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Abstract

The first main theme of this thesis is the approximation of holomorphic functions
on Stein manifolds by polynomials. In our setting a polynomial is an entire function
whose absolute value is bounded from above by exp(a® + b) on the complement of
a compact set, where a,b are positive constants and 1 is a given plurisubharmonic
exhaustion function. In particular we generalize the Bernstein-Walsh-Siciak theorem
to a certain class of Stein manifolds, which describes the equivalence between the
possible holomorphic continuation of a function f defined on a compact set K in C"
to the rapidity of the best uniform approximation of f on K by polynomials. We also
generalize Winiarski’s theorem, which relates the growth rate of an entire function on
C™ to its best uniform approximation by polynomials on a compact set.

If a plurisubharmonic exhaustion function 1 on a Stein manifold X satisfies the
homogeneous Monge-Ampére equation outside a compact subset of X, i.e. if ¢ is a
parabolic potential on X, then the polynomial spaces defined by v are finite dimen-
sional. Therefore the problem of constructing parabolic potentials arises naturally in
the theory of polynomial approximation on Stein manifolds.

The second main theme of this thesis is the complex Monge-Ampére operator.
In particular we derive formulas for the Monge-Ampére measures of functions of the
form log |®|. , where ® is a holomorphic map on a complex manifold of dimension n
with values in C"*!\ {0} and | - |.. is the Lie-norm in C"*1.
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Agrip (in Icelandic)

Fyrsta meginpema bessarar ritgerdar er marglidunélganir 4 faguoum follum & Stein
vidattum. Hér litum vid & marglidu sem heilt figad fall hvers algildi er takmarkad
a0 ofan af falli af gerdinni exp(ay + b) & fyllimengi bjappads mengis, bar sem a,b
eru jakveedir fastar og v er einhver gefin fj6lundirpyd teeming. Sér i lagi pba alhsefum
vid Bernstein-Walsh-Siciak setninguna pannig ad hiin nai yfir 4kvedinn nyjan flokk af
Stein vidattum. Rifjum upp ad Bernstein-Walsh-Siciak setningin lysir venslunum 4
milli mogulegrar fagadrar framlengingar 4 falli f sem er skilgreint 4 pjoppudu mengi
K i C" og hradanum & bestu nalgun & f i j6fnum meeli & K med marglidum. Vid
alheefum lika setningu Winiarski sem lysir venslunum & milli vaxtahrada heils fagads
falls & C™ og bestu nalgun f i jéofnum maeli & bjoppudu mengi med marglioum.

Ef fjolundirbyd teeming 1 & Stein vidattu X uppfyllir 6hlidrudu Monge-Ampére
jofnuna & fyllimengi pjappads mengis i X, b.e. ef ¢ er fleyggert maetti & X, ba eru
marglidurimin sem ¢ skilgreinir af endanlegri vidd. Pess vegna framlengjast rann-
soknir 4 marglidunélgunum & Stein vidattum néattirulega yfir i rannséknir & Monge-
Ampére virkjanum.

Seinna meginbema bessarar ritgerdar er Monge-Ampére virkinn. Sér i lagi leidum
vid at jofnur fyrir Monge-Ampére mal falla af gerdinni log |®|. bar sem ad ® er fagud
vorpun 4 fagadri vidattu af vidd n sem tekur gildi sin i C™\ {0} og |-|. er Lie-stadallinn
4 Crtl
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Introduction

The theory of polynomial approximation has long been a classical subject, dating back
at least to the early 18th century when Gregory, Taylor and Maclaurin formulated
and researched the concept of a Taylor series. It wasn’t until the late 19th century,
in the year 1885, when Weierstrafs proved that every continuous function on a closed
interval in R can be uniformly approximated by polynomials [81]. A prosperous year
indeed, since in 1885 Runge also published his celebrated result on uniform polynomial
approximation in the complex plane [64]. The generalization of Runge’s theorem to
several variables was proven by Oka and Weil in 1935-1936 [59}/82]. Because of its
relevance to this thesis we state it here:

Theorem 1.0.1 If K C C™ is compact and polynomially convex then every function
f holomorphic in a neighborhood of K can be uniformly approximated by polynomials
on K.

In 1930 Bernstein considered the line segment K = [—1,1] in C. He proved a precise
quantitative version of the Runge-Oka-Weil theorem for this special case. Later,
Walsh [80] generalized this result with the line segment replaced by more general
compact subsets of C, see also |61, Theorem 6.3.1]. Finally, in 1962, Siciak [70]
generalizes this result to several variables. For a more detailed survey on the history
of polynomial approximation we refer to [7,52].

Bernstein, Walsh and Siciak all considered the decay of the sequence di (f, Pm) :=
inf{||f — pllx; p € Pm} of the best uniform approximation of f on K by polynomials
of degree less then or equal to m, denoted by P,,. In the most general case when K
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is any compact subset of C", Siciak proved that

|

lim sup (die (f, P)) /™ < 7 (1)
m—00 L

where L > 1 is a constant depending on the size of the neighborhood around K on

which f is holomorphic. To make the description of the parameter L more precise we

must introduce the concept of an extremal function.

The Siciak-Zakharyuta extremal function for a compact set K C C" was originally
introduced by Zakharyuta in [84] and is defined by the equation

Vi (z) = sup{u(z); ue L, u<0 on K}, zeC™.

Here L is the Lelong class of plurisubharmonic (psh) functions on C™ which satisfy the
growth condition u(z) <log|z| + O(1) as |z| — oo. In two papers [71}[84] Siciak and

Zakharyuta showed that the extremal function has another representation, namely

1
Vi (z) = log (sup{|p(z)|9°&P; p a non-constant polynomial such that |p|lx < 1}).

From this representation of the extremal function it is relatively simple to show that
if inequality is true, then f extends as a holomorphic function to the set K :=
{z € C"; Vk(z) < log(L)}. It turns out that the converse is true as well, under the
extra assumption that Vi is continuous, although this result is considerably more
difficult to prove. This is the result of Siciak [70].

One of the main topics of this thesis is to generalize Siciak’s theorem to more
general Stein manifolds. We do this in Chapter 3, which is based on paper [75]. It
is probably not immediately clear to many readers how such a generalization might
look like. Indeed, since polynomials on C™ are usually defined in terms of the canon-
ical global coordinate system, it is not completely straight forward to generalize this

concept to a more general manifold. To do this we must introduce more background.

Recall that, by the theorem of Liouville, the polynomials on C" can be charac-
terized in terms of their growth rate. More precisely, an entire function f on C" is
a polynomial of degree < m if and only if there exists a constant C > 0 such that
log|f| < mlog(1l+ |z|) + C on C™. We generalize the concept of a polynomial with
this characterization in mind. For a general manifold X with a psh exhaustion func-
tion ¢ we define the 1 -polynomials on X to be entire functions f on X satisfying the



inequality
log |f(2)| <ty (2) + C, zeX (1.2)

for some t,C > 0, where ¢+ = max{0,v} is the positive part of 1. The set of
tp-polynomials is denoted by PY¥ and for ¢ > 0 fixed we denote by ng the set of
1-polynomials satisfying inequality (1.2)) for some C' > 0.

Following Stoll [77] we say that a manifold X is S-parabolic if it possesses a
plurisubharmonic exhaustion function 7 which is maximal outside a compact sub-
set of X. Such an exhaustion function is called a parabolic potential or a special
ezhaustion function. In [85] Zeriahi proves that if 7 is a parabolic potential then the
polynomial spaces P/ have finite dimension. Therefore S-parabolic manifolds are of
particular interest in the study of polynomial approximation on Stein manifolds. In
their work [4-6], Aytuna and Sadullaev consider the Fréchet-space O(X) of holomor-
phic functions on X. They construct an example of an S-parabolic manifold where
the set of 7-polynomials consists only of the constant, and another example where
the polynomial space is non-trivial but still not dense in O(X). Zeriahi [85}86] in-
troduces analogues of classical pluripotential theory to S-parabolic Stein manifolds.
He generalizes the theorem of Siciak and a theorem of Winiarski [83] to algebraic

varieties.

Now our generalization of Siciak’s theorem in Chapter 3 should be more clear,
we simply do the approximation with ¢-polynomials instead of the classical ones. Of
course this is not always possible since, as previously stated, the polynomials are not
always dense in O(X). Therefore we must make some assumptions on the exhaustion
function . In this context we consider the metric defined by the (1,1)-form dde?.
We have to make particular assumptions on the growth rate of its Ricci curvature
and we also have to demand holomorphic functions to satisfy a sort of sub mean-
value inequality with respect to this metric. We make our assumptions more precise
in Section 3.2. In Section 3.3 we then look at several examples of exhaustion functions

on Stein manifolds satisfying all our assumptions.

Observe that if inequality holds for every L > 0 then, by the previously
mentioned theorem of Siciak, f is the restriction to K of an entire function, also
denoted by f. If f is of finite order o and of finite type o with respect to o, then
Winiarski [83] proved a more precise estimate for the best uniform approximation of
f on K (see Theorem [2.3.6). In Chapter 3 we also generalize Winiarski’s theorem to

more general manifolds.
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It is well known that a locally bounded psh function is maximal if and only if it
satisfies the homogeneous Monge-Ampére equation. Therefore the problem of con-
structing examples of parabolic potentials on manifolds naturally brings us to the
study of the Monge-Ampére operator. In Chapter 4 we turn our attention in this
direction. This chapter is based on paper [76].

In Chapter 4 we consider functions of the form log |®|. and calculate their Monge-
Ampére measure. Here ® : X — C"*1\ {0} is a non-vanishing holomorphic map on
a complex manifold of dimension n and |- |. is a specific norm on C"*! called the
Lie norm, see Theorem It turns out that the support of the Monge-Ampére
measure (dd°log |®|.)" is a subset of ®~!(CR"*!). This means that if X is a Stein
manifold of dimension n and ® : X — C"**! is a proper holomorphic map such that
®~1(CR"*!) is compact, then X is S-parabolic with parabolic potential log |®|.. Let
us elaborate on this idea.

The Lie normon CV is the largest norm on CV which extends the Euclidean norm
|| on RN to a complex norm on CV. Tt thus dominates the standard hermitian norm
on CV. It is given by an explicit formula in Proposition which shows that it is
a C* function on CV \ CRY.

In order to understand when we can expect to find a parabolic potential of the form
log |®|., we look at a slightly more general problem. Let ®: X — Y be a holomorphic
map on a manifold X of dimension n into a manifold Y of dimension N and let h be
a psh function on Y. If A is an exhaustion and @ is a proper map, then h o ® is an
exhaustion on X. If h is a C? function on an open subset V of Y then h is maximal
on V if and only if the Levi form of h is degenerate at every point ¢ € V. Recall that

the Levi form of h is the hermitian form which in local coordinates ¢ = (¢1,...,{N)
is given by
Y 9%
WHEh(Caw) = = (C)w]wka w = (wlv"va) GTCY
o 969Gk

By a simple application of the chain rule we have
Lhos(z,w) = Lp(P(2),dP(z)(w)), 2€® V), weT.X.

We see that if for every z € ®~1(V) there exists a tangent vector w # 0 of X at z
which is mapped by d®(z) to the kernel of the Levi form of h at ®(z), then h o ®
is maximal on ®~1(V). In particular, if at every ¢ € V the kernel of the Levi form
of h at ¢ has dimension at least £ > 1 and N = n + k — 1, then it follows by the



rank-nullity theorem from linear algebra that h o ® is maximal on ®~1(V).

By Bos, Levenberg, Ma’u, and Piazzon [21] the kernel of the Levi form of log |-|. on
CV at every ¢ # 0is spanned by ¢ and (. These vectors are linearly independent if and
only if ¢ is in CV\CRY, so the kernel is two dimensional at every ¢ € CV\CR". Hence
log |®|. is maximal on ®~1(C"*1\ CR"*1) for every holomorphic map ®: X — C"*!
on a manifold of dimension n. These are the advantages of the Lie norm rather than,
say, the usual Euclidean norm for constructing maximal psh functions. For a general

®: X — C""! the function log|®| is not maximal on any open subset of X.

Outline

The outline of this thesis is as follows.

Chapter 2: We take a quick look at the background necessary for the rest of
the thesis. In particular we discuss maximal psh functions and the Monge-Ampére
operator. We introduce the Siciak-Zakharyuta extremal function and review some of
its most important properties. Finally we discuss Stein manifolds and recall the main
properties of S-parabolic manifolds.

Chapter 3: In Section 3.1 we introduce some preliminaries and key concepts
necessary for the sections that follow. We discuss y-polynomials and their properties.
We review the concept of an abstract Lelong class, which was introduced by Zeriahi
in [87], and for a general psh exhaustion function ¢ on X we also consider the space L
of psh functions u on X satisfying the growth estimate u < ¢ + C. We characterize
the set of ¢ such that £, is an abstract Lelong class in the sense of Zeriahi. With
a clear understanding of Lelong classes we then proceed to define extremal functions
on manifolds and discuss their properties.

In Section 3.2 we present two main results of this thesis. Those are the general-
izations of the theorems of Sicak and Winiarski previously discussed to more general
manifolds and concern the uniform approximation of holomorphic functions by -
polynomials on compact sets. Such an approximation is not always possible so we
must make particular assumptions on the curvature of the metric defined by the (1, 1)-
form dde¥. More precisely, we assume that 1 is Ricci compensable and induces an
integral estimate for holomorphic functions; terms that we introduce in detail in this
section.

In Section 3.3 we look at examples of plurisubharmonic exhaustion functions which
satisfy the assumptions of our main results from the preceding section. That is, we
look at several examples of Stein manifolds and plurisubharmonic exhaustion func-
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tions ¥ which are Ricci compensable and induce an integral estimate for holomorphic
functions.

In Section 3.4 we prove all results stated in Section 3.2.

Chapter 4: The main result from Chapter 4, Theorem [£.0.1] is the description
of the Monge-Ampére measure of functions of the form log |®|. where ® : X — C"*!

is holomorphic on an n dimensional manifold X and |- |. is the Lie-norm.

In Section 4.1 we review the general theory of the cross norm || - ||, on the com-
plexification V¢ of a real normed space (V, || - ||). For an inner product space (V, (-, -))
with norm | - | we derive a simple formula for the cross norm, [(|. = |a| + |b|, where

the vector ¢ € V¢ is represented as ¢ = e'?(a + ib), with § € R, a,b € V, (a,b) = 0,
and |b|] < |a|. From this formula we give a new proof of the explicit formulas for ||,
originally proved by Druzkowski in [36]. If | - | is the Euclidean norm on R¥ then |-|.
is called the Lie norm on CV.

In Section 4.2 we first take a look at the set CRY from a few different viewpoints.
Then we look at the representation of ¢ € CV as ¢ = e (a+ib) with § € R, a,b € RV,
(a,b) =0, and |b| < |a|, which is very useful in our calculations. We derive a formula
for the pullback of the volume form dV on CV to the 2N-dimensional real manifold
{(0,a,b); (a,b) = 0,]b] < |al}. This formula is applied in Section 4.5 for calculating
weak limits of Monge-Ampére measures.

In Sections 4.3 and 4.4 we calculate the Siciak-Zakharyuta extremal function and
the corresponding equilibrium measure for a few compact subsets K of R™ C C™. The
extremal function has been extensively studied for several decades and, in particular,
authors have shown interest in the case when K is a compact subset of RY [10}|14,
18},22-24154]. Among our examples is a result that motivated this study [21].

As a preparation for the proof of Theorem we analyse in Section 4.5 the
Levi form of the maximal function h. = logv., where the family of functions, v.(¢) =
(la| +€]b])2 + (b +€]al)2, e > 0, regularizes the Lie norm v(¢) = [¢|e = |a| + |b].

Finally, in Section 4.6 we complete the proof of Theorem by calculating the
Monge-Ampére measure (dd®(log |®|.))" as the weak limit of (dd°(logv. o ®))".



Background

2.1 Basic definitions in pluripotential theory

To introduce notation, we start this section by defining the most common differential
operators in complex analysis. Let f be a C' function defined on a domain 2 in C".
The differential of f splits canonically into a holomorphic part and an antiholomorphic
part df = 0f + Of where

We define the operator d° := i(0—0) and note that we have dd® = 2i90. The standard

Euclidean volume form on C" is defined as

dV = /\(de A dyj) = /\ %dZJ A de.
j=1

j=1

Definition 2.1.1 Let €2 be a domain in C. We say that a function h : Q& — R is
harmonicif it is C? and dd°h = 0 on ). We say that an upper semicontinuous function
u: Q= RU{—oc} is subharmonic if for every relatively compact open subset U of Q
and every continuous function h : U — R, which is harmonic on U and satisfies u < h
on OU, we have u < h on U. We denote by SH () the set of subharmonic functions
on ) not identically equal to —oco on any connected component of 2.
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In other words, the subharmonic functions are precisely the functions which are al-
ways dominated by the harmonic ones. Conversely, using the solution to the Dirichlet
problem, it is relatively easy to show that the harmonic functions are the only subhar-
monic functions which dominate every other subharmonic function in the following

sense:

Proposition 2.1.2 Let u be a subharmonic function on §2 and assume that for every
relatively compact open subset U of §) and every upper semicontinuous function v :
U —RU {—o0}, which is subharmonic on U and satisfies v < u on OU, we have v < u

on U. Then wu is harmonic on ).

It is a well known fact that if u is a C? function on  C C then it is subharmonic
if and only if the (1,1)-form

9%y

020z

2 2
a“+a”)dvz4

922 " oy v

dd’u = AudV = (

is positive. For our purposes this is a far more convenient characterization of subhar-
monic functions than its defining properties. Fortunately this statement generalizes

to more irregular functions as well.

Proposition 2.1.3 Let Q C C be a domain and u € Li, (). Then u is almost
everywhere equal to a subharmonic function w if and only if dd“u is positive in the
sense of currents. Moreover, if dd°u > 0 then the function @ is uniquely determined.

If dd°u = 0 on Q) then @ is harmonic (and in particular C?).

Every harmonic function on a simply connected domain in C is the real part of
a holomorphic function. Conversely, the real part of a holomorphic function f is
harmonic. Because of this (and for many other reasons) the study of harmonic and
subharmonic functions has been of high importance when studying holomorphic func-
tions on C. By Hartogs theorem on separate analyticity a function f is holomorphic
on a domain 2 C C" iff it is holomorphic on the intersection of 2 with every com-
plex line (see [50, Section 2.4] for proof). A complex line is here a set of the form
{€a+b; ( € C} C C" for some a € C™\ {0}, b € C*. With this fact in mind it
is natural to generalize the concepts of subharmonic and harmonic functions to C”

analogously.

Definition 2.1.4 We say that an upper semicontinuous function u on a domain
Q c C" is plurisubharmonic (pluriharmonic) and write psh (ph) for short, if it is
subharmonic (harmonic) on the intersection of 2 with every complex line. We denote
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by PSH(Q) (PH()) the set of all psh (ph) functions on Q which are not identically
equal to —oo on any connected component of ).

