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Abstract

The present thesis is devoted to a theoretical analysis of optical excitonic response
and magnetic lattice dynamics in two-dimensional materials, in particular monolay-
ers of Crlz. Combining the results of DFT and Bethe-Salpeter simulations describing
excitons with Landau-Lifshits equation describing the dynamics of lattice spin, we con-
struct a microscopic theory of complex magneto-excitonic response and in particular
the effect of resonant optical magnetization switching. In addition, our investigation
focuses on achieving tunable control over the life time and size of magnetic topological
defects such as Néel-type skyrmion. Which is important for advancing information
storage and processing applications. We also demonstrate that the possibility of the
formation of magnetic skyrmions, together with large excitonic Zeeman splitting leads
to giant scattering asymmetry, which is the necessary prerequisite for the excitonic
anomalous Hall effect. This will make it possible to simulate various phenomena as-
sociated with coupled exciton-skyrmion dynamics.






Utdrattur

Pessi ritgerd er tileinkud freedilegri greiningu a ljosfreedilegri 6rvunarviobrégoum og
segulmbgnudum grindardynamik i tvividum efnum, sérstaklega einlégum af CrI3. Med
bvi ad sameina nidurstédur fra DFT og Bethe-Salpeter hermunum, sem lysa 6érvunum,
vid Landau-Lifshitz jéfnu sem lysir dynamik sniinings i grindinni, byggjum vid upp
Orsméa kenningu um flokna segul-Orvunarsvorun og sérstaklega ahrif émskiptandi
ljossegulmbgnunar. Ad auki beinist rannsokn okkar ad pvi ad na stillanlegri stjorn
4 liftima og steerd segulmdgnudra topologiskra galla eins og skyrmiona af Néel-gerd.
Petta er mikilvaegt til ad proa forrit fyrir upplysingageymslu og -vinnslu. Vid synum
einnig fram & ad moguleikinn 4 myndun segulskyrmiona &dsamt storri 6rvunarlegri
Zeeman-skiptingu leidir til gridarlegrar 6samhverfu i dreifingu, sem er naudsynleg fors-
enda fyrir 6rvunarlega 6venjulega Hall-ahrifinu. Petta mun gera mogulegt ad herma
ymis fyrirbaeri sem tengjast samtvinnadri 6rvunar-skyrmion-dynamik.
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1 Introduction

The synthesis of low-dimensional materials demonstrating excitonic response with
magnetic dynamics represents a highly significant and successful achievement in the
field of condensed matter physics. This integration holds immense importance for
both current and future devices reliant on magnetic memory. Combining these two
distinct material properties not only presents a fundamentally intriguing challenge but
also holds considerable technological appeal. It is crucial and potentially promising
to bridge excitonic and magnetic exploration and innovation in memory technologies.
In addition it is also the purpose of science to verify that advancements adhere to the
principles of energy conservation and sustainability.

It is important to understand that the dimension of a system can considerably af-
fect its physical properties. Despite living in a three-dimensional (3D) world, tech-
nology has recently enabled the experimental realization of structures with a lower
dimensionality. Two-dimensional (2D) systems are particularly interesting. In re-
cent decades, two-dimensional magnetic materials have opened the door to optically
controlled magnetism and the development of novel functional devices. These are
2D antiferromagnets MPS3 (M=Ni, Fe, Mn), and ferromagnets CrX3 (X=I, Br). A
noteworthy example in this project is the chromium trihalide family, e.g., Crls. In
this material the magnetic Cr3* ions are arranged on the honeycomb lattice vertices
surrounded by non-magnetic I~ ions.

Moreover, in systems with broken structural inversion symmetry chiral exchange be-
tween magnetic atoms emerge leading to the formation of localized, topological tex-
tures such as skyrmions and beyond. Co-existence of skyrmions and excitons in a
single system allows us to hypothesize that these entities can interact resulting in
new phenomena that are surprisingly and extremely interesting. It is noteworthy that
skyrmion is a topologically protected spin configuration that has the potential to be
utilized as an information carrier in ultradense memories. Such texture can be stabi-
lized through competition of exchange, Dzyaloshinskii-Moriya (DM), and anisotropy
interactions. Additionally, it has been predicted that DM interaction plays a signifi-
cant role in the creation of skyrmions. When isolated skyrmions were first discovered,
significant attention was paid to them due to their ability to be easily manipulated by
magnetic, optical, and electrical means. This work will make it possible to simulate
various phenomena associated with coupled exciton-skyrmion dynamics.

11



1 Introduction

This thesis consists of six chapters, which are described in the following paragraphs:

Chapter 1, provides a clear overview of the project’s primary purpose and goals, as well
as some fundamental and necessary information. We will start with an explanation
of classical Atomistic Hamiltonian, Landau-Lifshitz-Gilbert equation and magnetic
skyrmion then it will end with the description of Excitons.

In chapter 2, we focus on a microscopic theory of optical switching whereby a Hamilto-
nian is constructed that accounts for localized magnetic moments and excitons and the
interactions with, and between, them. The model is parameterized from a combination
of DFT calculations and Bethe-Salpeter approach. we demonstrate the possibility of
a tunable control of macroscopic magnetization switching in monolayer of Crls.

In chapter 3, we focus on exploring the new concept of all-optical control over skyrmion
configurations in Crlz monolayer. This work investigates the manipulation of skyrmion
size using circularly polarized light pulses, showcasing the potential for energy-efficient
control of these topological magnetic structures without an external magnetic field.
Two-dimensional magnets hosting excitons thus represent a promising platform for the
control of topological magnetic structures by light.

Chapter 4 is devoted to the potential creation of magnetic topological defects such as
Néel skyrmions in conjunction with enormous excitonic Zeeman splitting leads to the
gigantic scattering asymmetry, which is a precondition for the excitonic anomalous
Hall effect. We also demonstrate that the diamagnetic effect can also lead to the local-
ization of excitons on the skyrmion, which sometimes breaks the inversion symmetry.
As a result, it can permit the production of magneto-excitonic quantum dots whose
properties can be adjusted.

Chapter 5 is devoted to the conclusion. We give a brief summary of the main points
of the thesis.

Chapter 6 contains the appendices. We provide supplementary information with more

details to the relevant sections of the thesis. After appendices, we list 3 publications
on which this thesis is based.

12



1.1 Magnetic states

1.1 Magnetic states

In this section the purpose is to introduce and review some fundamental and significant
concepts related to the study of magnetic textures such as skyrmions. We will begin
with a description of the total energy of a magnetic system, then we will elaborate on
each term.

1.1.1 The classical Atomistic Hamiltonian

Using the Extended Heisenberg Model, it can be described the magnetic structure of
a system as a lattice of classical spins. These classical spins are each located on an
atomic lattice site 7. Let’s consider a magnetic system including of NV localized atoms,
where the ith atom carries a net magnetic moment m; = M;/u; with ¢ = 1,..., N.
Here m; is a unit vector corresponding to the orientation of the total magnetic moment
M; as well as here p; is denoted to the magnitude of the moment in units of Bohr
magneton pp. There are a number of noteworthy combined magnetism phenomena
that emerge from the interaction of atomic magnetic moments. These phenomena
include ferromagnetism, where spins align in parallel; spin structures, characterized
by a helical arrangement of spins, and magnetic skyrmions, which are topologically
stable spin configurations.

The definition of classical atomistic Hamiltonian includes four terms as follows:

H:Hew+HDM+Hani+HZee (11)

First Heisenberg exchange (H,.), second Dzyaloshinskii—-Moriya interaction (Hpas),
third one is magnetic anisotropy (Hgn;) and the last term corresponds to the inter-
action between the magnetic moments with an external magnetic field or Zeeman
energy (Hze.). We also compared the atomistic and continuous models through the
connection between materials parameters. See Appendix 6.1.

1.1.1.1 Exchange interaction

The symmetric exchange interaction, first introduced by Heinsenberg in the 1920’s [1],
promotes the alignment of two neighboring magnetic moments m; and m;. It should
be noted that the exchange interaction has a strong but short-range effect, as well as
in the Heisenberg model only the nearest neighbors are considered.

Based on the assumption of an atomic lattice of magnetic moments and according to

13



1 Introduction
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Figure 1.1: a) Ferromagnetic state, An illustration of the parallel alignment of magnetic
moments (J > 0). b) Antiferromagnetic state, An antiparallel alignment of magnetic
moments (J < 0). In blue and red, magnetic moments are displayed in an upward and
downward direction, respectively.

the discrete model we can determine the exchange energy as following:

1
Hew = —3 > Jijmi - my) (1.2)

<i,j>

Where m; represents the unit vector pointing in the direction of ith magnetic moment
at the site . The summation is carried out over all of the nearest neighbors <i, j>
of magnetic moments. Here J; ; is a coupling constant describing the strength of the
interaction for pairs of neighboring magnetic moments m; and m;.

Interaction types are determined by the sign of the coupling constant J; ;: positive for
ferromagnetic interactions and negative for antiferromagnetic interactions. Ferromag-
netic and Antiferromagnetic states have collinear magnetic moments aligned parallel
or antiparallel to one axis, respectively. In the case of a positive sign of J (J>0), when
the energy reaches the minimum a parallel alignment of magnetic moment ¢ can be ex-
pected, this state is called ferromagnetic state (FM) which is shown in the Fig 1.1(a).
Whereas Antiferromagnetic states (AFM) typically exhibit antiparallel alignments be-
tween magnetic moments due to negative exchange parameters J<0 [2, 3]. As it is
shown in the Fig 1.1(b) of the nearest neighbour exchange interaction.

14



1.1 Magnetic states

1.1.1.2 Dzyaloshinskii-Moriya Interaction

The antisymmetric exchange interaction is known as the Dzyaloshinskii-Moriya (DM)
interaction. The first proposal was made by Dzyaloshinskii in 1958 [4]. For an expla-
nation of why certain antiferromagnetic materials show weak, yet nonzero spontaneous
magnetisation. In his view, the magnetic configuration had a direct connection to the
crystal’s symmetry. A few years later, in 1960, Moriya demonstrated how to calculate
this additional exchange by considering the spin-orbit coupling (SOC) in a crystal
lacking inversion symmetry [5].

Figure 1.2: a) The DM unit vector in honeycomb lattice, d;; is perpendicular to the vector
pointing from site i to j, shown with a black arrow. The lattice vectors are represented
by the red arrows a; and az. b) The sign of the DM interaction parameter, positive
DM indicates that spins are pointing outward and negative DM indicates that spins are
pointing inward.

DM interaction is recognized to play a crucial role at the interface between ferromag-
netic (FM) and heavy nonmagnetic (NM) metals to create topological textures called
magnetic skyrmions, which are very attractive for ultra-dense information storage and
spintronic devices [3, 6, 7|

On a discrete lattice, the DM interaction energy is given by the formula:

HDM =-D Z dij . (mz X mj) (13)

<i,j>

Here, D is Dzyaloshinskii-Moriya interaction parameters and d;; = 7;; x e,/|r;| is
the DM unit vector with e, and r;; being the unit vector along the z direction and
the vector pointing from site i to site j, respectively. As shown in figure 1.2(a) that
d;; is perpendicular to the vector pointing from site 7 to j. We also introduced m;
previously.

15



1 Introduction

It is important to note that the chirality of spin structures is defined by DM interaction
parameter sign. Positive(D > 0) and negative(D < 0) sign results in certain chirality
and opposite chirality, respectively. According to figure 1.2(b).

1.1.1.3 Magnetic anisotropy

Magnetic anisotropy plays a crucial role in various magnetic phenomena, including
magnetic domain formation, magnetization reversal processes, and magnetic state sta-
bility. Understanding and controlling this interaction is of significant importance in
the design and development of magnetic materials for various applications. These
include magnetic storage devices, spintronics, and magnetic sensors.

It is common in magnetic materials for the magnetic moment to have a preferred axes;
these are known as easy axes, which are energically the easiest axes to align along. In
other words, energy is lowest when magnetic moments are aligned along easy axes and
highest when magnetic moments are aligned along hard axes. The contribution due
to magnetic anisotropy is written in the form:

H,,: = —KZ (m; - ex)’ (1.4)

Where e, is the unit vector along the anisotropy axis which represents the direction
of the easy axis and K is the anisotropy constant. Based on the sign of the anisotropy
constant, a positive sign of K gives rise to an easy axis parallel to eg and an easy plane
can be realized for a negative sign of K, resulting in an orientation of magnetization
perpendicular to eg.

1.1.1.4 Zeeman interaction

Zeeman energy arises from the interaction of magnetic moments with an external
magnetic field. In general, the Zeeman interaction tends to rotate the magnetization
in the same direction as the magnetic field applied to it.

Hzee = _,UZB cmg (15)

Where p is the magnitude of the magnetic moments, which is assumed to be the same
at all lattice sites and B is the external magnetic field.

16



1.2 Landau-Lifshitz-Gilbert equation

1.2 Landau-Lifshitz-Gilbert equation

Landau-Lifshitz-Gilbert (LLG) equation is a fascinating nonlinear equation both from
mathematical and physical points of view. For many years, a well-accepted model,
the LLG equation has been used to study and describe magnetization dynamics in
ferromagnetic materials.

First Landau and Lifshitz introduced the generally used equation of motion for inter-
acting magnetic moments of an atomic lattice in 1935 [8], See equation 1.6. Landau
and Lifshitz included a double cross product damping term in addition to the preces-
sion term which known as the Landau-Lifshitz (LL) equation:

A
o= X BT 4 —m; % (m; x B¢, (1.6)

Where, m,; is the magnetic moment of an atom at site ¢ in the lattice, v is the
gyromagnetic ratio and BSf is effective magnetic field. The first term at the right
hand side of the equation is precessional motion and second term is responsible for the
damping contribution.

Figure 1.3 shows how the magnetic moment becomes aligned gradually with the ef-
fective magnetic field because of the contribution of damping under the effect of an
effective magnetic field BSf, where the damping motion is perpendicular on the pre-
cessional one . As a matter of fact, in the precession term, the size of the damping
is controlled by the parameter A. In 2004 Gilbert introduced another form of the

damping term which known as Landau-Lifshitz-Gilbert (LLG) equation[9].

dmi
dt

dm;
= —ym; x B+ 2 (1, : 17
ym; X B +m (m X i ), (1.7)

Here a is Gilbert damping parameter which plays a critical role in the dynamics of
magnetization. As the damping parameter « increases, stabilization or convergence
to a steady state occurs faster and the overall speed decreases. There is a close cor-
respondence between the Landau-Lifshitz—Gilbert equation and the Landau-Lifshitz
equation with a small effect of the damping parameter. Meaning that when damp-
ing («) increases, the difference between the two solutions (see equation 1.6 and 1.7)
becomes more obvious and clear. [10].

