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Abstract
In recent years, the study of entanglement properties of quantum field
theories has led to deep insights in fields as diverse as quantum gravity
and condensed matter physics. Originating as effective field theories for
certain quantum dimer models, the Quantum Lifshitz Model (QLM) and
its generalizations are bosonic quantum field theories with anisotropic
scaling symmetry between space and time. Being closely related to
conformal field theories, they provide a fruitful playground, where diverse
entanglement calculations can be performed analytically.

In this thesis, we concentrate on two entanglement measures, the
entanglement entropy and logarithmic negativity. Motivated to extract
sub-leading universal behavior, we perform analytic calculations in two
and higher even dimensions. In order to make the calculations tractable,
we put the QLM on compact manifolds, such as spheres and tori, where the
spectrum of a certain operator appearing in the ground state of the theory
is explicitly known. Mostly by means of the replica method, we then find
analytic expressions for the finite sub-leading terms of the entanglement
entropy and logarithmic negativity of the ground state, as well as the
entanglement entropy of the excited states of the QLM. In the case of the
ground state entanglement entropy, we provide analytic expressions for
the sub-leading terms as functions of the dimension and the dynamical
critical exponent. For the excited states we provide analytic formulae of
the sub-leading coefficients as functions of the excitation numbers.
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1 Introduction
Soon after quantum mechanics had found its modern mathematical foun-
dations in the 1930’s, [Einstein et al., 1935] and [Schrödinger, 1935]
discovered the phenomenon that lies at the heart of the differences be-
tween the quantum and the classical world: Entanglement.

In essence, entanglement implies the existence of systems that, even if
they consist of multiple parts, can only be treated as a whole. Let us be
more concrete. Say there is a system made up of several components such
as, for example, a collection of particles – though other systems exhibiting
entanglement are abundant – and separate these particles until they all
are very far apart from each other. Our intuition would tell us that, if
we perform experiments on one of those particles, the results should be
independent of the other. After all, how could all these distant particles
conspire to correlate? However, if the system is entangled this intuition
is not true, and the result of our experiment will be connected to the
results of the experiments by far-away labs on the other particles.

Perhaps the most famous example of an entangled system is that of
an EPR-pair (named after the authors of the seminal paper by Einstein,
Podolsky, Rosen [Einstein et al., 1935]). Such a pair consists of two
particles, each of which can be either in a spin up or in a spin down state.
The spins of an EPR-pair are entangled in such a way that they must
both either point up or both down and nothing else is allowed1. Imagine
creating such an EPR-pair and taking one of the particles to a hypothetical
laboratory on Mars, while the other remains in a laboratory on Earth.
Then, a measurement of the spin of the Earth particle immediately
determines the spin of the Mars particle: If we measure spin up, the Mars
particle must also have spin up.

This phenomenon seems to go against relativity, with information
travelling faster than light, and its discovery triggered a discussion on
the nature of physics, experiments, and reality that lasted for many
decades, and, to some degree, still continues. Some physicists, such as
Einstein, argued the incompleteness of quantum mechanics, stating that

1An analogous situation with opposite pointing spins not allowed to point in the
same direction is also possible.
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1 Introduction

the strange behavior of entangled systems must be due to our ignorance
of some unknown quantities, dubbed hidden variables. Other physicists,
like Bohr, took a more pragmatic approach, accepting the new ideas
as a fundamental, yet counter-intuitive part of reality. After all, why
should reality cater to our intuition? It was not until some decades after
the discovery of entanglement that the seminal work by [Bell, 1964] and
its multiple experimental confirmations, see for example [Freedman and
Clauser, 1972] and [Aspect et al., 1982], ruled out local hidden-variables
and cemented entanglement as a real part of physics.

Interestingly, one of the first motivations to study entanglement out-
side of the realm of the foundations of quantum mechanics came from
black hole physics. The work of [Bekenstein, 1973] and [Hawking, 1976]
in the 1970’s showed that black holes behave as thermodynamical objects
with an entropy proportional to the area of their event horizon. Some
years later, looking for a source for the entropy of a black hole, [Bombelli
et al., 1986] and [Srednicki, 1993] independently showed the entanglement
entropy – an entanglement measure that we will later analyze in detail –
between two complementary regions of space to be proportional to the
area between the two regions for a scalar field in its ground state. Imag-
ining the two regions to be the inside and outside regions of a black hole,
this result suggested a tantalizing explanation for the area law behavior
of the black hole entropy. Later work by [Callan and Wilczek, 1994] and
[Holzhey et al., 1994] confirmed this type of area law behavior in the
context of conformal field theory, and introduced some of the modern
techniques to calculate entanglement entropy in quantum field theory.
Since then, a lot of work has been devoted to understand the entanglement
properties of quantum field theory and to find ways to calculate them, see
[Casini and Huerta, 2009] and [Calabrese and Cardy, 2009] for reviews.

The idea that information about a black hole is stored on its surface
also inspired the concept of holography, see [’t Hooft, 1993] and [Susskind,
1995]. This is the notion that quantum gravity is highly redundant,
only needing a surface of one dimension less than the dimension of the
spacetime to describe all of its contents. In the late 1990’s holography was
first concretely realized in string theory as the AdS/CFT correspondence
in the seminal papers [Maldacena, 1999], [Witten, 1998], and [Gubser
et al., 1998]. In its original form, the AdS/CFT correspondence states
that a string theory defined on AdS5 × S5, that is five dimensional anti
de Sitter space times a five sphere, is dual to a conformal field theory
that lives on the boundary of the anti de Sitter space. The Bekenstein-
Hawking formula then seemed to suggest that in holography geometric
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quantities, such as the area of the black hole horizon, should be related to
quantum mechanical quantities, such the entanglement entropy. It didn’t
take long for this notion to be realized in the context of the AdS/CFT
correspondence. The Ryu-Takayanagi formula [Ryu and Takayanagi,
2006a, Ryu and Takayanagi, 2006b] and its covariant generalization,
the Hubeny-Rangamani-Takayanagi formula [Hubeny et al., 2007], state
that the entanglement entropy of a region of a d-dimensional CFT is
determined by the area of an extremal surface with the same boundary
as the CFT region, but reaching into the d + 1-dimensional bulk on
whose boundary the CFT is considered to live. Taking these ideas even
further, it has been suggested that in the context of quantum gravity
spacetime itself should be considered an emergent quantity, determined
by the entanglement properties of the corresponding boundary theory
[Van Raamsdonk, 2009], see also [Rangamani and Takayanagi, 2017].

In another corner of physics the practical potential of entanglement
was also recognized in the 1990’s. Several famous results such as quantum
cryptography by [Ekert, 1991] and quantum teleportation by [Bennett
et al., 1993] paved the way for the vast and very active fields of quantum
information and computing, both of which have entanglement at their core.
The activity in these fields has pushed our understanding of entanglement
and how to quantize it and work with it, although it mostly deals with
discrete systems, see [Plenio and Virmani, 2007, Horodecki et al., 2009].
Not long after the first breakthroughs in quantum information, it was
also realized that entanglement served as a great tool for condensed
matter physics. In 2002, [Osterloh et al., 2002] and [Osborne and Nielsen,
2002] found that during a quantum phase transition of a certain spin-
chain model the entanglement remained short-ranged, as opposed to
the diverging classical correlation length, and that a specific measure
of entanglement was maximal at the critical point. This observation
revealed a deep connection between entanglement and critical phenomena.
The relevance of entanglement to condensed matter physics was further
underlined by the discovery that sub-leading corrections to the area
law divergence of the entanglement entropy encoded universal features
of critical theories [Vidal et al., 2003, Calabrese and Cardy, 2004], see
[Amico et al., 2008, Eisert et al., 2010, Laflorencie, 2016] for reviews.

As can be seen from the last few paragraphs, entanglement is a
rich and important subject, touching upon many branches of physics,
and leading to deep insights where it does. However, quantifying and
calculating entanglement is hard, especially in the context of quantum
field theory, and analytic results are not as plentiful as one would like, and
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1 Introduction

are mostly concentrated to CFTs, where powerful machineries come to aid.
Another fruitful source of analytic results for entanglement has been that
of Lifshitz field theories, and in particular that of the quantum Lifshitz
model (QLM). Lifshitz field theories are non-relativistic and exhibit a
scale invariance that is anisotropic between space and time, and which is
characterized by the so-called dynamical critical exponent z. Concretely,
the space and times coordinates transform as

~x 7→ λ~x t 7→ λzt (1)

under a scaling λ. The QLM is a 2 + 1-dimensional QFT that realizes
this symmetry for z = 2. It was first introduced in [Ardonne et al., 2004]
as the continuum limit of the quantum dimer model [Kivelson et al.,
1987], which was in turn originally used as a tool to understand certain
properties of high temperature superconductivity. One of the striking
features of the QLM is that its ground state wave function can be easily
found and, even more, it turns out to be invariant under 2-dimensional
(spatial) conformal transformations. It was quickly realized by [Fradkin
and Moore, 2006] that this could be exploited to perform an analytic
calculation of the ground state entanglement entropy of the theory. Since
then, the QLM has served as an excellent toy model for performing
analytic entanglement calculations, see for example [Hsu and Fradkin,
2010, Oshikawa, 2010, Zaletel et al., 2011, Zhou et al., 2016]. One can
generalize the QLM to higher dimensions and arbitrary critical exponents.
The d + 1-dimensional form of the QLM, which goes by the name of
generalized quantum Lifshitz model (GQLM), is deeply connected to
d-dimensional CFT. As we have now reached the setting for this thesis,
let us abandon our historical digressions and take a closer look at the
subject at hand.

1.1 Background
The thesis is based on the three papers listed on page xiii. In order to
emphasize these papers, we will cite them as [I], [II], and [III] instead
of [Angel-Ramelli et al., 2019], [Angel-Ramelli et al., 2020], and [Angel-
Ramelli, 2020]. The papers are attached and can be found in pages 78,
141, and 193 respectively. Let us inspect the core concepts on which we
base this thesis a little closer.

Our main motivation is to expand our exact knowledge on entangle-
ment in quantum field theory. We do this in the setting of the 2 + 1-
dimensional quantum Lifshitz model (QLM) [Ardonne et al., 2004] and
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1.1 Background

its generalizations to higher dimensions [Keränen et al., 2017] and curved
higher dimensional manifolds [I]. We refer to the higher dimensional
models as generalized quantum Lifshitz models (GQLM). One of the most
important features of the QLM is that its ground state takes the following
simple form

|ψ0〉 = 1√
Z

∫
Dφ e−

1
2S[φ]|φ〉, (2)

with S[φ] the conformally invariant2 action of a 2 dimensional free scalar

S[φ] = g

∫
M

d2x (∇φ)2 . (3)

We take the scalar φ to be compactified with compactification radius
R, that is φ ∼ φ + 2πR. This very simple ground state, provides us
with a suitable playground on which many difficult calculations can be
performed explicitly, turning the QLM into an excellent toy model for
entanglement calculations.

We will consider bipartite entanglement of pure and mixed states, and
for this we need suitable measures of entanglement. There are many ways
to quantify entanglement, for reviews see for example [Plenio and Virmani,
2007, Amico et al., 2008, Horodecki et al., 2009]. An entanglement measure
takes the density matrix of a system as an argument, and returns a positive
real number that characterizes its entanglement. In order to do the latter,
a good entanglement measure should satisfy at least two properties. First
of all, unentangled states are described by separable density matrices,
and thus a good entanglement measure vanishes for separable density
matrices. Secondly, the entanglement measure should introduce an order
into the space of density matrices, reflecting the fact that some systems
are more entangled than others. In order to do this, the concept of “Local
Operations and Classical Communication” is useful. Let us consider
two particles in a maximally entangled EPR state. If we take each of
the particles to a different lab, LOCC transformations capture the type
of operations the labs can perform: They can inspect their respective
particle by performing local quantum operations (LO), and they can
communicate via classical means (CC) to compare results. The crucial
observation is that entanglement can never be created, only conserved
or destroyed, by these means. The two labs can by means of LOCC
determine that their particles were entangled, but in the process they
destroy the entangled state. Thus, if a state can be reached from another
by LOCC transformations, then the former was more entangled than the

2Under conformal transformations involving only the spatial part of the QLM.
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1 Introduction

latter. A good entanglement measure must therefore never increase under
LOCC transformations. A measure that satisfies the properties above is
called an entanglement monotone.

Most good measures of entanglement come from the quantum infor-
mation community and are ill-suited for analytic calculations in quantum
field theory. We will concentrate on two entanglement measures that allow
us to achieve the desired analytic results: the entanglement entropy and
logarithmic negativity3. The entanglement entropy is a good measure for
bipartite entanglement of pure quantum states [Bennett et al., 1996a]. In
fact, many measures of entanglement, such as the distillable entanglement
[Bennett et al., 1996a] and the entanglement of formation [Bennett et al.,
1996b], reduce to the entanglement entropy for bipartite pure systems.
For mixed states, however, the entanglement entropy fails to account for
only quantum correlations between the subsystems and thus cannot iden-
tify entanglement reliably. In that case, we will consider the logarithmic
negativity [Vidal and Werner, 2002], which is an entanglement monotone
for mixed states. In contrast to most other entanglement measures, the
logarithmic negativity distinguishes itself by being relatively easy to cal-
culate, and can be used to provide upper bounds for other entanglement
measures [Vidal and Werner, 2002]. Let us take a closer look the the
entanglement entropy and logarithmic negativity.

Entanglement entropy

The entanglement entropy has is roots in statistical quantum mechanics
and is related to the Shannon entropy in information theory. Let H be
the Hilbert space of a quantum system defined on the manifold M , and
let us assume that upon dividing the manifold into the submanifolds A
and B, the Hilbert space can be expressed as the tensor product of the
Hilbert spaces corresponding to the subsystems: H = HA ⊗HB. For a
state described by a density matrix ρ, the entanglement entropy of the
subsystem A is then given as the von Neumann entropy of the reduced
density matrix on A

S[A] = −Tr(ρA log ρA), (4)

where the reduced density matrix was obtained by tracing out the degrees
of freedom on B: ρA = TrBρ. The entanglement entropy has been
studied in various contexts, as can be seen from our previous historical

3As a byproduct of the logarithmic negativity, we also get results for a third, the
odd-entropy. As this goes beyond the scope of this thesis, we refer the interested reader
to [II].
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1.1 Background

introduction. In this thesis we view it as a theoretical probe that encodes
universal properties of critical field theories. This standpoint has been
widely studied and there are several reviews on the matter, such as
[Calabrese and Cardy, 2006, Amico et al., 2008, Eisert et al., 2010,
Laflorencie, 2016]. Most work on the universal properties of entanglement
entropy has been focused on CFTs, where powerful tools are available, and
in particular 2-dimensional CFTs, where these tools are the most powerful.
In general, one expects the ground state entanglement entropy of a D-
dimensional CFT (see [Nishioka et al., 2009, Nishioka, 2018, Rangamani
and Takayanagi, 2017] for reviews) to behave as

S[A] =

cD−2
(
LA
ε

)D−2
+ · · ·+ c0 log

(
LA
ε

)
+ · · · , D even

cD−2
(
LA
ε

)D−2
+ · · ·+ c0 + · · · , D odd

(5)

where LA is a characteristic length of A, such that Area(A) ∝ LD−2
A ,

and ε is a UV-cutoff. All coefficients apart from c0 depend on the
regularization scheme and are not physically meaningful. On the other
hand, c0 does not depend on the regularization scheme or the specific
realization of the theory within the same universality class, and is thus
said to be universal. In even dimensions c0 is related to the conformal
anomaly of the stress-energy tensor of the corresponding CFT [Ryu and
Takayanagi, 2006a, Solodukhin, 2008, Fursaev et al., 2013]. We note
that expression (5) is in agreement with the famous leading logarithmic
divergence in 2-dimensional CFT [Callan and Wilczek, 1994, Holzhey
et al., 1994, Calabrese and Cardy, 2004], with c0 = c/3 and c the central
charge of the theory. While most work on the entanglement entropy
has focused on the ground state, there has also been some research on
excited states. A central observation here is that the area law scaling of
the ground state is quite special within the Hilbert space. In fact, the
entanglement entropy of a pure state picked at random from the Hilbert
space generically obeys a volume law [Page, 1993]. Notably, this implies
that highly excited states are expected to obey volume laws. On the other
hand, the low-lying excitations of various theories have been observed
to obey area laws. In [Masanes, 2009], for example, a lattice argument
valid for a wide range of theories limited the entanglement entropy of
low-lying excited states to obey at most an area law with a logarithmic
correction. Examples of this are low-energy excitations corresponding to
primary fields in a 1 + 1-dimensional CFT [Alcaraz et al., 2011, Berganza
et al., 2012], and finite quasi particle excitations in a certain limit of a
wide class of theories [Castro-Alvaredo et al., 2018]. In both these cases
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1 Introduction

the entanglement entropy of the excited states still respects an area law
like (5), albeit with a universal correction with respect to the ground
state. From a different perspective, numerical studies of spin-chains have
shown that, depending on their local properties, one finds both excited
states that obey area laws, as well as those that obey volume laws, see
for example [Alba et al., 2009].

The entanglement entropy of the 2 + 1-dimensional quantum Lifshitz
model has also been widely studied, see for example [Fradkin and Moore,
2006, Hsu and Fradkin, 2010, Zaletel et al., 2011, Zhou et al., 2016]. Here,
it has been found that the ground state of the model obeys an area law
of the form

S[A] = c1
LA
ε

+ c

6∆χ log LA
ε

+ γQCP + . . . , (6)

where c is the central charge of CFT whose action describes the ground
state of the QLM, ∆χ is the change in Euler characteristic after surgery,
and c1 a non-universal constant. The scaling behavior and the logarithmic
correction follow from the celebrated result by [Cardy and Peschel, 1988]
on the free energies of 2-dimensional CFTs. The sub-leading constant term
was shown to be universal whenever ∆χ = 0 in [Hsu et al., 2009]. There
have, to our best knowledge, only been two works on the entanglement
entropy of excited states of the QLM. In [Zhou, 2016] an excited state
was constructed by acting with a vertex and time evolution operator on
the QLM ground state. The excess entanglement entropy after some
time was then analyzed and found to be expressed in terms of certain
correlation functions of the theory. Our work on excited states [III] is
largely based on [Parker et al., 2017]. Here, the entanglement entropy
of states obtained by exciting the eigenmodes of the Laplace-Beltrami
operator on the spatial manifold was analyzed by replica approach. While
the complexity of the problem only allowed the authors to conjecture
an expression for the entanglement entropy in some special cases, it was
found that it generally depends on quantities that the authors dubbed
“Entanglement propagator amplitudes”. We will take a closer look at the
results from [Parker et al., 2017] in section 2.1 and compare them to our
own.

We note here, that a holographic formulation of the entanglement
entropy for theories with Lifshitz scaling, see (1), à la Ryu-Takayanagi
is not yet well understood. Taking a gravitational solutions that realize
Lifshitz scaling, for example [Kachru et al., 2008, Taylor, 2008], one
would be tempted to construct the entanglement entropy by the stan-
dard Ryu-Takayanagi prescription [Ryu and Takayanagi, 2006b, Ryu and
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1.2 Overview of the thesis

Takayanagi, 2006a]. However, it turns out that in static Lifshitz space-
times the resulting entanglement entropy is independent of the critical
exponent z, see [Keränen and Thorlacius, 2015]. This has prompted fur-
ther studies of the entanglement entropy of non-relativistic field theories
with general critical exponents such as [He et al., 2017, Mozaffar and
Mollabashi, 2017, Gentle and Vandoren, 2018] and our own work [I].

Logarithmic negativity

Let us consider a state described by a density matrix ρA on the bipartite
geometry A1 ∪A2, such that the Hilbert space of the total system factors
as H = H1 ⊗H2. Then the logarithmic negativity is defined as [Peres,
1996, Vidal and Werner, 2002]

E = log ‖ρT2
A ‖, (7)

where ( )T2 represents the partial transposition over the A2 part of
the system, and ‖O‖ = Tr

√
O†O is the trace norm. This definition

relies on the fact that for separable systems the partially transposed
density matrix ρT2

A is, again, a density matrix. Thus, E must vanish
for non-entangled systems, and a non-vanishing E detects entanglement.
While the literature on the logarithmic negativity is not as vast as that
concerning the entanglement entropy, there has been much recent interest.
For example, an equivalent definition of the logarithmic negativity that
is well-suited for replica calculations [Calabrese et al., 2012, Calabrese
et al., 2013a], has been used to analyze different systems in their ground
states and at finite temperature, see for example [Calabrese et al., 2013b,
Calabrese et al., 2014, Coser et al., 2016, Shapourian and Ryu, 2019].
Until our analytic work [II], the logarithmic negativity of Lifshitz models
had only been analyzed numerically [Mozaffar and Mollabashi, 2018].

1.2 Overview of the thesis
This thesis is structured as follows. In section 2 we review the quantum
Lifshitz model (QLM) and its generalization to higher dimensions, the
generalized quantum Lifshitz model (GQLM), as well as the construction
of the ground and excited states of the theory. The generalization of the
model is part of [I]. In section 3 we first review the calculation of the
ground state entanglement entropy of the QLM, and then show how to
generalize those calculations to two situations. First, we apply them to
the ground state of the higher dimensional GQLM, and then to the as
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1 Introduction

the excited states of the QLM. These generalizations are the content of
[I]and [III]respectively. Finally, in section 4 we calculate the logarithmic
negativity of certain mixed states of the QLM by two different approaches,
summarizing the content of paper [II].

In the following we briefly describe of the main results of our papers.
These results will be discussed in more detail in the main body of the
thesis.

Paper I: Entanglement entropy in generalized quantum Lifshitz mod-
els

The QLM was originally defined in 2 + 1-dimensions and with dynamical
critical exponent z = 2, and while the generalization to flat d + 1-
dimensions and z = d is relatively straight-forward, one has to be careful
when putting the model on curved manifolds. In this paper we generalize
the definition of the d + 1-dimensional GQLM in flat space given in
[Keränen et al., 2017] to encompass curved geometries. Here, two issues
are important. First, for z > 2 the operator appearing in the action that
characterizes the ground state of the model is a higher derivative operator.
This means that further boundary conditions need to be specified in
order to make the corresponding variational principle well-defined, as
well as the operator self-adjoint. Second, one would like the generalized
model to retain the connection to CFT that was present in the 2 + 1-
dimensional QLM. However, on curved manifolds this cannot be achieved
if the operator in the ground state action is simply a power of the standard
Laplacian (as is the case for flat manifolds). It thus becomes necessary to
alter said operator in order to restore the spatial conformal invariance of
the ground state. For even spatial dimensions we take the GQLM with
critical exponent z to be defined by having the ground state (2) with a
ground state action given by

S[φ] = S0[φ] + S∂M [φ] = g

∫
M

ddx
√
GφPz,Mφ+ S∂M [φ], (8)

where G is the determinant of the Euclidean metric on M , the operator
Pz,M is the conformal generalization of an integer power of the Laplacian
∆

z
2 onM , and S∂ is a boundary action that makes the variational problem

well-defined. We consider two types of geometry, flat tori and spheres.
On flat manifolds Pz,M reduces to ∆

z
2 , and for d = z = 2 the bulk action

agrees with that of the QLM, that is (3). On spheres and hemispheres
Pz,M is a so-called GJMS operator [Graham et al., 1992], which in essence
is a polynomial of degree z/2 in the Laplace-Beltrami operator on the

10



1.2 Overview of the thesis

manifold, constructed such that it transforms in a specific way under
Weyl transformations. In even d dimensions this operator is well-defined
for z = 2, 4, . . . , d [Gover and Hirachi, 2004, Juhl, 2009, Juhl, 2011].
Performing a replica calculation on the spherical geometry we find that
the entanglement entropy at z = d of a d-hemisphere Hd can be written
as

S[Hd] = − log
(
ZHd

D
ZHd

D

ZSd

)
− 1

2 , (9)

with Z the partition function corresponding to the action (8) on the
respective manifolds with appropriate boundary conditions. Repeating
the calculation on the flat torus T dL1,...,Ld

:= Rd/(L1Z×· · ·×LdZ) cut into
the two cylinders YB := [−LB, 0]× T d−1

L2,...,Ld
and YA := [0, LA]× T d−1

L2,...,Ld
we find the entanglement entropy of the cylinder YA to be

S[YA] = − log
(
ZYA,DZYB,D

ZT d

)
− 1

2 − W̄
′(1) (10)

where W̄ ′(1) is the contribution from the so-called winding sector. We
note that F [A] = − logZA = 1

2 logPd,A is the free energy of the ground
state CFT (8). In the paper we put considerable effort into evaluating the
resulting determinants and bringing them into relatively simple forms.

Paper II: Logarithmic negativity of the quantum Lifshitz model

We analyze the logarithmic negativity of a certain type of bipartite mixed
states of the QLM. These mixed are constructed by putting the ground
state density matrix on a tripartite geometry and tracing over one of the
parts, resulting in a bipartite mixed state, whose two parts we denote by
A1 and A2.

We first apply the correlator method to the non-compact QLM in
1 + 1-dimensions with spatial part given by a line with either open or
periodic boundary conditions, and find that the logarithmic negativity
depends on whether the submanifolds A1 and A2 are adjacent or not.
In both cases the result can be summarized by the following formula in
terms of the partition functions with Dirichlet boundary conditions of
the subsystems

E = − log
(
ZA1ZA2

ZA1∪A2

)
. (11)

In the disjoint case the subsystems are not allowed to talk to each other
and the partition function factors as ZA1∪A2 = ZA1ZA2 . There, we find

11



1 Introduction

the surprising result that the logarithmic negativity vanishes exactly

EA1,A2 disjoint = 0. (12)

Then, we perform an analogous calculation by a replica approach
in the 2 + 1-dimensional QLM on either a sphere or a torus. In the
non-compact case we confirm the result (11), and in the compact case we
find the slight generalization

E = − log
(
ZA1ZA2

ZA1∪A2

)
+ logWE(1). (13)

In the disjoint caseWE(1) = 1, so we, again, observe an exact vanishing of
the logarithmic negativity. In the adjacent case the winding contribution
is non-trivial and, for the sphere, can be related to the winding sector of
the entanglement entropy of a tripartite system. As a by-product of our
calculations we also find analytic expressions for the odd entanglement
entropy of the system.

Paper III: Excited state entanglement entropy of the quantum Lifshitz
model

In this third and final paper, we analyze the bipartite entanglement
entropy of a certain class of states constructed by exciting the eigenmodes
∆Lλ(x) = −λLλ(x) of the Laplace-Beltrami operator – which is just the
differential operator appearing in the ground state action of the QLM.
In order to be able to do this, we assume the spatial manifold M of the
model to be compact, such that the spectrum of the Laplacian on it is
discrete. The general finitely excited state is then labelled by the number
of excitationsmλr in the modes λr. We demand that the following integral
vanishes (and show that this is justified in the geometries considered)∫

X
d2x Lλ(x)φcl(x) = 0, (14)

with X = M for the singly excited state. Here φcl is a solution of the
equations of motion ∆φcl = 0 on the submanifolds A and B of the
bipartite geometry with a specific set of boundary conditions dictated
by the replica approach in between. For general excitations, we make
the stronger demand that the integrals with X = A,B vanish separately.
Whenever this assumption is fulfilled, the replica calculation can be
performed analytically and, in particular, we find that the entanglement

12



1.2 Overview of the thesis

entropy of the excited state labelled by (mλ1 , . . . ,mλν ) can be expressed
as

Smλ1 ,...,mλν
[A] = SGS [A]Tr(M) + Tr(log(AB)M). (15)

Here, SGS [A] is the ground state entanglement entropy and A, B, andM
are rank 2ν tensors with elements determined by the correlation functions
on A, B, and M respectively. For example, the tensor on A is defined as

Ak
′
1,...,k

′
ν

k1,...,kν
:=

 ν∏
r=1

1
2mr

√√√√ 1
mr!

(
mr

kr

)(
mr

k′r

)×

〈
ν∏
r=1

Hmr−kr

(
ϕλrA

)
Hk′r

(
ϕλrA

)〉
AD

, (16)

with each index kr and k′r running from 0 to mλr , and where the fields
are all free in A and with Dirichlet boundary conditions at ∂A. These
correlation functions can be resolved by Wicks theorem into polynomials of
certain integrals of the Green’s functions that were, in a slightly different
form, considered by [Parker et al., 2017], and under some numerical
evidence conjectured to be universal. Our calculations add evidence to the
universality of these quantities. Consequently, it seems that all quantities
appearing equation (15) are universal. In the paper we consider two
explicit geometries, the sphere and rectangle, and construct all quantities
explicitly. In the particular case where all the excitations are put into
a single mode, we observe a logarithmic behavior of the entanglement
entropy with respect to the excitation number.
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2 The Quantum Lifshitz Model
The 2 + 1-dimensional quantum Lifshitz model with dynamical critical
exponent z = 2 on a spatial manifold M is defined by the Hamiltonian
[Ardonne et al., 2004]

H = 1
2

∫
M

d2x
(
π2 + g2 (∆φ)2

)
, (17)

where ∆ is the Laplace-Beltrami operator on M and g > 0 a real param-
eter. We take φ to be a compactified scalar field with compactification
radius R, that is φ ∼ φ+2πR, and π = −i δδφ to be its canonical conjugate
momentum, with equal time commutator

[φ(x), π(x)] = iδ(x− y). (18)

We note that the compactification radius R and the parameter g are not
independent of each other, and that physical quantities that are invariant
under a rescaling of φ are expressed in terms of R√g. For different choices
of g, the QLM describes the continuum limit of the quantum dimer model
[Rokhsar and Kivelson, 1988] and some of its generalizations, e.g [Henley,
1997, Moessner et al., 2001, Castelnovo et al., 2005, Freedman et al.,
2005, Fendley, 2008], at criticality. The critical point described by the
QLM is an example of a conformal critical point, which is reflected in
the fact that the ground state and equal time correlators of the QLM are
described by a 2-dimensional euclidean CFT. Note, that this CFT in turn
corresponds to a 2-dimensional classical statistical system at criticality.

In order to understand the connection between the QLM and 2-
dimensional CFT, let us construct the ground state of the QLM. We first
define the operators

Q(x) = 1√
2
[
iπ(x) + g(−∆)φ(x)

]
(19)

Q†(x) = 1√
2
[
−iπ(x) + g(−∆)φ(x)

]
. (20)

The Hamiltonian can then be recast in the form

H = 1
2

∫
M

ddx Q†(x)Q(x) + E0, (21)
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2 The Quantum Lifshitz Model

where E0 is the constant (and UV-divergent) vacuum energy, and can
be subtracted from the Hamiltonian without loss of generality. On that
account we define H̃ = H − E0. The Hamiltonian H̃ is positive semi-
definite, implying that if we can find a state |Ψ0〉 that is annihilated
by Q(x) for all x, it must be the ground state of the theory. Setting
Ψ0[φ] = 〈φ|Ψ0〉 we can write out the corresponding functional differential
equation as

Q(x)Ψ0[φ] = 1√
2

(
δ

δφ
− g∆φ

)
Ψ0[φ] = 0, (22)

which has the solution

Ψ0[φ] = 1√
Z
e
g
2

∫
M

d2xφ(x)∆φ(x) (23)

with normalization given by the partition function Z =
∫
Dφ e−S[φ] and

where the action S[φ] is the negative exponent in (23). After integration
by parts S[φ] can be written as

S[φ] = g

∫
d2x

(
∇φ(x)

)2
. (24)

which is simply the conformally invariant action of a free scalar in two
dimensions.

2.1 Excited states
One can consider many different types of excited states for the quantum
Lifshitz model. In [Zhou, 2016], for example, coherent excitations of the
vacuum by vertex operators were considered, and the excess entanglement
entropy after a time t was found. We will consider another situation that
was first studied by [Parker et al., 2017]. Let M be a compact manifold,
such that the spectrum of ∆ is discrete on it and given by

−∆Lλ(x) = λLλ(x). (25)

By projecting Q(x) and Q†(x) onto Lλ(x) we can define creation and
annihilation operators A†λ and Aλ for the eigenmode Lλ(x)4

A†λ := 1√
gλ

∫
M

d2x Lλ(x)Q†(x), Aλ := 1√
gλ

∫
M

d2x Lλ(x)Q(x). (26)

4Note that there is an Aλ for each eigenmode, regardless of the degeneracy of the
eigenvalue λ. When λ is used as an index, it is meant as a unique label for the mode.
For example we mean λ = `(`+ 1), but Aλ = A(`,m) on the spherical geometry where
the eigenmodes are the spherical harmonics Lλ(x) = Y m` (x).
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2.2 Generalization to higher dimensions

From the commutation relation [Q(x)†, Q(y)] = g(−∆)δ(x − y) for the
position space operators, which in turn follows from the canonical com-
mutation relation between φ(x) and π(x), see (18), we find that

[Aλ, A†µ] = δλµ, [A†λ, A
†
µ] = [Aλ, Aµ] = 0, (27)

[H,A†λ] = gλA†λ. (28)

These correspond to the commutation relations of a harmonic oscillator
for each mode, with gλ the energy of a single excitation in the λ-mode.
The Hamiltonian can then be recast as

H =
∑
λ

gλA†λAλ. (29)

It is now straight-forward to construct any such finitely excited state.
We pick a set of modes {λ1, . . . , λν} and act on the ground state mλr

times with each of the corresponding creation operators A†λr . The general
excited state is then labeled by the numbers mλr and given by

|(mλ1 , . . .,mλν )〉 =

(
A†λ1

)mλ1√
mλ1 !

· · ·

(
A†λr

)mλr√
mλr !

· · ·

(
A†λν

)mλν√
mλν !

|Ψ0〉 (30)

= 1√
Z

∫
Dφ

 ν∏
r=1

1√
2mλrmλr !

Hmλr

(
φλr√

2

) e− 1
2S[φ]|φ〉,

(31)

where Hm(φ) is a Hermite polynomial defined as

Hm(x) = m!
bm2 c∑
k=0

(−1)k(2x)m−2k

k!(m− 2k)! (32)

and where φλr is in essence the projection of φ(x) onto the eigenmode
Lλ(x)

φλ =
√

2gλ
∫
M

d2x Lλ(x)φ(x) (33)

with a factor
√

2gλ chosen to simplify the coming entanglement calcula-
tions.

2.2 Generalization to higher dimensions
Our goal in this section is to find a generalization of the quantum Lifshitz
model to geometries with a spatial part determined by a curved higher
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2 The Quantum Lifshitz Model

dimensional manifold M . Our guiding principle is that we would like the
resulting model to maintain the nice properties of the d = z = 2 QLM.
More concretely, we want the generalized model to have a ground state
that is defined through a CFT action, and thus still describes a classical
critical system. Our starting point is the generalization of the quantum
Lifshitz model to flat d+ 1-dimensional space by [Keränen et al., 2017]
and dubbed generalized quantum Lifshitz models. Let us briefly review
this models before continuing. It is defined by the Hamiltonian

H = 1
2

∫
ddx

(
π2 + g2

(
∆

z
2φ
)2
)
, (34)

where ∆ = −∂a∂a is the Laplace-Beltrami operator and g > 0 a real
parameter. As before, φ is a compact scalar field and π its conjugate
momentum. At d = z = 2 this definition reduces the standard QLM (see
equation (17)) as defined by [Ardonne et al., 2004]. The ground state of
the model can be calculated in an analogous way to before, by defining

Q(x) = 1√
2

(
iπ(x) + g(−∆)

z
2φ(x)

)
(35)

such that H =
∫

ddxQ†(x)Q(x) + E0, and then finding the state Ψ0[φ]
annihilated by Q(x) for all x. The ground state takes the same form as
before

Ψ0[φ] = 1√
Z
e−

1
2S[φ] (36)

with normalization given by the partition function Z =
∫
Dφe−S[φ] and

where the action S[φ] is now

S[φ] = −g
∫

ddx φ(x)(−∆)
z
2φ(x). (37)

It was observed in [Keränen et al., 2017] that for z = d the action
corresponds to that of the higher derivative CFT studied in [Brust and
Hinterbichler, 2017]. As we will see, other values of z can also lead do
higher derivative CFTs.

The naïve ansatz of simply putting the action (38) on a curved
manifold does not necessarily work, as the operator (−∆)

z
2 is not a

conformal differential operator in general. The first step in defining
the generalized action is thus replacing the operator by a conformal
counterpart. We denote the conformally invariant generalization of (−∆)

z
2

by Pz,M . It is an operator of degree z that depends on the geometry of
the manifold M . Furthermore, in order to have a well-defined variational
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2.2 Generalization to higher dimensions

principle when M has a boundary we need to include boundary terms for
the action, which we denote by S∂M [φ]. This is of special importance to
us, as the entanglement calculations demand a surgery that introduces a
non-trivial boundary. With this considerations we can write down our
ansatz for the generalized action as

S[φ] = S0[φ] + S∂M = g

∫
M

ddx
√
G φPz,Mφ+ S∂M [φ]. (38)

Both the generalized conformal Laplacian and the boundary terms depend
on the manifold, so let us take a look a two concrete geometries: the flat
torus and the sphere.

The flat torus

Figure 2.1. The flat torus as a rectangle with opposite sides periodically
identified.

Let the d-dimensional flat torus with circumferences L1, . . . , Ld be
defined by

T dL1,...,Ld
:= Rd/ (L1Z . . . LdZ) . (39)

The situation in two dimensions is depicted in figure 2.1. The d-torus
defined above is flat and thus Pz,M is the same operator that appears in
(38), that is

Pz,T dL1,...,Ld
= (−1)

z
2 +1∆

z
2 (40)

with ∆ = −∂a∂a. We want the variational principle associated to the
action defined by inserting this operator into (38) to be well-defined. As
the operator is a higher derivative operator, this forces us to impose a set
of boundary conditions on the variations of the field φ. Such a consistent
choice of boundary conditions for the variations is given by

δφ|∂M = 0, ∆kδφ|∂M = 0, k = 1, . . . , z2 − 1. (41)
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2 The Quantum Lifshitz Model

Here, there is an implicit assumption about the surgery that we will per-
form on the torus. We will divide it into two cylinders, so the manifolds
that we finally consider have two boundaries. With z/2 boundary condi-
tions at each boundary we arrive at the z boundary conditions needed to
have a well-defined fluctuation associated to a linear differential equation
of degree z. The motivation for the choice (41) has two origins. On one
hand, we will perform a replica calculation, for which it is important to
demand that the fluctuations obey Dirichlet boundary conditions. On
the other hand, we want the boundary conditions to be consistent with
the self-adjointness of the operator (40). Both these requirements are
satisfied by (41). Finally, we define the boundary action to be

S∂M := (−1)z/2+1
∫
∂M

dd−1x

z
2−1∑
k=0

(∂2k
n φ)(∂z−2k−1

n δφ). (42)

With this choice and the boundary conditions for the fluctuations (41)
the variation of the action (38) vanishes at the boundary and gives the
equation of motion

∆
z
2φ = 0 (43)

inside the manifold. We will talk about the boundary conditions for
the fields when we perform the replica calculation of the entanglement
entropy. For now we note that again z boundary conditions are needed
and that they need to be chosen carefully in order to be consistent with
the previous discussion.

The sphere

On the sphere, the proper generalization of the (−∆)
z
2 is given by a so-

called GJMS-operator Pz,Sd [Graham et al., 1992]. These operators are
generalizations of the conformal Laplacian to higher derivatives defined
to transform covariantly under Weyl transformations. Concretely, the
GJMS-operator transforms as

Pz,Sd(e2ωG) = e−
d+z

2 ωPz,S2(G)e
d−k

2 ω, (44)

under the Weyl transformation of the metric Gab 7→ e2ωGab. Let z > 0
be even, that is z = 2k for a positive integer k. On the sphere the
GJMS-operator can then be explicitly written as

P2k,Sd =
k∏
j=1

∆Sd +
(
d

2 − j
)(

d

2 + j − 1
) , (45)
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2.2 Generalization to higher dimensions

where ∆Sd = − 1√
G
∂a
(√

GGab∂b
)
is the corresponding Laplace-Beltrami

operator. For even dimensions the GJMS-operator is well-defined for k =
1, . . . , d/2, while for odd dimensions the GJMS operator is well-defined
for any positive integer k [Gover and Hirachi, 2004, Juhl, 2009, Juhl,
2009]. The case z = d is called the critical case and will be our focus
of attention when we consider the entanglement entropy, as it is the
most direct generalization of the flat z = d quantum Lifshitz model from
[Keränen et al., 2017].

As for the torus, we need to introduce boundary conditions for the
fluctuations whenever the manifold has a boundary. This is, for example,
the case when we consider a hemisphere instead of the full sphere. A
consistent choice of boundary conditions in that case is

δφ|∂M = 0, ∆k
Sdδφ|∂M = 0, k = 1, . . . , z2 − 1. (46)

For z = d we can define the boundary action

S∂M [φ] :=

d/2∑
`=1

∫
M

ddx ∂a

√GGab
d/2−`∏

j=1

∆Sd +
(
d

2 − j
)(

d

2 + j − 1
)φ



×∂b

 d/2∏
j=d/2−`+2

∆Sd +
(
d

2 − j
)(

d

2 + j − 1
)φ


 . (47)

This choice of boundary action together with the boundary conditions for
the fluctuations (46) makes the variations of the action (38) with Pz,M
given by the GJMS-operator (45) well-defined. In particular the variation
leads to the desired equations of motion on the sphere

Pd,Sdφ = 0 (48)

and vanishes at the boundary.
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3 Entanglement entropy
Consider a bipartite geometry consisting of a manifold M that is cut into
two parts A and B such that the Hilbert space H on M decomposes into
the tensor product of the Hilbert spaces on the submanifolds5

H = HA ⊗HB. (49)

Let there be a quantum state on M described by the density matrix ρ.
The entanglement entropy of the region A is then defined as the von
Neumann entropy of the reduced density matrix ρA = TrBρ on A

S[A] = −TrρA log ρA. (50)

As mentioned in the introduction, the entanglement entropy has in general
leading power-law UV-divergences that are non-universal. Depending on
the dimension these are followed by a logarithmic divergence or a constant
subleading term that are universal. For the types of smooth surgeries
that we consider the logarithmic divergence will always vanish, and the
universality will be captured in the constant subleading coefficient. Our
goal is to calculate this universal subleading term. We thus not care
about the exact coefficients of the power-law divergences. We will perform
the entanglement entropy calculations by means of the replica method.
This approach was first formulated by [Callan and Wilczek, 1994] and
brought to the form most commonly used for entanglement entropy
calculations in QFT by the work of Cardy and Calabrese, see [Calabrese
and Cardy, 2004, Calabrese and Cardy, 2009]. In the context of the QLM,
[Fradkin and Moore, 2006] were the first to perform a replica calculation
of the entanglement entropy, although they missed the winding sector –
a topological contribution due to the compactification of the scalar. This
was later pointed out and corrected by [Oshikawa, 2010] and [Zaletel et al.,
2011]. In [Zhou et al., 2016] analytic results for the entanglement entropy

5Generically in quantum field theory this assumption fails, leading to the famous
UV-divergences in the entanglement entropy. However, some of the results calculated
under this assumption, and in particular those concerning universal terms, can be
made rigorous, see for example [Witten, 2018] for an introduction. As interesting as it
is, this discussion is outside the scope of this thesis.
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3 Entanglement entropy

of the z = d = 2 QLM were found for various “circular” geometries such
as spheres, cylinders, and annuli. Our approach to the replica calculation
in the QLM follows [Zhou et al., 2016].

The essence of the replica approach lies in the observation that the
entanglement entropy (50) can be rewritten as the limit

S[A] = − lim
n→1

∂nTr (ρnA) , (51)

where each of the n copies of the density matrix is called a replica. The
calculation of the entanglement entropy is then reduced to three steps.
First, find an analytic expression for TrρnA. For us, this is done using
path integral methods and it is much easier than calculating the matrix
logarithm of the reduced density matrix. Second, find an analytic contin-
uation in n. This step is the trickiest, as finding analytic continuations
is not straight-forward at all and highly dependent on the explicit situa-
tion. The third and easiest step is then to calculate the derivative of the
expression and find the limit.

Let us make few remarks on the analytic continuation before continu-
ing. In principle, the path integral calculations only lead to expressions for
positive integer n, and thus the analytic continuation to complex n need
not be unique. This apparent problem is solved by Carlson’s theorem
[Carlson, 1914] regarding analytic continuations from the integers and its
the extension by Rubel [Rubel, 1956] concerning analytic continuations
from the positive integers. In our context, the essence of the theorems is
that two analytic continuations from the positive integers can only differ,
if their difference grows more than exponentially as the argument goes to
complex infinity. In other words, if we find an analytic continuation in n
that grows less then exponentially in n as n→ i∞, then it is the only one
with that asymptotic behavior. A simple example of this is the following.
Let there be a function f(n) that vanishes for all positive integers. The
unique analytic continuation with sub-exponential asymptotics is simply
the constant zero-function. If we however allow exponential asymptotic
behavior, then f(n) = sin(πn) with f(in) ∼ eπn for large n, is also an
analytic continuation. The uniqueness in the analytic continuation needed
to calculate the limit (51) should thus always be interpreted from the
perspective of Carlson’s theorem. Therefore whenever we say that an
analytic continuation is unique we mean it to be unique in its asymptotic
class. For most of our analytic continuations it will not be hard to see
that they fall into the sub-exponential category, as their dependence on
n is through a power ( )n which oscillates as in→∞.
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3.1 Warming up: z = d = 2
Let us review the replica calculation of the ground state entanglement
entropy in the z = d = 2 QLM on the sphere and cylinder. The calculation
will only change in some minor key points for the generalizations, so it is
instructive to understand the simpler case first. In fact, one can say that
these calculations lie precisely at the heart of all our replica calculations.
The geometries are chosen to exhibit certain features: The sphere has a
0-mode which leads to some non-trivial effects, and the cylinder displays a
non-trivial winding sector. The following calculations were first performed
by [Zhou et al., 2016] building on the results by [Fradkin and Moore,
2006, Zaletel et al., 2011]. We follow the calculations by [Zhou et al.,
2016] and our own [I] closely in this section. Our starting point is the
density matrix corresponding to the ground state (23), which, using the
assumption that the Hilbert space splits as H = HA ⊗HB, we rewrite as

ρ = |Ψ0〉〈Ψ0| (52)

= 1
Z

∫
DφADφ′ADφBDφ′B e−

1
2S[φ]− 1

2S[φ′]|φA〉 ⊗ |φB〉〈φ′A| ⊗ 〈φ′B|,

(53)

with the action, see equation (24),

S[φ] = g

∫
M

d2x (∇φ)2 . (54)

The fields indexed by A have support on A and live in HA, while those
indexed by B have support on B and belong to HB. It is clear that

S[φ] = S[φA] + S[φB]. (55)

The reduced density matrix is found by tracing out HB, that is

ρA = TrBρ (56)

=
∫
DϕB〈ϕB|ρ|ϕB〉. (57)

We assume that the path integrals are all taken over orthonormal bases of
the Hilbert spaces HA and HB. After the partial tracing operation there
are thus three path integrals over HB, namely over DφB , Dφ′B, and DϕB,
and two δ-functions, 〈ϕB|φB〉 = δ(ϕB − φB) and 〈φ′B|ϕB〉 = δ(φ′B − ϕB).
Resolving the delta functions with two of the path integrals leaves us
with one integral and the gluing condition φB = φ′B.
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3 Entanglement entropy

Next, we want to calculate TrρnA. In order to keep track of the different
replicas it is helpful to introduce the replica index i = 1, . . . , n and rewrite
it as Tr

∏n
i=1 ρA,i, where ρA,i is given by

ρA,i = 1
Z

∫
DφA,iDφ′A,iDφB,ie

− 1
2S[φA,i]− 1

2S[φ′A,i]−S[φB,i]|φA,i〉〈φ′A,i|. (58)

Continuing our calculation, it isn’t hard to see that each adjacent product
of density matrices leads to a delta function that can be resolved by
performing the path integral over the primed field

ρA,iρA,i+1 ∝
∫
Dφ′A,iDφA,i+1〈φ′A,i|φA,i+1〉 (59)

∝
∫
DφA,i+1 with φ′A,i = φA,i+1. (60)

Thus we get the gluing conditions that φ′A,i = φA,i+1 for i = 1, . . . , n− 1.
The final trace over A is

TrρnA =
∫
DϕA〈ϕA|TrρnA|ϕA〉, (61)

and leads, similarly to the partial trace over B, to the gluing conditions
φ′A,n = φA,1. Let us briefly look at the gluing conditions that we have.
They can all be summarized by φ′A,i = φA,i+1 and φ′B,i = φB,i for i =
1, . . . , n and n+ 1 ∼ 1. They are depicted in figure 3.2 together with the
continuity condition at the entangling cut Γ between A and B, which
is given by φA,i|Γ = φB,i|Γ for all i as well as for the primed fields. As
can be seen in the image, the gluing and continuity conditions force all
fields to collapse into a single value at the entangling cut Γ. We can thus
finally write the following expression for TrρnA

TrρnA = 1
Zn

∫
B

n∏
i=1
DφA,ie−

∑n

i=1 S[φA,i]
∫
B

n∏
i=1
DφB,ie−

∑n

i=1 S[φB,i], (62)

where B represents the boundary conditions at the entangling cut

B : φA,i|Γ(x) = φB,j |Γ(x) =: cut(x), i, j = 1, . . . , n, (63)

and cut(x) is a function on the entangling cut Γ. Because the field is
compactified, that is φ ∼ φ+ 2πR, this boundary conditions only have to
be satisfied modulo 2πR. The standard way of accounting for this, is by
dividing the field into a classical part and a fluctuation, see for example
[Di Francesco et al., 1997]. We therefore write each replicated field as

φX,i = φclX,i + ϕX,i, for X = A,B and i = 1, . . . , n. (64)
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3.1 Warming up: z = d = 2

φ′1

φ1

φ′2

φ2

φ′3

φ3

φ′4

φ4

BΓA

(a) Gluing conditions

A Γ B

φ1

φ2

φ3

φ4

(b) Resulting configuration

Figure 3.2. The gluing conditions arising from the calculation of TrρnA
and the geometry that results are depicted. The blue lines represent the
gluing conditions due to the partial tracing on the B-side of each replica.
The red lines represent the gluing conditions resulting from the
multiplication of the replicated reduced density matrices. The yellow lines
represent the gluing conditions from the final total trace. Figure taken
from [III].

We demand that the classical fields satisfy the equations of motion
corresponding to S[φ], and that they take up the value of the total field
at the entangling cut Γ, that is

∆φclX,i = 0 with φclX,i|Γ(x) = cut(x), (65)

while we only demand from the fluctuations that they satisfy Dirichlet
boundary conditions at Γ

ϕX,i|Γ = 0. (66)

Note that unless stated otherwise, the equations are satisfied for the
complete index range X = A,B and i = 1, . . . , n. The above definitions
make sure that the action factors as

S[φX,i] = S[φclX,i] + S[ϕX,i]. (67)

Let us examine the classical field a little closer. From the equations of
motion, one can see that the classical field accounts for the compact be-
havior of the total field6 and the fluctuation is allowed to be non-compact.

6Since ∆2πR = 0, it is part of the classical part of the field.
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3 Entanglement entropy

Concretely, this implies that the boundary condition for the classical field
stated in (65) only has to be satisfied modulo 2πR. Furthermore, the
classical fields on A and B obey the same boundary conditions at the cut
between the two submanifolds. They can thus be stitched together to
form a continuous classical field on A ∪B7 by

φcli (x) :=

φclA,i(x), x ∈ A
φclB,i(x), x ∈ B.

(68)

In order to account for the compact nature of the classical field, we rewrite
its boundary conditions (65) as

φcli |Γ(x) = cut(x) + 2πRωi, for i = 1, . . . , n (69)

where ωi are integers referred to as winding numbers. Using the fact that
cut(x) is an arbitrary function, we can can redefine it as cut(x) 7→ cut(x)−
2πRωn while simultaneously redefining ωi 7→ ωi + ωn for i = 1, . . . , n− 1.
This gets rid of the n-th winding number, and the boundary conditions
for the classical field are finally

φcli |Γ(x) = cut(x) + 2πRωi i = 1, . . . , n− 1,
φcln |Γ(x) = cut(x).

(70)

We can now finally return to equation (62) and recast it as

TrρnA = 1
Zn

n∏
i=1

∫
D
DϕA,ie−S[ϕA,i]

n∏
i=1

∫
D
DϕB,ie−S[ϕB,i]W (n). (71)

The D below the path integrals over the fluctuations emphasizes that
they obey Dirichlet boundary conditions, while W (n) represents the sum
over all classical fields obeying the boundary conditions (70)

W (n) =
∑
φcl
i

e−
∑n

i=1 S[φcl
i ]. (72)

We note that W (n) as written above is just a formal expression. At this
point it also includes a path integration over all possible functions at the
cut. In the following we will separate that contribution from the other,
andW (n) will turn into an actual classical sum over winding modes. From
this point on however, the discussion depends on the specific geometry.
Let us thus consider the simple cases of a halved sphere and bipartite
cylinder separately.

7This field should not be confused with the classical field on the complete manifold
obtained by solving the equations of motion on M with boundary conditions on ∂M .
In particular the stitched together field isn’t necessarily differentiable at the cut, while
the 0-mode on M is.
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3.1 Warming up: z = d = 2

The cylinder

The calculation of the entanglement entropy of the quantum Lifshitz
model on a bipartite cylinder has been considered by many authors, see
for example [Chen et al., 2015, Stéphan et al., 2013, Hsu et al., 2009]
apart from those already mentioned.

The cylinder is defined as the rectangle (x, y) ∈ [0, Lx] × [0, Ly] with
the second coordinate identified y ∼ y + Ly. We cut the cylinder at
x = `x into the two smaller cylinders A = [0, `x] × [0, Ly] and B =
[`x, Lx] × [0, Ly] with the same periodical identification along the y-
direction. We choose Dirichlet boundary conditions at the ends of the
cylinder φ(0, y) = φ(Lx, y) = 0 for all y.

Our starting point for the cylinder, is the observation that in the
boundary conditions for the classical fields (70) all fields depend on the
same cut(x) function, and since there is only one such function, there
is a sort of redundancy in how the boundary values are distributed. In
other words, apart from the winding numbers, there is only one degree
of freedom, cut(x), at the entangling cut Γ, but, how things are, it is
distributed among all replicas. In order to resolve this we follow [Zaletel
et al., 2011, Zhou et al., 2016] and define the unitary rotation Un as

Un :=



1√
2 − 1√

2 0 . . .
1√
6

1√
6 − 2√

6 0 . . .
...

1√
n(n−1)

1√
n(n−1)

. . . . . . −
√

1− 1
n

1√
n

1√
n

. . . . . . 1√
n


, (73)

as well as the minor matrix Mn−1 found by deleting the n-th row and
column of Un. We then rotate the classical fields8 as

φ̄cl = Unφ
cl. (74)

The rotated classical fields now obey the nicer set of boundary conditions

φ̄cli |Γ(x) = 2πRω̄i, i = 1, . . . , n− 1 (75)

φ̄cln |Γ =
√
n cut(x) + 2πR√

n

n−1∑
i=1

ωi, (76)

with ω̄ = Mn−1ω. The first n− 1 classical fields now only depend on the
rotated winding modes, and the dependence on the cut-function is shifted

8Note that the action is invariant under this transformation.
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to only the n-th field. This allows us to rewrite the winding sector

W (n) =
∑
φcl
i

e−
∑n

i=1 S[φcl
i ]

=
∑

ω∈Zn−1

e−
∑n−1

i=1 S[φ̄cl
i ]
∫
D cut e−S[φ̄cl

n ]

= n−
Area(Γ)

ε W̄ (n)
∫
Dφ̄clne−S[φ̄cl

n ]. (77)

In the second line the path integral is taken over all possible boundary
functions cut(x). To arrive at the last line we perform the following
change of path integral measure (due to [Zaletel et al., 2011])

D cut = D

 1√
n

φ̄cln − 2πR√
n

n−1∑
i=1

ωi


 = n−

Area(Γ)
ε Dφ̄cln , (78)

where ε is a UV-cutoff and n−
Area(Γ)

ε only contributes an area law term to
the entanglement entropy and, as we are only interested in the sub-leading
terms, can thus be ignored in the following. Furthermore, we defined the
factor

W̄ (n) =
∑

ω∈Zn−1

e−
∑n−1

i=1 S[φ̄cl
i ]. (79)

Now comes the final crucial observation. We can take the path integrals
of the fluctuations of the n-th field on A and B in (71), and stitch them
together with the path integral over the n-th rotated classical field9 to
form a path integral over a full rotated field∫

D
DϕA,nDϕB,n

∫
Dφ̄clne−(S[ϕA,n]+S[ϕB,n]+S[φ̄cl

n ]) =
∫
Dφ̄ne−S[φ̄n]. (80)

Noting that this is just the partition function Z on the complete cylinder
and that the remaining path integrals over the fluctuations in (71) are
simply Dirichlet partition functions on A and B, which we denote by ZA
and ZB , we can write our final expression for the trace of the n-th power
of the reduced density matrix

TrρnA =
(
ZAZB
Z

)n−1

W̄ (n). (81)

9Note that by (78) the latter path integral is equivalent to a path integral over all
possible values of the total field at the cut.
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3.1 Warming up: z = d = 2

The analytic continuation in n for the powers of the partition functions
is straight-forward. Since the partition functions are real, it is oscillating
as n → i∞ and thus unique10. Finding an analytic continuation for
the winding sector W̄ (n) is far less trivial and was done by [Oshikawa,
2010, Zaletel et al., 2011, Zhou et al., 2016]. We refrain from writing
it here as it is a complicated expression and doesn’t contribute to the
discussion, but point out that it obeys the right asymptotics and is
thus also unique and in the same class as the rest. Taking the partial
derivative with respect to n of (81), followed by the limit n→ 1, we find
the entanglement entropy

S[A] = − lim
n→1

TrρnA

= − log
(
ZAZB
Z

)
− W̄ ′(1)

= 1
2 log

(
det ∆A det ∆B

det ∆M

)
− W̄ ′(1), (82)

where det ∆X is the functional determinant of the Laplacian on X =
A,B,M with Dirichlet boundary conditions. Note that the functional
determinants are related to the free energies of the underlying CFT by

F [A] = − logZA = 1
2 log det ∆A, (83)

and similarly on the other manifolds. In particular, one can use the
famous result by [Cardy and Peschel, 1988]

F [A] = fbVA + fsLA −
c

6 log LA
ε

+O(1), (84)

with fb and fs the bulk and surface free energies, VA the volume and
LA the surface area of A, to infer the behavior (6) of the entanglement
entropy. In particular, the volume terms cancel of in the combination
F [A] + F [B]− F [A ∪B] appearing in the entanglement entropy, which
leads to an area law.