Let 2 C C” be a domain. In the light of Proposition [2.1.3| we see that a function
u € L11OC (Q) is almost everywhere equal to a plurisubharmonic function 4 if and only
if the (1,1)-form dd“u is positive in the sense of currents. In the case when u is C?
this means that the Levi form of u, defined by the equation

n

w — Ly Z CjaC wjzf)k, (e, weln

is positive semidefinite if and only if w is psh. We end this section with an important

regularization theorem for psh functions.

Proposition 2.1.5 Letu be psh on ) C C". Then there exists a sequence of domains
0 C Qe C ... with Q =U,,Q,, and C* psh functions u,, on §,, such that u,,(z) \,
u(z) for every z € Q.

2.2 Maximal psh functions and the complex Monge-

Ampére operator

2.2.1 Maximal psh functions

We have already seen that in one complex dimension the (pluri)harmonic functions
are precisely the functions which always dominate the (pluri)subharmonic functions
in the sense of Definition [2.1.1]and Proposition[2.1.2] The same can not be said about
pluriharmonic and plurisubharmonic functions in several complex dimensions. Indeed,
the class of pluriharmonic functions is far too small to satisfy the equivalent property.
Therefore we introduce a new larger subclass of the plurisubharmonic functions.

Let © be a domain in C" and u : 2 — R be plurisubharmonic. We say that u
is mazimal if for every relatively compact subset G of ), written G € €2, and every

plurisubharmonic function v on G satisfying

liminf(u(z) — v(z)) > 0, for all £ € 0G (2.1)

z—E

we have u > v on G. We denote by MPSH(Q) the set of all maximal psh functions
which are not identically equal to —oco on any connected component of €.



10 CHAPTER 2. BACKGROUND

It is clear that every ph function is a maximal psh function. Moreover, by Proposi-
tion [2.1.2] we see that in one complex dimension the maximal psh functions coincide
with the harmonic ones. Although this is the case, many properties of harmonic
functions are not inherited by maximal psh functions. For instance while harmonic
functions are smooth, maximal psh functions are in general not even continuous. The
lack of regularity of maximal plurisubharmonic functions can make them considerably
more difficult to deal with.

Example 2.2.1 Let w : C — R be any discontinuous subharmonic function and
define the function u : C?> — R as u(z1,22) = w(z1). Let G be relatively compact in
C? and v be any psh function satisfying inequality . For every fixed a € C the
function z — u(a, z) is constant and therefore harmonic on G, := {(a, 2) € G; z € C}.
Moreover we have v < u on dG, so v < u on G,. Since G = U,G,, it follows that

v < wu on G and therefore v is a maximal psh function.

Working along the same lines, it is easy to provide examples of many more maximal
psh functions. Indeed, let u be a psh function on a domain 2 and suppose there exists
a family of single dimensional open and proper submanifolds M; C Q, j € J such
that UjcsM; = Q and such that u is harmonic on M; for each j € J. Then by an

argument similar to the one in the previous example we can see that v is maximal on

Q.

Example 2.2.2 Let || - || be any norm in C™ and define w : C™ \ {0} — R as u(z) =
log ||z||. For any point a € C™\ {0} the single variable function ¢ — u(Ca) is harmonic
on C\ {0}. This means that u is maximal.

For convenience we include these equivalent descriptions of maximality.

Proposition 2.2.3 [65, Proposition 17.2] Let u be a psh function on Q C C". The

following statements are equivalent:
(i) w is maximal on §);

(ii) for any psh function v on ) such that for each € > 0 there exists a compact set
K C Q such that u —v > —¢ on Q\ K, we have u > v on §;

(iii) for any G € Q) and any psh function v on 2 such that u > v on 0G, we have

u > v on G

(iv) for any G € 2 and any psh function v on ) such that

liminf (u(z) —v(z)) >0, for all £ € 0G,
z—&,2€G
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we have u > v on G;
(v) for any G € ) and any function v which is upper semicontinuous on G, psh on

G and satisfies u > v on G, we have u > v on G.

2.2.2 The Monge-Ampére operator

The Monge-Ampére measure of u € C? NPSH(NQ) is defined by

(ddu)™ = (dd°u) A ... A (ddu) = 4™n! det( Ou ) dv.
. 2;0Z, ik
ntimes
By the fundamental work of Bedford and Taylor [12,|13] one can define the Monge-
Ampére measure of a function u € L{S N PSH(Q2) as
(dd°uw)" = mlgnoo(ddcum)”
where the limit is taken in the weak* topology of measures and (u,,) is any sequence
of smooth psh functions on  satisfying u,, \, u pointwise. Demailly [34] extended
this definition to psh functions which are locally bounded away from a compact set.
It was shown by Shiffman and Taylor (see Appendix 1 of [73|) that the Monge-
Ampére operator can not be extended to PSH(Q2) in a way such that (ddu)™ is
a regular Borel measure for all psh functions u, see also [48, Example 3.1] and [27]
Example 4]. In [15]/16128] Blocki and Cegrell give a complete characterization of those
plurisubharmonic functions w for which one can well define (dd°u)™ as a regular Borel
measure, see also [29).

In the single dimensional case we have (dd“u)! = AudV and therefore the Monge-
Ampére operator is a generalization to several variables of the single dimensional
Laplace operator. Moreover, when n = 1, we have dd°u > 0 if and only if u is
subharmonic and dd‘u = 0 if and only if u is harmonic.

Although the Monge-Ampére operator is continuous under monotone convergence,
it is not continuous under general pointwise convergence [25], nor is it continuous
under the L

ive convergence [26]. To emphasize the second statement we look at an

example.
Example 2.2.4 Consider the function

u(z) = log (max{1,|z1],...,|znl}), z=(z1,...,2n) € C".
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For a fixed z with |z;| < 1 for some j the single variable function
A= U(Zl,. cy Zj—1, %5t /\,Zj+1,. ..,Zn)

is constant, and hence harmonic, in a small neighborhood of 0 € C. Therefore
(dd“u)™ = 0on {|z;| < 1 for some j}. For afixed z with ||2||s := max{|z1|,...,|za|} >

1 the single variable function

A=u((T+0)2),  Aeb(o, k),

is harmonic. We can conclude that the support of (dd°u)™ lies on the torus T" =
{1 =|z1| = -+ = |za|}. By symmetry, and by the fact that the function v is radial
in each variable, we can see that (ddu)™ = cA, where X is the normalized Lebesgue

measure on T" and ¢ > 0 is some constant. By Theorem [2.3.8, we get ¢ = (2m)".
Now consider the functions

1
Um(2) = %log (T4 |2+ + 20 ), z=(21,...,2n) € C"™.

The sequence (u,,) is locally bounded and it converges pointwise almost everywhere

1

ioc- Moreover we have

to u. Therefore it converges to v in L

m
dduy, = 7 Nz A dz
Um, (1+|Z{n_~_+zlln‘2)2 jkzj 2L Zj Zk

The matrix (z?_lé,T_l)j,k is easily seen to have rank 1, so if n > 1 we have

(dd°up,)™ = 0. In particular lim,, .o (ddu,,)™ # (ddu)™.

2.2.3 Comparison theorems

A proof of a more general version of the following theorem can be found in [15]

Proposition 2.2].

Theorem 2.2.5 Let Q C C" be open and u € PSH N LS. (). Then v is maximal if
and only if (dd°u)™ = 0.

A characterization like this of possibly unbounded maximal psh functions is not
known. Indeed, it is not even known whether or not maximality is a local notion
for arbitrary psh functions. Theorem [2.2.5] provides a convenient method of produc-
ing examples of maximal psh functions. If u is a psh function on 2 and €2 can locally
be foliated by analytic disks such that the restriction of u to each disk is harmonic,
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then Theorem implies that v is maximal. Taylor and Kalka [11] showed that
the converse is partly true as well. More precisely they showed that if u is maximal,
C3 and (dd°u)"~! # 0 on  then such a foliation exists.

The following theorem is usually referred to as the comparison principle and it
was originally proven by Bedford and Taylor [13|. It is widely considered to be one

of the most important tools in pluripotential theory.

Theorem 2.2.6 [49, Theorem 3.7.1] Let Q@ C C™ be open and bounded. Let u,v €
PSH N L>(Q) be such that

liminf(u(z) — v(2)) > 0, £ € on.

z—E

Then

/ (ddv)™ < / (ddu)™.
{u<v} {u<v}

To emphasize the effectiveness of the comparison principle we show how it can be
used to prove one direction of Theorem [2.2.5] i.e. that (dd°u)™ = 0 on € implies that

u is maximal in 2. In fact we prove a more general version of this statement.

Corollary 2.2.7 Assume u,v € PSH N LS () are such that

liminf(u(z) —v(2)) >0, £ e on.

z—&
If (ddu)™ < (ddv)™ on § then v < u in Q.

Proof. Let R > 0 be large enough such that p(z) := |2|?> — R? is negative on Q and
define v, := v +¢ep. It is a simple fact that (dd°(f + g))™ > (dd°f)™ + (dd°g)™ for all
locally bounded and psh f,g. Indeed, this inequality is clear if f, g are smooth and
the general case follows by smooth decreasing sequences (see [49, Corollary 3.4.9] for

more details). Therefore we have
(ddve)™ > (ddv)"™ 4+ €™ (ddp)"™ > (dd°u)™ + £"4"nldV (2.2)

where dV is the Lebesgue measure on C". By the comparison principle and by (2.2)

we have

/ (ddu)" > / (dd°v.)" > / (dd°w)™ + em ™) / v, (2.3)
{u<ve} {u<wve} {u<ve} {u<wve}
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By subtracting || (u <UE}(ddcu)" from both sides of inequality we can infer that
the set {u < v.} has Lebesgue measure 0. Since {u < v} = Ujen{u < vi/;} we see
that {u < v} has Lebesgue measure 0. By the sub-mean value inequality we can then
see that v < u on €. O

2.3 The Siciak-Zakharyuta extremal function

2.3.1 Definition and basic properties

The Lelong class of plurisubharmonic functions on C” is defined as follows,
L :={u € PSH(C™); 3C > 0 such that u(z) <log™ |2| +C, z € C"},
where log™t := max{0,log} is the positive part of the logarithm. We also define
LT :={u € £; 3C such that log™ |z| < u™(2) +C, z € C"}.
We include an important result about the Lelong class on C™.

Proposition 2.3.1 [49, Theorem 5.2.4] If E C C" is pluripolar, i.e. if there exists
a function v € PSH(C") such that v|g = —oo, then there exists u € L such that

u|lp = —o0.
For any compact set K C C" we define the extremal function of K as
Vi (z) :==sup{u(z): ve€ L, u<0on K}, zeC",

and we denote by V; the upper semi-continuous regularization of Vk. In dimension
n = 1 the extremal function V3 coincides with the well known generalized Green
function on C \ K for any compact and simply connected set K. The extremal
function was introduced by Zakharyuta in [84].

Remark. The extremal function can be defined analogously for any set £ C C™. In

this thesis we only consider the extremal function for compact sets.

Example 2.3.2 Let || - || be any norm in C" and denote by K the closed unit ball

with respect to this norm. Then we have

Vie(z) =log" |l2ll,  zeC™
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Indeed, it is clear that the function log™ ||z|| equals 0 on K and is a member of £ so
logt | - || € Vk(z). For the opposite inequality, let u € £ be such that u < 0 on K
and let zg ¢ K be fixed. The single variable function

v(3) = u(rzo) — log* [Azoll, A€ C\D(O, kr)

> lzoll

is subharmonic on C \ D(0, ||zp]|~!) and non-positive on oD(0, HleH) Moreover, the
function v is bounded from above so it extends as a psh function to the Riemann-
sphere C \ D(0, ||z0]|~}). By the maximum principle we have v(A) < 0 for A € C \
D(0, || z0]|~1). In particular, taking A = 1, we have u(z) < log™ ||z0]|. Since u and z

were arbitrary, we have Vi < log™ | - ||.

We now list a few properties of the extremal function, all of which can be found
in [49, Chapter 5.

Proposition 2.3.3 Let K be compact. If K is pluripolar, then Vi = oo on C" \ L
for some pluripolar set L. Otherwise

(i) Vi is a member of L7;

(ii) for any sequence of compact sets K1 O Ky D ... such that K = NK; we have
lim; .o Vi, /* Vi at each point of C";

(iii) for any neighborhood U of K there exists a compact K such that K C K C U

and V is continuous.

2.3.2 Polynomial approximation

For m € N we denote by P,, the set of complex polynomials p : C* — C of degree
less than or equal to m and we write P := U,,enPm. We define the Siciak extremal

function for a compact set K C C™ as
Di(z) = sup{|p(z)|1/degp; peP,degp>1, |p| <1on K}, z e C™.

In two papers [71},)84] Siciak and Zakharyuta showed that the functions Vi and @
are practically equivalent.

Theorem 2.3.4 Let K C C" be compact. Then Vi = log®g. Moreover, the
function Vi vanishes precisely on the polynomially convex hull of K.
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The Bernstein-Walsh inequality follows almost immediately from Theorem
Namely if K C C™ is non-pluripolar and compact then

p(2)] < Ipllxe™ ™, zeC” pePp.

The Siciak extremal function was originally introduced in |70] in order to extend
classical results of approximation and interpolation to holomorphic functions of several

complex variables. Indeed, in the paper he proves the following theorem.

Theorem 2.3.5 Let K C C" be compact, f be a function on K and assume Vi is
continuous. Then f is the restriction to K of a holomorphic function on Ky, := {z €
C™; Vk(z) <log(L)} if and only if

limsup (dic (£, Po)) 77 <

m—0o0

, (2.4)

S

where di (f, Pm) = infpep,, || f — pllx is the best uniform approximation of f on K
by polynomials in P,,.

The requirement of the continuity of Vi in Theorem [2.3.5| is arguably not very re-
strictive. To see why, suppose that f is a function holomorphic on a neighborhood U
of a compact set K and we want to uniformly approximate f on K by polynomials.
If Vi is not continuous, then by Proposition [2:3.3] we can simply find a slightly bigger
set K such that Vz is continuous and then do the approximation. Goncar |[40-42]
and Cirka [30,/31] have proven theorems in a similar spirit, regarding approximation
by rational functions on C™.

Observe that if inequality holds for every L > 0, then f is the restriction to
K of an entire function, also denoted by f. If f is of finite order p and of finite type o
with respect to o, then Winiarski [83] proved a more precise estimate of dg (f, Ppn)*/™.
Denote by B, C C” the ball centered at 0 with radius r.

Theorem 2.3.6 Let f be a function on the compact set K C C"*. Then f is the
restriction to K of an entire function, also denoted by f, satisfying the growth esti-
mates

log™ 1 1
lim sup wllf”& <o and limsup % <o,
r

00 log(r) P

if and only if

lim sup m'/€(dg (f, Pm))*™ < (ecp)?/e.

m—r 00
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2.3.3 The equilibrium measure

If the compact set K C C" is not pluripolar we define the (complex) equilibrium
measure of K as px := (dd°V})™. The equilibrium measure of K is actually supported

on K, or equivalently:

Theorem 2.3.7 The extremal function V3 is maximal on C" \ K. Conversely, if
uw € LT, (ddu)™ = 0 on C™\ K and if there exists a pluripolar set G such that u =0
on K\ G, then u = V.

Proof. For the first statement, let s be a psh function on Q € C" \ K satisfying

limsup s(z) < Vg (§), £ € 09.

z—E&,2€Q

The function

max{s,VE} in Q,
V=
Vi in C™\ Q,

is a member of £ and vanishes on K \ F, where F = {z € K, V%(z) > 0}. The
set F is pluripolar, and therefore, by Proposition [2.3.1] there exists w € £ such that
w|p = —oo and w < 0 on K UQ. For any € > 0 the function (1 —¢)v+ew is a member
of Land (1 —e)v+ew <0on K so (1 —e)v+ecw < VjE on C". By letting e — 0 we
see that s < V¢ almost everywhere in (2, and hence everywhere in €.

For the second statement, let u be as described in the theorem, w be as in the
previous paragraph and € > 0. The function (1 —2¢)V} +ew is a member of (1 —¢)L
and since u € LT we can find R large enough such that v > (1 — 2e)Vj + ew on
0B(0,R). We also have u > (1 — 2¢)V + ew on K so by maximality we have
u > (1—2¢)VE +ew on B(0, R). By letting R — oo we see that the same inequality
holds on C" and by then letting ¢ — 0 we see that v > Vi almost everywhere on
C™, and hence everywhere on C". For the opposite inequality, let » € £ be such that
r|l¢ = —o0 and r|xg < 0. Then we clearly have (1 —¢)u + er < V3 on C™ and by
letting € — 0 we see that © < V% on C".

O

Using the comparison principle it can be seen that the total mass of the equilibrium
measure is fK ur = (2m)™ for any compact set K C C". Indeed, a much stronger

statement for the entire class £ is true.

Theorem 2.3.8 Let u,v € L{° (C™) and assume there exists C > 0 such that v <

loc
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ut 4+ C on C", then [, (ddv)" < [..(dd°u)". Moreover, if w € LT N LS, (C") then
Jon (ddCw)™ = (2m)™.

Proof. Let ¢ > 0 and M > 0 be fixed. Let R > 0 be large enough such that
v+ M < (1+¢)uon C"\ B(0,R). By the comparison principle we have

(ddev)" < (14 &) / (ddeu)"

/B’(O,R)ﬁ{(1+s)u<v+M} B(0,R)N{(1+&)u<v+M}

<(1 —1—5)”/ (dd°u)™.

The first statement follows by letting R — oo, then letting ¢ — 0 and finally letting
M — oo.

From the first statement it is clear that [, (dd°w)™ equals a constant independent
of w € L. Therefore it is sufficient to calculate the total Monge-Ampére mass of
just one member of £*. We refer to |35, Example (3.8) | to see that

/n (ddclog(lg\ﬁ)) = (2m)"

where | - | is the Euclidean norm on C". O

2.3.4 Compact subsets of R" ¢ C"

The Joukovski transformation J : C\ {0} — C is defined by the formula J(¢) =
1(¢+¢1Y). For ¢ = re'” we have

J(re'?) = %(r + 771 cos(0) + %(r —r~1)sin(h)

and therefore we see that J maps the boundary of the disk 9D(0, r) to an ellipse with
center at the origin and semiaxes 3 (r£r~'). Moreover, J maps C\D(0, 1) bijectively
to C\ [—1,1] and its inverse is given by the formula

J2) =2+ (22 - 1)V2 z2€C\[-1,1]

where the square root is chosen such that J=1'(z) > 1 for z > 1. The function
z — log|J71(2)] is clearly harmonic and goes to zero as z goes to [—1,1]. Moreover
this function is a member of £7(C) and therefore, by Theorem we have the
following result.
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Proposition 2.3.9 The extremal function of the line segment K = [—1,1] in C is
Vi(2) =log|J~*(2)].

