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Abstract

In this dissertation we present numerical methods for computing continu-
ous piecewise affine (CPA) and continuous piecewise quadratic (CPQ)
Lyapunov functions via linear programming (LP) for switched linear
systems. We discuss the application of these methods to both arbitrary
switching signals and signals subject to average dwell-time (ADT) con-
straints. Further, we discuss the challenges of computing the minimum
average dwell-time (MADT) and present a search algorithm for its com-
putation. Finally, we discuss our approach to computing CPQ functions
via LP, rather than semidefinite programming (SDP).






Agrip

Farid er yfir tolulegar adferdir fyrir ttreikninga Lyapunov falla, sem eru
samfelld og linuleg- eda ferningsmarglidur 4 koflum, med linulegri bestun
fyrir linuleg skiptikerfi. Fjallad verdur um notkun pessara adferda vid
stodugleikagreiningar pegar styrimerkid er annarsvegar 6tiltekid og pegar
settar eru medaldvalartimaskordur hinsvegar. Einnig verdur fjallad um
per dskoranir sem eru félgnar { treikningum lamarksmedaldvalartima
fyrir stodugleika og kynnt leitarreiknirit til ad reikna ldmarksmedal-
dvalartima. Loks verdur fjallad um hvernig vid nalgumst tolulega ttreikn-
inga 4 Lyapunov follum sem eru samfelld og ferningsmarglidur 4 kflum
med linulegri bestun { stad halfakvardari bestun.
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1 Introduction

At the core of control theory are differential equations defining system
behaviour. In general we can describe the behaviour with

x= f(x) (1)
where x € R” are the state variables of the n-dimensional system and

f: R" — R" defines the system dynamics. The solution curve or trajec-
tory is denoted with ¢(¢,&), where £ € R” is the initial condition, i.e.

¢(0,8) =¢&.

It is often beneficial for design, control, and stability analysis, to describe
the dynamics with a set of subsystems. Such systems are called switched
systems and can be described with

X = fo(1)(X),
where o : [0,00) — [1,N] is called the switching signal, indicating which
of the N subsystems is currently describing the dynamics. Here [a,b] :=
[a,b] NZ is a discrete index set.

To facilitate the discussion of the topic of this dissertation let’s first
consider the following definitions:

Definition 1. Consider the dynamic system (1). A point X € R" is called
an equilibrium point of the system if and only if f(X) = 0.

Definition 2. An equilibrium point X is said to be

1. Lyapunov stable, if, for every € > 0 there exists a 0 > 0 such that
if |& —X|| < O then for everyt > 0 we have ||¢(t,§) —X|| < €,

2. asymptotically stable, if, in addition to Lyapunov stability, there
exists a 8 > 0 such that if ||§ —X|| < & then we have
lim . [[9(2,8) —X|| =0,

3. exponentially stable, if, in addition to asymptotic stability, there
existsa 8 >0, @ > 0and B > 0 such that if || —X|| < & then for
everyt > 0 we have ||¢(1,8) —X|| < a[|¢ —X||exp (—Br).



Note Definition 2 defines a locally stable equilibrium point. If the con-
ditions are satisfied for all & € R” the system (or equilibrium point) is
said to be globally asymptotically stable (GAS) or globally exponentially
stable (GES). We can, without loss of generality, assume X = 0 by con-
sidering a change of coordinates. From this point on we will consider the
origin as the equilibrium point of interest.

In 1892, Aleksandr Mikhailovich Lyapunov, described a new method
now referred to as Lyapunov’s second method [15] (eng. trans. [16]).
The method can be described by the following definition and theorem.
Definition 3. Ler V : R" — R be a radially unbounded function that
has continuous first derivatives, and consider the system in (1) with an
equilibrium point at the origin. If'V satisfies

V(x) >0 vx € R"\ {0},
V(0) =0,
(VV (), f(x)) <0 vx € R"\ {0},

then 'V is called a Lyapunov function.

Theorem 1. Consider the dynamic system (1) with an equilibrium point
at the origin. If there exists a Lyapunov function for the system then the
origin is GAS' .

Here (-,-) is the inner product between two vectors.

In this dissertation we will present numerical methods to compute Lyapunov
functions for different function classes.

Finally note that a matrix Q € R™" is said to be symmetric positive
definite (p.d.) on the set D, denoted with Q =p 0, if x’ Ox > 0 for all
x € D\ {0} and positive semidefinite (p.s.d.) on the set D, denoted with
Q =p0, if x'Qx >0 for all x € D\ {0}. The matrix is similarly said
to be negative definite (n.d.) and negative semidefinite (n.s.d.) on the
set D when x” Ox < 0 and x” Qx < 0 for all x € D\ {0} denoted with
0 <p 0 and Q =<p O respectively. When D = R" we write Q > 0 and
say the matrix is symmetric p.d. and equivalently for the other relations.
When a matrix is symmetric p.d. on the set R’} the matrix is said to be
co-positive?.

'Note that when the system is linear GAS is equivalent to GES
2
RJ’_ = [0,00)



2 Stability of Switched Linear Sys-
tems

The stability analysis of switched systems can be tricky. One can not
rely solely on the stability analysis of the subsystems since switching
can stabilize unstable systems and vice versa, see Figures 2.1 and 2.2
respectively.

In this dissertation we will consider switched linear systems of the form
X =Ag()X, 3)

where A; € R"*", i € [1,N], and two different constraints on the switch-
ing signal; arbitrary switching and minimum average dwell-time (MADT)
switching. We always assume o is right-continuous and has a finite num-
ber of discontinuity-points over a finite time interval. When considering
MADT we are additionally interested in limiting the average number of
discontinuity-points over a fixed time interval.

(a) (b)

Figure 2.1. Trajectories of (a) two unstable subsystems starting at
x = [0,1]7 and (b) a stable switched system starting at x = [0,10]7[1,
Figure 2.1].
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(a) (b)

Figure 2.2. Trajectories of (a) two stable subsystems starting at
x = [0,1]7 and (b) an unstable switched system starting at
x = [~1,0]"[1, Figure 2.2].

2.1 Arbitrary switching

As arbitrary switching implies the switching signal could be a constant,
therefore the subsystems need to be GES in their own right if we require
the switched system to be GES. In 1960, Rudolf Emil Kalman and
John Edward Bertram reformalized the results presented in Section 20
of [15] that became the most common way to prove the stability of linear
dynamic system, X = Ax [13, Chapter 6]. Namely to find a solution to a
special case of the Sylvester equation, now called the Lyapunov equation.
Theorem 2. Consider the system X = AX and let Q be symmetric p.d.
matrix, where A,Q € R"*". The existence of a symmetric p.d. matrix
P € R™" such that

ATP+PA=—Q

is equivalent to A being Hurwitz, namely the real part of all its eigenvalues
being strictly negative and the system is GES at the origin. We can
aditionally define a Lyapunov function for the system as V (x) = x! Px.

Consequently a necessary condition is that each A; is Hurwitz, where
i € [1,N]. As discussed this is of course only a necessary and not
sufficient condition for GES under arbitrary switching. We additionally
need to ensure that switching between subsystems does not destabilize
the switched system. In this case we search for a common Lyapunov
function (CLF). A CLF is one Lyapunov function that satisfies (2) for all



subsystems, i.e. a Lyapunov function V : R” — R that satisfies

V(x)>0 vx € R"\ {0}, (4a)
V(0) =0, (4b)
(VV(x),Aix) <0 vx e R"\ {0}, i € [1,N]. (4c)

The natural progression from these two conditions is to solve the linear
matrix inequality (LMI)?

P>0 (5a)
ATP+PA; <0 (5b)

using semidefinite programming (SDP). For notes on SDP and the limi-
tations of this method see Paper II [5].

2.2 Minimum average dwell-time

The concept of average dwell-time (ADT), rather than constant dwell-
time, is relatively new. It was first defined and considered in a paper by
Jodo P. Hespanha and A. Stephen Morse in 1999 [11], where they defined
the ADT of a switching signal in the following way:

Definition 4. Let Ns(t,s) denote the number of discontinuity-points of
switching signal & on the open time interval (s,t). We say that ¢ has an
average dwell-time (ADT) T > O, if there exists an Ny > 0 such that for
allt > s > 0 we have

l‘_
No(t,s) §N0+TS

In layman’s terms, the average time interval between consecutive switch-
ings is 7. In the case of proving GES under ADT constraints we want
to find multiple Lyapunov functions (one for each subsystem) with addi-
tional conditions on each function and in relation to the other Lyapunov
functions [14, Chapter 3]. That is, we find Lyapunov functions V; such

3Note that (V (x” Px) ,A;x) = xT (AT P+ PA;)x



that

Vi(x) >0 x € R"\ {0}, Vie [I,N], (6a)
Vi(0) =0 Vie[1,N] (6b)
(VVi(x),Aix) < —aVi(x) Vx e R"\ {0}, Vi€ [1,N] (6c)
Vi(x) < uV;(x) vxeR", Vi,je [1,N] (6d)

then (3) is GES if the switching signal has an ADT

T>1T" = M

(04
We generally call T a MADT rather than ADT given that this holds true
for all ADTs 7 greater than 7*. Consequently, the main point of interest
is finding a feasible (a, ) pair such that (6) has a solution V; for all
i € [1,N] with the smallest possible 7, i.e. the "absolute" MADT. This
is the main subject of Paper I1I [2].

