there exists a solution wu,, to the equation du,, = f0x such that
(3.2) holds. By Corollary 5.4 in Sigurdardoéttir [9] we have that (3.3) holds. By
Proposition 4.5 in [6] we have V;,, < Vlgq < Hg + ¢, for some constant ¢, so by

Theorem 7.2 in [6] it follows that p,, € Par™ (C").
We turn our attention to finding an upper bound for ||(f — pm)e_quK. To
this end we take ¢ > 0, v €]0, R[, and mg such that V,, > Vfgq €, on the

compact set X + B(0,1), for m > mg. By the continuity of Vi and the
compactness of K, we can take ¢ €]0,1] small enough that B(z,6) C Xg_,
for all z € K, and VK7 (w) < q(z) +¢/2 for all w € B(z,6) and z € K. Since
x|k = 1, we have that p,, = f — u;m, on K. So, by the Cauchy-Schwarz
inequality,

£G) = pnle)] = lem(D] < 025727 [ Jupax

B(z,6)

1/2
< Q;;§2n< / |t [2e™™ dX / e¥m d)\> , z€K,
B(z,6) B(z,9)

where Qs,, denotes the volume of the unit ball in R?”. Since 0 < a,, < 1, we

have
/ e¥m d\ < / 2V (14| - 2) dA
B(z,6) B(z,6)

Xr

and by (3.2), we have

1 _
/ |t |2~ Y™ dX < —/ | fOx|eTm dX
B(z,6) Am J .,

/ FOXPA+]- PPN, ze K,

e
T am(R— 7)™

where M., = supp Jx. The last step follows from the fact that x|x,_ , =1,s0
VKq > log(R v) on M,, and thus V;,, > log(R — 7v) — ¢. Combining these
inequalities we have that

Cs eme
1£(2) = pm(2)]e" ™9 < 1/2777 m = my,
(BR—~y)m
where C; , is a constant that does not depend on m, and finally, by (3.3),
— C2lmee e
S 1/m : €y _
Since € > 0 and v €]0, R[ are arbitrary the estimate (3.1) follows. O
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4 Distances from mS to the integer lattice

The presence of S, in the proof of Theorem 1.2 is to obtain control of the
constants a,, in (3.2). If S was used instead of S,, we would need to study

a= lim d(mS,N"\mS)/™, (4.1)

m—r oo

The distances d(mS,N"™ \ mS) come from Theorems 3.6 and 7.2 in [6], which
give sufficient conditions for an entire function to belong to certain polynomial
classes, depending on S. Lemma 5.3 in [9] gives the lower bound

1
Jn(n — 1)IMn—1
when S is a polytope with vertices in N N [0, M]™. In this section we will find

a lower bound for d(msS,N™ \ mS), that depends on S but not m, when S is
polytope with vertices in Q.

d(S,N"\ §) >

Recall that for every convex set A C R™ and every m € N* we have that
mA = 2?21 A=A+-.--+ A with m terms in the right hand side. Denoting
that extremal set of A by ext A and with « € (n+ 1)A, the Minkowski theorem
[3, Theorem 2.1.9] tells us that we can find ay,...,a, in ext A such that

T = Aoag + - - + Apan, /\jZO,j:O,...,n, Z)\k:n-i-l.
k=0

By renumbering ay, ..., a, we may assume that Ay > 1, which implies that we
can write © =t + ag, where t = (A\g — 1)ag + A\a1 + -+ + Apa, and ag € ext A.
By induction

m—n

mAznA—&—ZextA, m >n,
j=1
and if we set T'= (1/n)A, then
mn—n 1mn7n
A= T =nT tT =A+ — t A > 1. 4.2
m mn n—}—;ex +n;ex,m (4.2)

Proposition 4.1. Let S = ch{vi,...,vn} be a convex polytope in R} with
rational vertices v; € Q. Then

1
d(mS,N"\ mS) > n—d(nqS’7 N™"\ ngS), meN~, (4.3)
q

where q is the common denominator for all the coordinates of vy, ..., vy,.