Now let K be a convex symmetric body in R” C C" containing the origin, i.e.
assume that K = —K and that the interior of K is not empty. The dual body of K
is by definition the set

K*:={yeR" (z,y) <1 forall z € K}.

Lundin [54] (see also Baran [8H10]) showed that the extremal function of every convex
symmetric body K in R™ C C™ can be expressed in terms of the Joukovski transfor-
mation and the dual body of K. The special case of the unit ball was independently
discovered bv Sadullaev [67].

Theorem 2.3.10 Let K C R™ C C" be a convex symmetric body containing the
origin. Then

Vi (2) = sup{log |J ! (z,w)|; w € extr K*}

where extr K* denotes the set of points in K* which are not a mid-point of any

non-trivial line segment in K*.

Applying Theorem [2.3.10]it is possible to work out the extremal function for the unit
ball in R™ (see for example [49, Theorem 5.4.6]). In [53] Lundin also calculated its

equilibrium measure.
Proposition 2.3.11 The extremal function for the unit ball K in R™ is
1
Vic(z) = 5 log J 7 (e +1F + -+ 22 ~ 1]
and its equilibrium measure is

(ddVi)" |k

2",
= " drxi N ...Ndxy,
A

where €, is the volume of the unit ball in R".

Many authors have improved on the results of Lundin and Baran, see for example
[14)[18[22}24].
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2.4 Parabolic manifolds

2.4.1 Stein manifolds

A complex analytic manifold X of dimension n which is countable at infinity is said
to be Stein if

(i) X is holomorphically convex, i.e. the holomorphically convex hull of any compact
set K C X,

K:={z€X; [f(2)| < |lflx, forall feO(X)}

is compact in X;

(ii) O(X) separates the points of X, i.e. for all 21, 29 € X with 21 # 25 there exists
f € O(X) such that f(z1) # f(22);

(iii) in a neighborhood of any z € X there exists a coordinate chart consisting of

functions from O(X).

The underlying motivation for the definition of Stein manifolds is arguably the struc-
ture of domains of holomorphy in C™. Therefore many theorems concerning domains
of holomorphy can be generalized to Stein manifolds. In particular the following

Oka-Weil theorem generalizes the classical Runge theorem.

Theorem 2.4.1 [46, Corollary 5.2.9.] If K C X is compact, K = K and f is a
function holomorphic in a neighborhood of K, then f can be uniformly approximated

on K by functions in O(X).

Like domains of holomorphy, Stein manifolds possess a plurisubharmonic exhaustion

function:

Theorem 2.4.2 [46, Theorem 5.2.10.] A complex manifold X is Stein if and only
if there exists a strictly psh function ¢ € C°°(X) such that for all ¢ € R the set
{z € X; p(z) < ¢} is relatively compact in X.

An important characterization of Stein manifolds of dimension n is that they are
properly holomorphically embeddable in CV for N large enough. This was originally
proven by Remmert [62]. A precise estimate for the lowest possible dimension N
in terms of n was obtained by Eliashberg and Gromov in [37] and improved by one
dimension for odd values of n by Schiirmann in [68] (see also [39]).
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Theorem 2.4.3 An n-dimensional Stein manifold can be properly holomorphically
embedded into CN with N = n + [n/2] + 1, where [-] denotes the integer part of a

real number.

In [38] Forster provides an example, showing that these values of N are minimal for
every n > 1.

2.4.2 Notions of parabolicity

The uniformization theorem states that a simply connected complex manifold of di-
mension n = 1 is conformally equivalent to the Riemann sphere, the unit disk or
the complex plane. Moreover, it states that every one dimensional complex manifold
admits a universal covering by one of these manifolds. A non-compact manifold is
said to be

(i) hyperbolic if its universal cover is the unit disk;
(ii) parabolic if its universal cover is the complex plane.

In several complex dimension there is no theorem analogous to the uniformization
theorem and therefore the classification of Stein manifolds into parabolic and hyper-
bolic ones is not as straight forward. Many authors classify them in terms of the
triviality (parabolic type) and non-triviality (hyperbolic type) of the Kobayashi or
the Caratheodory metrics. We classify the parabolic ones in terms of the existence of

non-constant psh functions.

Definition 2.4.4 A Stein manifold X is said to be parabolic if the constants are the

only bounded psh functions on X.

Parabolic manifolds play an important role in the structure theory of Fréchet spaces
of analytic functions on Stein manifolds, especially in finding continuous extension
operators for analytic functions from complex submanifolds [1-35,/79]. Following the

notation of Stoll [77], we also define S-parabolic manifolds:

Definition 2.4.5 Let X be a Stein manifold. We say that a psh exhaustion function
7 on X is a parabolic potential if it is maximal outside a compact subset of X. We say
that the manifold X is S-parabolic if there exists a parabolic potential on X. If there

exists a continuous parabolic potential 7 on X then we say that X is S*-parabolic.

All the notions of parabolicity mentioned in this section are known to be equivalent
in dimension n = 1. The S*-parabolic manifolds are trivially S-parabolic and it is
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relatively simple to show that S-parabolic manifolds of any dimension are parabolic,
see for example [5]. The converse statements are important open questions, i.e. it
is not known whether or not parabolicity implies S-parabolicity or if S-parabolicity
implies S*-parabolicity for dimensions n > 1. In [85,/86] Zeriahi introduces analogues
of classical pluripotential theory to S-parabolic Stein spaces. He also generalizes
Theorem and Theorem to algebraic varieties.

Example 2.4.6 We provide three examples of S*-parabolic manifolds.

(i) The complex Euclidean space C" is S*-parabolic with a parabolic potential
7 =log" |2|.

(ii) Let X C C~ be an algebraic manifold of dimension n. By Rudin [63], after a
linear change of variables, we can assume that X is a subset of

{(21, .-y Zny Zng1s - 2n) = (2,27) € CY; 12| < AL+ |2'))BY

for some positive constants A, B. This implies that the function 7 := log|z’| is
an exhaustion function. It is easy to see that 7 is maximal on X \ 77(—o0) so

T is a parabolic potential.

(iii) Let F : C* — C be a Weierstrass polynomial, i.e. let F' be of the form
F2)=2F 4251 () + -+ 2 fi(2) + fo() z2=(¢,2,) €eC" I xC

where f; : C"~! — C are entire functions. Write X = C"\ {F = 0}. Then X is
an S*-parabolic manifold with a parabolic potential

7(2) = log (|z’|2+|F(z)—1|2) —log |F(z)], z e X.

Indeed, it is easy to see that 7 is maximal on X \ 771(—o00). To see that 7 is

actually an exhaustion function we refer to [5, Theorem 4.1].

2.4.3 On curvature

We end this section with a quick review of the Ricci curvature and a result of Demailly
from [33]. Let w be a Kdhler form on a complex manifold X, i.e. assume that w is
a closed and smooth strictly positive (1,1)-form on X. As is customary we abuse
notation by representing the metric whose fundamental form is w with the same

symbol. The Ricci curvature tensor for a general metric w is usually defined in terms
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of the Riemann curvature tensor, but since we only consider K&hler metrics we can

represent it in a way which is much more convenient for our purposes. Indeed, if

i _
w= 3 Z wjygdzj A dZy,
1<j,k<n
with respect to some coordinate chart z = (z1,..., z,) defined on D? then the Ricci

curvature of w is the (1, 1)-form
Ricci(w) := —1dd®log (Det wj;).

To show that this representation is independent of the choice of coordinates, suppose
that ¢ = ((1,...,¢,) is some other coordinate chart defined on D¢ and 7 : D — D7 is
the transition map between them. Then w = &, £d(; Ad(, where the matrices (@;,x)
and (w; ) are related by the equality (@, %) = (J)*(wj,k)(J7) and J- is the Jacobian
of 7. The matrix .J, is non-singular so the function log | Det .J,|? is pluriharmonic and

therefore
dd*1og (Det ;) = dd° (log (Detw, z) + log | Det J[2) = dd* log (Detw, ).

In [33] Demailly gives a characterization of the algebraic varieties among Stein
spaces in terms of the existence of a particular plurisubharmonic exhaustion function
v and the Ricci curvature of ddce?.

Theorem 2.4.7 |33, Theoreme 9.1] Let X be a complex analytic space of dimension
n containing a finite number of singular points. Then X is an affine algebraic variety

if and only if there exists a C*° strictly psh exhaustion function v on X satisfying:

(i) [y (ddes)™ < oo;

(ii) there exists a function 6 € L}, (X)NC®(X,eq) with values in R which is bounded

loc

from above by Ay + B for some constants A, B > 0 and

1dd“0 + Ricci(dd®e?) > 0;

(iii) v has only a finite number of critical points in X,eg.
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Rapid polynomial
approximation on Stein

manifolds

The main theme of this chapter is the uniform approximation of holomorphic functions
on compact sets and the Siciak-Zakharyuta extremal function. We can look at this
theme from several perspectives; some authors have recently considered approxima-
tion by different subclasses of the polynomials than the usual ones [20178|, others have
considered different expressions of the extremal function and the equilibrium measure,
for instance by disc formulas [511|56}/57] or by random polynomials [17}/19,45|69].
We consider approximation on Stein manifolds with polynomials which are defined
in terms of their growth rate. The main results of this chapter, Theorem [3.2.2] and
Theorem are generalizations of the theorems of Siciak and Winiarski (Theorems

£33 and 23

3.1 Preliminaries

Since polynomials on the Euclidean space C™ are usually defined in terms of the
canonical global coordinate system, it is not completely straight forward to generalize
this concept to a more general manifold X. If X is an analytic submanifold of CV

25
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then one might consider to define the polynomials on X to be the restrictions of
polynomials on CV to X. For our purposes, this definition is not very useful; for

instance if K C X is not pluripolar, the corresponding extremal function
Oi(2) = {lp(z)[V/5P); p e P(CM), degp > 1, [pllx <1},  z€X

is locally bounded if and only if X is algebraic. This was proven by Sadullaev in [66].
Instead we define polynomials on X in terms of a predetermined psh exhaustion

function on X.

Definition 3.1.1 Let ¢ be a psh exhaustion function on X. We say that a function
f € O(X) is a ¥-polynomial if there exist constants ¢ and C such that

log |f(2)| <ty (2) + C, z€X. (3.1)

We denote by P¥ the space of ¢-polynomials on X and for a fixed ¢t > 0 we denote
by th the set of 1-polynomials on X satisfying inequality li for some constant C.
If f is a v¥-polynomial on X then the y-degree of f is

deg,(f) := inf{t > 0; f € P},

Note that if X = C™ and 7(z) = log |z| then, by Liouville’s theorem, the notion of
a 7-polynomial coincides with the classical notion of a polynomial. The polynomial
spaces P; are of particular interest when the function 7 is a parabolic potential

because then they are of finite dimension. More specifically we have:

Proposition 3.1.2 85, Théoréme 4.8] If T is a parabolic potential on the n-dimensional

manifold X, then there exists a constant M such that

n+mM
n

dimP;, < ( >, m € N.
Before we prove Proposition [3.1.2] we must introduce other concepts; the proof can
be found at the end of this section.

In [85/86] Zeriahi considers the case when X is an affine algebraic variety and
proves theorems similar to the theorems of Oka-Weil and Siciak. In [4-6] Aytuna and
Sadullaev consider the polynomial space P™ when 7 is a parabolic potential. They
construct an example where the polynomial space P” only consists of the constant
functions, and another one where P” is not trivial, but still not dense in the Fréchet-
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space of holomorphic functions O(X). In [87] Zeriahi introduces the notion of an
abstract Lelong classes on complex spaces.

Definition 3.1.3 Let £ C PSH(X) be a class of psh functions on a complex space
X. We say that £ is an abstract Lelong class on X if

(i) £ contains all the (real) constants and is translation invariant, i.e. if u € £ and
a € R then u+ a € L;

(ii) £ is a closed subset of PSH(X) in the L]

loc

topology;

(iii) for every subfamily M C L either the set

Bp = {z € X; sup v(x) < oo}
vEM

is pluripolar in X, or the family M is locally bounded from above in X.

In this thesis we are most interested in one particular class of psh functions; namely
for any psh exhaustion function ¢ on X we define the y-Lelong class on X to be the

set
Ly = {u € PSH(X); 3C >0 such that u <9y +C on X}
and we define
L:; :={u € Ly; 3C >0 such that » <u™ +C on X}.

We can characterize the set of psh exhaustion functions v such that £, is an abstract

Lelong class in the following way:

Proposition 3.1.4 Let ¢ be a psh exhaustion function on X. If L, contains a
parabolic potential, then Ly is an abstract Lelong class. Conversely if Ly is an
abstract Lelong class, and there exists a non-pluripolar compact set K such that the

function
Viw(2) :=sup{v(2); v € Ly, v|x <0}, zeX (3.2)

satisfies the equation Vi 4 = Vi, on K, then Vi y Is maximal on X \ K and therefore
is a parabolic potential on X. Moreover Vi y is a member of Ly and Vi, = Vi,
on X.
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Proof. The class Ly clearly contains all the constants and is translation invariant.
Suppose there exists a parabolic potential 7 in £$ and denote by K the closure of
the set {z € X; 7(2) < 0}; by adding a constant to 7 we can assume that K is not
empty and we can assume that it is maximal on X \ K. Using methods similar to the

ones used in the proof of Theorem [2.3.7] we can show that
w(z) <supw+7(2), weLly, zeX. (3.3)
K

Now let M C L, be such that By is not pluripolar and write u(z) := sup{w(z); w €
M}. We want to show that u is locally bounded from above on X. By inequality
it is enough to show that sup,cx u(z) < co. Assume the opposite holds and
let (w;)jen be a sequence of functions in M such that m; := supy w; > 2. From
inequality we can see that the sequence (w; —m;) is locally bounded from above
on X. Observe that at some point zy € X we have limsup,_, . (w;(z0) —m;) > —1,
because otherwise we would have limsup;_, . (w;(z) —m;) < —1 at each point z € X
and, by Hartogs lemma, this would imply that sup,cx(w;(z) — m;) < —1/2 for
all sufficiently large j contradicting the definition of the constants m;. Taking a
subsequence if necessary, we can assume that w;(z9) — m; > —1 for all j. Now the

function
w(z) == Z27j(wj(z) —m;), zeX
j=1

is psh on X. By definition of the set Byq we have u(z) < oo for all z € By and since

m; > 27 we have

w(z) SZQ‘j(u(z)—mj):u(z)—ZQ_jmj = —00, z € Bum.
j=1 j=1
Moreover we have w(zg) > Z;’il(—2_j) = —1 which means that w is not identically

equal to —oo and therefore By, is pluripolar, contradicting our original assumption.

Conversely suppose L:; is an abstract Lelong class and let K as described in the
proposition. By property (4ii) of Deﬁnitionthe function V; , is locally bounded
on X and by property (ii) we see that it is a member of [;. Since Vg = Vik,p =0
on K, Vi, is a member of the set on the right hand side of so Vg, < Vi
on X. Clearly the opposite equality holds as well so we have Vi 4 = Vg, on X. To
show that Vi , is maximal on X \ K suppose that s is a psh function on Q € X \ K
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satisfying

limsup s(z) < Vg (&), £ € o0

z2—&,2€Q

The function

max{s,VE} in Q,
vi=
Vi in C"\ Q,

is a member of £, and vanishes on K so v < Vi 4 on X. Therefore we see that
s < Vi on . This means that Vi , is maximal on X \ K.
O
The function Vi 4 from Proposition is called the v-extremal function (or
just the extremal function if the context is clear) for K. A more general version of
the following proposition is proved in [87, Theorem 2.1.2].

Proposition 3.1.5 The following statements are equivalent:
(i) The class Ly is an abstract Lelong class;

(ii) there exists a non-pluripolar compact set K C X such that Vi is locally
bounded on X;

(iii) the function Vi 4 is locally bounded on X for every non-pluripolar compact set
K cC X.

For future reference we include the following result regarding the regularity of the

extremal function.

Proposition 3.1.6 [85, Théoréme 4.2] If 7 is a continuous parabolic potential on
X, K C X is compact and pluriregular, i.e. Vg =0 on K, then Vi ; is continuous
on X.

Finally we define the function
O p(2) =sup{|f()[V5 f € PY, [ fllie <1, ¢ >0} (3-4)

In the case when X = C" and v¥(z) = log|z| the function ®x := Pg , was origi-
nally introduced by Siciak [70] in order to extend classical results of approximation
and interpolation to holomorphic functions of several complex variables. Later, Za-
kharyuta [84] defined the extremal function Vi := Vi 4 with X = C" and ¢ = log |2|.
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It is well known that log ®x = Vi for every compact K C C" (see for example [49,
Theorem 5.1.7]), but on a more general manifold such an equality might not be true,
even if we assume 1) to be a parabolic potential. Indeed, as mentioned before, there
exists an example of a parabolic potential ¢ on a manifold X such that P¥ consists
only of the constants [6], in which case we have log®k , = 0. In general we have
log @k .y < Vi y-

Now consider a t-polynomial p on X of degree ¢ and a non-pluripolar set K.
The following Bernstein-Walsh inequality follows almost directly from the definition

of ‘I)K,d; :

p(2)] < Pl (Pr ()" < llplle™ 0 (2),  z€X. (3-5)

We end this section by proving an earlier statement regarding the dimension of
the polynomial spaces P} when 7 is a parabolic potential.
Proof of Proposition . Let U’ = B(0,3) be the ball with radius 3, centered at
the origin in C", write U} = B(0,2) and K’ = B(0,1). Then Vi (z) = log™ |2| for
z€C”and Uj = {z € C™; Vi (2) < log(2)}.

Let 29 be a fixed point in X and H : U — U’ be a biholomorphism defined in
a neighborhood of zg. Write Uy = H~}(U{) and K = H~!(K’). The set K is not
pluripolar so by Proposition @ the function Vi , is locally bounded and

ri= sup %) < 0.
ZGUO

For each polynomial p € P] write p := po H~! € O(U’). Since p is holomorphic in
a neighborhood of U} = {z € C"; Vi (z) < log(2)}, then by a result of Plésniak [60],
applied with L = 2 we can find a constant C such that

di (5, Pe(C™) < C27*|plly;, pePTkeN.
By the Berstein-Walsh inequality (3.5) above we then have

di: (B, Pr(C™)) < C27F||llyy = C27*|Ipllu, < C27F ™ Ip)lx

for all m € N, p € P and k € N. In particular if we choose M & N large enough
such that C2=Mr < 1, then

d (P, Pmm (C")) < |Ipllx, forall meN and peP;,. (3.6)
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We claim that

M
dimP?, < dimP,p(C") = (” tm )

n

To derive a contradiction, suppose that dimP] > dimP,,p(C") and write ﬁ; =
{p; p € Pr}. By considering Py, (C") and P7, as linear subspaces of C(K’) with
the sup-norm ||-|| k7, then a result of Krein, Krasnoselsky and Milman (see |72, Lemma
6.1]) implies that since dim75fn > dimP,, s (C™), there exists a polynomial py € P/,
with the property that

ol < [[Po — gllxr  for all g € Ppar(C").
In particular we have ||pol|x = ||Pollx’ < di’ (D Pmar(C™)) which contradicts inequal-

ity .