A critical aspect of Atomistic model is establishing a practical expression for Bfff.

The effective magnetic field B$®, defined in equation 1.8, should take into account
all interactions that each magnetic moments may potentially experience. Such as

17



1 Introduction

Figure 1.3: Schematic of the magnetization dynamics of Landau-Lifshitz equation. Black
and blue arrows represent the effective magnetic field (B°%) and magnetic moment (m;),
respectively. The directions of the precession term (—m; x B°T) and the damping term
(—=m; X (ml X Beﬁ)) are denoted by pink and red arrows, respectively. The orientation
of magnetic moment is presented by the polar (f) angle and an azimuthal () angle.

exchange interactions between neighboring magnetic moments, Dzyaloshinskii-Moriya
(DM) interaction, and interactions with external magnetic field.

In order to accurately describe and predict the behavior and dynamics of the magnetic
moments in a system under consideration, it is imperative to include these diverse
interactions within the magnetic field. A definition of it would be as follows:

oH

Bt = — )
’ 8ml

(1.8)

The magnetic field, characterized by its dimension of energy, can be obtained by
taking the functional derivative of the applied model Hamiltonian, see equation 1.1.
H is Extended Heisenberg Hamiltonian, as described in the previous section.

18



1.3 Magnetic skyrmion

Figure 1.4: Topview of two different magnetic skyrmions. a) Néel skyrmion b) Blokh
skyrmion. Red and blue colors indicate upward and downward direction of spin, respec-
tively.

1.3 Magnetic skyrmion

Magnetic skyrmion is a remarkable spin texture of non-collinear order with integer
topological winding number or charge. Skyrmions, originally introduced as a topolog-
ical soliton in non-linear field theory by Tony Skyrme, a British high energy physicist
in 1961 [10]. After about three decades Bogdanov and Yablonskii predicted magnetic
skyrmion in a real material in 1989 [13]. Following this discovery, a lot of researchers
conducted investigations and experiments on the formation and creation of skyrmions
by applying magnetic field and electric field, the imaging of the process of skyrmion
nucleation, the manipulation of skyrmions radius and the dynamics of skyrmions [14—
16]. Tt is important to note that, as part of this work, we control skyrmions’ size by
all optical means(see chapter 3 ).

Among several types of skyrmions, this fascinating particle-like, here we just classified
it as either Néel or Bloch type; depending on the orientation of the axis of rotation of
the magnetic moments relative to the radial direction. Néel-type skyrmions have their
rotational axis perpendicular to the radial direction, while Bloch-type skyrmions have
their axis parallel to the radial direction. This distinction is illustrated in Figure 1.4.
In this figure red and blue colors indicate upward and downward direction of spin,
respectively. As well as Fig 1.4 (a) represents Néel skyrmion and Fig 1.4 (b) represents
Blokh skyrmion in ferromagnetic background. For this project, we will only consider
the Néel skyrmion type.
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Figure 1.5: Skyrmion profile of the z-component of the corresponding magnetization (m.).
The magnetic structure of the skyrmion is displayed above the plot. Here blue and red
arrows correspond to spin down and up of the magnetization, respectively. As the figure

illustrates the direction of the magnetization at the center of skyrmion is down meaning
that m, = —1

Magnetic skyrmion has non-zero skyrmion number or topological charge. The topolog-
ical charge @ is defined in a Cartesian coordinate system and is given by the integral
over the two-dimensional plane of the skyrmion configuration:

1 Om Om

Where m is magnetic unit vector that representing the direction of the local mag-
netization. For instance here for both Néel and Bloch skyrmions that is shown in
Figure 1.4 | the topological charge @ is an integer and is @ = 1. The fact is, topolog-
ical charge determines how many times the spin configuration wraps around the unit
sphere. It is relevant to note that the topological charge for a ferromagnetic state,
where all spins are uniformly aligned and an antiferromagnetic state, is zero (Q = 0).
It is important to note that the vector of magnetization m is described in terms of
spherical coordinates in the magnetic state which is shown in Figure 1.3. m = (sinf
cosy, sinf sing, cosf ) with the polar (f) and azimuthal (¢) angle. Meaning that m,,
= sinf cosyp, m, = sinf sing and m, = cosb.

20



1.3 Magnetic skyrmion

1.3.1 Skyrmion profile

The skyrmion profile can be described by a 360° domain wall using the following
ansatz:
coshw—c/2
0 (r;c,w) = 2arctan | ———=— (1.10)
sinh—"=
w/2
Where 0 defines the polar angle of the magnetization at position r. Here, the magni-
tude of r is the distance from the skyrmion center. ¢, w are the fit parameters that c
approximately corresponds to the center of the domain wall and w indicates the do-
main wall width. It should be noted that, the skyrmion profile obtained in experiments
has already been described using 360° domain wall profiles [17]. Figure 1.5 illustrates
skyrmion profile of the z-component of the magnetization m, = cosf versus x in nm.
Where blue and red arrows correspond to the spin down (the centre of skyrmion) and
up (the edge of skyrmion) in the direction of magnetization, respectively.

1.3.2 Skyrmion radius

The skyrmion radius is fundamental quantities of a skyrmion that depends sensitively
on material parameters such as exchange energy, anisotropy, Dzyaloshinskii-Moriya
interaction, and magnetic field [71] (Detailed information about them can be found
in Section 1.1). A magnetic skyrmion consists of a central region where magnetic
moments are aligned in the opposite direction of spins at the boundary of skyrmion.
As it is shown in 1.7, It is obvious that skyrmion’s radius (R) and domail wall (1)
are in the central region. This figure is taken from [71]. The orientation of the spin
along the x axis is shown below the schematic figure. Blue and red arrows define the
direction of spin toward down and up, respectively.

Various studies have shown that the size of isolated skyrmions tends to increase with
the Dzyaloshinskii—-Moriya interaction strength, and reduces with magnetic anisotropy
and external magnetic field [12, 71]. For instance, figure 1.6 demonstrates the skyrmion
radius versus magnetic field and DM interaction in honeycomb lattice in Crls mono-
layer.

Skyrmion size is really critical and crucial for some reasons specially in terms of data
storage density and energy efficiency. Compared to big size skyrmion, smaller one
is more stable and it is more easy to move and manipulate. An example that can
be understood, skyrmions represent bits of data, so when we have smaller sizes, we
can have more skyrmions in the same physical space. One of the part of this work
is controlling skyrmion size by all optical means that is more convenient than old
approach like magnetic field [18].
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Figure 1.6: Skymion radius versus magnetic field and DM interaction in honeycomb lattice.
As the magnetic field and DM interaction increase, the radius of the skyrmion decreases

and increases respectively.

Figure 1.7: The schematic representation of the skyrmion radius R and its domain wall W.
Here blue and red arrows correspond to the orientation of the spin toward down and up,

respectively. The figure is from Ref [71].
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1.3 Magnetic skyrmion

There are various ways in which skyrmion size and radius can be defined, as follows:
first let’s point out to the skyrmion size which has been proposed by Bogdanov and
Hubert [67].

Rpy =19 — 9(7”0)(@)71

e (1.11)

Here, rg is the steepest slope point and 6 is the polar angle of the magnetization which
is defined in equation 1.10.

The following equation is the definition of skyrmion center and how we can achieve
to skyrmion radius: In the centre of skyrmion m, = 1 and an alternative definition of
the skyrmion center that is more relevant to experiments is based on the out-of-plane
component of the spin [20],

Jxr(m, —1)dr

R(zy) = J(m. —1)dr

(1.12)

And in order to obtain the radius of the skyrmion, it is feasible to calculate it between
m, = 1 center of skyrmion and where magnetic moments lie in plane m, = 0. It
would be better to comment we implemented both definitions of skyrmion radius for
this project.
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1.4 Band structure of materials

The electronic band structure of a solid or simply band structure is unique and distinct
to each material or crystal due to the arrangement and type of atoms. Depending on
the materials, the band structure can reveal a large amount of information such as
electronic, magnetic and optical properties. The band structure of a crystal describes
the range of energy levels that electrons are allowed to occupy. But the energy range
that they are forbidden from occupying, known as band gap energy. In other words,
band gap energy in solid-state physics, for insulators and semiconductors, refers to
the difference of energy between the top of the valence band and the bottom of the
conduction band (in the figure 1.8(a) you will find more information about the valence
band and the conduction band).

As density functional theory (DFT) has been an invaluable tool for understanding,
analyzing and studying the band structure and optical properties of materials. In this
work we calculate the electronic structure of ferromagnetic Crls monolayer from the
first principles using the density functional theory. DFT approach obtains a ground
state structure of the system, by solving Hohenberg-Kohn theorems and later extended
by Kohn-Sham(KS) equations, often in Local Density Approximation (LDA), which
utilizes the exchange and correlation energies from the free electron gas. Actually
LDA is a class of approximations to the exchange—correlation (XC) energy functional
in density functional theory (DFT) that depends only on the value of the electron
density at each point, In other words, the system behaves like a uniform electron gas
with the same local electron density. In general, for a spin-unpolarized system, a local-
density approximation for the exchange-correlation energy is a function of the local
electron density p(r) which is written as follows:

ELPA p(r)] = / p(r) exelp(r) dr (1.13)

Meaning that at each point in space, the exchange-correlation energy is approximately
equal as if the electrons at that point experience the same environment as in a uniform
electron gas with the same density. Where, FLPA[p(r)] is the exchange-correlation
energy, p(r) = >, 1hs(r)|* is the electron density, and ex(p(r)) is the exchange-
correlation energy per electron for a uniform electron gas with density p(r). To arrive
at LDA, the exchange-correlation potential is often decomposed into the exchange
and correlation parts as: Fxc = Ex + F¢. Exchange interactions are caused by the
Pauli exclusion principle and correlation effects are due to Coulomb interactions. The
exchange energy:

BP0 = (2) v [ oy ar (1.14)
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1.5 Excitons

The correlation energy in general:

B o(w)] = [ ple) ec(p(r)) dr (1.15)

Non-local interactions aren’t considered in LDA, since it takes into account only the
local value of the electron density. In the section 1.6 we discuss more about the
properties and band structure of the Crlg monolayer from DFT approach.

1.5 Excitons

Perfect semiconductors have a completely filled valence band and an empty conduction
band at their ground state. It is known as the "zero" energy or "vacuum" state.
Additionally, its total momentum (K) and angular momentum (L) are both zero, and
its spin S = 0 [21].

The electronic absorption process in a semiconductor occurs through an interband
transition with an energy above the bandgap that promotes electrons from the valence
band (VB) to the conduction band (CV). During this transition, a hole (with the
opposite sign compared to the charge of the electron) remains in the valence band,
and because of the Coulomb attraction between them electron and hole form a quasi
particle which is called an exciton (see Fig 1.8 (a)), meaning that it is the bound state
of an electron and a hole that behaves like a single particle with distinct properties
from that of the individual electrons and holes [48].

The presence of excitons can be detected in semiconductor materials like gallium
arsenide (GaAs), two-dimensional materials like graphene, and transition metal di-
cholcogenides (TMDs), like molybdenum disulfide (MoS3) and Crls monolayers. In
this project we focus exclusively on the chromium(III) iodide (Crl3) monolayer.

1.5.1 Frenkel and Wannier excitons

It is shown in Fig 1.8 (b) that excitons can be classified into two categories based
on their size and formation mechanism: Wannier-Mott and Frenkel excitons. The
Frenkel and Wannier excitons concepts were introduced in the second half of the
1930s [23, 24]. Frenkel excitons are tightly bound excitons which have a smaller radius
than the lattice constant or they have a radius similar in magnitude to the crystal unit
cell or atomic radii, and Wannier-Mott excitons, which have a larger radius, where the
distance between the electron and the hole greatly exceeds the size of a unit cell [21].
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Frenkel Wannier-Mott
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Figure 1.8: a) The schematic figure illustrates the creation of exciton. Small black circle
is negative electron in conduction band and small white circle is positive hole in valence
band. b) Two types of exciton, Frenkel and Wannier-Mott from left to right respectively.

The Wannier exciton typically occurs in inorganic semiconductors, while the Frenkel
exciton often found in insulators or organic semiconductors.

In a Wannier-Mott exciton, the Hamiltonian can be written as a two-body bound state
with Coulomb interactions between electrons and holes that produces a hydrogen-like

problem with a Coulomb potential term: U = —e? /dmege|re — 7.
h? h? e?
H=-—A- Aj - 1.16
2m. ¢ 2m, " dmege|re — rp| ( )

Where the first two terms describe the kinetic energies of the electron with the effective
mass m, and the hole with the effective mass m, respectively, and the last term
describes the Coulomb attraction between the electron and hole. Here € is the effective
dielectric permittivity.

An exciton absorption spectrum plays a crucial role in providing information on the
energy levels and dynamics within a material, as well as the electronic and optical
properties of that material. The best illustration of absorption spectrums of a direct
band-gap semiconductor can be seen in Fig 1.9. Initially, photons with an energy less
than band gap energy incident to a semiconductor then electrons move from VB to CB
without absorbing(dashed blue line in Fig 1.9), but once the photons have an energy
greater than band gap energy, absorption occurs (red line in Fig 1.9). As an analogy to
the hydrogen Rydberg series, the exciton states are named accordingly with principal
quantum number (n = 1, 2, 3...) and orbital labels (s, p, d...). In this figure the
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1.5 Excitons
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Figure 1.9: Schematic representation of an absorption spectrum as a function of frequency
for a typical semiconductor is shown in this figure. Exciton transitions are shown by red
solid lines, while no transitions are shown by blue dashed lines.

ground state (n = 1) and excited state (n > 1) are often referred to as 1s, 2s, 3s and
so on. The absorption of excitonic resonances decreases with the increasing exciton
principal quantum number n, that representing gradual weakening of the light-matter
interaction.

In the present thesis we deal with the Frenkel type of excitons. Therefore, to describe
the Hamiltonian of Frenkel exciton, based on the BSE equation, we describe it as
follows: As the excitonic binding energy and optical absorption spectra will not be
accurately predicted by standard DFT (ground-state theory), therefore, we calculate
the exciton absorption spectrum using the numerical solution of the Bethe-Salpeter
equation, which is designed specifically to describe the excited states, such as electron-
hole pairs (excitons). The BSE is a very successful theoretical method used to study
and investigate particles’ bound states, as well as to calculate the electronic and optical
properties of systems. In other words the Bethe-Salpeter equation approach uses
information from DFT calculations to analyze excited state properties. The diagram
of BSE is shown in Fig 1.10. This figure first describes that using Kohn-Sham equation
it is possible to obtain non interacting particles energies and provide the fundamental
band gap as well as GW Approximation corrects the Kohn-Sham energies and provide
more accurate band gap for single-particle excitations, then BSE equation combines
excitonic effects ( two-particle excitations) to calculate optical excitation.