The functional determinants are divergent quantities and need to be
regularized. Since we are only interested in the sub-leading constant terms,
we don’t care about the exact form of the divergences, and can calculate
the determinants by means of ζ-regularization, which corresponds to
finding a proper analytic continuation that doesn’t diverge. We will talk

10Here we implicitly assume that the partition functions are regularized before taking
the analytic continuation. This ensures that there are no conflicts in the limits.
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3 Entanglement entropy

a little more about this when we generalize the calculation to higher
dimensions. As for the winding sector, we don’t state the explicit form of
the ζ-regularized determinants for the cylinder, which can be found in
[Zhou et al., 2016]. We point out, however, that the complete result for
the entanglement entropy consists of a scaling function, expressed in terms
of aspect ratios, and a topological contribution expressed in terms of the
scale invariant quantity √gR. We expect this to be valid also in higher
dimensions, as it reflects the underlying criticality. For the following
we emphasize that the calculation of the ground state entanglement
entropy can be reduced to the calculation of two things: the functional
determinants of the operator appearing in the ground state action and
the winding sector. This will also be true in the higher dimensional case.

The sphere

Next, let us study the spherical case. We take the full manifold to be a
sphere M = S2 and cut it at the equator into the northern and southern
hemispheres that we denote by A,B = H2. Contrary to the cylinder the
sphere doesn’t have a boundary and so the action (54) enjoys the shift
symmetry S[φ] = S[φ+ φ0] with constant φ0. Since such a constant shift
must be part of the classical field, we can use this symmetry to get rid of all
the winding contributions in equation (69) by shifting φcli 7→ φcli − 2πRωi,
that is by choosing φ0

i = −2πRωi. This leaves us with the boundary
conditions

φcli |Γ = cut(x), for i = 1, . . . , n. (85)

In particular, this implies that all the classical fields are equal as they
are solutions to the same differential equation with the same boundary
conditions. After rotating the fields the boundary conditions become

φ̄cli |Γ1(x) = 0 i = 1, . . . , n− 1 (86)
φ̄cln |Γ1(x) =

√
n cut1(x), (87)

and we can write
W̄ (n) =

∑
φ̄cl
i

e
∑n−1

i=1 S[φ̄cl
i ] = 1 (88)

since the first n − 1 rotated classical fields are unique and vanishing.
The n-th rotated classical field can be stitched together with the n-th
fluctuations as before, see equations (78) and (80). As was observed in
[Zaletel et al., 2011, Zhou et al., 2016] the n-th rotated total field is
given by φ̄n = ϕn +

√
nφcln , and has an altered compactification radius:
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3.2 Higher dimensions

φ̄n ∼ φ̄n+2πR
√
n. In the cylindrical geometry this didn’t affect the result.

However, since the sphere has a 0-mode, the change in compactification
radius now has an effect on the partition function corresponding to φ̄n
given by ∫

Dφ̄ne−S[φ̄n] =
√
nZ. (89)

The remaining path integrals over fluctuations in (71) contribute, as
before, with Dirichlet partition functions on A and B, and in total we
obtain

TrρnA =
√
n

(
ZAZB
Z

)n−1

. (90)

The analytic continuation is straight-forward and we can write for the
entanglement entropy of a hemisphere

S[A] = − lim
n→1

∂nTrρnA (91)

= − log
(
ZAZB
Z

)
− 1

2 (92)

= 1
2 log

det ∆H2
N

det ∆H2
S

det′∆S2

+ log
(√

4πgArea(S2)R
)
− 1

2 . (93)

In the last line the extra factor is due to the 0-mode of the Laplacian on
the sphere, which has to be treated carefully when rewriting the partition
function as a functional determinant, see [Di Francesco et al., 1997]. After
evaluating the determinants, one finds that the entanglement entropy is
given by [Zhou et al., 2016]

S[A] = log
(√

8πgR
)
− 1

2 . (94)

Note that it again only depends on the scale invariant quantity √gR.
Futhermore, as was pointed out in [Weisberger, 1987] and [Zhou et al.,
2016], the ratio of partition functions appearing in the entanglement
entropy is conformally invariant. In particular, this implies that the
expression above is valid for spheres of any radius.

3.2 Higher dimensions
In section 2.2 we generalized the QLM and formulated the the GQLM
on higher dimensional spheres and tori. We will now apply the replica
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3 Entanglement entropy

techniques from the last section to these higher dimensional geometries.
The generalization of the replica calculation for z = d = 2 is, up to
some minor intricacies, very straight-forward. The main difference to
the previous calculations is that the operator appearing in the ground
state action of the higher dimensional quantum Lifshitz model is a higher
derivative operator, see 2.2 for the explicit expressions. This becomes an
issue when we divide the total field into a classical part and a fluctuation,
see equation (64), as giving the fluctuations Dirichlet boundary conditions
and demanding that the classical field obey the equations of motions
is not sufficient to ensure that the action splits as in (67). In higher
dimensions we have to supplement additional boundary conditions to the
fluctuations to ensure the splitting of the action. It is not hard to see
from our discussion in 2.2 that the boundary conditions (41) and (46) do
the trick in both spherical and toroidal symmetry.

Let us write this out explicitly. We divide each of the replicated fields
on A and B into a classical part and a fluctuation

φX,i = φclX,i + ϕX,i, for X = A,B and i = 1, . . . , n. (95)

From the classical field we again demand that it take up the value of the
total field at the entangling cut and that it obey the equations of motion

Pz,MφclX,i = 0 with φclX,i|Γ(x) = φi|Γ(x). (96)

Here, we note that the classical field is not sufficiently determined by
these boundary conditions. In the case of the sphere this is not a problem,
as it is reabsorbed into a full field. We will see, however, that the torus
exhibits a winding sector very similar to that of the cylinder, and in
order to calculate it we need an explicit expression for the classical field.
For this purpose we need to supplement additional boundary conditions.
Lets set the problem aside for the moment, and consider the fluctuations.
Demanding that they fulfill the boundary conditions

ϕX,i|Γ = 0, ∆k
MϕX,i|Γ = 0, k = 1, . . . , z2 − 1 (97)

with ∆M the Laplace-Beltrami operator on either the sphere or the torus,
ensures that

S[φX,i] = S[φclX,i] + S[ϕX,i] for X = A,B and i = 1, . . . , n. (98)

Apart from these considerations, the replica calculation goes through in a
completely analogous way. Let us see what this implies for the generalized
geometries.
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3.2 Higher dimensions

The d-sphere

Figure 3.3. Sphere cut into two hemispheres by the entanglement cut Γ.
Figure taken from [I].

Let M = Sd and cut it at the equator into the two hemispheres
A = Hd

N and B = Hd
S , as depicted in figure 3.3, and let us set z = d.

The replica calculation for the ground state (36) with action (38) and
boundary terms (47) can be accomplished in the exact same form as
before. In terms of the partition functions, the entanglement entropy
takes the same form as for the 2-sphere, see (92). Thus, in terms of the
functional determinants, we arrive at the generalized expression for the
entanglement entropy

S[A] = 1
2 log

detPd,Hd
N

detPd,Hd
S

det′ Pd,Sd

+log
(√

4πArea(Sd)R
)
− 1

2 , (99)

with the GJMS-operator given in equation (45). We note that, as we
have seen before, this determinants can be interpreted as the free ener-
gies of the CFT describing the ground state on the different manifolds.
Calculating the functional determinants of GJMS-operators on spheres
and hemispheres is not an easy task. In a series of papers [Chang and
Dowker, 1993, Dowker, 1994a, Dowker, 1994b, Dowker, 2011, Dowker,
2013] these determinants were calculated by ζ-function regularization
techniques for any even dimension d and any even critical exponent
z = 2k with k = 1, . . . , d/2. In paper [I] we took these results, given in
terms of multiple Γ-functions, and simplified them to be expressed as
sums of Riemann ζ-functions. While the calculation of these functional
determinants is quite interesting and elegant, it is does not contribute
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3 Entanglement entropy

much to the discussion of entanglement that is the focus of this thesis.
We refer the interested reader to our paper [I] for a review of Dowker’s
calculations as well as the tedious simplification of their result. Here, we
simply report the final result for the entanglement entropy

S[A] = 1
2

d∑
n=0

hn(d)ζ ′(−n) + log
(√

4πArea(Sd)(d− 1)!R
)
− 1

2 , (100)

where the coefficients of the Riemann ζ-functions are defined as

hn(d) = 1
(d− 1)!

[
d

n+ 1

]
+
d−n∑
j=0

(−1)j

(d− j)!

(
d

j − 1

)[
d− j + 1
n+ 1

]
, (101)

and
[m
n

]
are Stirling numbers of the first kind. For d = z = 2 the

entanglement entropy above reduces to the expression (94) and is thus in
agreement with the lower dimensional result. We further note that, while
our intention was to find the entanglement entropy only at d = z, the
framework for the calculation of the functional determinants of GJMS
operators also provides analytic results in the subcritical case. In fact,
the calculation of the entanglement entropy in the subcritical case turns
out to be easier than in the critical case, as no 0-modes are present. This
implies that in the subcritical case, that is for z even and z < d, the
entanglement entropy is simply given by

S[A] = 1
2 log

detPz,Hd
N

detPz,Hd
S

detPz,Sd

 . (102)

We did not attempt the same type of simplification for the subcritical
determinants. In order to give the reader a concrete example, the follow-
ing are the entanglement entropies corresponding to all allowed GJMS
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operators in 4 and 6 dimensions:

d = 4, z = 2 : S[H4] = −ζ(3)
8π2 ≈ −0.015 (103)

d = z = 4 : S[H4] = log
(√

32π2gR

)
− 1

2 −
ζ(3)
4π2

≈ log
(√
gR
)

+ 2.347 (104)

d = 6, z = 2 : S[H6] = ζ(3)
96π2 + ζ(5)

32π4 ≈ 0.001 (105)

d = 6, z = 4 : S[H6] = −5ζ(3)
48π2 + ζ(5)

16π4 ≈ −0.012 (106)

d = z = 6 : S[H6] = log
(√

256π3gR

)
− 1

2 −
15ζ(3)
32π2 + 3ζ(5)

32π4

≈ log
(√
gR
)

+ 3.934. (107)

As before, all expressions depend on the scale invariant quantity √gR.
The dependence on both z and d is however highly non-trivial. Just as in
the 2 + 1-dimensional case, one can check that for smooth surgeries the
ratio of determinants appearing in the entropy does not depend on the
radius, and so our results are valid for spheres of any radius.

3.2.1 The d-torus

Figure 3.4. Torus cut into two cylinders by the entanglement cuts Γ1 and
Γ2. Figure taken from [I].

Now let the total manifold be the d-dimensional flat torus defined
in (39), that is M = T dL1,...,Ld

, and cut it into the two flat d-cylinders
CB := [−LB, 0] × T dL2,...,Ld

and CA := [0, LA] × T dL2,...,Ld
. Note that
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L1 = LA + LB. As depicted in figure 3.4 this surgery introduces the two
cuts Γ1 at x1 = 0 and Γ2 at x1 = LA, which is identified with x1 = −LB.
In order to perform the replica calculation for the ground state (36) on
the torus under this surgery, we need to apply the lessons we learned from
both the 2-sphere and the 2-cylinder, as the torus has both a 0-mode and
a non-trivial winding sector. Let us briefly point out how this is done.

After applying the gluing conditions that result from the calculation
of TrρnA, we find that all replicated fields must agree at each of the cuts
Γ1 and Γ2. We define two functions on the cuts cut1(x) and cut2(x),
such that all fields are equal to cuta(x) at Γa for a =, 1, 2. Next, we
separate the fields into a classical part and a fluctuation, enforcing the
boundary conditions (97) on the fluctuations, as well as demanding that
the classical fields obey the equations of motion and take up the total
value of the fields at the cuts. At this point we note that at each cut the
boundary conditions for the classical fields must only be satisfied up to a
winding number, so we write

φclX,i|a = cuta(x) + 2πRωai , a = 1, 2. (108)

There are thus 2 winding numbers, one for each cut, instead of the single
one we found for the cylinder. As for the sphere, the action on the torus
has the shift symmetry S[φi] = S[φi + φ0

i ], which we are allowed to use
to shift each of the classical fields. We use this symmetry to get rid
of the winding numbers at the cut Γ1. Then we use the fact that the
cut functions are arbitrary and redefine cut2 to absorb the n-th winding
number at Γ2. In total we are left with n− 1 winding numbers at Γ2. We
emphasize here that these are the same manipulations we performed on
the 2-sphere and the 2-cylinder, only now they are applied simultaneously.
Next, we rotate the classical fields as φ̄cl = Unφ

cl with Un defined in (73).
In order to regain some clarity, let us write down the resulting boundary
conditions for the classical fields at this key step. At Γ1, where we got
rid of all the winding numbers, the resulting situation is the same as for
the spherical case

φ̄cli |Γ1(x) = 0 i = 1, . . . , n− 1 (109)
φ̄cln |Γ1(x) =

√
n cut1(x), (110)

while at Γ2 we have essentially the same situation we found for the cylinder

φ̄cli |Γ2(x) = 2πRω̄i, i = 1, . . . , n− 1 (111)

φ̄cln |Γ2 =
√
n cut2(x) + 2πR√

n

n−1∑
i=1

ωi. (112)
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Finally, we can make a change of measure in the path integrals over the
cut functions like we did in (78), and glue the path integrals over the
n-th fluctuations together with the path integral of the n-th classical
field to form an integration over a full rotated field. As was the case for
sphere, this full rotated field has an altered compactification radius, and
the resulting partition function over the full torus is scaled by a factor
of
√
n. The path integrations over the first n− 1 fluctuations result in

Dirichlet partition functions over the submanifolds CA and CB, and the
contribution of the first n − 1 classical fields is given by the winding
sector W̄ (n). Thus, in terms of partition functions, we get the following
expression

TrρnA =
√
n

(
ZAZB
Z

)n−1

W̄ (n), (113)

where the winding sector is explicitly given by∑
ω∈Zn−1

e−
∑n−1

i=1 S[φ̄cl
i ]. (114)

In order to evaluate this sum, we first have to calculate the value of the
classical fields, which is determined by the equations of motion on the
flat torus (43), that is

∆
z
2 φ̄cli = 0, i = 1, . . . , n− 1 (115)

with the boundary conditions determined by the replica calculation

φ̄cli |Γ1(x) = 0 and φ̄cli |Γ2(x) = 2πRω̄i, i = 1, . . . , n− 1. (116)

But these are only two boundary conditions for a field that is the solution
to a linear differential equation of degree z, thus for z > 2, the classical
fields are not yet uniquely determined and we need to add additional
boundary conditions to make the problem well-defined. We want to
choose these boundary conditions such that they are compatible with
the sort of generalized Dirichlet boundary conditions we chose for the
fluctuations, see (97). Such a consistent choice is given by assigning to
the classical fields the following set of generalized Neumann boundary
conditions

∂n∆kφ̄cli |Γa = 0, a = 1, 2 and k = 0, . . . , z2 − 2, (117)

with ∂n the normal derivative at the boundary. With this boundary
conditions the classical field is unique and can be calculated. In paper [I]
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3 Entanglement entropy

the calculation is performed and using a technique developed by [Zhou
et al., 2016] the following analytic continuation for the winding sector is
found

W̄ (n) =
√
nΛ−

n−1
2

z

∫ ∞
−∞

dk√
π

∑
ω∈Z

exp
(
− π

Λz
ω2 − 2i

√
π

Λz
kω

)n−1

,

(118)
with

Λz(LA, LB, L2, . . . , Ld) := gπR2 (−1)
z
2 z!

(1− 2z)Bz
Lz−1
A + Lz−1

B

Lz−1
A Lz−1

B

, L2 · · ·Ld

(119)
and where Bz are Bernoulli numbers. We note that for z = d the winding
sector is scale invariant.

We now have all the ingredients to write down a final expression
for the entanglement entropy of the cut torus. In terms of functional
determinants we have

S[CA] = 1
2 log

(
detPd,CA detPd,CB

det′ Pd,T d

)

+ log
(√

4πArea(T d)gR
)
− 1

2 − W̄
′(1), (120)

with the operators given in section 2.2, which, since both the torus and
cylinder are flat, are simply integer powers of the Laplacian. As for the
sphere, considerable effort was put into evaluating and simplifying the
functional determinants by ζ-function regularization techniques such as
those applied to a similar problem in [Elizalde, 1998, Elizalde, 2012]. As
those calculations don’t contribute much to the entanglement discussion,
we refer the reader to paper [I] and report here only the final result
at z = d which, in terms of the cross-ratios u = LA

L1
and τk = i L1

Lk+1
,

k = 1, . . . , d− 1, is given by

S[CA] = d

4 log
(
4u(1− u)

)
+ log

(√
4πArea(T d)gR

)
+ d

4ζ
′
T d−1
L2,...,Ld

(0)

− d

8G
′(0; 2LA, . . . , Ld)−

d

8G
′(0; 2LB, . . . , Ld)

+ d

4G
′(0;L1, . . . , Ld)−

1
2 − W̄

′(1),
(121)

where ζT d−1
L2,...,Ld

(s) is the spectral ζ-function on the d − 1-dimensional
flat torus and the function G comes from the functional determinants.
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3.2 Higher dimensions

In [I] we provide explicit expressions for ζT dL1,...,Ld
(s) and G in terms of

Riemann ζ-functions and modified Bessel functions. The derivative at 0
of G can be evaluated in a simple manner and expressed as the following
fast converging multidimensional exponential sum

G′(0, L, L2, . . . , Ld) = 2
∑′

~nd−1∈Zd−1

∞∑
n1=1

exp
(
−Ln1

√
~nTd−1 Ξd−1 ~nd−1

)
n1

,

(122)
with Ξd−1 = diag

((
2π/L2

)2
, . . . ,

(
2π/Ld

)2).
As the general result for the entanglement entropy is quite involved,

let us briefly take a look at the particularly simple result obtained in the
thin torus limit. In two dimensions the thin torus limit is characterized
by having |τ1| � 1 or alternatively L1 � L2, which is why it is also called
the long torus limit. There the entanglement entropy is given by

S[CA] = log
(
8πgR2

)
− 1 (123)

which precisely double the entanglement entropy of the thin cylinder, an
observation first made by [Oshikawa, 2010]. An analogous limit in higher
dimensions can be defined by demanding

L1, LA � L2 � . . .� Ld. (124)

In this limit most quantities in (121) are suppressed with respect to the
term coming from the spectral ζ-function of the d− 1-dimensional torus,
which gives the following approximation for the entanglement entropy

S[CA] ≈ 4(−π)p

p!
L2 · · ·L2p+1

L2p
2p+2

ζ ′(−2p), p =
⌊
d− 1

2

⌋
. (125)

In paper [I] several other limits, such as the thin sliced and wide torus,
and configurations, such as the halved torus, are discussed. We refer the
reader to the paper for a more in-depth discussion. Although it is not
always easy to see, we note that all our results for the torus are scaling
invariant and can be written in terms of the aspect ratios u and τk as
well as the combination √gR.

With this we conclude our treatment of the higher dimensional ground
state entanglement entropy. Let us now return to the two dimensional
case and study the entanglement entropy of the excited states of the
QLM.
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3 Entanglement entropy

3.3 Excited states
The calculation of the excited state entanglement entropy is, in principle,
a straight-forward generalization of the replica calculation from section
3.1 with one caveat: in the excited state density matrix the fields appear
not only in the exponential of the action. In practice, this breaks some
very useful factorizations that we were implicitly using for the ground
state calculation and creates a combinatoric mess. In order to deal with
this we will distinguish between two cases: the singly excited state and
the general case. For both cases we can make the combinatorics of the
problem tractable by introducing simple assumptions about the classical
fields. The assumptions introduced are, as could be expected, more
restricting in the general than in the singly excited case but still fulfilled
on interesting geometries for both cases.

From section 2.1 we know that the state obtained by exciting the
eigenmodes of the Laplacian is characterized by the set of integers
(mλ1 , . . . ,mλν ) describing the number of quanta of energy in each of
the modes λ1, . . . , λν . The excited state is explicitly given in (30). We
talk about the singly excited state if for some mode mλ = 1 and all other
occupation numbers are zero. The density matrix of the singly excited
state is

ρλ := |mλ = 1〉 〈mλ = 1| = 1
Z

∫
DφDφ′ φλφ′λe−

1
2S[φ]− 1

2S[φ′] |φ〉 〈φ′|,
(126)

while in the general case it is given by

ρ(mλ1 ,...,mλν ) =
∣∣(mλ1 , . . . ,mλν )

〉 〈
(mλ1 , . . . ,mλν )

∣∣
= 1
Z

∫
DφDφ′ e−

1
2S[φ]− 1

2S[φ′]|φ〉〈φ′|

×

 ν∏
r=1

1
2mλrmλr !

Hmλr

(
φλr√

2

)
Hmλr

(
φ′λr√

2

) .
(127)

We can perform the replica calculation for these density matrices pretty
much in the same fashion as in section 3.1. We put the system on a
manifold M and perform a surgery that divides it into the manifolds A
and B where we, for simplicity, assume there is a single cut Γ between
them. We take the Hilbert space to factor as H = HA⊗HB and write the
fields φ and φ′ as products of fields with support on A and B. Then, we
evaluate the reduced density matrices ρλ,A and ρ(mλ1 ,...,mλν ),A by tracing
over the B part of the Hilbert space, write down the product of n such
matrices while introducing the replica index i to distinguish between
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3.3 Excited states

the copies, and finally take the trace of the result. Effectively, these
steps introduce the gluing conditions φ′B,i = φB,i and φ′A,i = φA,i+1 for
i = 1, . . . , n and n+ 1 ∼ 1, which have the effect of making all the fields
agree at the entangling cut Γ, see (63),

B : φA,i|Γ(x) = φB,j |Γ(x) =: cut(x), i, j = 1, . . . , n. (128)

These steps result in the following expression for the trace of the n-th
power of the reduced density matrix

Tr
(
ρ(mλ1 ,...,mλν ),A

)n
= ν∏

r=1

1
2mλrmλr !

n 1
Zn

∫
B

 n∏
i=1
DφA,iDφB,i

 e−∑n

i=1(SA[φA,i]+SB [φB,i])

×
n∏
i=1

ν∏
r=1

Hmλr

(
1√
2

(
φλrA,i + φλrB,i

))
Hmλr

(
1√
2

(
φλrA,i+1 + φλrB,i

))
.

(129)

Now comes the tricky part. We would like to proceed as we did in section
3.1, separating each field into a classical component and a fluctuations,
and then factoring all the path integrals to arrive at an expression like
(71). However, while the action factors just as before, the product of fields,
or of Hermite polynomials of fields in the general case, does not. While it
should in principle be possible to perform a term by term evaluation after
writing out the Hermite polynomials and expanding all the products, the
combinatorics of the problem are quite daunting, and even if one could
to them, it is not clear that the result would be something that can be
straightforwardly analytically continued in n. In order to get around these
issues we introduce the following assumptions about the classical fields (as
defined in (68)). For the singly excited case it is enough to demand that
the projections of the classical field onto the excited eigenmode vanishes,
that is (

φcli

)λ
=
√

2gλ
∫
M

d2x Lλ(x)φcli (x) = 0. (130)

For the general excited state, this is not enough. Here, we need the
integrals to vanish separately on the A and B subsystems for each excited
eigenmode. We thus demand(

φclX,i

)λr
=
√

2gλr
∫
X

d2x Lλr(x)φcl(x) = 0, (131)

with X = A,B and r = 1, . . . , ν. In other words, we demand that the
partial projections onto the excited eigenmodes of the classical field vanish
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3 Entanglement entropy

separately on the subsystems. Two points deserve a special emphasis.
First, Lλ(x) are the eigenfunctions of the Laplacian on M , but the
integral is only over a submanifold, thus for the general excited case the
condition is not merely testing orthogonality of the classical field against
the eigenfunctions of the Laplacian. Second, φcl is stitched together from
separate solutions to the equations of motion on the A and B sides of
M , with a specific set of boundary conditions dictated by the replica
calculation in between. Hence, it generally doesn’t coincide with what
one would usually call the classical field on M , that is a solution to the
equations of motion on M . While this assumptions might seem rather
restrictive, we will later see that they are satisfied by all modes the a
rectangular geometry and by all modes for the singly excited case and
almost all modes in the general case on the spherical geometry. For now
let us just assume the conditions for the general excited state are satisfied
and continue our calculations. The calculation for the singly excited state
differs a little from the general one and can be found in [III]. We leave it
out here, as it doesn’t add much to the discussion, and only allows us to
consider a larger set of modes.

With (131) we can get rid of all the classical fields that appear outside
of the exponential of the action in (129). The path integrals over the
fluctuations can then be factored and rewritten as correlation functions,
which then in turn can be resolved by Wick’s theorem into sums of Green’s
functions. All this manipulations of the path integrals are reported in
detail in [III]. Here, we just state the following results for the trace of the
n-th power of the reduced density matrix. For the singly excited state we
can write

Tr
(
ρλ,A

)n
= Tr(ρnA)

[
(GλA)n−1GλA,M + (GλB)n−1GλB,M

]
, (132)

where ρA is the reduced density matrix corresponding to the ground
state, and the remaining terms are Green’s functions integrated against
eigenfunctions of the Laplacian

GλX,M := λ

∫
M

d2x

∫
X

d2x′Lλ(x)Lλ(x′)GM (x, x′) (133)

GλX := λ

∫
X

d2x d2x′ Lλ(x)Lλ(x′)GX(x, x′), (134)

for X = A,B. Here, GA(x, x′) and GB(x, x′) are the Green’s functions
with Dirichlet boundary conditions on A and B respectively and come
from the path integrals over the fluctuations, while GM (x, x′) is the
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3.3 Excited states

Green’s function on M and comes from the path integral over the n-th
replica field which is defined over the complete manifold.

For general excitations the structure of the expression is much more
involved. As for the singly excited state, the ground state density matrix
factors from the expression, and it is multiplied by an object consisting of
correlation functions of the fluctuations and the n-th complete field (in the
case of a single excitation only two-point functions, the Green’s functions,
appeared). The complete expression can be conveniently written as

Tr
(
ρ(mλ1 ,...,mλν ),A

)n
= Tr(ρnA)Tr[(AB)n−1M], (135)

where A, B, andM are rank 2ν tensors defined as

Ak
′
1,...,k

′
ν

k1,...,kν
:= ν∏

r=1

1
2mr

√√√√ 1
mr!

(
mr

kr

)(
mr

k′r

)〈 ν∏
r=1

Hmr−kr(ϕ
λr
A )Hk′r(ϕ

λr
A )
〉
AD

(136)

Bk
′
1,...,k

′
ν

k1,...,kν
:= ν∏

r=1

1
2mr

√√√√ 1
mr!

(
mr

kr

)(
mr

k′r

)〈 ν∏
r=1

Hmr−kr(ϕ
λr
B )Hk′r(ϕ

λr
B )
〉
BD

(137)

Mk′1,...,k
′
ν

k1,...,kν
:= ν∏

r=1

1
2

3mr
2 mr!

√√√√(mr

kr

)(
mr

k′r

)〈 ν∏
r=1

Hmr

(
1√
2
φ̄λr

)
Hk′r(φ̄

λr
A )Hmr−kr(φ̄

λr
B )
〉
M

,

(138)

and the indices kr and k′r run from 0 to mr. The tracing and product
operations on these tensors are defined in the standard way

(AB)k
′
1,...,k

′
ν

k1,...,kν
:= Ak

′
1,...,k

′
ν

j1,...,jν
Bj1,...,jνk1,...,kν

(139)

TrA := Ak1,...,kν
k1,...,kν

. (140)

where we use the Einstein summation convention.
For the singly excited state the analytic continuation is straight-

forward. As it turns out, the general case is also relatively simple, as
the tensors are sufficiently well-behaved for the matrix-logarithm to be
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3 Entanglement entropy

well-defined on them. We can thus use the matrix logarithm to define
the analytic continuation in n. The issue of the existence and uniqueness
of the matrix logarithm for this tensors is discussed more in detail in
paper [III]. We note here that these analytic continuations all fall into the
sub-exponential category that guarantees their uniqueness. Thus taking
the derivative and the limit, we can write for the entanglement entropy
of the singly excited state

Sλ[A] = SGS [A]− log
(
GλA

)
GλA,M − log

(
GλB

)
GλB,M (141)

where we used the fact that GλA,M + GλB,M = GλM , and for the general
excitation

Smλ1 ,...,mλν
[A] = SGS [A]Tr(M) + Tr(log(AB)M). (142)

In both cases SGS [A] denotes the ground state entanglement entropy.
Note that in particular this implies that the entanglement entropy corre-
sponding to this type of excited states continues to obey an area law. For
the singly excited case we used the fact that GλM = 1, which gets rid of
the coefficient of the ground state entanglement entropy. If all excitations
are put onto the same mode, a subcase that is treated in detail in [III], it
turns out that Tr(M) = 1. Thus when all excitations are on the same
mode the entanglement entropy has the form

Smλ [A] = SGS + Tr(log(AB)M). (143)

This structure has been previously observed for the low-lying excited states
of several theories, see [Alcaraz et al., 2011, Berganza et al., 2012, Castro-
Alvaredo et al., 2018]. Furthermore, the transformed propagators (134)
and (133) were already investigated under the name of Entanglement
Propagator Amplitudes (EPAs) in [Parker et al., 2017]. There, a numerical
analysis provided strong evidence that the EPAs are universal. In [III],
we use spectral methods to calculate the transformed propagators and
find our result in agreement with [Parker et al., 2017], providing further
evidence for the universality of these objects. Thus, since all corrections
to the ground state entanglement entropy are expressed in terms of these
quantities, we can conclude that they are universal.

In order to make everything more transparent, let us consider an
explicit geometry.

The sphere

Let the spatial manifold be given by a two-sphere M = S2 and cut it into
the two hemispheres A,B = H2 at the equator. The eigenmodes of the
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3.3 Excited states

Laplacian on the sphere are the spherical harmonics

Lλ(x) ≡ L`,m(x) = Y m
` (x), (144)

where x = (θ, ϕ) is a point on S2 and

Y m
` (x) =

√
2`+ 1

4π
(`−m)!
(`+m)!e

imϕPm` (cos(θ)) (145)

and P `m(x) are associated Legendre Polynomials. With this we have

−∆S2Lλ(x) = −∆S2Y m
` (x) = `(`+ 1). (146)

We remind the reader that, when used as a label, λ is meant as a short-
hand notation for (`,m), but when it appears as a number the actual
eigenvalue λ = `(`+ 1) is meant. For the creation operator, for example,
we can write explicitly

A†λ ≡ A
†
`,m = 1√

g`(`+ 1)

∫ π

−π
dθ
∫ 2π

0
dϕ Y m

` (θ, ϕ)Q†(θ, ϕ) sin θ. (147)

Up to normalization, the eigenfunctions on the hemisphere with Dirichlet
boundary conditions at the equator are the spherical harmonics such that
`+m is odd. With proper normalization they are given by

LH
2

λ (x) =
√

2Y m
` (x), `+m = odd. (148)

We use spectral methods to calculate the transformed propagators. For
example, we can calculate GλM from equation (134) as follows. First, we
use the eigenmode expansion of the Green’s function on M

GM (x, x′) =
∑
µ

Lµ(x)Lµ(x′)
µ

, (149)

where µ labels all eigenmodes of the Laplacian on M . Then we can
proceed as follows

GλM = λ

∫
M

d2x d2x′Lλ(x)Lλ(x′)
∑
µ

Lµ(x)Lµ(x′)
µ

(150)

= λ
∑
µ

1
µ

(∫
M

d2xLλ(x)Lµ(x′)
)2

= λ
∑
µ

δλµ
µ

= 1, (151)
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which is one of the results that we mentioned towards the end of the last
section. Similar techniques can be used to simplify the calculations of all
transformed propagators, see [III] for details. We find that

GλA,M = GλB,M = 1
2 (152)

GλA = GλB = 1
2Σλ (153)

where Σλ is given by

Σλ =

Σe
λ, `λ +mλ = even

1, `λ +mλ = odd,
(154)

and Σe
λ is given by

Σe
λ ≡ Σe

`λ,mλ
:= (2`λ + 1)`λ(`λ + 1)(`λ −mλ)!

(`λ +mλ)!×

∞∑
`µ≥mλ

`µ+mλ=odd

(2`µ + 1)
`µ(`µ + 1)

(`µ −mλ)!
(`µ +mλ)!

(∫ 1

0
dx Pmλ`λ

(x)Pmλ`µ
(x)
)2

, (155)

which is convergent and can be evaluated numerically by truncation at a
sufficiently large integer.

On can check that the assumption (φcli )λ = 0 is satisfied by all modes
on the sphere, and that the assumptions (φclX,i)λ = 0 with X = A,B are
satisfied by all modes except those with m = 0 and ` odd. Furthermore,
the ground state entanglement entropy for this geometry is [Zhou et al.,
2016]

SGS [A] = log
(√

8πgR
)
− 1

2 . (156)

Using equations (141) and (152) we can thus write the following expression
for the entanglement entropy of the singly excited state

Sλ[A] = log
(√

2πgRΣλ

)
− 1

2 , (157)

which is valid for all modes. In particular, we can see that the entan-
glement entropy distinguishes between two types of modes. The first
type are modes that are simultaneously eigenmodes on the sphere and
hemisphere, i.e. modes with m + ` odd. The entanglement entropy is
constant within this class of modes, as here Σλ = 1. The second type
consists of the remaining modes. Here, the entanglement entropy has an
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Figure 3.5. The value of the entanglement entropy S`,m[A] in units of the
ground state entanglement entropy at the RK-point, i.e. g = 1

8π , and for
R = 1, plotted for a selection of modes with `+m even. Figure taken
from [III].

intricate dependence on the mode that is excited. The behavior of the
entanglement entropy for these modes is depicted in figure 3.5

The tensors of correlation functions appearing for the most general
form of excitation are quite hard to evaluate. We therefore consider the
interesting subcase when all excitations are put onto the same mode.
Furthermore, we concentrate on the modes of first kind, that is modes
with ` + m odd, as the transformed propagators are easier to evaluate
within this class. Finally, we exclude the modes with m = 0 and ` odd,
as they don’t satisfy the assumption needed for our calculation. In this
case the entanglement entropy takes the form

Smλ [A] = log
(√

8πgR
)
− 1

2 +
mλ∑
k=0

1
2mλ

(
mλ

k

)
log

 1
2mλ

(
mλ

k

) . (158)

We refer the reader to [III] for details on the calculation above. In figure
3.6 the dependence on the excitation number of the entanglement entropy
is depicted. In particular, we observe that in this case the entanglement
entropy has a logarithmic dependence on the excitation number

Smλ [A] ≈ SGS [A]− a1 logmλ − a2, (159)
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Figure 3.6. The first image shows Smλ plotted as a function of the
number of excitations mλ for any mode satisfying `+m =odd and m 6= 0,
evaluated at the RK-point g = 1

8π and for R = 1. The second image
shows a log-linear plot of the same data. The dashed line is the linear fit
y = 1.008x+ 2.421 with an R2 value above 0.999. Figure taken from [III].

with a1 ≈ 0.504 and a2 = 0.711. This is quite interesting, as it allows us to
infer the highly excited behavior of these states, that is the limit mλ � 1.
In particular, we see that the logarithmic dependence on the excitation
number does not affect the area law behavior of the entanglement entropy.
This is somewhat surprising, as highly excited states are generically
expected to obey volume laws [Page, 1993].

The rectangular geometry is also considered in [III]. There, we find
same type of distinction between classes of modes, and the same type
of logarithmic behavior on the excitation number. Finally, we note that
all our results for the entanglement entropy of excited states depend
on the scaling invariant quantity √gR only through the ground state
entanglement. The universal corrections due to the excitations contain
information on the excited modes, as well as on the correlation functions
on the different manifolds and submanifolds that constitute the system.

With this we close our treatment of the entanglement entropy in
the quantum Lifshitz model. Next, we will analyze the entanglement of
mixed states. For this purpose we will use an alternative measure: the
logarithmic negativity.
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4 Logarithmic negativity
We remind the reader that the entanglement entropy is not a good
entanglement measure for mixed states. There, it fails to distinguish
between quantum and classical correlations, and thus cannot characterize
the purely quantum entanglement of the mixed state. On the other hand,
the logarithmic negativity is an entanglement monotone for mixed states
and thus well-suited for our purpose.

In order to simulate a generic mixed state we start with the ground
state density matrix ρ of the QLM on a tripartite geometry. Concretely,
we cut M into A1, A2, and B, and assume, as for the entanglement
entropy, that the Hilbert space factors as H = H1 ⊗H2 ⊗HB. We then
perform a partial trace over B, which leaves us with a prototype for a
mixed state on the bipartite geometry A = A1 ∪A2 with Hilbert space

HA = H1 ⊗H2 (160)

that still captures some of the generic behavior of a mixed state. In paper
[II] we perform two separate calculations of the logarithmic negativity
in this setting. The first calculation is done by the correlator method
[Audenaert et al., 2002, Peschel, 2003] in the discretized 1+1-dimensional
QLM at z = 2 defined by replacing the Laplacian and integration measure
in (34) by ∂2

x and dx respectively. Furthermore, in the 1 + 1-dimensional
case we don’t demand that the scalar be compact. We note that the
calculations we performed for the 2 + 1-dimensional QLM in section 2
can be applied straight-forwardly to the 1 + 1-dimensional case, and in
particular that the ground state also takes the form (23). The second
calculation is performed by the replica approach introduced in [Calabrese
et al., 2012, Calabrese et al., 2013a] for the logarithmic negativity. The
approach is similar to that for the entanglement entropy and convenient
for the calculations in the context of the 2 + 1-dimensional QLM, as it
allows us to apply the lessons we previously learned. In both calculations
we find that the logarithmic negativity is heavily dependent on whether
the two submanifolds A1 and A2 are adjacent or disjoint, vanishing exactly
in the latter case.
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4 Logarithmic negativity

4.1 Correlator method
In order to perform the correlator method calculation, we first need the
discretized form of the Hamiltonian (17) with Laplacian ∆ = ∂2

x and one
dimensional integration, that is

H = 1
2

∫
M

dx
(
π2 + g2

(
∂2
xφ
)2
)
, (161)

with M chosen to be the line with open or periodic boundary conditions.
If we discretize the line and let it have L sites, the the corresponding
discrete Hamiltonian can be written as

H = 1
2
(
πTπ + φTKφ

)
(162)

with π = (π1, . . . , πL) and φ = (φ1, . . . , φL), and where K is the dis-
cretized version of ∆2 = ∂4

x. The solutions to the equations of motion in
the discretized theory satisfy

Kφ = 0. (163)

In addition, we need to specify a discretized version of the boundary
conditions to make the problem well-defined, and , as we are dealing with
a fourth degree differential operator, we have to make sure that enough
boundary conditions are given. For example, we can impose a discretized
version of the generalized Dirichlet boundary conditions φ|∂M = 0 and
∆φ|∂M = 0. In the end, the resulting matrix K is simply the square of
the discrete Laplacian matrix with Dirichlet boundary conditions or, if
periodic boundary conditions were implemented instead, with periodic
boundary conditions.

The correlator method is based on the observation by [Peschel, 2003]
that the reduced density matrix is related to the correlation matrices X
and P with elements given by the vacuum two-point functions

Xij := 〈φiφj〉 = 1
2(K−

1
2 )ij and Pij := 〈πiπj〉 = 1

2(K
1
2 )ij (164)

restricted to the subsystem A, which we denote by XA and PA, and in
particular to the eigenvalues of the matrix CA =

√
XAPA. Using a second

observation by [Audenaert et al., 2002] that relates the partial transpo-
sition to the time reversal of the momenta in the same subsystem, we
can apply Peschel’s result to the calculation of the logarithmic negativity.
Let A = A1 ∪ A2, where the subsystems A1 and A2 have lengths of `1
and `2 respectively, and write the partial transposition over A2 of PA as

P T2
A =

(
I`1 ⊕ (−I`2)

)
PA
(
I`1 ⊕ (−I`2)

)
. (165)
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4.1 Correlator method

Let us further denote the spectrum of CT2
A =

√
XAP

T2
A by {λi}i=1,...,`

with ` = `1 + `2 the total length of the subsystem A. Then the trace
norm of the partially transposed reduced density matrix can be expressed
in terms of the λi as

‖ρT2
A ‖ =

∏̀
i=1

max
(

1, 1
2λi

)
, (166)

and thus the logarithmic negativity as

E = log ‖ρT2
A ‖ =

∑̀
i=1

log
(

max
(

1, 1
2λi

))
. (167)

We can see that the logarithmic negativity is determined by the eigenvalues
of CT2

A that satisfy λi < 1
2 .

When A1 and A2 are disjoint, i.e. separated by some non-zero length,
it turns out that no eigenvalue satisfies the above condition in either
the open or periodic system and thus, in both cases, the logarithmic
negativity vanishes exactly

EA1,A2 disjoint = 0. (168)

While this is surprising and in stark contrast to CFT calculations [Cal-
abrese et al., 2012, Calabrese et al., 2013a] that show a non-trivial
logarithmic negativity in the disjoint case, the same observation for a
different 1 + 1-dimensional system with Lifshitz scaling was already made
in [Chen et al., 2017]. Indeed, relying on a theorem proven by [Lami
et al., 2018], one can show that the reduced density matrix in the disjoint
non-compact case is separable, see [II], which implies the vanishing of the
logarithmic negativity.

In the case of adjacent A1 and A2, one finds that, both for the open
and periodic systems, only a small number (independent of the lengths)
of eigenvalues contributes to the logarithmic negativity. In the continuum
regime, reached by replacing all lengths by `→ `/ε, where ε is the lattice
spacing, and letting ε→ 0, we find that for both the open and periodic
system the logarithmic negativity is given by

EA1,A2 adjacent = 1
2 log

(
`1`2
`1 + `2

)
+ const, (169)

where const is a non-universal constant that depends on the regularization.
In particular, we note that the logarithmic negativity only depends on
the sizes of the subsystems, and not on the total size.
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4 Logarithmic negativity

The expressions for the logarithmic negativity in both the disjoint, see
(168), and adjacent case, see (169), can be summarized by the following
formula in terms of the Dirichlet partition functions on the subsystems
A1 and A2

E = − log
(
ZA1ZA2

ZA1∪A2

)
, (170)

where we omit non-universal terms. In the disjoint case we note that
ZA1∪A2 = ZA1ZA2 since the Dirichlet boundary conditions imposed on A1
and A2 don’t allow the submanifolds to communicate. This immediately
leads to the vanishing of the logarithmic negativity. In the adjacent
case we note that, again omitting non-universal terms, ZAi = 1

2 log(`i)
for i = 1, 2 and ZA1∪A2 = 1

2 log(`1 + `2), which leads to the desired
result. Equation (170) is reminiscent of Fradkin and Moore’s formula for
the bipartite entanglement entropy of the non-compact QLM in 2 + 1
dimensions. The main difference to Fradkin and Moore’s formula being
that here A1 ∪A2 is not the full system. It is quite interesting that the
logarithmic negativity doesn’t feel the part of the system that was traced
over to create a mixed state, and only cares about the two components
on which the mixed state is defined. Under the replica approach we will
see how this similarity originates, and that the formula (170), which here
is only an educated guess, is actually valid.

4.2 Replica method
Let us consider the tripartite geometry where the total manifold M is cut
into A1, A2, B and let ρ the ground state density matrix. We construct
the bipartite mixed state ρA by tracing over the degrees of freedom in B

ρA ≡ ρA1∪A2 = TrBρ (171)

and denote by ρT2
A its partial transposition over A2. The replica approach

for the logarithmic negativity relies on the observation by [Calabrese
et al., 2012, Calabrese et al., 2013a] that the trace norm of ρT2

A , whose
eigenvalues we denote by λ, can be written as

‖ρT2
A ‖ = Tr|ρT2

A | =
∑
λ

|λ|

= lim
ne→1

∑
λ

λne = lim
ne→1

Tr
(
ρT2
A

)ne
, (172)

where ne is an even integer. Thus, the trace norm of ρT2
A can be found

by analytically continuing the even sequence Tr
(
ρT2
A

)ne
and evaluating
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4.2 Replica method

it at ne = 1. Note that while the eigenvalues of ρA are non-negative,
this is not necessarily true for ρT2

A . In fact, it is the existence of negative
eigenvalues that distinguishes the odd and even sequences. In particular
if we take no odd, the same limit leads to the normalization condition
limno→1 Tr

(
ρT2
A

)no
= TrρT2

A = 1. With this observation, the logarithmic
negativity of the subsystem A1 can be written as

E = log ‖ρT2
A ‖ = lim

ne→1
log Tr

(
ρT2
A

)ne
, (173)

where ne is an even integer. We note that up to the partial transposition,
the object at the center of the calculation is the same as the one we
needed to perform the replica calculation of the entanglement entropy:
TrρnA. It is therefore instructive to consider a simpler calculation that
illustrates the effect of the partial transposition before diving into the
calculation of the mixed state logarithmic negativity (173).

Warming up: The bipartite pure state

Let us consider a bipartite system where the complete manifold M is cut
into A1 and A2 with the entangling cut Γ between them, and take the
QLM to be in its pure ground state described by the density matrix ρ.
Before starting, let us recall the definition of the Rényi entropy

S(n)[A1] = 1
1− n log TrρnA1 , (174)

where ρA1 = TrA2ρ. It is known that for pure states the logarithmic
negativity

E = lim
ne→1

log Tr
(
ρT2
)ne

(175)

reduces to the Rényi entropy of order n = 1/2 [Calabrese et al., 2012,
Calabrese et al., 2013a], that is E = S( 1

2 )[A1]. Let us perform the replica
calculation and see if we can reconstruct this result.

The starting point is the ground state density matrix for a bipartite
system given in equation (53), except with A1 and A2 as the subsystems
instead of A and B. The partial transposition over A2 can be easily
performed in this notation, by exchanging the corresponding primed and
unprimed fields. This leaves us with

ρT2
i = 1

Z

∫
DφA1,iDφ′A1,iDφA2,iDφ′A2,i e

− 1
2S[φ]− 1

2S[φ′]

× |φA1,i〉 ⊗ |φ′A2,i〉〈φ
′
A1,i| ⊗ 〈φA2,i|, (176)
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4 Logarithmic negativity

where we also introduced the replica index i = 1, . . . , n. Calculating first
the product of transposed density matrices followed by the total trace as
we did in section 3.1, we find the altered gluing conditions

φ′A1,i = φA1,i+1

φA2,i = φ′A2,i+1
(177)

with i = 1, . . . , ne and ne + 1 ∼ 1. This differs from the entanglement
entropy calculation in that there the primed and unprimed fields on the
A2 side agreed within the same copy of the density matrix. In figure

1′

1

2′

2

3′

3

4′

4

1

1′

2

2′

3

3′

4

4′

A1 Γ A2

(a) Gluing conditions

A1 Γ A2

1

3

2

4

(b) Resulting independent sets of fields

Figure 4.7. For ne = 4, the gluing conditions result in two independent
sets of boundary conditions (represented in red and blue). Figure taken
from [II].

4.7 the resulting situation is shown. Together with the continuity of the
fields across the cut Γ, these gluing conditions force the ne independent
fields two split into two groups that separately agree at the boundary.
Concretely, all fields with even indices satisfy

φA1,2k|Γ(x) = φA1,2`|Γ(x) =: cute(x) (178)

while all the fields with odd indices satisfy

φA1,2k−1|Γ(x) = φA1,2`−1|Γ(x) =: cuto(x) (179)

for k, ` = 1, . . . , ne
2 and where cute(x) and cuto(x) are separate arbitrary

functions of the boundary coordinates. Since the cut functions are ar-
bitrary and all fields are integrated over, we can after some relabeling
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4.2 Replica method

write

Tr
(
ρT2
)ne

= 1
Z
ne
2

∫
B

ne
2∏
i=1
DφA1,ie

−
∑ne

2
i=1 S[φA1,i]

∫
B

ne
2∏
i=1
DφA2,ie

−
∑ne

2
i=1 S[φA2,i]


2

(180)

where B represents the same type of boundary condition as in (63), but
with half the fields. Comparing this to the corresponding expression in
the calculation of the entanglement entropy, see (62), we learn that the
trace of the ne-th power of the partially transposed density matrix can
be expressed in terms of the reduced density matrix as

Tr
(
ρT2
)ne

=
(

Trρ
ne
2
A1

)2
. (181)

For ne → 1 we find that

E = 2 log Trρ
1
2
A1

= S( 1
2 )[A1] (182)

as expected.
The main lesson we learn from this calculation is that the partial

transposition alters the boundary conditions satisfied by the replicated
fields at the entangling cut. We also note that the effect of splitting the
boundary conditions into two groups is only seen for the even sequence,
whereas for the odd sequence, that is for no odd, we find

Tr
(
ρT2
)no

= Trρno
A1
. (183)

In other words, the odd sequence is invariant under partial transposition,
while the even sequence is not. This was already observed in [Calabrese
et al., 2012]. We are now ready to tackle the disjoint and adjacent mixed
states.

The disjoint case

Now let us return to the mixed state geometry described by the reduced
ground state density matrix ρA1∪A2 = TrBρ, and assume that A1 and A2
are not adjacent. Two examples of this type configuration are depicted
in figure 4.8 As we saw in section 3.1, the partial trace over B results in
gluing the primed and unprimed fields of the same replica together

φB,i = φ′B,i (184)
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A2

A1

B
A1

B

B

A2

(a) Spherical geometry (b) Toroidal geometry

Figure 4.8. Two realizations of geometries where A1 and A2 are
separated by B are depicted. Tor the torus, B consists of two disjoint
components. Figure taken from [II].

for i = 1, . . . , n. Once we have the reduced density matrix, we need to find
an expression for the trace of an even power of its partial transposition
over A2. This calculation is analogous to our previous calculation for the
pure state, and in particular it results in the same gluing conditions as
before, see equation (177). The situation is depicted in figure 4.9. The

1
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3
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4

4′

1′
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4

A2Γ2BΓ1A1

(a) Gluing conditions

Aa Γa B

1

2

3

4

(b) Resulting independent sets of fields

Figure 4.9. For ne = 4 the gluing conditions force all fields to agree at
the boundaries between Ai and B. Figure taken from [II].

resulting boundary conditions are independent of the partial transposition,
making all the fields agree at the boundaries between B and the A’s. We
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4.2 Replica method

can therefore write the identity

Tr
(
ρT2
A

)ne
= Trρne

A , (185)

where the right hand side of the equation is precisely the quantity needed
to calculate the tripartite entanglement entropy and was found for certain
geometries in [Zhou et al., 2016]. It has the form

Trρne
A =

(
ZA1ZA2ZB

Z

)ne−1

W (ne), (186)

where only the normalization W (1) = 1 of the winding sector W (ne)
concerns us, not its functional form. With this, we can confirm the result
obtained by the correlator method for the logarithmic negativity

E = lim
ne→1

log Tr
(
ρT2
A

)ne
= 0. (187)

We point out here, that the vanishing of the logarithmic negativity is
not a sufficient condition for the density matrix to be separable. When
we encountered this situation in the correlator method calculation, we
were able invoke a theorem that allowed us to determine that the system
was indeed separable. Said theorem, however, only applies to finite
dimensional systems and cannot be applied in the present situation.
It thus remains open to determine whether the density matrix above
is separable or not. Furthermore, we note that the key steps in the
calculation that determines whether the reduced density matrix is sensitive
to the partial transposition do not refer to the dimension or the specific
form of the action. Consequently this result is also valid for the higher
dimensional generalizations of the quantum Lifshitz model discussed in
section 2.2.

The adjacent non-compact case

Now let us assume that the submanifolds A1 and A2 are adjacent. Two
examples of this configuration are shown in figure 4.10. The gluing condi-
tions are the same as in the disjoint case, but, as depicted in figure 4.11
the resulting boundary conditions are different and not invariant under
partial transposition. More concretely, without partial transposition, all
fields are forced to agree at all boundaries, while the partial transposition
induces a parity effect at the boundary between A1 and A2 like the one
we saw for the pure case. Thus, the fields are split into two groups that
agree separately at the boundary between A1 and A2, whereas all fields
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B

Γ1

Γ2

ΓA

(a) Spherical geometry (b) Toroidal geometry

Figure 4.10. Two realizations of geometries where A1 and A2 are
adjacent are depicted. Figure taken from [II].

must agree at the boundaries between B and the A’s. Let us write out
these boundary conditions. We denote by ΓA the boundary between A1
and A2 and by Γα the boundary between B and Aα for α = 1, 2. Then
the boundary conditions for the path integrals are

B :
φAα,i|Γα = φB,j |Γα = cutα , i, j = 1, . . . , ne ,
φA1,k|ΓA = φA2,`|ΓA = cuto

φA1,ne/2+k|ΓA = φA2,ne/2+`|ΓA = cute

 k, l = 1, . . . , ne/2 .

(188)
We note that the fields are relabeled such that the first ne/2 are the odd
and the second ne/2 the even fields. We will for the time being assume that
the fields are not compact, so that we can ignore the winding contributions
and return to this problem later. The path integral expression we obtain
from the replica calculation at this step is

Tr
(
ρT2
A

)ne
= 1
Zn

∫
B

n∏
i=1
DφB,ie−

∑n

i=1 S[φB,i]

×
∫
B

n∏
i=1
DφA1,ie

−
∑n

i=1 S[φA1,i]
∫
B

n∏
i=1
DφA2,ie

−
∑n

i=1 S[φA2,i]. (189)

The trick to dealing with this expression, is to first apply two separate
Une

2
rotations on the even and odd fields, which moves the dependence

on cuto and cute to only the ne/2-th and ne-th fields respectively. The
ne/2-th and ne-th fields then respectively depend on

√
ne/2 cuto(x) and√

ne/2 cute(x) at ΓA, and their path integrals can be glued together at
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(b) Resulting independent sets of fields

Figure 4.11. For ne = 4 the gluing conditions force all the fields to agree
at Γ2, while two separate groups of boundary conditions are induced at
ΓA. Figure taken from [II].

that cut. At Γ1 and Γ2 the two fields still both depend on the functions
cut1 and cut2 respectively. Thus, after the Une

2
rotation and the gluing

at ΓA of these fields, it is necessary to perform yet another U2 rotation
of the ne/2-th and ne-th fields, such that afterwards only the ne-th field
depends on cut1 and cut2, while the ne/2-th field gets Dirichlet boundary
conditions at Γ1 and Γ2. Finally the path integrals of the ne-th field can be
glued together to form a path integral over the complete manifold. During
all this gluing and rotations the boundary conditions of the remaining
fields are turned into Dirichlet boundary conditions. In summary, the
the ne-th field leads to a partition function over the complete manifold
Z, the ne/2-th field leads to the product of Dirichlet partition functions
on A = A1 ∪A2 and B, that is ZA1∪A2ZB, and the remaining fields lead
to products of Dirichlet partition functions on each of the submanifolds
ZA1ZA2ZB. For a more detailed version of the calculation we refer the
reader to [II]. The complete result is finally

Tr
(
ρT2
A

)ne
= (ZA1ZA2ZB)ne−2ZAZB

Zne−1 , (190)

and taking the logarithm and the limit ne → 1 we find the same expression
for the logarithmic negativity as we did with the correlator method

E = − log
(
ZA1ZA2

ZA1∪A2

)
. (191)

61



4 Logarithmic negativity

The adjacent compact case

In the case where the field φ is compact, that is φ ∼ φ+ 2πR, we take
the boundary conditions (188) and split the field into a classical field and
a fluctuation. The fluctuations obey Dirichlet boundary conditions, while
the classical fields obey the same boundary conditions as the total fields
up to a factor of 2πR times an integer. Afterwards, the calculation goes
through in a completely analogous way. The exact number of physical
winding modes depends, as we saw in sections 3.1 and 3.2, on the geometry
and surgery but, after carefully taking care of the redundancies, it is
just a matter of following the winding modes around through the various
manipulations. Let us take a brief look at two geometries.

Let M be a sphere and let us perform the surgery depicted on the
left in figure 4.10. In particular there are only two cuts ΓA and Γ2, a
fact that can be easily accounted for in the previous discussion by simply
ignoring the cut Γ1. Before taking care of redundancies, there is one
winding number for each field at each cut adding up to a total of 2ne
winding modes. However, each of the tree functions cuto, cute, and cut2
that determine the boundary conditions can be redefined to absorb one
winding mode, and in addition, the action has a global shift symmetry
that allows us to shift each replica field by a constant. We use the cut
functions to remove the ne-th winding mode at both cuts and the ne/2-th
winding mode at ΓA, and the shift symmetry to remove the remaining
winding modes at Γ2. Then, we can perform the same rotations of fields
and restitching of path integrals as before, resulting in the expression

Tr
(
ρT2
A

)ne
=
√
ne

(ZA1ZA2ZB)ne−2ZAZB
Zne−1 WE(ne). (192)

HereWE(ne) is the winding sector, and the factor of √ne is a consequence
of the altered compactification radius of the field defined on the full
manifold analogous to the effect we encountered in section 3.1. For this
geometry it turns out that the winding sector factors as

WE(ne) = W

(
ne
2

)2
, (193)

where W (n) is the winding sector encountered by [Zhou et al., 2016]
in the replica calculation of the entanglement entropy on the tripartite
sphere. The logarithmic negativity on the spherical geometry can then
finally be written as

E = − log
(
ZA1ZA2

ZA1∪A2

)
+ 2 logW

(1
2

)
. (194)

62



4.2 Replica method

A more explicit version of this equation, where the partition functions
and winding sector have been evaluated explicitly, as well as some limits
can be found in paper [II].