3.2 Results

In this section we present the main results of this chapter. All results are proven in
Section 3.4. Recall that if w is a Kahler-form on X with coefficients w, 7 with respect

to a given coordinate system then the Ricci curvature of w is given as follows
. 1.
Ricci(w) = —§dd log(Det(w; 7))-

For any z € X, r > 0 we denote by B(z,r,w) the geodesic ball with center z and

radius r with respect to the metric w.

Definition 3.2.1 Let ¢ be a psh exhaustion function on the n-dimensional manifold
X and assume that the (1, 1)-form %ddcew is smooth and strictly positive outside a

compact subset S of X.

(i) Let 6 € PSH(X). We say that 6 is a Ricci compensator for ¢ if it is continuous,
strictly psh in a neighborhood of S,

0] < Ayt +B  on X (3.7)
for some constants A, B > 0 and

1dd°0 + Ricci (3dd°e¥) >0,  on X\ S.
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If there exists a Ricci compensator for v, then we say that v is Ricci compens-
able.

(ii) We say that v induces an integral estimate for holomorphic functions if for every
0 > 0 there are constants A, B such that for every z € X \ S and every function
F € O(B(z,6, +dd%e?))

t(z c n
|F(2)]* < e >+B/ |F|? (Lddee?)" . (3.8)
B(z,8,ddeev)\S

To help the readers familiarize themselves with these new concepts, consider the

simple example X = C" and 1 = log |z|. In this case

. n
iddcew = % 3 dzy Adz
j=1

is the standard Euclidean metric on C™ which is Ricci-flat. The function 6 = 0
is therefore a Ricci compensator so v is Ricci compensable. Moreover, if we take
A = B =0, inequality is simply the sub mean value inequality for holomorphic
functions on C™ so v clearly induces an integral estimate for holomorphic functions.

For a given psh exhaustion function 1, if we can explicitly calculate the Ricci
curvature of idd“ew, then in some cases it immediately becomes apparent whether
or not there exists a Ricci compensator for 1; we see this in Section 3.3. In this
sense, verifying whether or not v is Ricci compensable can be a straight forward task.
Though it might not be immediately clear how to verify whether or not v induces
an integral estimate for holomorphic functions. The method we use to do that in
Section 3.3 involves comparing the metric ;dd°e? with the Euclidean one in a local
coordinate chart and using the sub mean value theorem for holomorphic functions.

We present the first main result of this chapter.

Theorem 3.2.2 Let 1) be a psh exhaustion function on X which is Ricci compensable
and induces an integral estimate for holomorphic functions. Let K C X be compact
and ¢ € LJ be a continuous function satistying ¢|x < 0. Then for every L €]1, 00|
and every function f holomorphic on Ky, := {z € X; ¢(z) < log(L)} we have

1/t
lim sup (dK( f, Pﬁ’)) <Ll (3.9)

t—o0

Notice that if L':Z contains a parabolic potential 7 then by Proposition we
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see that the polynomial spaces PZ’/’ = P/ have finite dimension so Theorem is,
in some sense, the strongest when this is the case. We should note though, that for
a given parabolic potential 7 it is not always possible to find ¥ € L, satisfying the
properties of Definition (for instance if P7 consists only of constants). We then
need larger polynomial spaces if we want to apply Theorem [3.2.2

We should at this point consider the similarities between the assumptions made
in Theorem and the ones made in Demailly’s result, Theorem Indeed
the concept of a Ricci compensator highly resembles assumption (i¢) of Theorem
This means that if we want to find examples of non-algebraic manifolds and
corresponding psh exhaustion functions which are Ricci compensable and induce an
integral estimate for holomorphic functions, we should only consider functions which
fail to satisfy at least one of the other assumptions of Demailly’s theorem. Notice
that while Demailly requires 1 to be C° and strictly psh, we require e¥ to be C>
and strictly psh outside a compact set, which is a weaker assumption. Beside the
regularity condition we can also consider functions who fail to satisfy either (i) or
(ii) from Theorem [2.4.7]

If X is an algebraic manifold then there exists an abundance of psh exhaustion
functions on X which are Ricci compensable and induce an integral estimate for
holomorphic functions, see Section 3.3.

If £, is an abstract Lelong class then the function Vi 4 is locally bounded for
every non-pluripolar set K. If Vi , happens to be continuous as well, then we can
take ¢ to be equal to Vi y in Theorem [3.2.2} If we make the stronger assumption, that
Y € LT for a continuous parabolic potential 7 then Proposition gives a criterion
to check the continuity of Vi 4 = Vi . Of course the subject of the continuity of the
extremal function or the existence of a continuous parabolic potential is a delicate
one. As mentioned in Section 2.4.2, we do not even know if S-parabolic manifolds
are S*-parabolic. In either case, if we take ¢ = Vi, in Theorem then the
converse is true as well. Indeed the following proposition makes no assumption on

the continuity of Vi 4.

Proposition 3.2.3 If £, is an abstract Lelong class and f : K — C is any function
such that

1/t
lim sup (dK( f, 79;#)) <r! (3.10)

t—o00

for some L > 1, then f is the restriction to K of a function holomorphic on the set
K ={z€X; Viky(z) <log(L)}.
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Coming back to the comparison of the functions Vi y and log(®k ), we have the
following result.

Proposition 3.2.4 Assume that L, is an abstract Lelong class. Further assume that

(i) for any L > 1 and any function f holomorphic on the set K inequality (3.9) is

true;

(ii) any connected component of any sublevel set of the function ®g ., contains a

connected component of K.
Then Vi, = log(®% ).

Observe that if inequality (3.10) holds for every L > 0, then f is the restriction
to K of an entire function, also denoted by f. If f is of finite order ¢ and of finite
type o with respect to g, then we have a more precise estimate of dg (f, th)l/t. More

precisely, we have a generalization of a theorem of Winiarski [83] for the special case
X =C" and ¢ = log |z|.

Theorem 3.2.5 Assume v is Ricci compensable and induces an integral estimate for
holomorphic function. Further assume that for every r > 0 there exist constants A, B
such that

/ (3ddoe¥)" < et"HB L >1, (3.11)
{¥(2)<log(L)}\S

where S is the same as in Definition |3.2.1 Let K C X be compact and ¢ € L':g be a
continuous function on X satisfying ¢|x < 0. Then for any entire function f on X

satisfying the growth estimates

log ™ log || £ { p<tog(r) log || fll{pstontryy _

liﬁs{gp fog(r) } <p and liin_}sip o (3.12)
for some ¢ > 0, 0 > 0, we have
limsup t'/2(dg (f, PV < (eo)/e. (3.13)

t—o00

If Ly is an abstract Lelong class and ¢ := Vi  then the converse holds as well, i.e. if
f is a function on K and inequality (3.13) holds, then f extends to an entire function
on X and inequalities (3.12)) are true with ¢ replaced by Vi 4.

Theorems and are based on a third main result, in which we give an
estimate for dg (f, PY) for fixed ¢.
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Theorem 3.2.6 Let ©» be a psh exhaustion on X such that iddcew is smooth and
strictly positive outside a compact set S and assume v induces an integral estimate for
holomorphic functions. Let K C X be compact and ¢ be a continuous psh function

on X satisfying:

(i) There is a constant to > 0 such that todd®p + Ricci (1dd°e¥) > 0 on X \ S and
dd®¢ >0on S,

(i) ¢ € Ly,
(iii) plic < 0.

Let L > 1, f be a function holomorphic on the set {z € X; ¢(z) < log(L)} and
€ €]0,(L — 1)/2[. Then there are constants I, Ty neither depending on f nor L and a
constant M not depending on f, such that for any t > T, we have

142\
el PE) < Ml ociontieron (12 ) (3.14)

Remark. If L > 1 is large enough, we can replace the constant M from inequality
(3.14) with a more precise quantity. See Lemma for more details.

3.3 Examples

In this section we denote by

.on
2
Wy = §Zdzj /\de
J=1

the Euclidean metric on C" and we denote by B(z,r) = B(z,r,wp) C C" the Eu-
clidean ball with center z and radius 7.

We start this section by proving a few propositions. We then apply them to
construct a few examples of psh exhaustion functions ¢ on Stein manifolds which are

Ricci compensable and induce an integral estimate for holomorphic functions.

Proposition 3.3.1 Let ¢ be a psh exhaustion on X such that +dde? is smooth and
strictly positive outside a compact set S. If there exist functions e, M : X — R, and
constants A, B > 0 satisfying

e(z) > e~ (ATTB) apd M(z) < AV ()+B ze X,
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such that for every z € X \ S, there is a coordinate patch £ : B(0,e(z)) — X with
£(0) = z, & (3dd°e?) < M(2)wo and wf < M (z) (5*%ddcew)n on B(0,e(z)), then v
induces an integral estimate for holomorphic functions.

Proof. Let 6 > 0 and write r(z) = §; min{e(z), (M (z))~'} where §; = min{1,d}.
Since £*(1dd®e?) < M(z)wo on B(0,£(z)) we have

B(0,r(z)) = B(O,él,max{s_l(z), M(z)}wo)
C B(0,61,£"1dd%e?) C €' B(2,0, 2dde).

Let F' be a function holomorphic in a neighborhood of the ball B(z,d, +dd°¢*) and
denote by v, the volume of the unit ball of dimension 2n. Then by the sub-mean-

value inequality on C" we have

2 _ ° 2 1 o 2 n
FRP = |F o) € o /B oy F OIS
max{e'(z), M(2)}*"

'UQH(S%n

—1 2n
sl NP | Plarety,
V21,07 B(z,6,kddeet)

By assumption of the growth rate of ¢ and M we get the result. O

/ |F o €2M(2) (¢ 1ddee?)"
BOr()

Proposition 3.3.2 Assume v is an exhaustion function of the form

¥(z) =log(lgi(2)* + - +lgm(2)*),  z€X,

for some holomorphic functions g1, ..., gm € O(X).

(i) The Ricci curvature of 1dd°e is

Ricci (2dd°e”) = —1dd°log > | Det (Jac(gj,, - -, 95.)) |
1<j1<...<jn<m
where the sum is taken over every subcollection {j; < ... < j,} C {1,...,m}
of size n and Jac(g;,,- - -, 9;,) is the Jacobian of g;,, ..., g;, with respect to any

local coordinate system.

0

(ii) If there exist constants A, B > 0 such that for every z € X there exists a

subcollection {g;,,...,9;,} C {91,---,9m} and a neighborhood V of z° such
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that (gj,,.--,9;,) maps V bijectively to an open ball in C" of radius £(z°) >
e~(AVTGEDHB) and such that for every gy € {g1, .., gm}\{gi,---» g, } we have

n
dd|g[? < eV +Pdde > g,

s=1

2 onV, (3.15)

then v induces an integral estimate for holomorphic functions.

Proof. (i) Let (z1,...,2,) be some local coordinate chart. We have

, ) dg. Og B
Lddee? = - n 99 Gz N d
4 € 2 Z 8zj 8zk “ Fk

J.k.r

and therefore, by the Cauchy-Binet formula, we have

99, Ogr
Det dv
¢ (Z 0z; sz> o
T Js

(Lddeev )"

> | Det (Jac(gj,, - -, 95.)) |* | dV-.

1<j1 << <m

The result now follows from definition of the Ricci curvature.
(#7) This is a special case of Proposition Indeed, for each z° € X define ¢
as the inverse of the map z — (g;,(2),...,9;,(2)). Then we have

€ (hddoe?) =wo+ € Y Ldde|gef? < (14 elmTIAVTHE)
k#js
for any s
and ({*1dde?)" > w§ on B(0,£(2°)) so the assumptions of Proposition are
satisfied.

O

Proposition 3.3.3 Let n: Y — X be a holomorphic covering of X with finite fibers
and ¢ be a psh exhaustion function on X such that iddcew is smooth and strictly
positive outside a compact subset of X. Then iddce”*w is smooth and strictly positive

outside a compact subset of Y and

(i) if 0 is a psh function on X such that n*6 is a Ricci compensator for n*t, then
0 is a Ricci compensator for 1;
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(ii) if n*¢ induces and integral estimate for holomorphic functions on Y then so
does 1 on X.

Proof. Since 1 is an exhaustion function and 7 has finite fibers (which means that it
is proper) n*v is also an exhaustion function.

(i) Suppose that n*0 is a Ricci compensator for n*y. Then by (3.7) there exist
constants A, B such that |0(n(z))| < Ay ™ (n(z)) + B outside a compact subset of Y.
Since 7 is surjective this implies that |0| < AT + B outside a compact subset of X.
Moreover, by assumption we have

n* (3dd°0 + Ricci (2dd°e?)) = 1dd°(n*0) + Ricci (iddce"*w) >0 (3.16)
outside a compact subset of Y. Since 7 is locally a biholomorphism (3.16) implies
that

2dd°0 + Ricci (2dd°e?) > 0

outside a compact subset of X so 8 is a Ricci compensator for 1.

(i) Assume that 1™y induces an integral estimate for holomorphic functions on
Y. This means that there exists a compact set S’ C Y such that for every § > 0 there
exist constants A, B such that for every ¢ € Y'\ S and every F' € O(B((, d, 1dd°e" )
inequality is true with S replaced by S’, ¢ replaced by n*¢ and z replaced by
¢. Now let S =n(S), z€ X\ S, (€ n7(2), and F € O(B((,6, 1dde?)). Since
1 has finite fibers, say of degree k, then integrals change at most up to a factor of k

through the pullback of 7. Therefore we have

F(2)| = [Fon(Q)]? < e’*”*””“”B/

" F|? (iddce”*w)"
B(¢,8,kddeen™ )\ s

< keAWZHB/ |F|? (dde”)" .
B(z,8,1ddee¥)\S

Therefore 1) induces an integral estimate for holomorphic functions on X. O

Lemma 3.3.4 Let f : I — R be a positive C' function on an interval I C R around
0, satisfying f'(x) < az®f¢(x) for some constants a,b > 0, ¢ > 1 and assume f(0) > 1.
Then the domain of definition of f contains the interval ranging from 0 to



3.3. EXAMPLES 39

in the sense that f does not blow up to oo on that interval.

Proof. This is a variation of Gronwall’s inequality. Write

ale— 1/ (0)

g(x) = f(0)(1 - Oébu)c%ll, where a= ol

Then g is the solution to the initial value problem ¢'(z) = ax®(g(z))¢, g(0) = £(0).
The function g goes to infinity at a™ and clearly f <g. O
Now we consider several examples of Stein manifolds and corresponding psh ex-
haustion functions.
Polynomials in C". Let X = C" and let ¢1,..., g, be polynomials on C"™ such
that

U(2) =log(lg1(2)* + -+ lgm(2)]?),  zeC"

is an exhaustion function. Further assume that the Jacobian of the map z —
(91(2),...,9m(z)) has full rank on C™. Then ¢ is Ricci compensable, induces an
integral estimate for holomorphic functions and satisfies inequality from The-
orem @ Moreover it is easy to see that Ly is an abstract Lelong class so the
1-polynomial spaces have finite dimension. We do not prove these claims here since
we prove the general case of an algebraic manifold in the next example.

Affine algebraic manifolds. Let X C CV be a non-singular algebraic manifold
of dimension n and let g1, ..., gm be polynomials on X (i.e. each g, is the restriction

of a polynomial on CV to X). Assume that the function

Y(z) =log(lg1(2)° + -+ lgm(2)]*),  z€X

is an exhaustion function, and further assume that the Jacobian of the map X — C™,
z = (91(%),- .., 9m(2)) has full rank on X. Then ¢ is Ricci compensable and induces
an integral estimate for holomorphic functions. By Rudin [63|, after a linear change
of variables, we can assume that X is a subset of

{2= (21, Zns Zng1, - - 2n) = (2, 27) € CN; |27 < AL+ |2/ P}

for some positive constants A, B. This implies that the function 7 := log|2’| is a
parabolic potential on X. Since ¢ € Lg, for C' > 0 large enough, we see that the
polynomial spaces sz have finite dimension.

We now prove that ¢ is Ricci compensable and induces an integral estimate for
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holomorphic functions. Our method is based on Demailly’s calculations from the
proof of |33, Proposition 10.1]. Indeed, we generalize this result by calculating the

Ricci curvature of iddcew.

Let Py, ..., P, be generators of the ideal I(X) of polynomials in CV vanishing on X
and let s = N—n be the codimension of X. Foreach K = {k; < ... < ks} C {1,...,r}
and each L = {l; < ... < l,} C {L,...,m} denote by Jg . the determinant of the
Jacobian of the functions g;,,...,q,, Pk, - - -, Ps, on CV. Further write

Uk :=XN{zeCY; dP,, A... NdPy, (2) # 0}.

The sets Uk form an open cover of X since it is non-singular. Denote by (z1,...,2xN)
the standard coordinates on CV, write Ty := {n+1,n+2,..., N} and let w € U be
fixed. Without loss of generality we can assume that X can be parameterized in the
variables (z1, ..., z,) in a neighborhood of w. That means that in a neighborhood of
w in CV we have

2

£0

o]
|Di1,|” = ‘Det (Tff

)keK,teTo

and therefore

dgi, Ndgi, A...Ndg, ANdg, NdPy, AdPg, A...N\dPy, AdPy,

=|JK,L|2dZ1 ANdzZi N...Ndzy NdZn (3.17)
/A dzn A dz, A dPy, A dP dP;, A dP
—m 21 N\ Zl/\/\ Zn N\ AZp N\ k;l/\ k;l/\.../\ ks/\ ko

,To

Since the gradients V P, are orthogonal to the tangent space of X we see that when
we restrict the forms from equation (3.17) to the submanifold X we have

~ JkLl?

dgll A\ dgll VAN dgln AN dgln = W
»40

dzy ANdzi A ... Ndzy A dZ,.

Now by applying Proposition (i), and by noticing that the function log |Dg 1, |?
is pluriharmonic in a neighborhood of w, we see that

2 on Uk. (3.18)

Ricci (3dde?) = —2dd°log > |Jk.L
|L|=n
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Now let K be fixed. For any K # K, the function

ak ko =log Y |Jrrl* —log Y |[Jio Ll
|L|=n |L|=n

is pluriharmonic on Ux N Uk, since it is the difference of two local potentials of the
Ricci curvature. Moreover, this function is locally bounded from above on Uk, and
since Uk, \ Uk is an analytic subset of Uk, the function ax g, is psh on Uk,. This

is true for all K so the function

log »  e™xo=log Y |Jgrl>—log Y |[Jk,rl (3.19)

|K|=s |K|=s,|L|=n |Ll=n

is plurisubharmonic on Ugk,. Now define the function

0 = log Z |Jk 1|2, on X. (3.20)

|K|=s,|L|=n

By equations and we see that %ddce—i—Ricci(iddcew) > 0on X. Moreover,
since the Jacobian of g1, ..., g, has full rank on X, the functions |Jx r,|* never vanish
at the same time on X, i.e. we have § > —oo on X. By a simple application of Hilbert’s
Nullstellensatz we can see that there exist constants A and B such that |§| < Ay*™+B

on X and therefore 6 is a Ricci compensator for 1.