The primary bottleneck here is that one cannot simply minimize the
function In (1) /& without taking into account that (6) must also have a
feasible solution. To that end we considered an area D C R x R defined
as

D= {(a,u) € (0,00) x [1,c0) : (6) is feasible},

and are interested in minimizing T with (a,u) on D. This poses a
question; Can we determine the area analyticity or numerically?

Alternatively we can describe D with
D:{(oc,u) eRxR:0<o<a and ,LL>E(OC)},

and aim to determine o and the function u(a), see Figure 2.3 for a
schematic view of this interpretation. The upper bound on @ can be
found via analytical means dependent on the Lyapunov function classes.

As a demonstrative example, let V; be quadratic: V; = x! P:x. Condition
(6¢c) yields

(VVi, Aix) =x" (AT Pi+ PA)x < —ax Px,
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Figure 2.3. An example of the area D where (6) has a feasible solution
given o and . Note that the area extends indefinitely as [l — oo.
Adapted from [2].

that is,
T o N\T o
A; P+ PA; + P = (A,-—FEI) P+ P <A5+51> =0.

Thus if P, > 0 we need the real part of all the eigenvalues of A; to be
strictly smaller than — /2 and consequently

a
o= sup{oc >0 :Ai+51 is Hurwitz for all i € [[I,N]]}.

A similar manipulation of (6¢) can yield an o for different function
classes, see Paper III [2].

Determining the function p () is more difficult. Throughout our numeri-
cal experiments we found it to be convex and the minimum of (¢, 1)
is achieved along the curve of u(o). We therefore aimed at devising a
method that searches for a feasible (o, 1) set close to p(ct) and then
follows that path with increasing « until the minimum is found. Note it
is worth checking for a CLF, with (a, 1) = (0,1), which corresponds to
arbitrary switching before looking for a MADT. This numerical search
routine, presented in Paper III [2], is formalized with Algorithm 1



Algorithm 1. We fix K, L € N, K > 2, and a,b > 0 and distribute the
values a =g < k-1 < ... < <7 =band <o <...< o <™
uniformly, i.e.

j—1 i

for je[1,K] andic< [1,L].
Seti=1and j=1. Then execute:
1. Solve the feasibility problem (6) with ot = o; and |1 = exp(T;0;).

2. » [fthere is a feasible solution to the problem, then increase j
by one, i.e. j < j+ 1, and go back to step (1). That is, we
decrease T from Tj to Tj1 and check if this problem, with
a lower average dwell-time and a smaller |1 = exp(Tj1104),
also has a feasible solution.

* [fthere does not exist a feasible solution to the problem, then
increase i by one, i.e. i < i+ 1, and go back to step (1). That
is, we increase o, from @ to Oy and set L = exp(T;011)
and check if this problem, with the same average dwell-time
T = Tj, but with larger parameters o and |, has a feasible
solution.

The efficacy of this method is of course dependent on the numerical
method chosen for the feasibility problem based on (6) but we repeatedly
found a lower MADT than in previous literature. For a more detailed
discussion on this subject see Paper III [2].



3 Numerical methods

Figure 3.1 shows examples of the three function classes primarily con-
sidered for Lyapunov functions; quadratic, continuous piecewise affine
(CPA), and continuous piecewise quadratic (CPQ). Different program-
ming methods are applicable when considering these classes. Paper II [5]
discusses the two methods we use, linear programming (LP) and SDP.

To facilitate the discussion of CPA and CPQ functions let us first review
triangulations. A triangulation 7~ with vertices {vo,vy,...,v,} CR"isa
subdivision of a subset of R” into simplices G. We define a simplex &,
as

.- v \% v \%
Sy =co{xy,X|,X5,...,X,

:{XGR”:X:ZH:MX)’, A >0, zn:/lr:l}
r=0

r=0

where x;’ = v, () for r € [0,n] and gy : [0,n] — [1,p] is an index-
function. For our purposes we require 7 to be shape-regular, i.e. every
two different simplices either intersect at a common lower dimensional
face or not at all. Additionally, we consider a triangulation around the
origin such that the origin is a vertex of every simplex. The set theoretic
union of all &, € 7 must be a neighbourhood of the origin denoted
Dy. An efficient implementation of a triangulation that satisfies these
conditions, shown in Figure 3.2, is the triangular fan discussed in [9], for
a more details on the technical implementation see [8].

The neighbourhood D7 can be radially expanded to R” by defining cones
¢y corresponding to each simplex Gy such that

¢y := cone{0,x{,x3,...,X)

:{XER”:X:ZMX% 7Lr20}

r=1



X2 X2 X2

X1 X1 X1

(a) (b) (c)

Figure 3.1. Level sets of V : R* — R for the three different function
classes under consideration: (a) quadratic, (b) continuous piecewise
affine (CPA), and (c) continuous piecewise quadratic (CPQ) functions.

where {0,x7,x},...,x, } are the vertices that define the simplex &,. We
call the A, the cone-coordinates of x and can define the vertex matrix

| |
Xy=|x] x¥ ... xy| e R,

that is the non-zero vertices of the simplex make up the column vectors
of Xy, and write x = X, A for all x € €. Note that this matrix X, depends
on the order of the vertices, so this order must be fixed.

Remark. In general we use v to denote the index of a simplex or corre-
sponding cone. To denote the indices of subsystems we use i and j, and
for vertices we use r, k and L. To denote the system dimensions we use n
and the number of subsystems is N. The number of non-zero vertices in
the triangulation is denoted with p. As a demonstrative example of the
notation consider (9) rewritten here:

Zr b <0

The variable rk o/ is the (k,0)-th element of the matrix RY , i j which cor-
responds to V- th simplex, Gy, and i-th and j-th subsystems, A; and A
respectively.

10
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Figure 3.2. Example of the triangular fan used in (a) two dimensions and
(b) three dimensions. The shaded area in (b) corresponds to one face of
the cube constructed as an intermediate step in the triangulation
definition. Note that the origin is a vertex in both cases. Adapted

from [1].

Quadratic functions
We define quadratic functions with a matrix P € R"*" such that

V(x) =x' Px.

Continuous piecewise affine functions
We define CPA Lyapunov functions with a vector ® € R”*! such that

V(v,) = @, and for each simplex &, we define the vector ¥V =
T . . . .
(@, (1) Pey(2):- -+ Pey(n))  Where gy is an indexing function. Then for
every x € €, we have
V(x) = (¥")" X, 'x=(¥") 4

where A € R’| are the cone coordinates of x. This parametrization of
CPA functions was covered in [4] where a LP based numerical approach
for common Lyapunov functions was presented, for further reading see

also Paper Il and [1].

Continuous piecewise quadratic functions

We define CPQ Lyapunov functions with matrices ® € RPH1*P+1 guch
that V(x) = x” PYx where P¥ = (X, ))TWVX, !. The (k,/)-th element of

11
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Figure 3.3. Illlustration of the global matrix ® (left) and a triangulation
with simplices and vertices marked (right). Using the indexing function
gv, the highlighted submatrices W' (green) and W' (red) are extracted
from ®, containing the decision variables corresponding to the vertex
indices of simplices G7 and S, respectively.

P € R™" is equal to the (gy(k),gv(¢))-th element of P, again gy is an
indexing function. Moreover see WV is a principal submatrix of ®. See
Figure 3.3 for a more intuitive view of the relationship between ® and V.
Then V(x) = AT ¥V where A € R”. are the cone-coordinates of X € €.
This parametrization of CPQ functions was suggested in [19] and its use
as common Lyapunov functions is the subject of Paper IV [18].

3.1 CPA functions

From previous literature [1, 4] we have an LP problem for computing
CPA CLFs.

LP Problem 1. For a triangulation T with vertices {vo,V1,...,V,} and
simplices &y :=co{0,x}),xy,...,X) }, we have Xy = [X{,X},...,X)] and
index-functions gy such that X = Vg, (r)- On every simplex Sy and for
each subsystem A;

L @) > 0 if Voo () 70
2. (PNTX, AxY <0

12



The problem variables are the elements of the vector ®.