Now let us consider the toroidal geometry depicted on the right of
figure 4.10. As all the cuts are non-trivial, there are now a priori 3ne
winding modes. But now there are four cut functions, one at Γ1 and Γ2
each, and two at ΓA. Each of these is arbitrary and can be redefined to
absorb a winding mode. Furthermore, as for the sphere, the action is
invariant under a shift of the fields. As for the sphere, we use the cut
functions to get rid of the ne-th winding number at all cuts as well as the
ne/2-th at ΓA and the global shift symmetry to get rid of the remaining
winding numbers at Γ2. Note that we could equivalently get rid of the
remaining winding numbers at Γ1. After performing the rotations and
restitching of path integrals we arrive at an expression that looks the
same as (192), but with a new winding sector that is substantially more
complex than the one for the sphere. An explicit expression can be found
in paper [II]. Unfortunately, due to the complexity of the winding sector,
we could not find its analytic continuation to ne = 1. Thus, while formally
the logarithmic negativity is given by

E = − log
(
ZA1ZA2

ZA1∪A2

)
+ logWE (1) , (195)

an explicit expression for WE (1) remains to be found.
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5 Discussion
In this thesis we analyzed the entanglement properties of the quantum
Lifshitz model (QLM) under various circumstances. We saw that the
QLM provides an excellent setting to perform analytic calculations of
entanglement. The possibility to do this relied mostly on two facts. First,
the ground state of the d+ 1-dimensional QLM is characterized by the
d-dimensional action of a conformal field theory (CFT). This allowed us
to interpret all the complicated path integrals resulting from the replica
approach as CFT partition functions and, for the excited states of the
model, CFT correlation functions. Second, we restricted ourselves to
simple manifolds and submanifolds where the spectrum of the operators
appearing in the CFT action that characterizes the ground state is well-
known. This let us use ζ-function regularization techniques to evaluate
the partition and correlation functions appearing in the entanglement
formulas explicitly.

There are many straight-forward directions, in which our calculations
can be continued. It would for example be interesting to analyze further
geometries and configurations. For example, it would be interesting to
consider geometries with more entangling cuts, or, especially in the higher
dimensional case, with non-smooth cuts. Furthermore, we restricted
ourselves to an even number of spatial dimensions as well as an even
critical exponent. Generalizing to odd d and z would be quite interesting,
taking into account there are d = 3 spatial dimensions in our universe11
and the case of z = 1 is relativistic. However, both these generalizations
come with non-trivial difficulties. Trying to generalize our result to odd
z, for example, leads to complications in the construction of the ground
state. An extension of the analysis to encompass non-compact geometries
would also be desireable, although new methods would be needed for
several parts of the calculations. In particular, we would not expect the
spectrum of the differential operators to be discrete, meaning that the ζ-
regularization techniques that we used don’t straightforwardly generalize
to these geometries. A replica calculation of the logarithmic negativity of
mixed excited states should also be possible with the tools developed in

11Ignoring compact dimensions from String Theory.
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our work.
A more detailed treatment of the excited states would also be desirable.

In our work, for example, we only managed to perform an analysis of one
type of highly excited state. In order to construct this state we excited a
single eigenmode of the Laplacian – that in addition had the property of
simultaneously being an eigenmode on the manifold and the submanifolds
– m times, and from this deduced the behavior for m� 1. In particular,
we observed that for this type of highly excited states the area law usually
attributed to the ground and low-lying excited states was still conserved.
It is however not clear from our analysis, whether this is a general feature
of the excited states of the QLM, or only a feature of the precise state we
analyzed.

Another interesting direction would be to apply the analytic insights
we gained about the entanglement entropy of the quantum Lifshitz model
to the agenda of holographic bulk reconstruction. In particular, it seems
that, interpreting the entanglement entropy results à la Ryu-Takayanagi
as information about the bulk minimal surfaces, it should be possible to
reconstruct the bulk metric explicitly using results such as [Gentle and
Keeler, 2016, Bao et al., 2019]. In particular, since we also have analytic
results for the entanglement entropy of excited states, one could check
the effect of excitations of the eigenmodes of the boundary theory to the
bulk metric explicitly.

In conclusion, the QLM provided a vast and fruitful playground to
better our understanding entanglement. It allowed us to perform elegant
analytic calculations and provided us with simple, yet still rich and
surprising results in a wide range of situations. The lessons to be learned
from the QLM are by no means exhausted, and we expect the future to
bring many more insights from this little corner of physics.
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1 Introduction

Quantum entanglement refers to a correlation of a purely quantum mechanical nature

between degrees of freedom in a physical system. Consider a quantum system that can

be divided into two subsystems A and B, such that the Hilbert space can be written as

a direct product of the Hilbert spaces of the subsystems, H = HA ⊗ HB, and take the

full system to be in a state described by a density matrix ρ. The entanglement entropy of

subsystem A is then defined as the von Neumann entropy of the reduced density matrix,

obtained by taking a trace over the degrees of freedom in subsystem B, i.e.

S[A] = −Tr (ρA log ρA) , (1.1)

with ρA = TrB ρ. We will take ρ to be the ground state density matrix of the full system

but our results can be extended to more general states.

Entanglement entropy is a useful theoretical probe that encodes certain universal prop-

erties of field theories describing critical systems, see e.g. [1–5]. A well known example

in this respect is the entanglement entropy of a two-dimensional conformal field theory

(CFT) [6–8], which has a universal logarithmic term,

S[A] =
c

3
log

(
LA
ε

)
, (1.2)

where c is the central charge of the CFT in question, LA is the spatial size of the subsystem

A, and ε is a UV-cutoff. Here we are assuming that A is connected and that its size is

small compared to the full system size LA � L. The logarithmic UV behaviour of the

entanglement entropy tells us that the system has long-range entangled degrees of freedom

(in contrast to an area-law where short-range entanglement would mainly contribute).

In recent years considerable effort has been devoted to investigating such universal

terms in the entanglement entropy of CFTs in arbitrary dimensions (see [9, 10] for reviews).

What will be important for us is the following general UV behavior of entanglement entropy

in even D-dimensional CFTs,

S[A] = cD−2
ΣD−2

εD−2
+ · · ·+ c0 log

(
LA
ε

)
+ . . . , (1.3)

where ΣD−2 is the area of the (D−2)-dimensional entangling surface ∂A and LA is a

characteristic length associated with ∂A. Only c0 is universal in this expression. The other

coefficients depend on the regularisation scheme used. One also finds a universal sub-

leading term in odd-dimensional CFTs but in this case it is finite rather than logarithmic,

see e.g. [10] and references therein. The coefficient of the universal term is a function

of topological and geometric invariants, such as the Euler density and Weyl invariants

constructed from the entangling (hyper)-surface [11, 12]. This reflects the fact that the

logarithmic term in S[A] is related to the conformal anomaly of the stress-energy tensor of

the corresponding CFT.

In the present work we will study entanglement entropy, including universal finite

terms (i.e. of order O(1) with respect to LA), in a family of d+1-dimensional scale invariant
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quantum field theories introduced in [13]. The scale symmetry is a non-relativistic Lifshitz

symmetry that acts asymmetrically on the time and spatial coordinates,

~x→ λ~x, τ → λzτ , (1.4)

with a dynamical critical exponent equal to the number of spatial dimensions z = d.

These theories are closely related to the well known quantum Lifshitz model (QLM), first

studied in the seminal work [14]. This is a scale invariant free field theory in 2 + 1-

dimensional spacetime with a z = 2 dynamical critical exponent. It is an effective field

theory for certain quantum dimer models (and their universality class) in square lattices

at a critical point and involves a compactified free massless scalar field [14]. Non-trivial

Lifshitz scaling is achieved via a kinetic term that is asymmetric between time and space

(with higher derivatives acting in the spatial directions). The higher-derivative construction

can easily be extended to free scalar field theories in any number of spatial dimensions d

with z = d Lifshitz scaling. In [13] such theories were dubbed generalised quantum Lifshitz

models (GQLMs) and several interesting symmetry properties were revealed in correlation

functions of scaling operators. The periodic identification of the scalar field did not figure

in that work but turns out be important when one considers entanglement entropy in a

GQLM defined on a topologically nontrivial geometry.

A key property of the QLM and GQLM theories is that the ground state wave func-

tional is invariant under conformal transformations involving only the spatial dimen-

sions [13, 14]. The spatial conformal symmetry is a rather special feature (the corre-

sponding critical points are called conformal quantum critical points [14]) and it manifests

in the scaling properties of entanglement entropy. In essence, the symmetry allows us to

map a (d+1)-dimensional Lifshitz field theory with z = d to a d-dimensional Euclidean

CFT. In the d = 2 QLM the CFT is the standard free boson CFT but for d > 2 GQLM’s

the spatial CFT is a higher-derivative generalised free field theory. Such higher-derivative

CFTs have been discussed in a number of contexts, for instance in relation to higher spin

theories, e.g. [15, 16], as models in elastic theory e.g. [17], in a high-energy physics setting

in connection with the naturalness problem e.g. [18, 19], and in the context of dS/CFT du-

ality e.g. [20, 21]. These theories are not unitary but their n-point correlation functions are

well defined in Euclidean spacetime and being free field theories they have no interactions

that trigger instability.

Entanglement entropy and its scaling properties have been extensively studied in the

QLM [1, 22–27].1 The replica method in the QLM was first developed in [22], where it was

found that for a smooth entanglement boundary, the scaling behaviour of the entanglement

entropy in the QLM (and more generally for conformal quantum critical points in (2+1)-

dimensions) is of the form

S[A] = c1
LA
ε

+
c

6
∆χ log

LA
ε

+ . . . , (1.5)

where c1 depends on the regulator and ∆χ is the change in the Euler characteristic (upon

dividing the the system in two), which in turns depends on the topology of the system and

1See also [28] for related study of Rényi entropies in quantum dimer models.
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on the entangling surface. The above behavior follows from general expectations for the free

energy of a two-dimensional CFT with boundary [29]. This result is for the entanglement

entropy of a non-relativistic (2+1)-dimensional theory, however its computation starts from

a ground state which is a “time-independent” conformal invariant. As the time coordinate

only appears as a spectator, the final result displays features of a two-dimensional CFT.

This is in line with the results of [13, 14], where it was shown that equal-time correlation

functions of local scaling operators in the QLM and GQLM can be expressed in terms of

correlation functions of a d-dimensional Euclidean CFT.

Furthermore, by choosing a smooth partition, such that we have no contribution from

the logarithm (i.e. ∆χ = 0), a further sub-leading (of order one in LA) universal term

appears in the entanglement entropy for the QLM [1], that is

SEE = c1
LA
ε

+ γQCP + . . . . (1.6)

The universal term γQCP, where QCP stands for quantum critical point, depends both on

the geometry and topology of the manifolds [23, 25–27]. It depends on the geometry in

the sense that it includes a scaling function written in terms of aspect ratios typical of

the given subsystem, and on the topology through a contribution from zero modes and

non-trivial winding modes. In this sense, the entanglement entropy of the QLM is able to

capture long-range (non-local) properties of the system. In particular, γQCP was computed

by various methods for a spatial manifold in the form of a cylinder in [24–27, 30], for a

sphere in [27], and the toroidal case was treated in [25] by means of a boundary field theory

approach. The toroidal case was further investigated in [31], where analytic results were

obtained for Rényi entropies.2

Our aim is to extend the study of these finite universal terms in the entanglement

entropy to generalised quantum Lifshitz models. In particular, we analyse their scaling

properties in full generality, in any number of spatial dimensions d with Lifshitz exponent

z = d. For technical reasons (which we explain below) we restrict attention to the case of

even integer d. More concretely, we obtain universal terms in the entanglement entropy in

GQLM on two classes of manifolds. On the one hand, we divide a d-dimensional sphere into

two d-dimensional hemispheres, on the other hand we consider a d-dimensional flat torus,

sliced into two d-dimensional cylinders.3 Our computations are purely field theoretical.

The theories we consider represent rare examples of non-relativistic critical theories, for

which entanglement entropy can be obtained analytically. We view them as toy-models

where we can explore quantum entanglement for different values of the dynamical critical

exponent z. Further motivation comes from a puzzling aspect of Lifshitz holography, where

one considers gravitational solutions that realise the Lifshitz scaling (1.4), see e.g. [34, 35].

In AdS/CFT the entanglement entropy is computed by means of the Ryu-Takayanagi

formula [36, 37]. The usual working assumption is to apply the RT prescription also in

Lifshitz holography, but in a static Lifshitz spacetime the holographic entanglement entropy

does not depend on the critical exponent at all (see e.g. [38]). From a field theory point of

2For related studies of the scaling properties of entanglement entropy for a toroidal manifold in scale

invariant (2+1)-dimensional systems, see also [32, 33].
3Here a d-dimensional cylinder refers to the product of an interval and a (d−1)-dimensional flat torus.
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view, however, one expects the higher-derivative terms to dominate at short distances, and

thus the UV behaviour of entanglement should reflect the value of the dynamical critical

exponent. The absence of z from the holographic entanglement entropy is puzzling if

Lifshitz spacetime is the gravitational dual of a strongly coupled field theory with Lifshitz

symmetry. Similar considerations motivated the work in [39–41]. While we clearly see a

dependence on z, it is difficult to compare our results directly to those of these authors

as we are not working within the same class of field theories and we focus on universal

sub-leading terms rather than the leading area terms.

The paper is arranged as follows. In section 2 we briefly review the construction of

generalised quantum Lifshitz models and extend their definition to two specific compact

manifolds. These are higher-derivative field theories so we must ensure that the variational

problem is well posed. This amounts to imposing z conditions on the variations (2.8), (2.15)

and including a boundary action (2.10) for the d-torus or (2.16) for the d-sphere. In

section 3 we discuss the replica method, which we use to compute the entanglement entropy.

In essence, this approach maps the problem of computing the nth-power of the reduced

density matrix to a density matrix of an n times replicated field theory. The goal is

to produce a result that can be analytically continued in n, in order to calculate the

entanglement entropy according to (3.1). As we explain in section 3, the replica method

forces all the replicated fields to be equal at the cut, since the cut is not physical and our

original field theory only has one field. There is an additional subtlety in implementing this

condition due to the periodic identification of the scalar field in the GQLM and in order

to ensure the correct counting of degrees of freedom we separate the replicated fields into

classical and fluctuating parts. The fluctuating fields obey Dirichlet boundary conditions

as well as the vanishing of the conformal Laplacian and its integer powers at the cut.

Their contribution is encoded in partition functions computed via functional determinants

defined on the sphere and torus respectively. The classical fields give rise to winding sectors

that are encoded in the function W (n) described in section 3. For the spherical case this

contribution is simple and only amounts to a multiplicative factor
√
n. For the toroidal

case, the contribution from the classical fields is less trivial, and requires summing over

classical vacua of the action. For higher-derivative theories some further conditions have

to be implemented in the classical sector, and we argue that a compatible prescription is

to use Neumann boundary conditions for these fields. At this point no freedom and/or

redundancy is left, and it is straightforward to compute the sum over winding modes. We

collect the contributions from the classical and fluctuating fields to the universal finite term

of the entanglement entropy for a d-sphere and a d-torus in sections 4 and 5 respectively.

We conclude with some open questions in section 6.

Most of the technical details are relegated to appendices. In appendix A we review the

computation of the functional determinant contribution for the spherical case, which was

originally worked out in [42]. In appendix B we develop an alternative expression for the

formulae presented in appendix A, which we find more transparent and better suitable for

numerical evaluation. In appendix C we compute the functional determinant contribution

for the toroidal case. Finally we compute the winding sector contribution for the d-torus

in appendix D.
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2 Generalised quantum Lifshitz models in (d+1)-dimensions

The 2+1-dimensional quantum Lifshitz model [14] can be generalised to d+1-

dimensions [13]. Whenever the dynamical critical exponent z is equal to the number

of spatial dimensions, the ground state wave-functional is invariant under d-dimensional

conformal transformations acting in the spatial directions, extending the connection be-

tween the quantum Lifshitz model and a free conformal field theory in one less dimension

to any d. We recall that in the 2+1-dimensional case the scalar field is compactified [14],

and below we will also compactify the scalar field in the GQLM at general d on a circle of

radius Rc, that is identify φ ∼ φ+ 2πRc.

The ground state wave functional of the GQLM is [13]

|ψ0〉 =
1√
Z

∫
[Dφ]e−

1
2
S[φ]|φ〉 , (2.1)

where {|φ〉} is an orthonormal basis of states in the Hilbert space made up of eigenstates

of the field operator, and the partition function Z is given by

Z =

∫
[Dφ] e−S[φ] . (2.2)

We are interested in computing the sub-leading universal finite term of the entanglement

entropy (1.1) in the ground state, i.e. with ρ = |ψ0〉〈ψ0|, when the manifold M is a

d-sphere or a d-torus. The subsystem A will consist of field degrees of freedom on a

submanifold of M. For technical reasons we restrict attention to the case where d is an

even (positive) integer.

We follow the normalisation convention of [27] and write the action as

S[φ] = S0[φ] + S∂M[φ] =
κ

4π

∫
M

d dx
√
GφPz,M φ + S∂M[φ] , (2.3)

where G = detGab (a, b = 1, . . . , d) is the determinant of the Euclidean metric on the man-

ifoldM, and Pz,M is a proper conformal differential operator of degree z in d dimensions.

The specific form of Pz,M depends on M, as we will discuss at the end of this section.

In order to have a well-defined variational problem, the action has to include a suitable

boundary term S∂M whose specific form is also given below. Note that the scalar field φ

has dimension zero under Lifshitz scaling in the GQLM at general d. We find it convenient

to use the shorthand g = κ
4π .4 We note that for a flat manifold, the compactification of

the field implies a global shift symmetry compatible with conformal symmetry [43, 44].

This is also true for the z = d theory on the d-sphere (and more generally on any Ein-

stein manifold) provided the action includes appropriate terms that generalise the notion

of conformal coupling to a higher-derivative setting.

Let us consider how the action in (2.3) is constructed concretely for the two cases,

mentioned above. To keep the discussion somewhat general, we assume that both z and d

4The normalisation of the action in (2.3) and the compactification radius Rc are not independent. A

rescaling of the scalar field will affect both g and Rc, while physical quantities that are independent of

rescaling are expressed in terms of 2πRc
√
g [43, 44].
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are even positive integers and do not insist on z = d for the time being. The case when d

is an odd integer is also interesting but raises a number of technical issues that we do not

address in this work. The boundary terms in the action will be important once we divide

the system into subsystems and apply the replica method (cf. section 3).

d-torus. In section 5, we consider a torus obtained as the quotient space of Rd and a

d-dimensional lattice. The manifold is flat, and in this case the operator appearing in the

action S0[φ] in (2.3) is simply the z/2 power of the Laplace-Beltrami operator,

Pz,T d = (−1)z/2+1∆z/2 = (−1)z/2+1 (−∂a∂a)z/2 , (2.4)

that is

S0[φ] = (−1)z/2+1g

∫
M

ddxφ∆z/2φ . (2.5)

For d = z = 2 this reduces to S = g
∫

(∇φ)2 as in [14] (after integrating by parts). Varying

S0[φ] we obtain

δS0[φ] = 2(−1)z/2+1 g

∫
M
ddx (∆z/2φ)δφ

+ (−1)z/2+1 g

∫
∂M

dd−1x
z−1∑
k=0

(−1)k(∂knφ)(∂z−1−k
n δφ) (2.6)

where the partial derivatives should be understood as follows

∂2`
n = (∂a∂

a)` , ∂2`+1
n = na∂

a(∂b∂
b)` , (2.7)

with na an oriented unit vector normal to the boundary. We need to choose appropriate

boundary conditions for the variations. One possibility is to demand that

∂2`
n δφ

∣∣
∂M = 0 , ` = 0, . . . ,

z

2
− 1 . (2.8)

The reason behind this choice is that we will be interested in the eigenvalue problem of

∆z/2, for which we require the operator to be self-adjoint and to have a complete set of

consistent boundary conditions. The replica method forces us to choose Dirichlet conditions

on the field at the boundary (cf. section 3) and the remaining conditions are chosen to be

consistent with the self-adjointness of the operator. Equipped with (2.8), the variation of

the Lagrangian reduces to

δS0[φ] = 2(−1)z/2+1 g

∫
M
ddx (∆z/2φ)δφ

+ (−1)z/2+1 g

∫
∂M

dd−1x

z
2
−1∑
`=0

(∂2`
n φ)(∂z−1−2`

n δφ) . (2.9)

Hence, defining the following boundary action

S∂ [φ] = (−1)z/2+1g

∫
∂M

dd−1x

z
2
−1∑
k=0

(∂2k
n φ)(∂z−2k−1

n φ), (2.10)
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with variation given by

δS∂ [φ] = (−1)z/2+1g

∫
∂M

dd−1x

z
2
−1∑
k=0

(∂2k
n φ)(∂z−2k−1

n δφ), (2.11)

clearly gives a well-defined variation for the total action S[φ] = S0[φ] + S∂ [φ] and leads to

the following equations of motion

∆z/2φ = 0, and ∂2k
n δφ

∣∣
∂M

= 0, for k = 0, . . . ,
z

2
− 1 . (2.12)

d-sphere. When the manifoldM is a unit d-sphere, the operator in (2.3) is the so-called

GJMS operator on a d-sphere [45]. In essence, GJMS operators generalise the conformal

Laplacian to higher derivatives and d-dimensional curved manifolds [45] (see [46–54] for

more references on the subject). This means that a GJMS operator of degree 2k in d-

dimensions (where k is a positive integer) is constructed so that it transforms in a simple

way under a Weyl transformation of the metric, Gab → e2ωGab,

P2k(e
2ωG) = e−(d/2+k)ωP2k(G) e(d/2−k)ω . (2.13)

In general, the operator P2k is well defined for k = 1, . . . d/2 for even d, in the sense that

it reduces to the standard Laplacian of degree k in flat space [47]. For odd d-dimensional

manifolds operators satisfying (2.13) exist for all k ≥ 1 [47, 52, 53].

On a unit d-sphere the GJMS operator of degree 2k explicitly reads as

P2k,Sd =
k∏
j=1

[
∆Sd +

(
d

2
− j
)(

d

2
+ j − 1

)]
, (2.14)

where ∆Sd = − 1√
G
∂a

(√
GGab∂b

)
, with a, b = 1, . . . d, is the Laplace-Beltrami operator.

The case of most interest to us is to consider a GJMS operator of degree 2k = d. This is

known in the literature as the critical case, while k < d/2 is referred to as the subcritical

case. It is straightforward to check, using (2.13), that the final action S0 (2.3) is invariant

under Weyl transformations. The factorisation in (2.14) is a general characteristic of Ein-

stein manifolds. Since the eigenfunctions of the Laplace-Beltrami operator on a compact

Riemannian manifold form an orthonormal basis, one can easily obtain the spectrum of the

GJMS operator on the sphere from the factorisation above. This will play an important

role later in the computation of partition functions in section 4.

When Sd is divided into hemispheres, the action S0[φ] has to be complemented by

boundary terms. As before, in order to have a well-defined variational problem, we compute

the variation of the action δS0, impose z boundary conditions on δφ and its derivatives,

and then cancel any remaining terms against appropriate boundary terms. We impose the

following boundary conditions

δφ
∣∣
∂M = 0 , ∆kδφ

∣∣
∂M = 0 k = 1, . . .

z

2
− 1 , (2.15)
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that is Dirichlet boundary conditions on the variation δφ and vanishing of its Laplacian

and its powers at the boundary. This is analogous to (2.8) for a curved manifold. The

explicit expression for S∂ [φ] is

S∂ [φ] = g

d/2∑
`=1

∫
M
ddx ∂a

{
√
GGab

[
d/2−`∏
j=1

(
∆ +

(
d

2
− j
)(

d

2
+ j − 1

))
φ

]
(2.16)

×∂b

[
d/2∏

k=d/2−`+2

(
∆ +

(
d

2
− k
)(

d

2
+ k − 1

))
φ

]}
,

where the products in the above expression are taken to be empty when the upper extreme

is less than the lower extreme. Finally, the classical equation of motion is

Pd,Sd φ =

d/2∏
j=1

[
∆Sd +

(
d

2
− j
)(

d

2
+ j − 1

)]
φ = 0 . (2.17)

3 Replica method

The entanglement entropy of subsystem A can be defined as

S[A] = − lim
n→1

∂nTr(ρnA) , (3.1)

where an analytic continuation of the index n is assumed. This definition is equivalent to

the von Neumann entropy of ρA (1.1). Following [8, 55], we will use the replica approach

to evaluate (3.1). At the heart of this method is to view each appearance of the density

matrix ρ in Tr(ρnA) as coming from an independent copy of the original theory, so that

one ends up working with n replicated scalar fields. The process of taking partial traces

and multiplying the replicas of ρ then induces a specific set of boundary conditions at the

entanglement cuts on the replica fields.

In this section we adapt the replica trick to generalised quantum Lifshitz theories. For

the QLM the replica method was reviewed in [26, 27]. Our starting point is the ground

state density matrix ρ = |ψ0〉〈ψ0|, with |ψ0〉 as in (2.1). Now divide the manifold into two

regions A and B and assume that the Hilbert space splits as H = HA ⊗HB. This allows

us to write the density matrix as

ρ =
1

Z

∫
[DφA][DφB][Dφ′A][Dφ′B]

× e−
1
2
S[φA]− 1

2
S[φB ]− 1

2
S[φ′A]− 1

2
S[φ′B ]|φA〉 ⊗ |φB〉〈φ′A| ⊗ 〈φ′B|, (3.2)

where the field eigenstates {|φA〉} and {|φB〉} provide orthonormal bases in HA and HB, re-

spectively, and we have used that φA and φB are free fields with support on non-overlapping

subsets ofM to write S[φ] = S[φA]+S[φB]. We then construct ρnA by the gluing procedure

represented in figure 1. Each copy of ρ is represented by a path integral as in (3.2) with
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Figure 1. The gluing procedure due to the replica trick. Gluing due to the partial trace over B

is represented in red, due to multiplication of the reduced density matrices ρA in blue, and due to

the final total trace in yellow.

fields labelled by a replica index i = 1, . . . , n. The partial trace over field degrees of freedom

with support in B gives the following reduced density matrix for the i-th replica,

ρA = TrB (ρ)

=
1

Z

∫
[DφAi ][Dφ′Ai ][DφBi ]e−

1
2
S[φAi ]− 1

2
S[φ′Ai ]−S[φBi ]|φAi 〉〈φ′Ai |.

(3.3)

Multiplying together two adjacent copies of the reduced density matrix gives

ρ2
A =

1

Z2

∫
[DφAi ][Dφ′Ai+1][DφAi+1][DφBi ][DφBi+1]

× e−
1
2
S[φAi ]− 1

2
S[φ′Ai+1]−S[φAi+1]−S[φBi ]−S[φBi+1]|φAi 〉〈φ′Ai+1| . (3.4)

The δ-function coming from 〈φ′Ai |φAi+1〉 forces the identification φ′Ai = φAi+1, effectively

gluing together the primed field from replica i and the unprimed field from replica i + 1,

as indicated in figure 1. It follows that multiplying n copies of the reduced density matrix

gives rise to pairwise gluing conditions φ′Ai = φAi+1 for i = 1, . . . , n − 1, and when we take

the trace of the complete expression we get a gluing condition between the first and last

replicas, φA1 = φ′An . Combining this with the gluing condition φBi = φ′Bi for i = 1, . . . , n

from the partial trace in (3.3), and the boundary condition φAi
∣∣
Γ

= φBi
∣∣
Γ
, where Γ denotes

the entangling surface separating A and B, we see that all the replica fields are forced to

agree on Γ. The final result for ρnA is then

TrA (ρnA) =
1

ZnA∪B

∫
bc

n∏
i=1

[DφAi ]e−
∑n
i=1 S[φAi ]

∫
bc

n∏
i=1

[DφBi ] e−
∑n
i=1 S[φBi ] (3.5)

with

bc : φAi
∣∣
Γ
(x) = φBj

∣∣
Γ
(x) ≡ cut(x) , i, j = 1, . . . , n , (3.6)

where cut(x) is some function of the boundary coordinates. We write the denominator

in (3.5) as ZnA∪B to emphasise that it contains n copies of the partition function of the
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original system before any subdivision into fields on A and B. In the numerator, however,

the field configurations of the different replicas are integrated over independently, except

that the replicated fields are subject to the boundary conditions (3.6) (up to the periodic

identification φ ∼ φ+ 2πRc).

In order to take the periodic identification into account when applying boundary con-

ditions, we separate each replicated field into a classical mode and a fluctuation, following

a long tradition, see e.g. [43, 44],

φ
A(B)
i = φ

A(B)
i,cl + ϕ

A(B)
i , i = 1, . . . , n . (3.7)

The modes φi,cl satisfy the following classical equations of motion and boundary conditions,

PzφA(B)
i,cl (x) = 0 , φ

A(B)
i,cl (x)

∣∣
Γ

= cut(x) + 2πRcw
A(B)
i , i = 1, . . . , n , (3.8)

where w
A(B)
i are integers indicating the winding sector. The classical field determines the

total field value at the entanglement cut, while the fluctuating field ϕ satisfies Dirichlet

boundary conditions,

ϕ
A(B)
i (x)

∣∣
Γ

= 0 i = 1, . . . , n . (3.9)

In two dimensions this condition, along with the equation of motion of the classical fields,

ensures that the action factorises [27],5

S[φ
A(B)
i ] = S[φ

A(B)
i,cl ] + S[ϕ

A(B)
i ] , i = 1, . . . , n . (3.10)

The decomposition of the action is less trivial in higher dimensions but it can be achieved

if the Dirichlet boundary condition on the fluctuating field at the entanglement cut is

augmented by further conditions. It is straightforward to check that imposing (3.9) along

with (2.8)–(2.15) on the fluctuating fields at the cut leads to a well-posed variational

problem as well as self-adjointness of the operator Pz,M on M. As was discussed earlier,

this combination of conditions amounts to the vanishing of the Laplace operator and its

integer powers acting on the fluctuating fields at the boundary. This turns out to be

enough to ensure that the total action splits according to (3.10) (once again the equations

of motion for the classical fields have to be used to achieve factorization). We note, that

with this prescription and using the classical equations of motion, the boundary terms in

the action can be written in a form that only depends on the classical part of the field,

S∂ [φ
A(B)
i ] = S∂ [φ

A(B)
i,cl ] . (3.11)

In the presence of winding modes, there remains some redundancy in the classical part of

the action, as further discussed in appendix D where we compute the contribution from

the classical winding sector for the d-torus.

As a consequence of (3.10), the fluctuating modes ϕi simply contribute as n indepen-

dent fields obeying Dirichlet boundary conditions (3.9) at the entanglement cut. For the

5Derivatives of the classical fields are in general discontinuous at the cut, but the left- and right-

derivatives remain bounded.
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classical modes, on the other hand, we can solve for the A and B sectors simultaneously, as

the boundary value problem (3.8) has a unique solution in A∪BrΓ, up to winding num-

bers. At the entanglement cut only relative winding numbers matter and we can choose to

write the boundary conditions for the classical fields as [26]

φi,cl

∣∣
Γ
(x) = cut(x) + 2πRcwi , i = 1, . . . , n− 1 , φn,cl

∣∣
Γ
(x) = cut(x) . (3.12)

Thus, the trace of the n-th power of the reduced density matrix reads

TrA (ρnA) =
1

ZnA∪B

n∏
i=1

∫
D

[DϕAi ]e−S[ϕAi ]
n∏
i=1

∫
D

[DϕBi ] e−S[ϕBi ]W (n) , (3.13)

where W (n) is the contribution coming from summing over all classical field configura-

tions satisfying the boundary conditions (3.12). The subscript D on the integral sign is a

reminder that the the fluctuating fields obey Dirichlet boundary conditions.

At this point we need to distinguish the spherical case from the toroidal one. We start

by analysing the problem on the d-sphere, which turns out to be particularly simple.

d-sphere. We closely follow the treatment of the two-dimensional case in [27]. The

crucial observation here is that the winding mode can be reabsorbed by the global shift

symmetry of the action, S[φi] = S[φi + φ0
i ] with constant φ0

i , as mentioned in section 2.

Indeed, since the fields satisfying the classical equation of motion include any constant part

of the total field, we can use the symmetry to rewrite their boundary conditions as

φcl
i|Γ(x) = cut(x) + 2π Rc ωi + φ0

i . (3.14)

We then choose φ0
i = −2π Rc ωi to cancel out all winding numbers. The boundary condi-

tions then become

φcl
i|Γ(x) = cut(x) , i = 1, . . . , n , (3.15)

and the sum over classical configurations can be written as

W (n) =
∑
φi,cl

e−
∑
i S[φi,cl] =

∑
φn,cl

e−nS[φn,cl] =
∑
φn,cl

e−S[
√
nφn,cl] . (3.16)

Consequently, we have for the d-sphere

TrA (ρnA) =
1

ZnA∪B

n∏
i=1

∫
D

[DϕAi ]e−S[ϕAi ]
n∏
i=1

∫
D

[DϕBi ] e−S[ϕBi ]
∑
φn,cl

e−S[
√
nφn,cl] . (3.17)

We can now combine the n-th fluctuating fields with support on A and B and the n-th

classical field to define

Φn = ϕn +
√
nφn,cl , (3.18)

with ϕn = ϕ
A(B)
n in A(B). Notice that the effective compactification radius of Φn is now√

nRc [26, 27]. The path integral over ϕAn and ϕBn along with the contribution W (n) from
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the rescaled classical field amounts to the partition function on the whole d-sphere for the

combined field Φn, which is equal to the partition function of the original field up to a

factor of
√
n due to the different compactification radius, and it therefore almost exactly

cancels one power of the original partition function in the denominator in (3.17),

TrA (ρnA) =
1

ZnA∪B

n−1∏
i=1

∫
D

[DϕAi ]e−S[ϕAi ]
n−1∏
i=1

∫
D

[DϕBi ] e−S[ϕBi ]√nZA∪B (3.19)

=
√
n

(
ZD,AZD,B
ZA∪B

)n−1

,

where ZD,A(B) ≡
∫

D[DϕA(B)
i ]e−S[ϕ

A(B)
i ] denotes the Dirichlet partition function on A(B).

Hence, the entanglement entropy is given by

SEE = − lim
n→1

∂nTrA (ρnA) = − log

(
ZD,AZD,B
ZA∪B

)
− 1

2
, (3.20)

and the original problem has been reduced to the computation of partition functions with

appropriate boundary conditions on the regions A and B and A ∪B.

We will consider the case where the d-sphere is divided into two hemispheres. Then

we only have to compute the partition function on the full sphere and a Dirichlet partition

function on a hemisphere. These are in turn given by determinants of the appropriate

GJMS operators. The detailed computation is described in section 4 and appendices A

and B.

d-torus. We now apply the replica method in the case of a d-torus. We cut the torus into

two parts, thus introducing two boundaries which are given by two disjoint periodically

identified (d − 1)-intervals (in d = 2 this is simply an S1). As explained before, all the

fields have to agree at the cuts Γa (where now the index a = 1, 2 labels each cut). For the

quantum fields this simply implies that they need to satisfy Dirichlet boundary conditions,

that is

ϕ
A(B)
i

∣∣
Γa

= 0 , i = 1, . . . , n, a = 1, 2 . (3.21)

As explained earlier, further conditions are necessary in dimensions d > 2, and we demand

that the conditions (2.8) hold at the cut for the fluctuating fields.

Now consider the classical fields on the torus. We can use the global shift symmetry

discussed in section 2 to write the boundary conditions for the classical fields as

φi,cl

∣∣
Γa

(x) = cuta(x) + 2πRc ω
a
i + φ0

i (3.22)

with φ0
i constant on the whole torus. As in the spherical case, we can choose the φ0

i so

that they absorb the winding numbers from one of the cuts,

φi,cl

∣∣
Γ1

(x) = cut1(x) , i = 1, . . . , n , (3.23)

φi,cl

∣∣
Γ2

(x) = cut2(x) + 2πRc ωi , i = 1, . . . , n , (3.24)
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where ωi : =
(
ω2
i − ω1

i

)
. We are effectively left to deal with winding sectors at a single

entanglement cut and since only the relative winding number between adjacent replicas

matters we can eliminate one more winding number to obtain

φi,cl

∣∣
Γ1

(x) = cut1(x) , i = 1, . . . , n (3.25)

φi,cl

∣∣
Γ2

(x) = cut2(x) + 2πRc ωi , i = 1, . . . , n− 1, φn,cl

∣∣
Γ2

(x) = cut2(x) . (3.26)

At this point, we can use the same unitary rotation Un as in [26, 27], to bring the classical

fields φi,cl i = 1, . . . , n into a canonical form constructed to separate the contribution from

the winding modes from the contribution from modes subject to boundary conditions given

by the functions cut1,2(x). Concretely, we define the matrices

Un =



1√
2

− 1√
2

0 . . .
1√
6

− 1√
6

− 2√
6

0 . . .
...

1√
n(n−1)

1√
n(n−1)

. . . . . . −
√

1− 1
n

1√
n

1√
n

. . . . . . 1√
n


, (3.27)

and

Mn−1 = diag

(
1, . . . , 1,

1

n

)
Un−1 , (3.28)

so that we have

φ̄cl
i |Γ1(x) = 0 i = 1, . . . , n− 1 ,

φ̄cl
n |Γ1(x) =

√
n cut1(x) , (3.29)

φ̄cl
i |Γ2(x) = 2πRc (Mn−1)ij ωj , i = 1, . . . , n− 1 ,

φ̄cl
n |Γ2(x) =

√
n cut2(x) +

2π Rc√
n

n−1∑
i=1

ωi . (3.30)

Hence, the sum over all the classical configurations reduces to a sum over the vector

w = (ω1, . . . , ωn−1) ∈ Zn−1 and an integral over the n-th classical mode. Notice that, as

for the spherical case, the n-th classical mode φ̄cl
n has a compactification radius amplified

by
√
n, due to the rotation (3.27). We want to use this mode to reconstruct a full partition

function on the torus, that is define

Φn = ϕn + φ̄cl
n , (3.31)

so that ∫
D

[dϕAn ]e−S[ϕAn ]

∫
D

[dϕBn ]e−S[ϕBn ]

∫
[dφ̄cl

n ]e−S[φ̄cln ] =
√
nZA∪B , (3.32)
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where the
√
n factor on the right-hand-side of (3.32) accounts for the different compactifi-

cation radius. Thus, the replica method finally gives

TrA (ρnA) =
√
n

(
ZD,AZD,B
Zfree,A∪B

)n−1

W (n) , (3.33)

where W (n) contains the contributions from the first n−1 classical configurations satisfying

the boundary conditions in (3.29) at Γ1(2).

In two dimensions the classical fields are uniquely determined by the equations of

motion and the boundary conditions (3.29), and thus the classical action has only one

vacuum. The contribution from the winding sector is then simply given by the sum over

the corresponding winding modes [26, 27],

W (n) =
∑

w∈Zn−1

e−
∑n−1
i=1 S[φ̄cli ] . (3.34)

However, in higher dimensions (d > 2) the conditions (3.29) do not uniquely specify the

vacua of the classical action. In other words, our construction is consistent for more than

one set of boundary conditions applied on derivatives of the classical fields and the value

of the boundary action depends on the boundary conditions. This is the redundancy

mentioned in section 2.

The classical field satisfies a higher-derivative equation of motion, whose general solu-

tion is parametrised by z/2 constants. The boundary condition imposed on Φn will fix one

of these constants but we need to add z/2− 1 further boundary conditions for the classical

field to fix the rest. The value of the boundary terms in the action will in general depend

on the choice of boundary conditions.

In the present work we impose a generalised form of Neumann boundary conditions

on derivatives of the classical fields,

∂n∆kφ̄cl
i

∣∣
∂r

= 0 k = 0, . . . ,
z

2
− 2. (3.35)

This prescription is compatible with the conditions imposed on the fluctuations,

∆kφi
∣∣
∂M

= ∆k(φ̄cl
i + ϕi)

∣∣
∂M

= ∆kφ̄cl
i

∣∣
∂M

, for k = 1, . . . ,
z

2
− 1 , (3.36)

and, at the same time, it gives a non-vanishing classical boundary action, which is important

in order for the sum over winding modes to converge. The contribution from winding modes

is then accounted for in any number dimentions by computing

W (n) =
∑

w∈Zn−1

e−
∑n−1
i=1 S[φ̄cli ] , (3.37)

where the classical fields φ̄cl
i satisfy the boundary conditions (3.29) and the Neumann

conditions in (3.35). The details of the computation are reported in appendix D.

Finally, the entanglement entropy for the d-torus is given by

SEE = − log

(
ZD,AZD,B
ZA∪B

)
− 1

2
−W ′(1) , (3.38)
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since the winding sector is normalised such that W (1) = 1. The computation of the

partition functions for the d-torus is presented in section 5 below.

We close this section by noting that even though winding numbers come into play

across entanglement cuts in our computation, we are restricting our attention to a single

topological sector of the original theory on the d-torus. Indeed, since we periodically

identify the field, we could consider winding sectors on the d-torus itself,

φ(x1 + L1, . . . , xd + Ld) = φ(x1, . . . , xd) + 2πLImI , I = 1, . . . , d , mI ∈ Z . (3.39)

We have set mI = 0 in our calculations in the present paper but a more general study

can be carried out, evaluating the contribution from winding sectors W (n,mL) associated

with an entanglement cut for each topological configuration, and then summing over the

mI . The corresponding topological contributions to entanglement entropy in a scalar field

theory on a two-dimensional cylinder, are obtained in [26].

4 Entanglement entropy on a hemisphere

In this section we calculate the universal finite terms of entanglement entropy in GQLM

resulting from the division of a d-sphere into two d-hemispheres A and B by an entan-

glement cut at the equator as shown in figure 2. According to the replica calculation in

section 3, we have to compute (3.20), where now A and B are the two d-hemispheres, and

the bulk action contains the GJMS operator (2.14) with 2k = d. The partition function

on the whole manifold (ZA∪B in (3.20)) contains a zero mode, which should be treated

separately [43, 44],

ZA∪B = 2πRc

√
g

π
Ad
(

det′
(
g

π
Pd,Sd

))− 1
2

(4.1)

where Ad is the area of the d-sphere and the
√

g
πAd factor comes from the normalisation

of the eigenfunction corresponding to the zero eigenvalue. The functional determinant det′

is the (regularised) product of the non-zero eigenvalues. The operator (2.14) on the unit

d-hemisphere with Dirichlet boundary conditions does not have a zero eigenvalue, so the

partition functions on the subsystems A and B can be directly computed via regularised

functional determinants. Hence we can write (3.20) as

S[A] =
1

2
log

(
detPd,Hd

D
detPd,Hd

D

det′Pd,Sd

)
+ log

(√
4πgAdRc

)
− 1

2
, (4.2)

where the D subscript on Hd
D indicates Dirichlet boundary conditions on the fields at the

boundary of the d-hemisphere Hd. At the end of the day, the entanglement entropy can

only depend on the combination gAd. All factors of g/π inside functional determinants

must therefore cancel out in the final result and going forward we simply leave them out

of our formulas.

We now turn to the explicit computation of the functional determinants appearing

in (4.2). In a series of papers [42, 56–58], Dowker calculates determinants of GJMS op-

erators on spheres in any even dimension d and for any degree k ≤ d/2 via ζ-function
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Figure 2. The sphere is cut into hemispheres A and B by an entangling cut at the equator.

methods. We give a self-contained review of these calculations in appendix A, partly to

adapt them to our notation and partly to have all the results we want to use in one place.

Determinants of critical GJMS operators (where the degree 2k of the operator matches

d) on spheres and hemispheres are expressed in terms of multiple Γ-functions in [42]. A

simplified version of these results, expressing them in terms of the more familiar Riemann

ζ-function, is presented in appendix B.

The starting point of Dowker’s computation is the observation that the determinant

of the GJMS operator on a d-sphere, given in terms of the spectral ζ-function, can be

obtained as a sum of the corresponding determinant on a d-hemisphere with Dirichlet and

Neumann boundary conditions [42, 59] (again expressed in terms of spectral ζ-functions).

On the hemisphere with Dirichlet boundary conditions the log-determinant of the GJMS

operator is given by

log detPd,Hd
D

= −Z ′d(0, aD, d/2) = −
d∑

n=0

hDn (d)ζ ′(−n)− fD(d), (4.3)

where Zd(s, aD, d/2) is the spectral ζ-function corresponding to the GJMS operator of

degree 2k = d, cf. (A.1) and (A.2). Here ζ is the Riemann ζ-function, and hDn , fD are

given by

hDn (d) = − 1

(d− 1)!

[
d

n+ 1

]
+

1

d!

[
d+ 1

n+ 1

]
−
d−n∑
j=0

(−1)j

(d− j)!

(
d+ 1

j

)[
d− j + 1

n+ 1

]
, (4.4)

fD(d) = − 1

d!

d−1∑
l=1

log(l)(l − d)d+1 +M(d). (4.5)

The
[
d
k

]
are Stirling numbers of the first kind, (z)k is a Pochhammer symbol, and M(d) is

a sum of harmonic numbers and generalised Bernoulli polynomials whose explicit form is

not important to us, as it cancels in the final expression for the entanglement entropy. The

derivations of hDn and fD can be found in appendix B.2, while the derivation of M(d) can

be found in A.3, its explicit form is given in equation (A.58). These functions may seem
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quite complicated at first sight, but they all consist of well understood algebraic functions

that can easily be evaluated using a computer. For the determinant of a critical GJMS

operator on a hemisphere with Neumann boundary conditions we find a similar result

log detPd,Hd
N

= −Z ′d(0, aN , d/2) = −
d∑

n=0

hNn (d)ζ ′(−n)− fN (d), (4.6)

with hNn and fN given by

hNn (d) =
1

d!

[
d+ 1

n+ 1

]
−
d−n∑
j=0

(−1)j

(d− j)!

(
d

j

)[
d− j + 1

n+ 1

]
, (4.7)

fN (d) = log(d− 1)! + fD(d). (4.8)

We note that our result in (4.6) differs from [42] by a sign in the term log(d− 1)!. This is

because we treat the zero mode separately as is apparent in (4.1) and (4.2).

As mentioned above, the log-determinant on the whole sphere is the sum of the log-

determinants on the hemisphere with Dirichlet and Neumann boundary conditions [42],

log det′Pd,Sd = log detPd,Hd
N

+ log detPd,Hd
D
. (4.9)

With an eye towards the entropy formula (4.2), we express the ratio of determinants as

2 log detPd,Hd
D
− log det′Pd,Sd = −

d∑
n=0

(
hDn (d)− hNn (d)

)
ζ ′(−n)− fD(d) + fN (d)

=
d∑

n=0

hn(d)ζ ′(−n) + log(d− 1)! , (4.10)

where, using the properties of the binomial coefficients, one can write hn in the the follow-

ing form

hn(d) =
1

(d− 1)!

[
d

n+ 1

]
+
d−n∑
j=0

(−1)j

(d− j)!

(
d

j − 1

)[
d− j + 1

n+ 1

]
. (4.11)

Putting everything together, we obtain a surprisingly simple expression for the entangle-

ment entropy of a hemisphere,

S[Hd] =
1

2

d∑
n=0

hn(d)ζ ′(−n) + log
(√

4πgAd(d− 1)!Rc

)
− 1

2
, (4.12)

with hn(d) given above in (4.11). For dimensions d = 2, 4, 6, and 8, in the critical case

z = d, the entropy is given explicitly by

d = z = 2 : SEE = log
(√

8πgRc

)
− 1

2
(4.13)

d = z = 4 : SEE = log
(

4
√

2gπRc

)
− 1

2
− ζ(3)

4π2
(4.14)

d = z = 6 : SEE = log
(

16
√
π3gRc

)
− 1

2
− 15 ζ(3)

32π2
+

3 ζ(5)

32π4
(4.15)

d = z = 8 : SEE = log
(

32
√

3gπ2Rc

)
− 1

2
− 469 ζ(3)

720π2
+

7 ζ(5)

24π4
− ζ(7)

32π6
, (4.16)
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Figure 3. The universal finite term (4.12) in the entanglement entropy of GQLM on a hemisphere

plotted against the number of spatial dimension d (which is equal to the critical exponent z). We

normalise S[Hd] with respect to the two-dimensional case, and set g = Rc = 1.

and more values are plotted in figure 3. The two-dimensional case agrees with the result

presented in [27]. Notice that the logarithmic term depends on the product Rc
√
g, which

is independent of rescaling of the fields. Hence, in the case of a d-sphere cut into two

d-hemispheres, the finite universal terms of the entanglement entropy (4.12) are constant,

they only depend on the physical compactification radius Rc
√
g of the target space, which

appears in the above expression through the zero modes.

Explicit results can also be obtained for the subcritical case, i.e. when z < d. In this

case, the entanglement entropy on a hemisphere is simply given by the difference of log-

determinants on the hemisphere with Dirichlet and Neumann boundary conditions. In [60]

this difference was shown to be equal to a “boundary free energy”, initially defined for

hemispheres in 4-dimensional CFTs in [61]. Its value for d = 4 and z = 2 was calculated

in [60–62], while the value for d = 6 and z = 2 appeared in [60].6

Here we list a few examples of the entanglement entropy on a hemisphere in the

subcritical case with z and d both even integers,

d = 4, z = 2 : SEE = −ζ(3)

8π2
, (4.17)

d = 6, z = 2 : SEE =
ζ(3)

96π2
+
ζ(5)

32π4
,

d = 6, z = 4 : SEE = −5ζ(3)

48π2
+
ζ(5)

16π4
,

d = 8, z = 2 : SEE = − ζ(3)

720π2
− ζ(5)

192π4
− ζ(7)

128π6
.

The relevant functional determinants (for z and d even integers) were computed originally

in [42] and are included in appendix A.

6We thank Stuart Dowker for bringing these results and references to our attention.
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The result in (4.12) only depends on “topological data” represented by the scale in-

variant compactification radius of the target space and not on other geometric features.

One might object that this is because we initially set the radius of the d-sphere to one, and

thus our computations are insensitive to the geometry. Indeed, as mentioned in the Intro-

duction, for smooth entangling cuts in even-dimensional CFTs, the entanglement entropy

is expected to have a universal term proportional to the logarithm of a characteristic scale

of the system with a constant of proportionality which depends on the central charge and

on the Euler characteristic. It can be checked that introducing a radius R of the d-sphere

in our problem modifies the above results by adding a term proportional to

∆χ logR , (4.18)

where ∆χ is the change in the Euler characteristic due to dividing the d-sphere along the

entanglement cut. For the two-dimensional case this was understood in [1]. Just as for

a two-dimensional sphere, the change in the Euler characteristic vanishes for the chosen

entanglement cut (while having a non-smooth entangling surface can introduce further

universal logarithmic terms). Indeed, on a non-unit sphere all eigenvalues entering our

determinants are rescaled, and upon regularising this contributes,

log detP2k,Hd = −dZd(0, aD, k) logR− Z ′d(0, aD, k) , (4.19)

log detP2k,Sd = −d (Zd(0, aD, k) + Zd(0, aN , k)) logR− Z ′d(0, aD, k)− Z ′d(0, aN , k) ,

instead of equations (A.2), (A.3). Including the contribution coming from the normalisation

of the zero-mode this would leave us with

d

2
(1 + Zd(0, aN , k)− Zd(0, aD, k)) logR , (4.20)

but it is straightforward to check, using (A.45) and (A.54), that this combination vanishes.

In fact, Dowker’s construction of the determinant for the sphere as sum of determinants

on hemispheres with Dirichlet and Neumann boundary conditions makes this quite trans-

parent, since the spectral ζ-function in the Neumann case is nothing but the Dirichlet one

after subtracting the zero mode.7 Finally, we should stress that the sub-leading univer-

sal terms as (4.18) (which vanish here due to the chosen entanglement surface) are those

expected in a d-dimensional CFT. The quantum field theory we are considering lives on

a (d+1)-dimensional manifold, and yet due to the enhanced d-dimensional symmetries in

the critical d = z case, it has entanglement properties typical of d-dimensional CFTs.

5 Entanglement entropy on cut d-torus

We now turn our attention to the sub-leading universal terms in the entanglement entropy

on a flat d-dimensional torus with circumferences L1, . . . , Ld,

T dL1,...,Ld
: = Rd/(L1Z× . . .× LdZ), (5.1)

that is cut into two d-cylinders: YB := [−LB, 0] × T d−1
L2,...,Ld

and YA := [0, LA] × T d−1
L2,...,Ld

,

where our conventions are LB > 0 and L1 = LA +LB. The two-dimensional case is shown

7See [42, 63, 64] for related studies of conformal anomalies for GJMS operators on spherical manifolds.
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Figure 4. The torus is cut into cylinders YA and YB by the two entangling cuts Γ1 and Γ2.

in figure 4. The replica method for the entanglement entropy on the torus was discussed

in section 3, and it requires us to compute (3.38), where the winding sector contribution is

given by (3.37), with the classical fields satisfying the equations of motion and boundary

conditions expressed in (3.29) and (3.35). For the d-torus, the bulk and boundary terms in

the action are given by (2.5) and (2.10), respectively. The operator Pd,T d in (2.4) is simply

an integer power of the Laplacian. We first compute the quantum contribution to the

entanglement entropy arising from the partition functions in (3.38), and after that we tackle

the winding sector contribution. All the detailed calculations of functional determinants

are relegated to appendix C, and those regarding the winding sector to appendix D. In this

section we collect the results and discuss some interesting limits.

The operator Pd,T d has a zero mode and as result the torus partition function is

given by

ZA∪B = 2πRc

√
g

π
Ad

(
det′

( g
π
Pd,T d

))− 1
2
, (5.2)

where Ad is the area of the d-torus. As was the case for the sphere, the g
π factor in the

determinant only amounts to a rescaling of the torus to which the entanglement entropy

is not sensitive, and we can ignore it in our calculations. On the d-cylinder with Dirichlet

boundary conditions, on the other hand, there is no zero mode and we can write the

(sub-leading terms of) entanglement entropy as

S[A] =
1

2
log

(
detPd,YA,D detPd,YB,D

det′Pd,T d

)
+ log

(√
4πg AdRc

)
− 1

2
−W ′(1) . (5.3)

The required functional determinants are evaluated in appendix C.

By means of equations (C.30a) and (C.6), we find that the determinant on the full

torus is given by

log det′∆
d/2

T dL1,...,Ld

= −d
2
ζ ′
T dL1,...,Ld

(0)

= d log(L1) +
d

2
L1 ζT d−1

L2,...,Ld

(−1/2)− d

2
G′(0;L1, . . . , Ld) ,

(5.4)
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where ζT d−1
L2,...,Ld

(s) is the spectral ζ-function on the (d − 1)-torus. The auxiliary function

G is defined in appendix C.1, as

G(s;L1, L2, . . . , Ld) : =
23/2−sL

s+1/2
1

Γ(s)
√
π

∑′

~nd−1∈Zd−1

∞∑
n1=1

 n1√
~nTd−1 Ξd−1 ~nd−1

s−1/2

×Ks−1/2

(
L1n1

√
~nTd−1 Ξd−1 ~nd−1

)
, (5.5)

where the primed sum indicates the omission of the zero mode, Kν(z) is a modified Bessel

function of the second kind and Ξd−1 = diag
(

(2π/L2)2 , . . . , (2π/Ld)
2
)

is a diagonal ma-

trix. We have explicit expressions both for the spectral ζ-function on the torus in (C.13)

and its derivative evaluated at s = 0 in (C.18), but at this stage we find it more conve-

nient to use the above expression, and only insert explicit formulae at the end, after some

cancellations.

For d-cylinders with Dirichlet boundary conditions, using (C.30b) and (C.24),

we obtain

log det ∆
d/2

[0,L]×T d−1
L2,...,Ld

=
d

2
log(2L) +

d

4
ζ ′
T d−1
L2,...,Ld

(0)

+
d

2
LζT d−1

L2,...,Ld

(−1/2)− d

4
G′(0; 2L, . . . , Ld), (5.6)

where L = LA for YA and L = L1 − LA for YB. We can rewrite the difference between the

log-determinants as

log det ∆
d/2

[0,L1−LA]×T d−1
L2,...,Ld

+ log det ∆
d/2

[0,LA]×T d−1
L2,...,Ld

− log det′∆
d/2

T dL1,...,Ld

=
d

2
log(4u(1− u)) +

d

2
ζ ′
T d−1
L2,...,Ld

(0)− d

4
G′(0; 2LA, . . . , Ld)

− d

4
G′(0; 2(L1 − LA), . . . , Ld) +

d

2
G′(0;L1, . . . , Ld), (5.7)

where the parameter u = LA/L1 characterises the relative size of the two d-cylinders.

The explicit expression for ζ ′
T d−1
L2,...,Ld

(0) is given by (C.18) with the replacement d →

d−1 and a relabelling of the sides Li. As discussed in appendix C, despite its appearance

the above expression is rather convenient to handle, thanks to the fast convergence of the

modified Bessel functions contained in the auxiliary function G. The derivative of the

function G with respect to s, evaluated at s = 0, is given by

G′(0, L, L2, . . . , Ld) =

√
8L

π

∑′

~nd−1∈Zd−1

∞∑
n1=1

(~nTd−1 Ξd−1 ~nd−1)1/4

√
n1

×K−1/2

(
Ln1

√
~nTd−1 Ξd−1 ~nd−1

)
= 2

∑′

~nd−1∈Zd−1

∞∑
n1=1

exp
(
−Ln1

√
~nTd−1 Ξd−1 ~nd−1

)
n1

, (5.8)

where we have used the explicit expression (E.4) for the modified Bessel function K− 1
2
.
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As an explicit example of the above result, the determinant ratio for z = d = 2 is

explicitly given by

log det ∆[0,L1−LA]×S1
L2

+ log det ∆[0,LA]×S2
L2
− log det ∆T 2

L1,L2

= log
(
2u|τ1|η2(2uτ1)

)
+ log

(
2(1− u)|τ1|η2(2(1− u)τ1)

)
− log

(
L2

1η
4(τ1)

)
= −2 logL1 + log

(
4u(1− u)|τ1|2

)
+ 2 log

(
η(2(1− u)τ1) η(2uτ1)

η2(τ1)

)
, (5.9)

where we used (C.20) and (C.28) and introduced the notation τk = i L1
Lk+1

, for k =

1 , . . . , d−1, for the aspect ratios of the general d-torus.