By applying Hilbert’s Nullstellensatz again we can find constants A;, By such that
for each z € X we can find K = {ky,...,ks} and L = {ly,...,1,} such that

|JK7L(Z)|2 > e~ (4191 (2)+B1)

Since (g1,,---591,, Prys- -+, Pr,) is a polynomial map it can be seen that it maps
a neighborhood of z in CV bijectively to an open ball in CV of radius (z) >
e~ (A2¥T (2)+B2) where Ag, By are constants independent of z. Since the functions
Py,,..., Py, vanish on X we see that (g;,,...,q, ) maps a neighborhood of z in X to
an open ball in C" of radius £(z). Since the functions g; are polynomials it is easy to
see that inequality is satisfied for some A, B so v induces an integral estimate

for holomorphic functions.

The complement of an algebraic manifold in the projective space. Let
P"*(C) be the complex projective space of dimension n and denote by 7 : C** —
P™(C) the canonical projection (2q,...,2n) = [20 : -+ : z»]- Let Q be a homogeneous
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polynomial on C"*! write X = P*(C) \ {z € P*(C); Q(7~*(z)) = 0} and define

2r
P(2) =log(|g1(2))*> + -+ + |gm(2)]?) = ——=log|Q(2)], zeX,
(2) (g1 ()] lgm (2)[7) doa(Q) Q=)
where g1, ..., g, are homogeneous polynomials on C"*! of same degree r and assume
that ¢ is an exhaustion function. Write M = {z € C"*!; Q(z) = 1} and denote by
my the restriction of m to M; then mys is a deg(Q)-fold covering of X. If the map
z = (g1(2),...,gm(z)) has full rank on M then, by the previous example we see that

mat =log(|lg1* + - + gm[?)

induces an integral estimate for holomorphic functions and is Ricci compensable with
Ricci compensator 6 as described in equation (3.20)). In this specific case, the manifold
M has codimension s = 1 and the ideal (M) is generated by the polynomial @ — 1

so, using the notation from the previous example, we have

0 = log Z |Jk.L|* = log Z | Jac(Q, g1, - - -, 91,)]°-

|K|=s,|L|=n {li<...<ln}C{1,...;m}

Since the polynomials @, g1, ..., g, are homogeneous and g1, ..., g, have degree r
we see that each of the functions Jac(Q, g1, - .., gi, ) is either identically equal to 0 or
a homogeneous polynomial of degree (r — 1)n+deg(Q) — 1. We conclude that we can

write § = 7},0 where

2((r — n+deg(@Q) — 1)
deg(@)

é:log Z |JaC(Q7gl17"'7gln)|2_

{hi<..<ln}c{1,...m}

log|Q).

By Proposition we see that 6 is a Ricci compensator for ¥ and 1 induces an
integral estimate for holomorphic functions on X.

The complex torus. Let X = C"/Z" be the complex torus and
P(z) =[Im(z)[ =lyl, z=z+iyeX.

Then 9 is Ricci compensable, induces an integral estimate for holomorphic functions
and satisfies (3.11]). The function v is itself a parabolic potential so the polynomial

spaces P{ have finite dimension. Indeed the functions

Calz) =220 g ez o] < L, z€X, (3.21)
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form a basis for ng for every t. In this case we can apply our main theorems to prove

classical results from Fourier analysis.

We now prove these statements. It is simple to show that (dd®|y|)” = 0if y # 0
so v is a parabolic potential. Now suppose p € Ptd’ for some t. Since p is periodic it
is of the form p(z) = 3, czn ca€®™*% for some constants c,. By the Paley-Wiener
theorem we see that p is the Fourier-transform of a distribution with support on
B(0,t) ¢ R™. Therefore we have ¢, = 0 if |a| > &£ and the functions from (3.21)

form a basis for P;b .
If |y| > 1, then the largest eigenvalue of the metric

ie¥ . ) -1
iddcew:% ) (Mergyk(lyl ))deAde

3
e \ 1Yl ]

is \; = e¥/4 and corresponds to the eigenvector y. Therefore we can apply Proposition
-Wlth S ={ly| <1}, e(z) =  (we can map the torus X to a strip in C" of width 1
centered at z) and M (z) = 4ew(z)+2 5o 1 induces an integral estimate for holomorphic

functions.

The metric iddcew has one more eigenvalue Ao = " which corresponds to the

4fy]
(n — 1)-dimensional eigenspace of vectors perpendicular to y. Therefore we have

Ricci (2dd°e?) = —1dd®log(A A5 ") = —2dd“y + %5 dd®logyy  on X\ S.
As a Ricci compensator we can take the function

g —(n—1)logy,  if>2
2n — (n—1)log 2, ify <2

0=v+

where v € L, is any function which is strictly psh on {¢p < 2}. It is a simple exercise
to show that 6 is indeed psh.

Finally we check (3.11). We have

n|yl
(Lddce¥)" = / — Wl < 2 L"log"(L).
4 o n|yln—1"0 = 4»
/{w<10g(L)}\S 1<“ZE11 g(L) 4ny|n—t

Complement of the zero set of a holomorphic function. Let X = C"\{f =
0} for some function f € O(X). We assume that f is not a polynomial since we have
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already considered algebraic manifolds. Assume there exist constants A, B such that
log|[Vf| < Alog®™ (|22 + |fI?+|f"?)+B  on X. (3.22)

Then v := log™t (|22 +|f|> +|f|2) is Ricci compensable, induces an integral estimate
for holomorphic functions and satisfies inequality . There exist a lot of functions
such that inequality is satisfied; for instance if f(z) = eP1(*) + py(z) for some
polynomials p; and ps then

log [V f] < log (|Vpil[e”| + [Vp2|)
< log (max{|Vpi|, [Vpa|}) + log(|e”*| +1)
< (mlog™ |z| + By) +log(|f| + [p2| +1)
< 2mlog™ (|z| + | f| + [f|7") + B2 < my™ + By
where m = max{degp;,degps} and By, By, By > 0 are some constants. The class

Ly is generally not an abstract Lelong class, so the polynomial spaces are in general

large in this case.

We now prove our claims. By Proposition we have
Ricei(dd®e®) = —Lddlog (1 T (14 |f|—4)|Vf|2)

and therefore we consider 6 = log <1 +(1+ |f|’4)|Vf|2) as a Ricci compensator, we
just have to check that it satisfies (3.7)). Indeed we have

0] = 0 <log(1+ |f|7*) +log(1 + [V f[?)
< (logt |f|™*+ 1)+ (log™ |Vf?+1) < 24+ 29+ + (2B+2)  (3.23)

where A, B are the constant from assumption (3.22)) so 6 is a Ricci compensator and

1) is Ricci compensable.

Next we show that (3.11]) is satisfied. Using ([3.23) we have

/ (fdd°e”)" = / "wj
{y<log(L)} P<log(L)

< L2A+2e2B+2/ Wl = L2(A+n+1) 2B+2,
|z|2<L

where v, is the volume of the unit ball in R?".
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To see that ¢ induces an integral estimate for holomorphic functions we apply
Proposition [3.3.2] (ii) with £(z) defined as the Euclidean distance from z € C" to
{f = 0}. It is then clear that for each z° € X there is a neighborhood V C X which
is mapped by (z1,...,2,) to a ball af radius £(z") in C*. By assumption we
clearly have

%ddc|f|2 < 6A1Z)++Bw0’ iddc‘f|_2 < 6A¢++Bw0

on V for some constants A, B (independent of 2°) so inequality is satisfied.
We only have to show that ¢ has the required growth properties. Let v be a unit
vector pointing from 2% to a point on {f = 0} of least distance to 2° and consider the
single variable function ¢t — 7(t) := |f(2° + tv)|~!. Then, by definition, r blows up
to infinity at £(2°). We can assume that |f(z° +tv)| < 1 for all ¢ € (0,(2°)) because
otherwise we just replace 2% with 2 := 2% + 7v where 7 is the largest number in
(0,&(2%)) such that |f(2°)] = 1 and then we have £(z°) > ¢(z°). We can also assume
that |20 + tv|? < 2(|2°2 + 1) for all ¢t € (0,(z")) because otherwise £(2") > 1 and
there is nothing to prove. Now, using , we have

P(1) = () S0+ )] < 202DV + 1)
< 2B2(#) (12° + to] + |12+ 2(t) + 1)

A
< 2¢Br2(t) (4 12202 + r2(t)) < 2¢B (4 + 2|2012)Ar20+A) (1),

Applying Lemma we see that

|f(ZO)|2A+1
) 2 5B o

which clearly satisfies the required growth condition.

3.4 Proofs

In this section we prove all results from Section 3.2. Recall that X is always a
Stein manifold and 1 is a psh exhaustion function on X. We start with auxiliary
propositions, extending the (1,1) form dd®e¥ to a Kihler metric w defined on all of
X.

Proposition 3.4.1 Assume that %ddcew is smooth and strictly positive outside a
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compact subset S of X. Then there exists a Kéhler form w on X such that w = jdd°e

outside a compact subset of X. Moreover, the metric w is complete.

Proof. By adding a constant to 1) we can assume that 1)|s < —1. We define
w:= iddC (ero’/’ + axu)

where I' : R — R is a smooth, increasing and convex function satisfying I'(z) = —1/2
for x < —1 and I'(x) = = for x > 0, w is any strictly psh function defined in a
neighborhood of { < 0}, x : X — [0,1] is a smooth function with y = 1 on
{ < =1/2} and x = 0 on {¢p > —1/4} and ¢ is a small constant. We clearly have
w = 1dd°e¥ on {¢ > 0} and w is strictly positive on {¢p < —1/2} U {y > —1/4}.
The form 1dd°e™ is strictly positive on {—1/2 < ¢ < —1/4} so by choosing ¢ small
enough we can make w strictly positive on X.

On X \ {¢ < 0} we have w = Le¥ (Oy A 9P + 00Y) > 19y A 9y and therefore
|diple, = |0 + 0w < 200y < 2|0¥]pyn5 = 2. By [32, Lemma VIII 2.4] the metric
is complete. (I

For the rest of the section w is a Kahler form as described in Proposition [3.4.1
By adding a constant to ¢ we can always assume that S = {¢ <0} and w = iddced’
on X\ S. If v is a tangent vector in X we denote by w(v) the length of v with respect

to the metric w. Whenever we work in local coordinates (z1,. .., z,) we write
dg dg -
Vg=|—,..., — and v,w) = VW
g (821 Dz < > ; 5§ Wj

for every function g € C'!' and tangent vectors v, w.
Lemma 3.4.2 If B(z,r,w)NS = () then [e¥(9/2—e¥(*)/2| < L for every ¢ € B(z,r,w).

Proof. For every tangent vector v we have
wv) = 5 (000 + 0 A ) (v) = e [(To,0)? (3.24)

Let v: [0,1] = X be a geodesic from z to ¢ of length r. By the fundamental theorem
of calculus, and by (3.24) we have

1
G(O/2 _ gb(2)/2 _ / %ewm)/zdt
0

1/t 1 Lo
< (o) /2 / dt<,/ 3= .
< 2/0 e [(Vp,~")|dt < 5 7u)? 5
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The following theorem is a special case of a famous result by Skoda [74].

Theorem 3.4.3 Let ¢ be a continuous psh function on X satisfying +dd°o+Ricci(w) >
0 on X. Then, for any (0, q)-form f with C> (resp. L2 ) coefficients satisfying 0f = 0
and [y |f]2e"%w™ < oo there is a (0,q — 1)-form u with C> (resp. L3 ) coefficients

such that Ou = f and
1
[ e eyt < o [ et
X 2n Jx

where s is a non-negative function on X which equals 1 on X \ S.

Proof. First assume that ¢ is C°°. Consider the line bundle F := X x C over X with
the trivial projection. On the fibers of F we define the Hermitian product

(C1,G) = (1 +e¥®) 721G

and denote by | -|% = (1 +¢¥(*))=2|.|2 the corresponding norm. Denote by iQ(FE) =
dd®log(1 + e¥) the Chern curvature tensor on E with respect to this metric (see for
example comment (12.6) Chapter V in [32]). On X \ S we have

i(1+e¥)?0(E) = 4w + 2e2Ydd) > 4w

so, by assumption on ¢, we have

4w

(3.25)
on X \ S. Therefore the sum of the eigenvalues of the (1,1)-form on the left hand
side of ([3.25) with respect to the metric w is larger than or equal to 4n(1 + e¥) 2.

Now, if we consider f as a section of the cotangent bundle of F, by [32, Theorem
VIII 6.5] we can find a (0,q — 1) form u such that Ju = f and

1
J et < g s P
X n Jx

where s is a positive function equal to 1 on X\ S. If we replace |-|2 by (1+e¥(*))~2|.|2

the result follows.

If  is not C*° we get the result by finding a decreasing sequence (., )men of C*

1
loc

psh functions such that ¢, \ ¢ in the L; . topology and by taking the limit. Since
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X is Stein, such a sequence exists. O

Proof of Theorem [3.2.6, By assumption (i) and compactness of S we can find a
constant Ty such that ;Tpdd°¢ + Ricci(w) > 0. Let x : X — R be a C* cutoff
function with x = 1 on {¢ < log(L —¢)} and x = 0 on {¢ > log(L —¢/2)}. For
any t > T we can apply Theorem to find a function u; solving the J-equation
Ous = O(fx) = fOx on X and satisfying

1 _
/X lug|?(e¥ +1)2e 2 < %/X s| fOx|2e 2w, (3.26)

Now we define the function p; := xf — us. It is clear that p; is an entire function.
Let z € X be such that B(z,1,w) does not intersect S or the support of x. Then
us = —p; on B(z,1,w).

Since 1 induces an integral estimate for holomorphic functions (Def. (il)) we
can find constants A and B (not depending on z or t) such that

.
PP <O [,
B(z,1,w)

< ATTEHE g (ezw(o(ew(o +1)2>/ g2 (¥ + 1)2e2t2ym,
CEB(z1w) X

Since ¢ € L, we can now use inequality ti and Lemma, to show that p; € Pﬁrt
where [ = % + 1.

Let r > 0 be small enough such that B(z,r,w) CC {p < log(l+¢)} C {x = 1} for
all z € K. Then u; € O(B(z,r,w)) for z € K. Since v induces an integral estimate
for holomorphic functions, and by the compactness of the sets S and K we can find

a positive constant C such that for every z € K we have

¢eB(z,r,w)

—2
[f(2) =pe(2)* = lw(2)* < C < sup 1 +€¢(C)> /B( )|ut|2w"
CEB(z,r,w)

SC( sup ezt“"@))/ lug|?(e? + 1) 722ty (3.27)
X

By the definition of r we can estimate sup;cp(, ,..,) €**?(*) with (1 + ¢)* and recall
that we have log(L — ¢/2) > ¢ > log(L — €) on the support of dx. By inequalities
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(3.26) and (3.27) we therefore have

1) = ml2)F <C+ o [ sl owr
X

1+€ 2t B
<Ol (755) 1B pctntoerm WOl 2 € K

where ||s||x is the sup-norm of s on X and HéxH%Z(X) is the L? norm of dy with
respect to the metric w and measure w™. We have already seen that p; € P;/fH and
by replacing ¢ with ¢ — I we have the result with M = C||s||x [|0x| z2(x)- O

We need the following technical result for future reference.

Lemma 3.4.4 If L > 1 is large enough we can replace M from inequality (3.14
with Mo||Ox| z2(x\s) where My is a constant neither depending on f nor L and
X : X — R is any C* cutoff function with x =1 on {¢ < log(L —¢)} and x = 0 on

{ > log(L —¢/2)}.

Proof. This is apparent from the proof of Theorem [3.2.6| The only point we need
to make is that if L is large enough then the support of dx does not intersect S and

0x Il L2cx) = 10X L2(x\8)- O

Lemma 3.4.5 Let L,e > 0, p € ﬁ:g be continuous and 6 be a continuous function
satisfying the growth condition

10(2)] < AY™(2) + B, zeX (3.28)

for some constants A, B. Write ¢; := (1 —t 1) +t710. Then there exists T such
that for t > T we have

{zeX; p(z) <L—c}C{zeX; p(z) < L}.
and the function @, is an exhaustion function.

Proof. 1t is trivial to check that
{z€X;0(2) 2 p(2)} N{z € X; 1(2) <L —e} C{zeX;p(z) <L}
for every t > 0. Therefore we only need to show that

{zeX;0(2) <p(z)}n{ze X; ¢(z) < L—c}C{z€X; ¢(z) < L}
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for large enough ¢.
Since ¢ € Ez and by 1’ we can find positive constants C; and Cs such that

10(2)] < Crp™(2) + Co, ze X.

If ¢ > 2 and z is such that ¢(z) > 1, then we have

512) = (L= e +00) > 5 () - 1002

) (1 B 201) _ G (3.29)

Since ¢ is an exhaustion, inequality (3.29)) implies that @, is also an exhaustion for
t > Ty := max{2Cy + 1,2}. In particular the set {¢, < L — e} is compact so
the continuous function 6 — ¢ has a lower bound —M < 0 on it. We define T :=
max{Tp, 2 }. Now let t > T and z € {0 < p} N {@; < L — £}. Since 0(2) — ¢(z) <0
and t > Tp we have ¢, (2) < ¢¢(2) < L —e 50 6(z) — ¢(z) > —M and

g

P(2) = 3u(2) — 471 (0(2) — () < L—e = —(-M) = L.

O

Proof of Theorem[3.2.3 Let ¢ €]0, (L —1)/2[ and let 6 be a Ricci compensator for 1.
By adding a constant to § we can assume 6 < 0 on K. Now apply Lemma[3.4.5] to find
T > 0 such that {¢7 < log(L —¢)} C {p < log(L)} where pr := (1 =T 1)+ T716.
We can now apply Theorem with ¢ replaced by ¢r and with L replaced by
L — e. For t large enough we have

1+€ t—1
dic(f,PY) < M| fll{r<iog(L—3¢/2)} () :

L —2¢
and
i1
lim sup(de (£, PIN! < lim sup (;j;) = L1_+258
Since € > 0 was arbitrary the result follows. O

Proof of Proposition . By assumption there is a sequence (p.,)men of functions
on X such that p,, € P% for all m € N and ||p,, — fllx < (L —e(m))™™ where
e : N —= R, is a decreasing function satisfying lim,, . €(m) = 0. We claim that the
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sum p1 + > (Pm41 — P is uniformly convergent on compact subsets of {Vi , <
log(L)}. Indeed for I < L we have

1Pm (2) = Pm—1(2) |l {vic <ty < IPm — Pm—tlllle"™ | (vic.o <t}

l m—1
< ([lpm — — Dm— m<2( — .
< (o = T+ 1 = pmcallio)i™ <21 ()
Since ! < L and £(m) converges to 0 the series converges. It is obviously equal to f
on K. (Il

Proof of Proposition|3.2.4, The inequality log(®% ) < Vi, is trivial. Let zp € X\ K
be fixed. To derive a contradiction, assume that Vi ,(20) > log(®} ,(20)) and write

L := e"x.»(%0) Define the open sets

Q:={z€ X; Vg ,(2) <log(L)},
Q"= {z € X; log(®f ) (2) <log(L)}.