In Paper III [2] we apply this idea to MADT switching:

LP Problem 2. For a triangulation T with vertices {vy,v1,...,v,} and
simplices &y := co{0,x},x¥,...,x) }, we have Xy, = [x{,X},...,X}] and
index-functions gy such that X, = Ve, (r)- On every simplex S and for
each subsystem A;, with a fixed it > 1 and o« > 0 we have

1. <p§v(r) >0, if Vg, () 0
2. (PHTXAXY +a(P) X, Ixy <04

i J
3 P T H P SO

The problem variables are the elements of the vectors P;.

3.2 CPQ functions

In Paper IV [18], along with Paper I [6], we presented a method for the
construction of CPQ CLFs with LP. Simply applying the conditions of
(5) globally is inherently conservative, since a matrix can be p.d. on a
subset of R” and not p.d. on another disjoint subset (analogous to a saddle
surface rather than a bowl for x” Px with x € R?). We therefore only
consider the positive definiteness of each individual piece of the CPQ
function, that is for every simplex &, we have

PV ¢, 0, (7a)

ATPY +PYA; <¢, 0 Vie [1,N]. (7b)

Before we present the LP problems, let us first consider the following
theorem, paraphrased from Paper I'V.

Theorem 3. Let B € R"*" be a symmetric matrix and define C € R""
such that

Crk = bk, ke[l,n],
cre = max (by,0), k.0 € 1,n] k# L.

If each row sum of C is negative, then —B is copositive.

4Alternatively (¥Y)7 X, 1Ax) + (Z(pz,v(r) <0

13



Proof.  First note that cz; > 0 and for the k-th row of C we have

0> Z Cke = Cik + Z cke = |ew| > Z |Ckel -
E;«ék é;ék
Namely, C is a symmetric, strictly diagonally dominant matrix with
negative elements on the diagonal and therefore negative definite. In

particular, we have AT CA < 0 with A € R” " \{0}. Now note that cx; > by
and

ATcr—ATBA =AT (C—B)A

n n n
= Y AZ (cun — b) + M (cke —bre) >0
=0 476 >0

That is ATBA < ATCA < 0, or more precisely lT(—B)l > 0, for all
A e R\ {0}. O

Note that Theorem 3 is only a sufficient condition resulting in a constraint
more restrictive than the original (7).

Remark. Let x € €, :=cone{0,x{,x},...,x) }. We can write x = XyA,
with A € R, \ {0}, and

x'Mx = ATxTMx, A

That is, a matrix M € R™" is p.d. on &, if and only if XI MX, is coposi-
tive.

To summarize, we solve for a matrix & € RP*?, with principal submatri-
ces PV as described above, such that on each simplex &, we set

_I\T —
PV = (x, 1) wx, !,
Q) :=A] P +P'A,;,

for each i € [1,N]. Define B! := X! QYX, = (‘P"A}’)T +PVAY where
AIV =X, A;X,, and C/ is constructed as in Theorem 3. To avoid non-
linear functions, the condition ¢y = max(byy,0) is replaced by the linear
constraints cxy > 0 and ¢y > by for k # /.

>Note this is an alternative proof to the one in Paper IV.
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While constraints like (5) and (7) are often solved with SDP implemented
in interpreted environments like Matlab [17], that approach does not
benefit from the efficiency associated with compiled languages. In Paper
1 [6], we present a C++ parser for the C Gurobi [7] syntax and compare
the computation time of CPQ CLFs between Matlab and C++.

Paper I [6] we presented an LP problem in the cases of arbitrary switch-
ing:
LP Problem 3. Fora triangulation T with vertices {vy,v1,...,v,} and
simplices &y := co{0,x},x¥,..., X} }, we have Xy, = [x{,X},...,X)] and
index-functions gy such that x; = v, o(r)- On every simplex GV and for
each subsystem A; we have

1. V(x)) >0 forallr€[1,n].

2. For each subsystem define AY == X;'A;Xy and C} such that

AVl

Ckk_ZZ(ng r),gv (k) %rgs

forallk € [1,n] and

e > Z(‘ng e N+ By 5,11 )

Ck€>0

forall k,? € [1,n] and k # (. Then require that for all k € [1,n]

Yo <0 Vke{l,2,...n}.
PR

The problem variables are the elements of the matrices ® and CY.
Remark. Note that V(v;) > 0 for all nonzero vertices v; of T does not
ensure that V (x) > 0 for all x € R"\ {0}. This can however be checked
a posteriori to solving the LP problem, e.g. by checking whether there
exists a solution to the LMI

P —x, HTuyx; ' -0,

where Uy € R*" is the problem variable. This a posteriori check was
proposed in [12, Proposition 4.4]. For further reading on checking
positivity of CPQ functions see [10].
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A greater focus in our research was investigating MADT constraints.
Paper V [3], compares CPQ and CPA Lyapunov functions and the num-
ber of simplices and variables needed to achieve the same results with
respects to MADT.

Similarly as the conditions in (4) become (7), via (5), we have the condi-
tions in (6) and write for every simplex Gy:

ATPY +P'Ai+aP <¢, 0 vie[1,N]
— P} <¢, 0 Vi,j e [1,N]

Using the same relaxation method as before we define the LP problem as
follows

LP Problem 4. For a triangulation T with vertices {vo,V1,...,V,} and
simplices &y := co{0,x},xy,...,Xx) }, we have Xy = [X{,X},...,X)] and
index-functions gy such that X = Vg, (r)- On every simplex Sy and for
each subsystem A;, with a fixed 1 > 1 and o¢ > 0 we have

1. V(x)) >0 forallr € [l,n].
2. For each subsystem define AlV = X, 'A;Xy and QY such that

AV,

qkk (ng( k).gv(k JrZZClrk(pgv (r).gv(k)’
forallk € [1,n] and

AVl

V,i - AV, I
iy = (Zl rk‘ng< )av(t) T rf‘Pgm gv( ))“‘%( k),gv (£)

qk£>0

forall k.t € [1,n] and k # {. Then require that for all k € [1,n]
Z Clke <0

3. Define RV such that

V.i,J

B = g~ “‘P v (k),gv (k)?

16



forallk € [1,n] and
Vi, j i J
Tkt 2 Pou (.80 () ™ HPoy(k).00(0)

Vi, j
"y’ 20,

forall k,¢ € [1,n] and k # (. Then require that for all k € [1,n]
n ..
Y <o ©)
=1

The problem variables are the elements of the matrices ®;, Q! and RY i
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4 Conclusions

This dissertation has researched numerical methods used for stability
analysis of switched linear systems under both arbitrary switching and
average dwell-time (ADT) constraints. It presents a linear programming
(LP)-based method for computing continuous piecewise quadratic (CPQ)
Lyapunov functions for both types of switching signals.

Beyond this parametrization of CPQ functions, this research addresses
the complexity inherent in computing the minimum average dwell-time
(MADT) that ensures the stability of a switched linear system. The
proposed method of considering the feasibility region D defined by &
and the function y (o) highlighted two main observations regarding the
MADT: that it lies along the border of u(c) and that this function
is convex. Both statements have yet to be proven, and the question of
whether (o) can be found via analytic means or a more efficient method
than the proposed Algorithm 1 is an open question as well.

Earlier research into continuous piecewise affine (CPA) Lyapunov func-
tions was expanded upon. An LP-based numerical method using CPA
Lyapunov functions to compute the MADT was presented and, using
Algorithm 1, was compared to quadratic functions found via semidefinite
programming (SDP). In addition to offering greater geometric flexibility
than quadratic functions, leading to less conservative stability condi-
tions, the use of LP in conjunction with a C++ implementation yielded
favourable results compared to SDP in an interpreted programming en-
vironment, achieving both faster execution speeds and lower MADT
bounds with CPA functions.

Lastly, the use of CPQ Lyapunov functions was compared to CPA Lyapunov
functions, with respect to numerical complexity, with favourable results.
As suggested in earlier research, the efficacy of CPA functions, with
respect to the number of simplices, is dependent on the triangulation
and coordinate system used. However, tailoring triangulations is particu-
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larly difficult, and subsystem preconditioning failed to yield any concrete
results, rendering this approach unreliable. The use of CPQ functions
successfully combats the orientation issue, resulting in fewer simplices
and problem variables without using a coordinate change.
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We describe a linear programming (LP) problem to parameterize contin-
uous and piecewise quadratic (CPQ) Lyapunov functions for switched
linear systems. We discuss some algorithms and data-structures for its
implementation in C++ and compare the computational efficiency of our
implementation to an analogous implementation in MATLAB.
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We describe a linear programming (LP) problem to parameterize continuous and piecewise quadratic (CPQ)

Lyapunov functions for switched linear systems. We discuss some algorithms and data-structures for its
implementation in C++ and compare the computational efficiency of our implementation to an analogous

implementation in MATLAB.

