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Abstract

The topic for this thesis lies in the scope of random planar maps. We investigate scaling
limits of some models of discrete planar maps which are by construction “tree-like”.
Specifically, we consider some models of “Halin-like” maps and series-parallel maps.
The main aim is to study how some fundamental limiting objects appear as scaling
limits of these models, hence affirming their universality properties. The Brownian
Continuum Random tree (CRT), originally introduced by David Aldous is one of such
limiting objects and has been known to be the limit of various different discrete models
of uniformly sampled and weighted planar maps. The stable looptrees, due to Curien
and Kortchemski is also of significant interest in this thesis. They are known to arise
as scaling limit of models of tree-like maps for the case when each face in the maps is
assigned a heavy tailed weight so that a typical face is in the domain of attraction of a
stable law. One motivation for this thesis is to understand how these convergences
generically happen for maps characterized via exclusion of minors. To our knowledge,
series-parallel maps known to be characterized by not containing K, as a minor is the
largest known collection of maps, defined by the exclusion of minors, which admits
the CRT as a scaling limit.






Agrip(in Icelandic)

I ritgerdinni er fjallad um slembin sléttukort. Vid faumst vid flokk sléttukorta sem 1ikj-
ast trjdm og rannsokum skolunarmarkgildi peirra. Néanar tilteki®d skodum vid svokollud
Halin-kort og rad-hlidtengd kort. Meginmarkmidid er ad syna ad dkvedin slembin fird-
rum eru skolunarmarkildi pessara likana og undirstrika par med allsherjareiginleika
peirra. Brownska tré Aldous (CRT) er eitt slikra slembifirdrima en synt hefur verid ad
pad er skolunarmarkgildi ymissa dlikra strjélla likana af jafndreifdum slembikortum.
Stodug lykkjutré, sem kynnt voru til sogunnar af Curien og Kortchemski eru annad
deemi. bau reynast vera skolunarmarkgildi ymissi slembikorta sem likjast trjdm, pegar
punghaladreifing er sett 4 moskvasteaerdir peirra pannig ad deemigerdur moskvi hefur
slembna staerd sem dregst ad stodugri dreifingu. Annad markmid er ad skilja hvernig
mismunandi skolunarmarkgildi koma fram i flokkum jafndreiféra neta sem skilgreindir
eru pannig ad netin innihalda ekki hlutnet grannméta tilteknum netum. Rad-hlidtengd
net, sem ma skilgreina pannig ad pau eru net sem innihalda ekki hlutnet grannnméta
K4, eru ad okkar vitneskju steersti sliki flokkur sem hefur CRT sem skolunarmarkgildi.
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1 Introduction

An Introduction to the Introduction

This thesis presents the research findings of the author and collaborators within
the scope of the so-called random discrete structures, specifically focusing on the
study of random planar maps. This field has received significant attention in the
probability theory literature within the past two decades, see e.g. [Le Gall 2014;
Miermont 2014].

We deemed it appropriate to provide a comprehensive introduction to the research
field as a preparation for the original results presented in papers I and II, inserted in
this thesis. This includes introducing objects of interest, relevant questions that arise,
and overviews of the technical tools that are typically employed. In Subsection 1.1
and 1.2, we introduce the fundamental objects and their well-known results, aiming
to motivate and provide essential background for readers new to the topic.

A summary of the results by the author and collaborators is presented in Section 2.
Subsection 2.1 provides an overview of the author’s joint work with Sigurdur Orn
Stefansson on the scaling limits of random Halin-like maps. The full version of this
work, titled Scaling Limits of Random Halin-Like Maps, is published in Mathemat-
ica Scandinavica (see [Amankwah and Stefansson 2023]). Subsection 2.2 summa-
rizes a collaboration between the author, Jakob Bjérnberg, Sigurdur Orn Stefansson,
Benedikt Stufler, and Joonas Turunen, which introduces the study of the scaling limits
of random 2-connected series-parallel maps. A draft of this work is available on arXiv.

1.1 The limits of Planar Maps

1.1.1 On “large” planar maps

This section may be carefully skipped by a reader who has basic a idea of what planar
maps are. Here, we provide some standard definitions in order to motivate the study
of these objects.

The pair (V,E) is a multigraph if V is any set and FE is a multiset whose elements are
doubleton subsets of V, i.e. E = {{x,y} : x,y € V}. The set V may be finite or infinite
and is called the vertex set. The set E is called the edge set. One has to note that an
element of £ may appear with multiplicity (called multiple edge), also an element in E
may contain a single element of V (called loop). Henceforth, we will simply refer to a
multigraph as a graph.

Consider a graph G = (V,E). A 2-cell embedding of G on a closed, connected surface X
is defined as the representation of G as a union of simple arcs so that the following
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Figure 1.1. The first two pictures are representations of same planar map. The third
picture has the same underlying graph structure as the first two but is a different planar
map.

are satisfied;

* There is an injective map, f : V — X such that, each vertex x € V corresponds to
a point f(x) € L.

* Each edge {x,y} € E is identified by an arc between f(x) and f(y) in £. One can
think of the arcs as homeomorphic images of [0, 1].

* When arcs intersect, they only do so at their endpoints.

* Each connected component of the complement of all arcs is homeomorphic to
an open disc. Such a component is called a face.

Definition 1.1 A planar map is a finite connected planar graph equipped with a 2-cell
embedding in the 2-dimensional sphere, considered up to continuous deformations.

It can be noticed that planarity and connectedness are both implied by the 2-cell
embedding in the 2-sphere.

A planar map will naturally have a vertex set and an edge set so that concepts of
graphs can be translated accordingly. For example, vertices u and v are said to be
neighbours if {u,v} is contained in the edge set. However, as an embedding, planar
maps inherit additional properties. An immediate notion is that of faces. It makes
sense to mention faces in the context of planar maps because a face is invariant under
orientation-preserving homeomorphisms of the 2-sphere. The vertices and edges that
lie on the boundary of a given face are said to be adjacent to that face. A vertex can
be adjacent to any number of faces(this number is finite if the planar map is locally
finite). An edge on the other hand can be adjacent to either one or two faces.

An edge can be assigned two possible orientations. This makes sense since the
2—sphere is an oriented surface. If an edge is oriented, one can observe the face that
lies on its left and that lies on its right. These two faces may coincide. By convention,
we will say an edge is incident to the face that lies to its right. The number of edges
that are incident to a given face f is called the degree of the face (denoted by deg(f)),
counted with multiplicity.



We refer to a planar map as rooted if it has a distinguished and oriented edge called
the root. Rooting a planar map makes it easier to handle combinatorially since
it eliminates symmetry issues. Also, the root gives a starting point for recursive
decompositions.

1.1.2 Historical Background

The study of planar maps can be linked back to when attempts were made to solve the
well-known 4-colour problem. Interests have ever since increased in various aspects
of mathematics and physics.

Planar maps have been studied broadly in combinatorics, mostly due to Tutte’s
[Tutte 1963] initial formal set up of an enumeration theory. This theory produced
generating functions for various classes of rooted planar maps. Several studies have
since been done even in areas that are not directly linked to graph theory. These areas
for example may span from dessins d’enfant to knots [Bonahon 2009], also to Matrix
integrals [Zvonkin 1997].

In recent physics literature, graphs embedded in surfaces have been studied in the
context of two-dimensional quantum gravity where they have been used to model ran-
dom discretised geometries, see e.g. [Ambjorn and Durhuus and Jonsson 1997].

It is a known fact that a (long) simple random walk on Z can be made to appear
as a one-dimensional Brownian motion by rescaling over a long time. Analogously,
a natural question that arise is how a large planar map can be represented as an
approximation of some continuous random surface, which is now known as the
Brownian map [Le Gall 2013; Miermont 2013].

Many of the advances made in the combinatorial, probabilistic and physics appli-
cations of planar maps have been possible via some bijective approaches. Cori
and Vauquelin [Cori and Vauquelin 1981] introduced such a bijection for quad-
rangulations (planar maps whose faces are all of degree 4). This bijection was
made much more known by Schaeffer[Schaeffer 1998]. Bouttier, Di Francesco and
Guitter[Bouttier and Francesco and Guitter 2004] extended the Cori - Vauquelin -
Schaeffer bijection to much more general planar maps.

1.1.3 Scaling limits

Consider a well-defined class of combinatorial objects quantified according to some
size parameter. One would like to study some asymptotic properties of members of
this class having large sizes. Specifically, one would like to answer the following
question: Assume a member of the class of size n is drawn uniformly or according
to a probability measure that is proportional to its “weight”. If such samplings are
compared in some sense, is it possible to define a limit as n — oo?



The way to approach these kind of questions would usually depend on the properties
of the class of objects under consideration and on the accessibility of the tools for
comparing “distances” between members. In a broad sense, samplings from the class
of combinatorial objects are normalised (mostly by some extremal statistics). This is
to ensure that they do not blow up with increasing size, hence making them compara-
ble. This operation also renders them to be viewed as a detailed approximation of a
continuous limit.

When the class of combinatorial objects of interest consists of graphs or graphs pos-
sessing additional structures (planar maps, labelled planar maps etc.), it is useful to
explore with the usual graph metric of graphs (i.e the graph distance on its vertex set).
The objects are viewed as metric spaces and are compared via the Gromov-Hausdorff
distance.

Let (Ey,d}),(E>,d,) be two metric spaces. The Gromov-Hausdorff distance between E;
and E, is

dou(ErE2)=  inf  digay(91(E1), 92(E2))
(E,d) metric space
¢1:E1—F
0 :Er—E
where ¢; and ¢, are isometric embeddings (not necessarily surjective). Recall that the

Hausdorff distance between two nonempty subsets K and K’ of the metric space E is
df1u (K, K') = inf{e > 0, K C K'c and K’ C K¢}

where K, denotes the e-neighborhood of K. An equivalent definition of the Gromov-
Hausdorff distance involves correspondences. A correspondence between two metric
spaces (E;,d)) and (E,d») is a subset #Z of E| x E; such that for every x; € Ej, there
exists at least one point x, € E, such that (x,x;) € #Z and conversely for every y;, € Ej,
there exists at least one point y; € E; such that (y;,y;) € Z. The distortion of the
correspondence Z is defined by

dis(Z) = sup{|di (x1,y1) — d2(x2,y2)|: (x1,%2), (V1,2) € Z}.

The Gromov-Hausdorff distance can be written in terms of correspondences by the
formula

dou(Er, Ez) = %inf{dis(ﬁ)}

where the infimum is over all correspondences &% between E; and E,. We refer the
reader to [Burago and Burago and Ivanov 2001] for details about this metric.

Example 1.2 An obvious way to illustrate a scaling limit is by taking the n x n grid
graph, L(n,n). It can be viewed as a metric space (V(L(n,n)),dg), where dg is the usual
graph distance. One can deduce that the sequence of metric spaces (V(L(n,n)), }l - dgr) =0
converges towards the set [0,1]? in the Gromov-Hausdorff sense. In order to see this,
we embed the metric space (V(L(n,n)), L dg) into {£| 1 <i <n}> We then construct



a correspondence between (V(L(n,n)), % +dgr) and {£| 1 <i < n}? as follows; a point
x1 € V(L(n,n)) is in correspondence with a point a; € {1| 1 <i < n}? if there exists
an edge of (V(L(n,n)),1dy) that contains both x; and a;. By definition, this is a
correspondence. The distortion of this correspondence is bounded above by % so we have
that deu((V(L(n,n)), 1 -dg) {4 1 <i<n}?) < 2.

(a) n=10 (b) n =50 (c) Scaling Limit

Figure 1.2. Visualization of the scaling limit of the n x n grid as n — o.

It can be shown that (K,dgy) is a metric space, where K is a space of equivalence
classes of non-empty compact metric spaces. The proof that dgy is indeed a metric on
K can be found in Thm 7.3.30 [Burago and Burago and Ivanov 2001]. Also, it can
be showed that (K,dgy) is a polish space (i.e. complete and separable). We can also
consider the pointed version of the metric space (K,dgy), denoted by (K*,dgy). In
this case K* is viewed as a set of pointed compact metric spaces up to isometries.

A good number of works have been done under the umbrella of the so called scaling
limit for various classes of random planar maps. For example the following have been
shown to converge to scalar multiple of the Brownian map;

* Uniform random quadrangulations with » faces [Le Gall 2013; Miermont 2013].
* Uniform p-angulations (in the case for p = 3 or p even) [Le Gall 2013].
* Uniform random planar maps with n edges [Bettinelli et al. 2013].

* Random critical Boltzmann planar maps in which the degree of a typical face
belongs to the domain of attraction of a stable law with index o € (1,2] (in the
case when a = 2) [Marzouk 2018].

1.1.4 Local limits

A different approach to exploring the asymptotics of large elements of the class of
combinatorial objects is via the local limit. In the context of rooted planar maps or
(alternatively) pointed planar maps, say, the interest in studying what a large planar
map in a certain class looks like locally around its root(either the root vertex or the
root edge). In a similar fashion as with the scaling limit, we require the right tool for
comparing two objects in the class. We utilise the so-called local distance in this case.

Consider a planar map M pointed at a vertex v. We will denote by [M], ball centered at
v with radius r, where r € N. i.e. the map obtained by deleting all vertices u of M so



that dg;(u,v) > r, including all the edges incident to such vertices.

Given two planar maps M and M’, pointed in vy, and v, respectively, we set
dioe (M, M") = (1 +sup{r e N: [M], = [M'],})" L.

In words, we say that two pointed planar maps are “near” in the sense of the local
distance dj if their respective centered balls are the same up to large distances.
Assume that there exists a limit in distribution, in the sense of the local distance dj,
of a given sequence of random pointed planar maps (M, ),cn, and denote such a limit
by M... One may view the random variable, [M..], for each non-negative integer r as
the limit of the laws of the centered balls, [M,], as n approaches infinity. Analogously,
one can say that M. is the local limit of the sequence (M,,),cn. In the literature, the
size measure of a planar map n are usually taken to be the number of edges, vertices,
faces or leaves.

Example 1.3 For a simple example illustrating the intuition of local limits, consider the
2n+ 1 x2n+ 1 grid, pointed at the vertex (n+ 1,n+ 1). The local limit of this sequence
of planar maps when n —  is clearly given by the infinite two-dimensional lattice 7>
pointed in one of its vertices. This is because balls of radius r in Z* are the same as those
in the finite grids for large n.




1.2 Trees

1.2.1 Rooted plane trees

Definition 1.4 A rooted plane tree is a single face planar map. We will henceforth simply
refer to a rooted plane tree as a plane tree.

In the following, we will give an equivalent combinatorial definition of a plane tree.
Let N={1,2,...} and define the set of finite sequences by

U=\ JN",
n=0
where by convention N = {@}. An element of % is thus a sequence u = (u!,...,u")

of elements of N, and we set |u|=n, so that |u| represents the generation of u. If
u=(u',...,u™) and v = (v!,...,v") belong to %, we write the concatenation of « and v
asuv = (u',...,um v, .. V).

A plane tree T is a finite or infinite subset of % such that,
1. 0eT.
2. ifveT and v=uj for some je Nthenu e T.

3. for every u € T, there exists an integer k,(7) > 0 (the number of children of «)
such that for every j € N, uj € T if and only if 1 < j < k,(T).

The vertex 0 is called the root vertex and the edge {0, (1)} is called the root edge. Let
us denote the set of all plane trees by T and the set of plane trees with n vertices(n > 1)
by T,. For T € T, we will view each of its vertex as an individual of a population for
which T is the geneological tree. If T € T and u € T, we define the shift of T at u by
shift,T = {v € % : uv € T} which is itself a tree. The total progeny of T (total number
of vertices of 7)) will be denoted by {(T). The maximal generation of the tree T is
called its height and we denote it by Height(T').

Given a plane tree T , define the contour sequence of T

c= (60,61,---,02(§(T)—1))

as the sequence of vertices encountered when moving along the contour of 7 in a
clockwise direction, starting and ending at ¢o = ¢y(¢(7)—1) = 0. The contour sequence
is in a one-to-one correspondence with the corners around the vertices in 7, and we
use the convention that the corner clockwise from the root vertex is ¢g. The tree T
can be encoded using its contour sequence via the so-called contour function. The
function is denoted by C7 and it maps ¢;, i € {0,1,...,2({(T)— 1)}, to the generation
of the vertex adjacent to the c¢;-th corner encountered in the sequence c. We have that
Cr(co)=Cr(2({(T)—1))=0and |Cr(i)—Cr(i—1)|=1foralli€{0,1,...,2({(T)—1)}.
Cr defines a Dyck path of length 2({(T) —1).

It is known that the mapping T +— (Cr(co),Cr(c1),...,Cr(2(n—1))) is a bijection
between the set T,, and the set of all Dyck paths of lenght 2(n — 1). The set of plane



Figure 1.3. A tree T with its associated contour function Cr.

trees with n vertices are therefore enumerated by the (n — 1)-th Catalan number. i.e

4T, = Cat(n— 1) :1(2(”_1)) @)

n\ n—1

1.2.2 Real trees

Consider a finite plane tree T whose associated contour function is given by Cr :
{co,c1,---s¢2¢(ry—1)} — N. One may extend the mapping Cr so that both domain
and co-domain are non-negative real numbers. We do this by setting Cr(x) to 0 for
x=0,2({(T)—1) and Cr(x) >0 for x € (0,2({(T) — 1)). We linearly interpolate Cr to
obtain a continuous function. An example is illustrated in Fig. 1.3.