Then zg € ', 2o € 2 and we clearly have Q C Q. Denote by € the connected com-
ponent of Q' containing zp. By assumption (i) €} contains a connected component
of K and since K C {2 there is a component of 2, call it Q, with Q¢ C €. Since g
is hyperconvex, i.e. defined as a component of a sublevel set of a psh function, it is
a domain of holomorphy and therefore there exists a function h holomorphic on Qg
with no holomorphic extension to any larger domain. Extend & to all of €2 by defining
h to be 0 on ©\ Q. By assumption (i) there exists a sequence of functions (pm,)men
with pp, € Py and |[pm — h||x < (L —e(m))~™ where € : N — R is a function with
lim,, 00 £(m) = 0. By the same argument as in the last part of the proof of Theorem

3.2.3 the series

o0
P+ Z(anrl — Pn)

n=1

converges uniformly on compact subsets of '. Clearly it equals h on K and since K is
non-pluripolar (because Vi 4 < 00) it equals k on Q. In particular the series converges
uniformly on compact subsets of ) which is a contradiction to the choice of h because
Qp is a domain which is strictly larger than Q. We conclude that Vi , = log(®} )
on X\ K. Clearly Vi, = log(®% ,,) = 0 on the interior of K. Since the functions are
equal on X \ K and on the interior of K we have Vi, = log(®} ) on 0K as well. [J
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Lemma 3.4.6 For a,p > 0 we have
> n/eo a
E (E) <1+ 2%ecee.
n
n=1

Proof. Since (a/n)"/¢ < 27" for n > |2%] we have Do |20a]+1 (“)n/g < 1. The

n
function  — (a/z)*/¢ is maximized when z = a/e. Therefore

LQQGJ a n/g a age
(0 = () =t
— \n afe

O

Lemma 3.4.7 Let ¢ € L and Lo > 1 be large enough such that {¢) < 1} C

{¢ < log(Lg)}. Then for any constants Ly, Lo with Ly > Ly > Ly there exists a

function x € C*(X) with x = 1 on {p < log(L1)}, x = 0 on {¢ > log(Ls)} and
MiL3

||5x||2LQ(X) < Lo f{wglog(LQ)Jer} w™ where M; and My are constants independent

of Ll and Lg.

Proof. Let xo € C*(R) be such that xo(z) =1if £ <1 and xo(z) =0if & > La/L;.
We can choose such a function such that ||x||g < 2(La/L; —1)~!. Now define

x(z) = xo0 (e¢(z)/L1) , ze X.

We clearly have x =1 on {¢ < log(L1)} and x =0 on {¢ > log(La)} so we only have
to prove the estimate for ||5x||%2(X). First notice that

!
_ _ 2 _
|Ox|w™ < —”XLOIHR |0e?|2w™ < I, L. |0e? | 2w

21 = 1
= ! 8e? N de? ANw" T <

— — (dd°€®*) Aw" L. 3.30
Ly — Ly *2(L2—L1)( ) (3.30)

By assumption there exists a constant C such that o+ — C < T < ot 4+ C on X.
Let Ty € C*°(R) be such that To(z) = 1if 1 <z <log(L2)+C and 'y =0if x <0or
x > log(L2)+C+1. The function 'y can be chosen such that max{||T'y||r, |5 |lr} < 4.
Now define I' := I'g 0 9. Then I' equals 1 on the support of the (0, 1)-form dx and
the support of I' is a subset of

F:={0<4¢(z) <log(Ls) + C+ 1} C X.
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Recall that we have w = 2dde¥ on F. By (3.30) we have

3 3 n 1 c n—
I0xIa) = [ TiOxEw" < 2 [ D) nunt
X 2o— L1 Jp
1 2001 -1
= =dd°T) ANw™
L2 _ L]_ Le (2 ) w
1
<
T LIy
2 2041 2 2C+1
< 8Lse / e < 8Lse
Ly—Ly Jp

/ 42OV A Bup + D) A w !
F

w".

T La— 1Ly /{wélog(Lz)+C+1}
0

Proof of Theorem [3.2.5, Assume inequalities (3.12) are true and let £ > 0. We first
consider the case when ¢ satisfies (i) from Theorem By assumption there is a
constant C such that

I/ llfp<tog(ryy < Cexp((o +e)r?), r>1 (3.31)

Since f is entire, inequality (3.14]) from Theorem is true for all L > 1 and all
large t. In particular if we take L = L(t) := (t/(00))?  +¢/2 then by (3.14), Lemma

and (3.31) we have

t—I
a2 < auCow (oI 0wl (pz) 632

for every t large enough. Here x; is a cut-off function with x; = 1 on {¢ < log(L(t) —

e)} and x: = 0 on {¢ > log(L(t) —¢/2)}. By Lemma and assumption (3.11)

(taking r» = o/2) there are constants M, Ms, A, B such that

M, (L(t) —/2)? /
€/2 {w<log(L(t)—/2)+ My}

< Ml(L(?/;/Q) exp (Ae@(m) —e/2)% + B)

1 1
oMy [t \*? e [(t\?
== () exp (AeM22 <) + B) - (3.33)
€ oo 0o

Now, combining (3.32) and (3.33), we get

n

19x¢ 172 x) < w

limsup t(dg (f, PY))¢/t < exp <00+€> (1+4¢€)%0. (3.34)

t—o0
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Since (3.34)) is true for all £ > 0 the result follows.

Now consider the case when ¢ does not satisfy (i) from Theorem Let 6 be
a Ricci compensator for ¢ satisfying 6| < 0, and let T' be large enough such that
¢r (as defined in Lemma[3.4.5) is an exhaustion function. Then clearly the function
e = (1 — €)p + e satisfies (i) — (447) from Theorem Moreover, since ¢ is

an exhaustion, we have

{pe <log(r)} C {(1—¢)p <log(r)},
and || fll{p.<t0g(r)} < [Ifl{p<iogriza-oyy (3.35)

for r > 1 large enough. By assumption (3.12) and by (3.35) we have

lim su log™ 10g || | (. <log(r)} < Timsup 1og™ 10g || f1l {p<log(r1/1-o) < 0
00 log(r) T o (1—-¢)log(rt/t=2))  — 1—¢

and

log Hf” {pe<log(

log || f]] /(-
N} &Il S 1 {p<log(r1/(-2))}
o/(1-5) < lim sup

lim sup e (rl/(lfs))g

T—00

<a.

We can now apply our previous conclusion with ¢ replaced by ¢. and g replaced by

0/(1 —¢) and we have

limsup t(dg (f, PY))e/ (=)0 < e—2 0.

t—o0 1—c¢

Since this is true for every € > 0 the result follows.

To prove the converse, assume inequality (3.13) is true with ¢ replaced by Vi 4.
Then for ¢ > 0 we can find M such that for any n > M there is a function p,, € PY
such that

ew(1+s)>”/{ (3.36)

n

1 = pull < (

Consider the function G := pa + > oo 1, (Pr+1 — pn)- Clearly we have G = f on K.
Moreover, by (3.36) and Lemma we have

o0 oo
G < Iparl+ D [past — pal < llparlle™ Vs + 3 Ipuss — pallce™ Vi
n=M n=M
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oo
< llparllce™ < + 3 (Ipurs — fllic + o — Fllzc) eV
n=M

o] n/o
< ||pM||K6MVK'w + QGVK*’/’ Z <6QO'(1 +5)69VK,1/1>
n=M n

< ol e™Vw 4+ 2eV% (1 + 2% 00(1 + €) exp (Vi + (1 + €)e?Vx)) .

In particular we have
11 vic y<togry < Iparllgr™ +2r(1 + 2%e00 (1 4 £)ree”+7™)

and now it is easy to see that

102 |G| o <ton(r
Jim sup 0g || Gl {p<iog(r)} < o

r—00 re

1+¢)

and the second inequality of (3.12) follows by letting e — 0. By simple calculus we

can show that the first inequality of (3.12) follows from the second one.

]
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Monge-Ampeéere measures of

plurisubharmonic exhaustions

The importance of S-parabolic manifolds and parabolic potentials in the study of
polynomial approximation should be apparent from the discussion in the previous

chapters. In this context, we turn our attention to the study of the Monge-Ampére

operator.
The Lie norm | -|. : CN¥ — R is the largest norm on C which agrees with the
Euclidean norm on R”. In other words, if we denote the Euclidean norm by |- |, then
|z|le = sup{||z|l; || - || is anorm on CV and ||z = |z|, z € RN}, zeCV. (4.1)

It is not immediately clear that the right hand side of (4.1)) is actually a norm, but this
will be apparent from the results of Section In the same section we also establish
an explicit formula for |- |. and we see that it is a C*° function on CV \ CRY, where

CRY :={az e C"; acC, zcR"}.

The main result of this chapter is an explicit formula for the Monge-Ampére measures
of psh functions of the form log |®|. where ® is a holomorphic map. In Section
we apply this result to calculate the extremal function for various compact subsets of

manifolds and the corresponding equilibrium measures.

57
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Theorem 4.0.1 Let ® = (®,...,®,): X — C"T\ {0} be a holomorphic map on a
complex manifold of dimension n. The function log |®|. is psh on X and a maximal
C* function on ®~1(C"*1\ CR"'). The Monge-Ampére measure (dd*(log|®|.))"
has no mass on the set Ap = {z € X;rankd®(z) < n or ®(z) € ranged®(z)}.
If M = & 1(CR"!) \ Ag is non-empty, then it is an n-dimensional real analytic
manifold and (dd°(log |®|.))" is the current of integration along M of the n-form

(nt1) 2

Co (@34 +®2) 7 Y (=1) 0 dDo A+ AdD; A+ A dD, (4.2)
§=0

n(n—1)
2

where C,, = (—1) n!Q,, Q, is the volume of the unit-ball in R™, and the holo-
morphic square root of the function ®3 + - - - + ®2 is chosen with the same argument

as the vector ® in CR"*1,

Theorem [.0.1] gives us a promising method of constructing explicit examples of
S-parabolic manifolds. Indeed, let ® : X — C"*1\ {0} be as in Theorem If we
assume that ® is proper then log |®|. is a psh exhaustion function on X. If we further
assume that M is a relatively compact subset of X then Theorem implies that

log |®|. is a parabolic potential on X and we reach the following conclusion.

Corollary 4.0.2 Let X be a complex manifold of dimension n. If there exists a
proper holomorphic map ® : X — C"*! such that M C X is relatively compact, then
X is S*-parabolic.

We split the proof of Theorem into two parts. The first part can be found
in Section [4.5] where we regularize the Lie norm from above with a family of smooth
functions v, and we analyze the Levi form of logv.. In Section we finish the proof
of Theorem by calculating the Monge-Ampére measure (dd€log |®|.)™ as the
weak limit of (dd°log(ve o ®))™ as € — 0.

4.1 The Lie norm

The Lie norm on CV is a special case of an extension of a norm on a real vector
space V to a complex norm on its complexification Vo = C ®g V, i.e., the extension
satisfies ||aC|| = |af||¢|| for & € C and ¢ € Vi. There are a few different ways of
introducing the complexification, see Munoz, Sarantopoulos, and Tonge [58]. One is
to define Vi as V x V with usual addition and complex multiplication (a+i8)(§,n) =
(a€ — Bn, BE + an) where o, € R and &,n € V. We have (0,7) = i(n,0), so if
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we identify the real vector £ in V with (£,0) in Vi, then we can write every vector
¢ =(&mn) as ¢ = & +in. Thus V is a real subspace of V¢ and Ve = V @ 4V. The
vectors & and 7 are called the real and imaginary parts of ¢, denoted by Re( and
Im .

Proposition 4.1.1 Let || - || be a norm on V and define the function || - ||.: Ve — R

as

k k
I¢le = inf { > laslli&ls ¢ = Y sy 05 €€ G e Vike N ) (43)
j=1

j=1
Then || - || is a norm on V¢ and moreover it is the largest norm on V¢ which agrees
with || - || on V.

Proof. Let p be any norm on V¢ which agrees with || - || on V and let ¢ € V¢ be a

vector. For any representation ¢ = Z?:l a;&; of ¢ with a; € C and & € V' we have

k k
p(¢) <Y plas&y) =D laylllgll
j=1 j=1

and therefore p(¢) < ||C]le-

Now we show that || - || is a norm on V. By [58] there exists at least one norm p
on V¢ which extends || - || on V. By the preceding argument we have ||z||. > p(z) > 0
for z # 0 and we clearly have ||0]| = 0. For the triangle inequality, let (;,(s € V¢
and let (1 = 251:1 o, G = 252:1 B;n; be representations of ¢; and (o satisfying

k1

ko
Dol < lGlle+e D IBllmill < lalle + &

j=1 j=1
for some € > 0. Then (; + (5 = 2?1:1 a;& + 252:1 B;n; and therefore
k}l k2
11+ Galle < D laylllé 1+ D 1B5lllmsll < Ncalle + 1I¢alle + 2.
j=1 j=1

Since € > 0 was arbitrary, the triangle inequality holds. It is simple to show that
laclle = |e||I¢]|c for all & € C and ¢ € V. O
The set

CV={atecVe;acCteV}={¥cVc;0ecR EcV}
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consisting of all vectors in V¢ with parallel real and imaginary parts plays a particu-
larly important role in our calculations. If ( = ¢ € CV and || - || extends from V to

a complex norm on Vg, also denoted by || - ||, then clearly ||| = ||€]|-

1
Assume from now on that V' is an inner product space with norm £ — |¢]| = (£,€)?,
where (z,€) — (z, &) is an inner product on V. The bilinear form on V has a unique

extension to a symmetric C-bilinear form on V¢ by the formula

(x +1y,§ +in) = (x,§) — (y,m) + iz, n) +i(y, &), (4.4)

and the Hermitian form (z,¢{) — (z,() generates an extension of the norm by the

formula

= (O% = (2 + )7, ¢=¢+ine Ve (4.5)

We use this norm to define the distance d(¢, CV) = inf{|¢ —e?¢|; 0 € R, €& € V'} from
¢ € Ve to CV.

When V is an inner product space there exists a representation of every ¢ € V¢,
¢ = ¢(a+ib) with # € R and a,b € V such that the infimum is reached, i.e. we
have [¢|. = |a| +|b|. Indeed, for ¢ € V¢ let § € R be such that e=2¥(¢, () is a positive
real number and define @ = Re(e*¢) and b = Im(e~%() such that ¢ = €¥(a + 4b).
Then e=29(¢, ¢) = |a]? —|b|?+2i{a, b) > 0, so we conclude that (a,b) = 0 and |b| < |a|.
Moreover we have the following result.

Proposition 4.1.2 If { = £ +in = e¢®(a+ib), 0 € R, &,1,a,b € V, {a,b) = 0, and
b] < lal, then

¢ =Tlal* + %, K, Q) = lal® —[b]%, (4.6)
jal* = 3 (IKP + (¢, 1) and  [b]* = 5(I¢* = (¢, O)1)- (4.7)

The Lie norm is given by the formula

Cle = la] + B = (IC2 = d(¢,CV)?)? + d(¢,CV) (4.8)
= (¢l + (I = (6, Q) 2) %)
= (1K + 2(lePml? - (€ m)?)

D=
Wl

)2,

The | - |-distance from ¢ to CV is given by d(¢,CV') = |b|. If V is a Hilbert space and
(¢,¢) # 0, then ¢?a is a unique point in CV with minimal distance to (. If (¢, () = 0,
then {¢" Re(e%¢); 6 € R} = {3 (¢+€*%C) ; 6 € R} is a circle consisting of all points
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in CV with minimal distance to (.

Proof. Equations are clear from the orthogonality of @ and b and equations
then follow.

For proving the first equality in we observe that ¢ = e??a+ €?ib is one of the
linear combinations in ([{.3)), so we have |(|. < |a| + |b| and equality holds if b = 0.

Assume that b # 0 and take e, = a/|a| and e, = b/|b|. If { = Zle a;&; is some other

representation of ¢ asin (4.3), then a = 2% Re (e *a;)¢;, b= 3" Tm (e~ ?a;)¢;,
so the Cauchy-Schwarz inequality and Pythagoras’ theorem give

M?r

la| + 10| = (a,eq) + (b, ep) = Jea +Im (e Pa;)ey, &)

—

<

.
—_ <.

k
’ Re (eiieaj)ea + Im (€7i0aj)€b| ’fg| = Z |aj |11
j=1

This proves the first equality in (4.8) and the others follow from (4.7).

For the remaining statements, let & € R and v € V. Since a,b are orthogonal we

have

[v|? + |a|? cos?(a) + |b|? sin?(a) = |v|* + |a cos(a) + bsin(a)|?
> 2(v,acos(a) + bsin(a)) = 2(a, v) cos(a) + 2(b, v) sin(c) (4.9)

and therefore

|< _ ei(9+a ’U|2 K|2 + |U|2 —2R€<C e—z(9+a) >
= |¢* + [v]* — 2{a, v) cos(ar) — 2(b, v) sin(c)
> |¢]? — |al? cos? (@) — |b]? sin?(a)

= |a|? sin?(a) + |b|? cos®(a) > |b]*. (4.10)

Moreover, if |b| < |a|, then it can be checked that an equality in and (| is
obtained if and only if & = 0 and v = a in which case we have |¢ — z(‘9+°’)11|2 |b|2
If |b] = |a| then an equality is obtained with v = acos(a) + bsin(a) and a € R. O
Observe that the last two expressions for the Lie norm in were first proved
by Druzkowski [36] and the formula d(¢, CV') = |b| is proven in [47].
From now on we restrict our attention to the case when V = RY. We let (-, -)
denote the natural bilinear form on CV, (z,() = Z;\Ll 2;(j, which means that the
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Hermitian form is (z,¢) — (z,¢). We let | - | denote the Hermitian norm on CV and

| - | denote the Lie norm. We prove the following formula for future reference.

