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The effect of entropy can be crucial for magnetic skyrmions, and in some cases, its accurate prediction
has been prevented by the limitations of the harmonic approximation. We present an eigenmode
following method (EMF) that has been developed for the numerical scanning of the potential energy
surface and the direct calculation of entropy and pre-exponential factors of transition rates. While the
concepts of following eigenmodes and numerical direct entropy calculation have been known
individually, their combination yields a new and general way of effective sampling of the energy surface
for high-accuracy treatment of non-harmonic eigenmodes. For this, the EMF method requires iterative

updates of the eigenpairs of the softest eigenmodes that need the most accurate modelling. In
contrast to other methods, EMF does not move “uphill" or “downhill" in energy to find stationary
points, but to obtain energy curves. By numerical integration of the Boltzmann factor along these
curves, the partition functions of the following eigenmodes can be calculated without making
assumptions of their form. We introduce the general theoretical background and algorithm of the EMF
method before providing test calculations and relevant use cases in the framework of atomistic spin

simulations with a focus on magnetic skyrmion collapse.

Various techniques to fully or partially explore potential energy surfaces
(PES) have been developed in the past in order to study the stability and
reactivity of solids, molecules and systems with multiple degrees of freedom
in general' ™. Some “walk" on the PES to find local minima and transition
states”"”, while others, for example, the nudged elastic band method (NEB),
energetically relax a reaction path to the minimum energy path (MEP)
between an initial and final state, providing information about reaction
mechanisms connecting these states'' ™. In combination with statistical
methods such as transition state theory (TST)"*"" and related methods",
knowledge of these points on the PES allows for the calculation of energy
barriers and transition rates, typically written in the form of an Arrhenius
law:

V=1, e PAE, (1)

Here, the transition rate, v, is given by the pre-exponential factor, vo, the
inverse of the thermal energy, 3 = 1/ksT, and the energy barrier between the
two states, AE. The energy barrier is defined as the energy difference between
the transition state and initial state and can be obtained, for example, via the
climbing image-NEB method (CI-NEB)". The pre-exponential factor, vy,
on the other hand, contains the dynamic and entropic components of the
transition rate and is often more difficult to estimate™ ™.

In magnetism, variants of NEB have been used to study spin flip
events”, domain wall switching” and vortex switching™”, often in the
context of thermal stability of magnetic bits**. However, it was the discovery
of magnetic skyrmions in 2009”, small topological, whirl-like structures,
that motivated more sophisticated theoretical investigations™'. By apply-
ing the geodesic nudged elastic band method (GNEB)™, a variant of NEB
that takes the constraint length of magnetic moments into account, the
radial’>*™, chimera®* and escape mechanisms’ of skyrmion decay have
been found and enabled the calculation of their corresponding energy
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Fig. 1 | Illustration of the eigenmode following method. The shape and colour of
the 2D function illustrate an arbitrary potential energy surface with a local energy
minimum. From an initial state (black sphere), the eigenmode following method
translates the system iteratively in small steps along the followed eigenvector,
yielding an approximated path and energy curve of the eigenmode. The current
eigenvectors (arrows) of the current state (white spheres) are recalculated each step.

barrier, AE. More recently, the first two mechanisms have also been iden-
tified experimentally®. Since the introduction of GNEB, the mechanisms
and energy barriers of antiskyrmions”***, skyrmions in
antiferromagnets”', with higher-order exchange interactions*, in multilayer
systems™****!, skyrmioniums*, higher-order skyrmions®, and skyrmions in
3D systems'®"” have been investigated.

Further, the introduction of TST in harmonic approximation (HTST)
to atomistic spin simulations”**"”** enabled the calculation of the pre-
exponential factor and thus, mean lifetimes of skyrmionic textures in model
systems™*** as well as realistic, DFT-parameterised ultrathin film
systems”*****!. The relevance of taking the prefactor into account was
demonstrated experimentally in the chiral magnet Fe, _,Co,Siby a dramatic
change in prefactor by over 30 orders of magnitude over a small variation of
magnetic field™. It was possible to calculate this entropic stabilisation effect
for other materials via HTST as well and link it to the dependency of the
prefactor on a few localised skyrmion eigenmodes™****>.

We use the term eigenmode for a pattern of movement initially defined
by the directions in the configuration space of magnetic textures, which
correspond to eigenvectors of the Hessian matrix. However, the energy
along some skyrmion eigenmodes cannot be modelled adequately in a
harmonic approximation. Translation and rotational modes of skyrmions
and antiskyrmions are often better treated in zero-mode, also called Gold-
stone mode”"”, approximation, which assumes the energy to be constant
along the eigenmode, while the rest of the spectrum is still treated in har-
monic approximation’*>”. Some magnetic states exhibit eigenmodes that
do not fall into any of these two categories, limiting the applicability and
accuracy of HTST to skyrmionics, especially for varying temperature
regimes. For instance, the rotational modes of the Chimera saddle point
structure, as well as the antiskyrmion ground state, prohibited the calcula-
tion of mean lifetimes in some studies”*. The community was partially
circumventing these issues by performing direct Langevin dynamics™ or
Monte Carlo™ simulations, but these methods are limited by the rare event
problem of skyrmions with high mean lifetime, which in turn can partially
be mitigated by sophisticated but expensive forward-flux calculations™.

While being powerful, the harmonic approximation has limitations
that go beyond magnetism and skyrmionics alone and are well-known in
other fields”~*. They can stem from the energy curves along eigenmodes not
being shaped parabolically around the expansion point™*”, the coupling of
two or several eigenmodes™ or a combination of both. There are ongoing
efforts in many fields to find other feasible ways to calculate entropies
without relying on the harmonic approximation, i.e., going “beyond har-
monic" and it is an open question what approach is the most accurate and
effective’".