For the winding sector, the computations are detailed in appendix D. The end result,

given in (D.13), is

−W ′(1) = log
√

Λz −
1

2
−
∫ ∞
−∞

dk√
π
e−k

2
log

(∑
ω∈Z

exp

(
− π

Λz
ω2 − 2i

√
π

Λz
k ω

))
, (5.10)

with Λz given by

Λz = g π R2
c

(−1)z/2z!

(1− 2z)Bz

(
u1−z + (1− u)1−z) 1

|τ1| . . . |τd−1|
. (5.11)

where Bz are the Bernoulli numbers. For instance, in d = 2 we have

Λ2 = 4π g R2
c

1

u(1− u)

1

|τ1|
. (5.12)

Finally, putting together the contributions from the functional determinants and the

winding sector, (5.7) and (5.10) respectively, we get the following (rather long) expression

for the entanglement entropy (5.3),

S[A] =
d

4
log(4u(1− u)) +

d

4
ζ ′
T d−1
L2,...,Ld

(0)− d

8
G′(0; 2LA, . . . , Ld)−

d

8
G′(0; 2LB, . . . , Ld)

+
d

4
G′(0;L1, . . . , Ld) + log

(
4πg R2

c

)
+ log

√
Ad − 1− 1

2
log |τ1 . . . τd−1|

+
1

2
log

(
(−1)d/2d!

4(1− 2d)Bd

(
u1−d + (1− u)1−d

))

−
∫ ∞
−∞

dk√
π
e−k

2
log

(∑
ω∈Z

exp

(
− π

Λd
ω2 − 2i

√
π

Λd
k ω

))
. (5.13)

It can be verified that the entanglement entropy is symmetric under the transformation

u→ 1− u [33] as required for a pure state of the full system.
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Figure 5. We plot the final expression for the universal finite term in the entanglement entropy on

a half torus (5.17) against the number of spatial dimension d (which is equal to the critical exponent

z). We normalise S[Td/2] with respect to the two-dimensional case, and set g = Rc = L1 = · · · =
Ld = 2LA = 1 in the plot.

For the special case of d = z = 2 we obtain (using (5.9) and (D.16))

S[A2] =− 1

2
log |τ1|+

1

2
log
(
4u(1− u)|τ1|2

)
+ log

(
η(2(1− u)τ1) η(2uτ1)

η2(τ1)

)
− 1 + log

(
4π g R2

c

)
− 1

2
log(u(1− u))− 1

2
log |τ1|

−
∫ ∞
−∞

dk√
π
e−k

2
log

(∑
ω∈Z

exp

(
− π

Λ2
ω2 − 2i

√
π

Λ2
k ω

))

= log

(
η(2(1− u)τ1) η(2uτ1)

η2(τ1)

)
− 1 + log

(
8π g R2

c

)
−
∫ ∞
−∞

dk√
π
e−k

2
log

(∑
ω∈Z

exp

(
− π

Λ2
ω2 − 2i

√
π

Λ2
k ω

))
, (5.14)

where Λ2 = 4π g R2
c

1
u(1−u)

1
|τ1| . The final result looks relatively simple due to some cancel-

lations between the classical and quantum contributions. To our knowledge, this is the first

time that universal finite terms in the entanglement entropy on a torus have been obtained

in closed form using path integral methods, even for the two-dimensional case. They have

been computed numerically in [30] and by means of a boundary field method in [25].

We will now check some interesting limits of our general expressions.

Halved d-torus. The first simplifying special case that that we consider is when the

torus is divided into two equal parts:

LA = LB , L1 = 2LA , u =
1

2
. (5.15)
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The contribution from the functional determinants (5.7) simplifies tremendously, leaving

only a single term,

log det ∆
d/2

[0,LA]×T d−1
L2,...,Ld

+ log det ∆
d/2

[0,LA]×T d−1
L2,...,Ld

− log det′∆
d/2

T d2LA,...,Ld
=
d

2
ζ ′
T d−1
L2,...,Ld

(0) ,

(5.16)

and we obtain for the universal terms in the entanglement entropy

S[A] =
d

4
ζ ′
T d−1
L2,...,Ld

(0) + log
(
4πg R2

c

)
+
d

2
logL1 − 1− log |τ1 . . . τd−1|

+
1

2
log

(
(−1)d/2 d!

4(1− 2−d)Bd

)
−
∫ ∞
−∞

dk√
π
e−k

2
log

(∑
ω∈Z

exp

(
− π

Λd
ω2 − 2i

√
π

Λd
k ω

))
,

(5.17)

where now

Λd(u = 1/2) = g π R2
c

(−1)d/22dd!

(1− 2d)Bd

1

|τ1| . . . |τd−1|
. (5.18)

In d = 2 this reduces to

S[A2] = −1 + log
(
8π g R2

c

)
−
∫ ∞
−∞

dk√
π
e−k

2
log

(∑
ω∈Z

exp

(
− π

Λ2
ω2 − 2i

√
π

Λ2
k ω

))
, (5.19)

since the contributions from the Dedekind-eta functions in (5.14) cancel against each other

when u = 1/2. Moreover, Λ2 is given here by

Λ2(u = 1/2) = 16 g π R2
c

1

|τ1|
. (5.20)

Thin d-torus. In d = 2, the infinitely thin torus limit (sometimes called also the long

torus limit) amounts to |τ1| � 1 and u fixed. It can be helpful to think of this limit as

L2 → 0 while all the other lengths (L1, LA) are kept fixed. In this case, the contribution

from the integral in the expression (5.14) is exponentially suppressed, and moreover, we

have the asymptotic behaviour (E.7) for the Dedekind η function. It is then clear that all

the contributions from the Dedekind η-functions vanish in this limit, and we are left with

the simple result

S[A2] = log
(
8π g R2

c

)
− 1 , (5.21)

which agrees with [25]. In this limit the entanglement entropy for the thin torus is twice the

entanglement entropy for the thin cylinder [25], since the entropy still carries information

about the two boundaries of the torus.

We can take a look at the same limit for the d-torus. In the d-dimensional case we

assume that L1, LA are fixed and of order one, while all the other sides are approaching

zero, that is L2, . . . , Ld → 0. There is an ambiguity in how to take this limit, so as a first

step we consider the case

L1, LA � L2 � · · · � Ld , (5.22)
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which can also be written as

1� |τ1| � · · · � |τd−1| . (5.23)

Let us examine how the different terms in (5.13) behave when the inequalities in (5.22)

hold. First, all the functions G′(0, L, L2, . . . , Ld) (5.8) with L = 2LA, 2(L1 − LA), L1 are

exponentially suppressed, since all the elements of the matrix Ξd−1 diverge, while L is kept

fixed. Now consider the term ζ ′
T d−1
L2,...,Ld

(0) in (5.13). This term is defined in (C.18) with a

shift d→ d−1 and subsequent relabelling of the torus sides. With the choice (5.22) all the

Bessel functions contained in (C.17), and thus in ζ ′
T d−1
L2,...,Ld

(0), are exponentially suppressed.

It then follows that the leading piece of ζ ′
T d−1
L2,...,Ld

(0) in (C.18) is given by the highest term

in the sums, that is

ζ ′
T d−1
L2,...,Ld

(0) ≈ 4
(−π)p

p!

L2 . . . L2p+1

L2p
2p+2

ζ ′(−2p) + 2
L2 . . . L2p

L2p−1
2p+1

(−2π)p

(2p− 1)!!
ζ(−2p+ 1)

≈ 4
(−π)p

p!

L2 . . . L2p+1

L2p
2p+2

ζ ′(−2p) , (5.24)

where p = dd−1
2 e − 1 = bd−1

2 c for even d. We can rewrite the term more elegantly as a

function of the aspect ratios,8

ζ ′
T d−1
L2,...,Ld

(0) ≈
2 Γ
(
p+ 1

2

)
πp+

1
2

ζ

(
p+

1

2

)
|τ2p+1|2p

|τ1| . . . |τ2p|
.

Finally, the integral over k in (5.13) is also exponentially suppressed and will not contribute

to the final expression. Then, keeping only the most divergent term according to (5.22),

we obtain

S[Ad] ≈
dΓ
(
p+ 1

2

)
2πp+

1
2

ζ

(
p+

1

2

)
|τ2p+1|2p

|τ1| . . . |τ2p|
, p =

⌊
d− 1

2

⌋
. (5.25)

Similar limits were discussed in [33] for the Renyi entropies of 3+1-dimensional relativistic

fields theories with various twisted boundary conditions. Except for having the same

power-law divergence, our results appear not to agree with their findings. The comparison

is tricky though, as there are effectively three length scales in the d = 4, and since we are

looking at the regularised entanglement entropy we do not have an explicit cut-off as in [33].

We should stress that when d = 2 all the sums in ζ ′
T d−1
L2,...,Ld

(0) in (C.18) are empty and

the only contribution from this term is the logarithm −2 logL2. Then the only divergent

contributions are coming from the log terms (see e.g. (5.14)) and they cancel, leaving the

finite term shown in (5.21).

The thin sliced d-torus. In d = 2 this limit corresponds to LA → 0 while all the

other length scales involved remain fixed, that is u → 0 while |τ1| is kept fixed. The

8Where we have used the ζ-function identity ζ′(−2n) = (−1)n (2n)!

2(2π)2n
ζ(2n+ 1) , n ∈ N.
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integral in (5.14) can then be evaluated, for instance by means of the Poisson summation

formula (E.2), and at leading order it gives 1
2 log u. Considering only the leading term in

the expansion of the Dedekind function (E.6), we obtain, for u→ 0,

S[A2] = − π
24|τ1|u + . . . , (5.26)

which agrees with the entanglement entropy for the infinite long and thin sliced cylinder

computed in [27]. Indeed, in this limit the torus and the cylinder are indistinguishable at

leading order.

We can proceed with similar arguments in higher dimensions, assuming u → 0 while

all the aspect ratios |τi|, with i = 1, . . . , d − 1 are kept fixed. In order to simplify the

computation we assume all the aspect ratios to be equal, |τi| = σ for all i = 1, . . . , d − 1.

Then, the leading divergent terms are contained in G′(0, 2LA, L2, . . . , Ld) in (5.13), and by

estimating the d−1-dimensional sum in G′(0, 2LA, L2, . . . , Ld) (cf. (5.8)) with an integral

we obtain the following leading behaviour for the entanglement entropy,

S[Ad] ≈
κd

ud−1σd−1
, (5.27)

where κd is a numerical coefficient that depends on the number of dimensions d. Similar

behaviour was obtained for the three-dimensional torus in conformal field theories in [65]

(see also [66]), and also in [67] from a holographic approach.

The wide d-torus. As our final example, we consider the so-called wide torus limit, that

is when the directions transverse to the cut are very large while LA, L1 are kept fixed. Let

us start by considering this limit for d = 2. This means that |τ1| → 0 while u is kept fixed.

Using the expansion of the Dedekind-eta function (E.6), we see that the term containing the

logarithm of the ratio of Dedekind-eta functions in (5.14) produces the leading divergence.

Hence, from the general expression for the entanglement entropy in d = 2 (5.14), we obtain

S[A2] ≈ − π

24u(1− u)|τ1|
+

π

6|τ1|
. (5.28)

This asymptotic behaviour is also expected for the universal function of the Renyi entropies

of the two-dimensional torus, cf. [33] and references therein, and was found in holographic

CFTs in [32].

In higher dimensions we can consider the limit when u is kept fixed, and all the

transverse directions are very large compared to L1, LA, but all the aspect ratios approach

zero at the same rate, that is |τi| = ε, with i = 1, . . . , d − 1 and ε → 0. In this case, the

expressions in (5.13) simplify, and, as in the two-dimensional case, the leading divergent

contribution is contained in the functions G′(0, L, L2, . . . , Ld) (cf. (5.8)), where L can be

L1, 2LA or 2(L1 − LA). Using a similar expansion as performed in the thin sliced torus

limit, we obtain

S[Ad] ≈
fd(u)

εd−1
, (5.29)

where fd(u) is a function symmetric under the exchange u→ 1− u.
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In the above discussion, the case u = 1
2 is special for any dimension d, since the

function fd(u = 1/2) = 0, so that the sub-leading but still diverging terms become im-

portant. Looking directly at (5.17) and (5.19), there is no contribution now coming from

G′(0, L, L2, . . . , Ld), and the next divergent term is logarithmic in the aspect ratios τi,

which in the two-dimensional torus is entirely coming from the integral in (5.19), while in

higher dimensions it receives contributions also from the area term log
√
Ad and ζ ′

T d−1(0).

In our simplified limit where all the ratios |τi| approach zero at the same rate, we see that

S[Ad] ≈
1

2
log ε , u =

1

2
, d ≥ 2 . (5.30)

This is consistent with the findings of [33], where for the z = 2 free boson field the-

ory in 3+1 dimensions the universal function of Renyi entropies Jn satisfies the relation

lim|τ |→0 Jn(u = 1/2, |τ |)|τ | = 0.9 This clearly holds in our case since the universal term of

the entanglement entropy has a logarithmic divergence. Rather different behaviour was ob-

served in free two-dimensional CFTs for Renyi entropies [33] and also in holographic CFTs

in two and three space dimensions for entanglement entropy [67], where also for u = 1/2

the universal part continues to have a power-law divergence similar to (5.28) and (5.29).

The disagreement was already observed in [33].

6 Discussion

In this work we have analytically computed the universal finite corrections to the entan-

glement entropy for GQLMs in arbitrary d+1 dimensions, for even integer d, and on either

a d-sphere cut into two d-dimensional hemispheres or a d-torus cut into two d-dimensional

cylinders. GQLMs are free field theories where the Lifshitz exponent is equal to the num-

ber of spatial dimensions, and they are described in terms of compactified massless scalars.

When d = z = 2 the GQLM reduces to the quantum Lifshitz model [14], and our findings

confirm the known results of [25–27]. The calculations are performed by means of the

replica method. Caution is required when performing the cut as the massless scalar field in

the GQLM is compactified. It is useful to discern between the role of the fluctuating fields

and the classical modes. In essence, the periodical identification mixes with the boundary

conditions imposed at the cut on the replicated fields [23, 25–27, 30], and disentangling

the winding modes from the rest leads to an additional universal sub-leading contribution

to the entanglement entropy. The fluctuating fields satisfy Dirichlet conditions at the cut

(as well as further conditions imposed on their even-power derivatives), while the classical

fields take care of the periodic identification. The contribution from the fluctuating fields

comes from the ratio of functional determinants of the relevant operators, which we com-

pute via spectral ζ-function methods. The classical fields contribute via the zero-mode and

via the winding sector summarised in the function W (n).

For the spherical case, the full analytic expression of the universal finite terms turned

out to be a constant, depending only on the scale invariant compactification radius,

cf. (4.12). This is a consequence of the presence of zero modes, and their normalisation.

9Note that the bosons are not compactified in [33].
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For the toroidal case, the story is rather rich. The general expression is (5.13),

while (5.17) is valid when we cut the torus by half. In both cases, the universal term

is comprised of a scaling function, which depends on the relevant aspect ratios of the

subsystems, and a constant term, which contains the “physical” compactification radius.

The last one comes from the zero mode of the partition function of the d-torus as well as

from the winding sector. We considered various limits, such as the thin torus limit, which

results in the simple expressions (5.21) and (5.25) in two and d dimensions respectively,

the thin sliced d-torus, cf. (5.26) and (5.27), and finally we examined the wide torus limit,

cf. (5.28), (5.29), and (5.30) where the last expression is valid for u = 1/2. Notice that

in the toroidal case, where the winding sector is non trivial, it also contributes to the

scaling function. For example, in the thin torus limit its contribution is decisive in order

to cancel divergences and leave a finite result, cf. (5.21) and (5.25). Our findings confirm

expectations from the study of the (2+1)-dimensional QLM [24–27], that also for critical

non-relativistic theories entanglement entropy can encode both local and non-local infor-

mation of the whole system. Moreover, our results give substance to the field theoretic

intuition that entanglement entropy should depend on the dynamical critical exponent,

see also [39–41] for analogous results in this direction. The specific dependence is rather

non-trivial already in the simplest spherical case.

The next step would be to extend our analysis to even-dimensional spacetime, that

is when d is an odd integer. Progress has been recently made in e.g. [68] (and references

therein), in computing determinants of GJMS operators on odd-dimensional spheres, see

also [69] for a different approach based on heat kernel techniques. It would also be interest-

ing to broaden our study of GQLMs by examining entanglement entropy for non-smooth

entangling surfaces. In the QLM for non-smooth boundaries, sharp corners source a uni-

versal logarithmic contribution (i.e. logLA), with a coefficient that depends on the central

charge and the geometry of the surgery [22, 29]. For d-dimensional CFTs and in presence

of non-smooth entangling surfaces further UV divergences also appear whose coefficients

are controlled by the opening angle. In particular, for a conical singularity, the nearly

smooth expansion of the universal corner term (seen as a function of the opening angle θ)

is simply proportional to the central charge of the given CFT [70–77].10 Another relevant

direction to pursue is the study of post-quench time evolution of entanglement in these

systems, see e.g. [80] for recent results in QLM and [81] for Lifshitz-type scalar theories.11

In this respect, GQLMs can provide an interesting and rich playground where one can

answer many questions in a full analytic manner.
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A The determinant of GJMS operators on spheres and hemispheres

In this appendix we review the calculation of the determinants of GJMS operators on

spherical domains, originally performed by Dowker in [42], and rewrite his results in a

way we find more transparent. Building on his previous work, in particular [56] and [57],

Dowker writes the following expression for the spectral ζ-function of a GJMS operator of

degree 2k, which we denote by P2k, on the hemisphere,

Zd(s, aD/N , k) =
∑

m∈Nd

k−1∏
j=0

(
(m · d + aD/N )2 − α2

j

)−s
, (A.1)

with d = (1, . . . , 1) ∈ Rd, αj = j + 1/2, aD = (d+ 1)/2 for Dirichlet boundary conditions,

and aN = (d − 1)/2 for Neumann boundary conditions. The GJMS operators are well

defined for k = 1, . . . , d/2 and we distinguish between the subcritical case k < d/2 and the

critical case k = d/2. Using the above form of the spectral ζ-function the log determinant

of P2k on the d-hemisphere Hd with either Neumann or Dirichlet boundary conditions can

be found as

log detP2k,Hd
D/N

= −Z ′d(0, aD/N , k). (A.2)

The expression Z ′d(0, aD/N , k) should be interpreted as lims→0 ∂sZd(s, aD/N , k).

Given (A.2), one can then add the Neumann and the Dirichlet cases to find the log deter-

minant of P2k on the whole sphere

log detP2k,Sd = −Z ′d(0, aD, k)− Z ′d(0, aN , k). (A.3)

Our task therefore is to evaluate Z ′d(0, aD/N , k). In order to do so, we first review the

definition and key properties of the Barnes ζ-function. We then turn to the evaluation of

the spectral ζ-function of one of the factors in (A.1) and finally put everything together to

get the desired log determinants.

A.1 Definition and properties of the Barnes ζ-function

The Barnes ζ function is defined for s > d as

ζ(s, a|d) : =
∑

m∈Nd
(a+ m · d)−s =

∞∑
m1,...,md=0

(a+m1d1 + . . .mddd)
−s . (A.4)

For the special case of d = 1 = (1, . . . , 1) we use the simplified notation,

ζd(s, a) : = ζ(s, a|1). (A.5)

Analytic continuation of ζd(s, a) is facilitated by the relation (see [83], page 149),

ζd(s, a) = Γ(1− s)Id(s, a), (A.6)

with Id(s, a) given by the integral

Id(s, a) = − 1

2πi

∫ 0+

∞

(−z)s−1e−az

(1− e−z)n
dz. (A.7)
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Id(s, a) is an entire function in s. The new definition of ζd(s, a) is analytic for all s except

for simple poles at s = 1, . . . , d where it has residues

Res
s=k

ζd(s, a) =
1

(d− k)!(k − 1)!
lim
z→0

dd−k

dzd−k
zde−az

(1− e−z)d

=
(−1)d−kB

(d)
d−k(a)

(d− k)!(k − 1)!

=
(−1)k

(k − 1)!
Id(k, a), k = 1, . . . , d

(A.8)

where B
(d)
l (a) are generalised Bernoulli polynomials. For future convenience we define

Rd(k, a) :=
(−1)d−kB

(d)
d−k(a)

(d− k)!(k − 1)!
, (A.9)

such that for k = 1, . . . , d we can simply write Ress=k ζd(s, a) = Rd(k, a). In particular this

means that we have the following expansion around s = 0 for k = 1, . . . , d,

ζd(k + s, a) =
1

s
Rd(k, a) + Cd(k, a) +O(s). (A.10)

Calculating ∂ssζd(k + s, a)|s=0 using the analytic continuation (A.6) one finds that

Cd(k, a) = R′d(k, a)− ψ(k)Rd(k, a), (A.11)

where the derivative of R should be read as R′d(k, a) = lims→0 ∂sRd(k + s, a), and ψ is

the digamma function. For non-negative k, ζd(−k, a) can be evaluated using its analytic

continuation (A.6). On page 151 of [83] the following expression is given

ζd(−k, a) = (−1)d
k!

(d+ k)!
B

(d)
d+k(a), (A.12)

where again B
(d)
l (a) are generalised Bernoulli polynomials.

A.2 A first step towards Zd

In order to calculate Z ′d(0, aD/N , k) with Zd as in (A.1), we need to evaluate the derivative

at s = 0 of ζ-functions of the form

ζD(s) : =
∑

m∈Nd

(
(aD + m · d)2 − α2

)−s
, (A.13)

with α = (d − 1)/2 and aD =
∑
di − (d − 1)/2, with d ∈ Nd for Dirichlet boundary

conditions, as such functions roughly correspond to the factors of Zd. From now on we set

d ≡ (1, . . . , 1) as this is the only case relevant to our discussion. In particular, this implies

that aD = (d + 1)/2. For Neumann boundary conditions we have to set aN = (d − 1)/2

– 31 –

111



Paper I

J
H
E
P
0
8
(
2
0
1
9
)
0
7
2

instead of aD, which makes the term coming from the origin 0 ∈ Nd ill-defined. For the

Neumann case we thus have to omit the origin from the summation,

ζ̄N (s) : = ζN (s)− (a2
N − α2)−s

=
∑

m∈Nd\{0}

(
(aN + m · d)2 − α2

)−s
. (A.14)

Below, we derive the following two identities

ζ ′D(0) = ζ ′d(0, aD + α) + ζ ′d(0, aD − α) +

d/2∑
r=1

α2r

r
H1(r)Rd(2r, aD) , (A.15)

ζ̄ ′N (0) = ζ ′d(0, aN + α)− log ρd − log(aN + α) +

d/2∑
r=1

α2r

r
H1(r)Rd(2r, aN ). (A.16)

Here the Rd are residues of the Barnes ζ-function given in (A.8), log ρd is a Γ-modular

form as described in equations (A.34) and (A.33) below, and Hn(r) is a harmonic function

defined in terms of harmonic numbers Hr via

Hn(r) : =
Hr−1

2n
−H2r−1. (A.17)

A.2.1 Dirichlet boundary conditions

We now proceed with the derivation of (A.15). Since we will only be dealing with Dirichlet

boundary conditions throughout this section, we will omit the D-index in aD and only

reintroduce it when we reach the final result. The first step in the evaluation is to perform

a binomial expansion of ζD(s). The expansion converges because (a + m · d)2 ≥ α2 for

d = 1 in both the Dirichlet and Neumann cases, with equality only arising for the zero

mode of the Neumann case, which is omitted anyway. We thus get

ζD(s) =
∑

m∈Nd

∞∑
r=0

(s)r
r!

α2r (a+ m · d)−(2s+2r)

=
∞∑
r=0

(s)r
r!

α2r
∑

m∈Nd
(a+ m · d)−(2s+2r)

= ζd(2s, a) +

∞∑
r=1

sf(s)

r!
α2rζd(2s+ 2r, a),

(A.18)

where we used the definition of the Barnes ζ-function for d = 1 given in (A.5) and rewrote

the Pochhammer symbol for r > 0 as (s)r = s(s + 1) · · · (s + r − 1) = : sf(s) to make the

behaviour around s = 0 more transparent. We also note that f(0) = (r − 1)!. Consid-

ering that ζd(2r) has simple poles at r = 1, . . . , d/2 and converges for higher r, we can

immediately write down the following expression at s = 0

ζD(0) = ζd(0, a) +
1

2

d/2∑
r=1

α2r

r
Rd(2r, a) (A.19)

with Rd(k, a) defined in equation (A.8).
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The next step is to evaluate ζ ′D(0). In order to do this, we first take a partial derivative

with respect to s at general values of s and then let s→ 0,

∂sζD(s) = ∂sζd(2s, a) +

∞∑
r=1

α2r

r!

(
f ′(s)sζd(2s+ 2r, a) + f(s)ζd(2s+ 2r, a)

+ sf(s)∂sζd(2s+ 2r, a)
)
.

(A.20)

We note that f ′(0) = (r − 1)!Hr−1, where Hr−1 is a harmonic number, and remind the

reader that for r = 1, . . . , d/2 and small s

ζd(2s+ 2r, a) =
Rd(2r, a)

2s
+ Cd(2r, a) +O(s),

and similarly

ζ ′d(2s+ 2r, a) = −Rd(2r, a)

2s2
+O(s).

Thus at s = 0 we can write [
f ′(s)sζd(2s+ 2r, a)

]
s=0

= (r − 1)!
Hr−1

2
Rd(2r, a) (A.21)

[f(s)ζd(2s+ 2r, a) + sf(s)∂sζd(2s+ 2r, a)]s=0 = (r − 1)!Cd(2r, a) (A.22)

Putting these expressions together we find

ζ ′D(0) = 2ζ ′d(0, a) +

d/2∑
r=1

α2r

r

Hr−1

2
Rd(2r, a) +

d/2∑
r=1

α2r

r
Cd(2r, a) +

∞∑
r=d/2+1

α2r

r
ζd(2r, a).

(A.23)

There is no contribution to ζ ′d after r = d/2, since all such terms in the sum get set to 0

by the s factor.

The next task is to compute the remaining infinite series in (A.23). In order to do this

we first note that ζd(s, a) admits the following integral representation for s > d

ζd(s, a) =
1

Γ(s)

∫ ∞
0

dt
e−at ts−1

(1− e−t)d
. (A.24)

Using this we can rewrite

∞∑
r=u+1

α2r

r
ζd(2r, a) = 2

∫ ∞
0

dt
t−1 e−at

(1− e−t)d
∞∑

r=d/2+1

(αt)2r

(2r)!

=

∫ ∞
0

dt
t−1 e−at

(1− e−t)d

2 cosh(αt)︸ ︷︷ ︸
=eαt+e−αt

−2

d/2∑
r=0

(αt)2r

(2r)!


= lim

σ→0

(∫ ∞
0

dt
tσ−1 e−(a+α)t

(1− e−t)d
+

∫ ∞
0

dt
tσ−1 e−(a−α)t

(1− e−t)d

− 2

d/2∑
r=0

(α)2r

(2r)!

∫ ∞
0

dt
t2r+σ−1 e−at

(1− e−t)d

)
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= lim
σ→0

(
Γ(σ) (ζd(σ, a+ α) + ζd(σ, a− α)− 2ζd(σ, a))

− 2

d/2∑
r=1

α2r

(2r)!
Γ(2r + σ)ζd(2r + σ, a)

)
,

(A.25)

where we introduced a convergence parameter σ in order for the integral representation to

make sense. For the σ → 0 limit we will need to use the analytic continuation of ζd. We

now take a closer look at the different parts of the expression above around σ = 0. The

ζd functions on the first line of (A.25) are convergent at σ = 0 while the Gamma function

has a simple pole. Expanding order by order in σ gives

Γ(σ) (ζd(σ, a+ α) + ζd(σ, a− α)− 2ζd(σ, a))

=
1

σ
(ζd(0, a+ α) + ζd(0, a− α)− 2ζd(0, a))

+ ζ ′d(0, a+ α) + ζ ′d(0, a− α)− 2ζ ′d(0, a)

− γ (ζd(0, a+ α) + ζd(0, a− α)− 2ζd(0, a)) +O(σ).

(A.26)

Carrying out the corresponding expansion on the second line of (A.25) gives

−2

d/2∑
r=1

α2r

(2r)!

(
Γ(2r) + Γ(2r)ψ(2r)σ +O(σ2)

)( 1

σ
Rd(2r, a) + Cd(2r, a) +O(σ)

)

= − 1

σ

d/2∑
r=1

α2r

r
Rd(2r, a)−

d/2∑
r=1

α2r

r
ψ(2r)Rd(2r, a)−

d/2∑
r=1

α2r

r
Cd(2r, a) +O(σ).

(A.27)

To get a finite end result we need the pole to vanish when we add (A.26) and (A.27).12

This is equivalent to the condition

ζd(0, a+ α) + ζd(0, a− α) = 2ζd(0, a) +

d/2∑
r=1

α2r

r
Rd(2r, a). (A.28)

We can then take the limit and write

(A.25) = −γ (ζd(0, a+ α) + ζd(0, a− α)− 2ζd(0, a))

+ ζ ′d(0, a+ α) + ζ ′d(0, a− α)− 2ζ ′d(0, a)

−
d/2∑
r=1

α2r

r
ψ(2r)Rd(2r, a)−

d/2∑
r=1

α2r

r
Cd(2r, a)

= ζ ′d(0, a+ α) + ζ ′d(0, a− α)− 2ζ ′d(0, a)

− γ
d/2∑
r=1

α2r

r
Rd(2r, a)−

d/2∑
r=1

α2r

r
ψ(2r)Rd(2r, a)−

d/2∑
r=1

α2r

r
Cd(2r, a)

12More rigorously one would first prove the convergence of the infinite sum (A.25), which after rewriting

implies the vanishing of the pole and in turn (A.28).
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= ζ ′d(0, a+ α) + ζ ′d(0, a− α)− 2ζ ′d(0, a)

−
d/2∑
r=1

α2r

r
H2r−1Rd(2r, a)−

d/2∑
r=1

α2r

r
Cd(2r, a), (A.29)

where H2r−1 : = ψ(2r) + γ is a harmonic number. For clarity and later convenience we

write down the following identity resulting from the above discussion in the case of Dirichlet

boundary conditions explicitly

∂s

∞∑
r=1

(s)r
r!

α2rζd(2s+ 2r, a)
∣∣∣
s=0

= ζ ′d(0, a+ α) + ζ ′(0, a− α)− 2ζ ′d(0, a)

+

d/2∑
r=1

α2r

r

(
Hr−1

2
−H2r−1

)
Rd(2r, a) .

(A.30)

Putting everything back together into (A.23) we can write for the complete ζ-function in

the Dirichlet case

ζ ′D(0) : = ζ ′(0) = ζ ′d(0, aD + α) + ζ ′d(0, aD − α) +

d/2∑
r=1

α2r

r

(
Hr−1

2
−H2r−1

)
Rd(2r, aD)

= ζ ′d(0, aD + α) + ζ ′d(0, aD − α) +

d/2∑
r=1

α2r

r
H1(r)Rd(2r, aD),

(A.31)

where H1(r) is a special case of

Hn(r) : =
Hr−1

2n
−H2r−1 . (A.32)

defined for any integer n ≥ 1. Higher values of n will be relevant when carrying out the

corresponding analysis for a zeta function of the form ζd(2ns+2r, a) instead of ζd(2s+2r, a).

A.2.2 Neumann boundary conditions

Calculating the Neumann case is equivalent to setting aN −α = ε and letting ε go to 0. In

this limit Barnes [84] calculated that

ζ ′d(0, ε) = − log ε− log ρd +O(ε), (A.33)

where ρd ≡ ρd(1) is called a Γ-modular form and obeys the following identity involving the

multiple Gamma function
Γd(a)

ρd
=

Γd+1(a)

Γd+1(a+ 1)
. (A.34)

The multiple Gamma function Γd(a|d) is defined,

Γd(a|d)

ρd(d)
: = eζ

′
d(0,a|d) (A.35)
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and we write Γd(a) : = Γd(a|1). Equipped with these tools we can compute the derivative

of the ζ-function in the Neumann case (A.14),

ζ̄ ′N (0) : = ζ ′N (0)− ∂s(a2
N − α2)−s

∣∣
s=0

= ζ ′d(0, aN + α)− log ρd − log(aN − α) + log
(
a2
N − α2

)
+

d/2∑
r=1

α2r

r
H1(r)Rd(2r, aN )

= ζ ′d(0, aN + α)− log ρd + log(aN + α) +

d/2∑
r=1

α2r

r
H1(r)Rd(2r, aN ), (A.36)

where ζN is just ζD but with aD replaced by aN . We can also write the following Neumann

version of the identity (A.30)

∂s

( ∞∑
r=1

(s)r
r!

α2rζd(2s+ 2r, aN )− (a2
N − α2)−s

)∣∣∣∣∣
s=0

= ζ ′d(0, aN + α)− log ρd + log(aN + α)− 2ζ ′d(0, aN )

+

d/2∑
r=1

α2r

r
H1(r)Rd(2r, aN ).

(A.37)

A.3 Determinant of GJMS operators

We are now prepared to tackle the calculation of the log-determinants.

In section A.3.1, for the case of Dirichlet boundary conditions on the hemisphere,

we obtain

log detP2k,Hd
D

= −ζ ′d+1(0, d/2− k + 1) + ζ ′d+1(0, d/2 + k + 1)−M(d, k), (A.38)

where the function M(d, k) is defined via equations (A.46), (A.47), and (A.49). Equa-

tion (A.38) is valid for k = 1, . . . , d/2.

In section A.3.2, we discuss the Neumann case, which is a little more involved, as

the zero mode makes the log-determinant ill-defined in the critical case k = d/2. For the

subcritical case k = 1, . . . , d/2− 1 we get

log detP2k,Hd
N

= −ζ ′d+1(0, d/2− k) + ζ ′d+1(0, d/2 + k)−M(d, k), (A.39)

while for the critical case we get the slightly more complicated result

log detPd,Hd
N

= − log(d− 1)! + log ρd+1 + ζ ′d+1(0, d)−M(d), (A.40)

where M(d) = M(d, d/2) and ρd+1 is a Γ-modular form as defined in (A.34).

In section A.3.3 we assemble these results to construct the determinant of GJMS

operators on a sphere, summarised in (A.60).
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A.3.1 Determinant on the hemisphere with Dirichlet boundary conditions

We will now generalise the results of the last section. Our starting point is the spectral

ζ-function defined in (A.1). As before, we start by doing a binomial expansion for every

term in the product,

Zd(s, a, k) =
∑

m∈Nd

k−1∏
j=0

∞∑
rj=0

(s)rj
rj !

α
2rj
j

(m · d + a)2s+2rj

=
∞∑

r∈Nk

k−1∏
j=0

(s)rj
rj !

α
2rj
j

 ∑
m∈Nd

1

(m · d + a)2ks+2
∑k−1
j=0 rj

=
∞∑

r∈Nk

k−1∏
j=0

(s)rj
rj !

α
2rj
j

 ζd (2ks+ 2r · d, a)

= ζd(2ks, a)︸ ︷︷ ︸
r=0

+

k−1∑
i=0

∞∑
ri=1

(s)ri
ri!

α2ri
i ζd(2ks+ 2ri, a)︸ ︷︷ ︸

r=(0,...,0,ri,0,...,0)

+
k−1∑
i=1

i−1∑
j=0

∞∑
ri,rj=1

(s)ri
ri!

(s)rj
rj !

α2ri
i α

2rj
j ζd(2ks+ 2ri + 2rj , a)

︸ ︷︷ ︸
r=(0,...,0,ri,0,...,0,rj ,0,...,0)

+R(s).

(A.41)

We remind the reader that αj = j + 1
2 , d = 1, and aD = (d+ 1)/2 for Dirichlet boundary

conditions. For simplicity we write a instead of aD throughout this section.

The remaining sums, denoted by R(s) above, will vanish for Zd and Z ′d around s = 0.

This is easy to see, as (s)r = O(s) while the ζd functions will contribute with simple poles

and ζ ′ with double poles. When more than two Pochhammer symbols are present, they

overcome the poles and give zero in the limit. We can make further simplifications in some

of the sums above by noting that the ri are dummy indices and rewrite (A.41) as

Zd(s, a, k) = ζd(ds, a) +

∞∑
r=1

(s)r
r!

k−1∑
j=0

α2r
j

 ζd(2ks+ 2r, a)

+
∞∑

r,r′=1

(s)r
r!

(s)r′

r′!

k−1∑
i=1

i−1∑
j=0

α2r
i α

2r′
j

 ζd(2ks+ 2r + 2r′, a) +R(s).

(A.42)

The double sum vanishes at s = 0 as ζd only contributes a pole proportional to 1/s while

the Pochhammer symbols each contribute a factor of s. The rest of the expression looks

just like the ζ-functions in the previous section, so the result follows directly from (A.19)

and (A.18),

Zd(0, a, k) = ζd(0, a) +
1

2k

d/2∑
r=1

1

r

k−1∑
j=0

α2r
j

Rd(2r, a) . (A.43)
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Using equation (A.28) we can rewrite this as

Zd(0, a, k) =
1

2k

k−1∑
j=0

(ζd(0, a+ αj) + ζd(0, a− αj)) . (A.44)

By virtue of (A.12) evaluated at k = 0, this can in turn be written in terms of generalised

Bernoulli polynomials [42],

Zd(0, a, k) =
1

2k d!

k−1∑
j=0

(
B

(d)
d (d/2 + j + 1) +B

(d)
d (d/2− j)

)
. (A.45)

Evaluating the derivative at s = 0 is also relatively painless now. For the first two terms

the result follows directly from the discussion in the previous sections, in particular from

equation (A.30) in the Dirichlet and (A.37) in the Neumann case. In the Dirichlet case we

thus have

∂s

(
ζd(2ks, a) +

∞∑
r=1

(s)r
r!

k−1∑
j=0

α2r
j

 ζd(2ks+ 2r, a)

)∣∣∣∣∣
s=0

=
k−1∑
j=0

(
ζ ′d(0, a+ αj) + ζ ′d(0, a− αj)

)
+

d/2∑
r=1

1

r

k−1∑
j=0

α2r
j

Hk(r)Rd(2r, a)

= :
k−1∑
j=0

(
ζ ′d(0, a+ αj) + ζ ′d(0, a− αj)

)
+M1(d, a, k), (A.46)

where we defined M1 in the last line to simplify the notation. To calculate the contribution

from the double sum in (A.42) we remind the reader that ζd(s+ n, a) = 1
sRd(n, a) +O(s0)

and ζ ′d(s + n, a) = −1
s2
Rd(n, a) + O(s) for n = 1, . . . , d. Since (s)r = : sf(s) = O(s) with

f(0) = (r − 1)!, this means that the only terms in the sum that will survive are those for

which 2r + 2r′ ≤ d. Also noting that ∂s(s)r
∣∣
s=0

= (r − 1)! we get the following result

∂s

∞∑
r,r′=1

(s)r
r!

(s)r′

r′!

k−1∑
i=0

i−1∑
j=0

α2r
i α

2r′
j


︸ ︷︷ ︸

≡A(r,r′)

ζd(2ks+ 2r + 2r′, a)

∣∣∣∣∣
s=0

=

d/2∑
r=1

d/2−r∑
r′=1

1

r

1

r′
A(r, r′)

[
s2∂sζd(2ks+ 2r + 2r′, a)

]
s=0

+ 2

d/2∑
r=1

d/2−r∑
r′=1

1

r

1

r′
A(r, r′)

[
sζd(2ks+ 2r + 2r′, a)

]
s=0

=

d/2∑
r=1

d/2−r∑
r′=1

1

r

1

r′
A(r, r′)

(
− 1

2k
Rd(2r + 2r′, a) +

2

2k
Rd(2r + 2r′, a)

)

=
1

2k

d/2∑
r=1

d/2−r∑
r′=1

1

r

1

r′
A(r, r′)Rd(2r + 2r′, a) = : M2(d, a, k).

(A.47)
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Putting (A.46) and (A.47) together we get the result

Z ′d(0, a, k) =
k−1∑
j=0

(
ζ ′d(0, a+ αj) + ζ ′d(0, a− αj)

)
+M(d, a, k)

= log

(
1

ρ2k
d

k−1∏
j=0

Γd(a+ αj)Γd(a− αj)

)
+M(d, a, k),

(A.48)

where in the last line we used the definition of the multiple Gamma function (A.34) to

rewrite the result, and where we defined

M(d, k) : = M1(d, a, k) +M2(d, a, k). (A.49)

We omitted a in M(d, k), because the property B
(α)
n (x) = (−1)nB

(α)
n (α − x) [83] of gen-

eralised Bernoulli polynomials implies, according to (A.9), that Rd(2r, aN ) = Rd(2r, aD)

for even dimension, which in turn implies that M(d, k) does not depend on whether we

chose aD or aN . It is possible to further simplify the result by using (A.34) and noting

that αj + n = αj+n. This induces a telescope-like cancellation in the product,

log

 1

ρ2k
d

k−1∏
j=0

Γd(a+ αj)Γd(a− αj)

 = log

k−1∏
j=0

Γd(a+ αj)

ρd

Γd(a− αj)
ρd


= log

k−1∏
j=0

Γd+1(a+ αj)

Γd+1(a+ αj+1)

Γd+1(a− αj)
Γd+1(a− αj−1)


= log

(
Γd+1(a+ α0)

Γd+1(a+ αk)

Γd+1(a− αk−1)

Γd+1(a− α−1)

)
= log

(
Γd+1(d/2− k + 1)

Γd+1(d/2 + k + 1)

)
.

(A.50)

Putting everything together we get the following expression for the log-determinant

log detP2k,Hd
D

= −Z ′d(0, aD, k)

= − log

(
Γd+1(d/2− k + 1)

Γd+1(d/2 + k + 1)

)
−M(d, k)

= −ζ ′d+1(0, d/2− k + 1) + ζ ′d+1(0, d/2 + k + 1)−M(d, k),

(A.51)

which is valid for k = 1, . . . , d/2, i.e. in the critical as well as subcritical case.

A.3.2 Determinant on the hemisphere with Neumann boundary conditions

In the subcritical case there is no zero mode and we can continue from (A.50), inserting the

appropriate a for Neumann boundary conditions, i.e. aN = (d− 1)/2. Then the expression

for the spectral ζ-function is as in (A.45), thanks to the above mentioned property of the

generalised Bernoulli polynomials [42], and the subcritical expression for the determinant is

log detP2k,Hd
N

= −Z ′d(0, aN , k)

= − log

(
Γd+1(d/2− k)

Γd+1(d/2 + k)

)
−M(d, k)

= −ζ ′d+1(0, d/2− k) + ζ ′d+1(0, d/2 + k)−M(d, k).

(A.52)
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In the critical case k = d/2 the calculation is more subtle. In order to get a well-defined

expression, we must subtract the zero mode contribution from the sum,

Z̄d(s, aN , k) =
∑

m∈Nd\{0}

k−1∏
j=0

(
(m · d + aN )2 − α2

j

)−s
= Zd(s, aN , k)−

k−1∏
j=0

(
a2
N − α2

j

)−s
.

(A.53)

At s = 0 we have for the critical case k = d/2 [42]

Z̄d(0, aN , k) =
1

2k d!

k−1∑
j=0

(
B

(d)
d (d/2− j − 1) +B

(d)
d (d/2 + j)

)
− 1 . (A.54)

We can now use (A.48) as well as (A.33), to write down the following expression,

Z̄ ′(0, aN , k) = lim
ε→0

k−2∑
j=0

(
ζ ′d(0, aN + αj) + ζ ′d(0, aN − αj)

)
+ ζ ′d(0, aN + αk−1)− log(ε)

− log(ρd) +M(d, k) + log
(
a2
N − α2

k−1

)︸ ︷︷ ︸
=log(aN+αk−1)+log(ε)

+
k−2∑
j=0

log
(
a2
N − α2

j

)
+O(ε),

(A.55)

where we denote ε = aN − αk−1. The logarithmic divergence cancels and we obtain

Z̄ ′(0, aN , k) =
k−2∑
j=0

(
ζ ′d(0, aN + αj) + ζ ′d(0, aN − αj) + log

(
a2
N − α2

j

))
+ ζ ′d(0, aN + αk−1)− log(ρd) + log(d− 1) +M(d, k)

=
k−2∑
j=0

(
ζ ′d(0, aN + αj) + ζ ′d(0, aN − αj)

)
+ ζ ′d(0, d− 1)

− log(ρd) + log((d− 1)!) +M(d, k)

= log

(
(d− 1)!

ρ2k
d

Γd(d− 1)
k−2∏
j=0

Γd(aN + αj)Γ(aN − αj)

)
+M(d, k)

(A.56)

where we used the fact that aN + αk−1 = d − 1 and
∑k−2

j=0 log
(
a2
N − α2

j

)
= log((d− 2)!)

for Neumann boundary conditions. As before, we can use identities involving the multiple

Gamma function to induce cancellations. This leads us to the final result in the critical case,

log detPd,Hd
N

= −Z̄ ′d(0, aN , d/2)

= − log

(
(d− 1)!

ρd

Γd+1(1)

Γd+1(d)

)
−M(d)

= − log

(
(d− 1)!

Γd+1(d)

)
−M(d)

= − log((d− 1)!) + log ρd+1 + ζ ′d+1(0, d)−M(d),

(A.57)
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where we used ρd = Γd+1(1), and the abbreviated notation M(d, d/2) = : M(d). Since the

critical case is the most relevant to this paper, we give the explicit form of M(d),

M(d) =

d/2∑
r,l=1

1

r(d− 2r)!(2r − 1)!

(
l +

1

2

)2r (Hr−1

d
−H2r−1

)
B

(d)
d−2r

(
d+ 1

2

)

+
1

d

d/2∑
r,l=1

d/2−r∑
t=1

l∑
m=1

1

rt(d−2r−2t)!(2r+2t−1)!

(
l+

1

2

)2r(
m+

1

2

)2t

B
(d)
d−2r−2t

(
d+1

2

)
.

(A.58)

As mentioned in the main body, our result differs by Dowker’s result due to the different

sign in front of the log(d− 1)! term because we are considering the functional determinant

of the GJMS operators on the sphere with the zero mode removed.

A.3.3 Determinant on the sphere

The log-determinant on the sphere is obtained by adding the log-determinants on the

hemisphere for Dirichlet and Neumann boundary conditions. In the critical case, the

spectral ζ-function for the sphere at s = 0 is given by (A.45) and (A.54), [42], so that

Zd(0, k) =
1

k d!

k−1∑
j=0

(
B

(d)
d (d/2 + j + 1) +B

(d)
d (d/2 + j)

)
− 1 , (A.59)

and the log-determinant on the sphere is thus given by

log detPd,Sd = log detPd,Hd
D

+ log detPd,Hd
N

= − log

(
(d− 1)!

Γd+1(1)

Γd+1(d)Γd+1(d+ 1)

)
− 2M(d)

= −ζ ′d+1(0, 1) + ζ ′d+1(0, d+ 1) + ζ ′d+1(0, d)

− log((d− 1)!) + log ρd+1 − 2M(d).

(A.60)

In the subcritical case we instead have

Zd(0, k) =
1

k d!

k−1∑
j=0

(
B

(d)
d (d/2 + j + 1) +B

(d)
d (d/2 + j)

)
, (A.61)

and the functional determinant reads

log detP2k,Sd = log detP2k,Hd
D

+ log detP2k,Hd
N

= − log

(
Γd+1(d/2− k)

Γd+1(d/2 + k)

Γd+1(d/2− k + 1)

Γd+1(d/2 + k + 1)

)
− 2M(d, k)

= −ζ ′d+1(0, d/2− k) + ζ ′d+1(0, d/2 + k)

− ζ ′d+1(0, d/2− k + 1) + ζ ′d+1(0, d/2 + k + 1)− 2M(d, k).

(A.62)
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B An alternative form for determinants of GJMS operators on spheres

and hemispheres

In this appendix we will show how to rewrite Dowker’s expressions (A.51) and (A.57) for

the log-determinants of GJMS operators on hemispheres as

log detP2k,Hd
D

= −
d∑

n=0

hDn (d, k)ζ ′(−n)− fD(d, k),

log detP2k,Hd
N

= −
d∑

n=0

hNn (d, k)ζ ′(−n)− fN (d, k), (B.1)

where ζ is the Riemann ζ-function, and hn and f are functions that we derive and that

depend on the boundary conditions, the dimension, and the degree of the GJMS-operator.

The spherical case then follows directly as the sum of Dirichlet and Neumann hemispheri-

cal results,

log detP2k,Sd = −
d∑

n=0

(
hDn (d, k) + hNn (d, k)

)
ζ ′(−n)− fD(d, k)− fN (d, k). (B.2)

B.1 Rewriting ζd in terms of the Riemann ζ-function

In [85], Adamchik gives a closed form of the Barnes ζ-function in terms of a series of

Riemann ζ-functions. His calculation is summarized by equations (14), (17), and (23) in

the reference, which in our slightly different notation and after a bit of rearranging read

ζ ′d(0, z) = (−1)d+1 logGd(z) +
d−1∑
k=0

(−1)k
(
z

k

)
Rd−k, (B.3)

where we note that the Gd(z) are multiple Gamma functions with a different normalization

compared to the one used by Dowker. We have the following explicit closed forms for all

the parts of the above expression,

logGd(z) =
(−1)d

(d− 1)!

d−1∑
k=0

Pk,d(z)
(
ζ ′(−k)− ζ ′(−k, z)

)
, Re(z) > 0

Rd−k =
1

(d− k − 1)!

d−k−1∑
l=0

[
d− k
l + 1

]
ζ ′(−l).

(B.4)

For our purposes, it is not necessary to know how the polynomials Pk,d(z) are defined, it

suffices to know that they satisfy [85]

d−1∑
k=0

Pk,d(z)nk = (n− z + 1)d =

d−1∏
k=1

(n+ k − z). (B.5)

We are only interested in the special case of the above formula, for which z is a positive

integer. For z = 1 it is clear that logGd(1) = 0. For z > 1 we can use the fact that

ζ(s, z) = ζ(s)−
z−1∑
n=1

1

ns
(B.6)
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to simplify

ζ ′(−k)− ζ ′(−k, z) = −
z−1∑
n=1

nk log n. (B.7)

We can now define the following quantity

A(d, z) := (−1)d+1 logGd(z)

=
1

(d− 1)!

d−1∑
k=0

Pk,d(z)
z−1∑
n=1

nk log n

=
1

(d− 1)!

z−1∑
n=1

log(n)(n− z + 1)d , z > 1 .

(B.8)

It is further clear from ζ(s) = ζ(s, 1) that A(d, 1) = 0. Another very useful simplification

comes from rewriting the Rd−k sum in (B.3) as

d−1∑
k=0

(−1)k
(
z

k

)
Rd−k =

d−1∑
k=0

(
z

k

)
(−1)k

(d− k − 1)!

d−k−1∑
l=0

[
d− k
l + 1

]
ζ ′(−l)

=
d−1∑
l=0

(
d−l−1∑
k=0

(−1)k

(d− k − 1)!

(
z

k

)[
d− k
l + 1

])
ζ ′(−l)

=:
d−1∑
l=0

Dl(d, z)ζ ′(−l),

(B.9)

where we define Dk(d, z) in the last line as

Dk(d, z) : =

d−k−1∑
j=0

(−1)j

(d− j − 1)!

(
z

j

)[
d− j
k + 1

]
. (B.10)

With these definitions it possible to write down the ζ ′d(0, z) in the following very simple way

ζ ′d(0, z) = A(d, z) +
d−1∑
k=0

Dk(d, z)ζ ′(−k), z ∈ N+. (B.11)

B.2 Determinants in terms of Riemann ζ-functions

Dirichlet boundary conditions on the hemisphere. We can now use the above

technology to rewrite the log-determinant (A.51) on the hemisphere for Dirichlet bound-

ary conditions,

log detP2k,Hd
D

= − ζ ′d+1(0, d/2− k + 1) + ζ ′d+1(0, d/2 + k + 1)−M(d)

= −A(d+ 1, d/2− k + 1) + A(d+ 1, d/2 + k + 1)−M(d)

−
d∑

n=0

(Dn(d+ 1, d/2− k + 1)−Dn(d+ 1, d/2 + k + 1)) ζ ′(−n)

=: −
d∑

n=0

hDn (d, k)ζ ′(−n)− fD(d, k).

(B.12)
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Here we have defined two functions

hDn (d, k) : = Dn(d+ 1, d/2− k + 1)−Dn(d+ 1, d/2 + k + 1), (B.13)

fD(d, k) : = A(d+ 1, d/2− k + 1)−A(d+ 1, d/2 + k + 1) +M(d). (B.14)

Since the critical case k = d/2 is of particular interest to us, we give the explicit form of

hDn and fD in that case,

hDn (d) : =hDn (d, d/2)

= − 1

(d− 1)!

[
d

n+ 1

]
+

1

d!

[
d+ 1

n+ 1

]
−
d−n∑
j=0

(−1)j

(d− j)!

(
d+ 1

j

)[
d− j + 1

n+ 1

]
, (B.15)

fD(d) : = fD(d, d/2)

= − 1

d!

d−1∑
j=1

log(j)(j − d)d+1 +M(d). (B.16)

Neumann boundary conditions on the hemisphere. Writing the subcritical, i.e.

k = 1, . . . , d/2−1, determinant (A.52) for Neumann boundary conditions is straightforward,

log detP2k,Hd
N

= − ζ ′d+1(0, d/2− k) + ζ ′d+1(0, d/2 + k)−M(d)

= −A(d+ 1, d/2− k) +A(d+ 1, d/2 + k)−M(d)

−
d∑

n=0

(Dn(d+ 1, d/2− k)−Dn(d+ 1, d/2 + k)) ζ ′(−n)

=: −
d∑

n=0

hNn (d, k)ζ ′(−n)− fN (d, k), (B.17)

with the functions hNn (d, k) and fN (d, k) defined in the last line as

hNn (d, k) : = Dn(d+ 1, d/2− k)−Dn(d+ 1, d/2 + k), (B.18)

fN (d, k) : = A(d+ 1, d/2− k)−A(d+ 1, d/2 + k) +M(d). (B.19)

The critical case (A.57) is slightly harder, as we also need to rewrite log ρd+1. In order to

do this, we use the following formula from [85],

log ρd = − 1

(d− 1)!

d−1∑
n=0

[
d

n+ 1

]
ζ ′(−n). (B.20)

Reminding the reader that
[
d
d+1

]
= 0 we can thus write

log detPd,Hd
N

= − log(d− 1)! + log ρd+1 + ζ ′d+1(0, d)−M(d)

= −
d∑

n=0

(
1

d!

[
d+ 1

n+ 1

]
−Dn(d+ 1, d)

)
ζ ′(−n)

− log(d− 1)! +A(d+ 1, d)−M(d)

=: −
d∑

n=0

hNn (d)ζ ′(−n)− fN (d)

(B.21)
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where we define hNn (d) and fN (d) in the last line. In analogy to the Dirichlet case we

can define hNn (d, d/2) : = hNn (d) and fN (d, d/2) : = fN (d), as with this definition equa-

tion (B.17) becomes valid for for all k. Again we write these functions explicitly for the

critical case,

hNn (d) =
1

d!

[
d+ 1

n+ 1

]
−
d−n∑
j=0

(−1)j

(d− j)!

(
d

j

)[
d− j + 1

n+ 1

]
, (B.22)

fN (d) = log(d− 1)!− 1

d!

d−1∑
j=1

log(j)(j − d)d+1 +M(d). (B.23)

C Functional determinants on the flat d-torus

In this appendix we calculate functional determinants of the Laplacian on the flat torus

(appendix C.1) and on a cylinder obtained by cutting the torus along a cycle and imposing

Dirichlet boundary conditions along the cut (appendix C.2). After that, in appendix C.3,

we derive the functional determinant of k-powers of the Laplacian both on the flat torus

as well as on the cylinder.

C.1 Determinant of the Laplacian on the flat torus

The d-dimensional flat torus can be defined as the hyperinterval with side lengths given by

Li and opposing sides identified,

T dL1,...,Ld
: = Rd/(L1Z× . . .× LdZ). (C.1)

Since the manifold is flat, the Laplace-Beltrami operator is just the standard Laplacian on

Euclidean space.

We compute the functional determinant for the Laplacian on the d-torus via a spectral

ζ-function method. The eigenvalues of the Laplace operator −∂a∂a, are given by

λn1,...,nd =

(
2πn1

L1

)2

+ · · ·+
(

2πnd
Ld

)2

, n1, . . . , nd ∈ Z . (C.2)

As usual, the zero mode, with n1 = n2 = · · · = nd = 0, needs to be removed in the compu-

tation of the spectral ζ-function. In order to calculate the determinant of the Laplacian,

we need to evaluate

ζT dL1,...,Ld

(s) : =
∑′

~n∈Zd

((
2πn1

L1

)2

+ · · ·+
(

2πnd
Ld

)2
)−s

=
∑′

~n∈Zd

(
~nTd Ξ~nd

)−s
,

(C.3)

where ~nd : = (n1, . . . , nd) is a d-vector, Ξ : = diag
(

(2π/L1)2 , . . . , (2π/Ld)
2 ) a d×d matrix,

and the prime on the sum denotes the omission of the zero mode.
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In section 2.2 of [86] the analytic continuation of the sum (C.3) is evaluated recursively.

In our notation the result is given by

ζT dL1,...,Ld

(s) = 2

(
L1

2π

)2s

ζ(2s) + L1
Γ(s− 1/2)

2
√
πΓ(s)

ζT d−1
L2,...,Ld

(s− 1/2) +G(s;L1, . . . , Ld) ,

(C.4)

where we define the function

G(s;L1, L2, . . . , Ld) : =
23/2−sL

s+1/2
1

Γ(s)
√
π

∑′

~nd−1∈Zd−1

∞∑
n1=1

 n1√
~nTd−1 Ξd−1 ~nd−1

s−1/2

×Ks−1/2

(
L1n1

√
~nTd−1 Ξd−1 ~nd−1

)
,

(C.5)

with Kν(z) being the modified Bessel function of the second kind, ~nd−1 = (n2, . . . , nd), and

Ξd−1 = diag
(

(2π/L2)2 , . . . , (2π/Ld)
2
)

.