1 INTRODUCTION

Switched systems play an important role in
modelling in science and engineering (Davrazos
and Koussoulas, 2001; Liberzon, 2003; Shorten
et al., 2007; Sun and Ge, 2011). In control theory
the stability of an equilibrium point is commonly
of central importance and is most conveniently
dealt with using the Lyapunov stability theory
of dynamical systems (Hahn, 1967; Sastry, 1999;
Khalil, 2002; Vidyasagar, 2002). It is well known that
the existence of a Lyapunov function for a switched
system, which is a common Lyapunov function for
all the subsystems, is equivalent to its stability and
suitable classes of potential Lyapunov functions
is a thoroughly researched subject (Dayawansa
and Martin, 1999; Goebel et al., 2006; Mason
et al., 2006; Shorten et al., 2007; Mason et al.,
2022). In this paper we consider the algorithm
from (Palacios Roman et al., 2024) to parameterize
continuous and piecewise quadratic (CPQ) Lyapunov
functions for switched linear systems along with
its efficient implementation in the programming
language C++. The class of CPQ Lyapunov functions
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5@ https://orcid.org/0000-0003-0073-2765

¢ https://orcid.org/0009-0004-3145-1119
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have been considered in (Johansson and Rantzer,
1998), and have recently been successfully used to
study the stability of, hybrid integrator-gain systems
(HIGS), see e.g. (van den Eijnden et al., 2020;
Deenen et al., 2021; van den Eijnden et al., 2022).

The main contribution of this work is the
efficient computation of CPQ Lyapunov functions for
switched linear systems based on a linear program,
where the classical constraints for CPQ Lyapunov
functions, which are often expressed in terms of
linear matrix inequalities, are formulated as a linear
programming (LP) problem.

This paper is organized as follows: In Section
2 we describe how we write the LP problem in
our implementation, before we discuss in Section
3 triangulations, CPQ functions, and how we
parameterize them. Section 4 deals with the
linear constraints we use to compute a suitable
parameterization for a CPQ Lyapunov function for a
given switched linear system. Then, in Section 5, we
give some details on the implementation of the linear
constraints and compare the numerical efficiency
of our implementation in C++ to a corresponding
implementation in MATLAB. We conclude the paper
in Section 6.

2  WRITING OUR LP PROBLEM

An LP feasibility problem can be characterized using
amatrix A € R™“ avector b € R”, and an enum vector
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s, 8 € (LE,GE,EQ}, having r elements. A feasible
solution to the LP problem is a vector x € R that
satisfies

[AX]; [si] bi, foralli=1,2,....r,

where [Ax]; is the i-th component of the vector Ax.
This means that

[AX],' < b[, if Si is LE,
[AX],‘ =b;, if s;1is EQ,
and [AX]; > b;, ifs; is GE.

Since the matrix A is usually sparse, we implement
it using two vectors, rn and cn, of row and column
indices, respectively, and one vector of values val.
The vector b is implemented by the vector b and the
vector of symbols s by the enum TypeCon {LE,GE,EQ}
vector con.

The vectors rn, cn and val will all have the same
number of elements, namely the number of non-zero
elements of A, and to set the (i, j)-th element of A to
some non-zero value x, i.e. a; j :=x, we write

rn(k]=1i; cn(k]=j; vallk]=x;

A constraint of the LP problem is written in a row
of the matrix A. A column of A corresponds to a
variable. More exactly, the columns of A contain
the coefficients with which the corresponing variable
in the vector variables appears in the constrains of
the LP problem. The variables vector is described
below.

2.1 Storing the Variables

To implement a variable of the LP problem we use
an Armadillo (Sanderson, 2010) integer vector ivec.
For example, the variable (pz_é is ivec {'P',nu,k,1},
where nu, k and 1 are some numbers of type bint
(big integer, i.e. long long). All the variables of
the problem are stored together in the sorted vector
Variables.

In order to sort the variables vector we need to
define an order relation. We first let the variable’s
length dictate the relation. If the variables have the
same length we compare the first non-equal elements
or last elements, which ever comes first. This is
implemented with the following binary function:

1 bool varCmp (const ivec &x, const
ivec &y) {

if (x.size() < y.size()) {
return true;

}

else if (x.size() > y.size()) {
return false;

-V ST
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7 }

8 int i, len = x.size();

9 for(i=0; i < len-1 && x(1) ==
y(i); i++) {};

10 return x (i) < y(i);

We also implement a function, var1D, that obtains
the index of a variable in Variables. That is, if
var=Variables (i) then VarID(var) returns i. If the
variable is not in Variables we return the impossible
value —1. The function is as follows:

1 bint VarID (const ivec &v) {

2 auto found =
equal_range (Variables.begin(),
Variables.end (), v, varCmp);

3 if ( found.first == found.second ) {

4 return -1;

5 }

6 else{

7 return found.first -

Variables.begin();
8 }

2.2 Construction of the Matrix A

Since each row of the matrix A corresponds to a
constraint, it is preferable to write this matrix in a
row-by-row manner. We implement the function,
new_aij, that writes a new nonzero element of
A or modifies a nonzero value, and a function,
close_constr, that “closes” the constraint, such that
the next call to new_aij will write an element in
the next row. We store the current index of rn, cn
and val in the bint variable Index, and the current
row number in the int variable ConstrNr. The
corresponding functions are as follows:

1 void new_aij(const ivec
&variable, double value) {

2 bint VID = VarID (variable);

3 assert (VID !=-1);

4 for (bint i = Index - 1; i >= 0
&& rn[i] == ConstrNr; i--) {

5 if (cn[i] == VID) {

6 val[i] += value;

7 return;

8 }

9 rn.push_back (ConstrNr) ;

10 cn.push_back (VID);

11 val.push_back (value);

12 Index++;

13 }




1 void close_constr (TypeCon Type,
double _b) {

2 con.push_back (Type) ;

3 b.push_back (_b);

4 ConstrNr++;

5

2.3 Minimal LP Example

As a minimal example for our format, consider the
constraints
3x—y<5 (D
x+2y="17.

We need the following variables:

using bint = long long;
using namespace std;

using namespace arma;

bint Index;

int ConstrNr;

vector<ivec> Variables
vector<bint> rn, cnj;
vector<double> val, b;
enum TypeCon {LE, EQ, GE};
10 vector<TypeCon> con;

© e N B W —

The constraints can be implemented as:

1 vector<ivec> Variables={
ivec{'x'}, ivec{'y'}};

rn[0]=0; cn val[0]

]

2 [0]=0; =3;
3 rn[l1]=0; cn[l]=1; val[l]l=-1;
4 con[0]=LE; b[0]=5;

s rn[2]=1; cn[2]=0; val[2]=1;
6 rn[3]=1; cn[3]=1; val[3]=2;
7 con[l]=EQ; b[l]=7;

or alternatively with new_aij and close_constr as:

1 vector<ivec> Variables={
ivec{'x"'}, ivec{'y'}};
2 new_aij(ivec {'x'},3);
3 new_aij(ivec {'y'},-1);
4 close_constr (LE,5)
5 new_aij(ivec {'x'} ;
6 new_aij(ivec {'y'} ;
7

1
;2
close_constr (EQ,7);

Note that 'x' and 'y' are interpreted as their ASCII
dec equivalents, that is 120 and 121 respectively.

The purpose of the structure discussed above is
to act as a parser between the problem formulation
and the linear solver we use to solve the LP problems,
Gurobi (Gurobi Optimization, LLC, 2023). The same

example using the Gurobi interface for C would be
given by

int vars = 2;

int constrs

size_t vbeg|[

int vlen[] {

int vind[] = {

double vval[] =
2.0};

7 char sense[] = ...

{GRB_LESS_EQUAL, GRB_EQUAL};

8 double rhs/[] = {5.0, 7.0};

9 error = GRBXloadmodel (env,

&model, "example", vars,

constrs, 1, 0.0, NULL, sense,

rhs, vbeg, vlen, vind, vval,

NULL, NULL, NULL, NULL, NULL);

W o -

o v

The syntax of this interface has two main
drawbacks; it is rather opaque and one can easily
overwrite a previously declared nonzero element of
the matrix A accidentally. If, for example, we
obtained the 3x in (1) via a sum (x + 2x) and wrote

I int vlen[]={3, 2};

2 int vind([]={0, 0, 1, 0, 1};

3 double vval[]={1.0, 2.0, 1.0,
-1.0, 2.0};

we would overwrite the first instance 1.0-x with 2.0-x
rather than adding them together. A parser is easily
implemented:

1 // var_size = Variables.size ()

2 // rncnval_size = rn.size()

3 for(int v=0,3j=0;v < var_size;v++) {

4 vbeg [v]=7;

5 for(int k=0;k < rncnval_size;k++){
6 if (en[k] == v){

7 vval[jl=vallk];

8 vind[j]=rn[k];

9 jt++;

10 }
11 }
2}

3 CPQFUNCTIONS

In order to parameterize a CPQ function, we use a
triangulation of the domain of the function. We will
first discuss the specifics of a suitable triangulation 7.
Then, a prelude on the parameterization of continuous
and piecewise affine (CPA) functions will be given,
from which the parameterization of CPQ functions
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using the triangulation 7" will follow naturally. Note
that our parameterization of CPQ Lyapunov functions
largely follows (Johansson, 1999).