A common way to improve the description of the potential energy
curve is to perform a fit with a better-suited formula. Examples are the free
translator/rotor models®’, which are other names for the zero-mode
approximation, a periodic potential, the so-called “hindered translator/
rotator” models® or polynomials of third or fourth order’***®. However, it
has been shown that these approximations can still fail in describing the
energy along the curve adequately, leading to large errors in the calculated
partition functions and consequently the entropies”***. The promising
“complete potential energy sampling” (CPES) method performs a direct
numerical calculation of the entropy without relying on a pre-defined form
of the energy curve and has been tested for diffusion processes™. The CPES
method, however, requires explicit knowledge of several relevant points on
the PES and a reasonable interpolation between them, which currently
limits its generality’”**. Thus, a more general, robust method to calculate
entropies “beyond harmonic" is needed.

In this work, we present the eigenmode following (EMF) method
for accurately calculating anharmonic eigenmodes of the first kind, i.e.
independently anharmonic modes with non-parabolic shaped energy
curves for entropy and pre-factor calculations. Our approach combines
the numerical evaluation of entropy by the sum over states formula®
(Eq. (7), numerical) with eigenmode following and represents an
effective way to sample the PES along the degrees of freedom that matter,
i.e., along the soft eigenmode(s), while the unproblematic rest is calcu-
lated in harmonic approximation.

Note that in contrast to various well-established techniques
we do not use EMF to find stationary points on the PES but to classify
individual eigenmodes and obtain their energy curves with numerical
accuracy without approximating their form with any kind of formula.
While methods proposed by Beste™ as well as by Sauer and coworkers*®
perform small step EMF in linear response to fit higher-order poly-
nomials to the obtained local energy curve, our EMF goes beyond this
approach by iteratively updating the followed eigenvector as illustrated
in Fig. 1. This allows accurate EMF over much larger distances, and thus,
the direct numerical evaluation of the entropy for all occupied states
along the eigenmode and not just strongly local information for fitting
the parameters of a polynomial expansion.

For magnetic skyrmion collapse in ultrathin films such as Pd-fcc/Fe/
Ir(111)*%, the effect of tunnelling is thought to be small”. Still, an adequate
application of HTST for the calculation of mean skyrmion lifetimes has not
been possible in several cases due to independent anharmonic eigenmodes.
This limitation has motivated us to develop the EMF method in the first
place, see ref. 53. We subsequently applied it to the skyrmion and anti-
skyrmion rotation modes in Rh/Co/Ir”, the skyrmion collapse in multi-
layers of Pd-fcc/Fe/Ir(111)* and the chimera collapse transition™”. More
recently, we also successfully combined the EMF method with Monte Carlo
simulations’. As the focus of this manuscript lies on the introduction of the
method itself, we are limiting the presented use cases to the analysis of the
chimera collapse mechanism.

In the following, the theoretical background and algorithm of EMF for
direct entropy calculation are introduced in a general formulation that can
be applied to different fields. Afterwards, test calculations and use cases are
presented for magnetic systems described by the extended Heisenberg
model with a focus on magnetic skyrmions. While we limit ourselves to the
framework of quasi-classical atomistic spin simulations, we do believe that
our EMF concept can be of use in other fields like diffusion, reaction kinetics
or free energy stability calculations and combined with density functional
theory or other quantum mechanical or classical computational
frameworks.

7,10,66,67
>

Results

Eigenmode following for transition state theory

For the sake of clarity, we give a brief introduction to harmonic transition
state theory here and refer to other publications with a more general and
extensive explanation of the method'*"7***>**, At the very basic level, the
main task in TST is to calculate the flux through the dividing surface, D,
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which can be expressed by the following integral:
v= [ emvi@a @

Each state of the system is described by the generalised coordinates, Q=g;, ..
.» qn and the component of the velocity perpendicular to D in the positive
direction of the reaction is given by v

By applying the independent mode approximation®, the pre-
exponential factor of the Arrhenius law (see Eq. (1)) vy = v/@', the flux
normalised to the partition function of the initial state, can be factorised to
obtain the form

A H3N (DSP
= \/27r H3N o
Here, A contains the dynamic contribution of the transition (see ref. 49 for
more details) and is computed via linearising the Landau-Lifshitz-Gilbert
equation in harmonic approximation, as it is the standard procedure in TST.
It depends exclusively on the precessional terms of the Landau-Lifshitz-
Gilbert equation and is therefore independent of the material’s damping
factor. The ratio of products consists of the partition functions of the
eigenmodes of the initial and saddle point (SP) states, GZ){1 and CDE,P R
respectively. The number of atoms is given by N. The indices of the
eigenmodes are ordered with increasing eigenvalues of the respective
Hessian matrix. Note that the partition function of the first eigenmode of the
SP, also referred to as the unstable mode, is excluded from the product, since
states along this mode do not lie within the dividing surface.
Due to the decoupling of the eigenmodes, i.e., the independent mode
approximation, their partition functions can be calculated individually via
the line integral

(€)

(o) 8
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where g,, denotes the value of the eigenvector q,, whose orientation can
change during the mode following process. E(g,) is the energy curve along
d» and E, is the energy of the state at g, = 0. The most common approx-
imations of the energies E(g,,) follow a Taylor expansion™”:

E(qn) ~ X0
~~

zero mode =0

+ x4, + xz‘ii +x3qi+x4qf,.
— N

©)
harmonic higher order corrections
Consequently, the approximations are named after the highest expansion
parameter x # 0. Stationary points are defined by their first derivative
equalling zero, and, thus, the first-order element vanishes.