Lemma 4.1.3 Let ( € CV\ {0} and write ( = €%(a + ib) with a,b € RN, (a,b) =0
and |a| > |b|. Then

¢+ A*Cle = |(L+ Nal + (1= A)pll,  AeD.
Proof. Write n = ¢ + A\e?¢ = € ((1 + A)a + (1 — A\)ib). Then we have
> = L+ APlal* + [1 = AP and  (n,7) = e*?((1+ X)?|al* — (1 = X)*[b]?).
Observe that for all z € C we have |2|? + Re(2?) = 2(Re(2))? so
[nl* = 1(n,m)* = 2(1(1 = A*)* + Re((1 = A*)*))lal?[b]* = (2Re(1 — X*))?|al?|b]*.
Since A € D then Re(1 — A?) > 0 and by Proposition we have

[nl2 = Inl* + (Inl* — [, m)[*)"/?
= |1+ APlal* + [1 = A[b]* + 2Re(1 — A?)|alb]
=L+ Nlal + (1= M)l
O
Now consider the function h : CV \ {0} — R given by h(¢) = log|¢|.. Since |- |.

is a norm, the function
A= h(C+ AQ) =log |l + Al + log|Cle, reC

is clearly harmonic for each ¢ € CV \ {0}. In other words, ¢ is a member of the kernel
of the Levi form of h at (. By Lemma the function

A — h(C+ Xe?90) =log (14 N)|a| + (1 — N)|b]], AeD

is also harmonic, which means that C is also a member of the kernel of the Levi form of
h at ¢. Now let ® : X — CV be a non-vanishing holomorphic function on a complex

manifold X of dimension n. By the chain rule we have

Lhoa(z,w) = Lp(P(2),dP(2)(w)), zeX, wel,X.
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We therefore see that if U is an open subset of X with the property that for every
z € U there exists a tangent vector w # 0 at z which is mapped by d®(z) to the
set Span{®(z), ®(2)}, then the Levi form of h o ® is degenerate at every point of U,
which implies that h o ® is a maximal psh function on U. In particular, if N =n+1,
it follows from the rank-nullity theorem that if the vectors ®(z) and ®(z) are linearly
independent, then h o ® is maximal in a neighborhood of z. The vectors ®(z) and
®(2) are linearly independent if and only if ®(2) € CV \ CRY, we have therefore

reached the following conclusion.

Proposition 4.1.4 Let ® : X — C"*! be a non-vanishing holomorphic map on a
manifold X of dimension n. Then the function log |®|. is a maximal psh function on
(I)—l(cn+1 \ CR"+1).

4.2 Geometry of CRY

The set CRY consists of all vectors in C with parallel real and imaginary parts.
Since CRY \ {0} is the inverse image of the real projective space PY~1(R) under the
natural map from CV \ {0} it is a real analytic manifold of dimension N + 1. Every ¢
in CRY can be written as ¢ = e¢a and we say that 6 is the argument of (. The map

R x (RM\ {0}) 3 (8,a) — ¢a € CV \ {0} (4.11)

has an injective differential at every point. We have ¢*?a = ¢*#b if and only if § — ¢ =
km and a = (—1)*b for some integer k. This proves again that CRY \ {0} is a real
analytic manifold of dimension N + 1, and that it is a fiber bundle over S! with the

projection

CRM\ {0} 3¢ = ¢?a <|CC7I§> =20 ¢ st (4.12)

and fiber RV \ {0}. We have already noted that CR¥ is the set of all vectors ¢ = £+in
with parallel real and imaginary parts & and n. We have |¢|? — |(¢, ¢)| = 4(]¢|?n|* —
(&, 77>2) which gives that CRY is a real algebraic variety,

CRY = {¢+ine CV; I¢|ln] = [(€, )} = {¢ € CV; [¢I* = (¢, O} (4.13)

In Section we have seen how useful the (6, a,b) coordinates are for the calcu-
lation of the Lie norm. We are going to use these coordinates to parameterize the set
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{¢ € CN; (¢, ¢) # 0} and to express the standard volume form on C¥,
i\
dv = (5) N dz; A dz; (4.14)
j=1
with respect to these coordinates.

Proposition 4.2.1 The pullback of the volume form dV on C¥, under the map
(0,a,b) — € (a +ib) to the 2N dimensional real manifold

L=1{(0,a,b); 0 €R,a,bcR" (a,b) =0, b < |a|} Cc RZNT! (4.15)

is given by the formula

N
dV = —do A (a;As, +bjAy,) (4.16)
j=1

where the 2N — 1 forms A,; and Ay, are given by

Ag, = day Adby A -~ Ndag Adb; A--- Aday A dby (4.17)
Ay, =day Adby A--- Adaj Adb; A--- Aday Adby, (4.18)

and Ea\j and d/b\] is the standard notation for omitted factors. On the open subset
Ly :={(0,a,b) € L; a) # 0} of L we can express the volume form as

N
Ao ANy, —dOND ajhy,,. (4.19)
j=1

b 2
dV = 16
ak
Proof. We have z; = e%(a; +ib;) and z; = e~ (a; — ib;), so

dzj = ie"((aj + ib;)df — ida; + db;) and
dzj = —ie” " ((a; — ib;)d0 + ida; + db;)

and we get
de A\ dfj = 722'(—ajd9 A daj — bjdH A dbj + daj A db]> (420)

Now equation (4.16) follows by wedging equation (4.20) over all j € {1,..., N}, and
noticing that /\;V:1 dajAdbj = 0, which follows from the equation @161+ --anby = 0.
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2
Furthermore, this equation implies that b;A,; = _%Abk on Ly for every j and k. If

we combine this with (4.16)), then (4.19) follows. O
In some cases the variables 0, aq,...,an,b1,...,by on L are inconvenient to work

with because they are dependent through the equality (a,b) = 0. Therefore we define
the set

={(8.a,8) e RxRY xRV || < al}

and present the following proposition.

Proposition 4.2.2 Foreachm € {1,..., N} there exists a change of variables L., :=
{(8,a,b) € L; a,, #0} — L, (8,a,b) — (8,a, B) such that |3| = |b| and

N(N+1)

AV = —(~1)" 7 (la| - )0 A dV, N dVs,  where
dV, =day N\ --- Ndayn and dVgZdﬂl <o ANdBN_1.

Proof. For each a with a,, # 0 we can define an orthogonal matrix U, = (u; x(a))
whose last column is parallel to a and the entries of the matrix U, are smooth as
functions of a. This can be done by applying the Gram-Schmidt method on the basis
{a,e1,...,en} \ {em}, where {e1,...,en} is the standard basis. Now we define the
change of variables L,, — L, (8,a,b) — (,a, 3) by

(,81,...,[3N_1,0)t = U(;l(bl,...,b]v)t.

Since U, is orthogonal its cofactors are given by the equation C; ; = u; x, in particular

we have C; v = a;/|a|. Therefore, for any s € {1,..., N}, we have

N(N-—1)

(=)= Ay, = (=1)*"Nday A+ Aday Adby A+ Adbg A+ Adby

e N N1 | |
(—=1)*™dV, /\ Z(Ug,kd5k+ﬂkdug,k)

jfl,#s k=1

_ ( )erNdV /\ <Z U],kdﬁk> = s NdV, A dVB

Jj=1,j#s

- %Sldva A dV. (4.21)

The result follows by combining equation (4.21]) with equation (4.19)). O
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4.3 Applications

In this section we apply Theorem to give explicit formulas for the Siciak-
Zakharyuta extremal functions and the corresponding equilibrium measures for a few
examples of compact sets. We have grouped the examples into three cases; namely
we consider compact subsets of the Euclidean space C™, the projective space P™(C)

and the complex torus C"/Z™. For the rest of the section we write Ry := [0, 00).

4.3.1 Compact subsets of R ¢ C"

Although Theorem [£.0.1]can be applied to calculate the extremal function for a variety
of compact subsets of C" we restrict our attention to compact subsets of R™ simply

because authors in the past have shown particular interest in this case.

Lemma 4.3.1 Let f = (fo,..., fn) be a holomorphic map on U C C™ satisfying
fo+ -+ fn =1 and write

K ={z¢€U,; fj(z) e Ry for all j}.
Then the function
w:210g|(ma7¢f7>|c
=tog ([fol +++++ ful + ((fol + -+ 1£al)* = 1)"?)

equals 0 on K and is maximal on U \ K. We have

(dd°¢)" |k =+ ; fndfl A dfy. (4.22)

Proof. 1t is easy to see that ¢» = 0 on K. First we show that K = f’l((CRiH). We
clearly have K C f~!(CR*"). Conversely, if 2 € f~}(CR’;"") there exist positive
real numbers xy, ..., x, and 6 € [0, 27] such that

f()(Z):a'}()ew, fl( )—56'16 7fn< )_ajnew-

Adding all the equations gives

L= fo(z) + -+ fulz) = e(zo + - + )
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so e = 1 which means that f(2) € R} so z € K. Now we apply Theorem

[.0.1) with ® = (\/To,...,/Jn). We clearly have ~1(CR"*!) = f~}(CRT™) = K
and since ¢ is a holomorphic map in a neighborhood of any point outside the set
S:={2€U; fo(z) - fu(z) = 0} we see that the function 1) = log|®|? is psh and
maximal on U \ (K U S). But since S is pluripolar we can conclude that ¢ is psh
and maximal on U \ K. By simply substituting ®; with \/E in equation from
Theorem {4.0.1| we get the equation

nlQ " .
dd°P)| g = £ —— —1)7H A

Using the assumption fo + ---+ f, = 1 it is easy to show that

(=1)7* Ay, = dfy Ao AN dfy
=0

J

and equation (4.22)) follows. O

At this point we should point out the similarities to the Joukovski transformation
J: C — C defined by the formula J(z) = (2 + 1) and discussed in Section m
The function ¢ from Lemma can be expressed as

U(z) =log I (| fol + - + [ ful)-

We therefore see that our results, along with the extra condition fo+---+ f,, =1
brings us to a familiar territory, as the Joukovski map has been extensively studied for
a long time. We include three examples which show the simplicity of this application
of Theorem Two of them can be found in Klimek [49], Section 5.4.

Example 4.3.2 (The simplex). It is easy to see that
K:={zeC";z Ry, forall j and 1 —2; —---— 2, e R;}

is the simplex in R® C C". By applying Lemma we see that the extremal
function for K is Vi (2) =log J = (| fo| + - - - + | fa|) where

folz) =1—2z1— - — 2z, and filz) =2;, 1<j<n.
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Using equation (4.22)) we see that the equilibrium measure for K is

10,
(dd°Vi)" | = n dzi A~ A dan.
,\/xl .. ."L‘n . (1 — xl —_— . e . —xn

Example 4.3.3 (The unit ball). Let

K={zecR";1 -2} .. —22 >0}

={zeC" 122 —-.. - 22 cRy, Z?GRJF}

be the unit ball in R™ C C". By Lemma [£.3.1] we see that the extremal function for
K is Vi (z) = Llog J7'(| fo| + -+ - + | fa]) where

) =1-F -2 ad ()= 1<j<n
We have df; = 2x;dx; for all j # 0 and therefore, by equation (4.22) the equilibrium

measure for K is

B nlQp |z -y
Va2

n!Q
= n 2dycl/\-u/\clavn.

N

(ddVi)" |k dzi A+ Ndzy

Example 4.3.4 (The first and third quadrant of a disk). Let

K ={(z1,22) €R*; 1 -2 — 25 >0, x1 -2 >0}

:{ze(Cz; Jo 3=1—Zf—25 eERy, fi=(1 —22)2 ERy, for=22n2m eR}

be the union of the first and third quadrant of the unit disk in R?2 ¢ C2. To see that
the sets are actually equal, notice that if f; € Ry then (21 — 22) € R which implies
that Im(z;) = Im(23) =: y. Since fy € R} we have

y(z1+22) =0 and r1m9 —y* > 0. (4.23)

From (4.23) we see that y = 0 so 21, 22 € R and the rest of the argument is trivial.

By Lemma we have Vg (z) = $log J7'(|fo| + | f1| + | f2]) and by equation
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(4.22) we have

B 2md(z1 — 22)? A d(21122)
4/ (1 — 2% — 23) (71 — 72)2271 79
V21|21 + 2|

Vrira(1 — 27 — 23)

(dd°Vi )?| k

dry N dxs.

4.3.2 Compact subsets of the complex projective space P"(C)
Denote by w the Fubini-Study metric on P*(C). If we imbedd C™ into P*(C) in the
canonical way (21,...,2,) — [1: 21:--: 2,] then w has a psh potential on C”, namely

w = 2dd°log(1 + |z]?), zeC"

We define the class of w-psh functions on P"(C), denoted by PSH(P"(C),w), as the
set of functions ¢ € LY(P"(C)) which can locally be written as the sum of a smooth
and a psh function, and such that dd°p + w > 0 in the sense of currents.

For a compact set K C P"(C) we define the w-extremal function for K to be
Vi w(2) = sup{p(2); ¢ € PSH(P"(C),w), ¢[x < 0}

and the w-equilibrium measure for K is (dd°Vi ,)". For a detailed survey on w-psh
functions we refer to Guedj and Zeriahi [43}/44]. See also Magnusson [55}56].

We denote by 7 : C"*1\ {0} — P"(C) the usual projection 7(20,...,2,) =
[z0: - -+ 1 2,,). We start with a lemma very similar to Lemma [£.3.1]

Lemma 4.3.5 Let fo,..., f, be homogeneous polynomials in C**! of degree 2k sat-
isfying the equation fo+ -+ f, = (22 + -+ + 22)* and write

K =n({z € C""'\{0}; (fo2),..., fu(2)) € RF'}) C P*(C).

Then the function

= IOg‘(Mv’ﬁ)‘i/k _1Og|(207"'vzn)|

equals 0 on K and (dd°) + w)™ = 0 on P"(C) \ K. We have

! - .
TLQn Z(fl)jJrlfjAfj

(ddcw + w)n|K - k(nt1)
(2k)n|23++2%| 2 VfO"’fn §=0




70 CHAPTER 4. MONGE-AMPERE MEASURES

Proof. 1t is simple to show that

C-{z€C"™;(fo(2),..., fn(2)) e RTT}
={z € C"; (fo(z),..., fa(2)) € CRYT}

and therefore
K =n({z € C" ™\ {0}; (fo(2),..., fa(z)) € CRE}).

Since the result is local, and by symmetry, it is sufficient to prove it in the local
coordinate chart C* = {[1: z1 : --- : z,] € P*(C)}. In this chart we have

(A + )" = (@ 10g|(VTor o V/Fa)l)"

so we get the result by a similar argument as in the proof of Lemma [£:31] O

We consider two examples, the first one is studied in [21].
Example 4.3.6 (The real projective space). Let
K =P"(R) = {[zo:---:2n]; z; € R forall j} CP*(C)
be the real projective space. It is easy to see that
K =n({z e C""\ {0}; z? e Ry forall j})
and therefore
Vicw(z) =1og|(z0, - - -, 2n)|e — log (20, - - 2n)], z =20t 2,

is the w-extremal function for K. We clearly have K N C" = R™ and

102,
(ddVic.o, + w)"|zn = e Az A ... A dz?
r(I+af+--+a3) 2 Vat o ap
10
= ikl oo dri A ANday,.

(it o)
Example 4.3.7 (The first and third quadrant of the plane). Let

K = W({($0,$17$2) S R?’ \ {0}, T Ty > 0}) C ]P)z((C)
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When restricted to C? the set K becomes the union of the first and third quadrant
of the plane R?, i.e.

KNC? = {(x1,22) € R?; 1 - 29 > 0}.
Using an argument very similar to the one in Example we can see that
K =m({(20, 21, 22) € C3\{0}; 22 € Ry, (21 — 20)2 €Ry, 22129 € R4})
and therefore the w-extremal function for K is

VK,UJ(Z) = log |(ZOa (Zl - ZQ)a V 22122)‘0 - lOg |(Z07 21, Z2)|7 z = [Z07 21, ZQ]'

We have

V2m(zy + x3)
(1+23+ x%)%w/xlmg

(ddCVK,w + W)Z‘Km(? = dzy A dxs.

4.3.3 A compact subset of the complex torus

Finally we consider one compact subset of the complex torus X = C"/Z"™. Define the
functions fo,...., fn, on X by

1 n
fo(z)zaz:cof(ﬂ'zj), z2=(21,---,2n) € X,
j=1

and
1.5 .
fj(z):ﬁSln (71—2])7 ]6{17"'7n}7Z€X’
so we clearly have fo 4+ ---+ f, =1 on X. Then the set
K={z€X; fj(z) e Ry for all j}

={z€eX;y;=00rx; =1/2for all j anchosQ(wzj) >0}

j=1

is easily seen to be compact. By Lemma the function

Y =1log J7 (| fol + -+ |fal)
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is maximal on X \ K. For J C {1,...,n} write
Ky=Kn{zeX,;y;=0ifjeJand z; =1/21if j & J}.

Then we have K = U;K; and notice that Ky . 3 = R"/Z" and Ky = (). To simplify
notation we only calculate (dd®y)™ on K; when J is of the type J = {1,2,...,s} for

some 1 < s < n since every other K ; is practically identical to some K ; of this type.
Indeed if J = {1,2,...,s}, then

1 S n
2 12
folg, = - Z%cos (ma;) — Z sinh”(7y;)
j=

Jj=s+1

and
]- ) P ]- 2 aro-
filie, = Ssin*(mag) i j< s, filx, = —cosh™(my;) if j > s.

By Lemma [£.3.7] we have

2"l Q)

(dd“Y)" |k, = PN

| cos(may) - - - cos(mas) sinh(mysy1) - - - sinh(7y,)|

dry N - - ANdxs ANdyse1 A -+ N dyy.

4.4 Polynomial maps

Let X be an n dimensional complex manifold and qq, ..., ¢,_1 be holomorphic func-
tions on X. For every z € X denote by P, : C — C the polynomial defined by the

equation
PO =" ="+ gua ()T = (D) @ (2)C+ (1) g0 (2)

n—1
— Cn+1 _ Cn + Z(_l)n—‘rl_ka(Z)Ck-
k=0

For every z denote by fo(z),..., fn(z) the roots of the polynomial P, and define the

set,

K : = {z € C"; all the roots of P, are positive real numbers}

={z€C"; fj(») e Ry, 0<j<n}
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Notice that we have fo + -+ + f,, = 1 so Lemma applies in this situation.

Theorem 4.4.1 Define: C"* — R by ¢(2) = log J~Y(|fo|+- - +|fn]). The function
¥ equals 0 on K, it is maximal on C" \ K and
nlQ)

ddp)"|  =4+——  dgo A+ Adqy_1. 4.24
( "/)) |K NEING) 40 qn—1 ( )

where A(z) is the discriminant of the polynomial P, .

Recall that the discriminant of a polynomial p of degree n with roots si,...,s, and

leading coefficient a,, is defined as

n.(n 1)
2n 2H _Sk :_ 2n 2H _Slc

Jj<k Jj#k

The discriminant can also be represented in terms of the derivative of p, indeed we

have

n n n n(n—1)
1)z A
j=1 j=1 k=1 an

k#j

It follows easily from definition of the discriminant that for every monic polynomial

p of degree n with discriminant A and roots s1,...,s, we have

Aj-(P(s)P =4, j=1...n (4.26)

where A is the discriminant of p (Z . Before we prove Theorem we consider a

lemma.