For positive x,y € R, define

de,(x,y) :=Cr(x)+Cr(y)—2 inf Cr(z) (2)
ZE[xXAYXVY]

The function d, is clearly symmetric. Also the triangle inequality is verifiable for
dc, (one would need to consider cases based on the position of the triple (x,y,z) say).
The map (x,y) — dc, (x,y) is therefore a pseudometric on R. It is natural to consider
the quotient space 7, =R, /~ where ~ is an equivalence relation defined as follows:

x~y iff de.(x,y)=0. 3



dc, induces a metric on J¢, so that (.7, ,dc, ) is a compact metric space. It is possible
to embed (.7¢,,dc,) in the plane to obtain a tree, however there arise some limitations
in fully recovering 7. A point ¢ in .7, may represent a vertex in 7 whose degree is
the number of connected components in 7, \ {¢}. However, vertices with exactly
one child may be hard to handle. Also, two vertices share a common edge if one can
find a path in (7, ,dc, ) between the two that does not contain any other vertex. The
ordering of the children of a vertex is lost in this description.

The pair (7, ,dc, ) satisfies the definition of the so-called real tree given below.

Definition 1.5 A compact metric space (7 ,d) is called a real tree if the following two
conditions are satisfied for each pair of points a,a’ € .7, .

* there is a unique isometric map, m, , : [0,d(a,a’)] = 7 such that n, ,(0) = a and
Ty (d(a,a))=d.

* assuming q: [0,1] — .7 is a continuous injective map such that ¢(0) = a and
q(1) = d, the image ([0, 1]) coincides with the image m, ,([0,d(a,d']).

The two conditions in Definition 1.5 ensure that given two points in a real tree,
there exists a unique geodesic path between them. The first part describes path-
connectedness whiles the second eliminates occurence of cycles.

Various properties of a plane tree can be translated into that of a real tree, (.7,d).
The degree of a point a € .7 is the cardinality of the set of connected components of
T \{a}. If 7\ {a} has at least 3 connected components, a is called a branching point,
and a is a leaf if .7\ {a} is connected. Points in a real tree may have infinite degree.
The geneological structure of a real tree can also be described. Let v be the root of
(7 ,d). For a,d’ € 7, consider the images 7y 4([0,|a|]) and =, ,([0,|d'|]) of 7y, and
my o respectively, where |-| is the height function mimicking the graph distance from
the root. There is a unique a” so that the intersection of the two images is given by
7y o([0,]a"[]). a” will be written as a Ad’ and it is called the least common ancestor of
a and d'. If d’ = a, we say a is an ancestor of d'.

The construction of real tree with the function Cy can be generalised to a construction
via any continuous function 4 : [0, 1] — [0, o[ satisfying #(0) = k(1) =0.

Proposition 1.6 The set of metric spaces (7,,dy) forms the set of compact real trees,
where h: [0,1] — [0,e0[ is any continuous function satisfying h(0) = h(1) =0 and .7}, =
[0,1]/~ for x ~y <= dj(x,y) =0, where

dy(x,y) =h(x)+h(y)—2 inf h(z).

ZE€XAYXVY]

One can also say that non-negative valued continuous functions encode compact
real trees. A useful result known for comparing real trees encoded by two different
functions, #; and h, is given as follows:

Lemma 1.7 Let hy and hy be two continuous functions from [0, 1] to [0,eo[ and satisfying,



hl(O) = hz(O) = hl(l) = hz(l) =0. Then

dGH(‘%llﬁ%lz) < sup |h1 (t) _hZ(l)|
t€[0,1]

From Lemma 1.7, one can deduce that the convergence of continuous functions for
the supremum norm on C([0, 1], R) implies the convergence of their corresponding real
trees. This can indeed provide a tool for convergence results of the sequence of some
class of random trees from the convergence (in law) of some stochastic processes.

1.2.3 Bienaymé-Galton-Watson trees

We proceed under this part by introducing randomness to the already established
setting of plane trees. A well-known notion of random plane trees have been described
via Galton-Watson trees since the 19th century. It is however worth knowing that
Galton-Watson trees were first introduced in a study to obtain the probability of
extinction for some family names. The model has found itself in diverse applications
in pure and applied mathematics.

Let u be a probability measure on Z. such that (1) < 1. We call u the offspring dis-
tribution. The Galton-Watson measure with offspring distribution u is the probability
measure GW, on T such that:

1. GWy (kg = j) = u(j) for j >0,

2. If 7 is distributed by GW,,, then for every j > 1 with u(;j) > 0, conditionally on
{ko = j}, the subtrees shift; 7,...,shift;7 are i.i.d. with distribution GW/.

One can think of this as a tree that starts with a single individual(root) then grows such
that each individual already present in the tree has a number of offspring according
to the measure u, independently of all others.

If in addition, we have that

Y nu(n) <1 4)
n>0
(u is critical or subcritical), then 7 is almost surely finite and
GWy (1 =T) = [ uke(T)) (5)
ueT

[Le Gall 2005, Prop 1.4].

Example 1.8 Let u be the geometric law, i.e. u(n) =27""! forn=0,1,... Clearly, it is
a critical offspring distribution and

GW,(t=T)= 2~ Yuerku(T)+1 — »=28(T)+1 6)

It can thus be seen that the set of geometric Galton-Watson trees conditioned to have n
vertices are uniformly distributed over T,.
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In order to study, for example, the asymptotics of this random tree, it is useful to observe

the properties of its corresponding contour function. For a critical geometric Galton-
Watson tree T, it is known that its corresponding contour function, (Cr(ci))o<i<a(¢(r)-1) IS

an excursion of a symmetric random walk on Z. In other words, the law of (Cr(ci))o<i<a(¢(1)-1)
is exactly that of the random sequence of integers (S(i))o<i<tr, where S(0) =0 and
S(i+1) — S(i) ~ Bernoulli(}) with k =inf{i: S(i) = —1} — L.

In this thesis, we will consider a 2-type Galton-Watson tree (specifically when we con-
sider random non-crossing trees, see [Kortchemski and Marzouk 2016]). We will
make the following modification to what we have above in (5). Let pg = (Ug(k))i>1
be another offspring distribution and define

GWyp, (t=T) = tg(ka(T)) [] wka(T)). (7)
ueT\{o}

In other words, the root receives offspring according to i and other vertices receive
offspring according to u.

1.2.4 Simply generated trees

Consider a finite plane tree, T and let v € T. We will denote the outdegree of v by
outr (v)(this is basically the number of children of v in 7). Let w = (w(k) )x>0 be a fixed
weight sequence and define the weight of T by

W(T) := [ wloutr(v)). (8)

veT

Plane trees associated with such weights are called simply generated trees and were
introduced by Meir and Moon [Meir and Moon 1978].

Now we let 7, be a random element of T, such that

Plr, =)= — 1) __ )

ZT’eTn w (T/)
We can build a connection between simply generated trees and Galton-Watson trees
as follows: we let the weight sequence w be a probability distribution on {0,1,2,...}
ie Yy ow(k)=1. Let & be a random variable with P(§ = k) = w(k) so that a finite tree
7 is a random Galton-Watson tree with offspring distribution £. One can deduce that
the simply generated tree 7, is the same as the Galton-Watson tree 7 conditioned on

¢(t) =n.

The weight sequence, (w(k)) can be tilted to obtain another weight sequence w(k)
so that they both define the same simply generated tree, 7,. This is done by taking
a,b > 0 so that

Ww(k) == ab*w(k). (10)

w(k) and w(k) are in other words said to be equivalent. The significance of this tilting
is that, in several cases, it can be done in a way such that the equivalent probability
distribution w(k);>o has mean 1. In that case, 7, becomes a critical Galton-Watson tree

11



conditional on {(7) = n. There are however cases where the weight sequence is not
equivalent to any critical weight sequence. In such cases it may be equivalent to a
subcritical one.

These possible cases can be characterized algebraically as follows: Let the generating
function of the weight sequence be

0(z) = Z wiZ® (11)
k=0
and let its radius of convergence be py € [0,0].

For ¢ € R such that ¢ () < o, let

= 12
A0 .

and let
vi=y(py) = llfi% w(t). (13)

When py > 0, the limit in (13) exists and the above cases are characterized as follows.
If v > 1, then there is a unique solution, 7 to the equation y(r) = 1. In this case
the weight sequence, w describes a simply generated tree distributed like a critical
Galton-Watson tree conditioned on having n vertices. If 0 <v <1, we set 7 := py
and in this case w describes a simply generated tree that corresponds to a subcritical
Galton-Watson tree with a heavy-tailed offspring distribution.

When py =0, we set v =0 and 7 = 0. w then describes a simply generated tree with
superexponential branching weights.

1.2.5 The Brownian tree

The Brownian tree can be seen as a random real tree (i.e. a real tree constructed via
a Brownian excursion). Technically, one will define a Brownian tree as a random
variable, taking values in the set K (or K*® when considering a rooted real tree), that
appears as the scaling limit of several classes of random trees and random planar
maps. It was first introduced by Aldous in [Aldous1 1991] where he showed that a
critical Galton-Watson tree whose offspring distribution has a finite variance converges
in distribution torwards the Brownian tree, when conditioned to be large. In the
literature, the Brownian tree is also called the continuum random tree (CRT).

The CRT will appear in the first part of this work, which is devoted to studying the
scaling limit of various regimes of "Halin-like maps". The regime where the CRT
appears, will involve showing that these maps up to some constant factor admit
the same scaling limit as uniform random plane trees. We do not discuss the con-
struction of the CRT in detail here, however there are several surveys and lecture
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notes that do so. For example in [Le Gall 2013], the proofs of the most important re-
sults of the CRT, Theorem 1.9 and Corollary 1.10, including some extensions are given.

One may follow a sequel in the previous sections to obtain a scaling of a uniform
random trees: given a uniform plane tree 7, (with size n), we can obtain a random
contour function, C;, known to be a random Dyck path of length 2(n —1). If such
a contour functions is viewed as random variables taking value in the metric space,
(C([0,1],R), ]|||s), we could build a random real tree as in section 1.2.2. Following
Lemma 1.7 and the argument given in the paragraph below, one could conclude that
the random real tree is the scaling limit of the uniform random plane trees.

One would like to determine the limit of a simple symmetric random walk conditioned
on having a length 2p if time is shrunk by p and space is shrunk by ,/p.

In order to state the explicit convergence result, we define the normalized Brownian
excursion. We recall that an excursion of a one-dimensional Brownian motion, (%;);>0
say is a maximal open interval (a, ) such that |%;|> 0 for t € (o, ). Almost surely, a
well-defined first excursion of %; having a length of at least 1 occurs. Let (a,b) be that
excursion, where a and b are random non-negative real numbers with %4, = %, = 0.
We denote the normalized Brownian excursion by the process e;, defined as

1
€ :—‘@a —a)ls
t (a—b)é| +2(b )‘

forr € [0,1].

It is important to mention that the conditioned It6 measure n(;) is the law of e;. One
can find the formal definition of the It6 measure and its conditioned version in Chapter
VI of the book [Revuz and Yor 1999]. Their connection with the contour funtions of
large Galton-Watson trees can be found in [Le Gall 2005].

The following result gives the convergence of a sequence of contour functions torwards
the normalized Brownian excursion for general critical Galton-Watson trees.

Theorem 1.9 (Aldous 1991) Let © be a Galton-Watson tree with offspring distribution
p such that u is a critical probability measure with finite variance ¢, and let 7, be the
random plane tree T conditioned on having size p; let C, be the contour function of 1,
(viewed as a random variable taking values in O (R,R). Then we have that

o (d)
2 .C.(2pt Dy,
(2171/2 % (2P ))te[o,l] poee’
for the uniform norm on C([0,1],R).
A convergence result torwards real trees is given as follows:

Corollary 1.10 Consider a Galton-Watson tree, T satisfying the hypothesis of Theorem
1.9. The convergence in distribution of following random pointed metric space, viewed as
a random element of (K*®,dgp), holds as follows:

13
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(V(Tp)’m'dgr>te[o,u T (Ferde),

p—e

where (e, d.) is also viewed as a random element of (K®,dgn), its distinguished vertex
being the image of O via the natural projection of [0, 1].

The CRT poses some important properties which include the fact that it has Hausdorff
dimension 2. Also, it has a universality property which is reminiscent of that of
Brownian motion. Numerous classes of uniform random trees are known in the litera-
ture to converge to the CRT. A few of these include the Cayley trees [Aldous 1993],
unordered binary trees [Marckert and Miermont 2011] and unordered unrooted
binary trees [Stufler 2019]. Some classes of random planar maps have been shown
to converge to the CRT. Bettinelli demonstrated that uniform quadrangulations with
n faces and a fixed boundary of size > \/n converge to the CRT [Bettinelli 2015].
Janson and Stefansson showed that Boltzmann-type bipartite maps with n edges
and a face of macroscopic degree converge in distribution to the CRT in the Gro-
mov-Hausdorff sense [Janson and Stefansson 2015]. Additionally, random dis-
sections [Curien and Haas and Kortchemski 2015] and random outerplanar maps,
under various modifications, are also known to converge to the CRT [Stufler 2014;
Caraceni 2016; Stefansson and Stufler 2019]. As part of this thesis, we show that
certain random Halin-like maps [Amankwah and Stefansson 2023] and uniform
random series-parallel maps also belong to the universality class of the CRT.

1.2.6 Stable looptrees

The generalization of convergence of Galton-Watson trees having their offspring distri-
bution in the domain of attraction of a stable law with index « € (1,2] were given by
Duquesne and Le Gall (see [Duquesne 2003; Duquesne and Le Gall 2002]). They
showed that these trees, with a properly rescaled graph distance admit a weak limit
which is referred to as the a-stable tree, .7,. One recovers the Brownian tree for
a =2, precisely .75 = v/2- . When o < 2, the stable trees are qualitatively different
from the Brownian CRT in the sense that they possess a countably infinite number of
vertices of infinite degree. These vertices are called branching points.

Curien and Kortchemski introduced the study of a family of random compact metric
spaces (Zy)1<a<2, called stable looptrees (see [Curien and Kortchemski 2014]). On
the discrete level, looptrees are graphs constructed on the vertex set of a plane tree, by
connecting each vertex to its leftmost child by an edge, connecting adjacent siblings by
edges, and finally connecting the rightmost child to its parent by an edge. The space
%, may be informally described in the same spirit by replacing each branching point
in the a-stable tree .7, by a circle of length proportional to this degree. However, no
two circles of .%,, share a common point. This construction therefore does not form a
compact metric space. One has to go through some technicalities of taking closure (see
Curien and Kortchemski 2014]). This approach makes use of the so called excursion
of an «-stable spectrally positive Lévy process X *“% which is known for encoding 7.
For a formal definition of this process see for example [Duquesne 2003].

Stable looptrees later appeared in the study of site percolation on the Uniform Infinite
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(a) (b)

Figure 1.4. Approximate simulation of stable trees by Igor Kortchemski. (a) is an
o = 1.1 stable tree whilst (b) is an oo = 1.5 stable tree.

Planar Triangulation (UIPT). In a companion paper, Curien and Kortchemski paper
demonstrated that, for a site percolation with parameter p = %, the boundary of
the convex hull of the connected component of the origin, when properly rescaled,
converges in distribution to the stable looptree 02”% [Curien and Kortchemski 2015].

In a certain phase regime, Richier proved that the boundary of a face-weighted
Boltzmann planar map, whose face degree is in the domain of attraction of a stable
law with index o € (1,2), admits the stable looptree as a scaling limit, [Richier 2018].

Some classes of Boltzmann outerplanar maps with n vertices, when scaled by né, are
known to converge towards the stable looptree [Stefansson and Stufler 2019]. In a
recent work, Sénizergues, Stefansson and stufler intoduced the so-called decorated
stable trees which are constucted from o-stable trees by blowing branching points
into random metric spaces, rather than just deterministic circles in the case of stable
looptrees [Senizergues and Stefansson and Stufler 2023].
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2 Summary of papers

2.1 Paper |

In this collaborative work [Amankwah and Stefansson 2023] we consider certain
classes of Boltzmann-measured random planar maps which are obtained from finite
trees with marked corners (which we call skeleton trees) by adding an edge between
two consecutive marks to form a boundary. When the trees have at least four vertices,
none of which has degree two and only the leaves are marked, one obtains a Halin
map. Two cases of this model are considered, namely:

* (C*) Each vertex in the skeleton tree H° of the map H has exactly one marked
corner. The first corner counterclockwise from the root edge is marked.

e (C*) Each vertex in the skeleton tree H° of the map H has at least one marked
corner. The first corner counterclockwise from the root edge is marked.

The map obtained for case C* is the so-called noncrossing dissection of a polygon,
whereas that obtained for case C* is an outerplanar map whose blocks are noncrossing
dissections. In both models, the maps are sampled according to the Boltzmann
measure by assigning weights to their faces. In one case, we chose the weights so
that they are in the domain of attraction of a stable law with index o € (1,2). The
maps arising from both models are then shown (according to Theorems 1.2 and
1.4 of [Amankwah and Stefansson 2023]) to converge after proper rescaling to the
so-called a-stable looptree in the Gromov-Hausdorff sense. In another case, we chose
the weights so that they have finite exponential moments. We show (according to
Theorems 1.1 and 1.3 of [Amankwah and Stefansson 2023]) in this case that the
maps converge after proper rescaling to the continuum random tree(CRT) in the
Gromov-Hausdorff sense.