We can directly evaluate the log-determinant on the flat torus, as the analytic contin-

uation (C.4) has only a pole at s = d
2 in the whole complex plane,

log detP2,T d = log det ∆T dL1,...,Ld

= −ζ ′
T dL1,...,Ld

(0)

= 2 log(L1) + L1 ζT d−1
L2,...,Ld

(−1/2)−G′(0;L1, . . . , Ld) .
(C.6)

This expression is recursive, and thus not in a closed form yet, however, it turns out to

be useful in the evaluation of the functional determinant contribution to the entanglement

entropy in section 5.

We now solve the recursion directly and provide a closed form for the ζ-function. Our

calculation of the closed form is slightly more direct than the one carried out in section 4.2.3

of [87] but the end result is the same. In order to make the calculation more transparent,

let us for a while rewrite (C.4) as

ζd(s) = h1(s) + f1(s)ζd−1

(
s− 1

2

)
+ gd(s), (C.7)

where the functions above summarize the information in the recursion:

ζd−k(s) : = ζT d−kLk+1,...,Ld

(s) , (C.8a)

hk(s) : = 2

(
Lk
2π

)2s

ζ(2s) , (C.8b)

fk(s) : = Lk
Γ(s− 1/2)

2
√
πΓ(s)

, (C.8c)

gd−k(s) : = G(s;Lk+1, . . . , Ld) . (C.8d)
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In this notation it is not difficult to see, that after k steps we get

ζd(s) =h1(s) +
k∑
j=2

hj

(
s− j − 1

2

) j−1∏
i=1

fi

(
s− i− 1

2

)
+ gd(s)

+
k∑
j=2

gd−j+1

(
s− j − 1

2

) j−1∏
i=1

fi

(
s− i− 1

2

)

+ ζd−k

(
s− k

2

) k∏
j=1

fj

(
s− j − 1

2

)
.

(C.9)

The anchor for the recursion is

ζ1(s) : =
∑′

n∈Z

(
2πn

Ld

)−2s

= 2

(
Ld
2π

)2s

ζ(2s) = : hd(s) . (C.10)

We note that the products of fk functions in (C.9) simplify to

j−1∏
i=1

fi

(
s− i− 1

2

)
= L1L2 · · ·Lj−1

(
1

2
√
π

)j−1 Γ
(
s− j−1

2

)
Γ(s)

, (C.11)

hence, performing the recursion for k = d − 1 steps and reinserting the definitions then

gives us the following expression

ζT dL1,...,Ld

(s) =
2√
π

(
1

2π

)2s d∑
j=1

π
j
2

Γ
(
s− j−1

2

)
Γ(s)

ζ(2s− j + 1)L1 · · ·Lj−1L
2s−j+1
j

+
1

Γ(s)

d−1∑
j=1

L1 · · ·Lj−1

(
1

2
√
π

)j−1

Γ

(
s− j−1

2

)
G

(
s− j−1

2
;Lj , . . . , Ld

)
,

(C.12)

with the understanding that for j = 1 the product L1 . . . Lj−1 is simply 1. If we in addition

insert the definition of G we can rewrite the complete expression as

ζT dL1,...,Ld

(s) =
2√
π

(
1

2π

)2s d∑
j=1

π
j
2

Γ
(
s− j−1

2

)
Γ(s)

ζ(2s− j + 1)L1 · · ·Lj−1L
2s−j+1
j

+
22−s

Γ(s)

d−1∑
j=1

L1 · · ·Lj−1

L
s− j−2

2
j

(2π)j/2

∑′

~n∈Zd−j

∞∑
nj=1

 nj√
~nTd−j Ξd−j ~nd−j

s−j/2

×Ks−j/2

(
Ljnj

√
~nTd−j Ξd−j ~nd−j

)
, (C.13)

where in this notation Ξd−j is (d − j) × (d − j)-matrix obtained from Ξ by removing the

first j columns and j rows. From this expression we can now directly calculate ζ ′
T dL1,...,Ld

(0),
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as needed for the determinant. Calculating the derivative of the second sum at s = 0 is

simple, since

1

Γ(ε)
= ε+ . . . ,

d

ds

1

Γ(s) |s=ε
= 1 + . . . , ε� 1 , (C.14)

so the only term that survives is the one where the derivative hits the Γ-function, and we

effectively set s = 0 everywhere and the Γ-function to 1. For the first sum the situation

is a bit trickier, as there are two Γ-functions involved, whose poles cancel only for even j,

meaning that we have to separate even and odd j for the calculation. Let us first take a

look at the even j part of the first sum, that is j = 2`, we have

d

ds

2√
π

(
1

2π

)2s bd/2c∑
`=1

π`
Γ
(
s− 2`−1

2

)
Γ(s)

ζ(2s− 2`+ 1)L1 · · ·L2`−1L
2s−2`+1
2`

∣∣∣
s=0

= 2

bd/2c∑
`=1

π`−
1
2
L1 · · ·L2`−1

L2`−1
2`

Γ

(
1

2
− `
)
ζ(1− 2`). (C.15)

When j is odd, that is j = 2`− 1, we get

d

ds

2√
π

(
1

2π

)2s dd/2e∑
`=1

π`−1/2 Γ (s− `+ 1)

Γ(s)
ζ(2s− 2`+ 2)L1 · · ·L2`−2L

2s−2`+2
2`−1

∣∣∣
s=0

= −2 log(L1) + 4

dd/2e−1∑
`=1

L1 · · ·L2`

L2`
2`+1

(−π)`

`!
ζ ′(−2`). (C.16)

Before putting everything together, we note that the sums over the modified Bessel func-

tions converge exponentially at s = 0 [86]. We can thus introduce the following notation

for their limits

Sd−j(Lj , . . . , Ld) : =
1

(2π)j/2

∑′

~n∈Zd−j

∞∑
nj=1


√
~nTd−jΞd−j ~nd−j

nj


j
2

×K−j/2
(
Ljnj

√
~nTd−j Ξd−j ~nd−j

)
, (C.17)

where Sd−j is convergent for d > j > 0. Finally, we obtain

ζ ′
T dL1,...,Ld

(0) = − 2 log(L1) + 4

dd/2e−1∑
j=1

L1 · · ·L2j

L2j
2j+1

(−π)j

j!
ζ ′(−2j)

+ 2

bd/2c∑
j=1

L1 · · ·L2j−1

L2j−1
2j

(−2π)j

(2j − 1)!!
ζ(−(2j − 1))

+ 4
d−1∑
j=1

L1 · · ·Lj−1

L
j
2
−1

j

Sd−j(Lj+1, . . . , Ld). (C.18)
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The expression above gives us the functional determinant for a d-dimensional torus, and de-

spite its intimidating appearance, it is rather straightforward to handle, since the modified

Bessel functions hidden in S converge rapidly to zero as the integers ni increase.

It is instructive to evaluate the d = 2 case. First of all, we note that the sum on the

first line of (C.18) is empty for d = 2. The remaining two sums in (C.18) consist only of

the j = 1 term, giving us

ζ ′T 2
L1,L2

(0) = −2 logL1 +
π

3

L1

L2
+ 4
√
L1S1(L2)

= −2 logL1 +
π

3

L1

L2
+ 2

∑′

n2∈Z

∞∑
n1=1

e
−2πn1|n2|L1

L2

n1
.

Using more standard conventions, see e.g. [43], introducing the modular parameter τ =

iL1/L2, as well as defining q := e2πiτ , and then performing the sum over n1, we obtain

ζ ′T 2
L1,L2

(0) = −2 logL1 +
π

3

L1

L2
+ 2

∑′

n2∈Z

∞∑
n1=1

e
−2πn1|n2|L1

L2

n1

= −2 logL1 −
iπ

3
τ − 4

∞∑
m=1

log (1− qm) = − log
(
L2

1η
4(τ)

)
, (C.19)

where η is the Dedekind η-function, defined as in (E.5). If we denote the area of the 2-

torus by A, where A = L1L2 in our convention,13 then taking into account the contribution

from the zero-mode, the log-determinant and the partition function on the torus can be

written as

log det ∆T 2 = −ζ ′T 2
L1,L2

(0) = log
(
L2

1η
4(τ)

)
,

Z(τ) =
√
A exp

(
1

2
ζ ′T 2
L1,L2

(0)

)
=

1√
Im(τ)η2(τ)

, (C.20)

which is a well known result, see e.g. [43].

C.2 Determinant of the Laplacian on the cut d-torus

We now consider cutting the torus T dL1,...,Ld
at x1 = 0 and x1 = L < L1, as shown in

figure 4. As discussed in the main body, this gives rise to two subsystems, each of which

is a cylinder represented by an interval times a d−1-dimensional torus. Imposing Dirichlet

boundary conditions (3.21) the eigenvalues of the Laplacian −∂a∂a are

µm,n2,...,nd =

(
mπ

L

)2

+ λn2,...,nd , m ∈ N+, n2, . . . , nd ∈ Z , (C.21)

13We set here the coupling g = 1 as well as 2πRc = 1, since we are only interested here in checking that

our calculations reproduce well known results in literature.
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with λn2,...,nd the eigenvalue on T d−1
L2,...,Ld

. Notice that there is no zero mode now. The

spectral ζ-function on this geometry thus takes the form

ζ[0,L]×T d−1
L2,...,Ld

(s) : =
∑
λ

∞∑
m=1

(
λ+

(mπ
L

)2
)−s

=

(
L

π

)2s

ζ(2s) +
∑′

λ

∞∑
m=1

(
λ+

(mπ
L

)2
)−s

,

where we schematically write λ for the (d−1)-dimensional toroidal part of the eigenvalue,

and we explicitly separate the (d−1)-dimensional toroidal zero mode from the rest in the

last passage. We can now evaluate the primed sum by means of the identities (E.1), (E.2),

and (E.3) collected in appendix E, and we obtain

∑′

λ

∞∑
m=1

(
λ+

(mπ
L

)2
)−s

=
1

Γ(s)

∑′

λ

∞∑
m=1

∫ ∞
0

dt ts−1e
−t
(
λ+(mπL )

2
)

=
1

Γ(s)

∑′

λ

∫ ∞
0

dt ts−1e−tλ
∞∑
m=1

e−t(
mπ
L )

2

=
1

Γ(s)

∑′

λ

∫ ∞
0

dt ts−1e−tλ

(
−1

2
+

L

2
√
π
t−

1
2 +

L√
π
t−

1
2

∞∑
m=1

e−
(mL)2

t

)

= − 1

2
ζT d−1
L2,...,Ld

(s) +
L

2
√
π

Γ(s− 1/2)

Γ(s)
ζT d−1
L2,...,Ld

(s− 1/2)

+
2Ls+

1
2

Γ(s)
√
π

∑′

λ

∞∑
m=1

(
m√
λ

)s− 1
2

Ks−1/2

(
2Lm

√
λ
)
. (C.22)

Notice that λ is nothing but ~nd−1 Ξd−1 ~nd−1 as defined in appendix C.1. Hence, adopting

the same notation here, the above term containing the modified Bessel function can be

written in terms of the function G as defined in (C.5), and we can finally write the expression

for the ζ-function on the cut torus as follows,

ζ[0,L]×T d−1
L2,...,Ld

(s) =

(
L

π

)2s

ζ(2s)− 1

2
ζT d−1
L2,...,Ld

(s) +
L

2
√
π

Γ(s− 1/2)

Γ(s)
ζT d−1
L2,...,Ld

(s− 1/2)

+
1

2
G(s; 2L,L2, . . . , Ld). (C.23)

Finally, the log-determinant is given by

log det ∆[0,L]×T d−1
L2,...,Ld

= −ζ ′
[0,L]×T d−1

L2,...,Ld

(0)

= log(2L) +
1

2
ζ ′
T d−1
L2,...,Ld

(0) + LζT d−1
L2,...,Ld

(−1/2)− 1

2
G′(0; 2L, . . . , Ld) .

(C.24)

Our expression (C.24) agrees with the results of [88] obtained by contour integration.
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Let us check that for d = 2 we obtain the well-known result for the log determinant

of the Laplacian on a cylinder. In this case T 1
L2

is nothing but a circle of length L2, and

according to (C.10), we have

ζT 1
L2

(s) = 2

(
L2

2π

)2s

ζ(2s) . (C.25)

Hence, we obtain

log det ∆[0,L]×S1
L2

= −ζ ′[0,L]×S1
L2

(0) = log

(
2
L

L2

)
− π

3

L

L2
− 2

∞∑
n2=1

∞∑
n1=1

e
−4π L

L2
n1n2

n1

= log

(
2
L

L2

)
− π

3

L

L2
+ 2

∞∑
n2=1

log
(

1− e−4π L
L2
n2
)
. (C.26)

Introducing modular parameters,

τ = i
L1

L2
, and α : =

L

L1
, (C.27)

as well as the Dedekind function as in (E.5), we see that we can rewrite the functional

determinant on the cylinder as

log det ∆[0,L]×S1
L2

= log
(
2α|τ | η2(2ατ)

)
. (C.28)

This is a well-known result in literature, see e.g. [43, 44]. It is convenient to leave α

general, so that we can easily use the above results for the functional determinants for

arbitrary cuts.

C.3 Determinant of powers of the Laplacian on the torus

When calculating the entanglement entropy of the GQLM on a d-torus with d even, the

determinants that arise are those of even powers of the Laplacian. On the flat d-torus

geometry the higher-derivative conformal operator Pz is indeed just the z/2-th power of

the standard Laplacian, cf. equation (2.4) in section 2. In order to generalise our previous

result, we first make the observation that, since the flat torus as well as the cut torus

are compact manifolds, the spectrum of ∆k is just given by the set of λk, where λ is an

eigenvalue of ∆ as in (C.2) or (C.21) in the case of the d-torus or the cut d-torus respectively.

In particular, the spectral ζ-function corresponding to ∆k is given by

ζT (s, k) : =
∑′

λ

(
λk
)−s

= ζT (ks), (C.29)

where we write schematically T for either T dL1,...,Ld
or [0, L] × T d−1

L2,...,Ld
, and λ for the

corresponding eigenvalues (C.2) or (C.21) respectively. This leads to the simple result for

the determinants [89]

log det ∆k
T dL1,...,Ld

= k log det ∆T dL1,...,Ld

, (C.30a)

log det ∆k
[0,L]×T d−1

L2,...,Ld

= k log det ∆[0,L]×T d−1
L2,...,Ld

, (C.30b)

where the critical case is found by setting k = d/2.
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D The winding sector for the d-torus

The goal of this appendix is to compute the winding sector contribution (3.37) that orig-

inates from cutting the d-torus, as discussed in section 3. In order to do so, we first need

to solve the classical equations of motions for the n− 1 classical fields, (2.12), obeying the

boundary conditions (3.29) as well as (3.35). As discussed in section 3, the n-th classical

field is reabsorbed into the constrained partition functions to create a free one, cf (3.32),

thus here we are only concerned with n− 1 classical fields.

To facilitate reading, we list here again equations of motion and explicit conditions

which the n− 1 classical fields have to fulfill. The equations of motion are given by

∆z/2φ̄cl
i = 0 i = 1, . . . , n− 1. (D.1)

We solve these equations on the flat torus given by [−LB, LA]× [0, L2]× . . .× [0, Ld] with

the ends of each of the intervals identified and place the cuts Γ1 at x1 = 0 and Γ2 at x1 = LA
(and thus x1 = −LB). With this, the boundary conditions along the x1 direction (3.29)

for i = 1, . . . , n− 1 can be rewritten as

φ̄cl
i |Γ1(x) = φ̄cl

i (0, y) = 0 , (D.2a)

φ̄cl
i |Γ2(x) = 2πRc ω̄i = φ̄cl

i (LA, y) = φ̄cl
i (−LB, y) = 2πRc ω̄i, (D.2b)

where we denote x = (x1, y) = (x1, x2, . . . xd) and ω̄i : = (Mn−1)ijωj throughout this

section. Notice that the above conditions (D.2a)–(D.2b) have to hold for all the coordinates

y in the d−1-dimensional torus, i.e. y ∈ [0, L2] × . . . × [0, Ld]. Along the d−1-toroidal

directions we have the periodicity conditions

φ̄cl
i (x1, y) = φ̄cl

i (x1, y + β) , β := (L2, . . . , Ld) . (D.3)

The standard way of solving such a partial differential equation is by separation of variables,

and here it suffices to separate only the first variable x1 from the remaining orthogonal

d− 1 directions y, as e.g.

φ̄cl
i (x1, y) = fi(x1) gi(y) , i = 1, . . . , n− 1 . (D.4)

The boundary condition (D.2b) shows that gi(y) can only be a constant for all

i = 1, . . . , n− 1, and from now on we set gi(y) = 1 and work only with the functions fi(x1).

Hence, the equations of motion and boundary conditions expressed on fi (i = 1, . . . , n− 1)

are simply

∆z/2φ̄cl
i (x, y) = 0 ⇒ ∂zx1fi(x1) = 0 , (D.5a)

φ̄cl
i (0, y) = 0 ⇒ fi(0) = 0 , (D.5b)

φ̄cl
i (LA, y) = φ̄cl

i (−LB, y) = 2πRc ω̄i ⇒ fi(LA) = fi(−LB) = 2πRc ω̄i . (D.5c)

Notice that the last condition above has to be imposed either at x1 = LA or at x1 =

−LB, or, in other words, we solve for classical fields in the region A and in the region B

separately and then we glue the solutions at the boundary. As we discussed in section 3,
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these conditions (D.5b)–(D.5c) are not sufficient to specify a solution of the equation of

motion (D.5a), which is in general a polynomial of degree z − 1, expressed in terms of z

coefficients. A choice of supplementary boundary conditions are given by (3.35), which

now imply

∂n∆kφ̄cl
i

∣∣
Γ1

= 0 k = 0, . . . ,
z

2
−2 ,

⇒ ∂2`−1
x1 fi(0) = 0 , ` = 1, . . . ,

z

2
−1, (D.6a)

∂n∆kφ̄cl
i

∣∣
Γ2

= 0 k = 0, . . . ,
z

2
−2 ,

⇒ ∂2`−1
x1 fi(LA) = ∂2`−1

x1 fi(−LB) = 0 , ` = 1, . . . ,
z

2
−1 . (D.6b)

We then solve the equations respectively in A and B, and glue the solutions at the two

cuts, that is the whole solution is given by

fi(x1) =

{
fi,A(x1), x1 ∈ [0, LA] ,

fi,B(x1), x1 ∈ [−LB, 0] ,
(D.7)

where

fi,A(B)(x1) = 2πRc ω̄i

(
az−1

(
|x1|
LA(B)

)z−1

+

z/2−1∑
k=1

a2k

(
x1

LA(B)

)2k
)
. (D.8)

While the explicit value of the coefficients is quite complicated, their i dependence is simple.

For instance, for the first few values of z, the functions fi,A read

fi,A(x1) =



2πRc ω̄i
|x1|
LA
, z = 2,

2πRc ω̄i

(
− 2

(
|x1|
LA

)3
+ 3

(
x1
LA

)2 )
, z = 4,

2πRc ω̄i

((
|x1|
LA

)5
− 5

2

(
x1
LA

)4
+ 5

2

(
x1
LA

)2 )
, z = 6,

2πRc ω̄i

(
− 4

17

(
|x1|
LA

)7
+ 14

17

(
x1
LA

)6
− 35

17

(
x1
LA

)4
+ 42

17

(
x1
LA

)2 )
, z = 8,

and the same for the functions fi,B after the replacement LA → LB. Notice that the

functions fi are continuous everywhere on A∪B, but they are not differentiable at the cuts

Γ1,Γ2, even though the left and right derivatives exist and are finite. This is not unusual,

and it is true already in d = 2, see for example the cylindric case in [26, 27].

Now we are ready to evaluate the winding sector contribution (3.37), that is the

function

W (n) =
∑
φ̄cli

e−
∑n−1
i=1 S[φ̄cli ] .

The action is given by the bulk term S0 (2.5) and the boundary part S∂ (2.10), and it is

clear that only the latter will contribute to W (n). As it turns out, evaluating S∂ [φ̄cl
i ] results

in the following rather simple closed expression (notice that only the highest derivative term
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contributes to the action (2.10)),14

S[φ̄ci ] = g π2R2
c ω̄i · ω̄i

(−1)z/2z!

(1− 2z)Bz

(
1 +

(
LA
LB

)z−1
)
L2 · · ·Ld
Lz−1
A

, (D.9)

where the Bz are Bernoulli numbers. Notice that only the case z = d gives a scale invariant

winding sector contribution as expected from a critical theory. With this result, we can

use the analytic continuation found in appendix F of [27] to write

W (n) =
∑

ω∈Zn−1

exp
(
−π Λz(LA, LB, L2, . . . , Ld) ω

T · Tn−1ω
)

(D.10)

=
√
nΛ
−n−1

2
z

∫ ∞
−∞

dk√
π
e−k

2

[∑
ω∈Z

exp

(
− π

Λz
ω2 − 2i

√
π

Λz
k ω

)]n−1

, (D.11)

where Tn−1 : = MT
n−1Mn−1 and

Λz(LA, LB, L2, . . . , Ld) : = g π R2
c

(−1)z/2z!

(1− 2z)Bz

Lz−1
A + Lz−1

B

Lz−1
A Lz−1

B

L2 · · ·Ld . (D.12)

The derivative with respect to n at 1 is finally given by

−W ′(1) = log
√

Λz −
1

2
−
∫ ∞
−∞

dk√
π
e−k

2
log

(∑
ω∈Z

exp

(
− π

Λz
ω2 − 2i

√
π

Λz
k ω

))
. (D.13)

In order to make comparison in a more transparent way it is useful to rewrite Λz in

terms of the aspect ratios of the d-torus. Introducing the dimensionless parameters τ , as

well as u the parameter controlling the cut, as follows

τk = i
L1

Lk+1
, k = 1 , . . . , d− 1 , u =

LA
L1

, (D.14)

and noticing that LB = L1 − LA, we can write

Λz = g π R2
c

(−1)z/2z!

(1− 2z)Bz

(
u1−z + (1− u)1−z) 1

|τ1| . . . |τd−1|
. (D.15)

In particular, for d = 2 and z = 2, we obtain

Λ2 = 4π g R2
c

1

u(1− u)

1

|τ1|
. (D.16)

In the semi-infinite limit, that is when |τ1| � 1, the integral in W
′
(1) (D.13) is exponentially

suppressed, hence at the leading order in Λ2 we have

−W ′(1) =
1

2
log (4π g R2

c)−
1

2
log(u(1− u))− 1

2
log |τ1| −

1

2
+ . . . , (D.17)

and for u = 1
2 this reduces to

−W ′(1) =
1

2
log (16π g R2

c)−
1

2
log |τ1| −

1

2
+ . . . . (D.18)

14As we discussed the classical fields are not differentiable at the cuts, however left and right derivatives

exist and they are finite, so here the integrals are evaluated using left and right limits, exactly as in d = 2

dimensions.
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E Useful formulae

Here we collect some useful formulae and definitions of special functions used in the paper.

The integral representation of the Gamma function immediately leads to

`−s =
1

Γ(s)

∫ ∞
0

dt ts−1 e−`t . (E.1)

The Poisson summation formula is given by

∞∑
n=1

e−an
2

= −1

2
+

1

2

√
π

a
+

√
π

a

∞∑
n=1

e−
n2π2

a , (E.2)

∞∑
n=−∞

e−πn
2A+2πnAs =

1√
A
eπAs

2
∞∑

m=−∞
e−

π
A
m2−2iπms .

The integral representation of a modified Bessel function is

Kν(z) =
1

2

∫ ∞
0

du e−
z
2(u+ 1

u) uν−1 , (E.3)

and the explicit expression for the special case ν = −1
2 is

K− 1
2
(x) =

√
π

2

e−x√
x
. (E.4)

The Dedekind function is defined as follows

η(τ) := q1/24
∞∏
n=1

(1− qn) , q := e2iπτ . (E.5)

Its expansion for small imaginary argument is given by

η(i|τ |) ≈ e
− π

12|τ |√
|τ |

, as |τ | → 0+ , (E.6)

while for large imaginary argument we have

η(i|τ |) ∼ e−
π
12
|τ | , as |τ | → ∞ . (E.7)
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1 Introduction

Over the past decade, quantum information theory has led to important insights and ad-

vances in several areas of physics including quantum field theory, condensed matter physics,

and quantum gravity. Central to these developments is the concept of quantum entangle-

ment, which constitutes a fundamental characteristic distinguishing quantum systems from

classical ones. Quantum entanglement can be characterised in different ways and there is

no single measure that captures all aspects of entanglement for all quantum systems. One

particular measure, that has been the focus of numerous studies, is the entanglement en-

tropy associated with a state described by a density matrix ρ, and a subsystem A of the full

system A ∪ B. It is defined as SA = −Tr(ρA log ρA), where the reduced density matrix is

ρA = TrB ρ and the Hilbert space of the full system is assumed to factorise, H = HA⊗HB.

This last assumption fails in practice for systems described by local quantum field theories,

and this is manifested by short distance divergences appearing in the entanglement entropy.

The leading divergence is usually a power law in the UV cutoff with a coefficient propor-

tional to the area of the entangling surface that separates the subsystems. In the case of

quantum critical theories, the entanglement entropy typically has a sub-leading logarithmic

divergence with a scheme independent universal coefficient that encodes information about

long-range entanglement in the system. In the present paper we will consider a class of

quantum critical theories and focus our attention exclusively on the universal terms.

The entanglement entropy is particularly useful when the full system is in a pure

quantum state, but this is rather restrictive. In practice, one often has limited information

about the system in question and needs to work with mixed quantum states. Thermal states

are archetypal examples of such states, and, in this case, the entanglement entropy is no

longer a good measure of quantum entanglement in the sense that it includes contributions

from both quantum and classical correlations. Other ways of quantifying entanglement

besides entanglement entropy should then be introduced — and they are legion [1–3]. A

few important representatives are the entanglement cost and distillable entanglement [4],

the entanglement of formation [5], and the logarithmic negativity [6, 7]. In the crowded

field of measures of bipartite entanglement for mixed states, the logarithmic negativity

stands out as being actually computable. Indeed, most of the other entanglement measures,

including the aforementioned, involve a minimisation over infinitely many quantum states,

thus rendering them extremely difficult (if not impossible) to evaluate analytically in a

quantum field theory setting.

In the present work we consider the quantum entanglement of mixed states in a class

of critical quantum field theories. For technical reasons we focus on mixed states that are

simple to construct starting from a pure state but still reflect the essential issues arising for

generic mixed states. Beginning with a system in a pure state, we take two non-overlapping

subsystems, A1 and A2, that are not complements of one another (i.e. their complement

defines a third subsystem B) and consider the reduced density matrix on A = A1 ∪ A2,

which is in general that of a mixed state. In a finite-dimensional Hilbert space, any mixed

state can be purified by viewing it as a reduction of a pure state in a larger Hilbert space.

In a quantum field theory the corresponding question is more subtle, but the states we

consider are purified by construction.

– 1 –

145



Paper II

J
H
E
P
0
9
(
2
0
2
0
)
0
1
1

The logarithmic negativity introduced in [7] is defined as follows. Let ρA be the density

matrix of a bipartite system A = A1∪A2 in a pure or mixed state. We further suppose that

the Hilbert space corresponding to our system factorises as H = HA1 ⊗ HA2 , and define

|e(1)
i 〉 and |e(2)

i 〉 to be orthonormal basis states of HA1 and HA2 , respectively, such that

their tensor products |e(1)
i 〉⊗ |e

(2)
j 〉 ≡ |e

(1)
i e

(2)
j 〉 form a basis of H. The partial transposition

of the density matrix, with respect to HA2 , is an operator ρT2
A acting on HA1 ⊗HA2 with

matrix elements in the |e(1)
i e

(2)
j 〉 basis given by

〈e(1)
i e

(2)
j | ρT2

A |e
(1)
k e

(2)
l 〉 ≡ 〈e

(1)
i e

(2)
l | ρA |e

(1)
k e

(2)
j 〉 . (1.1)

In other words, the matrix elements of ρT2
A are obtained from those of ρA by simply swapping

basis elements |e(2)
j 〉 ↔ |e

(2)
l 〉 in HA2 . Then the logarithmic negativity is obtained as

E = log ||ρT2
A || , (1.2)

where the trace norm ||O|| ≡ Tr
√
O†O is the sum of the absolute values of the eigenval-

ues of the operator O. Its relevance relies on a crucial observation [8, 9]: A necessary

condition for the separability of the density matrix ρA (that is for the system to be in

a non-entangled state) is that its partial transpose (as e.g. ρT2
A ) is also a density matrix,

which means that its spectrum is non-negative. Partial transposition is not a unitary op-

eration, and a non-vanishing E in (1.2) detects when the system fails to be separable. The

logarithmic negativity, despite not being convex, is an entanglement monotone [10], both

under local quantum operations and classical communication (LOCC) and under positive

partial transpose preserving operations (PPT). It is also additive and provides bounds on

certain other measures [7]. For pure states, the logarithmic negativity does not reduce to

the entanglement entropy but instead coincides with the Rényi entropy of order 1/2.

A replica method was developed in [11, 12] for calculating the logarithmic negativity

in many-body systems. In essence, the replica method relates the negativity to the traces

of integer powers of ρT2
A . Since the eigenvalues of ρT2

A are not guaranteed to be positive,

the traces Tr
(
ρT2
A

)n
are sensitive to the parity of n. Denoting by ne (no) the even (odd)

integers, we obtain the trace norm by analytic continuation of the even sequence at ne → 1,

so that the logarithmic negativity reads

E = lim
ne→1

log Tr
(
ρT2
A

)ne . (1.3)

This approach has been extensively applied to ground states in conformal field theory

(CFT) [11–16], but also at finite temperature [17, 18] and in out-of-equilibrium situa-

tions [19–21], as well as to topological systems [22, 23].

In this paper, we are interested in a certain class of non-relativistic quantum field

theories — those admitting Lifshitz symmetry. Lifshitz field theories exhibit anisotropic

scaling between space and time,

t→ λz t , x→ λx , (1.4)

with characteristic dynamical exponent z > 1. Non-relativistic theories are especially

relevant in the context of condensed matter physics. In particular, the Lifshitz theory in

– 2 –
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2 + 1 dimensions with dynamical exponent z = 2, referred to as the quantum Lifshitz

model (QLM) [24], is known to describe a quantum phase transition in systems, such as

quantum dimer models [24, 25], between a uniform phase and a phase with spontaneously

broken translation invariance in two spatial dimensions. The (2+1)-dimensional QLM was

generalised to d + 1 dimensions with a critical exponent z = d in [26] where this special

class of Lifshitz theories was named generalised quantum Lifshitz models (GQLMs). A key

feature of these (d + 1)-dimensional Lifshitz field theories with (even) positive integer z

is that the ground state wave-functional takes a local form, given in terms of the action

of a d-dimensional Euclidean CFT. The local nature of the ground state makes these

theories rare examples of non-relativistic theories which admit analytic treatment. The

entanglement properties of ground states of quantum Lifshitz theories have been extensively

studied [27–35] using analytic and numerical methods.

In the present paper, we extend the work on entanglement in Lifshitz field theories by

evaluating analytically the logarithmic negativity for a class of bipartite mixed states in

the quantum Lifshitz model. The mixed states are obtained by tracing out the degrees of

freedom of one of the subsystems in a tripartite pure state, which for us will be the ground

state of the QLM. We adopt two different approaches to the calculation of logarithmic

negativity. First, we employ the so-called correlator method [36, 37], which in essence

discretises the theory on a lattice. For this part we consider the (1+1)-dimensional version

of the theory with Lifshitz exponent z = 2. We then compute the logarithmic negativity by

means of the replica method [11, 12], with focus on the (2 + 1)-dimensional QLM defined

on two different spatial manifolds, a 2-sphere and a 2-torus.

In both approaches, we start the discussion by considering a bipartite system in its

ground state and confirm that in this case the logarithmic negativity reduces to the n = 1/2

Rényi entropy, as it should for a system in a pure state [11, 12]. After that, we investigate

a system in a more general mixed state, obtained by partially tracing over the ground state

of a bipartite system, resulting in a reduced density matrix ρA. We then further divide

the subsystem A into A1 and A2 and partially transpose over A2 in order to compute the

logarithmic negativity. At this point, we analyse two different cases, depending on whether

the subsystems A1 and A2 are disjoint or adjacent when viewed as part of the original

tripartite system.

Interestingly, the logarithmic negativity turns out to vanish for disjoint subsystems

in the QLM, both in one and two spatial dimensions. This is unexpected in a gapless

system and is in sharp contrast with 2d CFT [11, 12]. The physical origin of this effect

is not clear to us but it is a robust result that we obtain using two different approaches:

a correlator method for a discrete theory in one spatial dimension and a replica method

for a continuum theory in two spatial dimensions. In the discrete non-compact theory, the

reduced density matrix on disjoint intervals for the open chain is separable,1 which is in

general a stronger result than the vanishing of the logarithmic negativity. It remains an

open question whether the corresponding reduced density matrix for disjoint submanifolds,

obtained via the replica method is also separable. Similar results were found previously

1Perhaps this has its origin in the local nature of the ground state.
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for the topological logarithmic negativity in Chern-Simons theory [22, 23], as well as in a

(1 + 1)-dimensional system with z = 2 Lifshitz scaling [38], that is closely related to our

discrete theory. The resemblance between QLM and topological theories was first noted

in [27, 29, 33], where the entanglement entropy for the QLM was found to exhibit a finite

sub-leading universal term analogous to the topological entanglement entropy. For adjacent

subsystems we obtain a non-trivial logarithmic negativity, which is somewhat closer to 2d

CFT results [11, 12].

A numerical study of logarithmic negativity in Lifshitz theories in one and two spatial

dimensions for arbitrary z was carried out in [39]. Our findings partially confirm their

results, but we emphasise that our approach is entirely analytical. By concentrating on

the QLM with z = 2, we are able to obtain closed form expressions for the logarithmic

negativity, both in the correlator approach and the replica method. As far as we know,

this is the first time the replica method is used to compute the logarithmic negativity in

Lifshitz theories, and, for the discrete theory in one spatial dimension, we have obtained

moments of the z = 2 QLM reduced density matrix and its partial transpose in analytic

form — something that is still beyond reach for the relativistic boson (z = 1). In the

present work, we have chosen to focus on the special case of z = 2 and d = 1 or 2, but

several of our results generalise to other values of z and d and we comment on this along

the way.

As a by-product of our study we also obtain the so-called odd entanglement entropy,

or odd entropy for short, in the (2 + 1)-dimensional QLM. The main motivation for

considering the odd entropy is to have an entanglement measure that directly computes

the entanglement wedge cross section in holographic two-dimensional CFTs [40].

The paper is organised as follows. In section 2.1 we briefly review key definitions

for the QLM. In section 2 we obtain the logarithmic negativity in a (1 + 1)-dimensional

model by means of the correlator method. We then proceed in section 3 to calculate

the logarithmic negativity via a replica method using path integrals. Our results on odd

entropy are presented in section 4 and in section 5 we conclude with a discussion and

some open questions. Some technical details related to the correlator method appear in

appendix B, and details related to the replica approach are found in appendices C and D.

Appendix E completes section 4 on odd entropy, and this work.

2 Logarithmic negativity from correlation functions

2.1 The quantum Lifshitz model

The (2+1)-dimensional quantum Lifshitz model, with critical exponent z = 2 on the spatial

manifoldM, is a quantum field theory involving a compact scalar field φ ∼ φ+2πRc defined

by the Hamiltonian [24]

H =
1

2

∫

M
d2x

(
π2 + g2(4φ)2

)
, (2.1)

where π = −iδ/δφ is the momentum conjugate to the field, 4 is the Laplacian on M, and

g is a free parameter of the model. The ground state can be expressed in terms of a path

– 4 –
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A2A1

| |

BB B

A1 A2

| |

B B

A1 A2

| |

B

A1

A2

Figure 1. Entanglement between two intervals A1 and A2 embedded in the ground state of a

(larger) system formed by the union of A1, A2 and the complement B. Left: open system with

Dirichlet boundary conditions at both ends. Right: Periodic system.

integral of a two-dimensional Euclidean theory [24],

|Ψ0〉 =
1√
ZM

∫
Dφ e− 1

2
S[φ]|φ〉, S[φ] = g

∫

M
d2x (∇φ)2, (2.2)

with the partition function given by ZM :=
∫
Dφ e−S[φ]. We denote the corresponding

density matrix by

ρ := |Ψ0〉〈Ψ0| =
1

ZM

∫
DφDφ′ e− 1

2
(S[φ]+S[φ′])|φ〉〈φ′|. (2.3)

A 1 + 1-dimensional quantum Lifshitz model with z = 2 can be defined in analogous

fashion, with the Laplacian replaced by ∂2
x and the integration measure by dx. We will

take the scalar field to be non-compact in the 1 + 1-dimensional case.

Generalisations to higher spatial dimensions d and even integer critical exponents z

are possible, with some restrictions [26, 34]. For instance, when the spatial manifold is a

d-sphere the even critical exponent z is required to satisfy z ≤ d in order to guarantee a

well-defined GJMS-operator [34, 41]. Generalizations to higher odd integer values of z are

less understood and will not be considered here. Since the physically relevant systems are

in one and two spatial dimensions, we will restrict our calculations to d = 1 and d = 2, but

point out whenever our results are valid beyond those cases.

2.2 Logarithmic negativity from correlator method

The correlator method for computing the entanglement entropy or logarithmic negativity

of Gaussian states has a long tradition [12, 36, 37, 39, 42–48]. This method has been almost

exclusively employed as a numerical one, often as a check of field theory predictions. Here,

we focus on the (1 + 1)-dimensional free Lifshitz scalar field with dynamical exponent

z = 2 in its ground state. We obtain simple closed form results for the Rényi entropies and

logarithmic negativity for the discrete theory on a one-dimensional lattice, which are then

easily translated to the continuum.

– 5 –
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Discrete theory and boundary conditions. The Hamiltonian of a non-compact free

massless scalar field φ with dynamical exponent z = 2 in 1 + 1 dimensions is given by

H =
1

2

∫

M
dx
(
π2 + φ∂4

x φ
)
, (2.4)

where M is the one-dimensional line with open or periodic boundary condition. Without

loss of generality, we have set to unity the constant g appearing in front of the spatial

derivatives. Discretising the theory on a lattice with L sites, the above Hamiltonian is

replaced by

H =
1

2

(
πTπ + φTKφ

)
, (2.5)

where φT = (φ1, φ2, · · · , φL), πT = (π1, π2, · · · , πL), and the matrix K is a discrete version

of the spatial biharmonic operator 42 ≡ ∂4
x. Static solutions of the Hamiltonians (2.4)

and (2.5) satisfy

42φ = 0 , and Kφ = 0 , (2.6)

respectively, with some specified boundary conditions at the boundary ∂M of the

space/lattice. The biharmonic equation requires additional boundary conditions compared

to the standard Laplace equation. In the continuum theory a natural “Dirichlet” boundary

condition is given by

φ|
∂M = 0 , and 4φ|

∂M = 0 . (2.7)

A lattice version of this Dirichlet condition can be implemented as follows. First, introduce

degrees of freedom on fictitious lattice sites at the boundaries, φ−1, φ0, φL+1, φL+2 and

impose the lattice biharmonic equation of motion,

φi−2 − 4φi−1 + 6φi − 4φi+1 + φi+2 = 0 , (2.8)

for i = 1, . . . L, where we have set the lattice spacing ε to unity for simplicity. The fictitious

fields appear in the equations for φ1, φ2, φL−1 and φL but they can be eliminated by

imposing a discrete version of the Dirichlet conditions φ|
∂M = 0 and 4φ|

∂M = 0, given by

φ0 = 0 , and − φ−1 + 2φ0 − φ1 = 0 , (2.9)

at i = 0, and similarly at i = L + 1. With these boundary conditions, the matrix K is

indeed simply the square of the discrete Laplacian matrix with standard Dirichlet boundary

conditions. Alternatively, one can impose periodic boundary conditions on the lattice. The

resulting K is the square of the usual discrete Laplacian matrix with periodic boundary

conditions. Note, however, that the matrix K has a vanishing eigenvalue for a periodic

chain and is non-invertible unless a mass term is added to the Hamiltonian (2.5).

Correlation functions, reduced density matrix and partial transpose. Vacuum

two-point functions are given by

Xij ≡ 〈φiφj〉 =
1

2
(K−1/2)ij , and Pij ≡ 〈πiπj〉 =

1

2
(K1/2)ij . (2.10)

– 6 –
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The reduced density matrix ρA can easily be related [37] to the correlation matrices X and

P restricted to the subsystem A (denoted hereafter XA and PA). In particular, from the

eigenvalues {νi}i=1,··· ,` of CA =
√
XAPA for a region A of size `, the trace of the nth power

of the reduced density matrix ρA reads

TrρnA =
∏̀

i=1

[(
νi +

1

2

)n
−
(
νi −

1

2

)n]−1

, (2.11)

from which one easily obtains the Rényi entropies

S
(n)
A =

1

1− n log TrρnA . (2.12)

Now consider a tripartite system with A = A1 ∪ A2. The partial transposition with

respect to, e.g., A2, for a bosonic Gaussian state, corresponds to time reversal applied only

on the momenta corresponding to the subsystem A2 [36]. The partially transposed reduced

density matrix ρT2
A thus remains a Gaussian matrix. We introduce the matrices

P T2
A = T2 · PA · T2 , (2.13)

T2 = 1`1 ⊕ (−1`2) , (2.14)

where `1, `2 are the lengths of the intervals A1, A2, respectively, such that ` = `1 + `2.

The trace of the nth power of ρT2
A can then be computed from the eigenvalues {λi}i=1,··· ,`

of CT2
A ≡

√
XAP

T2
A as

Tr
(
ρT2
A

)n
=
∏̀

i=1

[(
λi +

1

2

)n
−
(
λi −

1

2

)n]−1

, (2.15)

from which the trace norm follows straightforwardly

||ρT2
A || =

∏̀

i=1

[∣∣∣λi +
1

2

∣∣∣−
∣∣∣λi −

1

2

∣∣∣
]−1

=
∏̀

i=1

max

(
1,

1

2λi

)
. (2.16)

Finally, the logarithmic negativity is given by

E =
∑̀

i=1

log

[
max

(
1,

1

2λi

)]
. (2.17)

Notice that only the eigenvalues that satisfy λi < 1/2 contribute to the logarithmic nega-

tivity.

2.3 Rényi entropies

We start by computing Rényi entropies for a single interval in a bipartite pure state. This

allows us to carry out a simple consistency check of our calculations in the discrete model by

evaluating the logarithmic negativity for the same interval and confirming that it reduces

to the Rényi entropy of order n = 1/2, as it should for a pure state.
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Open system. For a finite chain of L lattice sites with Dirichlet boundary conditions at

both ends, the vacuum two-point functions (2.10) take a simple form,

Xij =
1

2(L+ 1)




i(L− j + 1) , i ≤ j
j(L− i+ 1) , i > j

(2.18)

Pij = δij −
1

2
(δi,j−1 + δi−1,j) . (2.19)

Taking an interval A1 = [1, `] adjacent to one of the boundaries (A2 = Ā1, see figure 1

top-left panel), one finds that the matrix CA1 is triangular with spectrum

Spectrum(CA1) =

{
1

2

√
(`+ 1)(L− `+ 1)

L+ 1
,

1

2
, · · · , 1

2

}
. (2.20)

Quite remarkably, only one eigenvalue, ν ≡ ν1, contributes to the entropy. Plugging ν

in (2.12) yields exact expressions for the Rényi entropies.

We can access the continuum regime of the theory by reintroducing the lattice spacing

ε into the notation via L→ L/ε and `→ `/ε, and taking the limit ε→ 0. The continuum

Rényi entropies read

S
(n)
A1

=
1

2
log

(
`(L− `)
εL

)
+

1

n− 1
log
(
21−nn

)
. (2.21)

The leading term in (2.21) is independent of the Rényi index n as expected [27], and agrees

with the results of [38, 49] where the Renyi entropies were obtained by mapping the ground

state of the z = 2 boson to that of a path integral for a quantum mechanical particle. The

finite part is non universal and depends on how one regulates the theory in the UV.

Periodic system. For periodic boundary conditions, the K matrix of a finite biharmonic

chain is a circulant matrix. It is non-invertible due to a zero eigenvalue but the zero mode

can be lifted by adding a mass term, 1
2m

4φ2, to the Hamiltonian (2.4) resulting in

K = circ(6 +m4,−4, 1, 0, · · · , 0, 1,−4) . (2.22)

The mass m has dimensions of inverse length and is measured in units of the inverse lattice

spacing ε−1, which has been set to one as before.

We are interested in the critical regime, that is m → 0 and mL � 1, for which the

eigenvalues of CA1 constructed from the circulant matrix K on a single interval A1 of size

` reduce to

Spectrum(CA1) =

{
1√

2m2L
,

1

2

√
(`+ 1)(L− `+ 1)

2L
,

1

2
, · · · , 1

2

}
. (2.23)

If we reinstate the lattice spacing ε and take the continuum limit as before, we obtain the

following expression for the single interval Rényi entropies,

S
(n)
A1

=
1

2
log

(
`(L− `)
εL

)
− 1

2
log (εm2L) +

2

n− 1
log
(
21−nn

)
+ · · · , (2.24)

where the ellipsis denotes terms vanishing in the limits mL� 1, ε→ 0.
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2.4 Logarithmic negativity

Let us now turn to the logarithmic negativity. We have to compute the eigenvalues of the

matrix CT2
A , defined above (2.15), for a bipartite (sub)system A = A1 ∪ A2 of the z = 2

chain. We first consider the pure state case, for which A is the whole system, then we move

on to the configuration of two disjoint intervals A1 and A2, and finally we let A1 and A2

be adjacent.

2.4.1 Pure states

When ρA is pure, A2 is the complement of A1, and `1 = L− `2, see figure 1 top-left panel.

In that case, for the open chain, there is only one eigenvalue of CT2
A that satisfies λi < 1/2,

that is

λ2 = 2ν
(
ν −

√
ν2 − 1/4

)
− 1/4 , (2.25)

where ν is the single eigenvalue of CA1 in (2.20), with ` ≡ `1, that is distinct from 1/2.

After some algebra, one obtains that the logarithmic negativity of this bipartite pure state

is, as expected, the Rényi entropy of order 1/2, i.e. E(ρA1∪A2) = S
(1/2)
A1

.

Similarly, for the periodic chain in the critical regime, only two eigenvalues of CT2
A

contribute to the logarithmic negativity, i.e.

λ2
1 =

m2L

32
, λ2

2 = 2ν
(
ν −

√
ν2 − 1/4

)
− 1/4 , (2.26)

where ν is the second eigenvalue of CA1 in (2.23), with ` ≡ `1. One can then check that

for the periodic case as well, the logarithmic negativity reduces to the (1/2)-Rényi entropy

of A1.

2.4.2 Two disjoint intervals

Now let A be a subsystem of the z = 2 open chain of length L and further divide A into

two subsystems, A = A1 ∪A2 with A1 and A2 disjoint, as for example depicted in figure 1

middle-left panel. First, take A1 and A2 to be of the same size `1 = `2 = ` and each

adjacent to one of the boundaries of the total system. The distance between A1 and A2 is

then d = L− 2` > 0. We find in that case,

Spectrum(CT2
A ) =

{√
`+ 1

2
,

1

2

√
(`+ 1)(L− 2`+ 1)

L+ 1
,

1

2
, · · · , 1

2

}
. (2.27)

A quick inspection of the spectrum (2.27) of CT2
A reveals that not a single eigenvalue is

smaller than 1/2. We thus conclude that the logarithmic negativity vanishes, E = 0, for this

configuration of two disjoint intervals. This result may seem surprising. It is, however, a

consequence of the separability of the reduced density matrix. To arrive at that conclusion,

we rely on the following statement proven in [50]: A bipartite non-compact Gaussian state

that is invariant under partial transposition of one of the two subsystems is separable. It

is easy to see that for two disjoint regions in the z = 2 chain, the corresponding reduced

density matrix is indeed invariant under partial transposition, cf. appendix A, and thus

separable. It follows that the logarithmic negativity is zero.
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A vanishing logarithmic negativity on disjoint intervals was observed previously in a

closely related (1+1)-dimensional system with Lifshitz scaling in [38]. These authors study

the ground state of the Motzkin Hamiltonian subject to the constraint φ ≥ 0, which renders

the density matrix non-Gaussian. However, for two intervals far away from the boundaries

of the system, the constraint becomes unimportant and the model reduces to the z = 2

free boson studied in the present paper. In contrast to [38], our result applies regardless

of whether the two disjoint regions are located near or far away from the boundaries of

the system, and also on a circle of finite length. We will see below that the same result is

found in the (2+1)-dimensional quantum Lifshitz model and extends to higher-dimensional

models with Lifshitz scaling as well.

In a slightly more general case, where A1 and A2 are symmetric with respect to the

center of the chain, but not necessarily adjacent to the boundaries and separated by a

distance d > 0, the eigenvalues of CT2
A distinct from 1/2 are the (positive) solutions of the

following two equations:

32λ4 − 8(L− `− d+ 2)λ2 + (`+ 1)(L− 2`− d+ 2) = 0 , (2.28)

32(L+ 1)λ4 − 8(L+ 2− d2 + (`+ d)(L− 2`+ 1))λ2

+(`+ 1)(d+ 1)(L− 2`− d+ 2) = 0 . (2.29)

As before, the UV cutoff can be restored by making the changes L → L/ε, ` → `/ε and

d→ d/ε. For both L and ` arbitrary, the two solutions of the first equation above are always

larger or equal to 1/2, while for the second equation one finds that its solutions may be

smaller than 1/2, but only provided d < ε. However, since the UV cutoff ε is arbitrarily

small in the continuum regime, neither of the eigenvalues can actually be smaller than 1/2,

thus implying, again that E = 0. More generally, we find that the logarithmic negativity

vanishes for arbitrary configurations of two disjoint intervals. This may also easily be

verified numerically. The same conclusion carries through to the periodic chain.

In [39], it was observed based on numerical computations that for high values of the

dynamical exponent z, there exist a critical distance between two disjoint intervals below

which the logarithmic negativity is non-vanishing. We believe this to be a lattice effect. In

our analytic calculation above, we found that in the continuum regime and upon restoring

the UV cutoff ε, the critical distance is actually proportional to ε. We saw this explicitly

for z = 2, but it is also true for z > 2 where the critical distance can be shown to be

dc = (z/2)ε. Later on we will see, using path integrals and the replica method, that the

logarithmic negativity vanishes for two disjoint systems for any even positive integer z.

2.4.3 Two adjacent intervals

Open system. Now consider two intervals of same length ` joined at the center of the

full system (assuming L even), as shown in the bottom-left panel of figure 1. In this case,

the only eigenvalue of CT2
A satisfying λ < 1/2 reads

λ2 =
(2`+ 1)(L− 2`+ 2) + 2

16(L+ 1)


1−

√
1− 8(L+ 1)(L− 2`+ 2)

((2`+ 1)(L− 2`+ 2) + 2)2


 . (2.30)
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In the continuum regime, with all lengths measured in units of the UV cutoff ε from now

on, we have λ−1 =
√

8`, from which follows the logarithmic negativity

E =
1

2
log(2`) . (2.31)

Notice that for ` = L/2, the negativity (2.31) reduces to the (1/2)-Rényi entropy (2.21).

Indeed, in that case ρA is pure.

In the most general case, that is for two adjacent intervals of arbitrary lengths and

relative position in the total system, there are at most four eigenvalues of CT2
A distinct

from 1/2. These four eigenvalues are the roots of a certain quartic equation presented in

appendix B. What is important here is that only one eigenvalue, call it λ, among these

four roots is smaller than 1/2, and we find in the continuum regime that

λ =

√
`1 + `2
16`1`2

. (2.32)

The logarithmic negativity of two adjacent intervals in a finite system with Dirichlet bound-

ary conditions is thus given in general by

E =
1

2
log

(
`1`2
`1 + `2

)
+ const , (2.33)

where const = log 2 in our setup here, but is not a universal quantity and depends on the

regularisation scheme. For `1 = `2 = ` we recover (2.31).

Periodic system. Let us now consider a finite system of length L with periodic boundary

conditions, and two adjacent intervals of lengths `1 and `2 such that `1 + `2 ≤ L, as in the

right-hand panel of figure 1. As discussed above, the discrete theory has a divergence due

to a zero mode that we circumvent by introducing a non-zero mass. Working in the limit of

very small mass, one might expect a term logarithmic in the mass parameter to appear in

the negativity, as is indeed the case for pure states with `1 + `2 = L where the logarithmic

negativity equals the (1/2)-Rényi entropy given by (2.24). It turns out, however, for a

mixed state such that `1 + `2 < L, no divergent term appears in the logarithmic negativity.

In the simplest case where `1 = `2 = ` < L/2, the spectrum of CT2
A in the continuum limit

is found to be

Spectrum(CT2
A ) =

{√
1

8`
,

√
`

6
,

√
`(L− 2`)

8L
,

√
3

2m2L
,

1

2
, · · · , 1

2

}
. (2.34)

In the critical regime, where mL � 1, the only eigenvalue that contributes to the log-

arithmic negativity is λ1 =
√

1/(8`) and we get E = (1/2) log(2`), the same as for the

open chain with Dirichlet boundary conditions. Note that this result is only reliable for

a mixed state where the strict inequality ` < L/2 holds. Indeed, for ` = L/2, the third

eigenvalue in the expression (2.34) for the spectrum vanishes, indicating that the regulator

mass needs to be retained and in this case the logarithmic mass dependence of the pure

state result (2.24) is recovered.
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In the general case, with arbitrary `1 +`2 < L, the spectrum of CT2
A in the critical limit

is given in appendix B. The spectrum contains only one eigenvalue smaller than 1/2, which

in the continuum regime reads λ2 = (`1 + `2)/(16`1`2), and we find the same logarithmic

negativity as for the open system.

2.4.4 A hint at a general formula

Let us first emphasise that, for the z = 2 free boson, we find the expression

E =
1

2
log

(
`1`2
`1 + `2

)
+ const (2.35)

for the continuum logarithmic negativity of two adjacent intervals in a finite or infinite

system, with or without (Dirichlet) boundaries. This is in contrast to the z = 1 relativistic

free scalar field for which the logarithmic negativity of two adjacent intervals depends in

general on the size of the total system as, e.g. for periodic boundary conditions

E(z=1) =
1

4
log

(
L

π

sin
(
π`1
L

)
sin
(
π`2
L

)

sin
(π(`1+`2)

L

)
)

+ const , (2.36)

and only for an infinite system L→∞ one obtains

E(z=1) =
1

4
log

(
`1`2
`1 + `2

)
+ const . (2.37)

Since a picture is worth a thousand words, we plot in figure 2 the logarithmic negativities

of two adjacent intervals of same length ` in a periodic chain of length L for a z = 2 and

a z = 1 scalar. One can appreciate the difference in behaviour between the two theories,

particularly close to ` ' L/2 where E(z=2) ∝ logL while E(z=1) ∝ log
(
L2/(L− 2`)

)
.

Fradkin and Moore [27] taught us that the bipartite Rényi entropies for ground states

of non-compact scalar fields with critical dynamical exponent z = 2 can be simply expressed

in terms of partition functions of a free Euclidean CFT in one dimension lower, namely

S
(n)
A = − log

(
ZAZB
ZA∪B

)
, (2.38)

and is actually independent of the Rényi index n. ZA and ZB are the CFT partition

functions on regions A and B, respectively, with Dirichlet boundary conditions on the en-

tangling cut. ZA∪B is the partition function on the entire space, with specified boundary

conditions, for example Dirichlet, at the boundary ∂M. Returning to the logarithmic neg-

ativity for mixed states of two adjacent intervals, we have found that the negativity (2.35)

does not depend on the size of the total system. Furthermore, we know that for a pure

state it reduces to the Rényi entropy of order n = 1/2, which for the z = 2 scalar is given

by (2.38) independently of n. We are thus led to conjecture the following general formula

for the logarithmic negativity of the z = 2 non-compact free scalar field:

E = − log

(
ZA1ZA2

ZA1∪A2

)
, (2.39)
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Figure 2. Logarithmic negativities of two adjacent intervals of same length ` in the periodic chain

of length L = 200 and mass m = 10−5 for the relativistic (z = 1) and Lifshitz (z = 2) bosons. To

allow an easy comparison between the two theories, the logarithmic negativities are normalised in

such a way that for ` � L they behave as Ẽ ' log `. The data are perfectly consistent with the

(normalised) continuum expressions (2.35) and (2.36), shown as solid lines.

where ZAi is the partition function of the Euclidean CFT in one dimension lower on Ai
with Dirichlet boundary conditions on the entangling cut(s), and ZA1∪A2 is the partition

function on A1∪A2 with similar boundary conditions. Clearly, when A2 is the complement

of A1, formula (2.39) reduces to the entropy (2.38). When A1 and A2 are disjoint, these

regions do not talk to each other because of the Dirichlet boundary conditions, thus one

has ZA1∪A2 = ZA1ZA2 , hence E = 0. Finally, if A1 and A2 are adjacent, using heat kernel

techniques one can easily compute in 1d (omitting non-universal parts): − logZA1,2 =

(1/2) log `1,2 and − logZA1∪A2 = (1/2) log(`1 + `2), such that we recover (2.35).

In the following section, we show that (2.39) is indeed correct in the (2+1)-dimensional

quantum Lifshitz model. It also holds for non-compact (d+1)-dimensional Lifshitz theories

with even exponent z on flat space and up to some subtleties on curved manifolds as well.

We derive (2.39) and its generalisation to compact fields using path integrals and the

replica trick.

3 Logarithmic negativity from a replica approach

In this section, we apply replica techniques to evaluate the logarithmic negativity in the

(2+1)-dimensional QLM. The calculation is closely patterned on [27, 32, 33], where a

replica method was developed to calculate the entanglement entropy in the QLM. As its

name suggests, this method introduces independent copies of the original theory — the

replicas — and a surgery procedure to join them together. The crucial step is to identify

the correct set of boundary conditions to be imposed at the entangling cuts on the replica

fields. We will adapt the technique to evaluate the logarithmic negativity in quantum
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Lifshitz theories on different spatial manifolds by means of an expression of the form (1.3),

for mixed state density matrices constructed from the ground state by partially tracing

over a subsystem.