The BSE equation was developed by Hans Bethe and Edwin Salpeter in the 1950s,

which originally formulated for the case of relativistic particles [26]. Then the first
absorption spectrum within BSE was obtained by Hanke and Sham in 1980, which the
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Figure 1.10: The general workflow of Bethe-Salpeter Equation to calculate the optical ex-
citation. Kohn-Sham equation is used to obtain single-particle energies and band gaps,
followed by GW Approximation to include many-body effects, then BSE equation com-
bines excitonic effect to calculate optical excitation.

combined electron-hole interactions introduced in the example Si significant modifica-
tions of the theoretical absorption strength [27].

The general form of BSE Hamiltonian is like following:

! =

> HEIR AL, =E"AL (1.17)

c'v’

Where, HBSE, are the matrix elements of the BSE Hamiltonian for excitons, A", and
E"™ are the nth exciton wave function and energy, respectively. The indices ¢ (), v
(v"), denote the conduction band and valence band. There are distinct approaches
to calculating the BSE Hamiltonian. Here we calculated the Hamiltonian using the
Tamm-Dancoff approximation, which is particularly well-suited for wide-gap semicon-
ductors. Actually, this approximation disregards the coupling between resonance and

anti-resonance poles while preserving the Hermitian character of the Hamiltonian [143].
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1.6 Crlz monolayer. A promising candidate

1.6 Crl; monolayer. A promising candidate

One of the most intriguing and promising candidates among the various two-dimensional
(2D) magnetic materials is Chromium Triiodide (Crlz). Due to its unique optical ef-

fects, such as excitonic formation and interaction and magnetic properties. Both

experimental and theoretical research demonstrates that chromium triiodide (Crls)

is a two-dimensional (2D) ferromagnetic (FM) semiconductor [28, 29]. Throughout

the following sections, we will discuss the crystal and electronic structures of Crls

monolayers.

The magnetic chromium atoms in the Crls monolayer form a honeycomb lattice organi-
zation similar to the crystal lattice of graphene, with each chromium atom surrounded
by six iodine atoms arranged in an octahedron [44]. The structure of both top and side
view of the monolayer is shown in Fig 1.11. In this figure the black thin line presents
the unit cell consisting of two magnetic Cr atoms. Which the atoms of chromium and
iodine are represented by red and pink spheres, respectively.

a)%%%% b) \#\\’,\\;\\#\\#\
panVeryn Ve

Figure 1.11: Crystal structure of ferromagnetic monolayer Crls. a) top view and b) side view
of ferromagnetic monolayer Crls. The atoms of chromium and iodine are represented by
red and pink spheres, respectively. The unit cell of Crls consists of two Cr atoms and six
I atoms, with the Cr atoms forming a honeycomb structure.

Tt is important to note that using density functional theory (DFT) and a few different
way, we can predict and analyze the existence and properties of excitons in Crlj
monolayers. As it was mentioned previously, in this work we investigate the electronic
band structure of ferromagnetic monolayers via first principles calculations employing
DFT approach, which is shown in Fig 1.12.

The computations were executed using the GPAW package [51, 150]. We use the cut-
off energy of 600 eV for the plane-wave basis set and the LDA exchange-correlation
functional incorporating spin-orbit effects [52]. To avoid interaction between periodic
images, We use a slab model with a vacuum thickness of 16 A in the supercell. Lattice
constant for the Crls ferromagnetic monolayer was determined via crystal lattice relax-
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ation procedures, resulting in the value of 6.69 A. The force convergence criteria were
set at 1 meV/ A per atom. Spin-orbit effects are treated at the level of perturbation
theory.

In this thesis, the exciton spectrum was acquired utilizing the GPAW implementation
of the Bethe-Salpeter equation [53-56]. Screened Coulomb potential expressions were
derived with the dielectric cutoff of 50 eV, 200 electronic bands, and a 2D truncated
Coulomb potential [55]. The exciton basis was configured with 16 valence bands and
14 conduction bands on a 6x6 grid of the first Brillouin zone. To address the DFT
bandgap issue, a scissor operator was employed to adjust the bandgap value to the
experimental value of 2.59 eV in agreement with previous calculations [122, 124]. We
found the transition energy of the brightest low-lying exciton is Ex = 1.65 eV, which
is observed in the experimental differential reflection spectrum as the T2 state [114],
as well as in theoretical studies [122, 124, 125].

The corresponding exciton state is formed near direct bandgap at the crystallographic
point G by the electrons mainly located in the m. = 5.09mg, and the holes in the
upper valence band with effective mass m, = —0.59mg, with mg being the free electron
mass. The exciton has a clearly defined spin structure since it is completely localised
in the upper valence band and the three lower conduction bands, which have strictly
determined spin direction.
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Figure 1.12: Electronic band structure of ferromagnetic monolayer Crls using density func-
tional theory (DFT) with showing the direct bandgap at point G. Colour codes the spin
projection value.
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2 A microscopic theory of all-optical
magnetization control.

Bright excitons in ferromagnetic monolayers Crls efficiently interact with lattice mag-
netization, which makes all-optical resonant magnetization control possible in this
material. Using the combination of ab-initio simulations within Bethe-Salpeter ap-
proach, semiconductor Bloch equations, and Landau-Lifshitz equations, we construct
a microscopic theory of this effect. By solving numerically the resulting set of cou-
pled equations describing the dynamics of atomic spins and spins of the excitons, we
demonstrate the possibility of a tunable control of macroscopic magnetization of a
sample.

2.1 Introduction

Efficient control of the properties of layered structures is an important problem in both
fundamental and applied research. In particular, a great demand exists for the devel-
opment of optimal methods for control of magnetic characteristics of materials. This
is not surprising, given the ever-increasing requirements for data-recording capacities
of magnetic memory elements. The most important of them are compactness, energy
efficiency, and recording speed. Regarding the latter, all-optical methods for the mag-
netic order manipulation look very promising as compared to traditional approaches
based on the application of external magnetic field, as device operating frequencies
can be enhanced by several orders of magnitude.

To date, there already exists a number of theoretical [31, 32| and experimental works
confirming the possibility of all-optical magnetization switching (AOMS) in a variety
of magnetic compounds, including GdFeCo [33-37] and TbFeCo [38] ferrimagnetic
alloys, as well as in Pt/Co or Co/Gd multilayers [39, 40]. Among all candidates where
such a reorientation of magnetization is possible, materials combining ferromagnetic
ordering with the presence of robust bright excitons are of particular interest [41]. The
examples of such materials are chromium trichalides, such as CrCls, CrBrs or Crlg
[42].

In the present work, we take Crlz as an example, but the reported results should
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2 A microscopic theory of all-optical magnetization control.
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Figure 2.1: Upper panel: The magnetization of a monolayer of Crls is reversed by irradiat-
ing it with circularly polarized light. Lower panel: The mechanism of the magnetization
switching. The circular polarized pump is not resonant with the corresponding exciton
transition if magnetization is pointing down (left part), but becomes resonant if the direc-
tion of the magnetization is switched. The figure is from [49].

remain qualitatively the same for other members of the family. In the material we
consider, the Cr37 ions are arranged on the honeycomb lattice vertices surrounded by
non-magnetic I~ ions [43]. Being a 2D Ising ferromagnet, this material demonstrates
robust optical excitonic response, with record high values of excitonic binding energies
and oscillator strengths [44], exceeding even the values reported for transition metal
dichalcogenides [45-48].

The combination of such unique properties allowed some of us to propose that chromium
trihalides were suitable candidates for polarization-sensitive resonant optical magne-
tization switching [49], which was later on confirmed experimentally [41]. The process
of magnetic reorientation is connected with the transfer of angular momentum from
excitons (electron-hole pairs) to the quasi-localized d-electrons of the Cr atoms, and
corresponding phenomenological theory was developed in Ref. [49]. The general idea of
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2.1 Introduction

the current work is coming from Ref [49], which it was demonstrated that the presence
of the robust bright excitonic resonances coupled to lattice magnetization leads to the
possibility of polarization-sensitive magnetization switching in the nonlinear regime.
The main idea of the proposed effect is illustrated schematically in Fig. 2.1. The band
structure of a monolayer of Crlz is shown schematically in lower panel of Fig. 2.1. As
Crls is a direct band semiconductor, the optical transition is allowed from the top
of the valence band to the bottom of the conduction band. Attraction between an
electron and a hole leads to the formation of strongly coupled bright excitons.

Depending on the direction of the magnetization of a sample, ground-state excitons
can be excited by o4 or o_ light. Consider the geometry shown in the lower panel
of Fig. 2.1, when the ground state corresponds to o_ excitation and we send a pulse
of o light in resonance with it. As the o transition is strongly offset in energy due
to the giant Zeeman splitting produced by the lattice magnetization, the absorption
of o4 photons is only virtual. However, this virtual absorption creates an effective
magnetic field, which tends to invert the magnetization. This process is favored by
the fact that the magnetization switch will make optical absorption resonant, and if
the intensity of the optical pump exceeds some threshold value, it finally happens.

Figure 2.2: Schematic representation of the process we are studying. Crls layer is irradiated
with circular polarized light. The polarization vector lies in the sample plane. Due to
pumping, excitons appear in the system, which themselves have an effective magnetic
moment. Depending on the polarization of light, the magnetic moment can be oriented
both up and down.

However, the full microscopic theory of the effect is still absent. In the current chap-
ter, we make an attempt to construct such microscopic theory. We apply the well-
established atomistic spin dynamics (ASD) formalism as basis of our work and couple
it with the equations for the exciton dynamics by adding the terms describing the
interaction between the spins of the excitons and the magnetic lattice. Numerical
solution of the resulting set of equations allows us to analyze in detail the dynamics
of the magnetization switching in real space and time.
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Figure 2.3: DFT band structure of excitons in Crls monolayer with lattice constant 6.69 A.
The color code shows total, spin, and orbital magnetization in the left, middle and right
panel, respectively. The bandgap energy E=2.59 €V is indicated by gray shading. Accord-
ing to the first Brillouin zone grid, we have selected 16 valence bands and 14 conduction
bands for the exciton basis.

This chapter is organized as follows: First we present the DFT band structure and
absorption spectrum of Crl3 monolayer. Second we introduce the model Hamiltonian
for coupled systems of excitons, lattice spins and the dynamic equations. Finally, we
will provide a summary of the most important results of our research at the end of
this chapter, including the dependence of the switching properties on the parameters
of the incident light beam.

As it was mentioned in section 1.6, we calculate the electronic structure of ferro-
magnetic Crlz monolayer from the first principles using the density functional theory
(DFT), Here the value of the lattice constant is 6.69 A. For more details see section 1.6.

As shown in Fig. 2.2, we can see a schematic representation of the process we are
studying in this chapter. Crl3 monolayer is illuminated with circular polarized light
that is shown in a light green color. As a result of pumping, excitons form in the
system (they are shown with small blue arrows on the monolayer), which themselves
have effective magnetic moments. In this figure from left to right, magnetic moments
switch from up(red arrows) to down(blue arrows).

In Fig. 2.3, we demonstrate the band structure of the Crls monolayer with color

bars for the orbital, spin and total magnetization which are shown below the main
figures. The bandgap of 2.59 eV is highlighted by the gray area. The analysis of the
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Figure 2.4: Absorption spectrum of Crls sample for two circular polarizations. The solid line
and the dashed line correspond to the o_ and o4 polarizations, respectively. The bandgap
energy E=2.59 eV is indicated by gray shading.

polarization-resolved absorption spectrum of the Crls monolayer is shown in Fig. 2.4.
As one can see, there is a remarkable difference in the absorption of the oy and o_
components. The prominent absorption peaks in both absorption profiles are related
to the excitonic transitions.

Naturally, if the magnetization of the sample is inverted, the absorption curves corre-
sponding to opposite polarizations interchange. This forms the basis of the magnetiza-
tion switching mechanism: for a given pump frequency and polarization, the magnetic
sublattice tends to orient its magnetization so as to maximize the absorption [49].

2.2 The model Hamiltonian

The total energy E of the system includes three terms:
H=H, + He + H,, (2.1)

describing the contributions from the magnetic subsystem, excitonic subsystem, and
the interaction between them. The magnetic structure of the Crls monolayer is de-
scribed within the model of classical spin vectors localized on sites of the honeycomb
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2 A microscopic theory of all-optical magnetization control.

lattice of the Cr atoms. The corresponding energy is given by:

Hm =—J Z mzwmj—D Z dm[ml X mj] —KZ (mz . 62)2—/.LZB'mi. (22)

<i,J> <i,j> i

Here, the first, second, third, and fourth terms describe the Heisenberg exchange, the
Dzyaloshinskii-Moriya interaction (DMI), the uniaxial magnetocrystalline anisotropy
and the Zeeman interaction, respectively; m; is the unit vector pointing along the
it" magnetic moment, whose magnitude is u for each lattice site; B is the external
magnetic field, and d;; = r;; x e./|r;;| is the DMI unit vector with e, and 7;; being
the unit vector along the monolayer normal and the vector pointing from site ¢ to site
j, respectively. These were further explained in section 1.1 with more details.

The angular brackets indicate summation over unique nearest neighbors only. The
effective parameter values are taken from Ref. [57]: J =2.53 meV, D =1.2 meV, K =
0.153 meV, and p = 3.0 pp. The external magnetic field is in the monolayer plane, with
the magnitude ranging from 0 T to 3.5 T. In our calculations, we use the computational
domain of N. = 30 x 30 = 900 unit cells equipped with periodic boundary conditions.
Note that the number of magnetic moments N, explicitly included in the calculations
is twice as large as N, (N, = 2N, ).

The Hamiltonian describing the excitonic subsystem reads:

Hew =Y BngXlqXng + B Y Drg—oXiqeoXni—o + h.c. (2.3)

qn n

Here, qu (Xnq) are the exciton creation (annihilation) operators characterized by
momentum ¢ and band index n. FE,q is the exciton energy as well as Dy q—¢ is the
dipole moment of the optical transition obtained from the DFT calculations which
here limited to the direct-gap transitions. Using the following equation, we calculate
the dipole matrix elements:

D,q—0 = (0|r|nqg = 0) = ZAZSEO<Uk\r|ck>7 (2.4)
cvk

where (vk|r|ck) is the single-particle dipole matrix element corresponding to the op-
tical transition from the conduction band c to the valence band v with momentum k.

As well as A7 is the nth exciton wave function with momentum q. For more details

you can see Appendix 6.3.1.