2.2 Paper i

In this work [Amankwah et al. 2025], we study the scaling limits of random series-
parallel maps. A finite connected graph is called a series-parallel graph if it can be
obtained from a single edge by repeatedly subdividing and doubling edges. We define
a series-parallel map as an embedding of a series-parallel graph in the plane, up to
continuous deformations. Uniformly sampled series-parallel maps with n edges belong
to the class of "tree-like" maps. Specifically, they are shown in [Stufler 2020] to
converge weakly, in the Gromov-Hausdorff sense, to a multiple of Aldous’ continuum
random tree (CRT) after rescaling distances by n~1/2.

In this work, however, we focus on the two-connected blocks of series-parallel maps.
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It turns out that certain weighted randomly sampled two-connected series-parallel
maps with n edges converge, as n — oo, with distances rescaled by n~'/2, to a multiple
of the CRT.

There is a natural bijection between the set of plane trees with n leaves and the set of
series-parallel maps with n edges, allowing us to describe series-parallel maps in terms
of Galton-Watson trees and simply generated trees. Additionally, the maps admit a de-
composition into blobs, which are maximal substructures separated by bottlenecks. Fur-
thermore, geodesics between vertices within the same blob remain entirely within that
blob. These structural properties, combined with a Markov chain argument introduced
by Curien, Haas, and Kortchemski in [Curien and Haas and Kortchemski 2015], en-
able us to prove the main convergence result.
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ON SCALING LIMITS OF RANDOM HALIN-LIKE MAPS

by

Daniel Amankwah & Sigurdur Orn Stefansson

Abstract. — We consider maps which are constructed from plane trees by
assigning marks to the corners of each vertex and then connecting each pair
of consecutive marks on their contour by a single edge. A measure is defined
on the set of such maps by assigning Boltzmann weights to the faces. When
every vertex has exactly one marked corner, these maps are dissections of a
polygon which are bijectively related to non-crossing trees. When every vertex
has at least one marked corner, the maps are outerplanar and each of its two-
connected component is bijectively related to a non-crossing tree. We study the
scaling limits of the maps under these conditions and establish that for certain
choices of the weights the scaling limits are either the Brownian CRT or the
a-stable looptrees of Curien and Kortchemski.

1. Introduction

A planar map is an embedding of a planar graph onto a 2-dimensional sphere
up to continuous deformations. We refer to a planar map as rooted if it has
a distinguished and oriented edge. Rooting a planar map makes it easier to
handle combinatorially since it eliminates symmetry issues. Also, the root
gives a starting point for recursive decomposition. The tail of the root edge
will be called the root vertex. The connected components of the complement
of a planar map are called faces. If f is a face of a planar map M, we will
denote its degree (the number of edge sides that surround it, counted with
multiplicity) by deg,,(f) or just deg(f) when there is no ambiguity. A rooted
map with a single face is called a plane tree.

Research into asymptotic behavior of random planar maps has been active in
the last two decades. This has been motivated in part by the connection with
two-dimensional Liouville quantum gravity (see [24, 26] together with references
for detailed account). Much of the advances in this field have been made
possible by the use of bijections between specific classes of planar maps and
certain plane trees. See for example [10, 27, 7]. This is due to the fact that
plane trees are easier to analyse since they are coded by functions on which one
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can apply the standard tools from analysis and probability theory. In [2, 3, 4],
Aldous gives an exposition on the scaling limit of various classes of discrete
plane trees conditioned to be large. For a Galton-Watson tree conditioned
to be large, whose offspring distribution has mean 1 and a finite variance,
he showed that the scaling limit, in the Gromov-Hausdorff sense (see Section
4.3) is a continuous random tree called the Brownian continuum random tree
(CRT). The CRT is often denoted by T, where e is a standard Brownian
excursion of duration 1 from which the tree may be constructed. It admits a
universality property in the sense that it is the limit of several classes of trees
and maps including dissections of polygons and outerplanar maps, which are of
interest in this work. A dissection of a polygon is a two-connected planar map,
all of whose vertices lie on the boundary of the unbounded face. Outerplanar
maps are maps whose two-connected components are dissections. Curien, Haas
and Kortchemski [11] established such limit theorems in the case of random
dissections and this was first shown by Caraceni [8] in the case of uniform
random outerplanar maps and later generalized by Stufler [31].

Generalizations to Galton-Watson trees whose offspring disribution is in the
domain of attraction of a stable law with index o € (1,2] were given by
Duquesne and Le Gall (see [13, 14]). They showed that these trees, with a
properly rescaled graph distance admit a weak limit which is referred to as
the a-stable tree, 7,. In the case a = 2 we recover the Brownian CRT, more
precisely T = v27.. The a-stable trees are qualitatively different from the
Brownian CRT when « < 2, since then they possess a countably infinite num-
ber of vertices of infinite degree.

Curien and Kortchemski introduced the study of a family of random compact
metric spaces (Lq)1<a<2 called a-stable looptrees (see [12]). On the discrete
level, looptrees are graphs constructed on the vertex set of a plane tree by
connecting each vertex to its leftmost child by an edge, connecting adjacent
siblings by edges, and finally connecting the rightmost child to its parent by an
edge (see Fig. 1). The space L, may be informally described in the same spirit
by replacing each vertex of large degree in the a-stable tree 7,, by a circle
of length proportional to this degree. Curien and Kortchemski gave sufficient

Figure 1. A looptree associated to a plane tree.



ON SCALING LIMITS OF RANDOM HALIN-LIKE MAPS

conditions for which a random sequence of discrete looptrees converges in distri-
bution to the stable looptree. As an application they showed that the random
dissection of a polygon sampled according to a Boltzmann distribution on the
face degrees obeying the relevant conditions, converges, once properly rescaled,
to the stable looptree for the Gromov-Hausdorff topology. Furthermore, Ste-
fansson and Stufler used this invariance principle to show that under certain
conditions, properly rescaled Boltzmann face-weighted outerplanar maps also
converge to stable looptrees [29].

These examples have the common feature that the objects involved are tree-
like and when their faces are forced to have large degrees, in the limit, they
appear as circles arranged along a tree structure. We are interested in un-
derstanding how generic this behavior is and provide in this paper additional
examples of families of maps which share this feature of being tree-like and
converging to the Brownian CRT or a-stable looptrees.

1.1. Halin-like maps. — We will assume (using the stereographic projection)
that our planar maps are drawn in the infinite plane. The maps then have ex-
actly one unbounded face which will be denoted by f.,. The maps we consider
in this work are defined as follows: Start with a rooted plane tree and assign
marks to some of the corners around its vertices. Denote this marked tree by
H°. Then go around the contour of the tree and connect each marked corner
with an edge to the next marked corner on the contour. Denote the resulting
map by H. We call H° the skeleton of H. We use the convention that the root
of H lies on the boundary of the unbounded face and is the directed edge from
the first to the second marked corner encountered in a clockwise exploration
around H°, starting from the root vertex. The face containing the root edge
is called the root face and is denoted by fo.

In the special case when the skeleton H° has at least four edges and no
vertex of degree two, and all its leaves but no other vertices receive a mark, the
corresponding graph H has been referred to as a Halin graph in the literature,
see e.g. [17] and Fig. 2. Due to this connection we refer to the maps considered
in the current work as Halin-like maps. There are other models which bear
similarity with Halin-like maps such as graphs with a given surplus of edges
which appear as components in the critical Erdés-Rényi random graph [1] and
unicellular maps, which are generalizations of trees on surfaces of arbitrary
genus, see e.g. [15].

In the current work we will consider separately two special cases in which we
put the following assumption on the Halin-like maps which are best described
as conditions on the marks of the skeleton tree:
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Jo

He° H

Figure 2. The skeleton tree H° has no vertices of degree two and each
leaf has a mark but not other vertices. The corresponding map H is
then a Halin graph. The marks on corners in H® are indicated by red

line segments and the root edges are indciated by arrows.

(C*)  Each vertex in the skeleton tree H® of the map H has exactly
one marked corner. The first corner counterclockwise from the root

edge is marked.

(C#)  Each vertex in the skeleton tree H® of the map H has at least

one marked corner. The first corner counterclockwise from the root

edge is marked.

Under condition C*, the skeleton tree H° is a so-called non-crossing tree
(NCT), see e.g. [22] in the context of scaling limits. The corresponding map
H is then a dissection of a polygon which we will refer to as a mon-crossing
dissection (NCD), see Fig. 3. Under condition C#, the map H is an outerplanar
map whose blocks are NCDs. We will refer to such an outerplanar map as a

non-crossing outerplanar map (NCO), see Fig. 4.

3R

H° H
Figure 3. The skeleton tree H® satisfying condition C* and its cor-

responding map H. The tree is a non-crossing tree and the map is a

non-crossing dissection.
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A

7

2 -fO
H° ! H

Figure 4. The skeleton tree H° satisfying condition C# and its corre-
sponding map H which is a non-crossing outerplanar map.

1.2. The main result. — For every integer n > 1, denote by H the set of
Halin-like maps satisfying (C*), x € {x, #} and having n bounded faces. When
it is clear under which assumption we are working, we will leave out the x
from the notation. Let H € H} and fix a sequence w = (w(k) : k > 2) of
non-negative face weights. We define the weight of the map H by

WH)= [ w(deg(f))
f face of H

oo

and the normalization
Zy=Y_ W(H).
H'€H,
If Z > 0, we define a random element H;>* in H by
1
(1.1) P(HY* =H) = ?W(H) for all H € H,.
We view H}"* as a random metric space equipped with the graph distance as
its metric (where every edge of H¥* has unit length).

It will prove convenient to define the two measures p and pugyz on Z, =
{0,1,2,...} by

_ k _ k
. c) = a ; , K = g\K) =2¢C v 5 =
(1.2)  p(k) =alk+Dwk+2)0", k>0 and pg(k) = cw(k+1)b", k>1

where a,b,¢ > 0. We will assume throughout this paper that the generating
function of the sequence w has a non-zero radius of convergence

-1
Puw = <limsupw(k)1/k> .

k—o0

This will allow us to define for each b € (0, p,,)

(1.3) a= (i(k‘ + Dw(k + 2)bk> and c¢= (i w(k + 1)bk>

k=0 k=1
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so that p and pg are probability measures. The motivation for defining the
measures p and g is that they are equivalent (in the sense of Equation (3.4))
to offspring distributions of non-root vertices and the root resp. in the weak
dual tree of the Halin-like map under condition (C*). This will allow us to use
the theory of branching processes to understand the distribution of the maps.
The shift by 2 in g and 1 in ug is due to the deletion of 1 edge when taking the
weak dual and substraction of 1 for non-root vertices since we consider only
the number of offspring. The factor £+ 1 in y comes from the fact that we can
choose a location for the edge which was deleted when taking the weak dual
in k + 1 different ways.

When p and p are probability measures, denote their mean and variance by
m,, and oi respectively. In order to guarantee that Z* > 0 for sufficiently large
n we assume that p(k) is aperiodic. The general case may also be considered
but the results are essentially the same and we aim to keep the notation simple.

The main results of the current work are the following four scaling limit
theorems for H;"*. Theorems 1.1 and 1.3 show that if the faces are not forced
to be too large, n~*/2 - H¥* converges to a constant multiple (depending on
%) of the Brownian CRT 7. The notation s - H? represents the metric space
obtained from H¥ by multiplying all distances by s > 0. Theorems 1.2 and 1.4
however show that it is possible to choose the weights w such that faces in the
maps become large when n is large and the maps, properly rescaled, converge
in distribution towards stable looptrees. We use techniques from four different
references in the proof of the theorems. Note that the convergence is under-
stood as the weak convergence of measures in the Gromov-Hausdorff topology
on the space of compact metric spaces (see Section 4.3 for the definition).

In the next two Theorems we assume that condition (C*) holds and that u
and pg are probability measures on Z, defined by (1.2) and (1.3).

THEOREM 1.1. — Assume condition (C*). If there is ab € (0, p,] and a X > 0
such that m, =1 and Y ;- e u(k) < oo then there is a constant ¢*(p) > 0
such that

w2 D) T

n—oo

The proof, which is given in Section 4.4, follows from the Markov-chain
argument developed in [11], which shows that the ratio of lengths of geodesics

in large NCTs and the corresponding paths in their weak dual tree is given by

V(2Zy +1)(1 — 2¢(Z)) )
1—7(2Zy) +~(2Z4 +1)

where v(j) = JJ“% and for any A C Zy = {0,1,...}, v(4) = >2;c4 (). By

the results of Aldous, the weak dual tree of H“*, rescaled by n~'/2, converges

1
Coeo(ft) = 1 (UZ +1+
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towards a multiple cyee(pt) == 20;1 of the Brownian CRT. Combining these
results yields ¢* (@) = Ceree(1t) - Cgeo(f1)-

It should be possible to relax the exponential moment condition on yx and
only assume finite variance, see e.g. [23], but we do not pursue this further.

THEOREM 1.2. — Assume condition (C*). If there is a b € (0, py] such that
m,, = 1 and p belongs to the domain of attraction of an a-stable law then there
is a sequence of positive numbers b, — oo such that

(d)

n—oo

byt HE Le.

A probability measure g is said to be in the domain of attraction of an
a-stable law, with « € (1,2), if

p(lg,00)) = 37"L(j),

where L : R, — R, is a slowly varying function, i.e. L(z) > 0 and

LL((t;)) =1 for all ¢ > 0 (see [6] for details). In this case, the variance

of p is infinite. Common examples of slowly varying functions are constant

lim, o

functions, powers of logarithms, and iterated logarithms. By [20, Theorem
1.10], it holds that

(1.4) b, = n'/*A(n)

where A is a slowly varying function. An explicit example of a measure p
which satisfies the conditions of the theorem is

(k) = k™7, c>0

in which case
ERCINC)ES

We refer the reader to e.g. [12, 20] for more information on random variables
in the domain of attraction of stable laws, in a relevant context. The proof of
Theorem 1.2, which is given in Section 4.5, follows directly from the invariance
principle presented in [12, Theorem 4.1], along with an argument showing that
the Gromov-Hausdorff distance between the NCD and the looptree of its weak
dual tree is sufficiently small.

In the next two Theorems we assume that p and pg are defined by (1.2),
but they are not necessarily probability measures. Before the statement of the
Theorems we require some notation. Define the generating functions

FE =Y nm) and  gh(z) =3 poln)e”
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and denote their radius of convergence by p,. Define
/!
i T9)E)
z,/ Py g#(i)

as the largest possible mean that p can have, when b is varied. Let

95(p 9s)'(p
H:p# Kz( H) and B#: #( i)( H).
9*(pu) 9"(pu)
THEOREM 1.3. — Assume condition (C#). If one of the three cases
vy > 17

O0<v,<1p, 21,

Ap(1—vu)+puBu

S T R

O<py, <1

holds then there is a constant ¢# > 0 such that

n~12. Hf’# —><d) - Te.

n—oo

The proof, which is given in Section 4.6, follows from Theorem 6.60 in [31]
which holds for random decorated trees (or enriched trees), satisfying certain
conditions. The NCO is viewed as a size conditioned Galton-Watson tree T
decorated by face weighted finite sequences of NCDs. We do not provide an
explicit formula for the constant ¢#, but it may be calculated in terms of
expected distances in face weighted finite sequences of NCDs, see Section 7.11
in [31]. The formula for its value will depend on which of the above three cases
holds.

It will be apparent in the proof of Theorem 1.3 that the above conditions
guarantee that the offspring distribution of 7 has finite exponential moments.
We remark again that this exponential moment condition could possibly be
relaxed to only assuming that the offspring distribution has finite variance.

THEOREM 1.4. — Assume condition (C*). Fiz o € (1,2) and assume that
(1.5) (k) = L(k)k—o"1p7k
with r = p, <1 and L slowly varying. If v, <1 and

A1 —wv,) + puBy

A—Ayi—v)
Then
ctoyed D g
n—oo
where

)l BN
C“(%) (Lan)e.
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The proof, which is presented in Section 4.7 again involves representing
HY# as a size conditioned Galton-Watson tree, decorated by face weighted
finite sequences of NCDs. The result then follows from similar arguments
given explicitly for outerplanar maps, in [29]. However, we will instead apply
the recent more general invariance principle for decorated trees presented in
[28, Theorem 5.1].

REMARK 1.5. — We have not been able to relax conditions (C*) and (C*) in
the current work. If a vertex has for example no marked corners it will not be
on the boundary of fs in the Halin-like map and we lose the connection to dis-
sections and outer-planar maps. There are certain exceptions to this, e.g. when
H is a Halin-map which satisfies that each internal vertex is connected to a
leaf. Then only the leaves are marked and by contracting the edges containing
the leaves one arrives again at a Halin-like map which is outerplanar. One
may show that this contraction does not affect the Gromov-Hausdorff distance

too much and thus one gets similar invariance principles as above.

2. Halin-like maps and equivalent representations by trees

In this section we give formal definitions of plane trees and Halin-like maps
and show that when they satisfy condition (C*) or (C#), they are equivalent
to plane trees or enriched trees respectively. These connections will allow us to
relate them to size conditioned Galton-Watson trees in a suitable sense which

gives access to known invariance principles.

2.1. Rooted plane trees and Halin maps. — We briefly recall the formalism
of rooted plane trees (or rooted ordered trees). Let N = {1,2,...} and define

the set of finite sequences by

00
u=[Jn
n=0
where by convention N® = {@&}. An element of U is thus a sequence
u = (u',...,u") of elements of N. If u = (u!, ..., u™) and v = (v!,...,v") belong
to U, we write the concatenation of u and v as uv = (ul, LLum v™).