In this work, we compare the partition functions obtained via three
methods: Zero mode approximation, harmonic approximation and our
EMEF for direct calculation of the entropy, which is directly related to the
partition functions @, by

S=ky < er@) (6)

where N}, is the number of harmonic degrees of freedom. The corresponding
formula for the partition function of the n-th eigenmode of the diagonalised
Hessian matrix read:

Vs zero mode,

(D — ~/ Zﬂ(ﬁeﬂ)717 i ) . (7)

harmonic
K
S e EagE, EMF.
k=1

The zero mode volume, V,,, is independent of energies and the occupation of
states. It equals the uniform integral over g, and requires prior knowledge
about it’s symmetry. The partition function of the harmonic approximation
depends on the thermal energy, 8, and the eigenvalue of the #-th eigenmode,
€,,» which represents the curvature of the PES at the expansion point, i.e., the
investigated state.

In the EMF calculation of entropy, the integral of Eq. (4) is replaced by a
finite sum of small steps, k, along the eigencoordinate g,, with a step width of
AgF. Asillustrated in Fig, 1, these steps are performed iteratively along the -
th eigenmode. For each step, the energy is evaluated and used to calculate the
Boltzmann factor, which yields the local contribution to the partition
function when multiplied by the step width. In contrast to other methods,
such as refs. 20,64,65, the EMF for direct entropy calculation does not
require any explicit approximation of the PES and describes the energy
curve with numerical precision as long as the mode tracking (see next
section) is successful. Note that the EMF, as well as the above-mentioned
approaches, rely on the independent mode approximation and, thus, a
reasonable amount of orthogonality of the eigenvectors along the
integrated path.

While each @,, can be calculated using a different approximation, it
is the softest eigenmodes of a system that can have a strong effect on the
overall transition rates. While showing only a small absolute error when
modelled inadequately, their relative error can be dramatic due to the
multiplication by the rest of the distribution function. It is a practical
strategy to calculate the vast majority of @, in harmonic approximation
and use the more costly and accurate EMF for a few eigenmodes with the
lowest eigenvalues.

Algorithm
Starting from a selected system configuration, Q,, on the PES, typically the
initial or SP state, the EMF method iteratively displaces the system con-
figurations, Q;, in the direction of the selected eigenvectors, vf , of the cor-
responding Hessian matrices. The following eigenvector is updated at each
step to allow for long-range displacement, minimising distortions along the
path. The algorithm, sketched in Fig. 2, consists of four primary steps:
1. Calculation of the eigenvalues, {1}, and eigenvectors, {v!"}, of the
system configuration Q.
2. Identify which eigenvector of {v"} is the most similar to v/, (Mode
tracking).
3. Displacement of the current configuration, Q; along the selected
eigenvector v!.
4. Evaluation of the energy of the new state Q; ;.

Here, m denotes the index of the eigenvalue in the ordered spectrum. In
principle, the eigenpair spectra, {A"} and {v"}, can be obtained by direct
diagonalisation of the Hessian matrix of the state Q;. It consists of the second
derivatives of the Hamiltonian with regard to the generalised coordinates, g;.
While this approach is straightforward, it is also often the computational
bottleneck in large systems. In most cases, it is only necessary to treat
eigenmodes at the lower end of the spectrum with EMEF, as they are the
softest and most likely eigenmodes to exhibit non-parabolic energy curves.
Therefore, just the lowest few eigenpairs need to be calculated, and extremal
eigensolvers can be utilised to significantly reduce the computational costs of
the diagonalisation.

In order to further reduce the computational cost, other, more case-
dependent optimisations can be applied. For example, a Hamiltonian
without long-range interactions can result in a sparse Hessian matrix, which
is the case for our extended Heisenberg model (see Eq. (9)) that we apply in
the next sections. This allows us to use a state-of-the-art extremal sparse
eigensolver” implemented in the Intel MKL library. The Hessian matrix can
also be approximated as, for example, by finite difference approximations
using the first order information of the gradients™”*”*. This flexibility of the
method allows the user to find a physically and computationally sound
implementation that suits the studied system the most to make it as fast and
accurate as possible.
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Fig. 2 | Abstract flow chart of the eigenmode following method. In the iterative
loop, the three main subroutines are executed one after another: The partial or full
diagonalisation of the Hessian, which yields a new set of eigenvalues and eigen-
vectors (EVs) for the current state. Then the mode tracking, which calculates the
overlap of the previously followed eigenvector (FEV), vf', with the new set of EVs and
than select the one with the largest overlap as the next followed eigenvector, vf, ;.
Finally, the newly found vf, | is applied to the current state, Q;, creating the next state,
Qi11> as a basis for the next iteration cycle. The iteration stops when the maximum
number of steps, a maximum distance of displacement or a certain energy is reached.

When the new eigenvectors, {v{"}, have been obtained, the next task is
to identify which of them corresponds to the selected eigenmode to follow.
In our EMF method, this means the “mode tracking" algorithm has to
determine which new eigenvector is the most similar to the followed
eigenvector of the previous iteration, vf_|. In the first iteration, i = 1, the
following eigenvector, v, is selected by the user. In the subsequent itera-
tions, the overlap of the new eigenvectors with the previous v% | is calcu-
lated. In the framework of atomistic spin simulations, the eigenvectors are
2N-dimensional vector fields in tangent space, and the overlap translates to
simple scalar products of v" and vF.

Inlarge systems, it is impractical to calculate the overlap of vf with each
individual eigenvector of the spectrum. Instead, we use the indexation of the
eigenvectors in increasing eigenvalue order and the condition that the PES is
continuously derivable twice. This means that a sufficiently small step on the
PES results in a small change in the eigenspectrum, and thus, only a limited
shift of the eigenvector indexation. This allows us to consider only a small
interval of eigenvector indices around the index of v | and to still ensure
that we find the new eigenvector with maximum overlap. This procedure is
illustrated in Fig. 3.