E . (t), In the second term of the excitonic Hamiltonian, it is described as follows:
E_(t) = Re[(Ey, FiEy, 0)exp(—iwt)] h(t) (2.5)

Which is correspond to the right- or left-circularly polarized electric field characterized
by the pulse envelope h(t). You can find a detailed description of the pulse envelope
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2.2 The model Hamiltonian

in the results and discussion section. The effects of both radiative and non-radiative
damping are described phenomenologically, see Appendix 6.3.2 for details.

The interaction between the excitonic and magnetic subsystems is characterized by
the following Hamiltonian:

Hy=—guy" (ma-q —m o ) M3 X1 X,0q (2.6)
qq’nn’
where the term inside the parentheses is the Fourier transform of the magnetization
relative to the collinear ground state. In order to calculate the Fourier transform of
the magnetization, we use the formula below:

N,
1 .
Ma—a = 3 > exp[=27i(r; (@ — a')n.] X (ma; +ma; 1) (2.7)

Here, N. = 30 x 30 = 900 is the number of unit cells. The appendix 6.3.3 contains
more details. In the equation 2.6. Mgg,/ is the dipole matrix element describing
the interaction with local magnetic moment, g is the on-site spin-exciton coupling
constant.

The total exciton magnetic moment is obtained by computing a sum of the spin and
orbital components as following:

MY — [39) 4 g9 (2.8)

nn’

Where:
L = 3 (A" AL x [(cktal LK +d') — (v'K'|L|vK)]
cvk,c’v'k’

As well as,

!
aq
Snn/

ST (Ar)" AT x [(ck+alSICK + o) — ('K|S|ok)]

! ay!
c'v
cvk,c’v'k’

Where (ck|S|c’k’) is the single-particle spin matrix element between ¢ band with
k momentum and ¢ band with k' momentum. In addition, (ck|L|c’k’) is the ma-
trix elements of the orbital momentum. Please see Appendix 6.3.1 for more details.
The evaluation of the coupling constant g can not be performed using standard DFT
approaches and requires a separate consideration which goes beyond the scope of the
present work. Here, g is taken as a phenomenological parameter with the value g = 2.3
meV, which is slightly less then the exchange interaction parameter in the magnetic
lattice Hamiltonian.

Note that exciton-exciton interaction is neglected and only single exciton wavefunction
Wexc is considered explicitly. Therefore:

Hy = Nexe <Wexc|Hs|!pexc> = _gﬂz Ui(mi - ng) (29)
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2 A microscopic theory of all-optical magnetization control.

Here, nexc is the scaling factor proportional to the number of the unit cells (in our
case Nexe = 450), m® = e, is the unit vector along the ground-state magnetization,
o; is the exciton spin vector associated with the 7" unit cell. It is better to note that
excitons in Crlgz are of the Frenkel type which defined via the following equation:

= o SO S Oy A (2.10)

nn’

where 7; is the position of i** unit cell and C3 are the expansion coefficients of Wey.:

Vere = »_ CAX],|0) (2.11)

nq

The dynamic equations for the observables follow from the model Hamiltonian. The
evolution of W, is accessed via the equation of motion for its coefficients:

va Z HY (1) CY (1), (2.12)

where H 3;‘: are the matrix elements of the excitonic Hamiltonian H = Hqy. + Hs.

On the other hand, the dynamics of the lattice magnetization is obtained via the
time integration of the Landau-Lifshitz-Gilbert equation (LLGE) for the normalized
magnetization vectors at zero temperature:

dmi
dt

dm;
= —ym,; xBfﬁ—&—n(ml X dt1> s (213)
where v is the gyromagnetic ratio, 7 is the dimensionless damping parameter which
in the present study we take n = 0.1 and n = 0.2. Here, BSf is the effective magnetic

field defined as:
1 oOH

pom;’
Note that only Hy,+ Hg depends explicitly on m,;. The effect of excitons on the magne-
tization dynamics is treated within the mean-field approach, where the magnetization-
exciton interaction energy Hy depends on the exciton spin vector configuration o (see
Eq. (2.9)), which needs to be updated every time step using Egs. (2.12) and (2.10).
Given all that has been said above, we can write the following expression:
10H,,

pom;’

eff _
Bi

(2.14)

B’?f:f = go; — (215)
where the last term is the standard lattice contribution. The vector o;, defined in
Eq. (2.10), depends on vector of state components C4 which in turn depend on the
pump of the sample (amplitude of the electric field). In order to evolve the system
of above mentioned equations, we use the semi-implicit solver by Mentink et al. [5§]
for the time integration of the LLGE (This is explained in greater detail in the first
chapter). We do not include thermal fluctuations in our simulations so as to focus on
exciton dynamics as the main driving force of the magnetization switching [49].
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2.3 Results and discussion

We study the dynamics of the system induced by spatially homogeneous circular polar-
ized laser pulse at normal incidence. The choice of the pulse envelope h(t) is inspired

by real setups [41, 59]:
2
_B <t’ff/2) ] (2.16)
ty

Here t; is the duration of the pulse, and A = 1.94 and B = 32.2 are dimensionless
parameters defining the total pulse fluence F"

h(t) = AB(t; — 2t — tf]) exp

F =

ty
E2
02650 /h(t)2dt = Cloty, (2.17)
0

where, here:
Iy = Elceg (2.18)

Iy is the intensity of the pulse.

and C' is the dimensionless constant as following:

C = A%erf(\/B/2)\/7/(2B) (2.19)

In our calculations, the intensity never exceeds the value of 0.1 TW/cm?, which is
consistent with experiments [41, 59]. We take the duration of the pulse t; = 4 ps and
its frequency w = 1.94 eV, which is below the direct bandgap. Note that the chosen
value of w is in the vicinity of one of the ¢~ peaks in the absorption spectrum.

The initial magnetization direction is prepared by aligning all magnetic vectors along
e, and perturbing them by small random noise to break the symmetry. The simulation
of the spatiotemporal magnetization pattern provides information about the evolution
of the cumulative out-of-plane magnetization due to the spin lattice and excitons:

1 X

MI'(t) =+ > mi(t) (2.20)
& =1
1 &

M7 (t) = A va(t) (2.21)

The dynamics of the magnetization switching is shown in Fig.2.5. The arrival of
the pulse with ¢~ polarization leads to the appearance of the randomly distributed
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Figure 2.5: Evolution of the magnetic structure of the system for the pulse fluence Fi =
166 mJ/cm?. The fluence magnitude is sufficient to induce the magnetization reversal.
The snapshots (a)-(f) correspond to 1.6 ps, 1.8 ps, 1.84 ps, 1.86 ps, 1.9 ps, and 2.04 ps,
respectively. The color codes the orientation of the magnetic moments of the Cr atoms.

This case corresponds to the solid line in Fig. 2.7.
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Figure 2.6: Evolution of the magnetic structure of the system for the pulse fluence F> =
33 mJ/cm?. The fluence magnitude is insufficient to induce the magnetization reversal.
The snapshots (a)-(f) correspond to 2.2 ps, 2.76 ps, 2.98 ps, 3.2 ps, 4.4 ps, and 8.0 ps,
respectively. The color codes the orientation of the magnetic moments of the Cr atoms.
This case corresponds to the dashed line in Fig. 2.7.
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Figure 2.7: Time-dependence of the cumulative out-of-plane magnetization M}" for different
light polarizations. Shaded area indicates the laser pulse duration. Upper right inset shows
the time dependence of |¢eac|2 = |Wexc\2 — |1ﬁ0|2 describing the evolution of excited exciton
states. Lower right inset shows the time dependence of the exciton magnetization. Dark
grey areas show the envelope functions for the optical pump pulse with fluence Fi = 166
mJ/cm? (lighter grey, magnetization reversal occurs) and Fp = 33.2 mJ/cm? (darker grey,
magnetization reversal does not occur). The switching time 7 is defined by the instant
when M]" changes sign. Here 7 = 1.85 ps. The signs + and — correspond to right-hand
and left-hand circularly polarized light, respectively. Here the values of damping constants
are m1 = 0.2 and n2 = 0.1.

domains with inverted magnetization. This process is accompanied by the formation
of magnetic vortices favored by the DM interaction. If the fluence exceeds some
critical value F,., the size of the domains increases with time, making the system
eventually reach the state with spatially homogeneous inverted magnetization which
is demonstrates in Fig. 2.5).

Moreover, it is worth noting that in the case of other materials, the switching process
may be different, which will be associated with the secondary importance of the DM
interaction constant for the all-spin dynamics. On the other hand, if the fluence is
below the critical value, the system relaxes back to the homogeneous state without
magnetization inversion that can be seen from the insufficiently large number of islands
that have an inverted value of local magnetization as it is shown in Fig. 2.6.

The dynamics of the cumulative magnetization defined in (2.20) and (2.21) that are
shown in Fig. 2.7. The transition between up and down polarized states induced by the
pulse is quite abrupt, which makes it possible to introduce the characteristic switching
time 7 — the principal parameter that characterizing the magnetization reversal. As
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Figure 2.8: Magnetization switching time 7 as a function of pump fluence F'. Magnetization
switching is achieved if the fluence of the pulse exceeds a critical value F. ~ 46 mJ/cm?
at which the switching time diverges. The inset shows the switching time as a function of
the lateral external magnetic field for the fluence of 133 mJ/cm?.
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Figure 2.9: Magnetization switching time 7 for two different value of . For a fixed pulse
fluence of F = 166 mJ/cmZ, A decrease in switching time is associated with an increase in
7 (from 0.1 to 0.2).
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2 A microscopic theory of all-optical magnetization control.

expected, 7 decreases with increasing F' (see Fig. 2.8).

The switching time becomes infinite when the fluence reaches the critical value F, ~ 46
mJ/cm?, below which no magnetization reversal is possible. This behavior agrees well
with our previous study based on the phenomenological model of resonant magnetiza-
tion switching [49].

If the fluence is less than this value, then switching does not occur at all (dashed line
in Fig. 2.7). Here, however, it is worth noting that an important difference from the
phenomenological model is the fact that the concept of critical fluence is valid for a
pulse of a particular shape and the construction of dependences similar to those on
main panel of Fig. 2.8 is valid for an envelope of a certain shape (we only change
the field amplitude). It is clear from the model equation that switching will not be
achieved if we use extremely small values of the pump intensity, albeit for huge times,
this will be prevented by damping and the existing anisotropy.

Noteworthy here is the behavior of the density of excited states of excitons [tex|?.
As expected, the local magnetization affects the excitation of excitons. At the same
intensity, more excitons will be excited, whose effective spin coincides with the current
value of the local magnetization. This feature is clearly demonstrated in Fig. 2.7 in
the upper inset.

Interestingly, the switching time is influenced by lateral magnetic field (see inset in
Fig. 2.8). Linear interpolation, as it seemed to us, would be the most appropriate here,
although we cannot but note that in the previous work we obtained a dependence that
is fitted by a shifted hyperbola. Among other things, we analyzed the dependence of
the switching time on the damping value for several specific values of fluence.

Additionally, the critical fluence and the switching time are affected by the exciton
decay rate A and the damping parameter 1. For example, for a fixed pulse fluence of
F =166 mJ/cm? | the switching time increases from 1.85 to 2.07 ps when the damping
factor 1 decreases from 0.2 to 0.1, see Fig. 2.7 and Fig. 2.9.

As discussed above, decreases in 7 lead to increases in switching times for a fixed fluence
value (here F' = 166 mJ/cm?), As shown in Fig. 2.9. As we can see, in contrast to our
previous consideration, a moderate decrease in the damping constant does not lead to
a significant increase in the switching time. The change of the circular polarization
of the incident beam modifies drastically the magnetization dynamics: the switching
does not occur for the initial magnetization pointing up, but can happen for the initial
magnetization pointing down.
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2.4 Conclusion

In conclusion, we developed a microscopic theory of all-optical resonant polarization-
sensitive magnetization switching in monolayers of Crlz. The effect is due to the
combination of the peculiar optical selection rules for excitons in this material and
efficient coupling of excitons to the magnetic lattice. The spatio-temporal distribution
of the magnetization under circular polarized pulses was investigated, and the depen-
dence of the parameters characterizing the switching on the properties of the optical
pulse was determined.
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3 All optical control of skyrmion
configuration.

The potential for manipulating characteristics of skyrmions in a Crl3 monolayer us-
ing circularly polarised light is explored. The effective skyrmion-light interaction is
mediated by bright excitons whose magnetization is selectively influenced by the polar-
ization of photons. The light-induced skyrmion dynamics is illustrated by the depen-
dencies of the skyrmion size and the skyrmion lifetime on the intensity and polarization
of the incident light pulse. Two-dimensional magnets hosting excitons thus represent
a promising platform for the control of topological magnetic structures by light.

3.1 Introduction

Magnetic materials play a tremendous role in various applications such as magnetic
memory where writing of data is associated with change in magnetization. New tech-
nological frontiers, such as terahertz speed and high energy efficiency of magnetization
switching, can be reached by use of functional materials whose magnetic properties
can be all-optically controlled [61, 62].

Members of the family of 2D magnetic materials known as chromium trihalides (CrXs,
where X = I, Br, and Cl), can be considered as prime candidates for this role. Specif-
ically, the optical control of magnetism in monolayers of chromium triiodide (Crls)
was theoretically predicted [49] and experimentally demonstrated [41]. Crl3, an Ising-
type ferromagnet, possesses exceptionally high excitonic binding energies and oscillator
strengths [44], making this material distinguished among similar systems.

In Ref. [63] the authors developed a microscopic theory of all-optical resonant control
of magnetization in excitonic materials and demonstrated reorientation of lattice mag-
netisation by incident pulses of light with different polarisations and certain values of
light parameters. The phenomenon was elucidated through the transfer of spin angular
momentum from the electric field to the excitons of a sample, ultimately acting as an
effective magnetic field on the lattice magnetisation. However, any analysis of the be-
haviour of spatially inhomogeneous magnetic structures such as magnetic skyrmions,
was not presented and possibility of controlling their properties using excitons remains
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3 All optical control of skyrmion configuration.

Figure 3.1: A sketch of all-optical control of a skyrmion in a Crls monolayer. A light pulse
with a certain frequency, polarization and time envelope is incident on the monolayer plane
whose lattice magnetization is shown with the arrows. The color codes the out-of-plane
projection of the magnetization. Under the influence of increasing exciton magnetization,
the spins at the boundary of the skyrmion change their direction, effectively leading to
either increase or decrease in the skyrmion size.

unexplored. On the other hand, skyrmions themselves are highly appealing for theo-
retical and experimental studies, owing to their potential utility as units of information
storage [64, 65].