A plane tree T is a finite or infinite subset of U/ such that,

1.oeT.

2. if v € T and v = uj for some j € N then u € T.

3. for every u € T, there exists an integer outr(u) > 0 (the outdegree or
number of children of u) such that for every j € N, uj € T if and only if
1 <7 < outp(u).
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The vertex @ is called the root vertex and the edge {@, (1)} is called the root
edge. The letter T will sometimes be suppressed in outr(u) when it is clear
from the context which tree is being referred to. Let us denote the set of all
plane trees by T and the set of plane trees with n vertices by T,,. For T € T,
we will view each of its vertices as an individual of a population whose T is
the geneological tree. If T € T and u € T, we define the shift of 7" at u by
shift,T = {v € U : wv € T} which is itself a tree. The total progeny of T' (total
number of vertices of T') will be denoted by |T'|. The maximal generation of
the tree T is called its height and we denote it by Height(T").

Given a plane tree T' with k& edges, define the contour sequence of T’
¢=(co,C1,...,Cop)

as the sequence of vertices encountered when moving along the contour of T'
in a clockwise direction, starting and ending at ¢y = cop, = @. The contour
sequence is in a one-to-one correspondence with the corners around the vertices
in T, and we use the convention that the corner clockwise from the root vertex
is Co-

We define marks on the corners of the tree T' by specifying a sequence
m = (mg,...,max) of 0’s and 1’s. The corner ¢; receives a mark if m; = 1

but otherwise it does not. Let |m| =), m; denote the number of marks.

DEFINITION 2.1. — Let (T, m) be a rooted plane tree T with corners marked
by a sequence m. Let vy,--- v, be the sequence of marked corners in the
same order as they appear in the contour sequence. A Halin-like map H, is
a map constructed by adding to T the edges {vi,vis1}, 1 < i < |m|—1, and
the edge {vjm),v1}. We refer to (T, m) as the skeleton tree of H and use the
notation H® := (T, m). The root edge of H is the directed edge (v1,vs) and
the root face of H is the bounded face containing the root edge. The tree T
is referred to as the shape of the marked tree (T',m) and will be denoted by
S(T,m)=T.

The Halin maps considered in this work are assumed to satisfy condition
(C*) or (C#) in the introduction. The set of Halin maps with n bounded
faces, satisfying condition C*, is denoted by H, x € {x, #}.

2.2. Condition (C*) and non-crossing trees. — Under condition (C*) the
skeleton H® is a non-crossing tree and the corresponding map is a non-crossing
dissection. We denote the set of non-crossing trees with n vertices by NCT,,
and the set of non-crossing dissections with n vertices by NCD,,. There is an-
other bijection between NCDs and NCT's which is defined by taking the weak
dual of the NCDs: First, let H be the usual geometric dual and if f is a face
in H let f be its corresponding vertex in the dual. The weak dual, denoted by
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H, is obtained from H by removing from it the vertex foo and all the edges
{ foo} containing it. Since H is a dissection of a polygon, H is clearly a tree.
We define its root edge as the leftmost edge emanating from the vertex fO dual
to the root face. Moreover, each vertex in H, has a unique corner from which
an edge {-, foo} was removed and therefore we may view the weak dual as a

non-crossing tree, see Fig. 5. We have thus arrived at the following

LEMMA 2.2. The function ¢, : 0 — NCT,, H — H, is a bijection. If f

is a face in H € HX and u the corresponding vertex in H then

degy(f) -1 ifu=02,
outg(u) =
degy(f) —2 otherwise.

The reason for the shift in degrees is that out(u) is an outdegree (accounting
for —1 for each non-root vertex) and the deletion of edges when taking the
weak dual (accounting for —1 for all vertices). The bijection ¢,, furthermore
defines a bijection between the set of dissections and trees of arbitrary finite

sizes which we will denote by ¢.

Figure 5. A NCD in black and its weak dual tree in dashed red. The
root face is depicted in green. The augmented tree is obtained by adding
the dashed blue edges.

Later we will require a slightly modified version of the weak dual which is
obtained by adding back to H the edges dual to the boundary of H but in
such a way that each of them gets a separate endpoint in f.,. This is the same
notion of a dual as is used in [11]. Equivalently, given a T € NCT,, add
edges to each of its marked corners which have one of their endpoints at the
corresponding corner and the other one at a new leaf, see Fig. 5. We will call
these trees augmented NCTs and denote them by 7. These play the role of
the planted trees used in [11].
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2.3. Condition (C#) and enriched trees. — Under condition (C#) the Halin-
maps still have the property that each vertex lies on the boundary of the face
foo, however they are not necessarily two-connected. Therefore, they will in
general be outerplanar maps. An outerplanar map may be decomposed into an
underlying plane tree whose vertices are decorated by sequences of dissections.
This representation is explained in detail in [29, Lemma 4.3] in the formalism
of enriched trees (or decorated trees) where it is used to obtain scaling limit
results for face weighted outerplanar maps. We will follow the same approach,
but in the current case the dissections involved are non-crossing dissections
(NCDs) and therefore we will need to understand some of their properties in
more detail.

We give a short description of this representation below. Let NCD’, be the
set of NCDs with n vertices where we do not count the root vertex. Pictorially
we will represent the root vertex with a x. Now define the set of finite sequences
of size n by

sD,=J) U {Dw.Du....,Dy) : D, €NCD, 1<i<k}.

k>0 n1+-+ng=n
ni>1, 1<i<k

An element from SD,, is viewed as a connected map by identifying the root
vertices of each element in the sequence. Its unbounded face is denoted by f..
The vertices of S € SD,, are ordered by their occurence on the boundary of the
unbounded face in a clockwise direction from the root-vertex. We will denote
them by s0(5), 51(5), ..., s,(S) where so(S) is the root-vertex. The directed
edge (s0(S), s1(95)) is taken to be the root vertex.

Now, let T € T, be a plane tree with n vertices. For each vertex u € T let
S. be an element from SDgye (). Note that if u is a leaf, i.e. out(u) = 0, then
S, is the empty sequence. We construct a map as follows: For each non-leaf
vertex u and each of its non-leaf children ui, identify s;(S,) and s¢(Sy;). The
resulting object is a non-crossing outerplanar map (NCO), see Fig. 6 for an
example. We denote this map by O. The construction is reversible, i.e. O
may be decomposed into an underlying plane tree T" where each vertex u is
decorated by an object from SDgu(). Therefore, we have a bijection between
the set of NCOs and trees decorated by finite sequence of NCDs. We will
therefore sometimes write O = (T, (S, )uer)-

3. Simply generated trees and Galton-Watson trees

In the previous section we showed that certain Halin-like maps may be de-
scribed in terms of trees and enriched trees. In this section we show how this
allows us to understand the corresponding random Halin-like maps in terms of

simply generated trees and Galton-Watson trees.
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Figure 6. Left: A NCO, the same as in Fig. 4. Right: A correspond-
ing decorated tree where the decorations are sequences of NCDs. Grey

vertices are decorated by empty sequences.

Let u be a probability measure on Z, such that p(1) < 1. We call u, the
offspring distribution. The Galton- Watson measure with offspring distribution
1 is the probability measure, GW* on T such that:

1. GWH(out(2) = j) = u(j) for j > 0,

2. If 7 is distributed by GW*, then for every 7 > 1 with p > 0, condi-

tionally on {out(@) = j}, the subtrees shift;7, ..., shift;7 are i.i.d. with
distribution GW*.

Informally, the tree starts as a single root and then grows such that each
individual already present in the tree has a number of offspring according to
the measure p, independent of all others.

If u has mean less than or equal to 1 then the tree 7 is almost surely finite
and

(3.1) GW*(r =T) = [ ] nlout,(u)).

ueT
In order to relate the Galton-Watson measure to random non-crossing trees

we require the following modification. Let ug be another offspring distribution
and define

(3.2) GW* e (r =T) = pglout.(@)) [] nlout,(u)).
ueT\{o}
We interpret this such that the root has offspring according to the measure py
and all other individuals have offspring according to u, independent of others.
Another related model of random trees is the following: Let n = (1(4))i>0 be
a sequence of non-negative numbers, not necessarily probabilities. Let T' € T,
and define the weight of T' by

(1) = [ nloutr(u)).

ueT
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A simply generated tree on n vertices is a random plane tree in T,, selected
with a probability proportional to its weight n(T"). We list some important
properties of simply generated trees below and refer to Janson’s comprehensive
survey [18] for details. Define the partition function

Zy="_ (T)

TET,

and the generating series

(3.3) 22) =70, g'(2) =) n(n)2"
n=1 n=0

and denote their radii of convergence by R, and p, respectively. In the current
work we will assume that p, > 0 in which case it is possible, by tilting the
weights 7, to assume that they are probabilities. Tilting refers to defining new

weights
(3.4) ((k))kz0 = (ab*n(k))r=0,  a,b>0

and noting that these define the same simply generated trees as the original
weights since
(3.5) A(T) = T ] ab**“n(outr(u)) = a™b"="p(T).
ueT
Then, the simply generated tree has the same distribution as a GW" tree
conditioned on having n vertices which we will denote by GW!.
A standard result is the following relation between the generating series

(3.6) 2'(z) = 29"(2"(2)).
Define
= lim m,(z with m, (z) = 796(9")%96)
Vp = :ch/Ig, ’fl( ) th 7]( ) - g”(:r:)
and

unique solution to m,(z) =1 ify, >1

(3.7) Ty =
") if v, < L.
Then it holds that
T
(3.8) T, = Z"(R,) and R, = gn(;—n)’

see e.g. [18, Remarks 7.4 and 7.5]. The parameter 7, determines tilted weights
so that the offspring distribution of the associated Galton-Watson tree has
mean m,(r,) = 1, if possible. Otherwise the mean m,(7,) = v, < 1 is the
largest attainable. For these weights, we define their variance by

0'3 = 7,m'(7,).
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When p, > 0 we have the three cases:

(3.9) Dyy>1 My, =1 II)p,<1

in which the large simply generated trees have different properties. In case I),
the offspring distribution has finite exponential moments and the random trees,
rescaled by n~'/2, converge towards a multiple of Aldous’ Brownian CRT. In
case IT) the trees also converge towards the CRT when o, < oo but when
0, = 00 one needs to assume the regularity condition that the weights are in
the domain of attraction of an a-stable law, with « € (1,2]. In that case, the
trees, rescaled by n= (up to slowly varying functions), converge towards the
a-stable tree [13, 14]. Finally, in case III) there is no interesting scaling limit
[21] but there appears a unique vertex of degree (1—1,)n in the trees when they
become large. This phenomenon has been referred to as condensation [18, 19].
All the three cases above will be relevant when we consider the scaling limits
of the Halin-like maps.

It is also possible to define modified simply generated trees which corre-
spond to Galton-Watson trees distributed by GW™" conditioned on having
n vertices, denoted by GW"? . First assume that n and 7 are sequences of
non-negative weights, not necessarily probabilities. Define the weight of a tree
T by

(3.10) no(T) = no(outr(@)) [ nloutr(u)),
uweT\{o}
the partition function
Zha="Y na(T)
TeTy

the generating series

2 =S )= )
n=1 n=0

and denote their radii of convergence by Ry, and pg, respectively. A modified
simply generated tree with weights 1 and 7y is a random tree chosen with
probability proportional to its weight 7y. The tilting in (3.4) may be applied
simultaneously to n and 1y without changing the distribution. We will, unless
otherwise stated, assume that p is given by (1.2) from which it follows that

Pzm = Pn-
We now have the pair of equations (3.6) and

(3.11) Z5(2) = 295(27(2))
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which immediately yields that Ry, = R, since pg, = p,. We will still con-
sider the three cases given by the criteria in (3.9) when we study the modified
Galton-Watson trees. Note that these criteria do not depend on the probabil-
ities 7gy.

3.1. Random non-crossing trees as modified Galton-Watson trees. — We
will now explain how random non-crossing trees are related to the modified
Galton-Watson trees distributed by GW**? and then we will present some
results which show that these trees are in many aspects very close to GW#
trees. We start by stating the following result which is due to Kortchemski
and Marzouk, in the context of non-crossing trees.

THEOREM 3.1 (KORTCHEMSKI & MARZOUK, THEOREM 18 [22])
Assume that condition (C*) holds. Then

S(du(Hy") £ GWhte

where p and pig are probability measures defined by (1.2) and (1.3), ¢, denotes

the bijection in Lemma (2.2) and S maps a non-crossing tree to its shape.

The proof follows from the fact that H¥* is a face weighted dissection and
the outdegrees in ¢, (HY*) are related to the face degrees in H** by Lemma
2.2.

The next lemma is analogous to [22, Proposition 23] which applies in the
case when g is critical and is in the domain of attraction of a stable law with
index « € (1, 2], which belongs to cases I and IT in (3.9). The current version
shows that a similar result holds when v, < 1 which belongs to case III in
(3.9). These results both show that when the two type trees GW### are large,
the degree of the root converges towards a finite random variable and that
exactly one of the subtrees attached to the root has mass M, = n — o(1)
with high probability. In particular, this large subtree, conditionally on M,
behaves as a single type GWY, tree. This allows us to conclude that many of
the asymptotic properties of the two type trees are the same as those of the
single type trees. In particular, when v, < 1, condensation will occur in the
largest subtree of the root (but not at the root itself).

Let N, denote the degree of the root and M,, denote the size of the largest
subtree of the root in a random tree distributed by GW**2. TLet N be a
random variable with distribution

kg (k)

ZjZI Jhe())

for k > 1. Let (7;)i>0 be a sequence of independent trees distributed as GW*.

PN =k) =

When g is critical or subcritical, |7;| is a.s. finite.
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LEMMA 3.2. — Fiz o > 1 and let
(3.12) (k) = L(k)k~>!
be probabilities with mean m = v, < 1 where L is slowly varying. Let ug be
the probabilities related to p via (1.2)and (1.3). Then
N, N

n—oo

and
@ =
n—1-— Mn n~>oo; Z ‘Tl‘
i=1

Proof. — This can be shown with direct but somewhat lengthy calculations
but instead we use a recent general result by Stufler on Gibbs-partitions with
a critical composition scheme [32, Theorem 3.11, (i)]. We consider Equation
(3.11) (with n replaced by 1) as such a composition scheme where Z5, g5 and
Z# correspond respectively to U, V and W in [32]. In order to satisfy the
requirements of this theorem, it suffices to have

(3.13) 9o (Z2"(Ry)) < oo,

(3.14) Pu = Z“(Ru)7

(3.15) 1o (k) = ng(k)k’(“”)p;k and
(3.16) Zh = pula(n)R ™ ((1 - Vu)n)f(a“)

for slowly varying functions L; and L,. First note that ps, = p, = 1 and by
(1.2) and (1.3) it holds that

po(k) ~ SL(k)E2,

Therefore (3.15) holds with Li(k) ~ L(k) as k — co. Since v, < 1 we are in
case III in (3.9) and therefore (3.14) holds which further gives Z*(R,) = 1.
Equation (3.13) then reads gJ;(1) < oo which holds due to (3.15). Finally,
Equation (3.16) follows from [21, Equation 14] with Ls(n) ~ L(n) as n — oo.

OJ

3.2. Random non-crossing outerplanar maps as random enriched trees. —
Recall the definition SD,, of the finite sequences of NCDs in Section 2.3. Let
w = (w(k) : k > 2) be a weight sequence and assume p is related to w through
Equation (1.2). Let S € SD,, and define its weight as

W(S)= [ w(deg(f))
T
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and the normalization by
Zim= W)
5'€SDy,
with the convention that Z{"*** = 1. Let SD,’ be the random element in SD,,
distributed by W (-)/Z#=*9. Define the generating function

ZhsA(2) = i Zsedzm,
n=0
The next result shows how we may construct a random non-crossing outer-
planar map by viewing it as an enriched tree. The statement is essentially
the same as in Lemma 4.2 in [29], taking into account that the dissections are
non-crossing in the current case. The proof follows directly from the represen-
tation of the NCO as a tree decorated by finite sequences of NCDs, explained

in Section 2.3.

LEMMA 3.3. — Assume that condition (C#) holds. Let T" be an n-simply
generated tree, where n(j) = Z** for all j > 0. Conditionally on T, for

each vertex w € T, sample B independently according to the distribution of
SDy Then

out(u)*

HEF L (T, (B )uern)-

In order to apply Lemma 3.2 to the study of scaling limits we need to
understand how the weights w affect the behaviour of 8% and 7,7 for n large.
Each element in the finite sequence Sy is a NCD which has a NCT as its
weak dual. Thus, the possible cases which we consider for the weights w will
still be of the form given in (3.9) (in our case, u has the role of 7 in (3.9).
We then find the following cases for the weights 1 according to the choice of
u (or equivalently w). We note that this result is analogous to the one for
outerplanar maps obtained in [31, Lemma 2.62], but in the current case the
dissections are non-crossing. The proof will be very similar but we include it
for completeness.