Lemma 4.4.2 Let P., qo,...,qn-1, fo;--., fn and A be as in Theorem [4.4.1, Then

we have
dgo N -+ ANdgn—1

dfy A Ndf, = + e

(4.27)

Proof. For every j =0,...,n we have

n—1

= P.(fj(2)) = 771 (2) = f7(2) + i(—l)”“*kq;f(Z) 7 (2). (4.28)
k=0
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Differentiating equation (4.28) gives

n—1

PLUfi(2)dfy = (=1)" " fF(2)dag. (4.29)

k=0

Wedging equation (4.29) over 1 < j < n (notice we do not include j = 0 in the wedge
product) we get

n(n—1)

TP [ dfs A Adfn = (1) det(A)dgo A -+ A dgn— (4.30)
j=1

where A is the matrix with coefficients A;; = fffl(z). But A is a Vandermonde

matrix and therefore we see that (det(A))? equals the discriminant of the polynomial

CI_D;EC()Z). Now the result follows by multiplying P.(fo(z)) on both sides of equation
(4.30) and then applying equations (4.25) and (4.26)). O

Proof of Theorem[{.-1. The functions fo,..., f, are holomorphic in a neighborhood
of any point z € C™ such that A(z) # 0. Therefore, by Lemma we see that 1 is

maximal on
C"\ (KU{A(z) =0}).

It is well known that the discriminant is a holomorphic function so the set {A(z) = 0}
is pluripolar and we conclude that 1 is maximal on C" \ K. Equation (4.24) follows

from equation (4.22) by applying Lemma and noticing that qo = fo- - fn. O
Before we calculate an explicit example we prove the following lemma.

3

Lemma 4.4.3 The roots of the polynomial p(z) = 23 — 22 + az — b are non-negative

real numbers if and only if a,b, A are non-negative real numbers.

Proof. Let sg,s1,s2 be the roots of p. First suppose all the roots are non-negative

real numbers. Then we have
22— 22 taz—b=(2—50)(2 —51)(2 — s2)

and by comparing coefficients we see that a,b > 0. Also by definition of the dis-
criminant we have A > 0. Conversely suppose a,b, A > 0. Since the discriminant is
non-negative all the roots sg, s1, s2 are real numbers. We have p(z) < 0 for all z < 0
and therefore the roots can’t be negative. O
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Remark: A similar statement for higher order polynomials is not true. As a counter-

example we can consider the polynomial
P(Z)=Z4—Z3+%z2—z+%

which has discriminant A = %.

analogue of Lemma but it has 4 complex roots, namely

The polynomial p would satisfy the higher order

So =1, S§1=—1 S2 =35 —1, S3 =73 +1.

O

Example 4.4.4 We apply Theorem with X = C?, qo(2) = 22 and ¢1(2) =
s0 P.(¢) = ¢3 — (% + 21¢ — z3. Then, using the equation for the discriminant for third

order polynomials, we have
A(z) = 2§ — 423 — 42y — 2725 + 1821 2.
Using a program we find that

K = {(21,2) € C?; all the roots of P, are real and positive}
= {(21,22) € RY; Az1,22) > 0}

looks like this:

The Monge-Ampére measure of ¢ defined as in Theorem is

_ 2mdxi N dxo
Vo (22 — 423 — Ay — 2722 + 182119)

(dd*v)?|x
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Notice that v is not the actual extremal function for K because its growth at infin-
ity differs from the logarithm. This means that we have not calculated the actual

equilibrium measure for K.

4.5 Regularization of the Lie norm

In this section we study the Levi form of the function h. = logv. where (v¢)e>0 is

the regularization of v = | - | given for ¢ € CN by
1 1
ve(¢) = (la]* +[b]*) 2 + (|b]* +¢lal?) (4.31)

with the same notation as in the previous sections. We see that v. is complex homo-
geneous of degree 1, v-(¢) N\, v(¢) = |a| + |b] = [¢|c as € \, 0. The Levi form of h. is
quite involved, so in order to simplify our calculations we define the functions A and
B on CN by

AQ) =lal* = 3(IKP + (¢, Q) and  B(¢) = [b]* = 3 (I¢]* = [{¢. O)I)

and for every € > 0, A, = A+ eB and B, = B+ cA. We observe that

Ac+B.=(1+¢)(A+B)=(1+¢)|¢,
Ac=B:=(1-¢)(A-B)=(1-¢)[ )|, and
4A.Be = (Ac + B.)> — (A — B.)? = (1 +e)?|¢]" = (1 — e)? (¢, Q)™

We define the function . on CN by

1
2

0:(0) = 2(A(O)B.(0))*

(A+e)[K* = 1 =2)?{C ) (4.32)
2

(1 +?)lal2bf? + =(Ja]* + [b]*)) ?. (4.33)

The right hand side of (4.32) shows that ¢. is a C°° function on CV \ {0} and the

formula for v. becomes
ve(C) = AZ 4 B2 = (A + B- +2(AB.)?)* = (1+9)[* +9(0) %, (4.34)

Theorem 4.5.1 The function h. = logv. is psh and maximal on CN. If { € CN \
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CRY then the Levi-form of h. at C is

(1+¢) < 4e|C|*

Lnelw) = ¢:(¢)?

T 20:(¢)

) + ')
where w' denotes the component of w orthogonal to ¢ and (, and

§ = ([blea —ilales)/[C] (4.35)

is a unit vector in the plane span{(,(} = span{a,b} which is perpendicular to ¢, and
eq and ey are unit vectors in the direction of a and b. In other words, the Levi-matrix
of h. has three distinct eigenvalues

26(1+2)l¢l* _1+te

905(03 7 A= 2906(07

Ao =0, A=
and the corresponding eigenspaces are
Vo= Span{(}a 1= Span{€}7 Vo = {Ca g}L = {a’7 b}L

Proof. The Levi form of h. at ¢ € CN \ {0} is given by

1 Vo (¢), w)|?
£hlGu) = 5 (ﬁvxc; w) - W) (436)
where Vo, = (Ove/C1,...,00:/Cn). Since ve = AE% + BE%, we have
(Vuo(Q),w) = LAZ 2 (VAL(C),w) + LBI 2 (VB.(C), w), (4.37)
Lo (Gw) =LA L, (Gw) + 1B L, (G w)
—LAT(VALQ 0P - IBT(VB(Quw)P. (438)

Assume now that (¢, () # 0. Then

GO _ GG

=200 d 2= =
G=e TG and e T TGOl

so we get

VAQ) = 5(C+e ) =e e, VB(Q) = 3(C— e = e,

La(Gw) =3 (jwl® + 525),  Lo(Gw) = 3(wl’ - G20),
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and consequently

(VA(C),w) = e (a — icb, w), (4.39)
(VB.(¢),w) = —ie (b + ica, w), (4.40)
La,(Cw) = H(A+)wf? + (1 - &) 52, (4.41)
L5.(¢w) = F((1+ )l — (1 - o) L§2lF). (4.42)

The function h, is logarithmically homogeneous, which implies £,_(¢; ) = 0 and that
the Levi matrix of he has 0 eigenvalue with eigenvector (.

If we take w orthogonal to both ¢ and ¢, i.e., (¢, w) = ({,w) = 0, then (VA (), w) =
(VB.(¢),w) =0, and the formulas (4.36)-(4.42) give

w_(l"‘E) 1 ! w2:(1+5)w2
ﬁhg(c, )* 4U5(C> (Ae(c:)é + BE(C)§)| | 2¢E(C)| | .

From this formula it follows that % (1 + €)/¢.(¢) is an eigenvalue of the Levi matrix
and that the eigenspace contains {¢,(}*, which is of dimension N — 1 if ¢ € CRY
and of dimension N — 2 if ¢ € CN \ CRYV.

Now we assume that ¢ € CV\ CRY and let £ = (|ble, —i|ale)/|¢| be a unit vector
in the span of ¢ and { orthogonal to (. We know that ¢ is an eigenvector and the

corresponding eigenvalue is Lp_(¢,€). In order to calculate Lp,_((,&) we first observe

that by (4.39)-(4.42) we have

W0 10
(C.6) = le(;—‘<a+¢b, 1bleq — ilales) = 26|<‘|’||b|
—i0(q _
a0 = M w00
A
L£a.(¢,6) = §(1+5+(1_5)%)
4AB
EBE(C7£) = %(1 +e&— (1 —E)W)

By these equations, (4.37)), and (4.38) we get

(Vo) = 280 P - By

Ve S = A(A+ B)A.B. ’

(1+e)v.  (1-eABAL* - BY?)  (1-¢24BAY* + BY?)
4AY?BY? (A2 - p2)Al?BL? A(A + B)AY?BY?

‘C’UE (C? E) =
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By equation (4.36)) we have

(1+¢)
Ehs (C,g) = W
AB(1 — e)? (4@4&” ~BYY)  AVR B (Al B;/2>2>
4(A+ B AY?BL? A. — B A.B. AR,

The last parenthesis equals (A; + BE)(AE% + Bé)/(AEBE). Hence

(1+¢) AB(1 —¢)? (A: + B:)v.
‘chg (Cag) = 125172 12 51/2 . 1B
4A€ Bg 4(A+B)UEAE BE e
(1+e¢) AB(1—¢)*(1+¢)

- 1A BI? 1A B2

_ 4(1(4}5;8))3/2 (A.B. — AB(1 — £)?)
_e(l+e)(A+B)> _ 2e(1+¢)¢*
CAMABE (O

4.6 Proof of Theorem 4.0.1]

The statement of Theorem is local, so without loss of generality we may from
now on assume that X = D™, where D is the unit disc in C. In order to calculate the
Monge-Ampére measure of the function h. o & we need a simple result from linear

algebra.

Lemma 4.6.1 Let D be an (n+1) x (n+1) Hermitian matrix and A be an (n+1) xn
matrix. Assume that v is a unit eigenvector for D with eigenvalue 0 and denote by

A1, ..., A, the remaining eigenvalues of D. Then
Det(A*DA) = Ay -+ Ay - | Det[A]v]|? (4.43)

where [A|v] is the (n + 1) x (n 4 1) matrix obtained by adding v as a column-vector
to the right of the matrix A.

Proof. By a change of coordinate systems we can assume that D is a diagonal matrix
with entries Ai,...,A, and 0, and v = [0,...,0,1]". Let A be the n x n matrix
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obtained by removing the bottom row of A and D be the n x n diagonal matrix with
diagonal Aq,..., \,. Then A*DA = A*DA and

Det(A*DA) = Det(A*DA) = Ay --- \y| Det(A)|% = Ay --- \,| Det([Av])]?

by the product formula for determinants. O

We have Ly o0(2) = Jo(2)* L (®(z))Js(z), where Lj_o¢ and Lj_ denote the
Levi matrices of h. o ® and h. respectively. By Theorem Lp_(¢) has eigenvalue
0 with eigenvector ¢, and the others are 2e(1 + ¢)|¢|*/¢-(¢)? with multiplicity 1 and
(14 ¢€)/2¢(¢) with multiplicity n — 1. Lemma [£.6.1] gives:

Theorem 4.6.2 If  : D" — C"*!\ {0} is a holomorphic map, then

2"F2n)(1 + )"e|®(2) || Det[Jo (2)|®(2)]]?
dd®(he o @) = av
(A" (he 0 2)) po(@ (27
where Jg is the Jacobian of ® and [J3|®] is the (n+ 1) X (n+ 1) matrix obtained by
adding ® as a column vector to the right of Jg.

It is clear from the definition of Ag in Theorem [4.0.1] that
Ag = {2z € D"; Det[Jo(2)|®(2)] = 0}.

The function z — Det[Jg(2)|®(z)] is holomorphic so either Ag is pluripolar or it
equals D". If Ag is pluripolar then fA<p (dd°(log |®].))™ = 0 by [49, Proposition
4.6.4.]. If Ap = D" then Theorem implies

(dd*(log |9].))" = lim(dd° (he 0 ®))" = 0.
e—

From now on we assume that M = ®~1(CR"*1)\ Ag is non-empty. In order to prove
that it is a real analytic manifold of dimension n we introduce the auxiliary map
@: Dt — €™+ defined by the equation

&)(2572”+1) = (14 2,41)P(2), z2€D", z,y1 €D.
Notice that the Jacobians of ® and ® are related by the equalities

Jg = [(1+ zn11)Ja| ], Det J3 = (1 + 2z41)" Det[Js|P] (4.44)
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and
&~ L(CR") = o~ H(CR"!) x D. (4.45)

Let z € M and write Z = (z,0) € D" xD. By equation the map @ is biholomor-
phic in a neighborhood of Z and the variety @*1((C]R”+1) has n + 2 real dimensions
in a neighborhood of Z. By equation this means that M has n real dimensions
in a neighborhood of z.

Denote by
W= {z € D""!; Det Jg(2) # 0} = (D™ \ Ag) x D

the set on which @ is locally biholomorphic and thus a submersion. If z is a member
of W then the pullback of currents by ® at z is well defined and we have the following

result.

Theorem 4.6.3 The (2n + 2)-current

1dzp41 N dZp1 = Tim (dd (he o B))" A 1dzn41 N dZpy1

dd(ho ®))" A
( ( © )) 2|1+Zn+1|2 c0 2|1+Zn+1|2

on W C D"*! equals the pullback by ®: D"+ — C"+1 of the current of integration
along CR™ of the (n + 2)-form —C,,|a|~ "+ d@ A dV,, where C,, = (—1) 0,

and (,, is the volume of the unit ball in R™.

Proof. To distinguish between them, we now denote by dV;, and dV,,;; the Euclidean
volume forms on C" and C"*!, respectively. Since the result is local it is sufficient to
prove it on é’l(Lm) for some m € {1,...,n+ 1} where L,, is defined in Proposition
[422] Indeed by Theorem [.6.2] homogeneity of the function ¢., and by equation

(4.44) we have

idzny1 ANdznyr  2"20l(1 + €)"e|®|?| Det[Jo | D]|?
20+ 2o 1+ zn41[?(pe 0 @) +2
2"+2n)(1 4 ¢)"¢|®|?| Det J5 |2
= = an+1
(= 0 @)+2
~ 2n+2 [ 1 n 2
L (2 )
(=(¢))
n(n—1)

=(=1)" =z nl(l+e)"®*(\df A dV, AdVj),

(dd®(he o ®))" A

an+1
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where . is the function defined by the last equality and 6, a, 8 are variables introduced
in Proposition Since the pullback is a continuous operation under weak limits
it suffices to show that

lim (A.df) A dVo A dV) = —Q|a|~ "V ag A dv,.
e—
By Proposition and by equation (4.33)) we have

_ 2 2 _ 182
R il Gl 0 R PP P

(1 +2)[al?8? + e(lal* +|8]4) >

Now let x € C§°(C™1\ {0}) be a test function. We want to show that

lim x(0,a, B)A(0, a, B)dVs = —x (0, a,0)Q,|a| ="+,

=70J18I<]al
Then the result follows by a simple application of Fubinis theorem. We calculate this
limit directly by switching into spherical coordinates scaled by a factor of £'/2. We
write 7 = e~ /2|], we denote by v the unit vector in the direction of 3 and by do the
Euclidean measure on the (n — 1)-dimensional unit sphere S*~!. Hence 8 = ¢'/?rv

and dVj = £"/?r"~ldrdo. By the dominated convergence theorem we have

lim x(0,a,8)A:(0,a, B)dVp
e—0
1BI<lal
—e(lal® +er?) (|a| — % gzpn—1
= 1m/ o lale1/2 ( )( l l) —~ 2x(0,a,61/2m)drda
TOSTEQTD (1 ) al2r2 4 e(lalt + £2r) T

7 7|a|3rn71
= Jre00) (Jaf2r? + [aft) T2 X
vesn!

(0,a,0)drdo

n—1

_ n—1 —(n—1) 001-—
= —Vol(S" ")x(0,a,0)|a| /0 (Tz+|a|2)1+n/2dr

r’ °

nlal*(jaf? +r2)"/2 ],

— = V(5™ (0 0ol |
= - QnX(ea a, O)|a|_(n+1)'
O

We need one more result before we prove Theorem To simplify notation we
write Ag, 1= d®g A-o-ANdB; A--- Nd®, for j €{0,...,n} and V := &~ (CR" 1) =
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®~1(CR""!) x D. Abusing notation a little, for z = (2, z,41) € D" x D we interpret
®(z) as P(2'), i.e. we use the same symbol ® to denote the trivial extension of ¢ to

Dn+1

Proposition 4.6.4 The restrictions of the (n + 2)-forms ®* (d6 A dV,) and

n

(1 + Zn +1) 1 72(n+1 j+1 i ~
T () e, ) A e A dns

7=0

to VNW are equal.

Proof. On V the relation between ®;, a; = aj o ® and § = § o ® is given by
(14 zp1)®; = €a;,  0<j<m,

SO

(I)jdszrl + (]- + Zn+1)dq)j|V = iewajdg + €i9daj|v.

(4.46)

The Jacobian of the map ®|y: V — CR"! does not have full rank because ® is

independent of the variable z, 1. Therefore d®yA---Ad®,|y = 0. Wedging equation

(4.46) over all possible j gives

(1+ zp41) (Z ) j(bjA@j) Ndzpy1lv

j=0

_ int1)0 (dVa +idf A i(—l)jaj/&aj) v
7=0

Let 0 < jop < n be any fixed number. Similarly as before we have
BjodZnt1 + (1+ Zps1)d®j, v = —ie™Pa,dd + e dajy|v.

Wedging equations (4.48) and (4.47) gives

n

‘I) 1 + Zn+1 (Z j(I)jAcpj> A d2n+1 A din_;,_l‘v
7=0

= iaj e (= dVy Ad + (—=1)7°d0 A Ag, A daj, )|y
= 2i(—1)"a;,e™’dd A dV,|v.

(4.47)

(4.48)

(4.49)
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After canceling (1 + Z,4+1)®;, = aj,e~ " the result follows. O

Proof of Theorem[{.0-1 As we already noted after Theorem [£.6.2] the Monge-Ampeére
measure has no mass on Ag and M is an n dimensional real analytic manifold, if it

is non-empty. The map ® is a submersion on W. For & € CR"t! we have

=
(SIS

lao®le? = |Ble?? = (B, D)2 = (1 + 2,41)(P, D) (4.50)

L o1
where the complex square root is taken such that (®,®)2 has the same argument 6

as ® € CR"*', By combining Theorem Proposition and equation (4.50)

we see that the (2n + 2)-current

idZn+1 A\ d2n+1

dd®(h o ®))" 4.51

(da(h o @))" L2 (451)
on W equals the current of integration along V of the (n + 2)-form
”‘H - idzp41 N d2n+1

O, ) (30 1p 0, ) p 1t Ao 152

Z P, 2‘1 ¥ Zn+1|2 ( )

j=0

Let wy := (dd°(ho®))™ and define wy as the current of integration along ®~*(CR"*!)
of the n-form -7 ;(—~1)?®;Aq;. Then

/ Xwj Adzpy1 NdzZp,11 = (/ Xle) (/ X2dzn g1 A d5n+1),
]D)TI#F] n D

for j = 1,2 and x € C§°(W) of the form x(z) = x1(2")x2(2n+1). This means that
we can simply cancel out a factor of % dzn+1 ANdZ,41 from equatlons and -
when taking the restriction to W N {z,11 =0} = D"\ Ag.
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