3.1 Pure states

We begin, as in section 2.4, by considering the logarithmic negativity of pure states, which

should reduce to the Rényi entropy of order 1/2. In this case, the spatial manifold M is

divided into two submanifolds A1 and A2, with boundary Γ between them, and we assume

the Hilbert space on the full manifold factorises as H = HA1 ⊗ HA2 . We then introduce

a replica index i = 1, . . . , ne for the density matrices and rewrite (2.3) on the bipartite

manifold as

ρi =
1

ZA1∪A2

∫
DφA1

i Dφ′A1
i DφA2

i Dφ′A2
i e−

1
2

(S[φ
A1
i ]+S[φ

′A1
i ]+S[φ

A2
i ]+S[φ

′A2
i ])

× |φA1
i 〉 ⊗ |φA2

i 〉〈φ′A1
i | ⊗ 〈φ′A2

i | . (3.1)

Note that since the replicated fields are all dummy fields we have ρi ≡ ρ. We stress that

in the replica method we always work with the action of a free conformal compactified

bosonic field for z = 2, that is the action S appearing in the above density matrix is given

by the expression (2.2). This means that for z = 2 it is enough to impose Dirichlet boundary

conditions on the fields to have a self-adjoint Laplacian operator. The partial transposition

over, e.g., A2, then amounts to exchanging the primed and unprimed A2-fields in (3.1):

ρT2
i =

1

ZA1∪A2

∫
DφA1

i Dφ′A1
i DφA2

i Dφ′A2
i e−

1
2

(S[φ
A1
i ]+S[φ

′A1
i ]+S[φ

A2
i ]+S[φ

′A2
i ])

× |φA1
i 〉 ⊗ |φ′A2

i 〉〈φ′A1
i | ⊗ 〈φA2

i | . (3.2)

We can now compute the trace of the ne-th power of the partial transpose density matrix,

Tr
(
ρT2
)ne ≡ Tr

(
ρT2

1 · · · ρT2
ne

)
. For i = 1, . . . , ne − 1, each adjacent matrix product ρT2

i ρ
T2
i+1

leads to two δ-functions coming from 〈φ′A1
i |φA1

i+1〉 and 〈φA2
i |φ′A2

i+1〉. The final total trace of

the product of density matrices adds another two δ-functions 〈φ′A1
n |φA1

1 〉 and 〈φA2
n |φ′A2

1 〉.
Resolving all the δ-functions leads to the gluing conditions

φ′A1
i = φA1

i+1

φA2
i = φ′A2

i+1



 i = 1, . . . , ne , (3.3)

with φne+1 ≡ φ1. Furthermore, the continuity conditions among the fields at the entangling

cut read

φA1
i |Γ = φA2

i |Γ , φ′A1
i |Γ = φ′A2

i |Γ, (3.4)

as can be seen in figure 3. A closer look at these conditions reveals that all even and all

odd fields must agree separately at the entangling cut Γ, leaving us with ne independent

fields with boundary conditions

φA1
2k |Γ = φA2

2l |Γ ≡ χe

φA1
2k−1|Γ = φA2

2l−1|Γ ≡ χo



 k, l = 1, . . . , ne/2, (3.5)
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A1 Γ A2

(a) Gluing conditions

A1 Γ A2

1

3

2

4

(b) Resulting independent sets of fields

Figure 3. Gluing conditions for ne = 4. Gluing results in two independent sets of boundary

conditions represented in red and blue.

where χe and χo are two independent functions of the boundary coordinates. The partial

transposition thus has the effect of creating two independent sets of ne/2 fields. Since the

boundary functions χe,o and the fields are all dummy integration variables, we can relabel

them as φAi2k , φ
Ai
2k−1 7→ φAik and χe, χo 7→ χ to get

Tr
(
ρT2
)ne =


 1

Z
ne/2
A1∪A2

∫

B

ne/2∏

k=1

DφA1
k e−S[φ

A1
k ]

∫

B

ne/2∏

k=1

DφA2
k e−S[φ

A2
k ]




2

, (3.6)

where the boundary conditions B are now given by

B : φA1
k |Γ = φA2

l |Γ = χ, k, l = 1, . . . , ne/2 . (3.7)

Upon closer inspection, one can recognise in (3.6) the expression for Tr ρ
ne/2
A1

derived in [32–

34], where ρA1 = TrA2 ρ is the reduced density matrix obtained by tracing out the degrees

of freedom in A2,2 meaning that the following equation holds

Tr
(
ρT2
)ne =

(
Trρ

ne/2
A1

)2
. (3.8)

In particular this gives limne→2 Tr
(
ρT2
)ne = 1, as it should [12]. For a compact field on a

circle of radius Rc, the fields are subject to the boundary conditions (3.7) up to the periodic

identification φ ∼ φ+ 2πRc. In [32–34] it was found that

Tr ρ
ne/2
A1

=

(
ZA1ZA2

ZA1∪A2

)ne/2−1

W (ne/2) , (3.9)

where ZAi is the partition function on Ai with Dirichlet boundary conditions at the entan-

gling cut Γ and W (n) is a sum over different classical configurations of the compactified

2Note that we could have written the expression in terms of ρA2 = TrA1 ρ, since the system is in a

pure state.
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B

B

A2

(a) Spherical geometry (b) Toroidal geometry

Figure 4. Examples of geometries where A1 and A2 are separated by B. Note that for the torus,

B consists of two disjoint components.

fields. Applying the replica formula (1.3), we obtain for the logarithmic negativity of a

pure state

E = − log

(
ZA1ZA2

ZA1∪A2

)
+ 2 logW (1/2) (3.10)

which, as expected [12], is indeed the (1/2)–Rényi entropy S
(1/2)
A1

.

It is also worth looking at the odd no sequence Tr
(
ρT2
)no . In that case, all the fields

have to be equal at the entangling cut Γ, that is

φA1
i |Γ = φA2

j |Γ = χ, i, j = 1, . . . , no . (3.11)

We thus have

Tr
(
ρT2
)no = TrρnoA1

, (3.12)

which yields the normalization

lim
no→1

Tr
(
ρT2
)no = W (1) = 1 . (3.13)

3.2 Disjoint submanifolds

We now turn to the more interesting case of entanglement between two regions of a system

in a mixed state. In this section, we illustrate the replica approach for the case of a mixed

state when A1 and A2 are disjoint and separated by B, as illustrated in figure 4.

The mixed state we consider is obtained by tracing over the degrees of freedom on

B, with the full system in its ground state, and is thus described by the reduced density

matrix ρA ≡ ρA1∪A2 . In order to calculate the logarithmic negativity, we then transpose

the density matrix over A2 resulting in ρT2
A . The trace on B leads to conditions of the form

φBi = φ′Bi , (3.14)

that is the primed and unprimed copies of the fields are sewed within the same replica of

the density matrix. The gluing conditions that result for the fields on A1 and A2 are the

same as before, that is (3.3), so they connect the density matrices cyclically. The continuity

conditions at the entangling cut between Aa and B (indicated as Γa) require that

φAai |Γa = φBi |Γa , φ′Aai |Γa = φ′Bi |Γa ,
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Figure 5. Gluing conditions around the boundaries between B and the two components of A for

ne = 4. The resulting boundary conditions, depicted on the right, are the same for A1 and A2.

for all i = 1, . . . , ne and a = 1, 2. Putting everything together, all replica fields must agree

at the boundary between B and any of the Aa’s, as depicted in figure 5. In particular,

this means that the geometry is not sensitive to the partial transposition, and we obtain

the identity

Tr
(
ρT2
A

)ne = TrρneA . (3.15)

The latter quantity appears in the calculation of the tripartite entanglement entropy [33]

and is given by

Tr(ρA)ne =

(
ZA1ZA2ZB
ZA∪B

)ne−1

W (ne). (3.16)

For disjoint subsystems the partial transposition is not sensitive to the parity of n, i.e.

equations (3.15) and (3.16) are also valid for odd no. It then immediately follows from the

unit normalization of the density matrix in the odd sequence at no = 1 that the winding

sector contribution is trivial, W (1) = 1. We thus find the striking result,

E = lim
ne→1

log Tr
(
ρT2
A

)ne = 0 . (3.17)

While this result differs from the expectation for a conformal field theory [12], it agrees

with the correlator method calculations in section 2.4.2. We stress that the vanishing of

the logarithmic negativity is a necessary but not sufficient condition for the separability of

the density matrix [8]. The theorem of [50] only applies to finite dimensional systems, so it

remains an open question whether the reduced density matrix constructed via the replica

method is separable for disjoint subsystems.

The expression (3.16) also holds in higher dimensions for generalised quantum Lifshitz

models with even z as discussed in [26, 34], as long as the cuts are smooth and a direct

generalisation of figure 4. The relation (3.15) is therefore still valid for smooth partitions of

the ground state of such theories, which implies that the main conclusion in (3.17) remains

correct. In the case of d = z = 2 it suffices to impose Dirichlet boundary conditions on
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(a) Spherical geometry (b) Toroidal geometry

Figure 6. Realisations of the situation when A1 and A2 are adjacent on the sphere and torus.

the fluctuations to ensure that the variational problem is well-posed and the Laplacian

self-adjoint after surgery, leading to a consistent replica calculation. For curved higher-

dimensional manifolds and higher z, further restrictions apply in order to have a well-

defined higher-derivative operator in the action S in (2.2). On a d-sphere, for instance, the

operator in question is only well-defined for even z ≤ d. For the construction of consistent

operators on tori and spheres, and details on the corresponding replica calculation see [34]

and references therein.

The fact that in Lifshitz theories with even dynamical exponent the entanglement

negativity vanishes for disjoint subsystems is surprising but it is not unheard of. Similar

behaviour was already noted in a closely related z = 2 system in [38] and in Chern-

Simons field theories in 2 + 1 dimensions the topological logarithmic negativity vanishes

for disjoint subsystems [22, 23]. In this respect, Lifshitz theories exhibit similarities to

topological theories.

3.3 Adjacent submanifolds without winding

Next, we consider the case where the submanifolds A1 and A2 are adjacent, as in figure 6.

To keep the discussion as general as possible, we assume the maximal number of non-

trivial entangling cuts Γ1, Γ2, and ΓA. The spherical case, which requires only two cuts, is

recovered by trivially identifying fields across the third cut. We take φ to be non-compact

throughout this section and postpone addressing the additional complications that arise

from the winding structure of a compact φ until section 3.4.

As in section 3.2, we perform a trace over the degrees of freedom on B at the beginning

and then compute Tr
(
ρT2
A

)ne with a transposition on A2. The partial trace on B leads to

the gluing conditions (3.14), while the product and final trace over A1, A2 leads to the

conditions (3.3). At the entangling cut between A1 and A2, denoted by ΓA, the continuity

conditions are

φA1
i |ΓA = φA2

i |ΓA , φ′A2
i |ΓA = φ′A1

i |ΓA , i = 1, . . . , ne , (3.18)

and at the cut between Aa and B, denoted Γa, they are

φAai |Γa = φBi |Γa , φ′Aai |Γa = φ′Bi |Γa , a = 1, 2 , i = 1, . . . , ne . (3.19)
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1
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3
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4

A1 ΓA A2 Γ2 B

(a) Gluing conditions

A1 ΓA A2 Γ2 B

1

3

2

4

(b) Resulting independent sets of fields

Figure 7. Realisations (ne = 4) of the situation when A1 and A2 are adjacent on the sphere

and torus.

When we combine the gluing and continuity conditions, we see that the fields must satisfy

B :

φAai |Γa = φBj |Γa = χa , a = 1, 2 , i, j = 1, . . . , ne ,

φA1
k |ΓA = φA2

` |ΓA = χoA

φA1

ne/2+k|ΓA = φA2

ne/2+`|ΓA = χeA



 k, l = 1, . . . , ne/2 ,

(3.20)

as depicted in figure 7. Notice that we have relabelled the ne independent fields in order

to have the odd fields ranging from 1 to ne/2 and the even fields from ne/2 + 1 to ne. The

functions χa, χ
o
A, χ

e
A are arbitrary and only defined at the corresponding entangling cuts,

essentially by the above conditions.

The main difference compared to the case of disjoint submanifolds now becomes ap-

parent: We have two independent sets of ne/2 boundary conditions at the entangling cut

between A1 and A2, while at the other cuts Γ1 and Γ2 we still have a single set of ne con-

ditions. This means that, contrary to the disjoint case, the adjacent geometry is sensitive

to the partial transposition.

Using the boundary conditions B given in (3.20), we can now directly write

Tr
(
ρT2
A

)ne =
1

ZneA∪B

∫

B

ne∏

i=1

DφA1
i e−S[φ

A1
i ]

∫

B

ne∏

i=1

DφA2
i e−S[φ

A2
i ]

∫

B

ne∏

i=1

DφBi e−S[φBi ] . (3.21)

For a pure state, the path integrals factorise in a straightforward way at this point. The

situation here is a little more complicated since the entangling cuts carry different numbers

of degrees of freedom — one at Γ1,2 and two at ΓA. However, this difficulty may be

circumvented by rotating the fields as described originally in [27, 32, 33]. Let us first define
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a unitary rotation matrix Un [33] as follows

Un =




1√
2

− 1√
2

0 . . .
1√
6

1√
6

− 2√
6

0 . . .
...

1√
n(n−1)

1√
n(n−1)

. . . . . . −
√

1− 1
n

1√
n

1√
n

. . . . . . 1√
n




. (3.22)

It is chosen such that the first n− 1 rotated fields vanish on the entanglement cuts. Two

rotations are then performed independently on the first and on the last ne/2 fields with

the help of the block diagonal matrix Ũne = Une/2⊕Une/2. In vector notation this rotation

reads φ̃ = Ũneφ and results in the boundary conditions

B̃ :

φ̃Aai |Γa = φ̃Bj |Γa =

√
ne
2
χa , a = 1, 2 , i, j = ne/2, ne

φ̃A1

ne/2
|ΓA = φ̃A2

ne/2
|ΓA =

√
ne
2
χoA ,

φ̃A1
ne |ΓA = φ̃A2

ne |ΓA =

√
ne
2
χeA ,

(3.23)

with the remaining fields vanishing at all cuts. We then perform an additional U2 rotation

on the fields φ̃ne/2, φ̃ne as to obtain

B̄ :

φ̄Aane |Γa = φ̄Bne |Γa =
√
neχa , a = 1, 2 ,

φ̄A1
ne |ΓA = φ̄A2

ne |ΓA =

√
ne
2
χ+ ,

φ̄A1

ne/2
|ΓA = φ̄A2

ne/2
|ΓA =

√
ne
2
χ− ,

(3.24)

where

χ± :=
1√
2

(χoA ± χeA)

are again arbitrary and independent functions, and the ne−2 remaining fields have Dirichlet

boundary conditions at all entangling cuts.

Each of these ne − 2 fields thus produces three Dirichlet partition functions in (3.21):

on A1, A2 and B. Further inspection of the boundary conditions (3.24) reveals that the

ne-th field is free on the whole manifold A ∪B. It is not constrained to vanish at any cut,

and the cut functions χ are arbitrary, which allows us to write3

ZA∪B = (3.25)
∫

B̄
Dφ̄A1

ne e
−S[φ̄

A1
ne ]

∫

B̄
Dφ̄A2

ne e
−S[φ̄

A2
ne ]

∫

B̄
Dφ̄Bne e−S[φ̄Bne ]

∫
[Dφ̄ne |ΓA ]e−S[φ̄ne ]

∏

a

∫
[Dφ̄ne |Γa ]e−S[φ̄ne ] ,

3There are additional non-universal factors ∝ n
−L(Γi)/2ε
e , where L(Γi) is the length of Γi and ε a UV-

cutoff, to the partition functions (3.25) and (3.26), arising from the Jacobian that results of the successive

rotations applied to the fields, see [32, 33]. They only contribute to the area law and can thus be ignored.
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where the last integrals indicate the sum over all possible values of the field at the entangling

cuts [33, 34]. The ne/2-th field is only free on A = A1 ∪ A2 (it is not subject to Dirichlet

boundary condition only at ΓA) once we sum over the degrees of freedom along the cut

ΓA, such that

ZA1∪A2ZB = (3.26)
∫

B̄
Dφ̄A1

ne/2
e
−S[φ̄

A1
ne/2

]
∫

B̄
Dφ̄A2

ne/2
e
−S[φ̄

A2
ne/2

]
∫

B̄
Dφ̄Bne/2 e

−S[φ̄B
ne/2

]
∫

[Dφ̄ne/2|ΓA ] e−S[φ̄ne/2] .

Here the partition function over B is calculated with Dirichlet boundary conditions and

the one over A with boundary conditions dictated by the geometry in question, as we will

discuss in detail below. Hence, we can finally rewrite (3.21) as

Tr
(
ρT2
A

)ne =
(ZA1ZA2ZB)ne−2ZA∪BZA1∪A2ZB

ZneA∪B
, (3.27)

where the partition functions over A1 and A2 separately are also computed assuming Dirich-

let boundary conditions. The resulting logarithmic negativity (1.3) is given by

E = − log

(
ZA1ZA2

ZA1∪A2

)
. (3.28)

As before, we expect this formal expression to be valid for (d + 1)-dimensional Lifshitz

theories with even exponent z on flat space and with some caveats on curved manifolds,

such as z ≤ d for the sphere.

Notice that in analogy to the entanglement entropy [27, 32–34], the logarithmic neg-

ativity turns out to be a difference of free energies between the two subsystems involved

and their union, confirming our expectation from section 2.4.4.

3.4 Adjacent submanifolds with winding

The basic procedure that we used in the previous section carries through to compact fields,

that is fields with φ ∼ φ+2πRc. However, as a consequence of the compact nature of φ, the

boundary conditions (3.20) need only be satisfied modulo 2πRc. The periodic identification

is taken into account in the standard way [51, 52], by writing each replicated field as a sum

of a classical field and a fluctuation, φ = φcl +ϕ. The classical field obeys the equations of

motion and takes the value of the total field at the entangling cuts, including any winding

contribution, while the fluctuation satisfies Dirichlet boundary conditions at all the cuts.

This definition ensures that the action factorises as S[φ] = S[φcl]+S[ϕ], and we can rewrite

our path integrals as

∫
Dφi e−S[φi] =

∫
Dϕi e−S[ϕi]

∑

φcl
i

e−S[φcl
i ] (3.29)

for each field i = 1, · · · , ne. The classical fields satisfy the boundary conditions

φcl
i |Γa = χa + 2πRc ω

a
i , ωai ∈ Z , (3.30)
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instead of (3.20), where a = 1, 2, A labels the cut Γa. The field φcl
i is defined on the

complete manifold. It is found by solving the equations of motion on each submanifold

and stitching the resulting fields together across the cuts, subject to the above boundary

conditions. Furthermore, depending on the global symmetries of the geometry, some of the

winding modes ωai may be redundant. This means that one needs to specify a geometry

from the start, carefully identify the non-redundant winding modes, and only sum over

these when performing the path integral manipulations of the last section. In the end, this

procedure leads to a logarithmic negativity of the form

E = − log

(
ZA1ZA2

ZA1∪A2

)
+ logWE(1) , (3.31)

where WE(n) is the contribution from the winding sector encoding the topological infor-

mation that resides in the classical fields. We note that WE is heavily dependent on the

geometry as is illustrated below via explicit examples.

3.4.1 Spherical geometry

Let us consider the spherical configuration on the left in figure 6. There are only two cuts,

ΓA and Γ2, but the previous formulae carry over if we simply ignore the trivial cut Γ1. A

priori, we have 2ne winding numbers ωai : one for each replica (labeled by i = 1, . . . , ne)

at each cut (labeled by a = {2, A}). We also have three arbitrary functions, χ2 defined

along Γ2 and χe, χo along ΓA, which can be redefined so as to absorb one winding mode

each. In what follows, we choose to eliminate the ne-th mode at the cut Γ2, and the

ne/2-th and ne-th modes at ΓA. In addition, the sphere admits a global shift symmetry,

S[φ] = S[φ + const.], which we can use to get rid of all the remaining winding modes at

Γ2. Since the global shift affects all cuts uniformly, the winding numbers at ΓA get shifted

to ωAi − ω2
i , but we can, without loss of generality, relabel them as ωAi to avoid cluttering

the notation. We thus end up with only ne − 2 of the original 2ne winding modes. The

boundary conditions for the classical fields turn into

B :

φcl
i |Γ2 = χ2 , i = 1, . . . , ne ,

φcl
k |ΓA = χoA + 2πRcω

A
k ,

φcl
ne/2+k|ΓA = χeA + 2πRcω

A
ne/2+k ,



 k = 1, . . . , ne/2− 1 ,

φcl
ne/2
|ΓA = χoA ,

φcl
ne |ΓA = χeA ,

(3.32)

while the fluctuations have Dirichlet boundary conditions at all cuts,

ϕi|Γa = 0 , i = 1, · · · , ne .

We proceed exactly as in section 3.3 and perform first a rotation Ũne of all the fields,

followed by an additional U2 rotation of the ne/2-th and ne-th fields. We obtain boundary

conditions analogous to (3.24), except that now there is also a winding sector contribution
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at ΓA,

B̄ :

φ̄cl
ne |Γ2 =

√
neχ2 ,

φ̄cl
j |ΓA = 2πRc(Une/2)jkω

A
k ,

φ̄cl
ne/2+j |ΓA = 2πRc(Une/2)jkω

A
ne/2+k ,



 j, k = 1, . . . , ne/2− 1 ,

φ̄cl
ne |ΓA =

√
ne
2
χ+ +

2πRc√
ne

ne/2−1∑

i=1

(
ωAi + ωAi+ne/2

)
,

φ̄cl
ne/2
|ΓA =

√
ne
2
χ− +

2πRc√
ne

ne/2−1∑

i=1

(
ωAi − ωAi+ne/2

)
,

(3.33)

where χ± = 1√
2
(χoA ± χeA) and with the first ne − 1 classical modes vanishing at Γ2.

Just as in the non-compact case (see equations (3.25) and (3.26)) we can then use the

ne-th mode to reconstruct a full partition function on the sphere, while the ne/2-th serves

to reconstruct a partition function on A = A1 ∪ A2 with Dirichlet boundary conditions

at the boundary Γ2. The remaining ne − 2 fluctuating fields lead to Dirichlet partition

functions on each submanifold, A1, A2 and B, and the classical modes yield pure winding

sums. We thus arrive at the expression

Tr
(
ρT2
A

)ne =
√
ne

(ZA1ZA2ZB)ne−2ZA∪BZA1∪A2ZB
ZneA∪B

WE(ne) , (3.34)

with the winding sector given by

WE(n) =
∑

ωA∈Zne−2

e−
∑
i 6=ne/2,ne S[φ̄cl

i ] . (3.35)

WE is constructed in terms of the ne − 2 classical fields satisfying the conditions (3.33),

which can be summarised as follows:

φ̄cl
i |Γ2 = 0 , i = 1, . . . , ne − 1 with i 6= ne/2 ,

φ̄cl
j |ΓA = 2πRc(Mne/2−1)jkω

A
k ,

φ̄cl
ne/2+j |ΓA = 2πRc(Mne/2−1)jkω

A
ne/2+k ,



 j, k = 1, . . . , ne/2− 1 , (3.36)

where we have introduced a matrix Mm−1 obtained by deleting the m-th row and column

of Um in (3.22), as was done in [33]. The factor
√
ne in (3.34) is essentially due to the global

shift symmetry forcing all the classical fields at the entangling cut Γ2 to be the same [33, 34].

Consequently, the ne-th classical field gets its compactification radius amplified by
√
ne,

which in turn needs to be compensated for in the partition function. The factor of
√
ne

does not contribute to the logarithmic negativity but is crucial for getting the correct

entanglement entropy on hemispheres and tori [33, 34].

Thanks to the factorisation of the boundary conditions (3.36), the winding sector

contribution (3.35) can be expressed as

WE(ne) =


 ∑

ωA∈Zne/2−1

e−
∑ne/2−1
j=1 S[φ̄cl

j ]




2

= W (ne/2)2 , (3.37)
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where each set of ne/2-fields produces the winding sector W (ne/2) appearing in the entan-

glement entropy calculated in [33].

Classical solutions satisfying the boundary conditions (3.36) can be obtained via a con-

formal transformation which projects spherical caps to annuli [33]. With the annulus radial

coordinate η given by η = tan(θ/2), where θ is the polar angle in spherical coordinates,

the classical solution reads

φcl(η) =
φcl
|ΓA

log ηA
η2

log
η

η2
, (3.38)

where ηA(2) = tan(θA(2)/2) correspond to the positions of the entangling cuts ΓA(2) on the

sphere.4 The analytic continuation of W (n) obtained in [33] is given by

W (n) =
√
nc−

n−1
2

∫ ∞

−∞

dk√
π
e−k

2


∑

ω∈Z
exp

(
−π
c
ω2 − 2i

√
π

c
kω

)

n−1

, (3.39)

where the constant c takes the value

c =
8π2R2

cg

log(η2/ηA)
.

Hence, from (3.34) and (3.37) we obtain for the logarithmic negativity

E = − log

(
ZA1ZA2

ZA1∪A2

)
+ 2 logW (1/2) . (3.40)

The partition functions in (3.40) can be computed via functional determinants and regu-

larised by means of zeta-function techniques. For the regularised functional determinants

we use the results of [33, 53, 54], reported in appendix C.1 below, where A1 and A1 ∪ A2

are spherical caps with Dirichlet conditions at the boundary, and A2 is the “belt” re-

gion between two spherical caps (A1 and B) with Dirichlet conditions at both boundaries.

This yields

− log

(
ZA1ZA2

ZA1∪A2

)
=

1

2
log log

η2

ηA
− 1

2
log π +

1

2

∑

m>0

log

(
1−

(ηA
η2

)2m
)2

, (3.41)

while for the winding sector we have

2 logW (1/2) = (3.42)

log
√

2π2gRc −
1

2
log log

η2

ηA
+ 2 log

∫ ∞

−∞

dk√
π
e−k

2


∑

ω∈Z
exp

(
−π
c
ω2 − 2i

√
π

c
kω

)

−1/2

.

4Only classical fields with support in the region A2 (see figure 6) are non-zero, and thus contribute to

the winding sector [33].
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Putting everything together, our explicit analytic expression for the logarithmic negativity

is given by

E = log
√

2πgRc +
1

2

∑

m>0

log

(
1−

(ηA
η2

)2m
)2

+ 2 log

∫ ∞

−∞

dk√
π
e−k

2


∑

ω∈Z
exp

(
−π
c
ω2 − 2i

√
π

c
kω

)

−1/2

. (3.43)

Let us consider the pure state regime, where B → ∅. This corresponds to the limit η2 � ηA,

that is c� 1, and we obtain

E = log
√

2πgRc − 2

(
ηA
η2

) 1

4πgR2
c −

(
ηA
η2

)2

+ . . . , (3.44)

since

2 logW (1/2) = log
√

2π2gRc −
1

2
log log

η2

ηA
− 2

(
ηA
η2

) 1

4πgR2
c

+ · · · . (3.45)

We expect to recover the 1/2-th Rényi entropy in that case, as discussed in section 3.1.

Indeed, from [33, 34] one has for pure states

S
(1/2)
A1

= log
√

2πgRc ,

which is in agreement with (3.44). We note, however, a curious difference in the dependence

on the compactification radius between the Rényi entropy and the logarithmic negativity.

On the one hand, in the pure state, the dependence of the Rényi entropy and entanglement

entropy on the compactification radius Rc is due to a zero mode of the partition function

on the sphere [33, 34]. On the other hand, the partition functions in (3.40) and (3.41) have

no zero modes and therefore the same dependence in the logarithmic negativity E must

arise from the winding sector.

3.4.2 Toroidal geometry

The toroidal geometry is shown in the right image of figure 6. We consider the torus to

have area L1 × L2 and to be cut along the L1 direction. We denote the lengths of A1,

A2, and B by `1, `2, and `B respectively. As before we partially trace over B first, and

then we partially transpose over A2. The first step is to understand how the boundary

conditions (3.20) are modified by the presence of the winding modes. Each replicated field is

split in classical and fluctuating fields, where the latter obey Dirichlet boundary conditions

at the cuts. Hence, the only remaining task is understanding the boundary conditions

obeyed by the classical fields φcl. In a torus the minimal choice we can do requires three

cuts and thus a priori 3ne winding numbers. From the discussion in section 3.3 we know

that there are four cut functions: χ1 (χ2) for the cut Γ1 (Γ2) between A1 (A2) and B, and

χe/o defined at the entangling cut ΓA between A1 and A2. As in the spherical case, we

redefine the χ functions at Γ1, Γ2 and ΓA to absorb the ne-th winding mode of each of the

cuts, as well as the ne/2-th winding mode in ΓA. The torus admits a global shift symmetry
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φi → φi + const., which we use it to get rid of all the ne − 1 winding modes at the cut

Γ2 (the choice between Γ1 and Γ2 is completely equivalent). Relabelling the difference of

winding modes, we end up with the following boundary conditions

φcl
i |Γ2 = χ2 , i = 1, . . . , ne , (3.46a)

φcl
i |Γ1 =




χ1 + 2πRcω

1
i , i = 1, . . . , ne − 1 ,

χ1 , i = ne ,
(3.46b)

φcl
i |ΓA =





χo + 2πRcω
o
i , i = 1, . . . , ne/2− 1 ,

χo i = ne/2 ,

χe + 2πRcω
e
i , i = 1, . . . , ne/2− 1 ,

χe , i = ne/2 ,

(3.46c)

with ωai ∈ Z. From the above conditions, it is clear that we have 2ne − 3 independent

modes, which are not symmetrically distributed among the cuts: the two cuts Γ1,ΓA carry

a different number of degrees of freedom, and thus of winding modes, which ultimately

gives rise to a rather involved expression for the winding sector. As done previously, we

rotate the classical fields with a Ũne rotation that acts separately on the first and second

sets of ne/2 fields, see equation (3.23), and obtain

φ̃cl
i |Γ2 =





√
ne
2 χ2 i=ne/2 ,ne ,

0 , i= 1, . . . ,ne−1, with i 6=ne/2 ,
(3.47a)

φ̃cl
i |Γ1 =





2πRc(Mne/2−1)ijω
1
j−2πRc

√
1− 2

ne
δi,ne/2−1ω

1
ne/2

, i, j= 1, . . . ,ne/2−1 ,
√

ne
2 χ1+ 2πRc√

ne/2

∑ne/2
k=1 ω

1
k , i=ne/2 ,

(3.47b)

φ̃cl
i+ne/2

|Γ1 =





2πRc(Mne/2−1)ijω
1
j+ne/2

, i, j= 1, . . . ,ne/2−1 ,
√

ne
2 χ1+

∑ne/2−1
k=1 ω1

k+ne/2
i=ne ,

φ̃cl
i |ΓA =





2πRc(Mne/2−1)ijω
o
j i, j= 1, . . . ,ne/2−1 ,

√
ne
2 χo+ 2πRc√

ne/2

∑ne/2−1
k=1 ωok , i=ne/2 ,

(3.47c)

φ̃cl
i+ne/2

|ΓA =





2πRc(Mne/2−1)ijω
e
j i, j= 1, . . . ,ne/2−1 ,

√
ne
2 χe+

2πRc√
ne/2

∑ne/2−1
k=1 ωek , i=ne/2 .

The “unusual” first line in (3.47b) is simply due to the explicit form of the matrix Une/2.

The winding mode ω1
ne/2

is responsible for the coupling between the various frequencies, as
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will become clear later. In order to simplify the notation, we define the following vectors

µ1 := (ω1
1, . . . , ω

1
ne/2−1), υ1 := (ω1

ne/2+1, . . . , ω
1
ne−1),

µA := (ωo1, . . . , ω
o
ne/2−1), υA := (ωene/2+1, . . . , ω

e
ne−1), (3.48)

γ := ω1
ne/2

, I := (1, . . . , 1) ∈ Zne/2−1 .

Performing the last U2 rotation on the fields labelled by ne and ne/2, we obtain

φ̄cl
i |Γ2 =





0 , i= 1, . . . ,ne−1 ,
√
neχ2 , i=ne ,

(3.49a)

φ̄cl
i |Γ1 =





2πRc(Mne/2−1)ijµ
1
j−2πRc

√
1− 2

ne
δi,ne/2−1γ , i, j= 1, . . . ,ne/2−1 ,

2πRc√
ne

(
I ·µ1−I ·υ1+γ

)
, i=ne/2 ,

(3.49b)

φ̄cl
i+ne/2

|Γ1 =





2πRc(Mne/2−1)ijυ
1
j , i, j= 1, . . . ,ne/2−1 ,

√
neχ1+ 2πRc√

ne
I ·υ1 , i=ne ,

φ̄cl
i |ΓA =





2πRc(Mne/2−1)ijµ
A
j , i, j= 1, . . . ,ne/2−1 ,

√
ne
2 χ−+ 2πRc√

ne

(
I ·µA−I ·υA

)
, i=ne/2 ,

(3.49c)

φ̄cl
i+ne/2

|ΓA =





2πRc(Mne/2−1)ijυ
A
j , i, j= 1, . . . ,ne/2−1 ,

√
ne
2 χ++ 2πRc√

ne

(
I ·µA+I ·υA

)
, i=ne ,

where I · x :=
∑ne/2−1

i=1 xi is the scalar product of x ∈ Zne/2−1 and I. Thus, the ne-th field

can be used to reconstruct the partition function over the whole manifold, while the ne/2-

th contributes to the partition function over the cylinder A = A1 ∪ A2. Hence, including

the contributions from the fluctuating fields, our final expression is

Tr
(
ρ
TA2
A

)ne =
√
ne

(ZA1ZA2)ne−2ZA1∪A2Z
ne−1
B

Zne−1
A∪B

WE(ne) , (3.50)

where

WE(ne) =
∑

µ∈Zne−2

υ∈Zne−2

γ∈Z

e−
∑ne−1
k=1 S[φ̄cl

i ] , µ := (µ1, µA) , υ := (υ1, υA) , (3.51)

and the classical fields satisfy the boundary conditions (3.49). Notice that in (3.51) the

classical field φ̄cl
ne/2

only sees two torus cuts, along Γ1 and Γ2. As for the spherical geometry,

the factor
√
ne appears in (3.50) due to the different compactification radius for the ne-th

field. The logarithmic negativity (1.3) is then formally given by

E = − log

(
ZA1ZA2

ZA1∪A2

)
+ logWE(1) . (3.52)
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The contribution from the fluctuating fields is straightforward to compute using the

results reported in appendix C.25 and amounts to

− log

(
ZA1ZA2

ZA1∪A2

)
=

1

2
log

(
det ∆A1 det ∆A2

det ∆A

)
,

=
1

2
log

(
2u1u2

u12
|τ |
)

+ log

( |η(2u1τ)η(2u2τ)|
|η(2u12τ)|

)
, (3.53)

where we used the aspect ratios

u1 =
`1
L1

, u2 =
`2
L1

, u12 = u1 + u2 , (3.54)

for the submanifolds A1 and A2, respectively. Notice that u1 + u2 6= 1, since there is still

the contribution from the B sector to the total lenght. This is even more pronounced in

the winding function WE . Following appendix D, the expressions for WE reads

WE(ne) (3.55)

=
∑

Z2ne−3

exp



−

g(2πRc)
2

|τ |

[
µT Tµ+ υT T υ +

(
1− 2

n

)
1− u2

u1(1− u12)

(
γ − I · µ1

)2

+
1

nu12(1− u12)

(
γ − I · υ1

)2
− 4

nu1

(
γ − I · µ1

)( 1− u2

u1(1− u12)
I · µ1 − I · µA

)]
 ,

where T is defined in (D.6). Collecting all the modes in a (2ne − 3)-vector, Ω = (µ, υ, γ),

we can rewrite the above expression (3.55) as follows

WE(ne) =
∑

Ω∈Z2ne−3

exp

(
−g(2πRc)

2

|τ | ΩT T Ω

)
, (3.56)

where T is reported in appendix D, equation (D.10). The matrix T is symmetric and

positive definite, hence the sum (3.56) is convergent. Unfortunately, we were not able to

find an analytic continuation of the winding sector (3.56), which means that we are not

able to compute logWE(1) in (3.52).

4 Odd entropy

The odd entropy So introduced in [40] for a mixed state described by a density matrix ρA
is defined as

S(no)
o (ρA) =

1

1− no

(
Tr
(
ρT2
A

)no − 1
)
, So(ρA) = lim

no→1
S(no)
o (ρA) , (4.1)

where no is an odd positive integer, and where, as before, we denote the union of A1 and

A2 by A and indicate the partial transposition over A2 by T2 . For pure states, the odd

entropy reduces to the entanglement entropy [40], as per (3.12).

5Again, the functional determinants in the above expressions are regularised and calculated by means

of zeta-function techniques.
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In this section we compute So by means of the replica approach. We stress that,

as for the logarithmic negativity, our calculation only gives us the universal terms. The

computations are similar to those illustrated before, and mainly differ from them in the

boundary conditions at the entangling cut between A1 and A2, as we explain below. First,

we consider a spherical manifold in section 4.1, and then we analyse the case of a toroidal

manifold, see section 4.2. On both geometries, we find the following formal expression for

the odd entropy

So = − log

(
ZA1ZA2ZB
ZA∪B

)
− 1

2
−W ′OE(1) , (4.2)

where WOE is the contribution from the corresponding winding sector.

4.1 Spherical geometry

Let us consider a spherical geometry. In the next section we discuss a geometrical configu-

ration where the submanifolds A1 and A2 are disjoint, see figure 4, and in section 4.1.2 we

treat the case of adjacent submanifolds as in figure 6.

4.1.1 Disjoint submanifolds

In the case of disjoints submanifolds and for an odd number of replicas, it is not difficult to

realise that the gluing conditions force all the fields to agree at both entangling cuts. The

situation is similar to the one depicted in figure 5. Using the same notation as in figure 5,

we now have the following boundary conditions

Γ1 : φA1
i |Γ1 = φBj |Γ1 = χ1 , i, j = 1, . . . , no , (4.3)

Γ2 : φA2
i |Γ2 = φBj |Γ2 = χ2 , i, j = 1, . . . , no .

Separating the classical contributions from the fluctuating fields, and using the global shift

symmetry to eliminate the frequency modes from the entangling cut Γ2, we can write

Γ1 : φcl
i |Γ1 = χ1 + 2πRcωi , i = 1, . . . , no − 1 ,

φcl
no |Γ1 = χ1 , (4.4)

Γ2 : φcl
i |Γ2 = χ2 , i = 1, . . . , no .

At this point we can perform the usual rotation Uno and obtain

Γ1 : φ̃cl
i |Γ1 = 2πRc(Mno−1)ijωj , i, j = 1, . . . , no − 1 ,

φ̃cl
no |Γ1 =

√
noχ1 +

2πRc√
no

no−1∑

i=1

ωi , (4.5)

Γ2 : φ̃cl
i |Γ2 = 0 , i = 1, . . . , no − 1 ,

φ̃cl
no |Γ2 =

√
no χ2 .

The cassical field φ̃cl
no together with the fluctuating field ϕno can be used to reconstruct

the whole partition function over the sphere. Notice that we do not need to perform any

further rotation. The no − 1 classical fields φ̃cl
i contribute to the winding sector WOE(no)
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as before. The fluctuating fields obey Dirichlet conditions at the entangling cuts and give

rise to the corresponding partition functions over the submanifolds. Hence, we can write

Tr
(
ρT2
A

)no =
√
no

(
ZA1ZA2ZB
ZA∪B

)no−1

WOE(no) . (4.6)

In particular, the expression for the winding sector WOE(no) is nothing but the function

W (no) given by (3.39), where c now reads

c =
8π2gR2

c

log (η2/η1)
.

As in section 3.4.1, η is the radial coordinate defined as η = tan θ/2, and the radii η1(2)

correspond to the polar angles θ1(2) where we place the cuts Γ1(2). The odd entropy (4.1)

is then given by

So = − log

(
ZA1ZA2ZB
ZA∪B

)
− 1

2
−W ′(1)

=
1

2
log

det ∆A1 det ∆A2 det ∆B

det ∆sphere
+ log

√
4πgARc −

1

2
−W ′(1) , (4.7)

which is nothing but the von Neumann entropy for two spherical caps A1, A2 computed

in [33]. The term log
√

4πgARc is the contribution from the zero mode in the partition func-

tion on the sphere with area A [33, 34]. The contribution from the regularised functional

determinants (cf. appendix C.1) is

1

2
log

det ∆A1 det ∆A2 det ∆B

det ∆sphere
+ log

√
4πgARc

=
1

2
log

(det ∆hemisphere)
2

det ∆sphere
+

1

2
log


 1

π
log

η2

η1

∏

m>0

(
1−

(
η1

η2

)2m
)2

+ log

√
4πgARc

= log
√

8πgRc +
1

2
log


 1

π
log

η2

η1

∏

m>0

(
1−

(
η1

η2

)2m
)2

 , (4.8)

where we used that A = 4π for the unit sphere and the result (C.2). The contribution

from the winding sector is [33]

−W ′(1) = −1

2
+

1

2
log c−

∫ ∞

−∞

dk√
π
e−k

2
log


∑

ω∈Z
exp

(
−π
c
ω2 − 2i

√
π

c
kω

)
 . (4.9)

Finally, combining the two contributions, the odd entropy is given by

So = 2

(
log
√

8πgRc −
1

2

)
+ log

∏

m>0

(
1−

(
η1

η2

)2m
)2

−
∫ ∞

−∞

dk√
π
e−k

2
log


∑

ω∈Z
exp

(
−π
c
ω2 − 2i

√
π

c
kω

)
 . (4.10)
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Summarising, for disjoint submanifolds, here represented by two spherical caps A1, A2, the

odd entropy is identical to the entanglement entropy of A1 ∪A2. For mixed states, one of

the features of odd entropy is that it reduces to the corresponding von Neumann entropy

if ρA is a product state [40]. We remind the reader that for disjoint submanifolds the

logarithmic negativity vanishes, see sections 3.2 and 2.4.2. However, this is not a sufficient

condition for a system to be unentangled. Hence, the results for the odd entropy and the

logarithmic negativity are consistent.

4.1.2 Adjacent submanifolds

Let us now consider the case in which A1 and A2 are adjacent as in figure 6. Using figure 7

as a guiding example, but taking an odd number of replicas, we can easily convince ourselves

that all the fields have to agree at the entangling cuts, indicated here as ΓA,Γ2. We can

then repeat the discussion of the previous section almost identically, with the replacement

Γ1 → ΓA. It is thus clear that the odd entropy is given by (4.7), where now the parameter

c in the function W is given by

c =
8π2R2

cg

log (η2/ηA)
,

where ηA = tan θA/2 is the radial coordinate corresponding to the cut ΓA.6 Hence, the

explicit expression of the odd entropy reads

So = 2

(
log
√

8πgRc −
1

2

)
+ log

∏

m>0

(
1−

(
ηA
η2

)2m
)2

−
∫ ∞

−∞

dk√
π
e−k

2
log


∑

ω∈Z
exp

(
−π
c
ω2 − 2i

√
π

c
kω

)
 . (4.11)

In the case of adjacent submanifolds, we can examine the pure state limit, as we have

done for the logarithmic negativity. There are, however, some caveats. Looking at the

expression (4.2), the divergences which we can expect are given by the interfaces between A1

and A2, and between A2 and B [55], see also discussion in [33]. In the pure state limit, the

odd entropy is expected to reduce to the von Neumann entropy of the corresponding pure

state, which has a divergence controlled by the characteristic size of the entangling surface

ΓA between A1 and A2. Since we are only computing the universal terms, expression (4.2)

also develops a divergent contribution related to the entangling surface Γ2 between A2

and B in the pure state limit. This means that in our approach only a “regulated” odd

entropy, given by the difference of the odd entropy and an entanglement measure carrying

a divergence at the entangling surface Γ2, will correctly reduce to the entanglement entropy

in the pure state limit. We choose the entanglement entropy SEE(ρA) of the region A as

regulator, since it carries the divergence that we want to subtract. In this case, SEE(ρA) is

the entanglement entropy of a spherical cap given by the union of A1, A2, that is [33, 34]

SEE(ρA) =
1

2
log

(
det ∆A det ∆B

detA∪B

)
+ log

(√
4πgARc

)
− 1

2
= log

(√
8πgRc

)
− 1

2
. (4.12)

6Notice that now the odd entropy is formally identical to the von Neumann entropy for the two spherical

caps A1 and B.
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Hence, in the pure state limit, when η2 � ηA, that is when c� 1, we have

∆So ≡ So − SEE(ρA) ≈ log
√

8πgRc −
1

2
− 2

(
ηA
η2

) 1

4πgR2
c −

(
ηA
η2

)2

+ . . . , (4.13)

which correctly reproduces the pure state entanglement entropy result [33]. We have

checked that using SEE(ρA) as a regulator also provides a correct pure state limit in the

case of cylindrical manifolds (in the non-compact case). There, the term removed by the

entanglement entropy is actually divergent and ∆So correctly reduces to the finite universal

term of the entanglement entropy for a pure state, cf. appendix E.

4.2 Toroidal geometry

Next, we consider the toroidal geometry depicted in figure 6. Let us proceed as in sec-

tion 3.4.2 in order to understand the boundary conditions at each entangling cuts. When

the replica index n = no is odd, the boundary conditions at the cut ΓA between A1 and A2

require all fields to be equal,7 while the conditions at the cuts Γ1 and Γ2 remain unchanged.

After separating each of the fields into a fluctuation ϕi satisfying Dirichlet boundary con-

ditions at the cuts and a classical part φcl
i , the boundary conditions for the classical fields

at the entangling cuts read

φcl
i |Γa = χa + 2π Rc ω

a
i + φ0

i − φ0
no , i = 1, . . . , no − 1 , (4.14)

φcl
no |Γa = χa ,

for a = 1, 2, A, where φ0
i − φ0

n are the zero modes. Note that we used our freedom to

redefine the arbitrary cut functions χa to get rid of the no-th winding numbers and zero

mode at all cuts, and relabelled ωai − ωano to ωai without loss of generality. We can choose

φ0
i − φ0

no such that it removes the winding modes at the entangling cut Γ2, the choice of

Γ2 here is completely equivalent to any other, since all the entangling cuts carry the same

number of degrees of freedom. With this choice we obtain

φcl
i |Γa = χa + 2π Rc

(
ωai − ω2

i

)
, a = 1, A , i = 1, . . . , no − 1 ,

φcl
no |Γa = χa , a = 1, A , (4.15)

φcl
i |Γ2 = χ2 , i = 1, . . . , no .

We can then perform a Uno rotation, cf. (3.22), which gives us

φ̃cl
i |Γa = 2π Rc (Mno−1)ij ω

a
i , a = 1, A , i = 1, . . . , no − 1 ,

φ̃cl
no |Γa =

√
noχa +

2π Rc√
no

no−1∑

k=1

ωai , a = 1, A , (4.16)

φ̃cl
i |Γ2 = 0 , i = 1, . . . , no − 1 ,

φ̃cl
no |Γ2 =

√
no χ2 ,

7We remind the reader that for an even integer ne the boundary conditions at ΓA split the fields into

two independent sets, cf. section 3.4.2.
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where we, again, relabelled ωai −ω2
i into ωai without loss of generality. Notice that we have

in total 2no− 2 independent winding modes ωai , which we can collect in a Z2no−2 vector as

ω := (ω1, ωA). As usual, the no-th field can be used to reconstruct the partition function

on the entire torus ZA∪B, and we obtain

Tr
(
ρT2
A

)no =
√
no

(
ZA1ZA2ZB
ZA∪B

)no−1

WOE(no) , (4.17)

where WOE(no) is again the contribution from the 2no − 2 classical modes, now satisfying

the boundary conditions (4.16), that is

WOE(no) =
∑

φcl
i

e−
∑
i S[φcl

i ] . (4.18)

Hence, the formal expression for the odd entropy (4.1) which follows from (4.17) is

So = − log

(
ZA1ZA2ZB
ZA∪B

)
− 1

2
−W ′OE(1) . (4.19)

The contribution from the fluctuating fields can be read straightforwardly from the

results reported in appendix C.2, and we obtain

− log

(
ZA1ZA2ZB
ZA∪B

)
=

1

2
log

det ∆cyl,A1 det ∆cyl,A2 det ∆cyl,B

det ∆torus
+

1

2
log 4πgR2

cA

=
1

2
log
(

8u1u2(1− u12)|τ |2
)

+ log
η(2u1τ)η(2u2τ)η(2(1− u12)τ)

η2(τ)

+
1

2
log 4πgR2

c , (4.20)

since A = L1L2, and where the Dedekind η-function is defined in (C.4). The aspect ratios

where defined in (3.54).

The explicit expression for the winding sector is calculated in appendix D.2, see equa-

tions (D.16) and (D.22), and reads

WOE(no) = no

( |τ |
4πgR2

c

)(no−1) (
u1u2(1− u12)

)(no−1)/2
Θ(~0 |U) , (4.21)

where Θ(~0 |U) is a multi-dimensional theta function and U a positive definite matrix.

Unfortunately, we have not found an analytic continuation to real no for the winding

sector (4.21), hence we cannot compute the derivative of WOE at no = 1.

5 Discussion

In this paper, we computed the logarithmic negativity for the quantum Lifshitz model — a

prototype of non-relativistic field theories described by a free massless compact scalar with

Lifshitz exponent z = 2 — in one and two spatial dimensions. To this end, we employed

two different techniques: the correlator method for the (1 + 1)-dimensional QLM, where

we assumed the scalar to be non-compact, and a replica method in 2 + 1 dimensions.

– 33 –

177



Paper II

J
H
E
P
0
9
(
2
0
2
0
)
0
1
1

In both cases, we first examined the QLM in its ground state and confirmed that the

logarithmic negativity of a pure state reduces to the Rényi entropy with index 1/2, as

generically expected in QFT [12]. We then investigated the QLM in a bipartite mixed

state (A1, A2) obtained by tracing out the degrees of freedom of some subsystem (referred

to as B throughout the paper) of the tripartite ground state. In particular, we studied

the two cases where the subsystems A1 and A2 are either disjoint or adjacent. Both

methods lead to the same general result: the logarithmic negativity vanishes for disjoint

partitions regardless of the manifold, while it is given by a difference of free energies for

adjacent subsystems.

A common feature we observed is the feasibility of analytic computations. As already

mentioned, in one spatial dimension, the moments of the reduced density matrix and its

partial transpose are obtained analytically, something that is not yet possible in (1 + 1)-

dimensional CFT. Moreover, in the (2 + 1)-dimensional case, the computation of the

logarithmic negativity simply reduces to a computation of partition functions for a free

scalar relativistic theory, albeit on a non-trivial geometry. This is very different from

what happens in CFTs, see e.g. [11, 12], and the feasibility of calculations in the QLM, in

comparison with the conformal paradigm, is somehow surprising.

Another unexpected result is the fact that for disjoint submanifolds the QLM has

a vanishing logarithmic negativity, similar to a topological theory, while for contiguous

submanifolds the “CFT character” of the QLM dominates. We should stress here that the

expression for the logarithmic negativity (2.35) in the (1+1)-dimensional QLM is suggestive

of a relativistic field theory but on an infinite system (see discussion in section 2.4.4) and

with an effective central charge given by ceff = zcCFT = 2, as proposed in [39].

To be more specific, the calculations in the real time formalism are carried out for a

non-compact scalar on open and periodic chains. In the Euclidean formalism, the scalar

is periodically identified (with the exception of section 3.3 which we use as a “warm-

up exercise”) and we take the spatial manifold to be either a 2-sphere or a 2-torus. For

adjacent submanifolds on the sphere, we are able to analytically continue the winding sector

contribution WE , but regrettably, we have not found a corresponding analytic continuation

for WE on the torus. The crucial difference between the two geometries, rendering one

case completely solvable and the other not, is that only one entangling cut is “visible”

to the winding sector on the sphere, while there are two “visible” cuts on the torus, see

sections 3.4.1 and 3.4.2.

We also computed the odd entropy for the QLM on a 2-sphere and a 2-torus by means

of the replica method. For the spherical case, regardless of whether the submanifolds are

adjacent or disjoint, we always find a non-trivial result. Furthermore, the expressions for

the odd entropy coincide with that of the entanglement entropy for two spherical caps,

originally computed in [33]. This confirms the expectation that the odd entropy encodes

both classical and quantum fluctuations [40]. For a toroidal manifold, we were not able to

analytically continue the expression for the winding sector contribution to the odd entropy.

Interestingly, we notice that for non-compact fields the following relation holds:

So(ρA)− SEE(ρA) = E(ρA) , (5.1)
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where the odd entropy is given by keeping only the first term in (4.2), the entanglement

entropy is formally given by (2.38) with A = A1 ∪ A2, and the logarithmic negativity can

be found in (3.28). For holographic CFTs, the quantity So − SEE is conjectured [40] to be

equal to the entanglement wedge cross-section (EWCS) in AdS spacetime, while it has been

proposed8 in [59, 60] that the logarithmic negativity E should to be dual to a backreacted

EWCS. In particular, for simple subsystem configurations in 2d holographic CFTs, the

backreacted EWCS picks up a factor of 3/2 compared to that computed in pure AdS3. We

thus observe through (5.1) a clear difference between Lifshitz and conformal field theories.

Let us also point out that (5.1) breaks down for compact fields — the relation being spoiled

by the winding sector.

To our knowledge, our findings represent the first analytical results for the logarithmic

negativity and the odd entropy in 2 + 1 dimensions. Numerical studies for the logarithmic

negativity in 3d CFTs were conducted in [44, 45]. This is one of the main remarkable

properties of the QLM (and its higher-dimensional generalisations): it is a solvable theory

for which one can perform controlled calculations in closed form, thus allowing us to extend

analytical techniques beyond the 2d conformal framework, and also providing a benchmark

for numerical investigations.

A substantial part of this work was focused on spherical and toroidal manifolds in

2 + 1 dimensions. It would be interesting to consider other geometries, such as disks, and

more general partitions. However, increasing the number of entangling cuts considerably

increases the difficulty in performing analytic continuations. Indeed, the analytic contin-

uation ne → 1 of the winding mode contributions remains an open problem (the same

difficulties are present in 2d CFTs, see [11, 12]). The calculation of other entanglement

measures for mixed states of relativistic and non-relativistic systems remains a relevant

and challenging open problem.
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A Invariance of the reduced density matrix under partial transposition

for two disjoint intervals

In this appendix, we show that the reduced density matrix for two disjoint intervals in the

z = 2 open chain is invariant under partial transposition. In the position representation,

the ground state wave function reads

Ψ0(φ) ∝ exp
(
− 1

2
φTWφ

)
, (A.1)

and the associated density matrix is

ρ(φ, φ′) ∝ exp
(
− 1

2
(φTWφ+ φ′TWφ′)

)
, (A.2)

where φT = (φ1, φ2, · · · ), and W ≡ K1/2 with the matrix K being a discrete version of the

spatial biharmonic operator 42 ≡ ∂4
x, see section 2.1.

For simplicity, we consider A = A1 ∪ A2 to be a subsystem of the z = 2 open chain

with A1 and A2 disjoint (of lengths `1 and `2, respectively) and each adjacent to one

of the boundaries of the total system, although our reasoning carries through to general

disjoint configurations. The reduced density matrix corresponding to A is obtained by

integrating over the degrees of freedom in B. To perform the integration explicitly, we

express φ = (φTA1
, φTB, φ

T
A2

)T in terms of oscillators belonging to each subsystems, and

break W down into submatrices

W =



WA1 V T

1 VA
V1 WB V2

V T
A V T

2 WA2


 . (A.3)

It is then straightforward to obtain the reduced density matrix for the subsystem A as

ρA(φA, φ
′
A) ∝ exp

(
− 1

2
φ
T
AW φA

)
, (A.4)

where φA = (φTA1
, φTA2

, φ
′T
A1
, φ
′T
A2

)T and

W =




WA1 VA V11 V12

V
T
A WA2 V

T
12 V22

V11 V12 WA1 VA

V
T
12 V22 V

T
A WA2



,

WAa = WAa + Vaa ,

Vab = −1

4
V T
a W

−1
B Vb , a, b = {1, 2} ,

VA = VA + V12 .

(A.5)

Invariance under partial transposition of the reduced density matrix, that is ρTaA = ρA, is

equivalent to the condition VA = 0`1×`2 . We have checked9 that this condition always holds

for two disjoint intervals in the critical z = 2 open chain, thus implying the invariance of

ρA under partial transposition.

9The matrix W is nothing else than (twice) the two-point function given explicitly in (2.19), where one

can readily check that VA is a zero matrix.
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B Spectrum of CT2
A for two adjacent intervals

Open system. For two adjacent intervals of arbitrary lengths and relative position in

the total system (say, A1 is at a distance dl from the left boundary), there are at most four

eigenvalues of CT2
A distinct from 1/2. They are the (positive) roots of the quartic equation

aλ8 + bλ6 + cλ4 + dλ2 + e = 0 where

a = 256(L+ 1) , (B.1)

b = −64
(
(L− 2dl)(5`1 + `2 + 6dl + 4)− (`1 + `2)2 − 4(`21 − 1) + 2dl(3dl + 4)

)
, (B.2)

c = 16
(
6− 7`21 − 2`1(1 + 2`1)`2 − (3 + 4`1)`22 − 5d2

l (1 + `1 + `2) ,

+ L(6 + 7`1 + 3`2 + 4`1`2)− dl(9`1 + `2 + 5(`1 + `2)2 − 5L(1 + `1 + `2))
)
, (B.3)

d = 4
(
3`21 − 4 + 2`1(1 + 2`1)`2 + (3 + 4`1)`22 + 2d2

l (2 + `1 + `2 + 2`1`2) ,

− 2dl(L− `1 − `2)(2 + `1 + `2 + 2`1`2)− L(4 + 3`1 + 3`2 + 4`1`2)
)
, (B.4)

e = (dl + 1)(`1 + `2 + 1)(L− `1 − `2 − dl + 1) . (B.5)

These roots are real and positive. Among them, only one is smaller than 1/2. It is given by

λ2 = − b

4a
− S − 1

2

√
p

S
− 2q − 4S2 , (B.6)

where

p =
b3 − 4abc+ 8a2d

8a3
, q =

8ac− 3b2

8a2
, S =

√
(∆0 cos

(
φ/3

)
− ap)/(6a) , (B.7)

∆0 =
√
c2 − 3bd+ 12ae , φ = arccos

( ∆1

2∆3
0

)
, (B.8)

∆1 = 2c3 − 9bcd+ 27b2e+ 27ad2 − 72ace . (B.9)

This eigenvalue λ may also be expressed with radicals, but its form is far too cumbersome

to be displayed here. Now, considering the continuum regime, we find that λ does not

actually depend on L nor dl, i.e.