LEMMA 3.4. — Let p and pg be defined as in (1.2) and n(j) = Z;"*, j > 0.
It holds that

00 if v,>1,
Uy = § 00 if 0<v, <1, p,>1,
A —v, .
W if 0<y, <1, p,<1
where
g@(pu) (gz)l(pu)
Ay=p and B, =p
g ng(/)u) : : qu(pu)
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Proof. — By Lemma 3.3 we may write
(3.17) 27(2) = 2g"(27(2))
with
1
1 Nz) = Z(2) = ———-
(318) 9'(:) = 2(2) = 1=

The second equality follows from a standard argument (see e.g. [31]) which
relates the generating function of the partition function for finite sequences of
NCTs to the generating function of the partion function for NCTs. It follows
that

(3.19) pp =min{R,, y}
where y is the unique solution to Z5(y) = 1. Recall that

vy = lim m,(z)

z,/\pn
where
_wlg"' (@) _ w(ZE) (%) ey NSz ()
(3200 mye) = = TE = 7oy = 228 >;<z@< )"

Differentiating (3.6) and (3.11) we get
(2")(x) = g"(2"(x)) + x(g") (2"(2))(2")'(x)
(28)'(x) = gu(2"(2)) + 2(95)"(2"(x))(2") ()
which solved together for (Z5)(x) yields

i — oz o T (@) (24(@)

We first assume that v, > 1 and show that v, = co. By (3.20), we may

view m,(z) as a power series in x with positive coefficent whose radius of

convergence equals
r=min{R,, y} = p,

where y is the unique value such that Z5(y) = 1. It is therefore sufficient to
show that m,(p,) = co. Since v, > 1 then by (3.7) there is a 7, < p, = pg,
such that m,(7,) = 1 and we also recall the relations (3.8) which state that
T, = Z*(R,) and R, = 7,/¢*(7,). Thus,

Ru(gg)/(Tu)gu(Tu)
1= Ry(g*)(Tu)
T#(Qg)/(Tu)

/J‘ —_— =
g@(T/l,) + 1 _ mu(T#) o0

(25)' (Ry)

gg(Tu) +

From this, (3.19) and (3.20) it follows that m,(p,) = oo.
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Next, assume that 0 < v, < 1. Then by (3.7) 7, = p,. Firstly, if p, > 1
then Z*(R,) = 7, > 1 and therefore there is a y < R, such that Z¥(y) = 1.
Thus p, = y and we see immediately from (3.20) that m,(p,) = oo and thus
v, = oo. Finally, if p, < 1 then p, = R, and we get from (3.11), (3.20) and
(3.21) that

R.(25)'(R,.)
vy = my(p,) = my(R,) = ———K
n n\Fn n H 1— Zlg(R‘u,)
T Ky T
|+ R
gt T, _ 95 ()
9"(7) 1 Tt gin(ra)
The result follows by recalling that 7, = p, in the current case. O

REMARK 3.5. — If u = pg then A, = p, and B, = v, and we recover the

formula in [31].

4. Proofs of the limit theorems

In this section we provide more details for the proofs of Theorems 1.1 -
1.4. In each case we show how existing techniques may be adapted to the
current situation. In the first three subsections we introduce some important
definitions. Firstly, we introduce the Lukasiewicz path of a tree which is a
central object in the proofs, secondly we define the notion of a discrete looptree

and finally we recall the definition of the Gromov-Hausdorff metric.

4.1. Lukasiewicz path. — Let 7' be a plane tree whose vertices are listed in
depth first-search-order(or lexicographical order), @ = v(0) < v(1) < ... <
v(|T| — 1). The Lukasiewicz path W(T) = (W;(T),0 < j < |T|) is defined by
Wo(T) := 0 and

j—1

WH(T) == 3" (out(v()) - 1)

i=0
for 1 < j < |T|). Figure 7 gives an example of a tree encoded by a Lukasiewicz
path. W is viewed as a cadlag function (right continuous with left limits) by
assuming it is constant in between successive integers. It may be seen that
W;(T) >0 for 0 < j < |T| -1, but W (T) = —1.

Consider a sequence (7,,) distributed by GW4. If 4 is in the domain of
attraction of a stable law with index a € (1,2), then

1
(4.1) (bWW (Ta);0 <t < 1) D, xemeo

n—00

where X *“* is an excursion of an a-stable spectrally positive Lévy process (see
[13, 14]). Background information on Lévy process can be found in [5] and for
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T 4 e—e—o —
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Figure 7. A tree encoded by a Lukasiewicz path.

more details, see [12]. This process lives on the Skorokhod space D([0,1],R)

of real valued cadlag functions.

4.2. Discrete looptrees. — A discrete looptree is constructed on the vertex
set of a plane tree, T as follows: For each vertex v of outdegree k > 1, add
the edges {v,v1} and {v,vk} (with repetition if & = 1), and add the edges
{vi,v(i+ 1)}, for i = 1,...,k — 1. See Fig. 1 for an illustration. We denote
the associated looptree by Loop(T). Loop(T) will be viewed as a metric space
equipped with the graph distance as its metric (each edge with length one).

4.3. The Gromov-Hausdorff topology. — Let (E1,d;),(Es,d2) be two com-
pact metric spaces. The Gromov-Hausdorff distance between E; and Fj; is

den(Ey, Ey) = inf —dig,, (p1(E1), pa2(E2))
(E,d) metric space
Apl:El—)E
wo2:Ea—E
where @1 and @9 are isometries. Recall that the Hausdorff distance between

two compact subsets, K and K’ of the metric space E is

df (K, K'Y =inf{e >0 : K C K/andK' C K.}

Hau

where K. denotes the e-neighborhood of K. An equivalent definition of the
Gromov-Hausdorff distance involves correspondences. A correspondence be-
tween two metric spaces, (Ey,d;) and (Es, dy) is a subset R of Ey x E such
that for every x; € FEj, there exists at least one point zo € Es such that
(z1,22) € R and conversely for every ys € Es, there exists at least one point
y1 € Ey such that (y1,y2) € R. The distortion of the correspondence R is
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defined by

dis(R) = sup{|di(z1,y1) — da(m2, y2)| : (w1, 22), (v1,y2) € R}.

The Gromov-Hausdorff distance can be written in term of correspondences by

the formula,
1
den(£r, Ep) = 5 inf{dis(R)}
where the infimum is over all correspondences R between E; and Fy. We refer

the reader to [9] for details about this metric.

Let (X, d) be a compact metric and denote the diameter of X by diam,(X).
We will often suppress d from the notation if it is the intrinsic metric or graph
metric on X. If G is a graph we denote the vertex set of G by Vg (or sometimes
by G) and the graph metric on Vg by dg. The following result will be used

repeatedly and its proof is included for completeness.

LEMMA 4.1. — Let G be a graph and H and H be subgraphs of G such that
G=HUH and HN H = ¢ is a single edge e = {vy,vs} (with the possibility
that v1 = ve). Then

dGH((Vg, d(;), (VH, dH)) S diade(Vg)A

Proof. — The identity map on Vg maps (Vy,dy) isometrically to (Va,dg)
since H N H is a single edge. Therefore

dGH((VGvdG)v (VH7dH)) S dgau(VG7VH) = inf{g 2 0 : VG g (VH)E}

= max maxdg(v,w) < diamg(Vg).
ve{vi,v2} weVy

4.4. Proof of Theorem 1.1. — We rely on the Markov-chain argument estab-
lished in [11]. This argument involves introducing many new concepts and
instead of repeating all their definitions here, we aim to point out how our
case is different and in which way that modifies the result.

Let 7,* = ¢(HY™) be the weak dual of H¥* and choose p and ug as in (1.2)
such that they are probability measures satisfying the assumptions of Theorem
1.1. By Theorem 3.1, the shape S(7,") is distributed as GW###. Recall that
T.>* denotes the augmented tree obtained by attaching leaves by an edge
to each corner of 7*. In [11], the setup is similar, they consider a random
face weighted dissection D¥, (not necessarily non-crossing), whose augmented
weak dual ’f;{‘*' = ¢(DH)* is distributed as a planted GW* tree conditioned
on having n leaves. The difference to our case is thus only that we consider an

augmented, modified (u, 1z)-Galton-Watson tree instead of a planted normal
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p-Galton-Watson tree and we condition on the number of vertices instead of
the number of leaves.
Kortchemski and Marzouk [22, Theorem 21 and Remark 26] showed that

d
n—l/? . 7;lw i_)> Ctree(ﬂ) - Te

with Ceree(pt) 1= 20;1. This is the same as Aldous’ well-known result but for
the modified Galton-Watson tree GW£#2. Since

deu(T,", T,"%) <1
one obtains similarly that
(4.2) w2 T L () T

We note that the constant cyee(pt) is different from the one in [11] which is
only due to the fact that they condition on the number of leaves.

The key argument in [11] involves showing how geodesics in a dissection D
may be found from geodesics in the corresponding augmented weak dual tree
Te = ¢(D)* by an iterative local construction. This comparison of geodesics
works deterministically but is then applied to the random objects. The first
comparison is made on the local limits of the two objects so we start by de-
scribing the local limit in the current case.

First, define the size-biased distributions

p(k) = ku(k),  k>1
and

kpg (k)

(k) = - < k> 1.
#o(k) 2321]#@(])

Then define an infinite tree 7% as follows. Let (W, Ws,...) be an infinite
path, often referred to as a spine. The vertex W; has offspring according to
1y, one of which is chosen uniformly at random to be W;. Each W;, 7 > 2
has independently offspring according to u*, one of which is chosen uniformly
at random to be Wj;. From each of the offspring, excluding Wi, Ws, ..., we
grow independent GW* trees, see Fig. 8.

The augmented infinite tree 72* is obtained by first sampling 7% and then
independently for each vertex different from W7, a corner is sampled uniformly
and a new leaf attached to it by an edge. A leaf, denoted by Wy, is also attached
to W1 at the corner which is counter-clockwise from the root-edge. This last
step is what is referred to as planting in [11].

Let k& > 0 be an integer and denote by [T];, the subtree of T' consisting of its

first k generations. By a minor adjustment of standard arguments concerning
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Wo Wy
3 -
Hg

Figure 8. The tree 7. Its augmentation 7"* is depicted by blue
edges and star-shaped vertices.

local limits (see e.g. [18, Theorem 7.1]), it holds that

(7% 2 [725%)s.

n
n—oo

There is a corresponding infinite dual dissection H2*, and we denote the edges

in that dissection which are dual to (Wi, Wiy1) by e; = (e, e), i > 0 where

ek (resp. ef) denotes the vertex to the left (resp. right) of the spine.
Consider the random sequence (S,,),>0 defined by

Sy = min{d*(e(l{’ 65), d*(60L7 ef)}

where d* denotes the graph distance in H%*. The process (S,,),>0 provides
information on distances between points in the dissection, as a function of the
number of steps n taken along the spine in the tree. In order to find the value
Sy, a geodesic whose length is S, is constructed step by step. This geodesic has
to go through either el or ef for each i > 0. Assuming we have constructed

the first 7 steps, in order to construct the next one we need to know whether
R

we went through e or ef or whether it is still undecided. The information on
this position is stored in a variable P; (position) which takes one of the three
values: L (left), R (right) or U (undecided). We refer to [11, Section 2.2] for
the precise description.

Let Xo =0, X, = S5, — Sn,_1, n > 1 denote the increments of S,,. It is
shown in [11] that (X, P,)n>0 is a Markov-chain whose transition probabilities
only depend on the value of P,. The sequence (Sy, P,)n>0 is called a Markov
additive process with driving chain (P,),>. Step i of the chain can be found by
comparing the number of children of W; to the left and to the right of the spine,
including the additional leaf added in the augmentation. Denote the number
of children of W, .1 in 7»* which lie to the left (resp. right) of the spine by by

G, (resp. D,,), and the total number of its children by Cpy1 = G, + D,, + 1.
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By comparing with the transition probabilities in [11, pages 11-12] we find
that
P(Xps1 =i, Pups = R | Py = R) = P(Gy, > i, Dy, = i)
P(Xps1 =10, P =L | P =R)=DP(

(Xnp1 =4, =U|P,=R)=P(G,=4i,D,=1i-1)
PXpp1 =1, P =R|[ P, =U)=DP(
P(Xpp1 =4, P =U| P, =U) (

By symmetry between left and right, the first four lines also give the transition
probabilities when L and R switch roles.
Recall that C,,,1 = G,, + D,, + 1, and that for n > 1

and by symmetry between left and right
. . . . 1 .
P(Gp=i|Crp1=3)=P(Dp=i|Cpp1=j) = Eﬂ{oslgjfl}'

From this we can find formulas for the transition probabilities in terms of u. For
easier notation, define y(j) = ju(j)/(j + 1) and for any A C Z, = {0,1,...},

and any i € Z, let
=>9()  and () =D _7())

JEA Jj=i
Then we find for example that
P(Gn >i,Dy =i) =Y P(Gy >i,Dp=1i| Cop1 — 1= j)P(Crps — 1 = j)

=1
= ZP(Dn =i | Copr = j+ D (j)
§>2i
= Z = 5(2i)
]>21

and with similar calculations we get

P(Gy >i+1,D, =i— 1) =75(20)1{i > 1},
P(Gy =i, Dy =i — 1) = 7(2i — 1)1{i > 1},
P(G, >i+1,D, =i) = 7(2i + 1),

P(G, =i, Dp = i) = 7(20).

Note that these formulas only hold for n > 1 since the degree distribution
of W is different from the others. However, the first step X; does not affect

the asymptotic behaviour of S, and therefore we leave out the details.
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Because of symmetry between left and right we proceed as in [11] and say

that a state P, is determined, denoted by P, = D if and only if P, € {L, R}.
Then

]P( n+1—ZPn+1 D|P7L_D

7(2i) +7(2)1{i > 1}
(2i

)
]P( 7l+1:i7P7L+1:U|Pn_ ):’Y _1)11{121}
]P( n+l — i: Pn+1 D | P!L - U) ’7(27’ + 1)
]P( n+l = Z.af)’rhtl U | Pn = U) ’Y( )

By summing over ¢ in the above formulas we find the transition probabilites
of the driving chain (P,),>o to be

P(Pyy1 =U| P, =D)=v(2Zy +1) =1-P(Pyy, =D | P, = D)
P(Pasi = U | Pa=U) = 4(22,) = 1 = P(Pasy = D | P, = U).
This allows us to find the stationary state of the driving chain

ez ez
(D) = — (7)) +v(2Z4 + 1) n(U) = 1—~(2Z4) +~(2Z+ + 1)

as long as y(2Z; + 1) > 0. The constant cgeo(pt) appearing in Theorem 1.1
may now be calculated by finding the expected value of the step distribution
X, for n > 2, when the driving chain is in its stationary state. Using this,
along with (4.2), allows us to complete the proof. However, we require a few
additional technical details which are the same, mutatis mutandis, as in [11,

pages 12-18] so we leave out the details. We therefore conclude by calculating

Cgeoli) = Bn(X5) = S iP(Xp =i | Py = D)r(D) +iP(X, = i | Py = U)m(U)

i>0

1
T T—(2Zy) + o 2Z++1)<(Z” (20) + 32720 = 1) (1 = (22.)

i>1

+ (Z 7RI+ 1)+ ﬁ(zz'))y(22+ + 1)).

i>0 i>0



ON SCALING LIMITS OF RANDOM HALIN-LIKE MAPS

By swapping the sum over i and the sum appearing in 7 in each term we find
that

po oo () () [ (5] )

i>1 i>1 >1
7727 ( iG+1)+ = ]l{jodd})
j>1
**ZJM + VQZ++)
7>1
or+ 147022y +1)

4

and similarly

(ZW(% +1)+ Zi’_y(Qi)) _ 0t 1—7(Z4) -1 (224 + 1)

‘ ; 4
>0 >0

which finally yields

1, 2122y +1)(1 - 21(2) >
Coeolpt) == |0, +1+
wlt) = (o241 T s o
0
4.5. Proof of Theorem 1.2. — The following invariance theorem gives a suffi-

cient condition on a sequence of random plane trees (7,,),>1 that ensures that
the associated looptrees, (Loop(7,))n>1 appropriately rescaled, converge to-
wards the a-stable looptree £,. Informally, one can view the a-stable looptree
L., as "Loop(7,)”, where T, is the a-stable tree mentioned in the introduction.
The precise definition requires more work and we refer to [12, Sec. 2| for the
details of the construction.

THEOREM 4.2 (CURIEN & KORTCHEMSKI, [12]). — Let (7,)n>1 be a se-
quence of random trees such that there exists a sequence (b,)n>0 of positive

real numbers satisfying

(i) (Wi (7); 0 < £ < 1) =2y oo,

(i1) EHeight(Tn) m 0
where the first convergence holds in distribution for the Skorokhod topology on
D([0,1],R) and the second convergence holds in probability. Then the conver-

gence

- Loop(7y,) @, L,

bn n—00

holds in distribution for the Gromov-Hausdorff topology.
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Let p and pg be given by (1.2) and chosen such that they are probability
measures satisfying the assumptions of Theorem 1.2. First of all, we apply this
invariance principle to 7, = S(¢,(HY*)), the shape of the weak dual of H¥*
which by Proposition 3.1 is distributed as GWA*#2. Condition (i) is satisfied for
T by [22, Theorem 21] whose proof involves comparing GW##? with GW,
and using that (i) holds for the latter by standard results [13]. Property (ii)
holds since the height of 7 is of order n/b,, and that b, is regularly varying
with index a < 2. The former statement follows again from comparing GWh*##
with GW# | see the discussion in [22, Remark 26]. We therefore have

n’

1
= Loop(T;") s L.
by, n—oo

Finally, we can bound the Gromov—Hausdorff distance between Loop(7,*) and
HY*. By [12, Equation (4.10)] it holds deterministically (by a short argument)
that the Gromov-Hausdorff distance between a dissection and the looptree of
its weak dual tree is roughly bounded by its height. More precisely we have

1 1 .

b—dGH(’H;‘l”*, Loop(T,")) < = (Height(7,°) +2) .
The expression on the right hand side converges to 0 in probability since 7T
satisfies (ii) in Theorem 4.2, which concludes the proof.