Proof. Let dp, = d(mS,N"\ mS). Then v; € (1/¢)N" for j =1,...,N. Let
s € mS and u € N \ mS such that d,,, = d(s,u). By (4.2) we have s =t + h
where ¢t € S and

1 mn—n 1
he— tS ¢ —N".
n Z = nq

j=1
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Since u € N*\mS C (1/(nq))N" we have u—h € (1/(nq))N". We haveu—h ¢ S
for otherwise (4.2) would imply that u = (u — h) + h € S which does not hold.
Hence

dm = d(s,u) =d(s —h,u—h) =d(t,u—h) >d(S,(1/(ng))N"\ S),

concluding the proof. O

The inclusion of S, in the proof of Theorem 1.2 would be unnecessary if we
could show that a in (1.2) was always 1. This is not the case. In fact, we can
explicitly construct a lower set S such that a = 0. Let f: [0,1] — [0, 1], given
by

flt)=1—e"* teo,1],

where b > 1 and ¢ > 1+ 1/b, and
S ={x=(x1,20) ER?*; 0 < 25 < f(21),0 <2y <1},
For t €]0,1[, we have
() =bet > 7Y(f(t) — 1) and f"(t) = bet 272 (be — (b+ 1)) (f(t) — 1).

Since f(t) < 1 for ¢t €]0,1[, we have that f is decreasing and concave on [0, 1],
so S is convex. Furthermore, d(S, (4,1)) < d((4, f(4),(6,1)) =1 — f(d), so

d(mS,N" \ mS) = md(S, (1/m)N?\ S) <m(1 — f(1/m)).
Consequently, we have that
d(mS,N"\ mS)"/™ < m"™(1 — f(1/m))/™ < mt/memem’ T He/m g,

as m — +o00. So a in (4.1) is 0.

References

[1] L. Bos AND N. LEVENBERG, Bernstein-Walsh theory associated to con-
vex bodies and applications to multivariate approximation theory, Comput.
Methods Funct. Theory, 18 (2018), pp. 361-388.

[2] S. CHARPENTIER, N. LEVENBERG, AND F. WIELONSKY, Weighted holo-
morphic polynomial approzimation, Anal. Math. Phys., 14 (2024).

[3] L. HORMANDER, Notions of convezity, vol. 127 of Progress in Mathematics,
Birkhauser Boston Inc., Boston, MA, 1994.

[4] M. KLIMEK, Pluripotential theory, vol. 6 of London Mathematical Society
Monographs. New Series, The Clarendon Press Oxford University Press,
New York, 1991.

104



[5]

16]

17l

18]

19]

[10]

Paper IV — The Bernstein- Walsh-Siciak theorem

B. S. MAGNUSSON, A. E. SIGURPARDOTTIR, AND R. SIGURDSSON, Poly-
nomials with exponents in compact convex sets and associated weighted ex-

tremal functions: the Siciak-Zakharyuta theorem, Complex Anal. Synerg.,
10 (2024), pp. Paper No. 12, 12.

B. S. MAGNUsSON, A. E. SIGURPARDOTTIR, R. SIGURDSSON, AND
B. SNORRASON, Polynomials with exponents in compact convez sets and
associated weighted extremal functions - Fundamental results, Ann. Polon.
Math., (to appear).

J. SICIAK, On some extremal functions and their applications in the theory
of analytic functions of several complex variables, Trans. Amer. Math. Soc.,
105 (1962), pp. 322-357.

——, Extremal plurisubharmonic functions in C™, Ann. Polon. Math., 39
(1981), pp. 175-211.

A. E. SIGURPARDOTTIR, Polynomials with exponents in compact convex
sets and associated weighted extremal functions - Runge-Oka- Weil theorem,
arXiv:2409.12132, (2024).

B. SNORRASON, Polynomials with exponents in compact convez sets and
associated weighted extremal functions — Approximations and regularity. To
be published.

[11] ——, Polynomials with exponents in compact convex sets and associated

weighted extremal functions — Generalized product property, Math. Scand.,
(to appear).

105



	List of Papers
	Acknowledgments
	Introduction
	Holomorphic functions
	Plurisubharmonic functions
	Polynomial approximations
	Generalized Lelong classes
	A generalized Bernstein-Walsh-Siciak theorem

	References
	[0pt][l]Paper I Fundamental results
	[0pt][l]Paper II Approximations and regularity
	[0pt][l]Paper III Generalized product property
	[0pt][l]Paper IV The Bernstein-Walsh-Siciak theorem