λ
cont.−→

√
`1 + `2
16`1`2

. (B.10)

This may indeed be checked numerically.

Periodic system. For the general case, with arbitrary `1 + `2 < L, the eigenvalues of

CT2
A in the critical limit (m→ 0, mL� 1) are

Spectrum(CT2
A ) =

{
λ1, λ2, λ3,

√
3

2m2L
,

1

2
, · · · , 1

2

}
, (B.11)

where λ1,2,3 are the roots of the cubic equation aλ6 − bλ4 + cλ2 − d = 0 with

a = 384L , (B.12)

b = 16
(
5(L− `1 − `2 + 1)(`1 + `2 + 1) + 8`1`2 + 4

)
, (B.13)

c = 8
(
(L− `1 − `2 + 1)(`1 + `2 + 2`1`2 + 2) + `1 + `2 + 1

)
, (B.14)

d = (L− `1 − `2 + 1)(`1 + `2 + 1) . (B.15)
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Only one eigenvalue in the spectrum of CT2
A , among λ1,2,3, is smaller than 1/2 and in the

continuum limit it reads λ2 = (`1 + `2)/(16`1`2). Thus, similarly to the open chain, λ does

not depend on the size of the total system.

C Functional determinants and reciprocal formulae

C.1 Spherical manifolds

Here we list the results for the various regularised functional determinants computed by

means of zeta-function regularisation techniques in [53, 54, 61], and relevant for the spher-

ical case discussed in section 3.4. In the following, whenever the manifold has a boundary,

Dirichlet boundary conditions are assumed.

1

2
log det ∆spherical cap =

1

2
log det ∆hemisphere −

1

3
cos θ − 1

6
log tan

θ

2
,

1

2
log det ∆between spherical caps =

1

2
log det ∆annulus +

1

3
(cos θin − cos θfin) , (C.1)

det ∆annulus =
1

π
µ1/3 log

1

µ

∏

m>0

(1− µ2m)2 , µ =
ηint

ηout
.

The angles θin, θfin are the smaller and larger angles respectively, starting from the North

pole, which delimit the spherical surface between two spherical caps. The radii ηint, ηout

are the internal and external radii respectively of the annulus. The radial coordinate η and

the polar angle θ are related by a stereographic projection, that is

η = tan
θ

2
.

Finally, the functional determinants for the Laplacian on the sphere and hemisphere are

det ∆hemisphere =
e

1
4
−2( 1

12
−log(A))

√
2π

,

det ∆sphere = e
1
2
−4( 1

12
−log(A)) , (C.2)

1

2
log

(det ∆hemisphere)
2

det ∆sphere
=

1

2
log

1

2π
,

where A is the Glaisher constant.

C.2 Toroidal manifolds

Here we report the results for the regularised functional determinants of the Laplacian

operator on a cylinder and a torus [51, 52], see also [34] and references therein for higher-

dimensional generalisations. Consider a two-dimensional torus with area L1 × L2. The

functional determinant of the Laplacian on the torus is

log det ∆torus = log
(
L2

1 η
4(τ)

)
, τ = i

L1

L2
, (C.3)
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where the Dedekind η-function is defined as follows

η(τ) := q1/24
∞∏

n=1

(1− qn) , q := e2iπτ . (C.4)

Notice that the partition function on the torus is given by

Ztorus = 2πRc

√
gA
π

det−
1
2 ∆torus , (C.5)

due to the presence of a zero mode, with A = L1L2 the area of the torus.

The functional determinant of the Laplacian operator on a cylinder of length L, that

is [0, L]× S1
L2

, with Dirichlet boundary conditions, is

log det ∆cylinder = log
(

2α|τ |η2(2ατ)
)
, α =

L

L1
, τ = i

L1

L2
. (C.6)

C.3 Reciprocal formulae

The reciprocal formula for the theta function is

∑

ω∈Z
exp

(
−π
c
ω2 − 2i

√
π

c
kω

)
=
√
c e−k

2
∑

ω∈Z
exp

(
−πcω2 + 2

√
πc kω

)
. (C.7)

The reciprocal formula for the multi-dimensional theta function [62] is

∑

~m∈Zn
exp

(
−π ~mTA ~m+ 2iπ ~m · ~z

)
= detA−

1
2

∑

~p∈Zn
exp

(
−π(~p+ ~z)TA−1(~p+ ~z)

)
. (C.8)

D Winding sector for the 2-torus

In this section we illustrate in some detail the computation of the winding sectors WE
and WOE for the torus, see equations (3.51) and (4.18). In order to construct the factor∑ne−1

k=1 S[φ̄cl
i ] appearing in WE and WOE, we need to find the classical solutions φ̄cl

i which

satisfy the corresponding boundary conditions, that is (3.49) and (4.16), respectively. Due

to our surgery procedure, the classical fields do not depend on the direction along the

cuts [33, 34], and we only have to solve the equations of motion on an interval. We remind

the reader that a generic solution to the Laplace boundary value problem on the interval

[a, b], that is

∂x∂
xf(x) = 0 , f(a) = fa , f(b) = fb , x ∈ [a, b] ,

is given by

f(x) =
fb − fa
b− a x+

fab− fba
b− a .

In the winding sectors WE and WOE, the only non-trivial term entering is ∂xf∂xf , and it

brings down the factor
(fb−fa
b−a

)2
.
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D.1 Winding sector WE

In this section, we illustrate the computation of the winding sector WE which appears

in the logarithmic negativity for a toroidal manifold (3.51). The classical fields φ̄cl
i for

i = 1, . . . , ne− 1 and i 6= ne/2 have support on the torus of area L1×L2 divided into three

parts A1, A2, and B along L1 of lengths `1, `2, and `B, respectively, as seen in the right

picture of figure 6. The classical field φ̄cl
ne/2

has support on the same torus but cut into two

cylinders A1 ∪A2 and B. Hence, we have

ne−1∑

k=1

S[φ̄cl
k ] =−g

ne−1∑

k=1
k 6=ne/2

∫
d2x∂xφ̄

cl
k ∂xφ̄

cl
k −g

∫
d2x∂xφ̄

cl
ne/2

∂xφ̄
cl
ne/2

,

=−gL2

ne−1∑

k=1
k 6=ne/2

(
1

`1

(
φ̄cl
k |ΓA−φ̄cl

k |Γ1

)2
+

1

`2

(
φ̄cl
k |ΓA−φ̄cl

k |Γ2

)2
+

1

`B

(
φ̄cl
k |Γ1−φ̄cl

k |Γ2

)2
)

−gL2

(
1

`1+`2
+

1

`B

)(
φ̄cl
ne/2
|Γ2−φ̄cl

ne/2
|Γ1

)2
. (D.1)

Using the boundary conditions (3.49) it is easy to compute the above expression. We only

need to notice that for i, j = 1 , . . . , ne/2− 1

(
(Mne/2−1)ijxj−

√
1− 2

ne
δi,ne/2−1γ

)2

=xTMT
ne/2−1Mne/2−1x−

4

ne
γ I ·x−

(
1− 2

ne

)
γ2 ,

=xT Tne/2−1x−
4

ne
γ I ·x−

(
1− 2

ne

)
γ2 , (D.2)

since MT
ne/2−1Mne/2−1 = : Tne/2−1 [33], and I = (1 . . . , 1) ∈ Zne/2−1. The matrix Tm−1

appeared already in [33, 34], and it is given by

Tm−1 := MT
m−1Mm−1 =




1− 1
m − 1

m . . . − 1
m

− 1
m 1− 1

m . . . − 1
m

...

− 1
m − 1

m . . . 1− 1
m



. (D.3)

The specific coefficients in the expression (D.2) are simply due to the explicit form of the

matrix Mne/2−1, which is obtained by deleting the ne/2-th row and column from Une/2,

given in (3.22). Hence, a straightforward computation gives the expression (D.5), where

we have collected the modes as

µ := (µ1, µA) , υ := (υ1, υA) ,

and used the aspect ratios

u1 =
`1
L1

, u2 =
`2
L1

, uB =
`B
L1

= 1− u1 − u2 ≡ 1− u12 . (D.4)
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Thus, we obtain the following expression for WE

WE(ne) (D.5)

=
∑

Z2ne−3

exp



−

g(2πRc)
2

|τ |

[
µT Tµ+υT Tυ+

(
1− 2

n

)
1−u2

u1(1−u12)

(
γ−I ·µ1

)2

+
1

nu12(1−u12)

(
γ−I ·υ1

)2
− 4

nu1

(
γ−I ·µ1

)( 1−u2

u1(1−u12)
I ·µ1−I ·µA

)]
 ,

where the 2ne − 2× 2ne − 2 matrix T is given by

T =
1

u1

[
1−u2
1−u12

Tne/2−1 −Tne/2−1

−Tne/2−1
u12
u2
Tne/2−1

]
, (D.6)

and Tne/2−1 has been defined above, see (D.3). The second term in the first line of WE (D.5)

sources a coupling between the two sets of frequencies µ1 and υ1 (corresponding to the odd

and even labelled fields originally), and it is responsible for the non-factorisation of the

winding sector in the toroidal case. Indeed, the cut Γ1 carries only one degree of freedom,

represented by the cut function χ1, and thus ne − 1 winding modes, and it does not see

the factorisation into two sets of ne/2− 1 modes which is present at the cut ΓA due to the

partial transposition. We can shift the mode γ as

γ → γ − I · µ1 , (D.7)

since we are summing over all integers, and we obtain

WE(ne) (D.8)

=
∑

Z2ne−3

exp



−

g(2πRc)
2

|τ |

[
µT Tµ+ υT T υ +

(
1− 2

n

)
1− u2

u1(1− u12)

(
γ − I · µ1

)2

+
1

nu12(1− u12)

(
γ − I · υ1

)2
− 4

nu1

(
γ − I · µ1

)( 1− u2

1− u12
I · µ1 − I · µA

)]
 .

It is useful to rewrite WE as a multi-dimensional theta function. Defining Ω ∈ Z2ne−3 as

Ω = (µ, υ, γ), (D.8) can be written as

WE(ne) =
∑

Ω∈Z2ne−3

exp

(
−g(2πRc)

2

|τ | ΩT T Ω

)
, (D.9)
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where the matrix T is given by

T =




Ane−2×ne−2 0ne−2×ne−2

− 1−u2
u1(1−u12)Ine/2−1

2
nu1

Ine/2−1

0ne−2×ne−2 Bne−2×ne−2

− 1
n(1−u12)u12

Ine/2−1

0ne/2−1

− 1−u2
u1(1−u12)I

T
ne/2−1

2
nu1

ITne/2−1
−1

n(1−u12)u12
ITne/2−1 0Tne/2−1

n−1
n(1−u12)u12

+ (n−2)u2

nu1u12




(D.10)

and the matrices A and B are defined as

Ane−2×ne−2 =

[
1−u2

u1(1−u12)Tne/2−1 + (1 + 2
n) 1−u2

u1(1−u12)Ine/2−1 − 1
u1
Tne/2−1 − 2

nu1
Ine/2−1

− 1
u1
Tne/2−1 − 2

nu1
Ine/2−1 ( 1

u1
+ 1

u2
)Tne/2−1

]
,

Bne−2×ne−2 =

[
1−u2

u1(1−u12)Tne/2−1 + 1
n(1−u12)u12

Ine/2−1 − 1
u1
Tne/2−1

− 1
u1
Tne/2−1 ( 1

u1
+ 1

u2
)Tne/2−1

]
, (D.11)

with Im an m×m matrix with all entries equal to 1, that is

Im =




1 1 . . . 1

1 1 . . . 1
...

...
. . .

...

1 1 . . . 1



. (D.12)

D.2 Winding sector WOE

Here, we report the calculation of the winding sector WOE (4.18) which appears in the

study of the odd entropy for a toroidal manifold. The classical fields φ̃cl are defined on

the whole torus L1 × L2, with entangling cuts Γ1,Γ2, and ΓA specified by the boundary

conditions (4.16). Hence, we can write

no−1∑

k=1

S[φ̃cl
k ] =−g

no−1∑

k

∫
d2x∂xφ̃

cl
k ∂xφ̃

cl
k (D.13)

=−gL2

ne−1∑

k=1

(
1

`1

(
φ̃cl
k |ΓA−φ̃cl

k |Γ1

)2
+

1

`2

(
φ̃cl
k |ΓA−φ̃cl

k |Γ2

)2
+

1

`B

(
φ̃cl
k |Γ1−φ̃cl

k |Γ2

)2
)

=−gL2(2πRc)
2

((
1

`1
+

1

`2

)
νTATno−1νA+

(
1

`1
+

1

`B

)
νT1 Tno−1ν1−

2

`1
νT1 Tno−1νA

)
,

where in the last line we used the boundary conditions (4.16). Defining the vector ν =

(ν1, νA) ∈ Z2no−2, and the 2no − 2× 2no − 2 matrix TOE as

TOE =




(
1−u2
1−u12

)
Tno−1 −Tno−1

−Tno−1

(
1 + u1

u2

)
Tno−1


 , (D.14)
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where the aspect ratios were defined in (D.4), we can rewrite (D.13) as

no−1∑

k=1

S[φ̃cl
k ] = −g (2πRc)

2

|τ |u1
νT TOE ν . (D.15)

Thus, the explicit expression for the winding sector reads

WOE(no) =
∑

φcl
i

e−
∑
i S[φcl

i ] =
∑

~ν∈Z2no−2

exp

{
−π 4π g R2

c

|τ |u1
~νT TOE ~ν

}
. (D.16)

The matrix TOE is positive definite in the physical region where the aspect ratios u1, u2, uB
are positive and constrained to satisfy u1 + u2 + uB = 1, u1,2,B < 1. This guarantees the

convergence of the series, indeed the sum in (D.16) is nothing but a multi-dimensional

theta function. We can use the reciprocal formula for the multi-dimensional θ function,

cf. (C.8), and write WOE(no) as

WOE(no) =

(
4πgR2

c
|τ |u1

)−(no−1)

detTno−1

(
u1

u2(1−u12)

)−(no−1)/2 ∑

~µ∈Z2no−2

exp

{
−π |τ |(1−u12)u2

4πgR2
c

~µT T̂−1 ~µ

}
,

(D.17)

where the inverse matrix is

T̂−1 =




(
1 + u1

u2

)
T−1
no−1 T−1

no−1

T−1
no−1

(
1−u2
1−u12

)
T−1
no−1


 . (D.18)

The determinant of Tno−1 is simply 1/no [33], hence we can write

WOE(no) =no

( |τ |
4πgR2

c

)(no−1)(
u1u2(1−u12)

)(no−1)/2
∑

~µ∈Z2no−2

exp

{
−π |τ |(1−u12)u2

4πgR2
c

~µT T̂−1 ~µ

}
.

(D.19)

The eigenvalues of T̂−1 are straightforward to compute, and we find

{no λ+ , no λ− , λ+ , . . . , λ+︸ ︷︷ ︸
no−2

, λ− , . . . , λ−︸ ︷︷ ︸
no−2

} , (D.20)

with

λ± = 1 +
u1

2u2

1− u1

1− u12
±
√

1 +
u2

1

4

(
1

1− u12
− 1

u2

)2

.

Using the multi-dimensional theta function we can write the winding sector as

WOE(no) = no

( |τ |
4πgR2

c

)(no−1) (
u1u2(1− u12)

)(no−1)/2
Θ(~0 |U) , (D.21)
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where Θ and U are given by

Θ(~0 |U) =
∑

~µ∈Z2no−2

e−π ~µ
T U ~µ , (D.22)

U =
|τ |(1− u12)u2

4πg R2
c

RT




no λ+

no λ+

λ+

. . .

λ−



R ,

and where R is a unitary matrix.

E Pure state limit for the odd entropy

In this section we illustrate another example for the pure state limit of the odd entropy.

Since we do not have an analytical continuation for the winding sector WOE of the torus,

we can only consider the pure state limit for non-compact fields. This is equivalent to

considering only the contribution from the partition functions. The partition function

for non-compact fields on the complete torus is divergent due to the zero mode, for this

reason we will place the theory on a cylinder with Dirichlet boundary conditions at its

endpoints. The contribution to the odd entropy from the fluctuations is essentially given

by the expression (4.20), which now reads

− log

(
ZA1ZA2ZB
ZA∪B

)
=

1

2
log

det ∆cyl,A1 det ∆cyl,A2 det ∆cyl,B

det ∆cyl
(E.1)

=
1

2
log
(

4u1u2(1− u12)|τ |2
)

+ log

∣∣∣∣
η(2u1τ)η(2u2τ)η(2(1− u12)τ)

η(2τ)

∣∣∣∣ ,

where in the last step we used the results (C.6) collected in appendix C.2. In the limit

uB = 1− u12 = ε→ 0, the above expression becomes

− log

(
ZA1ZA2ZB
ZA∪B

)
≈ 1

2
log
(
2|τ |u1(1−u1)

)
+log

∣∣∣∣
η(2u1τ)η(2(1−u1)τ)

η(2τ)

∣∣∣∣−
π

24ε|τ |+. . . .

(E.2)

As explained in the main body, see discussions around (4.13), we need to consider a “regu-

lated” odd entropy, where the contributions from the entangling surface at Γ2 are correctly

subtracted. Our choice is to use the entanglement entropy for the corresponding density

matrix ρA. Concretely, it means that we subtract the universal term of the entanglement

entropy of a bipartite cylinder, whose expression was initially obtained in [32, 33] (here we

only need the non-compact contribution):

SEE(ρA) =
1

2
log
(
2u(1− u)|τ |

)
+ log

∣∣∣∣
η(2uτ)η(2(1− u)τ)

η(2τ)

∣∣∣∣ , (E.3)

where here u = u1 + u2. When uB → 0 (i.e. u1 + u2 → 1), the above expression becomes

SEE(ρA) ≈ − π

24ε|τ | . (E.4)
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Hence, in the limit uB → 0, the “regulated” odd entropy is

∆So ≈
1

2
log
(
2|τ |u1(1− u1)

)
+ log

∣∣∣∣
η(2u1τ)η(2(1− u1)τ)

η(2τ)

∣∣∣∣ . (E.5)

This is the universal part of the entanglement entropy for a system on a bipartite cylinder,

as expected [40].

Open Access. This article is distributed under the terms of the Creative Commons

Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in

any medium, provided the original author(s) and source are credited.
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Entanglement Entropy of Excited States in the Quantum
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Abstract

In this work we calculate the entanglement entropy of certain excited states of the

quantum Lifshitz model. The quantum Lifshitz model is a 2 + 1-dimensional bosonic

quantum field theory with an anisotropic scaling symmetry between space and time that

belongs to the universality class of the quantum dimer model and its generalizations. The

states we consider are constructed by exciting the eigenmodes of the Laplace-Beltrami

operator on the spatial manifold of the model. We perform a replica calculation and find

that, whenever a simple assumption is satisfied, the bipartite entanglement entropy of

any such excited state can be evaluated analytically. We show that the assumption is

satisfied for all excited states on the rectangle and for almost all excited states on the

sphere and provide explicit examples in both geometries. We find that the excited state

entanglement entropy obeys an area law and is related to the entanglement entropy of

the ground state by two universal constants. We observe a logarithmic dependence on the

excitation number when all excitations are put onto the same eigenmode.
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1 Introduction

In recent years the study of entanglement has brought deep insights across numerous areas

of physics such as quantum information, condensed matter physics, holography, quantum

gravity, and quantum field theory (QFT). Amongst the many measures of entanglement the

entanglement entropy is one of the oldest and most well-studied. For bipartite systems it is

defined as follows. Let there be a quantum system on the manifold M with Hilbert space H,

and let us prepare a pure state of this system, for example the ground state, described by the

density matrix ρ. Next, cut M into the two subsystems A and B and assume that the Hilbert

space splits accordingly, that is H = HA⊗HB. The reduced density matrix on A is obtained

by tracing out the degrees of freedom on B, that is ρA = TrBρ, and the entanglement entropy

of the subsystem A in the state ρ is given by the von Neumann entropy of ρA

S[A] = −Tr(ρA log ρA). (1)

The entanglement entropy is particularly well-suited for the study of entanglement in bipar-

tite pure systems, where it effectively quantifies the amount of entanglement between the

subsystems [1, 2].

In the context of condensed matter physics and quantum field theory the entanglement

entropy has been shown to capture universal properties of critical systems, see for example

[3–6]. The perhaps most famous example is that of 1 + 1-dimensional conformal field theory

(CFT), where the entanglement entropy has a leading logarithmic divergence

S[A] =
c

3
log

(
LA
ε

)
, (2)

with LA the size of the subsystem A, c the central charge of the CFT [7–9], and ε a UV-cutoff.

Here, the coefficient of the logarithmic divergence is universal, meaning it is independent of

the regularization scheme used and constant within the universality class of the theory. One

can thus adopt the point of view that the entanglement entropy is a machinery that extracts

universal features from critical theories. However, this machinery is arduous to operate, as

entanglement entropy calculations are generally hard, and thus analytic results are scarce. It

is not surprising that most results for the entanglement entropy have arisen in the context of

CFT (and in particular in 2-dimensional CFT), where powerful methods are available, and

for simple states such as the ground state, see [3, 10, 11]. For ground state one expects the

entanglement entropy to obey an area law [12, 13]. Concretely, for a d-dimensional CFT in

its ground state one expects the entanglement entropy to have a leading UV-divergence

S[A] = cd−2
Area(∂A)

εd−2
+ · · ·+ c1 log

LA
ε

+ c0 +O(ε), (3)

where ∂A is the d − 2-dimensional boundary of A and cd−2 is a non-universal coefficient,

and LA a characteristic length associated to ∂A. In even dimensions universal information is

found in the coefficient of the logarithmic divergence term, whereas in odd dimensions, where

the logarithmic divergence is absent, it is found in the constant sub-leading correction. In the

2

196



Paper III

ground-state, the entanglement between A and its complement is thus dominated by short-

range correlations across the boundary ∂A, as opposed to (2) where the logarithm indicates

that long-range correlations dominate.

While not as widely studied, the entanglement entropy of excited states has also received

some attention over the years. A particularly interesting result is that the entanglement

entropy of a pure state picked at random from the Hilbert space will generically obey a volume

and not an area law [5, 14–16]. The area law behavior of the ground state is consequently

quite special within the Hilbert space. Notably, the dominance of extensive states implies

that highly excited states are expected to obey volume laws. Another early study of excited

states was performed in [17,18], where it was found that for free scalars on a lattice the first

excited states of the theory as well as a certain form of coherent state both still obeyed area

laws. It was, in fact, argued by [19] that low lying excitations in a wide class of theories

including many gapped Hamiltonian obey area laws with at most logarithmic corrections. It

was further argued by [20, 21] that excitations of CFTs obtained by acting with a primary

field on the vacuum continued to obey an area law, albeit with a universal correction with

respect to the ground state entanglement determined by the conformal weights of the primary

field. As this universal correction was derived from correlation functions of primary fields,

one may say that the entanglement entropy of (at least certain) low-lying excitations of a

CFT encodes information on the correlation functions of primary fields. A similar study

was performed for finite quasiparticle excitations in a certain limit of a wide class of free

theories, where it was again found that these excited states obey area laws with corrections

to the ground state entanglement related to the correlation functions of the quasiparticle

states [22, 23]. This analysis was extended by the same authors in [24, 25] to include the

treatment of another measure of entanglement, the logarithmic negativity, and they further

provided a fairly general proof in the case of a massive free boson showing that the previous

results are valid in any dimension and for any entanglement surgery. Thus for a wide range

of theories and low excited states, the excited state entanglement entropy has been observed

to take the form

SES = SGS + βES , (4)

with SES [A] and SGS [A] the entanglement entropies of the excited and ground states respec-

tively, and βES a constant depending on the excited state and derived from certain corre-

lation functions in the underlying theory. Apart from QFTs, some powerful calculations of

the excited state entanglement entropy properties of spin chains have been performed, see for

example [21, 26–28]. In particular, it has been observed that generally two types of excited

states can be found in the Hilbert space. Excited states showing the same logarithmic be-

havior typical of the ground states of critical models, see (2), and excited states that exhibit

extensive behavior.

In this paper we will perform analytic entanglement calculations for excited states of the

quantum Lifshitz model (QLM). The QLM is a 2+1-dimensional QFT with a scaling symmetry

that is anisotropic between time and space and characterized by a so-called dynamical critical

exponent z. It was introduced in [29] at z = 2, where it describes the continuum limit

of the quantum dimer model [30] and some of its interacting generalizations [31–35]. More

3

197



Paper III

importantly for our purposes, the QLM has proven to offer a very fruitful playground for

entanglement calculations, partly due to its close connections to CFT. In fact, the ground state

of the QLM can be expressed in terms of the action of a free 2-dimensional CFT and is thus

invariant under spatial conformal transformations [29]. Similarly, its equal-time correlation

functions can be expressed in terms of correlation functions in that same CFT [36]. The ground

state entanglement entropy of the QLM and its higher dimensional generalizations [36,37] have

been extensively studied [38–44]. For the standard 2 + 1-dimensional QLM at z = 2, it has

been found to be [38,39]

S[A] = c1
LA
ε

+
c

6
∆χ log

LA
ε

+ γQCP + · · · (5)

with LA the length of the boundary ∂A and c1 a non-universal constant. The coefficient

of the logarithm is universal and consists of the central charge c of the CFT whose action

describes the ground state of the QLM and of the change in Euler characteristic ∆χ due to

the surgery. Furthermore, when ∆χ = 0 the sub-leading constant term γQCP, where QCP

stands for quantum critical point, is also universal [39] and depends on the geometry and

topology of the manifolds involved [37, 40, 42–44]. The entanglement of certain mixed states

of the QLM has also been studied analytically [45].

There have been, to our best knowledge, only two works that deal with the excited state

entanglement of the QLM. In [46] the entanglement entropy of a local excitation constructed

by acting with a vertex and a time evolution operator on the ground state of the QLM

is analyzed. The excess entanglement entropy after some time t is found to be related to

correlation functions of certain operators on the full and sub-systems with Dirichlet boundary

conditions. Finally, in [47] the authors put the QLM on a compact spatial manifold, and

construct states by exciting the eigenmodes of the corresponding Laplacian. Restricting to

the case of a single excitation, they show that the trace of the n-th power of the reduced density

matrix of such a state (whose limit n → 1 by the replica approach gives the entanglement

entropy) can be expressed in terms of correlation functions on a certain n-sheeted geometry

resulting from a replica calculation. By deriving a form of Wick’s theorem on this geometry,

the authors then proceed to evaluate these correlation functions and provide expressions for

them in terms of quantities related to the Green’s functions on the full and sub-systems

which they dub entanglement propagator amplitudes (EPA’s). A numerical analysis then

provides evidence of the universality of these quantities. However, an analytic continuation

in n remains elusive in the paper, and thus the authors can only provide expressions for the

Rényi entropies and a conjecture for the entanglement entropy in the particular case when

the two submanifolds resulting from the bipartition of M are equal.

To summarize, we find that the entanglement entropy of any finitely excited state SES [A]

of the QLM is related to its ground state entanglement entropy SGS [A] by

SES [A] = αSGS [A] + β, (6)

where evidence points to the universality of the constants α and β. In the singly excited state

and for m excitations in a single mode of the halved M geometry, we further find α = 1,

4
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in agreement with the expectation (4). In all other cases we provide analytic expressions for

both constants. This implies that the entanglement of this class of finitely excited states of

the QLM obeys an area law. When all excitations are put into the same mode, we observe

a logarithmic dependence on the excitation number m. This simple dependence allows us to

consider the highly excited limit, which, contrary to standard expectation, continues to obey

an area law. This indicates that the state might be a quantum scar. Recently, there has been

a lot of interests in these type of states [48,49], as they exhibit a surprising form of ergodicity

breaking and bear some importance to the eigenstate thermalization hypothesis. In particular

such states have been observed for quantum dimer models [50,51], which belong to the same

universality class as the QLM.

The present work is closely related to [47]. In section 2 we review the basic properties of the

QLM as well as the construction of its ground and excited states à la [47] (that is excitations

that correspond to the eigenmodes of the Laplacian on the spatial manifold). In section 3

we concentrate on the special case considered in [47], where a single quantum of energy is

put into a particular mode. We show that introducing a certain condition for the classical

fields the complexity of the problem can be sufficiently reduced such that the previously

tricky analytic continuation becomes straight forward, and an explicit expression for the

entanglement entropy can be written down. We then show that our assumption is satisfied by

all modes on the sphere and rectangle and analyze the entanglement entropy corresponding to

the excitation of different modes on both geometries. In section 4, we generalize the previous

calculation to encompass any excited state by making a slightly stronger assumption than

before, and manage to find a closed expression for the entanglement entropy in terms of some

complicated tensors of correlation functions. We then show that our assumption is again

satisfied for all modes on the rectangle and for almost all modes on the sphere and provide

explicit examples when a single mode is excited a finite amount of times. In this case we

find that for a wide range of modes the entanglement entropy behaves like the logarithm

of the excitation number. In both the singly and general excited state we confirm that the

entanglement entropy can be expressed in terms of EPA’s, although we define them slightly

differently and refer to them as transformed propagators. We calculate these quantities by a

spectral approach and find them in agreement with [47], providing further evidence for their

universality.

2 The quantum Lifshitz model and its excited states

The quantum Lifshitz model (QLM) is the (2 + 1) dimensional quantum field theory defined

on the spatial manifold M by the Hamiltonian [29]

H =
1

2

∫

M
d2x

(
π2 + g2(∆φ)2

)
, (7)

where φ ∼ φ + 2πR a compactified scalar field with compactification radius R, π = −i δδφ
its conjugate momentum, ∆ the Laplace-Beltrami operator on M , and g a free parameter.

For the particular value g = 1
8π the QLM describes the correlations of the Rokhsar-Kievelson

5
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quantum dimer model on a square lattice. For simplicity, we will mostly refer to the Laplace-

Beltrami operator as the Laplacian on M . Let us analyze the ground and excited states of

this theory.

Ground state. In order to find the ground state of the theory we define the operators A(x)

and A†(x)

A(x) :=
1√
2

[
iπ(x) + g∆φ(x)

]
, A†(x) :=

1√
2

[
−iπ(x) + g∆φ(x)

]
. (8)

From the commutation relation [φ(x), π(y)] = iδ(x − y), one can see that A(x) and A†(x)

obey the commutation relation [A(x), A†(y)] = g(−∆)δ(x − y) and can be interpreted as

annihilation and creation operators in position space. We note that g has to be greater than

zero, since otherwise the roles of A and A† are reversed and A† becomes the annihilation

operator. The Hamiltonian can be written in terms of A and A† as

H =

∫

M
d2x A†(x)A(x), (9)

where we, without loss of generality, subtracted the UV-divergent vacuum energy, thereby

setting the energy of the ground state to zero. As the Hamiltonian (9) is positive semi-

definite, the ground state |Ψ0〉 of the theory is found by solving A(x)|Ψ0〉 = 0. The solution

to this functional differential equation is given

|Ψ0〉 =
1√
ZM

∫
Dφ e− 1

2
S[φ]|φ〉, S[φ] = g

∫

M
d2x φ(−∆)φ, (10)

where we defined the partition function ZM :=
∫
Dφ e−S[φ]. Note that the above definition

coincides with the one given in [29] after an integration by parts.

Excited states. Let us concentrate on the case of a compact spatial manifold M , so that

the spectrum of the Laplacian is discrete. Following [47], we can construct excited states of

the QLM by exciting the eigenmodes of the Laplacian. Let Lλ(x) be the eigenfunction to the

eigenvalue λ of (−∆), that is

−∆Lλ(x) = λLλ(x), (11)

due to our sign convention, we note that λ ≥ 0. If M has a boundary, we choose Dirich-

let boundary conditions. For λ 6= 0 we can project the creation operator onto the the λ

eigenfunction and define

A†λ :=
1√
gλ

∫

M
d2x Lλ(x)A†(x), Aλ :=

1√
gλ

∫

M
d2x Lλ(x)A(x). (12)

From the commutation relations for A(x), we immediately get the correct commutation rela-

tions for a harmonic oscillator for each mode

[Aλ, A
†
µ] = δλµ, [A†λ, A

†
µ] = [Aλ, Aµ] = 0, (13)

[H,A†λ] = gλA†λ, (14)

6
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allowing for interpretation of A†λ and Aλ as the creation and annihilation operators for exci-

tations of the λ-mode. The Hamiltonian decomposes into the different modes

H =
∑

λ 6=0

gλA†λAλ, (15)

with gλ the energy of a single excitation and A†λAλ counts the number of excitations in the

λ-mode2. We can construct the general excited state by selecting a finite set of non-zero

modes {λ1, . . . , λν} and applying the respective creation operators to the ground state a finite

amount of times {mλ1 , . . . ,mλν}. The general excited state is then labeled by that set of

numbers and, taking into account proper normalization, given by

∣∣(mλ1 , . . . ,mλr , . . . ,mλν )
〉

=

(
A†λ1

)mλ1
√
mλ1 !

· · ·

(
A†λr

)mλr
√
mλr !

· · ·

(
A†λν

)mλν
√
mλν !

|ψ0〉 (16)

=
1√
ZM

∫
Dφ




ν∏

r=1

1√
2mλrmλr !

Hmλr

(
φλr√

2

)
 e− 1

2
S[φ]|φ〉, (17)

where Hm(x) is a Hermite polynomial

Hm(x) = m!

bm
2
c∑

k=0

(−1)k(2x)m−2k

k!(m− 2k)!
, (18)

and where φλr is defined, similarly to (12), as the projection of the scalar onto the λ-eigenmode

φλ =
√

2gλ

∫

M

d2x Lλ(x)φ(x) (19)

with the prefactor
√

2gλ chosen with foresight to simplify later calculations.

3 A warm up exercise:

Entanglement entropy of the singly excited state

Our final goal is to calculate the bipartite entanglement entropy of the general excited state.

Considering that the corresponding calculation is quite involved, it is instructive to first

consider the much simpler case of the singly excited. Furthermore, due to its simpler nature,

the calculation of the entanglement entropy can be performed under more general assumptions

in this case. This problem was first considered by [47], where the authors calculated the

2 Before continuing, a comment on the zero-mode is in order. If the Laplacian has an eigenvalue λ = 0, we

have to alter the definition (12) for that eigenvalue. A consistent choice is A†0 =
∫
M
L0(x)A†(x), where L0(x) is

the zero mode. A priori, the expansion of the Hamiltonian then should also contain a term A†0A0, however one

can check that the operator A†0A0 annihilates any state created by acting with either A†0 or A†λ on the vacuum,

and can thus be omitted from the Hamiltonian. From a different perspective, one can check that [A0, A
†
0] = 0

and thus A0 and A†0 cannot be considered ladder operators. Hence we cannot excite the 0-mode by A†0 and

whenever we write λ for an eigenvalue it is implied that λ 6= 0.

7
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Rényi entropy of a singly excited state by replica approach and provided a conjecture for

the entanglement entropy in the special case when the manifold is cut into equal parts. By

following a similar procedure in the beginning, yet introducing a simple assumption on the

classical fields, we achieve a simplification of the combinatorics of the problem that renders

the problem of the analytic continuation straightforward, and thus allows us to find the

entanglement entropy exactly. Our findings differ from those in [47], but agree with them to

leading order in certain quantities. We discuss this at the end of section 3.1.

Let us consider the state with one single excitation in the λ-mode

|ψλ〉 := |(mλ = 1)〉 =
1√
ZM

∫
Dφ φλe− 1

2
S[φ] |φ〉 , (20)

where we used the fact that H1(x) = 2x. The action is given in equation (10), and after

partial integration we choose to rewrite it as

S[φ] = g

∫

M
d2x (∇φ)2. (21)

The density matrix of the singly excited state can then be written as

ρ := |ψλ〉 〈ψλ| =
1

ZM

∫
DφDφ′ φλφ′λe− 1

2
S[φ]− 1

2
S[φ′] |φ〉 〈φ′|. (22)

We calculate the entanglement entropy by means of the replica method as developed by [9,52].

The ground state entanglement entropy of the QLM has been studied in detail by these

methods, see [37,38,43,44]. Our application of the replica method follows [37,44] closely. Let

us consider the bipartite geometry obtained by dividing M into the submanifolds A and B,

and denote by Γ the entanglement cut that separates them. We will later consider two specific

geometries: a sphere cut at the equator into its two hemispheres and a rectangle cut into two

smaller rectangles.

Let us further assume that under the surgery described above the Hilbert space on M splits

as H = HA⊗HB. For a state in H we consequently get the splitting |φ〉 = |φA〉⊗ |φB〉, where

|φX〉 ∈ HX , and X = A,B respectively. The field φ(x) splits as φ(x) = φA(x) + φB(x) for

x ∈ A ∪B, where

φA(x) =




φ(x), x ∈ A
0, x ∈ B

, (23)

and analogously for B. Whenever we index a field by a submanifold it can be assumed that it

only has support there. At the boundary between A and B we have the continuity condition

φ|Γ = φA|Γ = φB|Γ. (24)

One can easily see that the action splits as S[φ] = SA[φA] + SB[φB], where

SX [φX ] := g

∫

X
d2x (∇φX)2, X = A,B (25)

and similarly φλ = φλA + φλB, where

φλX :=
√

2gλ

∫

X
d2x Lλ(x)φX(x), X = A,B. (26)

8
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3.1 Replica method calculation

Let ρA = TrB ρ be the reduced density matrix obtained by tracing out the degrees of freedom

on B. The gist of the replica method lies in noting that the Von Neumann entropy of the

subsystem A can be rewritten as the limit

S[A] = −Tr(ρA log ρA) = − lim
n→1

∂n Tr ρnA, (27)

as long as one is able to find an analytic continuation in n for Tr ρnA. In the following we

construct the trace of the n-th power of the reduced density matrix of the singly excited state

(22), and find that – under a certain assumption satisfied by all modes in the geometries that

we consider – the analytic continuation is easily found.

After splitting the Hilbert space into HA and HB, the density matrix takes the form

ρi =
1

ZM

∫
DφA,iDφB,iDφ′A,iDφ′B,i (φλA,i + φλB,i)(φ

′λ
A,i + φ′λB,i)×

e−
1
2
SA[φA,i]− 1

2
SB [φB,i]− 1

2
SA[φ′A,i]− 1

2
SB [φ′B,i]|φA,i〉 ⊗ |φB,i〉〈φ′A,i| ⊗ 〈φ′B,i|, (28)

where we introduced the replica index i = 1, . . . , n which serves as an accounting device to

distinguish the copies of the reduced density matrix. We note here that all fields in (28)

are integrated over so the replica index doesn’t have a physical significance. As discussed

in detail in [37] and depicted in figure 1, one finds three types of gluing conditions for the

fields. These arise when we resolve the bras and kets of Tr ρnA into δ-functions and then

φ′1

φ1

φ′2

φ2

φ′3

φ3

φ′4

φ4

BΓA

(a) Gluing conditions

A Γ B

φ1

φ2

φ3

φ4

(b) Resulting configuration

Figure 1: The gluing conditions arising from the calculation of TrρnA and the geometry that

results are depicted. The blue lines represent the gluing conditions due to the partial tracing

on the B-side of each replica needed to calculate the reduced density matrix ρA. The red lines

represent the gluing conditions resulting from the multiplication of the replicated reduced

density matrices. The yellow lines represent the gluing conditions from the final total trace.

integrate over them. The first gluing condition comes from the calculation of the reduced

density matrix ρA = TrB ρ and tells us to glue the primed and unprimed B fields of the

9
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same replica, that is φB,i = φ′B,i for i = 1, . . . , n. The second gluing condition is the result

of the multiplication between adjacent replicas of the reduced density matrix ρA,iρA,i+1 for

i = 1, . . . , n − 1 and, together with the third gluing condition resulting from the total trace

Tr ρnA, tells us to cyclically glue adjacent primed and unprimed A fields, so φ′A,i = φA,i+1

for i = 1, . . . , n and with n + 1 ∼ 1. The fact that the gluing conditions on the A side are

“shifted” with respect to the B side together with the continuity condition (24) forces all the

fields to agree at the cut Γ. We denote this boundary condition by B

B : φA,i|Γ(x) = φB,j |Γ(x) = cut(x) ∀i, j = 1, . . . , n, (29)

where cut(x) is a function of the coordinates at the entanglement cut Γ. After enforcing the

gluing conditions, the trace of the product of reduced density matrices takes the form

Tr ρnA =
1

(ZM )n

∫

B




n∏

i=1

DφA,iDφB,i




×



n∏

i=1

(φλA,i + φλB,i)(φ
λ
A,i+1 + φλB,i)


 e−

∑n
i=1(SA[φA,i]+SB [φB,i]). (30)

Since the fields are compactified φ ∼ φ+ 2πR, the boundary conditions (29) only have to be

respected modulo 2πR. A standard way of accounting for this in the calculations, is to split

the fields into classical parts and fluctuations, see [53,54]. We write for each field

φX,i = φcl
X,i + ϕX,i, i = 1, . . . , n. (31)

From the fluctuations ϕ we only demand that they satisfy Dirichlet boundary conditions

ϕA,i|Γ = ϕB,i|Γ = 0, i = 1, . . . , n, (32)

while the classical fields φcl obey the equations of motion

∆φcl
A,i = ∆φcl

B,i = 0, i = 1, . . . , n, (33)

and account for the value of the total field φ at the boundary as well as for its compact

behavior. It is not hard to check that the action decouples as

S[φA,i] = S[φcl
A,i] + S[ϕA,i]. (34)

Finally, we can rewrite the boundary conditions for the classical fields resulting from (29) as

φcl
A,i|Γ(x) = φcl

B,i|Γ(x) = cut(x) + 2πRωi, i = 1, . . . n− 1 (35)

φcl
A,n|Γ(x) = φcl

B,n|Γ(x) = cut(x), (36)

where ωi are integers called the winding numbers that reflect the compactness of φcl. Here

we used the fact that the cut functions are arbitrary to absorb the n-th winding number3. It

3We redefine cut 7→ cut− 2πRωn for all n. This effectively shifts the other winding numbers ωi 7→ ωi − ωn
for i = 1, . . . , n− 1. Since the winding numbers are just arbitrary integers, we can ignore the shift and rename

the shifted winding numbers ωi.

10
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is worth noting at this point that the exact treatment of the winding numbers depends a lot

on the geometry, see [44] for several examples. The geometries that we will later consider,

that is the sphere and the rectangle, in principle would allow for simplifications at this point.

However, in order to keep the discussion somewhat more general, we decide to, for the moment,

keep the boundary conditions as given above. Furthermore, we note that the zero modes on

A and B with the above boundary conditions are in general not trivially related to the zero

mode on the complete manifold which doesn’t know anything about the cut Γ. In particular,

this means that they are a priori not orthogonal to the eigenmodes of the Laplacian on M ,

so (φcl
A)λ + (φcl

B)λ 6= 0. We will concentrate on situations where this equation does hold, as

it leads to a significant simplification of the combinatorics. Thus, let us assume that the

following is true

(φcl
A)λ + (φcl

B)λ = 0. (37)

We will later see that this is in fact justified in the geometries we consider. Defining the field

φcl obtained by stitching together together φcl
A and φcl

B, that is

φcl(x) :=




φcl
A(x), x ∈ A
φcl
B(x), x ∈ B,

(38)

we can express the assumption (37) in the simpler form (φcl)λ = 0. We will later see that

this condition is satisfied for all the eigenmodes of the Laplacian on both the sphere and

rectangle. As defined above, φcl is well defined and continuous at Γ, since φcl
A and φcl

B satisfy

the same boundary conditions there. In general, however, φcl is not smooth at the cut. We

note here that in the derivation of the generalized Wick’s theorem of [47] this assumption

is also implicitly made4. However, since the authors only consider the rectangular case the

assumption is justified.

At this step, the boundary conditions given in (29) can be recast as

B :

φcl
i |Γ(x) = cut(x) + 2πRωi, i = 1, . . . n− 1

φcl
n |Γ(x) = cut(x)

ϕA,i|Γ = ϕB,i|Γ = 0, i = 1, . . . , n.

(39)

Next, we perform the unitary transformation Un from [43, 44] on the classical fields. This

rotation shifts the dependence on the cut function to the boundary condition for the n-

th field, while turning the boundary conditions of the remaining fields into pure winding

4Before eq. (A.11) in the reference, the field Ca is defined by stitching together solutions 0-modes of the

Laplacian on the A and B sides of the manifold with non-trivial boundary conditions in between. Thus, the

resulting function is in general not a harmonic function over M , and the terms denoted Har in (A.11) only

vanish when integrated against eigenfunctions of the Laplacian on M iff our assumption (37) is fulfilled.

11
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numbers. Explicitly, we define

Un :=




1√
2

− 1√
2

0 . . .
1√
6

1√
6

− 2√
6

0 . . .
...

1√
n(n−1)

1√
n(n−1)

. . . . . . −
√

1− 1
n

1√
n

1√
n

. . . . . . 1√
n




(40)

and rotate the classical fields as

φcl
i 7→ φ̄cl

i := (Unφ
cl)i. (41)

This results in the altered boundary condition B′

B′ :
φ̄cl
i |Γ(x) = 2πRω̄i, i = 1, . . . n− 1

φ̄cl
n |Γ(x) =

√
ncut(x) + 2πR√

n

∑n−1
i=1 ωi,

ϕA,i|Γ = ϕB,i|Γ = 0, i = 1, . . . , n,

(42)

where ω̄i = (Mn−1)ijωj and Mn−1 is the minor matrix resulting from deleting the n-th row

and column of Un. Notice that after the rotation the compactification radius of the n-th field

becomes
√
nR.

Finally, we can rewrite equation (30) for Tr ρnA in terms of the classical fields and fluctuations

as

Tr ρnA =
1

(ZM )n
W (n)

∫

B′

[∏n

i=1
DϕA,iDϕB,i

]
Dφ̄cl

n×



n∏

i=1

(ϕλA,i + ϕλB,i)(ϕ
λ
A,i+1 + ϕλB,i)


 e−S[φ̄cln ]−∑n

i=1(S[ϕA,i]+S[ϕB,i]), (43)

where we used the definition (26) as well as the assumption (37) which together imply

φ̄λA,i + φ̄λB,i = ϕλA,i + ϕλB,i (44)

and allow us to get rid of the classical fields with matching replica indices outside of the

exponential. The remaining classical fields in the product, i.e. those coming from φ̄λA,i+1+φ̄λB,i,

don’t necessarily vanish by assumption (37). However, they don’t contribute to the sum as

they always appear multiplied by an odd number of fluctuations. When the path integrals

are evaluated, these terms turn into correlation functions, and the correlation functions of an

odd number of fluctuations vanish. We can thus safely discard all classical fields outside of

the exponential. We further omitted an n−
ε
2L factor coming from a change of path integral

measure, with ε a UV cut-off and L the length of the entangling cut Γ, as it only contributes

to a non-universal area law term, see [43,44] for more details. Furthermore, we separated the
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contributions from the classical part of the first n− 1 fields into the so-called winding sector

W (n) :=
n−1∏

i=1

∫
Dφ̄cl

A,iDφ̄cl
B,i e

−S[φ̄clA,i]−S[φ̄clB,i]

=

n−1∏

i=1

∫
Dφ̄cl

i e
−S[φ̄cli ] =

∑

ω∈Zn−1

e−
∑n−1
i=1 S[φ̄cli ]. (45)

For clarity, let us make some comments. The assumption (37) is formulated for each unrotated

replica. However, since Un is an invertible matrix it is clear that ( ~φcl)λ = ~0 iff (Un
~φcl)λ = ~0

for ~φcl = (φcl
1 , . . . , φ

cl
n ) and ( ~φcl)λ = ((φcl

1 )λ, . . . , (φcl
n )λ). Furthermore, after our path integral

manipulations the n-th replica becomes a free field on the complete manifold, such that φcl
n

turns into the 0-mode on M . Thus for the n-th rotated field our assumption will always be

satisfied after restitching, and we only need to check the other fields5. In appendix A we show

that, by performing some path integral manipulations, (43) can be brought into the form

Tr(ρnA) =
1

(ZM )n
W (n)

[(∫

AD

DϕA (ϕλA)2e−S[ϕA]

)n−1 ∫
Dφ̄ φ̄λφ̄λAe−S[φ̄]+

+

(∫

BD

DϕB (ϕλB)2e−S[ϕB ]

)n−1 ∫
Dφ̄ φ̄λφ̄λBe−S[φ̄]

]
, (46)

where the subscripts AD and BD indicate that those path integrals are performed on either A

or B with Dirichlet boundary conditions. By linearity and using the definition (26), we can

rewrite the path integrals on X = A,B as

∫

XD

DϕX (ϕλX)2e−S[ϕX ] = 2gλ

∫

X

d2x d2x′ Lλ(x)Lλ(x′)
∫

XD

DϕX ϕX(x)ϕX(x′)e−S[ϕX ] (47)

= ZX λ

∫

X

d2x d2x′ Lλ(x)Lλ(x′)GX(x, x′), (48)

where ZX is the partition function and GX(x, x′) the Green’s function corresponding to the

Laplacian on X6, both with Dirichlet boundary conditions at Γ. Similarly, we can write the

following for the path integrals on the full manifold

∫
Dφ̄ φ̄λφ̄λAe−S[φ̄] = 2gλ

∫

M

d2x

∫

A

d2x′Lλ(x)Lλ(x′)
∫
Dφ̄ φ̄(x)φ̄(x′)e−S[φ̄]

= ZM λ

∫

M

d2x

∫

A

d2x′Lλ(x)Lλ(x′)GM (x, x′)
(49)

5Alternatively, we could have assumed (37) for only the first n− 1 rotated fields from the beginning. This

alters the form of (43) but also results in (46) after some manipulations.
6Note that the factor of 2g cancels, as the two point function actually gives the Green’s function corre-

sponding to 2g∆ which is 1
2g
G with G the Green’s function of ∆.
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with GM (x, x′) the corresponding Green’s function. Let us define the following transformed

Green’s functions

GλX,M := λ

∫

M

d2x

∫

X

d2x′Lλ(x)Lλ(x′)GM (x, x′), X = A,B

GλX := λ

∫

X

d2x d2x′ Lλ(x)Lλ(x′)GX(x, x′), X = A,B,M.

(50)

We emphasize here that GM (x, x′), GA(x, x′), and GB(x, x′) are different objects, each cal-

culated on their corresponding manifold with Dirichlet boundary conditions. In appendix B

we take a closer look at these transformed propagators and use spectral methods to calculate

them in some geometries. In particular we find that

GλM = 1 (51)

is always true. In [47], quantities of this form were dubbed “Entanglement Propagator Am-

plitudes” (EPA’s) and some explicit results about them were given. In appendix C we show

exactly how the EPA’s are related to the transformed propagators and find our results in

agreement with [47]. With all this, we can finally write

Tr(ρnA) =

(
ZADZBD
ZM

)n−1

W (n)

[(
GλA

)n−1
GλA,M +

(
GλB

)n−1
GλB,M

]

= Tr
(
ρnGS,A

)[(
GλA

)n−1
GλA,M +

(
GλB

)n−1
GλB,M

]
, (52)

where ρGS is the ground state density matrix, see [43, 44], meaning that the ground state

Rényi entropy S
(n)
GS [A] factors from the excited state Rényi entropies S

(n)
λ [A]

S
(n)
λ [A] :=

1

1− n log(TrρnA)

= S
(n)
GS [A] +

1

1− n log

[(
GλA

)n−1
GλA,M +

(
GλB

)n−1
GλB,M

]
(53)

In [47] an expression for the Rényi entropies of the first excited state was also obtained. Our

result, however, differs from theirs. In the rectangular case, we will see that GλX = GλX,M −dXλ
for X = A,B. There, our result agrees with [47] to leading order in dAλ and dBλ . As a

consequence, our results also disagree with their conjecture for Tr(ρnA)/Tr(ρnGS,A) and the

resulting entanglement entropy (see eqs. (27) and (75) in [47]).

The structure of (52) offers a simple interpretation. In the above manipulations we effec-

tively separated the A and B sides of the first n − 1 replicas, while connecting the sides of

the n-th replica into one complete copy over the whole manifold. The n − 1-factors of GλX
encode the free propagation on either the A or B side of the first n− 1 copies. The GλA(B),M

factor, on the other hand, represents free propagation from either A or B to any point on

M for the n-th copy. Meanwhile topological effects are factored into the winding sector and

the partition functions which give rise to the ground state density matrix. Apart from the

winding sector, n only appears in (52) as a power. Thus, if an analytic continuation for W (n)
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is known, it is trivial to analytically continue the rest of the expression. The entanglement

entropy of the state with a single excitation in the λ mode is thus

Sλ[A] = − lim
n→1

∂n Tr(ρnA) (54)

= SGS [A]− log
(
GλA

)
GλA,M − log

(
GλB

)
GλB,M (55)

where we used that GλA,M +GλB,M = GλM = 1 and where SGS [A] is the entanglement entropy

of the ground state

SGS [A] = − lim
n→1

∂n Tr
(
ρnGS,A

)
. (56)

Given the ground state entanglement entropy, the calculation of the entanglement entropy of

the singly excited state reduces to the calculation of the transformed Green’s functions (50).

Let us consider some explicit cases.

3.2 Spherical geometry

Let M = S2 be the unit sphere and divide it into two hemispheres A = B = H2 at the

equator. The ground state entanglement entropy of a hemisphere is [44]

SGS [H2] = log
(√

8πgR
)
− 1

2
. (57)

The eigenmodes of the Laplacian on the sphere are the spherical harmonics

Lλ(x) ≡ L`,m(x) = Y m
` (x), (58)

where x = (θ, φ) is a point on S2, ` a non-negative integer, and m = −`, . . . , `. The eigenvalues

of −∆S2 are λ = `(`+ 1) and have a degeneracy of 2`+ 1. As can be seen above, whenever we

use λ as an index, we actually mean the two numbers (`,m) that uniquely identify a mode.

The eigenmodes on the hemisphere with Dirichlet boundary conditions at the equator are, up

to normalization, the spherical harmonics such that ` + m is odd. The properly normalized

modes on A and B are then

LH
2

λ (x) =
√

2Y m
` (x), m+ ` = odd. (59)

The first n − 1 rotated classical fields on the hemisphere with boundary conditions (42) is

constant and given by

φ̄cl
i = 2πRω̄i. (60)

Since the 0-mode L0 = 1/(4π) of the Laplacian on the full sphere is also constant φ̄cl
i is

proportional to L0, and thus orthogonal to the other eigenmodes. Therefore, our assumption

(37) is fulfilled in this situation. In appendix B.1 we calculate all the transformed propagators

in this geometry and find that

GλA,M = GλB,M =
1

2
(61)

GλA = GλB =
1

2
Σλ (62)
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where Σλ is given by

Σλ =





Σe
λ, `λ +mλ = even

1, `λ +mλ = odd,
(63)

and Σe
λ is complicated expression involving an infinite sum and an integral over associated

Legendre polynomials. It is given explicitly in (142) and can be easily evaluated numerically

by truncating the sum at a sufficiently large number7. We note that Σ`,−m = Σ`,m for all

modes. The striking difference between the modes with ` + m even and odd is due to the

fact that those with `+m odd are orthogonal to the eigenmodes on the hemisphere while the

others are not. Using (55) and (57) we can finally write the entanglement entropy as
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Figure 2: The value of the entanglement entropy S`,m[A] in units of the ground state entan-

glement entropy at the RK-point, i.e. g = 1
8π , and for R = 1 plotted for ` up to 30 and a

selection of values of m such that `+m is even.

Sλ[A] = SGS [A]− log
(
GλA

)
(64)

= log
(√

2πgRΣλ

)
− 1

2
(65)

Note that the entanglement entropy of all singly excited modes with `+m odd is the same.

The behavior of the entanglement entropy for modes with ` + m even is depicted in Figure

2. We observe that the entanglement entropy for modes with m = 0 is the same for all `.

In fact, a numerical evaluation of Σλ seems to indicate that Σ`,m ≈ 1. Consequently, the

entanglement entropy is the same for all modes with m = 0. Furthermore, we see that for

fixed m the entanglement entropy of the modes with `+m even and m 6= 0 approaches this

value with growing `. Thus, we conclude that

S`,m[A] ≈ SGS [A] + log 2 (66)

is valid for all modes with ` + m odd, all modes with m = 0, and for all modes in the limit

`� 1. In the case `+m odd the equation is exact.

7This number must be larger than `λ as the summand has a peak there that has to be included.
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3.3 Rectangular Geometry

Next, let M = [0, Lx] × [0, Ly] be a rectangle and cut it at x = `x into the two smaller

rectangles A = [0, `x] × [0, Ly] and B = [`x, Lx] × [0, Ly]. We impose Dirichlet boundary

conditions φ|∂M = 0. If we go through the replica method calculation, we see that the

classical part of the field, after rotation, obeys the boundary conditions (42) at the cut. One

can check that the only solution to the equation of motion ∆φcl
i = 0 for i = 1, . . . , n − 1

with boundary conditions (42) at the cut and Dirichlet boundary conditions on the other

boundaries is the trivial one φcl
i (x, y) = 0, which, in turn, is only a solution if the winding

numbers vanish. Thus, there cannot be a winding sector for this geometry. The assumption

(37) is then trivially satisfied for the first n− 1 fields, since they all vanish.