O

4.6. Proof of Theorem 1.3. — Recall that the random NCO can in this case
be sampled as described in Lemma 3.3. An underlying tree is first sampled
according to branching weights 7 given by n(j) = Z;"**. Each vertex of the
underlying tree is then replaced by an i.i.d. copy of a finite sequence of w-face
weighted dissections of the appropriate size. If the conditions in Theorem 1.3
are satisfied then, by Lemma 3.4, v, > 1 which means that we are in case I)
in (3.9). This means that the branching weights 7 of the underlying tree have
a finite exponential moment, a condition which is referred to as Ia) in [31]. In
addition, some very mild conditions on the decorations [31, Conditions 1,2 and
3, page 83] are required which is easy to verify in the current case. We may
then apply [31, Theorem 6.60] which completes the proof.

O

4.7. Proof of Theorem 1.4. — As in the previous subsection we rely on the
description of the NCO as a decorated tree. In order to prove the theorem we
apply the recent general invariance principle for decorated stable trees given in
[28, Theorem 5.1]. In order to apply this result we need to show that Conditions
D1, D2, T1, T2 and B1 in [28, Section 3.1] are satisfied (the other conditions
stated there are only needed when measures are also considered). Since their
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statements are lengthy and require the introduction of more notation we will
let it suffice to refer to them here. In the current case it trivially holds that

(4.3) diam(SDY) < n/2.

Denote the circle of unit circumference by C*. Then by definition
(4.4) diam(C") = 1/2.

It will be sufficient to prove the two lemmas

LEMMA 4.3. — The weights 1 of the underlying tree are equivalent, in the
sense of (3.4), to a probability measure 1) which is critical and belongs to the
domain of attraction of an a-stable law, « € (1,2). In particular,

i) ~ LG (1 = i)

where L is the same slowly varying function as in (3.12).

LEMMA 4.4. — The following convergence holds in distribution in the
Gromov-Hausdorff sense

nt-8SDY - (1—-wv,)-C"

Lemma 4.3 implies that T1 and T2 hold and along with (4.3) it further
implies that condition B1 holds (see [28, Proposition 3.2 with v = 1 and
Section 3.3]). Lemma 4.4 implies that D1 holds and along with (4.4) it further
implies that D2 holds.

These Lemmas give a rough idea for the validity of Theorem 1.4. By Lemma
4.3, it holds that
g”(r)BH

mL(j)((l —v)g) !

(7, 00) ~
and therefore 7] belongs to the domain of attraction of a stable law with index
a. Thus, the finite underlying tree will converge towards an a-stable tree once
rescaled by

C = (a|T(=a)|)*inf{z >0 : H(z,00) < 1/n}
N(WPMWM&
(1 =wu)(1 = Ay

see e.g. [29, Proof of Lemma 5.1] for similar calculations. By Lemma 4.4, a

1/a
) (1= v) (L)) e,

typical large decoration converges towards a circle of circumference 1 — v,.
Hence, up to some technical details which are taken care of in the other condi-
tions, the decorated tree converges towards a multiple (1 — v,) of an a-stable
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looptree. Combining these results gives the correct scaling of distances in the
decorated trees in the theorem

e =(1—-1v,)C,.

Proof of Lemma /.5. — Define the probability measure

1,5€q P
Z j Ru

n(j) = Zusea(R,)

which is a tilt of n(j) = Z;"**. The conditions of the Theorem state that u
satisfies v, < 1 and
(k) = Lk
with a € (1,2), r = p, and L slowly varying, and that
A1 —v,)+ puBy

0 A)(-v)
In this case it holds that
9ga(r)
(4.5) ZHR,) =r=p, <1 and ZE(R,) = Tg”(r) =A,<1

In the following, we will use the notation [27] {Z] 0 Un? } = a;. Recall the
expression (3.16) for Z¥ = [2"]{Z*(2)}. By (3.11) we have

[1{25(2)} = [~ {g5(2"(2))}
~ (98) (p) [ 1{2"(2)} = B, B[] {2"(2)}

where we used [16, Theorem 4.30] in the second last step. In the same way,
we find that

i) = 29 = (1) = s |

1 j ;
~ Tl NEE)
B, _ji—1 m
~ m[‘ {2"(2)}
(4.6) ~ LR (1= )

where in the last step we used [2/7']Z#(2) = Z}' | and (3.16). Then

"By : a1 _ 9"(r)By N
mﬂj)((l = vu)) =1 )L( D1 = v)7)

(5) ~
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which shows that 7 is in the domain of attraction of a stable law with index
«. Finally, we calculate using (3.21),

Z]TA}(]) — RH(ZMS&(])/(RH) _ Rl’« <gg(r) + T(gg)%T‘))

g Zwsea(R) 11— A, 1—u,
_ Ayl —w,) + 7B, -1
(1-A)1—v,)
which shows that 7 is critical. 0
Proof of Lemma 4.4. — Since v, < 1, the decorations, consisting of a finite

sequence of NCDs, are in a so-called condensation phase, see e.g. [18, 19, 21].
This means that exactly one face, call it fiax, will have a size close to (1 —v,)n
where n is the total size of the NCDs in the sequence, and all other faces are
uniformly small. The geometry of a large NCD may then be shown to be close

to that of a circle, see Fig. 9. We now make this more precise.

SDY

Q

Figure 9. The figure demonstrates how one may show in three steps
that SD}! is close to the circle graph fmax of size approximately (1—v,)n,
in the Gromov-Hausdorff sense. The shaded regions represent small

dissections.

Denote the largest element of the finite sequence SDY by D} (in case of
a tie, let it be the first largest one) and let D! denote the remaining part.
Denote the root face of D} by f;. One may decompose D} into the face f; and
a number of sub-dissections which have an edge in common with fy. Denote
the largest such sub-dissection by D2 (in case of a tie, choose e.g. the first one
in a clockwise order) and denote the remaining part by D2. Denote the face
in D2 of largest degree by fmax. By abuse of notation we also let fuax denote
the circle graph consisting of the edges on the boundary of f,.x. We will show
that 8D is close to fumax by going through the two intermediate dissections
D! and D2, see Fig. 9. Since deg( fmax) is with high probability of size close to
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(1 — v,)n this will conclude the proof. More precisely we will show that

(4.7) nt - den(SDY, DY)~y 0,

n—oo

(4.8) n~t - dar(DL, D2) —2s 0,

n—oo

(4.9) n - da(D?, fame) —2+ 0 and

n—oo

(P) 0

(4.10) dea(n™+ fuax, (1 — 1) - C")
n—oo
and the result then follows from the triangle inequality.

We start by proving (4.7). By Lemma 4.1
(4.11) deu(SDY, D;) < diam(D,,) < |D,|,

where |G| denotes the number of vertices in the graph G. Since Z5(R,) < 1, it
follows from (3.18) and a general result on Gibbs-partitions with a subcritical
composition scheme [30, Theorem 3.1] that |D}| converges in total variation
towards a finite random variable which by (4.11) concludes the proof of (4.7).

It also follows that % — 1 in probability.
By Lemma 4.1
(4.12) deu(D;, DZ) < diam(D?2) < |D2|.

Let /i denote the probability distribution with mean v, obtained by tilting the
weights p and choose [ig by simultaneously tilting p4 according to (1.2). Again,
using [30, Theorem 3.1] it holds that conditionally on |D}|, D} is distributed
as a w-weighted NCD and thus the shape of its weak dual is distributed as
GW“gﬁ’ . Therefore, since % — 1 in probability, it holds by Lemma 3.2 that
|D?| converges towards a finite random variable when n — oo which along
with (4.12) proves (4.8). It also follows that IDT%‘ — 1 in probability.
Applying Lemma 3.2 again allows us to conclude that conditionally on |D?| |
D2 is distributed like a NCD whose weak dual has a shape which is a one type
Galton-Watson tree GW‘[LD%J.
the dissections which share an edge with this face. Denote these dissections by

Let us now decompose D? into the face fiax and

(&)?igl(f"“”‘) in clockwise order from the edge which belonged to fy, see Fig. 9.

By a straigtforward generalization of Lemma 4.1
dan (D2, fumax) < max{diam(&;) : 1 <i < deg(fuma)}
(4.13) <max{|&| : 1 <i < deg(fmax)}-

It follows from the bijection with trees and the fact that v, < 1 that there is

a slowly varying sequence (L,),>1 such that

(414) max{|€,\ 1< < deg(fmax)} — Op(znnl/u)’
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and
(4.15) deg(fmax) = (1 — Vp)n + Op(i/nnl/a)

see [21, Theorem 1 and Corollary 1], where we have used |D%|/n — 1 in
probability to replace |D2| by n. The estimates (4.13) and (4.15) prove (4.9).

Finally we prove (4.10). We construct a correspondence between fiax and
C! by dividing the latter into deg( fmax) number of arcs of equal length and
letting subsequent points of fuax correspond to subsequent arcs of C'. By
bounding its distortion we find that

deg( fmax)

dGH(n_l : fmaxa (]- - V,u) : Cl) S n

— (1= v,)| + O(deg(fumax) ") = 0
in probability as n — oo by (4.15) which proves (4.10).
O
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THE SCALING LIMIT OF RANDOM 2-CONNECTED
SERIES-PARALLEL MAPS
by
Daniel Amankwah, Jakob Bjornberg, Sigurdur Orn Stefinsson,
Benedikt Stufler & Joonas Turunen

Abstract. — A finite graph embedded in the plane is called a series-parallel
map if it can be obtained from a finite tree by repeatedly subdividing and
doubling edges. We study the scaling limit of weighted random two-connected
series-parallel maps with n edges and show that under some integrability con-
ditions on these weights, the maps with distances rescaled by a factor n~1/2
converge to a constant multiple of Aldous’ continuum random tree (CRT) in
the Gromov-Hausdorff sense. The proof relies on a bijection between a set of
trees with n leaves and a set of series-parallel maps with n edges, which en-
ables one to compare geodesics in the maps and in the corresponding trees via
a Markov chain argument introduced by Curien, Haas and Kortchemski (2015).

1. Introduction

A finite connected graph is called a series-parallel graph if it can be obtained
from a finite tree by repeatedly subdividing or doubling edges. It may equiv-
alently be characterized as a graph that does not contain the complete graph

(a) 13 edges.

(b) 102 edges. (c) 2352 edges.

Figure 1. A simulation of uniform 2-connected series-parallel maps
with different numbers of edges. The endpoints of the root edge are

represented by e and o.
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K4 as a minor. In this work we consider series-parallel maps, which are series-
parallel graphs embedded in the plane, viewed up to continuous deformations.

Specifically, we consider series-parallel maps which are two-connected, and
we are interested in their scaling limits. Without the condition of two-
connectivity, uniformly sampled series-parallel maps have Aldous’ continuum
random tree (CRT) as their scaling limit, as easily follows from a general
theorem of Stufler [18, Thm. 6.62]. More preciesely, uniform samples of such

~1/2 converge weakly in the

maps with n edges, and distances rescaled by n
Gromov—Hausdorff sense to a multiple of the CRT. The essence of the proof
lies in decomposing the map into two-connected components, or blocks, and
using a coupling with simply generated trees where each block of the map
corresponds to a vertex in the tree. As the tree scales at the order n'/2, and
since blocks are typically small, after rescaling distances by n~'/2 on average
each block contributes a constant length to the geodesic. Thus, the global
shape of the rescaled map is approximated by the tree, stretched by a constant
factor.

In this work, however, we would like to understand the structure of the blocks
themselves. Thus, we focus our attention on two-connected series-parallel
maps. These do not enjoy the same type of coupling to simply generated
trees and prove more difficult to handle. Our main result is that, nevertheless,
uniformly sampled two-connected series-parallel maps with n edges converge,
as n — oo with distances rescaled by n~'/2, to a multiple of the CRT. Figure
| shows simulations of these uniformly sampled maps and suggests that they
become tree-like with an increasing number of edges.

Analogous results have been established before for several tree-like random
maps, which can often be characterized through excluded minors. Most fun-
damental is the original result of Aldous, showing that uniform trees with n
edges converge to the CRT when rescaled by n~/2 [1, 2, 3]. Trees may be
characterized by not containing K3 as a minor. Other notable cases are vari-
ous classes of outerplanar graphs. A graph is called outerplanar if it may be
embedded in the plane so that every vertex lies on the boundary of the external
face; equivalently, they are graphs not containing K or the complete bipartite
graph K39 as minors. In [8], Caraceni established that uniformly sampled out-
erplanar maps (properly rescaled) converge to the CRT. Stufler [18] generalized
this result to a family of face-weighted outerplanar maps, using the aforemen-
tioned coupling with simply generated trees. Note that outerplanar maps are
series-parallel maps, since series-parallel maps have K, as an excluded minor,
and outerplanar maps further exclude K39 as a minor.

If one additionally imposes the condition of two-connectivity on outerplanar

maps, one obtains dissections of a polygon. Random, face weighted dissections
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of polygons were studied by Curien, Haas and Kortchemski [9] who showed,
under a suitable condition on the weights, that the scaling limit is a constant
multiple of the CRT. Their proof involves relating the dissections bijectively to
trees and using a clever Markov chain argument to compare lengths of geodesics
in the dissections and their corresponding trees.

One of the main aims of the above studies is to understand how universally
the CRT appears as a scaling limit for different models of random graphs or
maps. Note that planar maps themselves, given by excluding K5 and K33 as
minors, behave vastly differently. Uniform planar maps with n edges, when
rescaled by n~/* admit the so-called Brownian sphere as a scaling limit [4]

which is different from the CRT. See Table 1 for a summary of these results.

Map Excluded minors Diameter Scaling limit
Plane trees K nt/2 CRT
Outerplanar maps Ky, Ko 3 nl/2 CRT
Series-parallel maps K, nt/? CRT
Planar maps Ks, K33 nl/4 Brownian sphere

Table 1. Scaling limits of uniform maps with n edges characterized by

exclusion of minors.

The proof of our main scaling limit result follows the strategy developed
by Curien, Haas and Kortchemski for random dissections [9]. We use a bi-
jection with certain plane trees (see Section 2.3 for details), which enables us
to describe the distribution of the random maps with n edges in terms of a
Bienaymé-Galton-Watson (BGW) tree conditioned on having n leaves. We
then adapt the Markov chain argument from [9] for comparing geodesics in
the map and in the corresponding tree.

Moreover, the relation with BGW-trees allows us to consider a weighted
version of the random maps in a natural way by assigning a general offspring
distribution p to the BGW-trees. We will assume that this offspring distri-
bution is critical and that it has finite exponential moments (is light-tailed),
which includes the uniform distribution as a special case. The precise defini-
tion of the weighted series-parallel maps is given in Definition 2.2 in Section
2.6.

The version of CRT used in this work is the one constructed from a nor-
malised Brownian excursion e (see [13]) denoted by 7. Let SP# denote the
random, weighted, rooted, 2-connected series-parallel map with n non-root
edges corresponding to a critical offspring distribution p of a BGW-process
possessing finite exponential moments (see Definition 2.2). The following is

our main result:
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THEOREM 1.1. — There exists a constant c, > 0 such that
(SP¥, cn~Y?dsp, )~ (Te, dr)

in the Gromov—Hausdorff sense.
We also obtain optimal tail-bounds for the diameter D(SPY):

THEOREM 1.2. — There ezist constants C,c > 0 such that for all n and all
x>0
P(D(SP*) > x) < Cexp(—ca?/n).

REMARK 1.3. — We will consider other closely related classes of series-
parallel maps referred to as series-parallel networks, their definitions are given
in Subsection 2.1. The two previous theorems also apply to random weighted
series-parallel networks with the same scaling constant c,,.

2. Decomposing and sampling series-parallel maps

2.1. Rooted, two-connected series-parallel maps. — A planar map is a draw-
ing of a finite connected graph in the plane so that edges do not cross except
possibly at their endpoints, viewed up to orientation preserving homeomor-
phisms of the plane. A series-parallel (SP) map is a planar map which does
not contain the complete graph K, as a minor. The objects of interest in this
paper are two-connected SP-maps. Another way to describe them is to start
from a double edge and repeatedly subdivide or double edges.

We will assign a direction to one of the edges of the map and refer to it as the
root of the map. The root will be denoted by e = (¢, *1). For concreteness,
we draw the maps so that the root edge lies on the boundary of the unbounded
face and is directed in a clockwise manner along that face. See Fig. 2 (left) for

an example. Denote the set of rooted two-connected SP-maps with n > 1 non-

Figure 2. Left: An example of a rooted, two-connected SP-map. The
directed root edge is indicated by an arrow. Right: Its corresponding
labeled plane tree where o denotes the label P and e denotes the label
S.
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root edges by SP,, and the set of all such finite maps by SP = U,>1SP,,. We
deliberately leave out the map with the single root edge later on for notational
convenience .

In order to be able to describe a decomposition of the maps into series and
parallel components, we require two additional definitions. Let M € SP,, and
let M’ be the map obtained by removing the root edge from M, keeping the
endpoints *g, *; as marked vertices of M’. Define for all n > 2

S, ={M' | M € SP,,, M’ is not two-connected},
P.={M| M € SP,, M" is two-connected},
Also set
(2.1) S = Up>2Sn, P = Up>2Pu, and N=SuPuUe}.
The operation of removing or adding back the root edge defines a bijection
(2.2) Orap : SP = N,
see Fig. 3. We refer to the maps in N as series-parallel (SP) networks.