Note that mode tracking only works reliably when there are no
hybridisations of eigenmodes in the considered interval of eigenvectors. If

that is the case, the characters of the corresponding eigenmodes are chan-
ging, and the concept of following an eigenmode breaks down. An example
would be the compression of a magnetic skyrmion until it is too small to be
compressed further, and the corresponding eigenvector gets pushed far up
the spectrum or even disappears entirely. Fortunately, this phenomenon is
negligible for the numerical integration of the entropy (Eq. (7)) when the
energy is increasing quickly enough while following the eigenmode for the
Boltzmann factor to decay before the breaking point of mode following is
reached.

After the new followed eigenvector, vl-F , has been identified via mode
tracking, it is applied to displace the current system configuration:

Q=Q +Asv. (8)

Here, As is the step width. The displacement can be performed with different
numerical recipes, such as, for example, with an explicit Runge-Kutta
algorithm or the Velocity Projection Optimisation (VPO) method™. The
choice might depend on the studied system and the computational
framework. Here, we apply a simple direct Euler integration scheme, which
yields sufficient numerical stability and accuracy for the systems studied in
this work. Note that for atomistic spin simulations, the configuration space
is a 2N-dimensional hypersphere and displacements have to be performed
as rotations in the tangent space as described, for example, in refs. 32,53.

EMF in atomistic spin simulations

We have developed and tested the EMF method in the context of atomistic
spin simulations, which apply a quasi-classical atomistic approximation to
describe the magnetic moment of solid states. For all test and use cases
presented in this work, the interactions of the magnetic moments are given
by the extended Heisenberg model:

N N

E = -— Z]ij(mi -m;) — ZDU(/Z\X r;) - (m; x m;)
ij i

N N )
~2

—>_K(m; 2" = > p(m; - B).

It takes into account two-site exchange interactions beyond nearest
neighbours, Dzyaloshinskii-Moriya interaction (DMI), magnetocrystalline
anisotropy energy (MAE) and Zeeman interaction. Due to the constrained
length of the magnetic moments, the configuration space changes from the
general 3N to a 2N-dimensional hypersphere with N being the number of
atoms or magnetic moments, respectively.

The limitation of this specific model and field of application is not
intrinsic to the EMF method but reflects our own scientific focus and
expertise. However, it does allow for a quasi-classical treatment of the state
space and an explicit construction of a Hessian matrix, which, due to the lack
of dipole-dipole interaction, is sufficiently sparse for efficient sparse extre-
mal eigensolver algorithms. In the following, two test cases of EMF are
presented in order to illustrate and test the implementation. It is followed by
the application of the EMF method to the chimera saddle point rotation
mode, demonstrating a practical use-case in which transition rate calcula-
tions have not been possible otherwise.

Single spin: comparison of partial partition functions
Here, we consider a single magnetic moment in two configurations: Parallel
and perpendicular to the uniaxial anisotropy axis n. We chose the calcu-
lation of the partial partition functions of this simple single-spin system
because it already highlights and explains the limitations of the harmonic
and zero-mode approximations and the capabilities of the EMF method.
Simultaneously, it represents a suitable minimal first test case for a fresh
implementation of the method.

The diagonalisation of the 2 x 2 dimensional Hessian matrix in tangent
space coordinates results in two eigenmodes. For a magnetic moment in the
easy axis direction, the two eigenmodes of the system are degenerate and
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Fig. 3 | Illustration of the Mode tracking and the
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correspond to a rotation from one pole over the equator towards the other
pole, as illustrated in Fig. 4(a, b). When assuming the magnetic moment to
be oriented in the hard plane, which coincides with the saddle point of a
pole-to-pole transition, the diagonalisation yields the two eigenmodes
shown in Fig. 4(c, d). The first one is of the same nature as the two degenerate
eigenmodes of the energy minimum, but with a phase shift of 7/2. The
second eigenmode describes a movement around the equator with constant
energy of E= K.

The partial partition functions, @,, introduced in Eq. (4), equal the
statistical occupation of states along the eigenmodes with index p = 1, 2. In
this example, we assume a temperature of T'= 10 K and a MAE constant of K
= 1 meV. The corresponding eigenvalues of the degenerate eigenmodes of
the moment along n are A}, = 2meV, and the two eigenvalues of the
moment perpendicular to fi are A7 = 2meV and A} = 0 meV. Table 1
shows the values of the partial partition functions in Eq. (4) determined via
different techniques. The values of @, are calculated for a full rotation over 9
and ¢, respectively, and details on the calculations are given in the “Meth-
ods” section. The method coined “ref” serves as a reference and corresponds
to the simple numerical integration of the @, integrals, made possible by the
straightforward geometry of this test case.

The two degenerate eigenmodes of m || i show the same behaviour:
The harmonic approximation reproduces some parts of the actual energy
curve (which has been obtained by EMF) well, but does not capture the
periodic behaviour (see Fig. 4(a, b)). That shortcoming can be mitigated by
adding a second parabola around g, = 7, which results in a factor of two in
the integration over a full period (see methods) and a value of @, which is
close to the reference. However, the slightly lower values stem from the
harmonic approximation underestimating the occupation around the peaks
of the oscillation. The EMF method, in contrast, does take the real energy
curve into account and agrees with the reference perfectly. The zero-mode
approximation, on the other hand, overestimates the occupation as each
state has an energy cost of zero, yielding a value of @, = 27.

In the case of the first eigenmode of m L n, the energy curve is
effectively shifted by an angle of /2, which the EMF method can correctly
capture, reproducing the value of the reference. The harmonic approx-
imation, on the other hand, cannot be applied via Eq. (7), as the curvature
and eigenvalue are negative, and the square root does not result in a real
number. The zero mode approximation expanded around the initial state of
m L n overestimates the energy drastically and thus underestimates the
occupation, which shows in the much lower value of @, in Table 1. This is
different for the second eigenmode of m L m, in which the zero mode

approximation perfectly describes the energy along the rotation, agreeing
with the @, values of both the EMF method and the reference. Again, the
harmonic approximation does not lead to a @, value, as it would mean a
division by zero in Eq. (7).