The eigenmodes of the Laplacian on M with Dirichlet boundary conditions are given by

Lλ(x) ≡ Lkx,ky(x, y) =
2√
LxLy

sin

(
πkx
Lx

x

)
sin

(
πky
Ly

y

)
(67)

with eigenvalues

λkx,ky =

(
π

Lx
kx

)2

+

(
π

Ly
ky

)2

, kx, ky ∈ N+. (68)

In appendix D we calculate the ζ-regularized determinant of the Laplacian on the rectangle

M and find

det ∆ =
1√
2Ly

η

(
i
Lx
Ly

)
, (69)

where η is the Dedekind η-function. This coincides with the expression cited in [47] and

calculated by lattice-regularization methods in [55] up to non-universal terms, and terms

that diverge upon taking the continuum limit. We further note that due to the modular

properties of the η-function this expression is invariant under the exchange of Lx and Ly. The

eigenmodes and determinants on the submanifolds A and B are obtained by inserting `x and

Lx− `x respectively instead of Lx into the above expressions. Writing the partition functions

as − logZX = 1
2 log det ∆X for X = M,A,B, we can use the determinant (69) to express the

ground state entanglement entropy on the rectangle as

SGS [A] =
1

2
log



η
(
i `xLy

)
η
(
iLx−`xLy

)

√
2Ly η

(
iLxLy

)


. (70)

In appendix B.2 we show that the first transformed Green’s functions on the rectangle are

GλA,M =
`x
Lx
− 1

2πkx
sin

(
2πkx

`x
Lx

)
(71)

GλB,M =

(
1− `x

Lx

)
+

1

2πkx
sin

(
2πkx

`x
Lx

)
. (72)
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and the remaining are given by

GλA = GλA,M −
1

Lx

2
(
π
Ly
ky

)
coth

(
πky

`x
Ly

)
sin
(
πkx

`x
Lx

)2
−
(
π
Lx
kx

)
sin
(

2πkx
`x
Lx

)

(
π
Lx
kx

)2
+
(
π
Ly
ky

)2 (73)

GλB = GλB,M −
1

Lx

2
(
π
Ly
ky

)
coth

(
πky

Lx−`x
Ly

)
sin
(
πkx

`x
Lx

)2
+
(
π
Lx
kx

)
sin
(

2πkx
`x
Lx

)

(
π
Lx
kx

)2
+
(
π
Ly
ky

)2 . (74)

As shown in appendix C our result for the transformed propagators agrees with the approxi-

mation found in [47].

Finally, we find the entanglement entropy for the rectangle cut at `x by inserting the

transformed propagators and ground state entanglement entropy into equation (55). In figure

3 we show how the entropy depends on the surgery for a selection of modes. We observe that

for constant kx the entanglement entropy is minimal at kx = ky and becomes maximal as

ky → ∞. As was the case for the sphere, there are two kinds of modes for a given surgery.
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Figure 3: Sλ as a function of `x for a selection of modes and for Lx = Ly.

Modes that are at the same time eigenmodes of the complete manifold and the submanifolds

(up to normalization), and modes that aren’t. In the rectangular geometry the first kind of

modes are determined by the condition that

kx
`x
Lx

= m, m ∈ N, (75)

which can only be satisfied whenever `x/Lx is a rational number. For example, when the

rectangle is halved by the surgery, that is `x = Lx/2, all modes with even kx belong to the

first category and those with kx odd to the second. The entanglement entropy is constant for

all the modes satisfying condition (75) and given by

Sλ[A] = SGS [A]− log



(
`x
Lx

) `x
Lx
(

1− `x
Lx

)1− `x
Lx


 . (76)

The eigenmodes that do not satisfy the condition have an intricate functional dependence on

the kx and ky. However, it isn’t hard to see from the dependence on kx of the transformed
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propagators, that for large kx they converge to the value (76). Whenever condition (75)

cannot be satisfied, that is when `x/Lx is not a rational number, there are no modes of the

first kind and the entanglement entropy has a non-trivial dependence on the kx and ky for all

modes. Nonetheless, equation (76) is also valid here for kx � 1. When the rectangle is halved

we can write

Skx,ky [A] ≈ SGS [A] + log 2 (77)

for modes with kx even and for all modes in the limit kx � 1. In the former case the equation

is exact. This result is analogous to that for the halved sphere (66).

4 General excited states

We are now ready to turn our attention to general excitations. From (16) we can directly

write the corresponding density matrix as

ρi =
∣∣(mλ1 , . . . ,mλr , . . . ,mλν )

〉 〈
(mλ1 , . . . ,mλr , . . . ,mλν )

∣∣

=
1

ZM

∫
DφiDφ′i




ν∏

r=1

1

2mλrmλr !
Hmλr

(
φλri√

2

)
Hmλr

(
φ′λri√

2

)
 e−

1
2
S[φi]− 1

2
S[φ′i]|φi〉〈φ′i|,

(78)

where we also introduced a replica index. From our discussion about the singly excited state,

we know that, in broad terms, computing Tr ρnA amounts to writing down the product of

density matrices, separating the fields into fields with support on the respective submanifolds

as φ = φA + φB, and enforcing the gluing conditions φ′A,i = φA,i+1 and φ′B,i = φB,i for

i = 1, . . . , n with n + 1 ∼ 1, that result in the set of boundary conditions (29) on the path

integrals. Since the details of the calculation are exactly the same as for the singly excited

state we omit them and immediately write down

Tr




n∏

i=1

ρA,i


 =




ν∏

r=1

1

2mλrmλr !



n

1

ZnM

∫

B

[∏n

i=1
DφA,iDφB,i

]
e−
∑n
i=1(SA,i+SB,i)×

n∏

i=1

ν∏

r=1

Hmλr

(
1√
2

(
φλrA,i + φλrB,i

))
Hmλr

(
1√
2

(
φλrA,i+1 + φλrB,i

))
. (79)

One can compare this expression with equation (30) for the singly excited state. As the

expression stands, the fields on A and B are still tied together within the Hermite polynomials.

We factor them by an identity of Hermite polynomials which we apply on the polynomials

with shifted replica indices for i = 1, . . . , n as

Hmr

(
1√
2

(
φλrA,i+1 + φλrB,i

))
=

1

2
mr
2

mr∑

k′r,i=0

(
mr

k′r,i

)
Hk′r,i

(φλrA,i+1)Hmr−k′r,i(φ
λr
B,i), (80)

on the polynomials with matching replica indices for i = 1, . . . , n− 1

Hmr

(
1√
2

(
φλrA,i + φλrB,i

))
=

1

2
mr
2

mr∑

kr,i=0

(
mr

kr,i

)
Hmr−kr,i(φ

λr
A,i)Hkr,i(φ

λr
B,i), (81)
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where, with some foresight, we don’t apply factorization to the n-th copy, as the A and B

parts of the n-th field will be reunited into a free field on M . Also note that from now on

we write mr instead of mλr to declutter the notation. Since we are applying the factorization

above to each of the Hermite polynomials separately, and they are each labelled by a replica

and an r index, there is no way around introducing the, at first overwhelming, amount of

indices kr,i and k′r,i for i = 1, . . . , n and r = 1, . . . , ν.

After factoring the polynomials we can continue as in section 3. We first separate the

fields into classical parts and fluctuations and then rotate the classical fields. For the singly

excited state it was sufficient to demand the assumption (37) to be fulfilled in order to make

the calculation tractable. Now, since the fields all appear inside Hermite polynomials, the

calculations in appendix A don’t apply, and we must make a new assumption. We demand

that the first n− 1 rotated fields satisfy

(φ̄cl
A,i)

λ = (φ̄cl
B,i)

λ = 0, i = 1, . . . , n− 1. (82)

Note that this assumption is stricter than (37), demanding that the integrals on the A and

B sides of the manifold vanish separately. We don’t require anything from the n-th classical

field and stitch it back together with the fluctuation to form a complete free field on M . As

for the singly excited state, the assumption ensures that we don’t have to consider correlation

functions of the classical fields, which adds a difficult layer of complexity to calculations.

While assumption (82) might seem rather restrictive for general geometries, we will see that

it is satisfied by almost all modes on the halved-sphere and by all modes on the rectangle.

Apart from the stronger assumption on the classical fields, there is no difference in the

method from the singly excited case and the details go through in an analogous way. With

these considerations and some rearranging of the terms we can rewrite (79) as

Tr




n∏

i=1

ρA,i


 =

1

ZnM
W (n)

∑

K1

∑

K′1

· · ·
∑

Kν

∑

K′ν

[

n−1∏

i=1



∫

AD

DϕA,i




ν∏

r=1

1

2mr

√
1

mr!

(
mr

kr,i

)(
mr

k′r,i−1

)
Hmr−kr,i

(
ϕλrA,i

)
Hk′r,i−1

(
ϕλrA,i

)

 e−S[ϕA,i]




n−1∏

i=1



∫

BD

DϕB,i




ν∏

r=1

1

2mr

√
1

mr!

(
mr

kr,i

)(
mr

k′r,i

)
Hkr,i

(
ϕλrB,i

)
Hmr−k′r,i

(
ϕλrB,i

)

 e−S[ϕB,i]




∫
Dφ̄n




ν∏

r=1

1

2
3mr
2 mr!

√(
mr

k′r,n

)(
mr

k′r,n−1

)
Hmr

(
1√
2
φ̄n

λr

)
Hk′r,n

(
φ̄λrA,n

)
Hmr−k′r,n−1

(
φ̄λrB,n

)

 e−S[φ̄]

]

(83)

where
∑

Kr
≡ ∑mr

kr,1=0 · · ·
∑mr

kr,n−1=0 and
∑

K′r
≡ ∑mr

k′r,1=0 · · ·
∑mr

k′r,n=0. Note that for the first

n − 1 replicas there are always two Hermite polynomials for each replica at each side A and

B which result from splitting the two Hermite polynomials in (79). For the n-th replica we

only split one of the Hermite polynomials in (79), thus we see only three in the resulting
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expression: the unsplit Hermite polynomial of a full field, and the two factors of the one we

split. Although at first glance the resulting situation seems quite desperate, there are a couple

of simplifications we can make. First of all, we note that all the replica indices for the fields

are now dummy indices, and that the path integral expressions are just correlation functions.

For example the path integral over A is just

∫

AD

DϕA




ν∏

r=1

1

2mr

√
1

mr!

(
mr

kr,i

)(
mr

k′r,i−1

)
Hmr−kr,i

(
ϕλrA

)
Hk′r,i−1

(
ϕλrA

)

 e−S[ϕA]

= ZA




ν∏

r=1

1

2mr

√
1

mr!

(
mr

kr,i

)(
mr

k′r,i−1

)

〈

ν∏

r=1

Hmr−kr,i
(
ϕλrA

)
Hk′r,i−1

(
ϕλrA

)〉

AD

, (84)

and similarly for the path integrals over B and M . We further note that the quantity above

is labelled by the 2ν indices kr,i and k′r,i−1 with the replica index constant. Hence, we package

them into rank 2ν tensors by defining

Ak
′
1,...,k

′
ν

k1,...,kν
:=




ν∏

r=1

1

2mr

√
1

mr!

(
mr

kr

)(
mr

k′r

)

〈

ν∏

r=1

Hmr−kr
(
ϕλrA

)
Hk′r

(
ϕλrA

)〉

AD

(85)

Bk
′
1,...,k

′
ν

k1,...,kν
:=




ν∏

r=1

1

2mr

√
1

mr!

(
mr

kr

)(
mr

k′r

)

〈

ν∏

r=1

Hmr−kr
(
ϕλrB

)
Hk′r

(
ϕλrB

)〉

BD

(86)

Mk′1,...,k
′
ν

k1,...,kν
:=




ν∏

r=1

1

2
3mr
2 mr!

√(
mr

kr

)(
mr

k′r

)

〈

ν∏

r=1

Hmr

(
1√
2
φ̄λr
)
Hk′r

(
φ̄λrA

)
Hmr−kr

(
φ̄λrB

)〉

M

(87)

where the kr and k′r indices run from 0 to mr. Using the Einstein summation convention we

can define multiplication and a trace operation for these tensors in the standard way

(AB)
k′1,...,k

′
ν

k1,...,kν
:= Ak

′
1,...,k

′
ν

j1,...,jν
Bj1,...,jνk1,...,kν

, (88)

TrA := Ak1,...,kνk1,...,kν
. (89)

These definitions take care of the index structure of (90), which can then be simply written

as

Tr(ρnA) =

(
ZAZB
ZM

)n−1

W (n) Tr
[
(AB)n−1M

]

= Tr
(
ρnGS,A

)
Tr
[
(AB)n−1M

]
.

(90)

In order to find an analytic continuation in n for this expression, we first note that the tensors

above can all be written as square matrices Aij with i, j = 1, . . . ,
∏ν
r=1(mr + 1) such that

matrix multiplication and the standard trace correspond to the operations on the tensors

defined in (88)8. As a matrix, the tensor AB is invertible which provides a sufficient condition

8This is satisfied if we, for example, define Aij by the map

Ak
′
1,...,k

′
ν

k1,...,kν
7→ A

k′1+
∑ν
r=2(mr−1+1+k′r)

k1+
∑ν
r=2(mr−1+1+kr)

(91)
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for the existence of its matrix logarithm. Later, we will see that at least in the special case

where all the excitations are on the same mode, the matrix AB is in fact diagonal and with

real eigenvalues, making the matrix logarithm unique and well-defined. For now, we are

satisfied knowing it exists as it provides us with the desired analytic continuation. We can

next differentiate and take the limit n→ 1 to find

Smλ1 ,...,mλν [A] = SGS [A] Tr(M) + Tr
(
log(AB)M

)
. (92)

It is not hard to check that this agrees with the entanglement entropy of the singly excited

state (55). The trace ofM in the first term, is easy to evaluate using the identity of Hermite

polynomials (81) and gives

Tr(M) ≡Mk1,...,kν
k1,...,kν

=




ν∏

r=1

1

2mrmr!



〈

ν∏

r=1

Hmr

(
1√
2
φ̄λr
)
Hmr

(
1√
2
φ̄λr
)〉

M

. (93)

As was the case for the singly excited state, the coefficient of the ground state entanglement en-

tropy encodes information about correlation functions on the complete manifold. The second

term, also as before, includes information about the correlation functions in the submanifolds

as well as correlation functions that communicate between them. Using our expression for

TrρnA (90) it is also straight forward to write down an explicit form for the Rényi entropies

S(n)
mλ1 ,...,mλν

[A] = S
(n)
GS [A] +

1

1− n log

(
Tr
[
(AB)n−1M

])
, (94)

where we observe, as for the singly excited state, that the ground state Rényi entropy factors

from the excited state. While it is quite nice that an analytic expression can be written

down for the entropy of an arbitrarily excited state, its form is quite involved. In the next

section we will consider an interesting subcase, and see how the result behaves in some specific

geometries.

4.1 An interesting subcase: only one mode is excited

The density matrix corresponding to the state with m excitations in the λ-mode is follows

directly from (16) with ν = 1

ρ =
∣∣(mλ)

〉 〈
(mλ)

∣∣ (95)

=
1

ZM

1

2mλmλ!

∫
DφDφ′ Hmλ

(
φλ√

2

)
Hmλ

(
φ′λ√

2

)
e−

1
2
S[φ]− 1

2
S[φ′]|φi〉〈φ′i| (96)
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The replica calculation goes through as described in the previous section, leading to tensors

(85) that are square (m+ 1)-dimensional matrices with elements

Ak′k =
1

2m

√
1

m!

(
m

k

)(
m

k′

)〈
Hm−k

(
ϕλA

)
Hk′
(
ϕλA

)〉

A

, (97)

Bk′k =
1

2m

√
1

m!

(
m

k

)(
m

k′

)〈
Hm−k

(
ϕλB

)
Hk′
(
ϕλB

)〉

B

, (98)

Mk′
k =

1

2
3m
2 m!

√(
m

k

)(
m

k′

)〈
Hm

(
1√
2
φ̄λ
)
Hk

(
φ̄λA

)
Hm−k′

(
φ̄λB

)〉

M

. (99)

The correlation functions in the tensors are straight-forward to calculate. In appendix E

we use the definition of Hermite polynomials and the linearity of the correlation functions to

express the matrix elements above as sums of simple correlation functions of transformed fields.

These can then be evaluated by Wick’s theorem and simplified by considering that the Green’s

functions appearing in the expansion are all integrated against the same eigenfunctions of the

Laplacian, turning the space variables into dummy integration variables. Thus, all Green’s

functions in Wick’s expansion that are integrated over the same domain, are the same. For

example, we have
〈

(ϕλX)β
〉
X

= δβ,even(# of full Wick contractions)(GλX)
β
2

= δβ,even(β − 1)!!(GλX)
β
2 , (100)

which together with (18) is used to express the tensors A and B as polynomials in GλA and

GλB. Explicitly, we have

Ak′k = Fmk,k′
(
GλA

)
, Bk′k = Fmk,k′

(
GλB

)
, (101)

where F is a polynomial given in equation (178) of appendix E. We note that Fmk,k′ ∝
δm−k+k′,even. The evaluation of the correlation functions in M is combinatorically more in-

volved, as three different projections of the field appear in it. This means that there are three

distinct transformed Green’s functions appearing in Wick’s expansion. We find it convenient

to work with the following partial projections

GλX,Y := λ

∫

X
d2x

∫

Y
d2x′Lλ(x)Lλ(x′)GM (x, x′), (102)

where X,Y = A,B. Since GλA,B = GλB,A these are three distinct objects. By definition, they

are related to the transformed Green’s functions we dealt with before, see (50), by

GλX,M = GλA,B +GλX,X , X = A,B (103)

GλM = GλA,A + 2GλA,B +GλB,B. (104)

As for A and B, the correlation functions in M can be expressed as polynomials in the three

transformed Green’s functions by linearity of the correlation functions, identities of Hermite

polynomials, and some combinatorics. The result is

Mk′
k = Tmk,k′

(
GλA,B, G

λ
A,A, G

λ
B,B

)
, (105)
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where T is a polynomial in three variables defined in equation (184) of appendix E. Note that

for a fixed surgery and eigenmode GλA,B, GλA,A, and GλB,B are just real numbers. Furthermore,

we note that Tmk,k′ ∝ δk+k′,even.

In the following sections we will apply this to the same geometries we studied when con-

sidering singly excited states in section 3. We will concentrate on the modes that are simul-

taneously eigenmodes on the manifold and submanifolds, and observe the effect that adding

excitations to them has on the entanglement entropy.

4.2 Spherical geometry

Let us start by considering again the geometry of section 3.2, that is the sphere M cut at the

equator into the hemispheres A and B. The first thing we need to do, is identify the modes

for which the assumption (82), that is (φ̄cl
Ai

)λ = (φ̄cl
B,i)

λ = 0 for i = 1, . . . , n − 1, is satisfied.

As the classical field is constant, the condition is satisfied iff
∫

A
d2x Y m

` (x) =

∫

B
d2x Y m

` (x) = 0, (106)

where Y m
` is a spherical harmonic. The spherical harmonics are proportional to eimϕ, and ϕ is

integrated from 0 to 2π, so the condition is automatically satisfied for all spherical harmonics

with m 6= 0. It isn’t hard to see that, by the properties of Legendre polynomials, the remaining

integrals vanish iff ` is even. Thus our results from section 4 are valid for all eigenmodes of

the Laplacian on the sphere except those with m = 0 and ` odd.

During our analysis of the singly excited state, we observed that the transformed propaga-

tors, and thus the entanglement entropy, where highly dependent on whether the eigenmode

on the complete manifold was also a eigenmode on the submanifold. In particular, all modes

that were simultaneous eigenmodes on the manifold and submanifold had the same entangle-

ment entropy. On the halved-sphere geometry these modes are characterized by having `+m

odd, and, as before, all of them have the same entanglement entropy. The calculations of the

relevant transformed propagators are found in appendix B.1, they are given by

`+m = odd and m 6= 0 =⇒





GλA = GλB = 1
2

GλA,A = GλB,B = 1/4 + σλ

GλA,B = 1/4− σλ

(107)

where we exclude the modes with m = 0 to fulfill the assumption on the classical fields, and

σλ is defined in (133). We will see that the entanglement entropy is independent of σλ, so its

exact value is irrelevant for our purposes. As we discussed for the singly excited state, the

above expressions are also approximately valid for high angular momentum modes, that is

modes in the limit `� 1. We can thus use the polynomial expressions (101) and (105) of the

tensors appearing in the entanglement entropy for the state with mλ excitations in one of the

allowed modes by

Ak′k = Bk′k = Fmk,k′

(
1

2

)
, Mk′

k = Tmk,k′

(
1

4
− σλ,

1

4
+ σλ,

1

4
+ σλ

)
, (108)

24

218



Paper III

with k, k′ = 0, . . . ,mλ. One can check, that for these values the product matrix AB is diagonal

and has the following simple form in terms of binomial coefficients

AB =
1

2m
diag

[(
m

0

)
, . . . ,

(
m

k

)
, . . . ,

(
m

m

)]
. (109)

The matrix M has lower triangular form and shares the same diagonal elements as AB, such

that Tr(M) = 1. In particular, this shows that σλ does not affect the entanglement entropy.

Using the ground state entanglement entropy for this configuration, see (57), as well as our

general result for the excited state entanglement entropy (92), we can write the entanglement

entropy for mλ quanta of energy in an eigenmode with ` + m odd and m 6= 0 in the halved-

sphere geometry as

Smλ [H2] = SGS [H2] Tr(M) + Tr
(
log(AB)M

)

= log
(√

8πgR
)
− 1

2
+

m∑

k=0

1

2m

(
m

k

)
log

(
1

2m

(
m

k

))
. (110)

The equation above is also valid as an approximation for all modes with ` + m even in the

limit of high angular momentum ` � 1. In figure 4 the value of the entanglement entropy

is shown for different excitation levels. As can be seen in the right image of the figure, a
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Figure 4: In the first image Smλ is plotted as a function of the number of excitations mλ for

any mode satisfying `+m =odd and m 6= 0. We evaluate it at the RK-point g = 1
8π and for

R = 1. The second image is a log-linear plot of the same data, the dashed line represents the

linear fit y = 1.008x+ 2.421 with an R2 value above 0.999.

logarithmic behavior in m dominates. We can thus provide the following approximation for

the entanglement entropy

Smλ [H2] ≈ SGS [H2]− a1 logmλ − a2 (111)

with a1 ≈ 0.504 and a2 ≈ 0.711. In particular, we learn that for highly excited states, that is

for mλ � 1, the entanglement entropy for this type of modes develops a logarithmic divergence

in mλ.
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4.3 Rectangular geometry

Let us turn again to the rectangular geometry of section 3.3, with M a rectangle of side

lengths Lx and Ly cut at `x into the two smaller rectangles A and B. As was the case for the

single excitation, the vanishing of the classical part of the field ensures that our assumption

(82) is trivially satisfied for all modes.

The transformed propagators needed to write down the explicit expression for the entangle-

ment entropy for a general surgery are calculated in appendix B.2. As far as we know, there

are no simple closed forms to be written down in this case, as both the transform Green’s

function and the entanglement entropy have an intricate functional dependence on the surgery

parameter `x. We thus refrain from repeating what general formulas we have stated up to

now, and concentrate on a specific surgery.

Let us choose the halved rectangle geometry, that is `x = Lx/2. Here, for kx even, the eigen-

modes on the complete rectangle are also eigenmodes on A and B, and from the expressions

for the propagators given in B.2, we get

kx even =⇒





GλA = GλB = 1
2

GλA,A = GλB,B = 1/4 + σλ

GλA,B = 1/4− σλ.
(112)

From our discussion about the single excitation, we know the above equations to be approxi-

mately true for all modes with high wave number perpendicular to the entanglement cut, that

is kx � 1. From the point of view of the tensors, the situation here is exactly the same as on

the halved sphere9, and the entanglement entropy only differs in the contribution from the

ground state entanglement entropy which is now given by (70). Thus, for even kx the excited

state entanglement entropy with mλ quanta of energy in the mode labeled by kx and ky is

given by

Smλ [H2] =
1

2
log




η
(
i
2
Lx
Ly

)2

√
2Lyη

(
iLxLy

)


+

m∑

k=0

1

2m

(
m

k

)
log

(
1

2m

(
m

k

))
. (113)

We note that we don’t expect the contribution from the excited state to the entanglement

entropy to be independent on the geometry in general. Here, this is a feature of the type

of modes that we chose and also of the surgery. We do, however, expect the excited states

corresponding to eigenmodes that are simultaneously eigenmodes on the full and halved sub-

manifold to have an entanglement entropy of the above form for any similar “halved” geometry

(for example halved cylinders or tori). In figure 5 we show the dependence of Smλ on mλ.

As expected, we see the same type of logarithmic behavior as for the sphere. In particular,

equation (111) is also valid here for all modes with kx even or kx � 1, and replacing the

ground state entanglement entropy corresponding to the sphere by that corresponding to the

rectangle.

9Note that the value of σλ on the rectangle a priori differs from that on the sphere. This is however not

relevant, as σλ doesn’t contribute to the entanglement entropy.
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Figure 5: In the first image Smλ is plotted as a function of the number of excitations mλ for any

mode satisfying kx even in the halved rectangle geometry with Lx = Ly. The second image is

a log-linear plot of the same data. The dashed line represents the linear fit y = 2.306x+4.252

with an R2 value above 0.999.

5 Discussion

We calculated the entanglement entropy of the states of the QLM obtained by exciting the

eigenmodes of the Laplace-Beltrami on a compact spatial manifold. These are natural states

for the model, as the ground state is given in terms of a conformal action determined by

that same operator. Assuming that certain integrals of the classical fields vanish, see (37)

and (82), which can be interpreted as its partial projections onto the excited eigenmodes, we

show that the replica calculation becomes tractable for even the most general excited state.

This allows us to provide the elusive analytic continuations needed to find the entanglement

entropy, which we do separately for the singly excited state – where the assumption on the

classical fields is a little less stringent – and for the general case.

We find that the ground state Rényi entropy factors from the excited state Rényi entropy

in agreement with [47], and further confirm that these can be written down in terms of the

EPA’s from [47], although we write them slightly differently and refer to them as transformed

propagators. We further find that, though the leading terms in the Rényi entropies of the

singly excited states agree to those in [47], the other terms do not. We believe the differences

to origin in the derivation of the generalized Wick’s theorem by [47], although at the time

of writing we have been unable to locate their root. In the general case, we find that the

entanglement entropy is again written in terms of transformed propagators, though here they

are packaged inside complicated tensors. We calculate the transformed propagators by spectral

methods and provide explicit formulae in both the spherical and rectangular geometry. In

the latter our results are in agreement with the expressions found in [47] which adds to the

evidence given by [47] for the universality of the objects.

An interesting observation about these transformed propagators is that they distinguish

between two classes of modes. The first class are modes that are, up to normalization, simul-

taneously eigenmodes on the full manifold and the submanifold. In the spherical geometry,

for example, this condition is satisfied by the spherical harmonics with ` + m odd, which
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are both eigenfunctions of the Laplacian on the sphere and on the hemisphere with Dirichlet

boundary conditions. The transformed propagators are the same for all of these modes. In

particular, this implies that the entanglement entropy is constant within this class of modes.

The second class of modes are those, for which the above condition is not satisfied. There we

find a non-trivial dependence of the transformed propagators on the chosen mode, and thus

also a dependence of the entanglement entropy on the modes. Looking back at equation (92),

we see that the excited state entanglement entropy is related to the ground state entanglement

entropy by two universal constants. Notably, this implies that the excited state entanglement

entropy still obeys an area law. Keeping in mind that the two universal constants are de-

rived from correlation functions on the different subsystems, our findings are similar to those

in [20–23,46], where excited states are constructed that obey area laws with corrections with

respect to the ground state entanglement determined by certain correlation functions of the

underlying theories. For the halved sphere and rectangle we observe that when m quanta of

energy are put into one mode, the entanglement entropy behaves logarithmically in m, that

is Sm ∼ logm. For a highly excited state, we thus observe a logarithmic divergence in the

excitation number, instead of the extensive behavior one would generically expect.

Our results and calculation can be applied to any bipartite compact geometry on which the

spectrum of the Laplace-Beltrami operator on both the full manifold and the submanifolds

is known. A generalization to higher dimensional geometries as in [37] and any even critical

exponent z should also be relatively straight forward. The key element here being the replace-

ment of the Laplace-Beltrami operator by the higher dimensional conformal generalization of

one of its powers (for example a GJMS operator in the spherical case), whose eigenmodes

would be excited. Up to some subtleties that are treated in [37], we expect our replica cal-

culation to hold up also in these cases. While not as straight forward, a generalization to

non-compact geometries would also be desirable. Even in that case, we would still expect

our results to hold up for any excited state that can be written in the form (16). We would

further like to find ways to relax our assumptions on the classical fields. As was already noted

in [47] the combinatorics of the problem become prohibitively difficult in the most general

case. However a slight relaxation of our assumptions – such as demanding the assumption

(37) for all excited states instead of only the singly excited ones – should be possible at least

in some situations. Finally, a deeper exploration of the highly excited states of the model is

desireable. In particular, we would like to better understand whether the area law behavior

that we observe in the highly excited state with all excitations in one mode is in fact connected

to a quantum scar, and, if this is the case, if this is a property of only that type of states.

This also indicates that an analysis of the eigenstate thermalization hypothesis in the QLM

might provide interesting results.
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A Rewriting Tr ρnA

In this appendix we perform the path integral manipulations needed to get from (43) to (46).

We start with the following factor that appears in (43)

I :=

∫

B′

[∏n

i=1
DϕA,iDϕB,i

]
Dφ̄cl

n×



n∏

i=1

(ϕλA,i + ϕλB,i)(ϕ
λ
A,i+1 + ϕλB,i)


 e−S[φ̄cln ]−∑n

i=1(S[ϕA,i]+S[ϕB,i]). (114)

Let us take a closer look at the product of fields in the path integral. Keeping in mind

the calculations of [37, 44], we want to separate the n-th field from the rest, and find out

which terms survive the integration. Remembering that our assumption (37) implies φλn =

ϕλA,n + ϕλB,n the product can be written as



n−1∏

i=1

(ϕλA,i + ϕλB,i)(ϕ
λ
A,i+1 + ϕλB,i)


 (ϕλA,1 + ϕλB,n)φλn

=



n−1∏

i=1

(ϕλA,i)
2ϕλA,nφ

λ
n


+



n−1∏

i=1

(ϕλB,i)
2ϕλB,nφ

λ
n




+ (at least one field appears alone). (115)

When we perform the path integrals only the leading terms survive, since the other terms will

contain something proportional to at least one one-point function of the fluctuations or the

full field, which vanish. We can also glue the integration of the n-th field back together by
∫

B′
Dφ̄cl

nDϕA,nDϕB,n (· · · ) =

∫
Dφ̄n (· · · ), (116)

to form an integral over a free field on the complete manifold (see [38,43,44]). This then leads

us to

I =



n−1∏

i=1

∫

AD

DϕA,i (ϕλA,i)
2e−S[ϕA,i]



∫
Dφ̄n φ̄λnφ̄λA,ne−S[φ̄n]+

+



n−1∏

i=1

∫

BD

DϕB,i (ϕλB,i)
2e−S[ϕB,i]



∫
Dφ̄n φ̄λnφ̄λB,ne−S[φ̄n], (117)
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where AD and BD remind us that those path integrals are taken over A and B respectively

and with Dirichlet boundary conditions, and where we also used the fact that
∫
Dφ̄n φ̄λnφ̄λA,ne−S[φ̄n]

=

∫
DϕA,nDϕB,nDφ̄cl

n

[
(φcl
A,n)λ + ϕλA,n

] [
ϕλA,n + ϕλB,n

]
e−S[φ̄cln ]−S[ϕA,n]−S[ϕB,n]

=

∫
Dφ̄n φ̄λnϕλA,ne−S[φ̄n]+

∫
DϕA,nDϕB,nDφ̄cl

n (φcl
A,n)λ

[
ϕλA,n + ϕλB,n

]
e−S[φ̄cln ]−S[ϕA,n]−S[ϕB,n]

︸ ︷︷ ︸
=0

=

∫
Dφ̄n φ̄λnϕλA,ne−S[φ̄n]. (118)

In the second to last line the term vanishes because it is proportional to a one-point function

of the fluctuations on either A or B. If we furthermore notice that all the fields in the path

integrals are dummy fields that are integrated over, we can get rid of the replica indices and

write

I =

(∫

AD

DϕA (ϕλA)2e−S[ϕA]

)n−1 ∫
Dφ̄ φ̄λφ̄λAe−S[φ̄]+

+

(∫

BD

DϕB (ϕλB)2e−S[ϕB ]

)n−1 ∫
Dφ̄ φ̄λφ̄λBe−S[φ̄], (119)

which is precisely the factor that appears in (46).

B Transformed Green’s functions

We calculate the transformed Green’s functions GλX,M and GλX by means of their eigenvalue

expansions as well as the orthogonality and completeness of the eigenmodes of the Laplacian.

We denote the eigenmodes of the Laplacian on M by Lλ(x), and on X = A,B as LXα (x),

where we always take Dirichlet boundary conditions. In order to avoid confusion, we index

eigenmodes and eigenvalues on M by λ and µ, and eigenmodes and eigenvalues on A and B

by α and β. The Green’s function GM (x, x′) has an eigenvalue expansion of the form

GM (x, x′) =
∑

λ

Lλ(x)Lλ(x′)
λ

, (120)

where the sum runs over the complete set of eigenmodes of the Laplacian on M , and similarly

we have the eigenvalue expansion on X = A,B

GX(x, x′) =
∑

α

LXα (x)LXα (x′)
α

, (121)

where the sum now runs over the complete set of eigenmodes of the Laplacian on either A or

B. Let us take a look at the different transformed Green’s functions in (50). The integral in
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GλM is easily evaluated by the orthonormality of the eigenfunctions leading to

GλM = λ
∑

µ

1

µ

(∫

M
d2x Lλ(x)Lµ(x)

)2

= λ
∑

µ

δλµ
µ

= 1. (122)

We can proceed with GλX,M in a similar fashion and write

GλX,M = λ

∫

M
d2x

∫

X
d2x′Lλ(x)Lλ(x′)GM (x, x′)

= λ

∫

M
d2x

∫

X
d2x′Lλ(x)Lλ(x′)

∑

µ

Lµ(x)Lµ(x′)
µ

= λ

∫

X
d2x′Lλ(x′)

∑

µ

Lµ(x′)
µ

∫

M
d2xLλ(x)Lµ(x)

= λ

∫

X
d2x′Lλ(x′)

∑

µ

Lµ(x′)
µ

δλµ

=

∫

X
d2x′(Lλ(x′))2. (123)

Using the expansion (121) we can rewrite GλX as

GλX = λ

∫

X
d2x d2x′Lλ(x)Lλ(x′)GX(x, x′)

= λ

∫

X
d2x d2x′Lλ(x)Lλ(x′)

∑

β

LXβ (x)LXβ (x′)

β

= λ
∑

β

1

β

(∫

X
d2x Lλ(x)LXβ (x)

)2

. (124)

Let us take a look at the specific situation, where the eigenmodes α on the submanifold

are simultaneously eigenmodes on the full manifold (i.e. ∃λ s.t. α = λ). In other words,

this is the case where some of the eigenmodes on M coincide, up to normalization, with

the eigenmodes on A and B. Here, we have a notion of orthogonality between Lλ(x) and

LXα (x). In particular we can write cXα L
X
α (x) = Lα(x), where cXα accounts for the different

normalization of the eigenmodes. For this type of mode we can, for example, evaluate the

following integral exactly

∫

X
d2x Lα(x)Lβ(x) = δαβ

(
cXα

)2
, (125)

allowing us to evaluate (123)

GαX,M = (cXα )2. (126)

We can also continue the calculation in (124) and write

GαX = α
∑

β

(cXβ )2

β

(∫

X
d2x LXα (x)LXβ (x)

)2

= (cXα )2, (127)
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Finally, we can rewrite GλA,B using the same techniques

GαA,B = α

∫

A
d2x

∫

B
d2x′Lα(x)Lα(x′)GM (x, x′)

= α

∫

A
d2x

∫

B
d2x′Lα(x)Lα(x′)

∑

µ

Lµ(x)Lµ(x′)
µ

= α
∑

µ

1

µ

(∫

A
d2x Lα(x)Lµ(x)

)(∫

B
d2x Lα(x)Lµ(x)

)

=
(
cAα

)2 (
cBα

)2
+ σA,Bα , (128)

where σA,Bα is defined as

σA,Bα := α
∑

µ∈S

1

µ

(∫

A
d2x Lα(x)Lµ(x)

)(∫

B
d2x Lα(x)Lµ(x)

)
. (129)

Here, S is the set of eigenmodes on M that are not eigenmodes on A and B. Similarly for

X = A,B

GαX,X =
(
cXα

)4
+ σX,Xα (130)

with

σX,Xα := α
∑

µ∈S

1

µ

(∫

X
d2x Lα(x)Lµ(x)

)2

. (131)

Note that
∫

A
d2x Lα(x)Lµ(x) =

∫

M
d2x Lα(x)Lµ(x)−

∫

B
d2x Lα(x)Lµ(x)

= −
∫

B
d2x Lα(x)Lµ(x), (132)

where in the second line we used the fact that the integral over M is proportional to δαµ, but

µ 6= α since we are only summing over modes µ that are not eigenmodes on A and B. In

particular, we can define

σα := σA,Aα = σB,Bα = −σA,Bα . (133)

Next we discuss the calculation of the transformed Green’s functions for specific geometries.

B.1 Spheres and hemispheres

Let us consider the situation when a sphere M = S2 is cut into the northern hemisphere

A = H2
N and the southern hemisphere B = H2

S along the equator. The relevant eigenfunctions

are then LS
2

`,m(x) = Y m
l (x) on the sphere and LH

2

`,m(x) =
√

2Y m
` (x) with m + ` odd on the

hemispheres with Dirichlet boundary conditions. Thus the eigenmodes on the hemisphere are

also eigenmodes of the sphere, and in our notation λ = (`,m) and α = (`,m) with `+m odd.

We note that in this case cH
2

α = 1√
2
. Using equations (122), (126), (127), (128), (130), and
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(133) we find

`+m = odd =⇒





GαM = 1

GαA,M = GαB,M = GαA = GαB = 1
2

GαA,A = GαB,B = 1/4 + σα

GαA,B = 1/4− σα

(134)

Let us take a look at the other modes, that is those with `+m even. We remind the reader

that the spherical harmonics transform as Y m
l (π − θ, φ) = (−1)l+mY m

l (θ, φ) under reflection

over the equatorial plane. In particular this implies that

∫

A
d2x (Lλ(x))2 =

∫

B
d2x (Lλ(x))2 =

1

2

∫

M
d2x (Lλ(x))2 =

1

2
(135)

and thus from equation (123) we see that GλA,M = GλB,M = 1
2 is actually true for all modes.

Furthermore it isn’t hard to see from the reflection properties and normalization that and

that GλX,X = GλX/2 and GλA,B = −GλX/2. Thus finding GλX provides us with the remaining

propagators. The transformed propagators GλX are given by

GλX = λ
∑

α

1

α

(∫

X
d2x Lλ(x)LXα (x)

)2

= 2 `λ(`λ + 1)
∑

`µ,mµ
`µ+mµ=odd

1

`µ(`µ + 1)

(∫

X
d2x Y mλ

`λ
(x)
(
Y
mµ
`µ

(x)
)∗)2

, (136)

where `λ +mλ =even. Using the definition of the spherical harmonics

Y m
` (θ, φ) = N(`,m)eimφPm` (cos(θ)), (137)

where N is the normalization

N(`,m) =

√
2`+ 1

4π

(`−m)!

(`+m)!
, (138)

and Pm` (x) are associated Legendre polynomials, we can evaluate part of the integral and

write

∫

A
d2x Y mλ

`λ
(x)
(
Y
mµ
`µ

(x)
)∗

= −
∫

B
d2x Y mλ

`λ
(x)
(
Y
mµ
`µ

(x)
)∗

=

2πδmλ,mµN(`λ,mλ)N(`µ,mλ)

∫ 1

0
dx Pmλ`λ

(x)Pmλ`µ
(x). (139)

Unfortunately, to our best knowledge, there is no simple closed form for the integral over the

associated Legendre polynomials. We can however write the transformed propagator as

GλA = GλB =
1

2
Σλ, (140)
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with

Σλ =





Σe
λ, `λ +mλ = even

1, `λ +mλ = odd,
(141)

and where for `λ +mλ = even we defined

Σe
λ ≡ Σe

`λ,mλ
:= (2`λ + 1)`λ(`λ + 1)×

(`λ −mλ)!

(`λ +mλ)!

∞∑

`µ≥mλ
`µ+mλ=odd

(2`µ + 1)

`µ(`µ + 1)

(`µ −mλ)!

(`µ +mλ)!

(∫ 1

0
dx Pmλ`λ

(x)Pmλ`µ
(x)

)2

. (142)

Note that we used the fact that Pmλ`µ
= 0 for `µ < mλ to alter the starting point of the sum.

We also note that the conditions that mλ + `µ be odd is equivalent to demanding that `µ

be odd whenever `λ is even and vice-versa. We further note that Σe
`,−m = Σe

`,m, due to the

transformation behavior of associated Legendre polynomials when m 7→ −m:

P−m` (x) = (−1)m
(`−m)!

(`+m)!
Pm` (x). (143)

The value of Σλ can be determined numerically from this expression by truncating the sum

at some sufficiently large value and performing a numerical integration at each step. We note

that the sum converges for all desired values.

B.2 Rectangles

We now consider the case described in 3.3, that is M = [0, Lx] × [0, Ly], A = [0, `x] × [0, Ly],

and B = [`x, Lx] × [0, Ly]. As before, GλM = 1. We start with GλX,M

GλX,M =

∫

X
d2x′(Lλ(x′))2. (144)

Using (67) for the eigenmodes, the integral can be easily evaluated and gives

GλA,M =
`x
Lx
− 1

2πkx
sin

(
2πkx

`x
Lx

)
, (145)

GλB,M =

(
1− `x

Lx

)
+

1

2πkx
sin

(
2πkx

`x
Lx

)
. (146)

Now we can tackle GλX . We take, as before, Lλ to be eigenfunctions on M and LXα eigenfunc-

tions on X = A,B, and start by considering GλA. In order to calculate

GλA = λ
∑

α

1

α

(∫

A
d2x Lλ(x)LAα (x)

)2

, (147)

we first need to evaluate the integral. Due to the surgery we perform on M the eigenmodes

on M and A have the same y dependence. In particular, this means that the y integral only

34

228



Paper III

contributes a δ-function and we can write
∫

A
d2x Lλ(x)LAα (x) ≡

∫

A
d2x Lkx,ky(x)LAnx,ny(x)

=
2√
`xLx

δky ,ny

∫ `x

0
dx sin

(
πkx

x

Lx

)
sin

(
πnx

x

`x

)

=
2√
`xLx

(−1)nx sin

(
πkx

`x
Lx

) π
`x
nx

(
π
`x
nx

)2
−
(
π
Lx
kx

)2 . (148)

With this integral we can conclude the evaluation of GλA

GλA =
4

`xLx



(
π

Lx
kx

)2

+

(
π

Ly
ky

)2

 sin

(
πkx

`x
Lx

)2

×

∞∑

nx=1

1
(
π
`x
nx

)2
+
(
π
Ly
ky

)2

(
π
`x
nx

)2

((
π
`x
nx

)2
−
(
π
Lx
kx

)2
)2

=
`x
Lx
− 1

2πkx
sin

(
2πkx

`x
Lx

)
− dAλ , (149)

where we defined

dAλ :=
1

Lx

2
(
π
Ly
ky

)
coth

(
πky

`x
Ly

)
sin
(
πkx

`x
Lx

)2
−
(
π
Lx
kx

)
sin
(

2πkx
`x
Lx

)

(
π
Lx
kx

)2
+
(
π
Ly
ky

)2 . (150)

We can proceed similarly with GλB and get

GλB =

(
1− `x

Lx

)
+

1

2πkx
sin

(
2πkx

`x
Lx

)
− dBλ , (151)

with

dBλ :=
1

Lx

2
(
π
Ly
ky

)
coth

(
πky

Lx−`x
Ly

)
sin
(
πkx

`x
Lx

)2
+
(
π
Lx
kx

)
sin
(

2πkx
`x
Lx

)

(
π
Lx
kx

)2
+
(
π
Ly
ky

)2 . (152)

C EPA’s and transformed Green’s functions on the rectangle

In [47] quantities dubbed Entanglement Propagator Amplitudes (EPA’s) are introduced.

These are closely related to our transformed propagators. In fact, the first two EPA’s are, up

to a different normalization, just GλA and GλB

α = GλA (153)

β = GλB. (154)
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Figure 6: The quantity drect calculated by [47] is compared to our exact results dAλ and dBλ
for constant kx = 4 and ky = 2, 4, 10, 100. The approximation used to calculate drect is only

valid at large ky, there it agrees with our result.

The remaining EPA can be expressed in terms of our quantities as

γ = GλM −GλA −GλB = 1−GλA −GλB. (155)

As an example these quantities are calculated explicitly on a rectangle with side lengths Lx

and Ly and an entanglement cut at `x, where the the eigenmodes of the Laplacian are labeled

by the positive integers kx and ky and correspond to the Fourier modes on the rectangle.

In [47] the following expression is given for the transformed propagators

GλA =
`x
Lx
− 1

2πkx
sin

(
2πkx

`x
Lx

)
− drect, (156)

GλB =

(
1− `x

Lx

)
− 1

2πkx
sin

(
2πkx

`x
Lx

)
− drect, (157)

where the following approximation10, valid for large ky and Lx = Ly, is given for drect

drect ≈ 4

π3

2πky
∫ 2πky

0
sin t
t dt− πky

∫ πky
0

sin t
t dt− (−1)ky + 1

k2
x + k2

y

sin

(
πkx

`x
Lx

)2

. (158)

In figure 6 we compare this result to our analytic results for dAλ and dBλ at Lx = Ly from section

B.2, see equations (150) and (152) in particular. We find the results in good agreement where

the approximation for drect is valid.

10Note that in [47] there is a an extra factor of 2 in equation (72) with respect to their calculation of γ in

appendix C.2 of the paper.
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D Determinant of the Laplacian on a rectangle

In this section we calculate the zeta regularized determinant of the Laplacian on a rectangle.

The determinant of the Laplacian can be written as

det ∆ = e−ζ
′
S(0), (159)

where ζS is the spectral ζ-function corresponding to the Laplacian. On the rectangle, where

the eigenvalues of the Laplacian are

λkx,ky =

(
π

Lx
kx

)2

+

(
π

Ly
ky

)2

, kx, ky ∈ N+, (160)

the spectral ζ-function takes the form

ζS(s) =

∞∑

kx,ky=1



(
π

Lx
kx

)2

+

(
π

Ly
ky

)2


−s

. (161)

Our goal is thus to find an analytic continuation of this expression to s = 0 and calculate

the value of its derivative at that point. Let us first recall some identities. The integral

representation of the Γ function can be used to write

`−s =
1

Γ(s)

∫ ∞

0
dt ts−1e−`t. (162)

The Poisson summation formula is given by

∞∑

n=1

e−an
2

= −1

2
+

1

2

√
π

a
+

√
π

a

∞∑

n=1

e−
n2π2

a . (163)

The Riemann ζ-function is defined as

ζ(s) =

∞∑

n=1

1

ns
, (164)

and finally the integral representation of a modified Bessel function is

Kν(z) =
1

2

∫ ∞

0
du e−

z
2(u+ 1

u)uν−1. (165)
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We can now use these identities to perform some manipulations on the spectral ζ-function

ζS(s) =
1

Γ(s)

∞∑

kx,ky=1

∫ ∞

0
dt ts−1e

−t
((

π
Lx
kx
)2

+

(
π
Ly
ky

)2
)

=
1

Γ(s)

∞∑

ky=1

∫ ∞

0
dt ts−1e

−t
(

π
Ly
ky

)2 ∞∑

kx=1

e
−t
(
π
Lx
kx
)2

=
1

Γ(s)

∞∑

ky=1

∫ ∞

0
dt ts−1e

−t
(

π
Ly
ky

)2

−1

2
+

Lx
2
√
π
t−

1
2 +

Lx√
π
t−

1
2

∞∑

kx=1

e−
k2xL

2
x

t




= −1

2

∞∑

ky=1

(
π

Ly
ky

)−2s

+
Lx

2
√
π

Γ(s− 1
2)

Γ(s)

∞∑

ky=1

(
π

Ly
ky

)−2s+1

+

2L
s+ 1

2
x

Γ(s)
√
π

∞∑

kx,ky=1

(
Lykx
πky

)s− 1
2

Ks− 1
2

(
2π
Lx
Ly
kxky

)

= −1

2

(
Ly
π

)2s

ζ(2s) +
Lx

2
√
π

Γ(s− 1
2)

Γ(s)

(
Ly
π

)2s−1

ζ(2s− 1)+

2L
s+ 1

2
x

Γ(s)
√
π

∞∑

kx,ky=1

(
Lykx
πky

)s− 1
2

Ks− 1
2

(
2π
Lx
Ly
kxky

)
. (166)

The derivative at s = 0 of the first term is straight forward to calculate for the first term

− d

ds

1

2

(
Ly
π

)2s

ζ(2s)|s=0 =
1

2
log
(
2Ly

)
. (167)

In order to evaluate the derivatives at s = 0 of the remaining two terms we need consider the

following asymptotic behavior of the Γ- function. For ε close to zero

1

Γ(ε)
= ε+ . . . , (168)

d

ds

1

Γ(s)
|s=ε = 1 + . . . . (169)

Since all other parts of the expressions are regular around s = 0, this means that the only

terms that survive are those where the the derivative hits the Γ-function. We can thus write

for the second term in the spectral ζ-function

d

ds

Lx
2
√
π

Γ(s− 1
2)

Γ(s)

(
Ly
π

)2s−1

ζ(2s− 1)
∣∣∣
s=0

=

√
π

2

Lx
Ly

Γ(−1

2
)ζ(−1) =

π

12

Lx
Ly

(170)

and similarly for the third

d

ds

2L
s+ 1

2
x

Γ(s)
√
π

∞∑

kx,ky=1

(
Lykx
πky

)s− 1
2

Ks− 1
2

(
2π
Lx
Ly
kxky

)∣∣∣
s=0

=

2

√
Lx
Ly

∞∑

kx,ky=1

√
ky
kx
K− 1

2

(
2π
Lx
Ly
kxky

)
. (171)
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Using the explicit form of K− 1
2

we can further simplify this to

2

√
Lx
Ly

∞∑

kx,ky=1

√
ky
kx
K− 1

2

(
2π
Lx
Ly
kxky

)
=

∞∑

kx,ky=1

1

kx
e
−2πLx

Ly
kxky

= − π

12

Lx
Ly
− log


η
(
i
Lx
Ly

)
, (172)

where η is the Dedekind η-function. Putting everything together, we see that the derivative

of the spectral ζ-function at zero is

ζ ′S(0) =
1

2
log
(
2Ly

)
− log


η
(
i
Lx
Ly

)
 (173)

and the determinant of the Laplacian on the rectangle is

det ∆ =
1√
2Ly

η

(
i
Lx
Ly

)
. (174)

We note that due to the behavior of the Dedekind η-function under modular transformations

the expression above is invariant under the exchange of Lx and Ly.

E Correlation functions

In this appendix we evaluate the correlation functions needed in the calculation of the entan-

glement entropy of the state with m excitations in the λ mode, see section 4.1. As a starting

point, we can easily see that for integer β and by linearity

〈
(ϕλX)β

〉
X

= δβ,even(# of full Wick contractions)(GλX)
β
2

= δβ,even(β − 1)!!(GλX)
β
2 , (175)
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where X = A,B,M and δβ,even := δβ,2n for some integer n. Using the definition of Hermite

polynomials (18) and linearity we can rewrite the following correlation function as

1

2m

√
1

m!

(
m

k

)(
m

k′

)〈
Hm−k(ϕ

λ
X)Hk′(ϕ

λ
X)
〉
X

= (m− k)!k′!

√
1

m!

(
m

k

)(
m

k′

)
×

bm−k
2
c∑

`=0

b k′
2
c∑

`′=0

(−1)`+`
′
2k
′−k−2(`+`′)

`!`′!(m− k − 2`)!(k′ − 2`′)!

〈
(ϕλX)m−k+k′−2(`+`′)

〉
X

= δm−k+k′,even(m− k)!k′!

√
1

m!

(
m

k

)(
m

k′

)
×

bm−k
2
c∑

`=0

b k′
2
c∑

`′=0

(−1)`+`
′
2k
′−k−2(`+`′)(m− k + k′ − 2(`+ `′)− 1)!!

`!`′!(m− k − 2`)!(k′ − 2`′)!

(
GλX

)m−k+k′−2(`+`′)
2

= δm−k+k′,even

bm−k
2
c∑

`=0

b k′
2
c∑

`′=0

fmk,k′(`, `
′)
(
GλX

)m−k+k′−2(`+`′)
2

, (176)

where we included the prefactor that appears in front of the correlation functions that make

up the tensors A and B in (97) and (98), and in the last line we defined

fmk,k′;`,`′ :=
(−1)`+`

′

2k−k′+2(`+`′)

√
1

m!

(
m

k

)(
m

k′

)
(m− k)!k′!(m− k + k′ − 2(`+ `′)− 1)!!

`!`′!(m− k − 2`)!(k′ − 2`′)!
. (177)

If we define the following polynomial

Fmk,k′(z) := δm−k+k′,even

bm−k
2
c∑

`=0

b k′
2
c∑

`′=0

fmk,k′;`,`′z
m−k+k′−2(`+`′)

2 (178)

then we can simply write

1

2m

√
1

m!

(
m

k

)(
m

k′

)〈
Hm−k(ϕ

λ
X)Hk′(ϕ

λ
X)
〉
X

= Fmk,k′(G
λ
X). (179)

Next, we want to evaluate the correlation on M appearing in the tensor M in equation (99).

Reminding ourselves that φ̄λ = φ̄λA + φ̄λB and using the identity of Hermite polynomials (81)
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we can rewrite the correlation function as

1

2
3m
2 m!

√(
m

k

)(
m

k′

)〈
Hm

(
1√
2
φ̄λ
)
Hk

(
φ̄λA

)
Hm−k′

(
φ̄λB

)〉

M

=
1

22mm!

√(
m

k

)(
m

k′

) m∑

n=0

(
m

n

)〈
Hk

(
φ̄λA

)
Hm−n

(
φ̄λA

)
Hn

(
φ̄λB

)
Hm−k′

(
φ̄λB

)〉

M

=
1

22m

√(
m

k

)(
m

k′

) m∑

n=0

k!(m− k′)!×

b k
2
c∑

r=0

bm−n
2
c∑

r′=0

bn
2
c∑

`=0

bm−k′
2
c∑

`′=0

(−1)r+r
′+`+`′22m+k−k′−2(r+r′+`+`′)

r!r′!`!`′!(k − 2r)!(m− n− 2r′)!(n− 2`)!(m− k′ − 2`′)!
×

〈(
φ̄λA

)m+k−n−2(r+r′) (
φ̄λB

)m+n−k′−2(`+`′)
〉

M

(180)

where we used the definition of Hermite polynomials in the last line. We will take care of

the prefactors later, for now it is enough to see that the expression above is just a sum of

correlation functions of the form 〈AαBβ〉M , where we use the short-hand notation A ≡ φ̄λA and

B ≡ φ̄λB. When we apply Wick’s theorem to this type of correlation function, three distinct

types of transformed two-point functions appear: 〈AB〉M = GλA,B, and 〈X2〉M = GλX,X with

X = A,B. Since we know from before what correlation functions of the form 〈Xα〉M look like,

we can evaluate 〈AαBβ〉M by successively taking mixed contractions creating an expansion

of the form

〈
AαBβ

〉
= a0 〈Aα〉

〈
Bβ
〉

+ a1 〈AB〉
〈
Aα−1

〉〈
Bβ−1

〉
+ a2 〈AB〉2

〈
Aα−2

〉〈
Bβ−2

〉
+ . . . ,

(181)

where aρ is a combinatorial factor counting the ways to select ρ pairs AB out of AαBβ given

by

aρ =
1

ρ!

α!

(α− ρ)!

β!

(β − ρ)!
. (182)

As a consistency check it isn’t hard to see that this combinatorial factor leads to the expected

amount of full Wick contractions: (α+ β − 1)!!. Using equation (175) one can then evaluate

the remaining correlation functions and write

〈
AαBβ

〉
=

min(α,β)∑

ρ=0

δα−ρ,evenδβ−ρ,even×

1

ρ!

α!

(α− ρ)!!

β!

(β − ρ)!!

(
GλA,B

)ρ (
GλA,A

)(α−ρ)/2 (
GλB,B

)(β−ρ)/2
, (183)
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where we used the fact that n!/(n− 1)!! = n!!. Let us thus define the following polynomial in

three variables

Tmk,k′(x, y, z) := δk+k′,even

√(
m

k

)(
m

k′

) m∑

n=0

k!(m− k′)!×

b k
2
c∑

r=0

bm−n
2
c∑

r′=0

bn
2
c∑

`=0

bm−k′
2
c∑

`′=0

(−1)r+r
′+`+`′2k−k

′−2(r+r′+`+`′)

r!r′!`!`′!(k − 2r)!(m− n− 2r′)!(n− 2`)!(m− k′ − 2`′)!
×

min(m+k−n−2(r+r′),m+n−k′−2(`+`′))∑

ρ=0

δm+k−n−ρ,even
1

ρ!

(m+ k − n− 2(r + r′))!
(m+ k − n− 2(r + r′)− ρ)!!

×

(m+ n− k′ − 2(`+ `′))!
(m+ n− k′ − 2(`+ `′)− ρ)!!

xρy(m+k−n−2(r+r′)−ρ)/2z(m+n−k′−2(`+`′)−ρ)/2 (184)

where we simplified the δ-functions as δm+k−n−ρ,evenδm+n−k′−ρ,even = δm+k−n−ρ,evenδk+k′,even.

In the end, we can write for the correlation function

1

2
3m
2 m!

√(
m

k

)(
m

k′

)〈
Hm

(
1√
2
φ̄λ
)
Hk

(
φ̄λA

)
Hm−k′

(
φ̄λB

)〉

M

= Tmk,k′(G
λ
A,B, G

λ
A,A, G

λ
B,B). (185)

Note that for a fixed surgery and eigenmode GλA,B, GλA,A, and GλB,B are just real numbers.
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