BB 03
J)

Figure 3. The root edge is removed from a rooted two-connected SP-
map. The resulting map is either two-connected (left) or it is not (right).

2.2. Plane trees and labels. — Recall the standard definition of the Ulam—
Harris tree: set U = (J;o,N", where N = {1,2,3,...} and N° = {@} by
convention. If u = w!,...,u™ and v = v',...,v" are elements of U, we write

the concatenation of v and v as wv = u!, ..., u™, o' v,

5 PIIRI

DEFINITION 2.1. — A plane tree T is a finite or infinite subset of U such that
1. €T,
2. ifveT and v =uj for some j € N thenu € T.
3. for every u € T, there exists an integer outr(u) > 0 (the outdegree or
number of children of u) such that for every j € N, uj € T if and only if
1 < j < outy(u).

The element @ € U is called the root vertez and the pair {@, 1} is called the
root edge. One may view plane trees as planar maps with a directed root edge
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which do not contain a cycle. A vertex of outdegree 0 is called a leaf and an
edge incident to a leaf is called a leaf edge. The trivial tree consisting only of
the root vertex @, which is then a leaf, will be denoted by e.

We denote by T the set of finite plane trees which have no vertices of out-
degree 1, and by 7,, C T the set of such trees with n > 1 leaves. We will apply
labels S and P to the trees in T (related to the series and parallel decomposi-
tions of maps). We use the notation S = P and P = S when we need to swap
labels. If (T,¢) € T x {S, P} and T # e we say that T is labeled by ¢ and
we assign the label £ to vertices in every even generation and £ to vertices in
every odd generation. In the case when T' = e we take (e, P) and (e,.5) to be
equivalent and simply denote them by e and say that e is neither labeled by
P nor S. Define TP = (T \{e}) x {P} and TS = (T \ {e}) x {S} as the sets
of nontrivial trees labeled by P and S, respectively, and let

(2.3) TN :=TPUTSU{e}.

The corresponding sets of trees with n leaves are denoted using the lower index
n.

Next define 7* C T as the set of trees in 7 such that the leftmost child of
the root is a leaf, and let 7" denote the set of such trees with n + 1 leaves
(i.e. n leaves not counting the leftmost child of the root). A tree T' € T* is
commonly called a planted tree. We take trees in T* to be labelled so that
vertices in even generations have label P and vertices in odd generations have
label S. There is a useful bijection

(24) aTroc : T* — TN

which is described as follows. Let T' € 7. If the outdegree of the root in T’
is strictly greater that 2, remove the leftmost child of the root (along with the
edge adjacent to it). Note that the resulting tree is still labeled by P, so this
yields an element in TP,. If the outdegree of the root in T equals 2, then
remove the root and its leftmost child along with their adjacent edges. The
resulting tree is labeled by S and is thus an element in 7'S,,, see Fig. 4. In the
case when T has exactly 1 leaf, let Oryeel = o.

@/8Tree \@/ y 8Tree \}/

Figure 4. The removal of the first child of the root. Here, the vertices
o correspond to label P and the vertices e to label S.
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2.3. Bijection between SP-maps and labeled trees. — Both SP-networks A
(2.1) and labelled trees TN (2.3) may be described in the language of combi-
natorial species [19]. This provides a natural framework for defining bijections
0 : TN = N and ¢* : T* — SP, as we now describe.

First, an element of A is either the single edge e = (%, *;), or a parallel

network or a series network:
(2.5) N=e+P+S.

The elements of P are called parallel networks and are constructed from a
parallel composition of at least two non-parallel networks:

(2.6) P= SEsz(N —-P)

where the combinatorial species SEQ, are the linear orders of length greater
than or equal to two. The elements of S are called series networks and are

constructed from a series composition of at least two non-series networks:
(2.7) S= SEQZQ(N -38).

The single edge network is treated seperately in the above definitions since it
is in some sense neither series nor parallel.

Similarly, a tree from TN is either the unlabeled single leaf e or a tree
labeled by P or a tree labeled by S:

(2.8) TN =e+TP+TS.

A tree labeled by P is constructed by a composition of at least 2 trees from
Tx which are not labeled by P:

(2.9) TP =SEQ.,(TN —TP).

A tree labeled by S is constructed by a composition of at least 2 trees from

Ty which are not labeled by S:
(2.10) TS =SEQ.,(TN = T8S).

The combinatorial identities (2.5), (2.6), (2.7) and (2.8), (2.9), (2.10) natu-
rally define a bijection

0 TN = N.

Moreover, networks with n edges are in bijection with the set of labeled trees
with n leaves and networks in P and S are in bijection with labeled trees in
TP and TS respectively. Combining ¢ with the bijections (2.2) and (2.4)
allows us to define a bijection ¢* : T* — SP as in Fig. 5.

It will be useful to have the following recursive description of ¢*. Given
a labelled tree (T,¢) € T x {S, P}, first assign a single edge to each of the
leaves. Then, start forming networks by combining the edges corresponding
to sibling leaves in series or in parallel, as determined by the label of their
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T~ 8P

aTreel lal\/lap

TN = N
Figure 5. Definition of ¢* from .

common parent. Proceeding recursively towards the root of the tree, each
vertex corresponds to a series or a parallel network which is constructed from
the subtree of its descendants. Networks corresponding to vertices with a
common parent are connected in series if that parent has label S, respectively
in parallel if it has label P. To be definite, parallel connections are made in
the same order left-to-right as the order of the corresponding siblings, while
series connections are made so that the left-to-right order of the siblings gives
the bottom-to-top order of connections. Restricting this construction to 7*
gives the bijection ¢*.

2.4. Blobs. — We now define what we call blobs. Informally, blobs are parts
of M which are separated by bottlenecks, in the sense that a geodesic between
two vertices within the same blob stays entirely within that blob. See Fig. 6

for an illustration of the description that follows.

0~

Figure 6. Left: An example of a rooted, two-connected SP-map divided
into blobs. Right: Its corresponding planted plane tree, labeled by P,
divided into segments. Here, o and e denote the label P and e denotes
the label S. Each segment corresponds to a network and the red edges
depicted in these networks are the places where networks corresponding
to fringe subtrees are inserted.

Suppose that we are given a rooted 2-connected SP-map M € SP and the
corresponding planted tree 7% = (p*)"}(M) € T* (which we recall is labeled
by P). We colour a vertex of T* red if it is marked P and has at least one
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child that is a leaf. In particular, the root of T* is coloured red. This way, the
tree T* is decomposed into (maximal) subtrees whose roots are red, and where
any red non-root vertex is a leaf. We call these subtrees segments.

We define the blobs of M to be the networks obtained by applying the
recursive construction defining ¢* (described at the end of Section 2.3) to the
segments. We moreover declare the blobs to have an oriented red placeholder
edge for each red non-root vertex in the segment, which marks the location
where we would insert the network constructed from the corresponding fringe
subtree in T™.

The orientation of each red edge is naturally inherited from the orientation
of the edge in the tree from the root to the red vertex, together with the
orientation of the root edge of the SP-map, where the tree is explored in its
usual lexicographic order. We assign placeholder south and north poles to each
of the blobs as the start- and endpoints of the oriented edge that corresponds
to the red edge assigned to the red leaf of the corresponding parent segment.
This way, the map M gets decomposed into blobs, where the placeholder poles
of each blob are connected by an edge in M.

We perform a similar decomposition of networks N into blobs, where all
definitions are analogous except that we demand the root vertex of the corre-
sponding tree T' to be coloured red.

2.5. Bienaymé-Galton—Watson trees and simply generated trees. — The
main focus of this work is uniformly distributed two-connected SP-maps. How-
ever, the bijective correspondence with trees which is explained in the previous
section allows us easily to consider a more general measure on the maps by
assigning weights to the trees in a natural way and pushing these forward to
the maps using the bijection.

Let = (p(k))r>0 be a sequence of probabilities with p(1) = 0. Let BGW*
denote the distribution of a Bienaymé-Galton—Watson process with offspring
distribution p. If 1 has mean less than or equal to 1 then the tree 7 is almost
surely finite and, for any finite tree T,

(2.11) BGWH*(r=T) = H p(out,(u)).

ueT
Let BGWE be the corresponding measure conditioned on the number of leaves
being n. The random trees distributed by BGW" and BGW! will be denoted
by T# and T* respectively.

In order to relate the BGW-trees to the random maps, it will be useful
to consider another (almost) equivalent model of random trees called simply
generated trees with leaves as atoms. Let n = (n(i));>o be a sequence of non-
negative numbers called weights and assume that (1) = 0. Let T' € T, and
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define the weight of T" by
n(T) = [ nloutr(u)).
ueT

A simply generated tree on n leaves is a random plane tree 7 with values in 7,
with a probability distribution

(2.12) P(r=T) = ZT"(TTBI(T/)

The literature contains many results on simply generated trees with a fixed

TeT,.

number of vertices, and for these we refer to [11] for details. The current case,
where instead the number of leaves is fixed, is considered in e.g. [18]. Below
we outline the main results which we require.

For a,b > 0, let n** be another weight sequence defined by

an(0) k=0

213) 7k = Veln(k) k> 2.

These weights are equivalent to 7 in the sense that they define the same mea-
sure as in (2.12). Define the generating series

(2.14) 9'(z) =Y _n(n)z"

and denote its radius of convergence by p,. We will assume that the weights

7 are chosen such that p,, > 0. Then for any b > 0 such that M < 1 one

(0)b
may choose

_ 1 g"(b) —n(0)
n(0) n(0)b

in which case n®® is a probability measure which we will denote by ). Denote

its mean by
my =Y kn" (k) =Y kn(k)o" " = (¢")(b).
k=2 k=2

The mean is a strictly increasing function of b and my = 0. In the current
work we will assume that there is a b < p, such that m; = 1 which is then
necessarily unique. The corresponding probability measure will be denoted
by p and the condition m, = 1 is referred to as criticality. The condition
b < p, furthermore guarantees that p has finite exponential moments. It is
straightforward to check that the simply generated tree with weights n has the
same distribution as T%.
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2.6. Weighted trees and maps. — Let 1 be a weight sequence such that there
exists a corresponding critical offspring distribution u. Generate a random
planted tree, denoted by T#*, as follows:

1. Let T# have distribution BGW?.

2. Flip a fair coin and label T# by P or S according to the outcome of the
coin flip.

3. Plant the resulting labeled tree, i.e. set TA* := 9. T

DEFINITION 2.2. — The random, weighted, rooted, 2-connected SP-map with
n non-root edges is defined as

SP = (T7).
The corresponding random network is denoted by
NZ = 8MapSPZ = (p(Ti:)

The networks obtained by conditioning N* on being a series or a parallel net-
work (i.e. on the outcome of the coin flip above) are denoted by St and P!

respectively.

In order to lighten the notation, we will often suppress the p and write
c.g SP” = SPZa N’n = Nﬁ, T= TH7 T; = Tﬁ’* and Tn = Tf,i

EXAMPLE 2.3. — The uniformly distributed map SP,, is obtained by choosing
n(k) =1 for all k >0, k # 1. In this case one finds that

(215)  p(0)=2-v2, m=0, pk) = (1 - \%)kl . k>2

EXAMPLE 2.4. — Let N > 2 be an integer. The map SP,, which is dis-
tributed uniformly among those where each series and each parallel composition
in the network N,, consists of exactly N components, is obtained by choosing
the weights n(0) = n(N) and all other weights equal to 0. In the corresponding

labeled tree T,,, every vertex has outdegree 0 or N and the root has outdegree

1 or N. In this case one finds that 4(0) =1 — %, u(N) = +.

3. Proofs of the main results

We now turn to the proofs of Theorems 1.1 and 1.2. The main method is
to compare lengths of geodesics between vertices in a series-parallel map and
between corresponding vertices in its associated tree. For concreteness, we
will work with the random parallel networks P,,. The associated tree is then
a BGW-tree T,, = T# labelled by P. The proof can easily be adapted to the

maps S,, N, and SP,, with exactly the same outcome.
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Let T = T* be an unconditioned BGW-tree and let £ be a random variable
with distribution . We will use the local limit T of T, (as n — 00), which
is an infinite random tree with a unique half-infinite path starting from the
root, called its spine. In T non-spine vertices have offspring according to
independent copies of &, whereas spine vertices have offspring according to
independent copies of the size-biased random variable .’;: with distribution P(é =
k) = kP( = k), and the successor spine vertex is chosen uniformly at random
among these children. For further details, we refer to Janson’s extensive review
[11].

For each £ > 1, let T®¥) denote the tree obtained by deleting all descendants
of the (£+ 1)st spine vertex of T and identifying the (¢+ 1)st spine vertex with
the root of an independent copy of T. We view all the random trees T, T, T,
and TO for ¢ > 1 as being coloured (i.c. some vertices are red) and labeled by
P or S according to the fair coin flip as defined in Section 2.

We may define infinite random series-parallel maps/networks SP, N, P and
S in a natural way by extending the functions ¢ and ¢* to infinite trees. The
maps/networks may then be viewed as the weak local limits of the correspond-
ing sequences of finite maps/networks. These infinite objects are not strictly
needed in the following arguments. However, it is convenient to refer to them
occasionally, so we provide some details of their construction in the appendix.

We may generate T by starting with a root segment and a list of i.i.d. non-
root segments. Likewise, T can be generated from a root segment, a list of
i.i.d. normal non-root segments, and a list of i.i.d. spine non-root segments.
The tree T additionally has a mixed segment containing the tip of the spine.

LEMMA 3.1. — The number of vertices in each type of segment (root, spine
and normal) has finite exponential moments.

Proof. — The number of vertices in each random segment may be stochas-
tically bounded by two times the total population of a subcritical branching
process (with possibly a modified root degree) whose offspring distribution is
light-tailed. The total population of such a process is light-tailed itself by [11,
Thm. 18.1].

We detail this argument for the root segment of T#. The proofs for all other
types of segments are analogous. We construct a BGW-tree T” with offspring
probabilites (1), from T# as follows. Let T’ be the root segment of T#. The
tree T” is defined as the tree with vertex set consisting of the vertices in even
generations in T’ and vertices in T” are connected by an edge if and only if
one is the grandchild of the other in T’. Note that since T’ has no vertices of
outdegree 1, the number of vertices in T’ is less than two times the number of
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its leaves and T” has the same number of leaves as T’. Therefore, the number
of vertices in T’ is bounded by two times the number of leaves in T".

Another way to describe T” is the following. Let v be a vertex in T# at an
even generation whose children we have not yet generated and assume that v
is also present in T”. If v either has no children in T# or it has more than
one child and some of its children have no children, then we say that v has
no children in T”. On the other hand, if v has children in T# and all of its
children also have children, then we add these grandchildren as the children of
v in T”. From this description, we find that

v(0) =1-=> p(n)(1 - pu0)",

n=2

v(k)=> um) Y [[ut)i{i >0}, k=2

i tin=k j=1

The generating function g of the probabilities (1), satisfies

(3.1) 9(2) = v(0) + h(h(2))

where h(z) = f(z) — po and f is the generating function of the sequence (g, )n.
We then have

g'(1) = M(R)N' (1) = I'(1 = p(0)) = f'(1 = pu(0)) <1
since f’(1) = 1. Thus the v-process is subcritical.
Since p has finite exponential moments, we find that v also has finite expo-
nential moments. Thus, the total population of T (and hence also the size of

the root segment of T) has finite exponential moments by [11, Thm. 18.1]. O

COROLLARY 3.2. There are constants C,c > 0 such that the probability
for the maximal size of a segment in T, to be larger than x is bounded by
Cn°/? exp(—cx) uniformly for alln > 2 and x > 0.

Proof. — The probability for T to have n leaves satisfies
(3.2) P(|T| =n) ~ Ceonan™ />

for some constant ceong > 0, see for example [12]. Let (X;); denote the sizes of
the segments in T'. There are at most n segments in T,,, hence the probability

for the maximal size of a segment in T,, to be larger than x > 0 satisfies

P (max X, > 2 | [T]=n) = (Ui{ﬁf’t Eﬁ”_}’E' =n)

< cgolndn3/2 Z]P’(Xi > ),

i=1
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where |T'| denote the number of leaves in T. By Lemma 3.1, each segment of
the unconditioned tree has a finite exponential moment and the segments are
identically distributed, except possibly the root segment. Thus each term in
the sum is bounded by a constant times e~ “*, for some ¢ > 0, and the result
follows. O

In the infinite map P corresponding to the tree T, the blobs By, By, ...
corresponding to the spine segments are called spine blobs. The spine blobs are
independent and the non-root spine blobs (B;);>1 are identically distributed.
For each ¢ > 1, consider the graph distance X, from the south pole of By to
the south pole of B;.

LEMMA 3.3. — There ezists a constant n > 0 such that for each ¢ > 0 there

are constants C,c > 0 with
P(| X, — nt] > el) < Cexp(—cl)

uniformly for all £ > 1.

Proof. — Consider the graph distance Y, from the south pole v of B; to the
south pole of B,. This way, | X, — Y}| is bounded by the size of By, which has
finite exponential moments by Lemma 3.1. It hence suffices to show that there
exists a constant n > 0 such that for each ¢ > 0, there are constants C,c > 0
such that for all ¢ > 1

(3.3) P(|Y, — nl| > el) < Cexp(—cf).