In summary, this simple example showed that the harmonic approx-
imation tends to underestimate occupations with elevated temperatures
(relative to the internal energy barriers, in this case, the anisotropy). On the
other hand, the zero-mode approximation did drastically overestimate the
occupation for m || o in which the internal barriers were not negligible,
while overestimating it for the first eigenmode of m L n and working
precisely for the second eigenmode. This demonstrates very clearly that the
usefulness of these approximations is strongly case-dependent. In contrast,
the EMF method produced correct values for all four cases and, on top of
that, provided the actual energy curves along the eigenmodes, making the
physical understanding of their respective characters and judgments about
the validity of the harmonic and zero-mode approximations possible.

Ferromagnet: numerical limits of integration

Here, we are investigating the eigenmodes of the ferromagnetic state, i.e.,
spin waves in a 50 x 50 hexagonal simulation box of the Pd-fcc/Fe/Ir(111)
system (material parameters in ref. 34). In Fig. 5, the energy curves of the
lowest three eigenmodes obtained by EMF are displayed up to the limit of
50 meV/atom, which corresponds to an average temperature of 380 K.
While linear spin waves can be expected to be well described in harmonic
approximation, it was not known a priori if that is true in a system like Pd-
fec/Fe/Ir(111) with its strong exchange frustration. Hence, the dashed lines
created from the eigenvalues of the Hessian matrix are compared to the
energy curves of EMF and reveal that the exchange frustrated spin waves of
this system can indeed be modelled in harmonic approximation. The two
lines can hardly be distinguished from one another.

To test the cutoff parameter of the numerical integration, g™, the
partition function, @y, of the first spin wave mode has been calculated with
different values of the maximal displacement (see Fig. 6). In that process, the
mode has been followed in positive and negative direction of the eigenvector
until |g"*] is reached in both directions and the contributions are added to
yield @, as described in Eq. (7).

In Fig. 6, the values of @, evaluated with EMF are converging with
increasing |g"™| against the corresponding dashed lines of the harmonic
approximations. This convergence was expected, as we already demon-
strated that the harmonic approximation is a valid description of this
eigenmode. The partition functions of lower temperatures are converging
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Fig. 4 | Illustration of the eigenmodes of a single
spin system with uniaxial anisotropy. The mag-
netic moment, m, is assumed to be parallel (a, b) or
perpendicular (¢, d) to the easy axis of the aniso-
tropy, N,,,;. Each of these two states has two eigen-
modes, illustrated by the transparent red arrows.
The energy of each eigenmode is plotted for a full
rotation in clockwise and anti-clockwise directions.
The energy obtained by EMF along g,, is shown as a
solid black line relative to the minimum energy, E,.
For this example, an anisotropy constant of K =

1 meV and a temperature of T'= 10 K have been
assumed, and the corresponding thermal energy is
displayed as kgT.
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faster as their respective Boltzmann factors decline more quickly with
increasing excitation energy, resulting in a smaller required distance to reach
less occupied states. Overall, Fig. 6 demonstrates that the evaluation of
partition functions with EMF converges as expected, fast enough and in a
displacement interval that is realistically feasible.

EMF applications for magnetic skyrmion collapse
The dominating mechanism of magnetic skyrmion annihilation depends on
the material parameters and external stimuli’*****. In case of a large DMI, a
strong exchange frustration or effects that break the in-plane symmetry of
the skyrmion, such as an in-plane magnetic field, skyrmions tend to decay
via the so-called chimera collapse mechanism™,

As an example, we are using the ultrathin film system Pd-fcc/Fe/
Ir(111), a theoretically*********7® as well as experimentally’***”” well-

studied model system with strong exchange frustration and DMI, in which

sub-5 nm skyrmions occur at low temperatures below 80 K””. The mini-
mum energy paths of a skyrmion collapsing in Pd-fcc/Fe/Ir(111) via the
radial and chimera transition mechanisms are shown in Fig. 7. At the
selected field of B, = 4.0T, the energy barriers of both mechanisms are of
comparable size, with the radial mechanism exhibiting a slightly lower
barrier than the chimera one.

After its theoretical discovery’”, the calculation of the entropic con-
tribution of the chimera collapse was prevented by the inability to handle the
second eigenmode of the chimera saddle point state, the rotational
eigenmode™. Only later, investigations via the EMF method™ and sub-
sequent analytical parametrization” have solved the puzzle on how to treat
this eigenmode correctly.

In this section, we want to focus on the application of the EMF method
to the rotation mode of the chimera transition state in Pd-fcc/Fe/Ir(111). In
the first part, we introduce the challenge of treating the rotational eigenmode
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in harmonic approximation and discuss the results obtained by EMF. In the
second part, we increase the complexity of the energy surface by the con-
sideration of an in-plane magnetic field, such as in the experimental setup of
ref. 38, demonstrating the potential of the EMF method to accurately cal-
culate entropies continuously even for intermediate temperature regimes.

Rotation of the chimera saddle point state
At its saddle point state, which is the state of maximal energy on the MEP
(see Fig. 7), the second Hessian eigenmode exhibits a small eigenvalue of ~
0.1 meV, which lies between the typical order of magnitudes for zero
eigenmodes (< 10> meV) and harmonic eigenmodes (> 1.0 meV) of that
system. Thus, it was an open question for which temperatures the treatment
in harmonic approximation would be valid. Alternatively, the modelling in
zero-mode approximation came with the issue of not knowing the sym-
metry of that eigenmode, which we now know as the chimera rotation
mode. Hence, the correct modelling of the chimera rotation mode remained
an open question until we applied the EMF method to reveal its nature.