The formation of stable skyrmions occurs as a result of the interplay between the mag-
netic exchange, Dzyaloshinskii-Moriya (DM) interaction, magnetic anisotropy, and the
Zeeman interaction [66—71], while the parameters of the skyrmions such as their size
and shape can be controlled by changing the interactions strength. However, there re-
mains a gap in the development of the theory for all-optical manipulation of skyrmions.

It has already been demonstrated, that manipulating magnetic spin textures like
skyrmion by light beams is experimentally feasible, and both skyrmion motion control
and skyrmion reconfiguration can be achieved. [72-75]

The goal of the present study is to explore the phenomenon of all-optical control over
the size of magnetic skyrmions in materials hosting bright excitons. The potential
for such manipulation is particularly appealing due to the prospect that achieving
smaller radius skyrmions could result in more energy-eflicient applications [76]. We
demonstrate that by applying light pulses of varying circular polarisation and intensity,
one can control the radius and profile of magnetic Néel skyrmions in Crlz ferromagnetic
monolayers (see Fig. 3.1 for the schematic representation of the setup).

Additionally, we report light-induced skyrmion collapse, and examine the correspond-
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3.2 The model and the equations of motion

ing skyrmion lifetime as a function of pulse intensity.

The structure of this chapter is as follows. Following the introduction, we describe the
formalism utilised in this study, which is based on coupled dynamics of excitons and
lattice magnetization of the system. The results and analysis of numerical simulations
of the skyrmion dynamics under light pulses of varying intensities and polarizations
are presented in section result and discussion. The final section provides concluding
remarks.

3.2 The model and the equations of motion

Here, we provide a concise overview of the theoretical framework for all-optical reso-
nant control of magnetization in excitonic materials, but comprehensive details of the
theory can be found in Ref. [63]. As has been discussed in chapter 2, the total energy
of the system is: H = H, + Hexe + Hs.

which comprises contributions from the lattice magnetization, the excitons, and the
interaction between these subsystems, respectively. In accordance with section 1.1, in
the formalism, the lattice magnetization is modelled as an array of classical vectors
localized at the hexagonal lattice sites of chromium atoms. The lattice magnetization
is characterized by the equation: 2.2. As well as the excitonic subsystem is described
by the equation 2.3. The interaction of the excitons with the lattice magnetization is
described by the equation: 2.6.

Note that our analysis excludes exciton-exciton interaction. Therefore, the finite num-
ber of excitons in the system is taken into account by introducing the parameter neyc
proportional to the number of unit cells, chosen based on considerations of carrier
population density (in our case, nexe = 450). The energy of the interaction between
the excitons and the lattice magnetization becomes:

Hs ~ nexc<wexc|ﬁs‘kpexc> = _gﬂzaz(mz - ng) (31)

Here, m® = e, is the unit vector along the ground-state magnetization, and the exciton
spin vector associated with the ith unit cell o is defined via the equation 2.10 where
r; is the position of %" unit cell and C9 are the expansion coefficients of the exciton
wave function V,,:
Uexe = ZCgqu‘()) (32)
nq
The exciton dynamics is governed by the equation 2.12. As well as the lattice spin
dynamics is described by the Landau-Lifshitz—Gilbert equation (see 2.13). Detailed
descriptions of the model Hamiltonian can be found in the second chapter: 2.2.
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Figure 3.2: Equilibrium distribution of the magnetization (a) and corresponding magneti-
zation profile (b) for an isolated skyrmion in the Crls monolayer at B = 0.37 T in the
absence of the light pulse. In (a), the color codes the out-of-plane projection of the mag-
netization. In (b), the dashed vertical line marks the skyrmion radius calculated according
to Eq. (3.3).

In this work, we focus on light-driven dynamics of a single isolated skyrmion in the
Crl3 monolayer (see Fig. 3.2). Specifically, we study the time evolution of the skyrmion
radius, here defined according to Bogdanov and Hubert [67]:

R =ro— 6(ro) (jf) - (3.3)

To

where 6(r) is the polar angle of the lattice magnetization as a function of the distance
to the skyrmion centre and rq is the steepest slope point.

The system is initially prepared at the energy-minimum state corresponding to a
single isolated skyrmion whose size can be controlled by adjusting the magnitude of
the external magnetic field [67]. At ¢ = 0, the dynamics of the system is induced
by application of the spatially uniform laser pulse characterized by the time envelope
h(t) = a10(ty — |2t — ty|) exp [—aa ((t — tf/2)/tf)2] with ¢ being the pulse duration.
Dimensionless parameters a; = 1.94 and as = 30.2 influence both the shape of the
pulse profile and the total pulse fluence F' = E3ceq fot T h(t)%dt/2. In our calculations,
the duration of the pulse ¢, is chosen to be 4 ps and its central frequency w is 1.94 eV,
which lies below the direct bandgap.
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Figure 8.3: Snapshots of calculated skyrmion dynamics induced by the light pulse with left-
handed polarization and fluence F = 1.03 mJ/cm?. The labels indicate corresponding
instants of time. The color codes the out-of-plane projection of the lattice magnetization.
The equilibrium size of the skyrmion, 4.92 nm, is achieved in the external magnetic field
of 0.78 T.
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Figure 3.4: Calculated skyrmion radius as a function of time for several values of the fluence of
the applied left-circularly polarized light pulse, as indicated in the legend. The equilibrium
size of the skyrmion, 4.92 nm, corresponding to the external magnetic field of 0.78 T is
indicated with the dotted horizontal line. Panel (a) corresponds to the beginning of the
dynamical process, while panel (b) shows the evolution of the skyrmion radius in a broader
range of time. The gray-shaded area shows the time-envelope of the applied light pulse.
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Figure 8.5: Snapshots of calculated skyrmion dynamics induced by the light pulse with right-
handed polarization and fluence F = 0.34 mJ/cm?. The labels indicate corresponding
instants of time. The color codes the out-of-plane projection of the lattice magnetization.
The equilibrium size of the skyrmion, 8.1 nm, is achieved in the external magnetic field of
0.37 T.
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3.3 Results and discussion

Figure 3.3 shows snapshots of the calculated skyrmion configuration at several instants
of time during and after the application of the left-circularly polarized light pulse with
the fluence F' = 1.03 mJ/cm?. The light polarization ensures that the magnetization of
the induced excitons is along the skyrmion core, which results in the skyrmion growth
during the application of the light pulse. As exciton scattering is present in the system,
the excitonic magnetization wanes after the application of the pulse, resulting in that
the skyrmion relaxes to its equilibrium size of 4.92 nm corresponding to the static
magnetic field of 0.78 T.

Figure 3.4 shows the time dependence of the skyrmion radius R corresponding to
several values of the fluence of the left-circularly polarized light. As expected, larger
fluence results in a faster growth and larger maximum size of the skyrmion. After the
application of the pulse, the dynamics is not immediately frozen. Instead, the skyrmion
radius demonstrates damped oscillations, eventually converging on the equilibrium
value.

Controlled shrinking of the skyrmion is demonstrated in Fig. 3.5 showing the snapshots
of the magnetization dynamics induced by the right-circularly polarized light pulse
with the fluence F' = 0.34 mJ/cm?. The equilibrium skyrmion radius, R = 8.1 nm,
is achieved by application of a static magnetic field of B = 0.37 T. In contrast to the
case of left-circular polarization, the pulse with the right-circular polarization induces
excitons with the magnetization opposite to the skyrmion core.

As a result, the skyrmion size decreases. The details of this process can be seen in
Fig. 3.6 showing the time-dependencies of the skyrmion radius for several values of
the pulse fluence. The changes in the skyrmion size are more pronounced for larger
fluence values.

Interestingly, the skyrmion shape is also affected by the light pulse, which manifests
itself in a slight increase in the skyrmion size at the beginning of the dynamical process.
Similar to the case of the opposite polarization, termination of the pulse is followed by
damped oscillations of the skyrmion radius around the equilibrium value with eventual
relaxation to the original configuration. Such dynamics suggests that to maintain the
skyrmion radius near any predetermined value one should construct a specific protocol
for a series of the pulses allowing to balance the effects of the skyrmion relaxation.

The possibility to control the skyrmion size signifies that the skyrmion can also be
destroyed by a light pulse with large enough fluence exceeding some critical value. To
analyze the skyrmion collapse in this regime, we apply the right-circularly polarized
light of various fluences to the skyrmion with the equilibrium radius of 8.1 nm. In
our calculations, we define the skyrmion collaspe as a moment when the skyrmion
size has dropped by a factor of 10 compared to its equilibrium level, and refer to the
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corresponding time as the skyrmion lifetime 7.

The calculated skyrmion lifetime as a function of the flueince of the right-circularly
polarized light pulse is shown in Fig. 3.7. Gray area below Fj corresponds to the fluence
values below the critical one, for which a skyrmion is not destroyed by a pulse (as its
intensity is not enough to achieve the magnetiaztion reversal at skyrmion periphery),
but rather relaxes to its original configuration after a pulse leaves, so that the skyrmion
lifetime becomes infinite. We checked that this kind of dynamics is universal for a wide
range of the parameters of the system (dipole matrix elements, coupling between the
spins etc), which affect the details of the evolution only.

In particular, to reorient the magnetization of the sample, and thus destroy a skyrmion,
in a sample with larger value of the exchange interaction constant J (see Eq. 2.2), a
larger value of fluence is necessary. As anisotropy constant K in this case plays the
role of an energy barrier separating two equilibrium spin configurations, its increase
rises the values of the critical fluence as well. On the other hand, the increase of
the excitonic coupling to light characterized by corresponding optical dipole matrix
elements Dyq—o (see Eq.2.3) and exciton-skyrmion coupling described by parameters
Mq—q (see Eq.2.6) naturally decrease critical fluences.
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Figure 3.6: Calculated skyrmion radius as a function of time for several values of the fluence
of the applied right-circularly polarized light pulse, as indicated in the legend. The equi-
librium size of the skyrmion, 8.1 nm, corresponding to the external magnetic field of 0.37
T is indicated with the dotted horizontal line. Panel (a) corresponds to the beginning of
the dynamical process, while panel (b) shows the evolution of the skyrmion radius in a
broader range of time. The gray-shaded area shows the time-envelope of the applied light

pulse.
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Figure 3.7: Calculated skyrmion lifetime as a function of the fluence of the incident light pulse
with right-circular polarization. The equilibrium skyrmion radius, 8.1 nm, corresponds to
a static magnetic field of 0.37 T. The gray-shaded area marks the fluence magnitudes below
the critical value Fy = 7.84 mJ/cm? for which the skyrmion collapse is not possible.
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3.4 Conclusion

We demonstrated the possibility to control the characteristic parameters of a skyrmion
in monolayers of chromium triiodide, by specific laser pulses. By employing the formal-
ism which couples together the dynamics of atomistic spins and excitons, we investi-
gated, how the parameters of the pulses, in particular their polarization and intensity,
affect skyrmion radia and lifetimes. The discovered effects can have potential appli-
cations in the domains of spintronics and nanophotonics, allowing, in particular, to
reach ultrafast procession rates in future information storage devices based on mag-
netic monolayers, where skyrmions can be considered as elementary information units.
Perspectives in this direction are related to search for other classes of 2D materials,
which combine the ambiental stability with robust optical excitonic response and high-
temperature magnetic ordering.
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4 Interaction of exciton with
magnetic skyrmion: Localization
and anomalous Hall effect

Novel 2D material Crlz reveals unique combination of 2D ferromagnetism and robust
excitonic response. We demonstrate that the possibility of the formation of magnetic
topological defects, such as Néel skyrmions, together with large excitonic Zeeman
splitting, leads to giant scattering asymmetry, which is the necessary prerequisite
for the excitonic anomalous Hall effect. In addition, the diamagnetic effect breaks
the inversion symmetry, and in certain cases can result in exciton localization on the
skyrmion. This enables the formation of magnetoexcitonic quantum dots with tunable
parameters.

4.1 Introduction

In low dimensional systems the motion of a particle is restricted to one or two di-
mensions, which results in certain peculiarities of their physical behavior coming from
dramatic enhancement of the role of quantum fluctuations. In particular, we are inter-
ested in two-dimensional (2D) systems, as they lie between 3D systems where under
certain conditions, Off-Diagonal Long-Range Order (ODLRO) can form at finite tem-
peratures and 1D systems where fluctuations completely destroy long range order and
lead to the exponential decay of quantum correlations in real space at any finite tem-
perature. In 2D systems, the situation is more tricky: although long range correlations
are destroyed, their decay at low temperature is much slower than in the 1D case.

This is a characteristics of the Berezinskii-Kosterlitz-Thouless phase which is inti-
mately connected with spontaneous creation of topological excitations. Their type de-
pends on the nature of the system in question. In 2D magnets, they are skyrmions [80—
82]. For 2D superfluid systems, characteristic for geometries with excitons [83-87] or
exciton polaritons [88-90], such defects are vortex-antivortex pairs [91-94].

Systems where several order parameters interact via particle-like entities exhibit par-
ticularly interesting, hybrid behavior. In multiferroics, magnetic skyrmions induce
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4 Interaction of exciton with magnetic skyrmion: Localization and anomalous Hall effect

Figure 4.1: a) Exciton scattering and localization on a skyrmion in Crlz. The arrows in-
dicate the calculated magnetization at each lattice site, with corresponding winding at
the skyrmion area. The pair of green arrows illustrates the exciton scattering paths, with
the arrow thickness being proportional to the scattering amplitude. The red dome is the
calculated exciton center-of-mass wave function, strongly localized on the skyrmion.

nontrivial dielectric order, which enables a mechanism for an electric-field control of
skyrmions [95]. In heterostructures combining chiral magnet and superconductor,
co-existing magnetic skyrmions and superconducting vortices create a platform for
nucleation and control of Mayorana fermions, a prerequisite for topological quantum
computing [96].

Recently, materials combining magnetic properties with robust excitonic response have
been discovered [97] such as Crl;. In seeming contradiction to the Mermin-Wagner
theorem [106], the finite-temperature long-range magnetic order is enabled in these
systems thanks to the magnetic anisotropy [107]. Even more intriguingly, application
of electric field or stress breaks the structural inversion symmetry leading to the emer-
gence of uncompensated anti-symmetric exchange between the magnetic atoms [108—
110] — the Dzyaloshinskii-Moriya (DM) interaction — that favors noncollinear align-
ment of magnetic moments. Interplay between magnetic anisotropy, Heisenberg ex-
change and DM interaction opens a possibility for complex magnetic order in 2D
magnets, including the emergence of localized states with nontrivial topology such as
skyrmions [111, 112].