3.1 Triangulation

A triangulation 7 with vertices {v,v2,...,v,} CR"
is a subdivision of a subset of R” into simplices &. A
simplex Gy is defined as

Sy :=co{x},X|,...,X)

n n
:{XERnZX:Zk,‘Xy,}\,,‘ZO, 7\,,':1},
4 =

i=0 i=

where x{ = v, for i = 0,1,...,n and gy :
{0,1,...,n} = {1,2,..., p} is an index-function. For
our purposes, we require the triangulation 7 to
be shape-regular, i.e., every two different simplices
Sy,6, € T either intersect in a common lower-
dimensional face or do not intersect at all. Further, we
demand that x = 0 and that the vectors x},x3,...,X),
are linearly independent for all &y € 7. Finally, the
set theoretic union of all &, € T, denoted Dy, must
be a neighbourhood of the origin of R”.

An efficient implementation of a triangulation
that satisfies these requirements is the triangular fan
(T,?f?un)F discussed in (Hafstein, 2019), from here

on denoted simply by Zx, where a formula for all

x! is given. The vertices {vi,v2,...,v,} of the
triangulation T are
K n
{0}U ——z:2€Z" |z||.=K ¢,
lIzll,

where the scaling parameter K € N determines the
fineness of the triangulation around zero. The number
of simplices in the triangulation Zx is given by the
formula 2" - K"~! - n!. The triangulation 7; in R? is
depicted in Figure 1.

3.2 Prelude on CPA Functions

To parameterize CPA functions on the whole space
R", we associate a cone €y to each simplex &y € T,
defined as

¢, :=cone{x),xy,...,X) }

n
={Xe R":x= Zk;x}’,?»; 20}.

i=1
We refer to the vector A = (A;)i=12,.., € R’ as the
cone coordinates of X in €. Additionally, we define
the matrix X, := [x},...,x)] € R"". Note that for
this definition we must assume that the order of the
vertices of each &, is fixed.
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Figure 1: Triangulation 7; with simplices and vertices
indexed

For a CPA function W : R"” — R defined using the
triangulation 7 we have for every x € € that W(x) =
wl'x, where

W = (WO W), W)X
Just note that for all x € ¢, we have x = XyA and thus
W(x) =wlx (2)
WO, W (), W)X X0

= i }\.,W(X)')
i=1

—

To implement the computation of W using LP, it is
advantageous to define the vector of variables ® € R”,
where @; = W(v;), j=1,2,...,p. Then W(x}) =
Py (i) for every vertex X} =v;,i=0,1,...,n, of some
S, € T. Next, we define the vector

T
PV 1= (P (1) Pey(2)>+++ Pa ()
for every Sy € 7. Then
W(x) = (¥")"A

by (2), where A € R’} are the cone coordinates of

xe €.
That W is well-defined and continuous now
follows easily from the fact that the vertices x} ... ,x)

of every &y € T are linearly independent and that 7°
is shape-regular: Since 7 is shape-regular, ¢, N ¢, =
cone{yi,y2,...,y,}, where j < n and the y; are the
common nonzero vertices of &y and &, i.e., y; =
Xy, = x}, for some k;,{; € {1,...,n} and gy(k;) =
gu(li) foralli=1,...,j. Then, forallx € ¢, NC,

J J J
x= Y= Yot = Y A,
i=1 i=1 i=1



for some unique A, because of the linear
independence of the vertices. Hence

j j
() TA = ;xi%(kl) = ;x,-(pgu(m = (P

i

and W is well-defined on ¢, N, and continuous,
since it is the restriction of the continuous functions
x — wlx and x wa to ¢, N¢,. Hence, the
vector ¢ € R” and the functions gy connect the
different formulas W (x) = wl'x, &, € 7, such that
the resulting function

W(x)=wlx ifxeg,

is well-defined and continuous.

3.3 Representation of CPQ Functions

For representing a CPQ function V: R" — R, i.e., Vis
continuous and V (x) = x” PVx for a symmetric matrix
PY € R"™" on each &, € T, we can proceed similarly
as in the CPA case. However, now we need a p x p
matrix ® € RP*? of variables, such that for a simplex
Sy € T we have

PY = (X\TI)TlPVX\Tlﬂ

where the (k,¢)-th entry of the matrix ¥ € R"™”"
is equal to @y, (x).¢,(¢)» Which is the (gy(k),gv(€))-th
entry of P.

Then, for an x = ¥ | Aix! € €y, ie., x=X"A
with A € R, we have

V(x) =x"P'x
=ATXT (WYX, XA
=ATwa (©)
= ¥ My, w.50(0)
k(=1

That V is well-defined and continuous follows
similarly as for the CPA case: For all x € &y N ¢,

J J J
X= iny,' = Z}“"Xzi = ZNXZ,
i=1 i=1 i=1
for some k;,¢; € {1,...,n} and a unique A. Since

J J
xXP'x =Y A (x)T (X ) VXY Ay,
r=1 s=1

J j
) Aep P Y A
r=1 s=1

J

Y MA@y )0
rs=1

where e; is the i-th unit vecotor of R”. Likewise,
XTPx = Y] MA@, (1,),6,(,) and it can be
concluded that

x! P'x = xT PHx
because gy (k;) = gu(¢;) fori=1,2,...,j. Thus, V is
well-defined and continuous.

Remark 1. Note that gy (0), i.e. the index of the zero
vertex v = 0, is never needed in the formulas above.

4 COMPUTING A CPQ
LYAPUNOV FUNCTION

Consider a switched linear system with arbitrary
switching

(1) =A()x(0),

where A : Ry — 4 is an arbitrary right-continuous
piecewise constant mapping and N € N is finite.
As discussed in the Introduction, the origin is
asymptotically stable for the system, if and only if
there exists a Lyapunov function for the system, i.e.,
a locally Lipschitz function V : R” — R that satisfies

A(I) €= {A|,A2....,AN},

V(x)>0 vx € R"\{0}, 4)
V(0)=0,
(VV(x),Aix) <0 Vx € R"\{0},
vie{1,2,...,N},

where (VV(x),A;x) denotes the inner product of the
vectors VV(x) and A;x. Strictly speaking VV(x) is
the Clarke’s subdifferential (Clarke, 1990), which in
our CPQ case means that for x € €y N ¢, we need

(V(x"P'x),Axx) <0 and (V(x"P'x),Ax) <O0.

Going into details would go beyond the scope of
this paper and we refer the interested reader to the
literature (Clarke et al., 1998; Baier et al., 2012).

If V is CPQ and parameterized as in (3), then
conditions (4) are equivalent to

x'P'x >0 Vx € €,\{0}
x'Q¥x <0 vx € €,\{0}
vie{1,2,...,N}

for all Gy € T, where QY = ATPY + PYA;. We
will refer to these conditions as PV and Q] being
positive definite (p.d.) and negative definite (n.d.),
respectively, on the cone €y,.
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4.1 Reexpression of Constraints

Now it is desired to reexpress the condition on QY into
one that can be verified with LP. Note that for x € €y
we can write X = XyA, where A € R” are the cone
coordinates of X. Thus we can define a matrix

B! =xI'o'x,
=xT (AT (DT x !+ (G DTV X A Xy
= (‘I"’XV"A;XV) +WVX; AX,
= (PAY)" + WAy,

where AY = X, 'A;X,. Then we define a matrix C}’
such that ¢}’ = by, and cZ; = max{O,bZ:;} for all
k¢ € {1,2,...,n}, where b}, and c,, are the (k,()-
th entries of B) and C7, respectively.
Consider the next proposition.

Proposition 1. If the sum ¥j_ 1‘1(& <0 for all k €
{1,2,...,n}, then Q) is n.d. on the cone €&,.

Sketch of proof. We will provide a sketch of the
proof here; a detailed proof will be presented in an

upcoming paper (Palacios Roman et al., 2024).
Because the off-diagonal elements of C} are

positive, the conditions Yj_, CZ:; < 0 force the matrix
C} to be a diagonally dominant and n.d. matrix.
Because of how C! is defined from BY, ACYA >
}.TB}’X for all A € R".. Thus, B is n.d. on the cone
R’ from which it follows that Q) is n.d. on ¢y. [

Finally, we can implement the max function in
CZ} = max{0, b)\';} with the constraints LZ2 >0 and

Ck [ > bZ; Then, the conditions on C} become

e > Z (‘W A+, r“w)

cH>0

forall k,¢ € {1,2,...n} and k # ¢ and

2Z\w, k+ZW<0

=1
1#

forall k € {1,2,...,n}.