In Fig. 8, the magnetic structure of the chimera SP can be seen at “0.0"
displacement. The corresponding second eigenvector of the Hessian matrix
is displayed as a 2D vector field below. At first glance, it resembles known
skyrmion translation mode eigenvectors™. By iteratively displacing the
magnetic structure of the chimera saddle point state along this eigenvector
and updating the latter along the way, ie., “following" it, we obtain the
snapshots of the magnetic structure and eigenvector displayed in Fig. 8.
They reveal a rotational movement of the chimera saddle point around its
Bloch-like point. The eigenvector follows the structure well and with good
precision. In Fig. S1 of the supplemental figure, we performed a long-range
mode following of several full rotations and highlighted the good numerical
stability of the method.

By simultaneously evaluating the energy of the magnetic state along the
movement, the corresponding energy curve over the displacement distance

Table 1| Values of @, for a single spin with uniaxial anisotropy

(0 Harmonic Zero- EMF Ref
mode
m|n mode 1 3.201 6.283 3.819 3.819
mode 2 3.291 6.283 3.819 3.819
mln mode 1 = 1.969 3.819 3.819
mode 2 - 1.969 1.969 1.969

The partial partition function, @, has been calculated for two initial magnetic moment orientations,
m || nandm L n. The calculation methods are: harmonic approximation, zero-mode approximation
and EMF, as shown in Eq. (7) and a reference obtained from directly solving the integral over the
Boltzmann occupation numerically. The parameters are K = 1 meV and T = 10 K. More details of the
calculations are given in the “Methods” section.

can be obtained as plotted on the left side of Fig. 8 for a 120" rotation, so one-
third of a full rotation. The energy variation along the movement is relatively
small and on the order of 0.1 meV. It is caused by the lattice effect that forces
the Bloch-like point to slightly change its configuration during the rotation,
leading to a 6-fold symmetry over a full rotation. The energy peaks are
elevated and reduced by DM, respectively, as the rotational sense in the

1
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:
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Fig. 6 | Value of @, of the first spin wave mode over the maximal EMF integration
distance, q}"**. The numerical integration of the Boltzmann factor has been per-
formed for three different temperatures, and the corresponding integrals solved
analytically via the harmonic approximation are shown as dashed lines. Figure
adapted from ref. 53.
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Fig. 7 | Minimum energy paths of skyrmion collapse via radial and chimera
transition mechanisms. The same skyrmion obtained in Pd-fcc/Fe/Ir(111) at an
external magnetic field of 4.0 T perpendicular to the surface exhibits two metastable
transition mechanisms, the radial and the chimera collapse. The paths are obtained
by CI-GNEB. The initial state is the skyrmion (zero on the reaction coordinate, spin
structure shown as an inset), and the energy is given with respect to the skyrmion
state. Each point corresponds to one intermediate state, so-called “images". For both
mechanisms, the final state is the ferromagnetic configuration (inset on the right).
The saddle points (insets on the top) correspond to the highest-energy point along
the minimum energy paths and define the energy barriers.

Fig. 5 | Energy curves of spin wave modes in Pd- 50
fcc/Fe/Ir(111). An out-of-plane magnetic field of harmonic
4.0 T is assumed. The black lines show the energies
relative to the ferromagnetic state and are obtained 40 1 r EMF 1 r 1
by EMF. The red dashed lines are constructed from
the eigenvalues of the Hessian of the ferromagnetic <
state via Eq. (7). “E’ 30 | 1 t 1 t i
s
Ll
;.E_l 20 1 r 1 r 1
w
10 | 1 r 1 r 1
mode 1 mode 2 mode 3
0 L L L L L L
-10 0 10 -10 0 10 -10 0 10
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Fig. 8 | Second chimera saddle point mode analysed via EMF. The energy dis-
persion over the total geodesic distance, g,, of a 271/3 clockwise rotation is shown on
the left. For the positions marked with a cross, the magnetic structures and the

corresponding eigenvectors are shown on the right. The colour codes decode the
out-of-plane components, respectively. In the corners, the geodesic distance is
shown in rad. Figure adapted from ref. 53.
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Fig. 9 | Prefactor of skyrmion collapse via radial and chimera transition
mechanisms for varying temperatures. As system parameters, the Pd-fcc/Fe/
Ir(111) system with 4.0 T out-of-plane has been used. The rotational eigenmode of
the chimera saddle point was modelled via eigenmode following (blue) and har-
monic approximation (red). Note that the prefactor of the radially symmetric col-
lapse (black) has been multiplied by a factor of two to take into account the two
saddle points per unit cell. Fig. adapted from ref. 53.

Bloch-like point changes periodically, leading to the two different peaks
visible in the 120" energy curve.

Overall, the revealed energy variation along this eigenmode is quite
small, which makes it negligible at non-zero temperatures and allows for the
quasi-free rotation via zero-mode approximation. Combined with the
obtained understanding about the nature of this eigenmode by EMF, ade-
quate analytical modelling of this mode became feasible”.

The direct entropy calculation of the chimera rotation mode is
achieved by numerically integrating the Boltzmann factor of the energy
curve over the interval of a full rotation (see Eq. (7)). The obtained partial
partition function, @,, is plugged into the formula of the prefactor in Eq. (3),
in which the partial partition functions of the other eigenmodes are con-
sidered in harmonic approximation. The resulting prefactor is shown in
Fig. 9.

The prefactor of the chimera transition mechanism obtained by EMF
increases fast at very low temperatures, as the low rotation barrier initially
forces the chimera state to vibrate around its energetically favourable
orientation, and more states are available for occupation. With increasing
temperature, this occupation starts to saturate as the rotation eigenmode
changes from vibration to quasi-free rotation at higher temperatures. This
causes the prefactor to change from a o« T-like growth to a oc +/T like
growth, stemming from the ratio of zero-modes between the initial sky-
rmion state with its two translational zero-modes and the saddle point state.
Each zero-mode at the initial and saddle point state adds or subtracts a factor
of oc +/T to the temperature dependency of the prefactor®’,

In contrast to the results of the eigenmode following method, the
harmonic approximation of the rotational eigenmode never yields a tran-
sition from its vibrational character to a quasi-free rotation. Instead, it

assumes that more and more states can be occupied even when these in
reality are not available, as the system cannot occupy more rotational
degrees of freedom than the completely free rotation at high temperatures.
Consequently, this unphysical modelling by the harmonic approximation
yields a continuous T like growth of the prefactor, overestimating the
prefactor with increasing temperature.