The combination of huge optical oscillator strengths with giant Zeeman splitting in
Crl; leads to various magneto-optical phenomena including giant Kerr response [102],

60



4.1 Introduction

giant magneto band-structure effect [113], magnetic circular dichroism [114], onset
of 2D magnetoplasmons [115] and resonant inverse Faraday effect [116]. Moreover,
potential emergence of magnetic skyrmions in 2D excitonic materials opens up new
exciting physics and interesting applications.

Here, we demonstrate the effects of scattering and localization of excitons on magnetic
skyrmions in 2D ferromagnets, as illustrated in Fig. 4.1. We focus on the Crls mono-
layer system, but also study the effect of the parameter variation to demonstrate the
relevance of our results to 2D ferromagnets with excitonic response in general.

The scattering on a skyrmion is characterized by strong asymmetry, implying the pos-
sibility of anomalous Hall transport of excitons. The first experimental demonstration
of exciton anomalous Hall effect was in 2017[117], where the effect originates from the
valley-selective helicity of the quantum Berry phase in transition-metal dichalcogenide
monolayers, i.e. is of intrinsic type. The exciton Hall effect due to the asymmetric
scattering on phonons and impurities was discussed in [118, 119]. The exciton spin Hall
effect was intensively studied in the context of strong light-matter coupling [120, 121].
Our proposal thus represents a novel mechanism for exciton amonalous Hall effect.
Finally, the possibility to localize excitons leads to the formation of analogs of quan-
tum dots with tunable properties, which can be used as polarization selective single
photon emitters.

The band structure of a ferromagnetic single-layered Crls is calculated using the den-
sity functional theory (DFT) approach implemented in the GPAW [126-128] code with
LDA exchange-correlation functional. The lattice constant is taken as ag = 6.69 A
[122] and the vacuum distance is 16 A. The discussion went into more detail regarding
electronic band structure of Crl3 monolayer in section 1.6. The most straightforward
possible estimation of exciton Zeeman splitting is the difference between the energies
of the lower conduction band and the fourth conduction band, which correspond to
different spin directions, plus the energy difference between the upper conduction band
and the second upper conduction band at the crystallographic point G. The resulting
value of the Zeeman splitting is equivalent to 0.37 eV.

In this chapter we discuss the result of asymmetry scattering of exciton which is an
essential prerequisite for the anomalous Hall effect. Therefore let us first point out the
main differences between the anomalous Hall effect and ordinary Hall effect. As it is
shown in Fig 4.2. When a non-ferromagnetic materials is exposed to a perpendicular
external magnetic field, the Lorentz force acting on the current carriers gives rise
to a transverse voltage (Hall voltage) in the plane of the sample, which the Hall
voltage depends on the magnetic field. This phenomenon is known as the ordinary
Hall effect. But the anomalous Hall effect occurs as a result of spin-orbit coupling and
magnetization of ferromagnetic materials, even with weak external magnetic field.
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4 Interaction of exciton with magnetic skyrmion: Localization and anomalous Hall effect

Figure 4.2: (a) Ordinary Hall effect. The longitudinal current I, under vertical external
magnetic filed H, contributes to the transversal voltage V,, due to the Lorentz force ex-
perienced by carriers. (b) Anomalous Hall effect. Due to spontaneous magnetization M.
and spin-orbit coupling, which causes unbalanced electron concentration at two transversal
sides and leads to finite voltage V;,. This figure is from Ref [123]

4.2 Magnetic Skyrmion in 2D honeycomb lattice in
Crl; monolayer

According to the first chapter, which provides a more detailed explanation of mag-
netic skyrmion, it is possible to describes magnetic systems as a lattice of classical
spins in honeycomb lattices. Within the 2D atomistic model the total energy E of the
system includes four terms: Due to the Heisenberg exchange, Dzyaloshinskii-Moriya
(DM) interaction, magnetic anisotropy and external magnetic field, respectively. Each
contribution is characterized by an effective interaction parameter: the exchange in-
teraction energy J, the DM interaction parameter D, and the out-of-plane anisotropy
parameter K. Which is coorespond to equation 2.2.

In calculations we consider the exchange and DM interactions only between the nearest
neighbors. In the current work, the computational domain size is chosen to be (50 x
50) lattice sites. Periodic boundary conditions are applied so as to model the extended
two dimensional systems. There is an assumption that the system is subject to the
external electric field breaking structural inversion symmetry.

The skyrmion profile obtained by fitting the following ansatz data to the simulation
data:
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4.2 Magnetic Skyrmion in 2D honeycomb lattice in Crls monolayer

0 2 coshliirg) 4.1
(p, c,w) = 2arctan m (4.1)

w

where 6(p, c,w) is the polar angle of the magnetization at the distance p from the
skyrmion center and ¢, w are the fit parameters. The normal and the radial components
of the unit magnetization vector M are defined as:

M, =cosf, M,=sinb (4.2)

S

b
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Figure 4.3: (a)-(c) Equilibrium magnetic configuration of Néel-type skyrmions in a 2D honey-
comb lattice for various values of the magnetic interaction parameters. Color codes the out-
of-plane component of magnetization. (a) D = 0.59 meV, K = 0.50 meV, J = 1.26 meV.
(b) The same as in (a), but D = 0.54 meV. (c) The same as in (a), but B = 0.8 T. (d) The
radial profiles of the magnetization vector components M (solid curves), and M, (dashed
curves) corresponding to the configurations (a), (b), and (c) shown with black, blue, and
red curves, respectively.

Where the radial component is M, = /M2 + Mf,

Here, M, and M, are magnetization components in « and y direction. (more details
in section 1.1):
M, =sinfcosep M, =sinfsine (4.3)
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4 Interaction of exciton with magnetic skyrmion: Localization and anomalous Hall effect

The configuration and profile of Neel type skyrmions which is obtained via energy
minimization of the system for different values of magnetic field and DM interaction
is shown in the Fig 4.3(a)-(d). As shown in this figure, blue and red areas correspond
to spin down and spin up, respectively.

Figure 4.3(a) shows the minimum energy of the skyrmion state for J = 1.26 meV,
D = 0.59 meV, K = 0.50 meV, and zero magnetic field. Figures 4.3(b) and (c)
illustrate that how the skyrmion state changes with the DM interaction and external
magnetic field, respectively. The skyrmion profiles corresponding to Figures 4.3(b)
and (c) are shown in Fig 4.3(d).

It is important to note that the size of a skyrmion is a fundamental quantity that is
sensitive to material parameters such as exchange energy, anisotropy, Dzyaloshinskii-
Moriya interaction, and magnetic field. According to Fig 4.4(a) and (b), the skyrmion
radius decreases and increases with changing magnetic field and DM interactions,
respectively, which is consistent with the general theory of the skyrmion states. In
this work we used an alternative definition of the skyrmion center ﬁ(m, y) that is more
relevant to experiments is based on the out-of-plane component of the spin:

. JFM, — 1)d*r
R =4 F 7 4.4
((L’,y) f(Mz 71)d27" ( )
Moreover the skyrmion radius R, is between the centre of skyrmion in M, = —1 and

M, = 0 where magnetic moment lie in plane. The non-coplanar magnetic texture of a
skyrmion creates an electromagnetic field leading to the asymmetrical scattering and
localization of excitons, as explained in what follows.
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Figure 4.4: (a) The skyrmion radius versus the applied magnetic field for different values
of the DM interaction parameter, as indicated in the legend. (b) The skyrmion radius
versus the DM interaction parameter for different values of the applied magnetic field, as
indicated in the legend.

4.3 Exciton scattering

Let us take into account the scattering of individual exciton on skyrmion. We consider
the center-of-mass dynamics of spinor exciton interacting with the magnetization field
due to the skyrmion state. The corresponding Schrédinger equation has the form:

B2 .
{vﬁz + U] ) = Ecm|P), (4.5)
2px
M, M,e ¥
v=2 (Mrei‘/’ -M. ) (4.6)

where px is the exciton total mass, 15 is the 2 x 2 identity matrix, U= AJ\ZE, where
A is the interaction energy, and E¢cjy is the exciton center of mass energy. We restrict
the treatment with the spin conserving exciton elastic scattering off the skyrmion.
The general scattering of massive spinor particle on magnetic skyrmion is discussed in
Refs [133, 134]. In order to exclude the spin degree of freedom, we apply the adiabatic
elimination approach [135].

We apply the following anzats and expanding the exciton state in the basis @) =
Y1|xa) +¥2|x2). Here x1,2 are the eigenstates of skyrmion potential U, corresponding
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4 Interaction of exciton with magnetic skyrmion: Localization and anomalous Hall effect
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Figure 4.5: The schematic representation illustrates a round trip around the skyrmion in
clockwise (scattering to the right) and anticlockwise (scattering to the left) directions. 6p
is geometric phase

to eigenvalues u; 2 = FA. Assuming 1y = 0, we project the Schrédinger equation
to the state |x1). It is of crucial importance, that in the effective spinless model,
synthetic U(1) gauge field appears. It plays the role of an effective magnetic field and
is responsible for giant asymmetry of the scattering.

Physically, the presence of a skyrmion means, that the symmetry of the system in
z-direction is broken, i.e. the unity vectors é, and —é, are not equivalent. Therefore,
if an exciton possesses a finite value of wave vector k, directions [k x é,] and —[k x é.],
corresponding to the scattering to the right and to the left are not equivalent as well.
Moreover, non-equivalence of these two directions can be understood if one considers
a scattering of an exciton on a skyrmion in adiabatic approximation using the Berry
phase argument.

Indeed, consider the contribution of the trajectories with exciton making a round trip
around the skyrmion in clockwise (scattering to the right) and anticlockwise (scat-
tering to the left) directions. It is shown in Figure 4.5. The spin of the exciton in
this approximation follows the magnetization pattern of the skyrmion, and it can be
seen from Figure 4.1 that it will cover a non-zero solid angle, which means that a
wavefunction of the exciton will acquire a geometric phase #5 whose sign depends on
the direction of the circumvention around the skyrmion. Therefore, the trajectories
with round trips contribute differently to the total scattering amplitude for scattering
angles 6 and —6 due to the opposite signs of the phase in the interference terms.

So with using the completeness relation |x1){x1| + |x2)(x2| = 1, and expanding the
Schrédinger equation we can reach at:

00l P(ha) bl + hed ol Pirxi) = (Bear + A (47)
wx
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and,

| Gl Pl () + P+ (bal Pl + P alPh)
nx

+ 1P| Plxa) + (xal Plxe)n (e Plxa) | = (Bom + At (4.8)

We note that (Xl\lf’)@} = —<X2\IE’X1>, and introduce the notations

- .h
A= Zg(Xl\VXﬁ, (4.9)
? 2
= — 4.1
2MX|<X2|VX1>| ; (4.10)
allowing to rewrite the equation for v in the form
1 - o
(P—eA)Q—i-W—)\} 1 = Eomir. (4.11)
2ux

We proceed with the explicit calculations of the terms involved in eq. (6.25). The
eigenvectors read as

1 M,
S S ro, 4.12
ba) 2(1+ M.) ((1+MZ)6 *") 412)
1 M.,
R - 4.13
|X2> 2(1 — Mz) ((1 _ ./\/lz)e go) ( )
The functions M, M, depend only on radial coordinate, so that
- hl14+ M,
A=—— ) 4.14
e 3, P (4.14)
B2 [ (MM — M ML? M2
W = i l 1 + 2 | (4.15)

are vector and scalar gauge potentials, respectively. Here e denotes the unit charge,
¢ is the unit vector in the azimuthal direction, and the prime denotes the derivative
with respect to p. Interestingly, the gauge potentials do not depend on the interac-
tion energy A. Consequently, the scattering cross-section in the adiabatic elimination
approach is independent of A, as it only leads to rigid energy shift in Eq. (6.25).

The presence of the vector potential A gives rise to an effective magnetic field Beff —
V x A. Due to the symmetry of the vector potential, the magnetic field is normal to
the plane and reads:

Ay, 04,

Bt = :
p dp

(4.16)
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Figure 4.6: The radial dependence of (a) the gauge vector potential; (b) effective magnetic
field; (c) scalar potential for different profiles of skyrmion corresponding to Fig. 4.3. The
vertical lines denote the respective skyrmion radii. The vector potential has only azimuthal
component, which scales as 1/p outside the skyrmion region. The giant values of above
1000 T for the effective magnetic field are due to the nm size of the skyrmion and the
rapid variation of vector potential inside. The scalar potential has a radial symmetry, and
rapidly decays outside the skyrmion area.

Notably, the maximal absolute value of the vector potential decreases versus the
skyrmion size. Conversely, the maxima appears at larger distance from the skyrmion
center. Outside the skyrmion region, the vector potential demonstrates a 1/p scaling.

Figure 4.6 (b) shows the emergent effective magnetic field due to skyrmion. The giant
values of the field are explained by the rapid variation of vector potential at sub-nm
scale, driven by the nature of the skyrmion magnetization texture. We mention that
for a skyrmion having the size of ~ 16 nm due to topological winding of the texture
an effective magnetic field of B ~ 13 T was reported earlier.

The radial dependence of scalar potential is shown in Fig. 4.6 (c¢), demonstrating a
good localization within the skyrmion. Notably, it has a local minima at p = 0, which
can lead to the formation of the excitonic quasibound states and scattering resonances.
However, characteristic energies of these resonances correspond to the wave vectors
of the excitons lying far outside the light cone, which can not be directly created
optically, and are thus not analyzed in this work.

The differential cross-section of elastic scattering reads [133, 136]:
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4.3 Exciton scattering

(4.17)

Here E, K correspond to the center of mass wave vectors of incident and scattered
excitons, respectively, with k& = |k| = |k’|. The scattering T-matrix can be expanded
as

= o =+ o V(K V(K E)
T(k, k')~ V(kK)+ : —— 4.18
BB~ VER Y= (4.18)
where ¢, = h%k?/(2u1x). The matrix element V(E7 K ) within the first Born approxi-
mation has the form (see the appendix B for the derivation):

Ji(|AK|p) A(p)pdp, (4.19)

where Ak = k' — k. Thus, the differential cross-section can be expanded up to third
order in skyrmion potential strength [137]:

w(k, k') ~ w® (kK +w® (kK +w'® (k F), (4.20)

where the lowest order term

—

wx |V (E K

@) (kK = ’ 4.21
is symmetric. The third order terms read:
2 o T
Gy Hx = = V(K K"V (K", k)
w (kK" = 27rh4k2p Re |V (k, k") E , (4.22)

€ — €

k"
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2
3 N Hx 7T PN s
w® (k, k') = — i V(k,E)> VE EWVE k)S(er —enn) | (4.23)

where P denotes the principal value integration. The details of evaluation of Eq. (4.23)
are presented in appendix. where the lowest order term w(z)(ka’ ) is symmetric.
(3)

The third order term contains an irrelevant symmetric correction wi” (k, k') and an

asymmetric contribution wég)(E, K.