4.2 Constraints of the LP problem

Equipped with the above results, the final constraints
for the LP problem can now be summarized. On
every simplex &y := co{0,x|,x},...,X)}, we have
Xy = [x}],X},...,Xy] and index- function gv such that
X{ = Vg, (i) The constraints are then given by:
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1. V(v;) >0forallv;e 7.

2. For each system define AY := X, 'A;X, and C}
such that

‘Ak =2 Z(Pé.v )-gv(k A‘rl.}:v ®
forallk € {1,...,n} and

v,i
e 2

-

<(ng (€).8v(r) rA +(pgv( )gv(V ) +(6)
=0

forall k, ¢ € {1,...
each &, € 7 that

,n} and k # (. Then require for

n .
Y <0 Vke{1,2,...,n}.

The problem variables are the elements of the
matrices ® and Cy'.

Remark 2. Note that V(v;) > 0 for all nonzero
vertices v; of 7 does not ensure that V(x) > 0 for
all x € R"\ {0}. This can however be checked a
posteriori to solving the LP problem by checking
whether there exists a solution to the linear matrix
inequality (LMI)

P —(x,HTuyx, ! >0,

where Uy € R is the problem variable and A - B
means that A — B is a symmetric and positive definite
matrix. This a posteriori check was proposed in
(Johansson, 1999, Proposition 4.4).

5 IMPLEMENTATION AND
COMPARISON

In our implementation the object corresponding to
the simplicial complex Zx provides the functions
VertexNr (simNo, VertNo), to obtain the vertex number
analogous to the indexing function gy(i), and
Vertex (simNo,VertNo) to obtain the vertex vector
analogous to X! (see Figure 2). With these functions
we can define our variables and construct our
constraints discussed in Section 4.2.

Note that since P is a sparse symmetric matrix, we
only need to define variables for the upper triangular
half. Further, we only need ¢y, if v; and v, are
non-zero vertices of the same simplex and then we
define var = ivec {'P', min(k,1), max(k,1)}. For
example for the simplex in Figure 2 we only need
P53, @55 and @gg. To avoid unnecessary checks
and multiple definitions of variables, we first define



Vg =Xy

V4:X8 VSZX?

Figure 2: Simplex &( with its vertices indexed. For
example, with simNo=0 and vertNo=1 the functions
VertexNr (simNo, VertNo) and Vertex (simNo, VertNo)
return the int 5 and Armadillo vector [1,0]7 respectively.

the variables above the diagonal in this way, and
subsequently the diagonal ¢4, k =1,..., p. Note that
where the index for the zero vertex can be skipped, as
it is not used in the constraints.

Furthermore, each C} is a symmetric n X n matrix
so we only need the upper triangular half of the
elements. In fact, we only need the elements above
the diagonal since the diagonal is equal to BY, so
rather than using cZ,'( in the constraint we can directly
use the right hand side of (5).

In this way we can define each variable, push into
the variables vector and then sort it.

All that is left to complete the setup of the LP
problem is defining the constraints. This is were
the benefit of our structure defined in Section 2 is
most apparent since there is no need to keep track of
whether a variable appears twice in a sum, as in (6), or
not. We can simply go through each constraint using
new_aij to add the coefficient of each summand and
close_constr before moving to the next constraint.

As an alternative, we could use a parser such
as YALMIP (Lofberg, 2004) in MATLAB (The
MathWorks Inc., 2023) to solve for ®. This would
admittedly entail a less convoluted set-up process
since we could create matrix variables and don’t need
to implement the max function with an intermediate
variable like CY. However, since MATLAB is
an interpreted language it doesn’t benefit from the
efficiency associated with compiled languages, in our
case the efficiency of the GNU Compiler g++.

For comparison consider the arbitrarily switched
linear system discussed in (Andersen et al., 2023;
Polanski, 1997; Pyatnitskii, 1971; Brockett, 1966)
with subsystems given by

0 1 0 1
A':Lo.m 72] and AZZLIIJ 72]‘

We can compute a CPQ Lyapunov function with
a scaling factor K > 4 and run the computations
twenty times for each K. As can be seen in
Figure 3, the average time for each scaling factor
using the C++ implementation is roughly 1/200th of
the time needed when using MATLAB. We used the
SDPT3 (Toh et al., 1999) solver in the MATLAB

Figure 3: Comparison of the computational time for
parameterizing Lyapunov functions with our method in
MATLAB and C++; run on i9900K (8 cores) under Linux
Mint. Average computation time of twenty tests as a
function of triangulation scaling factor K in Zx. Note that
the C++ code is ca. 200 times faster than the MATLAB
code.

implementation and Gurobi version 11 for the C++
implementation.  Additional MATLAB tooling to
speed up the computations like the MATLAB Coder
can not be utilized to minimize computation time
without major changes to YALMIP.

6 CONCLUSIONS

We presented the implementation of a method to
compute continuous and piecewise quadratic (CPQ)
Lyapunov functions for switched linear systems in
C++; such a Lyapunov function is a common
Lyapunov function for all the linear subsystems.
We compared our implementation to an analogous
implementation in MATLAB and showed that the
C++ implementation is more than 100 times faster for
an example system from the literature. We expect this
difference in computational speed to be representative
for the general case, as the setup of the linear
programming (LP) problem used to parameterize the
CPQ Lyapunov function is quite involved and an
interpreted computer language like MATLAB is at
a great disadvantage in comparison to a compiled
language like C++.
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We compare different optimisation methods for the computation of Lya-
punov functions for switched linear systems. In particular, we compare
methods based on linear programming to methods based on semi-definite
optimisation. For the linear programming methods, we describe two
approaches aimed at reducing the size of the linear programme. This is
done by using different kinds of coordinate transforms. One attempts
to increase the rotational symmetry of the solution trajectories of the
sub-systems. The other one rotates the areas of maximum curvature of
possible Lyapunov functions to where the triangulation is closer meshed.
We investigate the effect of these coordinate transforms on several exam-
ples and compare their efficiency.
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Abstract. We compare different optimisation methods for the compu-
tation of Lyapunov functions for switched linear systems. In particular,
we compare methods based on linear programming to methods based
on semi-definite optimisation. For the linear programming methods, we
describe two approaches aimed at reducing the size of the linear pro-
gramme. This is done by using different kinds of coordinate transforms.
One attempts to increase the rotational symmetry of the solution trajec-
tories of the sub-systems. The other one rotates the areas of maximum
curvature of possible Lyapunov functions to where the triangulation is
closer meshed. We investigate the effect of these coordinate transforms
on several examples and compare their efficiency.

Keywords: Switched Systems, Lyapunov Functions, Semidefinite Pro-
gramming, Linear Programming, Preconditioning.

1 Introduction

For the understanding of dynamical systems in science and engineering, one often
uses Ordinary Differential Equations (ODEs) for modelling, that is, the temporal
behaviour of the state variables is quantified through a differential equation of
the following form,

x=f(x), xeR", (1)

where x is the so called state vector and the vector valued function f describes
the dynamics of the system.

Switched systems are used for modelling in many different fields [25]. They
describe systems, whose dynamics are affected by instantaneous changes, by con-
sidering a set of continuous-time sub-systems and a rule governing the switching

* Submitted 11/15/2023. This work was supported in part by the Icelandic Research
Fund under Grant 228725-051 and has received funding from European Union’s
Horizon 2020 research and innovation programme under grant agreement no. 965417.
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between them. Examples for their use range from the biological sciences [15], for
example, the dynamics of human body thermoregulation during sleep abruptly
changes when sleep transitions from non-rapid eye movement (REM) sleep to
REM sleep [22], to mechanical engineering, where one example is the dynamics of
an engine with shifting gears [40]. Other engineering applications are power elec-
tronics, automotive control, robotics, and air traffic control [44], to name a few.
Analysing switched systems is also important in the field of hybrid systems [25],
where the switching is due to the interaction between the dynamics of individ-
ual continuous-time sub-systems and the discrete-time dynamics of the switch-
ing [18]. The differential inclusions associated with uncertainty quantification in
continuous-time systems is another common source of switched systems [5, 13].
A switched linear system has the following form,

x=Anx, meP, xeR". (2)

The switching between the systems x = A,,,x is modelled through a switching
signal o: [0,00) — P. In this paper, we will only consider arbitrary switching
between a finite number of sub-systems; that is, P is finite and o: [0,00) — P
is arbitrary, except for the (technical) assumption that the number of switching
times is finite on any finite time-interval.

Parts of the results in this paper were presented at the International Con-
ference on Informatics in Control, Automation and Robotics (ICINCO) in Rom,
Italy, 2023, and published in the corresponding conference proceedings [3]. It is
organised as follows. In Section 2, we recall results on stability of equilibrium
points, switched systems, linear programming (LP), and semidefinite program-
ming (SDP). In sections 3 and 4, we discuss our LP approach and the canonical
SDP approach, respectively, to compute Lyapunov functions for switched linear
system. In Section 4, we compare the LP and the SDP approaches using numer-
ous examples. In Section 5, we discuss the AngleAnalysis app, used to aid the
LP approach, before we conclude the paper in Section 6.