For completeness, the prefactor of the radial collapse is shown, too. It
exhibits the typical o T like behaviour™ as it does not have the rotational
degree of freedom, which also means less available states to occupy and thus
a lower overall prefactor compared to the chimera transition rates. There-
fore, it can be interpreted that entropic effects favour the chimera transition
state as it offers combinatorially more states to pass the energy barrier.

Rotation of the chimera saddle point state under an in-plane
magnetic field

In Fig. 10a, the energy curve of the chimera rotation mode is displayed again,
this time for more than a full clockwise and anti-clockwise rotation,
respectively, which amounts to a distance of around + 100rad. The energy
exhibits the same 3-fold symmetry in the energy curve on the order of
0.1 meV as it was already discussed in the last section. By applying an in-
plane magnetic field of 0.1T to the magnetic layer, the 3-fold symmetry of
the rotation of the chimera state is broken, creating a preferred orientation of
the in-plane components of the moments along the field. This creates a
single energy barrier to the rotational movement of about 1.5 meV with
some modulations due to the lattice effect. This barrier scales linearly with
the magnetic field, and consequently, a field strength of 0.2 T yields twice the
energy barrier of slightly over 3.0 meV.

At this field strength, the barrier became almost symmetrical. As it is
much larger than the original barrier stemming solely from lattice effects
and DM, the interval in which the harmonic approximation can be
expected to be accurate is shifting towards higher values as before. The
structure will vibrate around the optimal orientation and be trapped in its
vicinity for small temperatures. In contrast, the chimera state can almost
freely rotate for large temperatures, only slightly modified by the in-plane
magnetic field barrier. This way, the in-plane field opens an intermediate
regime between these two extreme cases in which the situation is more
complex and both analytical approximations are expected to fail. Therefore,
it represents an excellent use case for the EMF method, which is able to
calculate the partial partition function for a continuous temperature spec-
trum, which traditionally was not achievable.

Calculating the partial partition function, ¢,, with these three different
approaches for varying temperatures yields the data of Fig. 11. Naturally, the
value corresponding to the zero-mode approximation is constant since the
occupation of free rotational states is independent of temperature. On the
contrary, the harmonic approximation reflects an unphysical and ever-
increasing occupation of states for increasing thermal energy.

The curve corresponding to EMF, however, is showing a more
balanced behaviour. For very low temperatures, it does coincide with the
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Fig. 10 | Energy of the chimera-saddle-point

rotation under an in-plane magnetic field. The
clockwise (cw) and anticlockwise (ccw) rotations are
shown for slightly more than one full period. An in-
plane field of 0.0 T (a), 0.1 T (b), and 0.2 T (c) is
applied in the positive x-direction, which aligns with
the initial orientation of the chimera skyrmion
saddle point state, which is also the energy reference

in each plot, respectively. The magnetic system is
Pd-fcc/Fe/Ir(111) with an additional out-of-plane
field of 4.0 T. Fig. adapted from ref. 53.
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Fig. 11 | Comparison of the partial partition function, @,, of the second chimera
saddle point eigenmode over temperature. The values are obtained numerically via
EMEF (blue), harmonic (red) or zero-mode approximation (green) for a skyrmion
collapse via the chimera transition mechanism in Pd-fcc/Fe/Ir(111) with an external
field of B, = 4.0T and B); = 0.2T. Figure adapted from ref. 53.

values of the harmonic approximation. It increases faster than the curve of
the harmonic approximation up to values of roughly 150K, where they
cross, and the EMF curve starts to slowly converge against the constant value
of the zero-mode approximation.

In this way, the EMF method closes the gap between the two tem-
perature regimes of the harmonic and the zero mode approximations while
still correctly reproducing the extremal behaviour on both ends. Note that
without the data of the EMF curve, there would be no information about
when the zero mode and harmonic approximations over- or underestimate
the occupation and hence, when they are valid or failing. The EMF methods
are doing both, enabling the evaluation of the quality of the two approx-
imations as well as calculating the partial partition functions over all tem-
peratures, including the area in which the analytical approximations are
failing.

Discussion

The EMF method for direct entropy calculation has been introduced, which
combines eigenmode following with the numerical evaluation of the
occupation along the way. The mathematical and physical background has
been provided and formulated for a generic 3N system, allowing for the
adaptation of the EMF method to various fields in physics and chemistry.
Further, the technical concept and algorithm of the EMF have been
explained in detail, including mode tracking, which enables the following of
an arbitrarily selected eigenmode.

We demonstrated how the entropy of a system can be calculated by a
case-dependent treatment of eigenmodes by harmonic approximation,
zero-mode approximation and EMF, which can be adapted to the
requirements of the system. These requirements do not need to be known a
priori. Instead, very soft or problematic eigenmodes can be pre-determined
by the eigenspectrum of the Hessian matrix and subsequently characterised
by EMF, as we have demonstrated for the rotation mode of the chimera
saddle point state.

Going away from the general 3N formulation, we used 2N atomistic
spin simulations of magnetic systems to provide hands-on examples of EMF
calculations. The single spin system with anisotropy already showed the
limitations of the harmonic and zero-mode approximations, while the EMF
method described all cases adequately, reproducing the reference values.
The eigenmodes of the ferromagnetic state in the exchange frustrated Pd-
fec/Fe/Ir(111) system provided an estimate for the accuracy of the numerical
integration of partial partition functions in a realistic 50 x 50 simulation box.
Moreover, the application of EMF revealed that the energy curves of these
spin wave modes can be modelled parabolically even in the presence of
strong exchange frustration in Pd-fcc/Fe/Ir(111).