The cross-section of exciton scattering is presented in Fig. 4.7. The exciton wave vector
has upper limit defined by optical excitation range kmax = nEx/(fic). Here n = 2 is
the refractive index of surrounding media [122], ¢ is the speed of light. Together with
excitonic resonance Ex = 1.65 eV, this yields kpax =~ 16.5 um™!, and the exciton
total mass is px = me + |mp| &= 5.6my.
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Figure 4.7: The cross-section of exciton scattering on skyrmion. (a) The angular dependence
of amplitude for several values of the wave vector, as indicated in the legend. The solid and
dashed lines correspond to anticlockwise w(#) and clockwise w(—6) scattering directions,
respectively. The scattering amplitude monotonically decays with wave vector, and varies
weakly with the scattering angle, with the rapid divergence at § — 0 region. (b) The
scattering asymmetry v = |w(k,0) — w(k, —0)|/ (w(k, ) + w(k, —0)) versus the scattering
angle for several values of the wave vector, as indicated in the legend. The giant asymmetry
at small scattering angles is accompanied by moderate dependence on the wave vector.

Figure 4.7 (a) illustrates the scattering amplitude versus the scattering angle for several

values of the wave vector. At the 8 — 0 limit the scattering cross-section diverges as

w® 229 4/(k6?) due to the A ~ 1/r tale of the vector potential, similar to the
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4.3 Exciton scattering

scattering off the Coulomb potential [138].

Therefore, the region of divergence depends weakly on the skyrmion and exciton pa-
rameters. The universal shape of the scattering cross-section at small angles could be
modified only if the skyrmion radius R ~ 1/k, which corresponds to the pm scale.
This is in contrast to rather small skyrmions in the Crls system, see Fig. 4.3.

For the characterization of scattering asymmetry we introduce the asymmetry degree

ol 0) — ik, ~0)|
w(k,0) + w(k,—0)

This quantity is illustrated in Fig. 4.7 (b). One clearly sees, that scattering is highly
asymmetric (y can reach values of 0.5), and the asymmetry rate has a moderate
dependence on scattering wave vector. At # = 0 we get v = 0, as expected from the
symmetry considerations. On the other hand, the scattering asymmetry increases as
scattering trajectories with closed loops around the skyrmion become more prominent
in the region where the total cross-section starts growing.

(4.24)

As a result, the asymmetry peaks at intermediate angles, and the position of the peak
varies slowly with the exciton wave vector, for more details see Fig. 4.7(b).

The presence of asymmetric scattering results in the anomalous Hall effect for excitons,
which is characterized by the Hall angle defined as the ratio between transverse and
longitudinal currents. Assuming the initial excitation of excitons with wave vector k
directed to the center of skyrmion, one finds the following Hall angle « in the regime
of the elastic scattering:

[ ktan 6w(k, 6)d6

= | (4.25)
[ kw(k,6)do

I
T

(k)| ~

The calculated value of the Hall angle is o ~ 0.025 — 0.035, in line with previous
theoretical [119], and experimental [117] reports. The wave vector dependence of the
Hall angle is shown in figure 4.8.
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Figure 4.8: Hall angle, the ratio between transverse and longitudinal currents as a function
of excitons wave vector k.

4.4 Exciton localization

In the regime of large magnetic fields the diamagnetic term has a strong impact on the
excitonic spectrum. Given by ferromagnetic nature of considered material, in Eq. (4.5)
we account for quadratic terms in magnetic field, which can be phenomenologically
included in our model:

Hgio = EMPs, (4.26)

where ¢ is the diamagnetic shift energy, which is taken as a phenomenological pa-
rameter. At sufficiently large values of £ the presence of diamagnetic term can result
in exciton localization at skyrmion. We seek for the s—state solution in the form
W = (14 ,%_e"). The radial profiles of the components of exciton wave function are
plotted in Fig. 4.9 (a). Quite naturally, for smaller skyrmion the area of exciton lo-
calization is more compact. Further, with the enhancement of diamagnetic term the
binding energy increases, as shown in Fig. 4.9 (b). For the skyrmion of smaller radius
the localized state appears at larger values of diamagnetic shift. Figure 4.9 (c¢) illus-
trates the effective radius of localization | = (¥|p|¥). The saturation of localization
radius at elevated values of diamagnetic shift is explained by the repulsion of exciton
wave function components towards the skyrmion edge, c.f. the black curves in Fig. 4.9
(a) and the inset therein.
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(b)

Figure 4.9: (a) The center-of-mass wave function of exciton localized on skyrmion. The
colors correspond to different profiles of skyrmion shown in Fig. 4.3. The solid and dashed
curves correspond to spin-up and spin-down components of the wave function. Here the
diamagnetic ratio is £/ = 2.5, and the inset illustrates the case of a large skyrmion, with
moderate diamagnetic ratio £/A = 0.7. (b) The binding energy, and (c) the radius of
exciton localization on skyrmion versus the diamagnetic ratio. For smaller skyrmions, the
localized states emerge only at very large values of diamagnetic shift. The thin line in
panel (b) shows the interaction energy .

4.5 Conclusions and discussion

In conclusion, we developed a theory addressing the co-existence of excitons and mag-
netic skyrmions in a 2D material. Within the theory, the band structure and exciton
states are calculated using DFT and the magnetic properties including the proper-
ties of skyrmion states are obtained via atomistic spin simulations. We applied the
theory to the celebrated Crl3 monolayer system, yet the phenomena we predicted
should be relevant for a class of 2D magnetic semiconductors with the possibility of
broken structural inversion symmetry necessary for the emergence of uncompensated
DM interaction.

We revealed two scenarios of exciton-skyrmion interaction. The first scenario implies
a spin-conserving exciton elastic scattering off the skyrmion. Here we apply an adi-
abatic elimination approach to discard the spin degree of freedom. Similar to the
scattering of massive spinor paricle [133], the exciton scattering in spinless domain is
characterized by giant asymmetry, provided by emerging synthetic U(1) gauge field.
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Such asymmetric scattering is a necessary prerequisite of the excitonic anomalous Hall
effect [119].

The second scenario accounts for the impact of diamagnetic effect on the exciton-
skyrmion interaction. The diamagnetic term breaks the inversion symmetry, which
for sufficiently large values of diamagnetic energy shift leads to an efficient localization
of spinful exciton on the skyrmion. This opens a way for creation of tunable analogs
of magnetic excitonic quantum dots, which can find their applications in the domain
of quantum optics, for example as single photon emitters with tailored properties.
Additionally, the exciton localization enables optical detection of skyrmions, which is
particularly important for antiferromagnetic systems.

We indeed foresee interesting phenomena resulting from the interaction of excitons
with topological magnetic textures in antiferromagnets. For example, based on the
analogy with the electron transport [139-142], we conjecture that skyrmions on two
antiferromagnetically coupled sublattices deflect equal amount of excitons with op-
posite spins to opposite directions, leading to zero net exciton Hall transport, but
finite exciton spin Hall transport. Such spin exciton Hall effect induced by topological
magnetic textures as well as other phenomena remain to be explored.

In our work, we focus on excitonic response to the presence of magnetic skyrmions, but
the opposite effect is also feasible thus enabling resonant optical control of skyrmions.
Generalization of the theory to describe the dynamical response of magnetic skyrmions
should be straightforward [116]. This will make it possible to simulate various phe-
nomena associated with coupled exciton-skyrmion dynamics.
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5 Conclusions and outlook

This thesis presents the development of a theory aimed at studying various phenom-
ena in the regime of co-existence of the skyrmion and bright exciton. We studied
a microscopic theory of all-optical control of reorientation of magnetization in Crlg
monolayers. The effect is due to the combination of the peculiar optical selection rules
for excitons in this material and efficient coupling of excitons to the magnetic lattice.
Our study also demonstrates the potential for manipulating the size of skyrmions in
monolayers of chromium triiodide, without the need for an alternating magnetic field,
solely through the use of light pulses with specific polarization and intensity. This
achievement holds significant implications for modern spintronics. Ultimately, We
revealed a scenario of exciton-skyrmion interaction which implies a spin conserving
exciton elastic scattering off the skyrmion. Here we apply an adiabatic elimination
approach to discard the spin degree of freedom. As a result, this will enable researchers
to simulate a variety of phenomena connected to coupled exciton-skyrmion dynamics.
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6 Appendices

6.1 Appendix A

6.1.1 Connection between material parameters within atomistic
and micromagnetic models

The atomistic and continuous models can be compared to each other through the
connection between material parameters J, D, K and p from the atomistic model and
A, D, K and M from the continuous model.

for instance of the atomistic hamiltonian the exchange term takes the following form:

Eop=—j Z(mi -mj) = —Jm? Zcos@ij (6.1)

then we can write: )
cosfij = —1 + 59%‘;‘ (6.2)

In continuous description , the angle between m; and m; is small, and with using the
Taylor expansion:

Oij =~ |m; — my| =~ |(ri; - V)my] (6.3)

where vector r;; connects site 7 and j. In case of honeycomb lattice each as we consider
in this project,sites ¢ and j have 3 nearest neighbors that given by the following vectors:

1 1
= (1(1,0,0),7”2 = a(fia ?70)37'3 = GJ(**a 7770) (64)

&

7



6 Appendices

1 V3 1 V3
5 0) (6.5)

ry = a(—1,0,0),r5 = a(i, 770)57’6 = a(§, -5

a is lattice constant. With substituting Eq. (6.4) into Eq. (6.3) and then Eq. (6.1), as
well as changing the summation to integration, we obtain:

Eop = / dxdydng(Vmi + Vm?) (6.6)
_ omys L (9my2
B = A | l( R+ () (6.7)

where h is the thickness of the layer, m = (my, my, m.) is a unit vector in the direction
of local magnetization and integration is performed over the surface of the layer.
Conversion formulas relating parameters A, D, K and M to their discrete-model
counterparts can be derived using a standard approach presented cite aharoni

/
A= (6.8)

With similar way, In the continuum approximation, contributions from (DM) interac-
tion, magnetic anisotropy and external magnetic field to the energy of a thin magnetic
layer are given by the following equation:

B dmg  Omy, 0 0
Epym = Dh/ [mz < o + 9y > - <mx8$ +my8y) mz} ds, (6.9)

Eani = ICh/ (1—m?2)ds, (6.10)

Epee = Mh/(B.m) ds. (6.11)

In particular, the relation to the parameters D, K, u of the atomistic spin model on
a honeycomb lattice is given by the following equations:

V3 43 4\f
D=2oD, K= 2)hK M= gn (6.12)
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Similar formulas relate A, D, K to the parameters J', D', K’ of the square-lattice
model:

1 1 1 1
——J. D=—D. K=—K L
A= ah a2h aznt

It is assumed that both lattice models are characterized by the same nearest-neighbor
distance a.

(6.13)
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6.2 Appendix B

6.2.1 The adiabatic elimination

The adiabatic elimination method allows us to reduce the dimensionality of a problem
by discarding fast degree of freedom. As a result of this approximation, in this work
the spin of exciton follows the magnetization pattern of skyrmion.

The Schrodinger equation is written in the form:

P2 A
—1,+U| |¥) = Ecm|?P) (6.14)
2ux

where P = —ihV is the momentum operator and 15 is identity matrix of size 2. Here

U= )\/\716', A is the interaction energy and & is pauli matrix.

So,

(M 0 0 My —iM,
U)\(O —Mz>+</\/lw+i/\/ly . ) (6.15)
M, M, et
U=x (M,.ew T ) (6.16)

The eigenvectors of the matrix U read are as following:

- M,
Ix1) = 201 + M.) ((1+MZ)€zw>7 (6.17)

o (om
|X2> - 2(1 — Mz) ((1 _ Mz)ezng) . (618)

And with applying the following anzats:
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@) = 1]x1) + P2|x2), (6.19)

where x; are the eigenvectors of operator U with energies u; o = +A. We further
assume 1 = 0 where 12 remains negligible at all times.

S0 P x) = (Bow + A, (6.20)
Hx

and using the completeness relation |x1){(x1| + |x2){x2| = 1, get

QMLX<X1\P(\X1><X1\ + [x2) (x2) P |x1) = (Bom + M) (6.21)

Expanding, we reach at

| Gl Pl (o) + P+ (bl Pl + Po) alPh)
Bx

+ 91 P(x1|Plxa) + (xalPhxe)vr (xe | Plxa) | = (Bom + A\ (6.22)

We note that (x1|Px2) = —(x2|Px1), and introduce the notations

o h
A= ZE<X1\VX1>7 (6.23)
? 2
W= Zix [(x2Vx1)]°, (6.24)

We see two geometric potentials A and W emerge in adiabatic elimination. The first
one is the vector potential and second one is scaler potential.

So now we can rewrite the equation for v in the form:

1 . -
—— (P —eA)?* + W — \| ¢ = Ecmibs. (6.25)
2px
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We proceed with the explicit calculations of the terms involved in Eq. (6.25). The
functions M,, M, depend only on radial coordinate, so that

@, (6.26)

R [(MML— MM +M$
C 2ux 4 4p? |

(6.27)

where ' denotes the derivative over p. The effective magnetic field is associated with
Ais

BT=vxA (6.28)
A A
B = 7*" + a@p@. (6.29)

Note that if we consider the adiabatic following of |y2) instead of |x1), the equation of
motion for 15 contains the same scalar potential W and the opposite vector potential
—A.