2 Preliminaries

In this section, we recall some results and definitions used in this paper regarding
stability of equilibrium points, switched system, LP, and SDP.

2.1 Stability of an Equilibrium Point

When modelling a dynamical system using (1), the trajectory, or solution curve,
is given by t — ¢(t, €), where £ is the initial state; that is, ¢(0,&) = &£. In the
following, we provide the definitions of an equilibrium point for system (1) and of
the stability of an equilibrium point. We denote the Euclidian norm of a vector
x € R by [x|.

Definition 1. A point x¢ is an equilibrium point for (1) if f(x¢) = 0. Without
loss of gemerality, we assume that the equilibrium point of interest is located at
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the origin; otherwise, we can rewrite (1) in a new set of coordinates given by
Z =X — Xq-

Definition 2. The origin is called asymptotically stable for (1) if

(i) for every e > 0 there exists a 6 > 0, such that if ||€|| < 0 then for everyt >0
we have ||¢p(t, &)|| < € and
(ii) there ezists a 6 > 0, such that if |€]| < ¢ then limy_, ||@(t, &)|| = 0.

The origin is called exponentially stable if there exist constants a« > 0 and ¢ > 1
such that

l(t, &) < cliéll exp[—ta] for all t > 0. (3)

2.2 Switched Systems

When modelling switching behaviour by switching between distinct f,,(x), m €
P where P is some index set, such that

x = f,4)(x), o:[0,00[ P, (4)

we call (4) a switched system with switching signal o and sub-systems f,,,. On
first sight, one might be tempted to derive the stability of the equilibrium for
(4) by considering its stability for each sub-system. However, as Figure 1 shows,
switching can either stabilise two previously unstable systems or destabilise two
stable ones. Consequently, we need to consider the shape of the switching signal
when evaluating the stability of an equilibrium point of (4). There are several
possibilities to adapt the stability concepts from definitions 1 and 2 to switched
system (4). However, since we assume that the switching signal is an arbitrary
one, besides having a finite number of switching events on a finite time interval,
we do not need to include it in the stability analysis. Under this assumption, a
necessary condition for the asymptotic stability of an equilibrium point for (4)
is that the sub-systems x = f,,,(x) all have the same equilibrium point and that
it is asymptotically stable for each one of them. That is, for xg = 0, we demand
f,,(0) = 0 for every m € P and that the conditions of Definition 2 hold for all
o(t, &) = ¢, (t,&), where t — ¢, (t, &) is the solution curve of (4) for a particular
admissible switching signal o.

Note that in science and engineering, one often linearises the system given
by (1) and it becomes

x = Ax, A:=Df(0), xeR" (5)

where Df(0) € R"*" denotes the Jacobian-matrix of f at the origin. According
to the Hartman-Grobman theorem [19], the solutions of linearised system (5)
have the same qualitative behaviour close to the origin as system (1), whenever
the real parts of the eigenvalues of Df(0) are nonzero. The solution to the linear
system is given by the matrix exponential exp[At]; that is, a solution starting
at & € R™ at time zero will be at exp[At]€ at time t or ¢(t, &) := exp[At]€. The
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Fig. 1: Trajectories of (a) two unstable systems starting at x = [0, 1]7 with (b) a
stable switching between those two systems starting x = [0, 10]7 and trajectories
of (c) two stable systems starting at x = [0,1]7 with (d) an unstable switching
between those two systems starting x = [—1,0]7. The figure is adapted from [2].

matrix valued function ¢ — exp[At] is called the transition matrix of system (5).
Note that asymptotic stability of the origin of linear system (5) is equivalent to
its exponential stability. Moreover, the origin is asymptotically stable if and only
if matrix A is Hurwitz; that is, the real part of all eigenvalues of A is negative.

Now, the transition matrix for (2) with switching signal o is given by

t > exp[Agy () (t — tr)] - explAg(r,_,) (te — tr—1)]-
- explAg ) (t2 — t1)] - explAg ) (t1 — to)],

where tg,t1,%o,...,t; are the switching times and
t>tp >tp_1>...>1t >ty =0.

Moreover, for switched system (2) under arbitrary switching, the origin is expo-
nentially stable if and only if for every switching signal o with a finite number of
switching times on every finite interval, there exist constants a > 0 and ¢ > 1,
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independently of o, such that inequality (3) holds for

@, (t,€) :=exp[Ag(r,) (t — tr)] - exp[A(r, ) (tk — te—1)]
.- -eXp[Aa(tl)(tQ — tl)] . eXp[Aa(tO)(tl — to)]g.

Notably, even for planar systems (n = 2) and switching between only two
different systems (P = {1,2}), unless matrices A,, have some very special struc-
ture, for instance, if they commute [1], determining stability is an open problem.
To understand why, note that exponential stability of the origin is characterised
by matrices A; and As and the origin is exponentially stable if and only if all
pairwise convex combinations of A;, Ay, A7', and A; ' are Hurwitz, a property
which is difficult to prove [14, 24].

A sufficient condition for exponential stability of the origin of (2) is the
existence of a quadratic common Lyapunov function (QCLF). That is, there
exists an n X n symmetric positive definite matrix P, denoted by P > 0, such
that the following linear matrix inequality (LMI) holds [23, 9]:

PA,, + AL P <0, VmeP. (6)

However, even for n = |P| = 2 the origin of an arbitrarily switched system
can be exponentially stable, while a QCLF does not exist for the system. For
published work on the existence of an common Lyapunov function (CLF), see for
example [30, 31,17,27, 28]. For a review on different existing methods to compute
such a CLF, if it exists, see [16]. One method to compute a CLF is to use LP to
parametrise piecewise linear Lyapunov functions [11,12,6-8,45, 37, 38, 33, 34, 46,
4]. Another one is to use SDP to parametrise higher-order polynomial Lyapunov
functions [39, 36]. In the next two subsection we give a concise description of LP
and SDP as needed in this paper.

2.3 Linear Programming

In LP one seeks to solve the following minimisation problem:

minimise c¢’x (7)
subject to Ax < b and x> 0. (8)

Here A € R™™ ¢ € R™, and b € R" are given and one wants to find a
feasible vector x € R™ — that is, such that Ax < b and x > 0 holds, where
the inequalities are to be understood component-wise — that minimises c¢”x.
Typically m is much larger than n. Note that there are many other equivalent
formulations of an LP problem. There exist very efficient methods to solve LP
problems and mature solvers are available. In this work, we use Gurobi [20],

which is a commercial solver but can be used free of charge within academia.
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2.4 Semidefinite Programming

In SDP, we replace the nonnegative orthant constraint of LP by the cone of
positive semidefinite matrices and pose the following minimisation problem [43]:

minimise ¢’x

subject to F(x) = 0, where

F(x)=Fo+ Y _ z;F,. (9)
i=1

Here, x € R™ is the free variable. The so-called problem data, which are given
apriori, are vector ¢ € R™ and symmetric matrices F; € R™*™, j =0,1,...,n.
The dual problem associated with the semidefinite program given by (9) is [43]:

maximise —trace(FpZ)
subject to trace(F;Z) =¢;, i =1,2,...,n
Z = 0. (10)

Here, the free variable is the symmetric matrix Z € R™*", Note that solutions
of primal problem (9) provides upper bounds on solutions of the dual and vice
versa. This is called weak duality and holds since

cTx + trace(FyZ) = Z cix; + trace(FpZ) = Z trace(F; Z)x; + trace(FpZ)
i=1 i=1

—trace( Zlel + Fy Z) > 0.

i=1
The last inequality holds true because of self-duality of the positive semidefinite
cone [35]. If the inequality holds strictly then we speak of strong duality.
Programmes of this type can be solved efficiently using interior-point meth-
ods. The interested reader is referred to reference [43] and the excellent textbook
by the same authors [10]. Moreover, convexity of the set of symmetric positive
semidefinite matrices in (9) implies that the minimisation problem has a global
minimum, if it is feasible.