The investigation of the rotation eigenmode of the chimera transition
state of skyrmion annihilation represents the first real use case of the EMF
method. First, it revealed the character and energy curve of the eigenmode,
identifying it as a rotation mode. Then, it has been successfully applied to
calculate the mean transition rates of skyrmion collapse in the framework of
transition state theory beyond harmonic approximation. The addition of an
in-plane magnetic field raises a rotation barrier for the chimera state. It has
been used to demonstrate the capability of the EMF method to calculate the
partial partition function for the entire temperature regime, which has not
been possible before. Other real-life use cases and their publications have
been referenced.

Overall, we demonstrated that the EMF method is well-suited for
treating eigenmodes with non-paraboloid-shaped energy curves, which has
not been done in magnetism before. It is easy to implement as it requires at
least partial diagonalization of the Hessian matrix, which will already be
implemented in most pre-existing codes, as it is the basis for the harmonic
approximation approach. The application is feasible and effective, even for
50 x 50 simulation boxes in the case of atomistic simulations, and especially
when combined with a harmonic approximation for the most eigenmodes
of a large system. This makes the EMF method well-suited for applications
in a large variety of systems, and we are expecting it to play a role in the
further development of “beyond harmonic" entropy and partition function
calculation methods.

In its state of development, the EMF method does not solve the pro-
blem of coupled eigenmodes and is strictly speaking only applicable when
the coupling of the following eigenmode to the rest of the spectrum is
negligible. However, we deem a cross-sampling extension of the method for
two or more eigenmodes possible, which could be the subject of further
development. In its current form, the single eigenmode form, however, it
already makes entropy and lifetimes calculations of systems with non-
parabolic energy curves, such as chimera or antiskyrmion states, possible.
While it remains to be seen if the EMF method can be transferred directly to
quantum mechanical methods such as DFT, we believe that it can be useful
in a wide range of fields in physics and chemistry.

Methods

Simulation details

All atomistic spin simulations have been performed with Spinaker and its
predecessor, the Kiel simulation code. Both codes were developed in col-
laboration with the University of Kiel and the University of Iceland. The
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EMF method is implemented with a simple Euler rotation step, realising a
geodesic displacement along the selected eigenvector. The EMF calculations
typically consist of 10,000 to 20,000 such steps with a constant width of 0.5 —
1.0%107* rad. For the spin wave eigenmodes of the ferromagnetic state
shown in Fig. 6, a step width of 0.01 has been applied for 1000 Euler steps
each. Magnetic textures were energetically relaxed via spin-dynamics, vpo or
the Ibfgs algorithm with applied periodic boundary conditions. MEPs and
saddle points have been obtained via CI-GNEB.

Calculations of the partition functions of a single spin with various
methods

Here we provide the details on how the values in Table 1 have been obtained.
In a single spin system with uniaxial anisotropy along z, the energy is given

by

E=—Km? (10)

= —K cos*(9). (11)
The strength of the anisotropy is K = 1 meV, and the resulting energy of the
ground state is Ey = — 1 meV.

In the case of the spin being exactly aligned with the easy axis, there is a
two-fold degenerate eigenmode describing the direct rotation from pole to
pole. Its partition function is given by

Oy = / o PEO-E] g9

(12)

:/efﬁK[cosz(S)fl] 49 (13)

In harmonic approximation and with the eigenvalue of the Hessian, A; =
2 meV, the integral simplifies to

2

28

(Dharm

min,1 —

2.0 % (14)

~ 3.291. (15)
The combinational factor of two stems from the two local minima at +Z
which are approximated by one parabola each and both contribute to the
occupied states when considering a full rotation.

In zero mode approximation, the integral reads

e = fgﬂefﬁ[zf<9=0)on] d9
= [71d9 (16)
=27

For a solution without approximating the energy function, we use equation
(13) and solve it by direct numerical integration over 9. This is possible
because the trajectory of the eigenmode is trivial and known: a straight
rotation from +Z to —z and back on the other side of the sphere. Numerical
integration in this context simply means to approximate the integral by a
summation over finite steps in which the local value of the function is
calculated. For the application of the EMF method, the initial spin orien-
tation is very slightly rotated away from the easy axis to avoid the initial
degeneracy. However, this is done for numerical reasons, and the effect on
the result is highly negligible.

In the case of the spin being in SP configuration, i.e., it lies in the
equatorial plane, the diagonalisation of the Hessian yields two distinct
eigenmodes. The first is similar in character to the two-fold degenerated
mode of the energy minimum state we just discussed. The second corre-
sponds to a rotation around the equator. Both eigenmodes cannot be

integrated in a harmonic approximation: The eigenvalue of the first
eigenmode is negative (—2 meV), and the second eigenvalue is zero. To
calculate them in zero mode approximation, we assume that the system has
the constant energy of the saddle point state, EyY = E(9 = 7/2) = 0.0
meV, which is a bad approximation for the first eigenmode but an excellent
one for the second.

For the first SP eigenmode in zero mode approximation, we get

2n

o) = [ e gy (7
0

=2 eﬁEtS)P (18)

~ 1.969. (19)

The second SP eigenmode in zero mode approximation yields the same
value as we just integrate the same constant over a full period over ¢ instead
of

27 .

LY = / e PlE(p=/2)-E}'] do (20)
0
=27 BV @1
~ 1.969. (22)

Both eigenmodes can be solved numerically by applying the direct
numerical integrations of 9 and ¢, respectively, whose trajectories are trivial.
The EMF method can be applied without any special considerations.

Data availability
The data that support the findings of this study are available from the
corresponding author upon reasonable request.
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