6.2.2 Scattering cross-section
6.2.2.1 Matrix elements in Born approximation

The effective potential of scatterer reads as

N 1 P N
V:—(—6P~A76A~P+62A2>+W (6.30)
2px

Correspondingly, the scattering matrix element reads as:

e d?p (6.31)
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-,

Here the term (P - A) vanishes, as A = A(p)@. Then one has

- - 1 7 - e’ o
VLR = o [ (4F (QMXA2 ; W) pdp
0

eh 2 —iAKp > 72
— AR A(p)G - 32
2ix (21)2 /e (p)@ - kd”p (6.32)

where Ak = k' — k. We further note, that @ - k = [0 x E]Z/p Substituting, and
integrating over the angular variable, we get

- - 1 7 - e o
VER) = 5 [ 0480 (247 ) pip
0

_ieh[/qjot] (|AK|p)A(p)pd (6.33)
m2x AR | Aklp)Alp)edp '
We restrict the consideration with elastic scattering, so that |K'| = |k| = k, |Ak| =

2k|sin6/2|, [k’ x k], = k*sinf. Plugging in, we finally get

V(k,0) /Jo (2k|sin6/2|p) ( S A? +W) pdp

fL
—i;—kz( )0059/2/J1(2k|sin9/2|p)A(p)pdp. (6.34)
™ 2px
To proceed further, we introduce dimensionless quantities as p = rag, W (p) = h%/(2uxa2)W(r)
A(p) = h/(eap)A(r), k = g/ag. We then can rewrite

V(k,0) = 2MX 271_/Jo 2q\sm0/2|r)< (r) +W(r )) rdr

oo

—%q(@) cosf/2 / J1(2q]sin 0/2|r) A(r)rdr

0
2

- QZ—X F(@.0) +igla.0))  (6.35)
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It is thus evident, that the real part is an even function of #, and the imaginary part

is odd. The vector gauge field can be presented in the form

A(r) = {Al(r), r < 1o,

—1/r, 1 >ro,

(6.36)

where 19 = pg/ag is the corresponding inflection point. For the imaginary part of

V(k,0) we get

9(q,0) = g1(q,0) + g92(q,0)

where

ro

91(q,0) = f%(9)6059/2 / J1(2q| sin 0/2|r). Ay (r)rdr
0
:= cos 0/2go1(q, 0)

2roq|sin6/2|)
2| sin /2|

02(0.0) = ~(6) cos /272,

The real part of matrix element can be presented as

f(qao) = fl(Q79) +f2(q70)7

where

fl(q70) = fAl(Qae) +fAQ(Qae) +fW(Q70)

with

oo

fw(q,0) = %/Jg(Q(ﬂSin@/?"f’)W(T)TdT

0
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Far(g,0) = % / Jo(2q| sin 0/2]r) A2 (r)rdr (6.43)
0

({1,1},{2,2,2}, —r3¢*sin®(0/2)) — v (6.44)

fAQ(q,e) — i {r%qzst(ﬁ/%F

2w 2

1 .
f2(q,0) = —5—log[rog| sin(6/2)]] (6.45)
Here 7 is the Euler gamma, and F' is a Hypergeometric function.
6.2.3 The calculation of asymmetric correction

The symmetric and asymmetric third order terms of scattering cross-section have the
form

V(kE)> VE RV E, E)} } (6.46)

= € — €
k://

WO E) = — X onrm |VEE) S VEFVE B)b(er, — er) (6.47)
Y3

VE“E)/ = ‘/’(k./7 k//)V(EU’ E)6(€k — €k”)
’ k//
0 2m
2u 1 . . )
~ R (2n)? /V (k.0 — @)V (k, p)dp + [ V(k, o = O)V" (K, p)dp (6.48)
h? (2m)?
0 0

Using the even and odd parity of real and imaginary parts of V (g, ), we can rewrite:

V(l)(qv 9) = 222)((2711_)2 [Il (Q7 9) + I2(q7 9) +1 <13<Q7 9) + I4(Q7 9))] (649)
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where

Ni(q,0) = /f(w7 —0)f(q,p)dyp (6.50)
0
27T
I5(q,0) = /g(q7 o —0)g(q,9)(p — 0)dp (6.51)
0
27
I3(q,0) = — / flg,0—0)g(q, p)dp (6.52)
0
1(0.0) = [ fla0)9(a 0~ )~ 0)d (6.53)

0

The term I; can be directly evaluated numerically. Consider the term I3. One can
write

I3(q,0) = I31(q,0) + I32(q,0) + I33(q,0) + I34(q,0) (6.54)

where

2T

In(q,0) = — / (a9 — 0)g1 (g, 9)dyp (6.55)
0

2T

1 . —
I33(q,0) = o /log[r0q| sin 2
0

0 191(0, ) (6.56)
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1

0

27

1 o
Tua(g.6) = 5 [ 1oglroglsin
0

Denoting sin % = x, we can rewrite

5 H; cos

2|sin 2|

2| sin £|

1
6
I31(q,0) = 2/[f1 q,|xcosf—MSin§|)
0

0 0
- fi(q, |1”COS§ + 1 *I2Sin§|)

go1(q, |z|)dx

1
1 0 0
132 q,0 */ [log roq|a: coS 5 — msm 5|)
T
0

0 6
—log(roq|x cos 5t 1 — 22sin §|)

go1(q, |z|)dx

1
2 6
I53(q, 0 */ [fl q, |xc057 - mb‘in§|)
™
0

0
~fila,ocos 5 +

0
1— 22sin -
T sm2|)
Joerael)
2|z|

)

. -0 Jo(2roq| sin £
Bs(a0) =~ [ ila.|sin £ )2 cos £ 0ot s )

6.2 Appendix B

)

¢ Jo(2rog| sin F|)
2

(6.57)

(6.58)

(6.59)

(6.60)

(6.61)
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1

1 0 0
I34(q,0 = [1og rog|x cos 5~ V1 — 22sin §|)
0

6 6
—log(rogq|x cos B +v1—22%sin §|)

Jo(2roq|z])

d .62
o] x, (6.62)

which can be easily evaluated. The term I, exactly coincides with the I3. We finally
consider the term I, reading as:

I(q,0) = I21(q,0) + I22(q,0) + I23(q,0) + I24(q,0) (6.63)
where
27
11(0.0) = [ 1006 = (e, )~ 0)dg (6.61)
0
i . 6 Jo(2rog|sin §)
. p— © — @ Jo T‘OqSIH§
I22(q, 0 :f/g q, | sin cos cos — : p—0)dp (6.65

0

2m

1 e ¢ =0 Jo(2roq|sin 257
I3(q,0) = g /901(Qa|51n§|)COS§COS 5 2|sin“’T_‘9|
0

(p—0)dp (6.66)

2
1 [ Jo(2roq|sin £|) o @ —0Jo(2roq|sin 2]
I )= | ———F2"cos = 2 —0)dy (6.67
24(Qa ) 71'2/ 2|SIH%| Ccos 2COS 2 2|SIDLPT70| (90 ) ® ( )

The term I9; can be evaluated directly. For the term Is5 we again introduce the

notation x = sin £ 2, and after some computation reach to

88



6.2 Appendix B

N D

2
Is5(q,0) = - [COS 5

1
Jo(2 6 0
/ 1—x2w <901(q,|xcos—\/1—x251n2|)(2arcsinx—9)
X
0
0 .0 .
+9g01(4, |zcos§+ 1f:c2s1n§|)(27r—2arcsmx—6) dx

1
+sing/$M (gm(q, |wcosg —V1—2z? sing|)(2 arcsinz — 0)

2x
0

6 6
—go1(q, |x cos 3 + /1 —x2sin 5\)(277 — 2arcsinx — 6)) dw]

(6.68)

The term Io3 is identical to Iz2. The term I4 after some algebra takes the form

I>4(q,0) = I241(q,0) + I242(q, 0) + I243(q,0) + I244(q,6) (6.69)

where

1
Lyii(g,6) = — COSH/WJO(%W) Jo(2roglz cos § — V1 — a7 sin §)
1(q,0) = — cos 5 -
T2 2z 2|z cos § — /1 —22sin ¢

(2arcsin(z) — 0)dx  (6.70)

0

Lois(q.0) /\/7J0 (2rokx) Jo(2rog|m cos § + /1 — 22 sin §1)
,0) = —cos
242(q 2 2 2|xcos§—|—\/1—$281n§|

(2m — 2arcsin(z) — 0)dx  (6.71)

1
Jo(2roqz) Jo(2rog|z cos § — /1 —22sin &)
x
2z 2|z cos § — /1 —22sin 4|

(2arcsin(z) — 0)dx (6.72)

89



6 Appendices

1
Loas(q.9) 2 .0 / Jo(2roqx) Jo(2rog|z cos § + /1 — 22 sin §1)
,0)= =sin- [z
24414 22 2z 2|z cos § +v/1—a?sin §|

(2m — 2arcsin(z) — 0)dx (6.73)

0

For the case 0 < 6 < 7 the terms Is42, I244 can be evaluated directly. The terms I241,
I543 can be treated as principal value integrals, reading as

inf—
sin 5 —e

2 0 . Jo(2roqz) Jo(2roglz cos & — /1 — 22sin ¢
1241(q,9):—cosf lim / /1—x2 0(2061 ) O( 0 | - 2\/;2 — 2|)
T 2( 11—z Sln§)

7T2 2 e—0+ €T CcoS 5 —

dx

1
Jo(2roqx) Jo(2rog|z cos § — /1 —22sin &) p
x

N
- / v 2x 2(xcosg—\/1—x28ing)

sin%—i—e
(6.74)
sin%—e
2 .0 . Jo(2roqz) Jo(2rog|x cos § — /1 — 22sin &)
I243(q,0) = ﬁsmi hm+ / x 5 5 —
e—0 J x 2 (x COS 5 — \/ﬁsm 5)

0

1
n / xJo(Zrokx) Jo(2rok|z cos § — /1 —22sin §|)dm
2z 2(mcosg—\/1—w251ng)

(6.75)

The same regularization is required for the terms Io42, I244 in the region m < 6 < 2.
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6.3 Appendix C

6.3.1 Matrix elements of the exciton Hamiltonian

The matrix elements of the exciton Hamiltonian H.y. + Hs are computed via the res-
olution of the Bethe-Salpeter equation (BSE) parameterized using the first-principles
calculations. The exciton wave functions and associated energies are obtained by
diagonalizing the BSE Hamiltonian [53, 143, 144] as follows:

Z Hc’ukc’v’k/ (q)A vk T EnqA::li?qv (676)

c’v'k’
Here, H, f)igv,k, (q) are the matrix elements of the BSE Hamiltonian for excitons pos-
sessing momentum q, Apd and E™9 are the nth exciton wave function and energy,
respectively. The indices ¢ (¢/), v (v'), and k (k') denote the conduction band, valence
band, and single-particle momentum, respectively. The Hamiltonian HZF is calcu-
lated using the Tamm-Dancoff approximation [143], which is particularly well-suited
for wide-gap semiconductors. This approximation disregards the coupling between
resonance and anti-resonance poles while preserving the Hermitian character of the
Hamiltonian.

The calculation of the dipole matrix elements is carried out utilizing the following
equation:

Dyq=0 = (Olr|ng = 0) = Y AL3=(vk|r|ck), (6.77)
cvk
where (vk|r|ck) is the single-particle dipole matrix element corresponding to the op-

tical transition from the conduction band ¢ to the valence band v with momentum
k.

The key ingredients of the exciton-skyrmion Hamiltonian interaction are the matrix
elements of the exciton magnetic moment M*%, . These matrix elements are assembled
from the matrix elements of the spin magnetic moment S7'?, and the orbital magnetic

moment ngl,. The matrix elements of the spin magnetic moment are calculated from
the single-particle spin moment:

Srm’ - Z (A?:;lk) AZ ;l’k/

cvk,c’v'k’

x [(ck+q|S|c'K" + q) — (VK'|S|vk)] , (6.78)

where (ck|S|c'k’) is the single-particle spin matrix element. While the single-particle
spin operators are simply defined using the Pauli matrices in the spin subspace, the
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calculation of the orbital moment requires a more careful consideration. In our study,
we employ a local projector augmented wave (PAW) technique to evaluate the or-
bital single-particle magnetic moment, as it offers a more straightforward approach
compared to the previously reported perturbation theory-based methods [145-149].
All-electron orbitals inside the PAW sphere can be expanded as [150, 151]

k) = > (pflpad|of), (6.79)

7

where p{ is a projector of the smooth pseudowave function ¢ for band ¢ with momen-
tum k on the ith all-electron partial wave for atom a, ¢¢. We calculate the one-particle
matrix elements of the orbital momentum as follows [52]:

(KILICK) = 3 (padp,) (641 L°16) (62 oo, (6.80)

ai1i2
where L® is the orbital momentum operator for atom a. Since partial waves ¢f are
usually defined in a spherical basis, the matrix elements (¢% | L*|¢%) can be calculated
analytically. Having single-particle matrix elements of the orbital magnetic moment,

we compute the exciton matrix elements as follows:
ng, = Z (AZ?k) A:’;l’k/
cvk,c’v'k’

x [(ck+q|L|c'k +q') — (v'K'|L|vk)] . (6.81)
The total exciton magnetic moment is obtained by computing a sum of the spin and
orbital components:

MY — 39 4 g9 (6.82)

nn’ nn’*

6.3.2 Introduction of damping

The effects of damping are modeled by introducing finite inverse relaxation time ¢,
which results in the decay of excited exitonic states ~ exp(—Atd) with time A¢. For
simplicity, the damping parameter is assumed to be the same for all excited excitonic
states. Therefore, at each time step of the simulation, the vector of state e, =
(Yo, W1, ... ,1y,) with 1y being the component responsible for vacuum, is substituted
by the modified vector of state Woye < Woxe = (1[)0, o1, ... JZJn), whose componens are
defined via the following operations:

i = V1 — Ats,i > 0 (6.83)
A=1- (Z i) + ¢o|2> ) (6.84)

i=1

B / 2
Yo = wow. (6.85)
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Note that |@exc| = |Wexc| = 1. We also should emphasize that shorter exciton lifetime
(stronger damping of the excitonic states) leads to slower magnetization switching.
Unfortunately, we do not have the data for the exciton damping in Crlz for each
specific excitonic state. To overcome this problem, for all states we use an estimate
0 = 80 meV from Ref.[77], where the measurement of the broadening of a particular
peak was made. This value is significantly higher than those that are usually found,
for example, for TMDs. Probably, it is connected with the fact that in these materials,
there is a strong exciton-phonon interaction due to the localized nature of excitons.
Specifically, the localized nature of excitons makes them sensitive to local, optical, and
phonon perturbations.

6.3.3 Fourier transforms

The definition of the direct and inverse Fourier transforms used in this study requires
a special discussion since the gratings in the real space(r) and momentum space(q)
have different discreteness. For an arbitrary function f, the Fourier transforms are
defined via the following equations:

N‘I
f(ri) =3 _exp[2mi(rig;)n.] (a;), (6.86)
£(@) =5 > e [-2ri(ria)x] £ (), (6.57)

where N, = 30 x 30 = 900 is the number of unit cells and N, = 6 x 6 = 36 is the
number of points in the g-space. We define the dot product (...)n, as:

T T vy Y 2%
T q]- r; qj riqj

e (6.88)

(r@)n, =

We use N = NY = 30 and NZ = 1. Since there are two magnetic atoms per unit
cell, we adhere to the following formula to compute the Fourier transform of the
magnetization:

1
My_q = A Z exp [—27i(r; (a — q))n, ] (6.89)

X (ma; + ma;_1),

where we use the total magnetic moment of the unit cell.
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