Since the poles of B, are joined by an edge, the graph distances from v to either
of them (north or south) differ by at most 1. Hence, the increment Y, — Y,
only depends on this difference S, € {—1,0,1} and By. Thus (Y, S¢)e>1 is a
Markov additive process with a driving chain (Sy),>1 whose state space has
three elements. Inequality (3.3) now immediately follows from a general large
deviation result for Markov additive processes [10, Thm. 5.1] whose conditions
are satisfied since the state space of the driving chain under consideration is
finite [10, Rem. 3.5, Sec 7 (ii)]. 0

REMARK 3.4. — We leave out details concerning the exact transition proba-
bilities of the Markov additive process in the above proof but refer to the paper
by Curien, Haas and Kortchemski [9] for a similar situation. In our case, the
increments of the additive component (Yy)e>1 of the chain are not as explicit
as in [9] (they are given in terms of distances between certain vertices in a
spine-blob) and therefore it is less useful to write them down.

71



72

THE SCALING LIMIT OF RANDOM 2-CONNECTED SERIES-PARALLEL MAPS

LEMMA 3.5. — Let Z; be the number of segments encountered on the spine
from the root of'i' to the (€4 1)st spine vertex. There exists a constant k > 0
such that for each € > 0 there are constants C,c > 0 such that for all £ > 1

P(|Z; — k| > el) < Cexp(—cl).

Proof. — Let E,, denote the number of edges on the spine we need to cross
in order to get from the root vertex to the start of the (m + 1)st segment.
Set Ey = 0. Hence the differences E,, — F,,_1 are independent for ¢ > 1 and
identically distributed for all m > 2. They have a geometric distribution since
they may be found by flipping independent coins to check whether the next
even vertex on the spine is a red vertex in which case the segment stops.

We make use of the following inequality given for example in [15, Example
1.4]: Let S, denote the sum of n i.i.d. real-valued centred random variables
with finite exponential moments. Then there are constants A\, ¢ > 0 such that
forallm € N, z > 0 and 0 < A < Aq it holds that

(3.4) P(|S,| > 7) < 2exp(cnA? — Ax).

1

It follows that there exists x~' > 0 such that for each § > 0 there exist

constants C, ¢ > 0 with

P(|E,, — £ 'm| > ém) < Cexp(—cm), for all m > 1.

As § > 0 is arbitrary, it follows by choosing § = & (1 — o) £~ that for any

1+e
€ > 0 there exist constants C’, ¢ > 0 with
P(C ¢ [Elwi—o): Elneara]) < C"exp(=c0).

Since £ ¢ [Elwei—o))s Elreateo) is equivalent to |Z; — kl| > rel, the proof is
complete. O

Before proceeding with the proof, we recall some facts about the Gromov—
Hausdorff metric dgy on the space of isometry classes of compact metric spaces.
Informally, two compact metric spaces are close in the Gromov-Hausdorff met-
ric dgy if they may be isometrically embedded in the third space Z so that
their Hausdorff distance in Z is small. Here, we will use a representation of
dgn in terms of distortions of correspondences, see e.g. [7]. A correspondence
R between two metric spaces (A, d4) and (B, dg) is a subset R C A x B such
that for any a € A there is a b € B such that (a,b) € R, and for any b € B
there is an a € A such that (a,b) € R. A distortion of a correspondence R is
defined by

dis(R) = sup{|da(ai,a2) — dp(b1,b2)| : (a1,b1), (az,b2) € R}.
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The Gromov—Hausdorff metric may then be written as
don(A, B) = ~inf dis(R)
GH s = D) l% 1S .
By the main theorem of [12, 16], there exists a constant cgyee > 0 such that
(35) (Tus Creen ™ dr,) == (To, dr)

in the Gromov—Hausdorff topology, with (7., dr.) denoting Aldous’ Brownian
tree. The rest of the proof involves defining a suitable correspondence between
the spaces P,, and T,,, and showing that the distortion of that correspondence,
with properly rescaled metrics, converges to 0 in probability.

We define a correspondence R, between P, and T, as follows. Note that
there is a bijective relationship between blobs in P,, and segments in T,,. We
let (u,v) € R, if and only if there is a blob in P, which contains u and a
corresponding segment in T,, which contains v. In that case we write u ~ v.

Let hp, (u) denote the graph distance in the map P,, from the south pole xq
to u, and ht, (v) the height of the vertex v in T,,. The following lemma is the
first step in relating distances in P,, to distances in T,,.

LEMMA 3.6. — Let n be the constant in Lemma 5.3, k the constant in Lemma
3.5, and let 6 > 0 be arbitrary. With probability tending to one as n — oo,
there exist no vertices u € P,, and v € T,, such that u ~ v and

(3.6) [hp, (u) — nrht, (V)] > 6v/n.

Proof. — Let € > 0 be given. Let H, = H+/n for some H > 0. By (3.5) we
may choose H sufficiently large such that the height H(T,,) satisfies

P(H(T,) > H,) <e¢

for all n. Let us call a vertex v in a tree 7 bad if it corresponds to some
vertex u in the associated map P such that inequality (3.6) holds (with obvious
replacements of P, and T,, by P and 7). Let £(7) denote the property that a
tree 7 contains a bad vertex. Let us denote the tip of the spine in TO by U,.
Given any finite plane tree 7 with a vertex u having height ¢, it holds that

P ((T9,U0) = (7)) =P(T =7)
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(see e.g. the short derivation in [17, Appendix A3]). Hence, using (3.2) we
obtain

P(E) < e+ P(E(T,), H(T,) < H,)

on LH-]
<et—" NP, is bad)
BT =) &

| Ha )
= e+ 0(n?) > P(U, is bad).

£=0

The second inequality is explained as follows. We may write

P(E(T,),H(T,) < Hyn)P(|T| =n) = Z {&(7),H(r) < Hy, || = n}P(T =171)

TET
< Y W{uisbad,H(7) < Hy, |7| = n}P(T = 7)
TET UET
H(r)
= 3 S t{uis bad H(r) < Hy, || = n, b, (u) = (}P ((?“), Up) = (, u))
TET weT £=0
[Hn] [Hn |
<2n Z Z]P’ (T(l) =71,Upis bad) =2n Z P (Ug is bad) .
=0 7€T =0

For the last inequality we used the fact that if a plane tree has n leaves and
no inner vertex with exactly one child then it has at most 2n vertices in total.

If u is a vertex in the map corresponding to T® such that u corresponds
to the tip of the spine of T(®, then the height of u may be bounded by the
total number of leaves in the root segments of the subtrees attached to the
spine vertices of TO. Denote by W; the total size of all the root segments in
the subtrees attached to the spine vertex at distance i from the root, where
0 < i < ¢. Note that they are independent and i.i.d for ¢ < £. At each of
these spine vertices the total number of subtrees is distributed as f —1or f
(at the tip of the spine) and is thus light-tailed. Furthermore, the total size
of the root segment of each of the subtrees is light-tailed by Lemma 3.1. We
conclude that W; is light-tailed for all 0 < i < /.

If ¢ < §/(2nk)y/n, then the event that U, is bad implies that the height of
u is larger than d+/n, and therefore that

L
Y Wizdvn.
=0

Since the W; are i.i.d and light-tailed, it follows by the medium deviation
inequality (3.4) that if we take h > 0 small enough then there exists constants
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C4, c1 > 0 such that uniformly for all n and 1 < ¢ < hy/n

hy/n
(3.7) P(Uy is bad) <P [ > W; > dv/n | < Cyexp(—c1v/n).
1=0
This ensures
[hv/n]
O(n*?) >~ P(Uy is bad) = O(n®) exp(—c1v/n) = exp(—O(v/n)).
£=0

Furthermore, uniformly for hy/n < ¢ < H+/n we know by Lemma 3.5 that
for any ¢ > 0 we have |Z, — rl| < ¢f with probability at least 1 —exp(0(y/n)),
which allows us to apply Lemma 3.3 to obtain for any ¢ > 0 that | Xz, —nrt| <
¢l again with probability at least 1 — exp(©(y/n)). Recall that we constructed
TO from T by replacing the descendants of the tip of the spine, therefore
creating a “mixed” segment that contains the tip of the spine. Hence, in the
map corresponding to TO any vertex corresponding to the tip of the spine has
a height that differs from X, at most by a summand that by Lemma 3.1 has

finite exponential moments. Thus, we obtain
O(n®?) Z P(Uy is bad) = O(n?) exp(—O(y/n)) = exp(—O(y/n)).
hy/n<t<H/n
In summary,

P(€) < e+ exp(—O(v/n)).

Since € > 0 was arbitrary this completes the proof. O

We are now ready to prove our main theorems.

Proof of Theorem 1.1. — By Corollary 3.2 and Lemma 3.6 we know that, for
some constant C' > 0 and some deterministic sequence t, = o(y/n), we have
with high probability that the largest blob in P, has diameter at most C'logn,

and whenever a vertex u in P, corresponds to a vertex v in T, then
(3.8) |hp, (u) — nrht, (V)| < L.

Now, let ui,us be vertices in P, and let v; and vs be any vertices in T,, such
that v; corresponds to u; for i = 1, 2. If v denotes the lowest common ancestor
of vy and vy in T, then

dT,” (Ul7 UQ) = hT"(’Ul) + th(Ug) — QhT" (’()3).

Any geodesic in P,, between u; and uy must pass through a blob corresponding
to vs. Letting us denote some vertex in this blob, it follows that

dpn (Ul, UQ) = th (Ul) + th (Uz) - Qth (u3) + O(log n)
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By Inequality (3.8) it follows that

dp, (u1, us) = nrdr, (v1,v9) + o(y/n).

By Equation (3.5) it follows that

(3.9) (P, %n—”?dpn) s (Te,dr)
in the Gromov—Hausdorff topology. O

Proof of Theorem 1.2. — Since the diameter is bounded by twice the height
with respect to the origin of the root edge, it suffices to show that there exist
C,c > 0 with
P(H(P,) > xy/n) < Cexp(—cz?).

By possibly adjusting the constants C| ¢, it suffices to show this inequality for
all x > 1. Furthermore, the left-hand side equals to zero if x > /n. Hence,
we only need to treat the case 1 <z < y/n, which we are now going to do.

We now use the same notation and argue analogously as in the proof of
Lemma 3.6, with the exception that we call a vertex v in T,, bad if it cor-
responds to some vertex u in P, such its height in P, is larger than z/n.
Analogously, we define for any ¢ > 1 whether the tip of the spine of TO is bad,
and we let £ denote the event that T,, contains a bad vertex.

By [18, Lem. 6.61] there exist C1,¢; > 0 with

P(H(T,) > yvn) < Cy exp(—c13?)

for any y > 0. Hence, it follows as in the proof of Lemma 3.6 that for any
fixed h > 0

P(&) <P(H(T,) > (z/h)vn) + P(E, H(T,) < (z/h)v/n)
[(z/h)v/n]
< Cyexp(—c12?/h?) + O(n°/?) Z P(U, is bad).

=0

Furthermore, applying Inequality (3.4) as before yields that there exist con-
stants Ag, fiplob, ¢2 > 0 such that for all n € N and 0 < A < ) it holds that

P(U, is bad) < 2exp(clA’ — Nzy/1 — Lpipon))-

As h > 0 was fixed but arbitrary, we may take h large enough such that
tblob/h < 1/2. As x > 1, it follows that uniformly for ¢ < (z/h)\/n

clX? — Nav/n — Lpop) < cX? — Ax/n/2 = —20(v/n).
Hence,

P(H(P,) > 2v/n) = P(€) < Crexp(—ci12*/h?) + exp(—2O(v/n)).
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Since we assumed 1 < x < +/n, it follows that
P(H(P,) > zv/n) < C3exp(—czz?)

for some constants Cs, c3 > 0 that do not depend on n. O

4. Conclusions and related classes

Our results imply in particular a scaling limit of uniformly sampled 2-
connected rooted series-parallel maps. From a different viewpoint, it has been
shown in [5] that rooted series-parallel maps are in bijection with permutations
avoiding the patterns 2413 and 3142. As a side result, it was also shown that
a bipolar planar map admits a unique bipolar orientation precisely when it is
series-parallel. These observations link series-parallel maps to the large frame-
work of separable permutations and their connections to the Liouville quantum
gravity, which has enjoyed remarkable developments during the last few years.
For example, it is conjectured in [6] that conformally embedded rooted series-
parallel maps converge towards the 2-LQG quantum sphere. Therefore, we
expect interesting research directions following from our work.

Apart from planar maps, we may also consider planar graphs subject to
constraints. The terminology for graph classes is a bit at odds with the one
used here for planar maps. The class of series-parallel graphs refers to (simple)
graphs that do not admit the K4 as a minor, which may very well be separable
(that is, not 2-connected). This class is an important example of a subcritical
graph class and hence admits the Brownian tree as scaling limit by [14].
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Appendix A. Local metrics and continuity

Recall the sets T (finite plane trees with no vertices of outdegree 1) and 7*
(trees in 7 where the leftmost child of the root is a leaf) from Section 2.2.
Denote by T the set of (possibly infinite) plane trees which have no vertices of
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outdegree 1, and by 7o, = T \ T the infinite trees. Denote by T the set of trees
in T such that the leftmost child of the root is a leaf and let 72 = T \ T*. As
for T*, we take trees in 7 to be labelled so that vertices in even generations
have label P and vertices in odd generations have label S.

We define local metrics and local topologies on T, T and SP as follows.
First, for any graph G with a distinguished vertex v we let B,.(G;v) denote
the subgraph of G spanned by vertices at distance < r from the vertex v. For
two graphs G and G’ belonging to some set of graphs G, we let

dg(G,G') = ! .
1+ max{r € N: B,(G;v) = B,(G';v)}

The topology generated by this metric is called the local topology with respect

to v. In the case when G is one of the sets T, T we take v = @ and use the
notation d for the metric in both cases. When G is the set SP we use v = *.

Using the local metric we can define infinite series-parallel maps. Namely,
we let SP denote the completion of SP with respect to the metric dsp. Then
SP. := SP\ SP is the set of infinite series-parallel maps, which are formally
equivalence classes of Cauchy sequences of finite series-parallel maps. We now
show how to extend the bijection ¢* : T* — SP of Section 2.3 to infinite trees
and maps.

A spine of an infinite tree is an infinite path (V/(0), V' (1), V(2),...) such that
V(0) = @ and V(i + 1) is a child of V(4) for all i > 0. At every vertex V(i)
on the spine, there is one subtree rooted on the left of the spine and another
one on the right of the spine, which we refer to as the left and right outgrowths
of the spine. Let 72‘) be the subset of T} consisting of trees with a unique
spine, and such that this unique spine has infinitely many outgrowths in odd
generations on both the left and the right.

Now let T € T2 with unique spine (V7 (0), Vi (1), Vi (2), ...). We inductively
define a sequence (i, ji)r>1 of pairs of odd integers i < jp as follows, see
Figure 7 for an illustration. First, 7; is the smallest odd integer ¢ so that Vi (4)
has a non-empty outgrowth on the right of the spine, and j; is the smallest
odd integer j > i1 so that Vy(j) has a non-empty outgrowth on the left of
the spine. Inductively, iry1 is the smallest odd integer ¢ > j, so that V(i)
has a non-empty outgrowth on the right of the spine, and jj1 is the smallest
odd integer j > iry1 so that Vr(j) has a non-empty outgrown on the left
of the spine. We call (Vr(i), Vr(jk))k>1 the RL-pairs of T. Since i, jp are
odd, Vr(ix), Vr(jx) are labelled by S. Note that 7'02 is defined so that T has
infinitely many RL-pairs.

PrROPOSITION A.1. — Let [T',, := B, (T; @) denote the first m generations
of T.
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Figure 7. An infinite tree T € 72 with its first two RL-pairs.

(a) If T € T2 then ©*([T)y) is a Cauchy sequence with respect to dsp. Thus
©*(T) :=limy,—,00 ©*([T7,,) gives a well-defined function T*U 72‘) — SP.

(b) If a sequence (T))n>1 in T* U T converges to T € T* U T2 with respect
to the metric dy then ¢*(T,) — ©*(T') with respect to dsp.

Proof. — The key observation is that if T' € 72’; and v € T is a leaf that is
beyond the first r RL-pairs, then for any m large enough such that v € [T],,,
the edge e, corresponding to v in ¢*([T)],,) is at least at distance r from both
poles #q, *;. This follows from the recursive description of ¢*, where the
non-empty outgrowths of each RL-pair become non-empty networks placed in
series on either side between e, and the poles %o, *;. Each of these networks
contributes to the distance from the poles to e, at least by one, and to the total
distance at least by r. Due to this observation, the proof can be completed as
follows.

(a) If [T),, contains the first 4+ 1 RL-pairs for all m > mg(r) then Ym,m’ >
mo(r), Br(¢*([T)m) = Br(¢*([T]m)) since all the edges beyond the first
r + 1 RL-pairs do not belong to B, (¢*([T]m))-

(b) Let (T,)n>1 be a sequence in 7 converging to T € T*UT:. f T € T*
then T,, = T for every n large enough so that ¢*(T,,) — ¢*(T) is obvious.
Now we assume that 7' € T%. Let R be such that [T] contains the first
r+ 1 RL-pairs. There exists a number ng(R) so that for some n > ny(R),
[T.]r = [T)r. For such n it holds that B,(¢*([Tu]r)) = B.(¢*([T]r)). U

Since the local limit T of the trees T,, almost surely belongs to 7‘0‘;, it follows
that the local limit SPo, = ¢*(T) of SP,, is a well-defined element of SP.
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