3 Lyapunov functions by Linear Programming

In the LP approach, presented in [4], for computing piecewise linear CLF for
the switched linear system (2), a neighbourhood of the origin must first be tri-
angulated. Then, an LP is created. Its variables are the values of the piecewise
linear CLF to be parametrised for the system and its constraints secure that
a feasible solution delivers a function that fulfils the conditions of a CLF. The
number of the constraints of the LP problem is given by the number of sim-
plices in the triangulation multiplied with the dimension of the state space. The

40



Numerical computations of Lyapunov functions for switched linear systems 7

Table 1: Some examples of the number of simplices in the triangulation Tk in
different dimensions n; see formula (11)
n K Number of simplices in Tk

2 5 40

2 10 80

2 50 400

2 100 800
3 5 1,200
3 10 4,800
3 50 120,000
3 100 480,000
4 5 48,000
4 10 384,000
4 50 48,000,000
4 100 384,000,000
5 5 2,400,000
5 10 38,400,000
5 50 2.5-10%
5 100 3.84 - 10

vertices of the simplices of the triangulation are first put on the integer grid
z € Z"™, ||2z]|c = K, where K € N determines the resolution, or fineness, of the
triangulation and ||z|e := max;—=1 2. ,|%|. The triangulation with resolution
parameter K is denoted Tx. We will later map it to the triangulation Tlg for
computational reasons, but the number of simplices will stay the same.

To count the total number of simplices in the triangulation Tx for a given
dimension n, first, note that the triangulation subspace has 2n sides. Each side
consists of (2K)"~! hypercubes of dimension n — 1 and each hypercube leads to
(n — 1)! simplices. To see this, note that the k-dimensional hypercube [0, 1]* is
cut into simplices according to 0 < wpq) < wpe) < ... < xpp) <1 for every
permutation p of {1,2,...,k} and that the (n — 1) dimensional hypercubes are
cut accordingly. Thus, the number of simplices as a function of dimension n and
resolution parameter K is given by: 3

Number of simplices = 2n(2K)" ! (n — 1)! = 2" K" n! (11)

We can see that this is a case of the curse of dimensionality, as the number
of simplices grows very fast with dimension. For an example of the number of
simplices needed, see Table 1.

In [21], it was shown that the numerical approach from [4] is always able
to compute a CLF if one exists. However, as shown in Table 1, if the LP ap-
proach from [4] is to be applicable in dimensions larger than n = 3 or n = 4
then some reduction in the number of simplices is clearly needed. A promising
preconditioning approach was presented in [4]. It attempts to increase the ro-
tational symmetry of the solutions of the sub-systems (see Figure 2). In more

% Note that there is an error in [4] where 2n was erroneously replaced by 2"
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(a) Angle is 37.11°. (b) Angle is now 20.97°.

Fig. 2: Exemplary angle between (a) vector fields x — Ax and x + Bx and (b)
the transformed (or preconditioned) vector fields x — Ax and x — Bx at a
point x¢. The figure is adapted from [3].

detail, the idea is to make a coordinate transform such that V(x) = ||x|| is closer
to fulfilling the conditions of a CLF. To compute such a coordinate transform,
we first solve the Lyapunov equation for each sub-system x = A,,x, that is, we
solve

A%Pm + P,A,, =—1I, forallmeP,

where I,, denotes the n x n identity matrix. Since each individual sub-system
%X = A,,x has an exponentially stable equilibrium at the origin, the matrices A4,,
are Hurwitz and these equations all have a positive definite solution P,, > 0.
Thus, for each sub-system x = A,,x, the function V,,(x) = x* P,,x is a quadratic
Lyapunov function. We then define the matrix

R:= Z A P,

mepP

as a convex combination of the P,,, that is, A,, > 0 for all m € P and
Z'mEP Am = 1. Note that R is also symmetric and positive definite, that is,
R > 0.

Next, we use the coordinate transform x — Rzx; that is, we replace the
matrices A,, by Zm := R2A,, R~ 2. Recall that for R = 0 there is exactly one
symmetric and positive definite matrix Rz > 0 such that R = Rz R2. We denote
the inverse of Rz by R~ and since R~2 is symmetric and for x # 0 we have

xR ix = (R%y)TPf%R%y = yTR%y >0

where y = R ix # 0, we also have R=% = 0. We refer to this procedure as
preconditioning switched system (2). Note that if |P| = 1 then V(x) = x7[,,x =
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Ag and Ag
60 T T T T
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Fig. 3: Lowest resolution factor K that delivers a piecewise linear CLF as a
function of A for two examples of three-dimensional systems. The number of
simplices needed is 64/ 2. While 64 -45% = 129, 600 simplices are needed without
preconditioning, we get a solution with 64 - 252 = 40,000 simplices for \ €
[0.6,0.9] for P = {6,9} (upper figure). For P = {3,12}, we have an atypical
case, for which preconditioning is counterproductive (lower figure). The first
example possesses a QCLF while the second does not. The figure is adapted
from [3], where also A,, is defined for m = 3,6, 9, 12.

|x||? is a Lyapunov function for the transformed system. Furthermore, a Lya-
punov function for the transformed systems is easily transformed back using the
inverse x — R~2x of the coordinate transform x — Rzx. In Figure 2, we show
how trajectories of two systems are altered through preconditioning.

In the majority of cases, one can compute a piecewise linear CLF for switched
system (2) with fewer simplices when using this preconditioning. That is, one
can compute a CLF using a lower value for K in the triangulation Tx (or T%).
However, it is unfortunately not transparent how to choose the optimal value
of parameter \,,. In Figure 3, we investigate this for two cases from the set of
three-dimensional linear systems defined in the appendix of [3]. In both cases,
we consider the two systems x = A,x and x = A,x, the coordinate transform

Ry =AP.+ (1 - NP,

which corresponds to A\, = A and Ay = 1 — A, and report the lowest resolution
parameter K in the triangulation Tx, for which we could compute a piecewise
linear CLF for the system. For r = 6 and s = 9, we see the typical case where
preconditioning allows us to compute a CLF using considerably fewer simplices.
However, there are also cases, where preconditioning is not advantageous or even
counterproductive, as it is for » = 3 and s = 12. While usually preconditioning
has the effect of reducing the number of simplices needed, choosing an optimal
value for parameter ),, is an open problem. Note that this problem is of much
practical value for systems of higher dimensions, where the number of simplices
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is the limiting factor to for computing a CLF. To better understand the effect
of preconditioning, we developed the AngleAnalysis app discussed in Section 5.

3.1 Preconditioning with Rotation

As previously discussed, we first triangulate the hyper-cube [—K, K]" in the
triangulation 7. For numerical reasons, it is advantageous to map the vertices
of Tk using the mapping

F:R" - R", F(0)=0, and F(x)= %x if x #0.
That is, we map every vertex on the surface of the n-dimensional hyper-cube
[~ K, K]" to the surface of the n-dimensional hyper-sphere with radius K.* We
refer to this new triangulation as TF to stress the use of mapping F. In this
paper, we use this triangulation for all computations. Thus, we often do not
make the distinction and rather refer to it as 7x. The process of mapping the
vertices is visualised in Figure 4 for n = 2 and in Figure 5 for n = 3. In Figure 4
and Figure 5, we observe that the density of vertices varies in different regions.
As a result, the orientation of the hyper-sphere might be critical with respect
to ease of computing a CLF. Intuitively, in two dimensions, if the semi-major
axis of the ellipse given by a level set of the CLF lies on the line connecting two
opposite corners of the square used for triangulation, shown in the right panel
of Figure 4, then the K necessary for successfully computing the CLF should
be minimal. As a proof of concept we test the effect of rotating sub-systems A,,
such that the resulting CLF is as just mentioned. This is visualised in Figure 6.

In the following, we explain how we compute the rotation. If matrix P > 0
defines the QCLF for an arbitrarily switched system (and obtained, for example,
using the SDP approach), then we consider the eigenvalue decomposition of ma-
trix P given by P = UAUT, where A is diagonal and consists of the eigenvalues
of P in ascending order and U is orthogonal. We then map the first column of U
to the line 1 +x2+. ..+, = 0. Specifically, we apply the QR-decomposition to
the vector of ones of length n, set R = UTQ, and replace A,, by A,, = RA,,RT.
Note that since both U and @ are orthogonal matrices, so are R and R~ = R”.
Using this coordinate transform results in the area of largest curvature of the
ellipsoid given by xT Px = c for a constant ¢ > 0, or in other words the cone
around the eigenvector corresponding to the smallest eigenvalue of P, to be
transferred in the direction (1,1,...,1), where the simplices of the triangulation
are of maximal density.

We tested this concept on the sets of two-dimensional and three-dimensional
systems, for which we computed QCLF in [3]. The results are promising. The
highest resolution factor in the two-dimensional case was K = 5 so there isn’t
much room for improvement. However, for only 2% of the cases the rotation
was detrimental, for 88% the rotation was inconsequential, and for 10% the
rotation was beneficial. In Figure 6, we can see what effect this rotation has on

* Note that there is a typo in [4] where the fraction is reversed.
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Fig. 4: The figure shows the process of creating a 75 triangulation in two dimen-
sions. The triangulation of [—5,5]? is shown in the left panel and the mapping
of the square to a circle is shown in the right panel. The figure is adapted from

[2].
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Fig.5: The figure shows the process of creating a 75 triangulation in three di-
mensions. One face of the triangulation of [—5,5]® is shown in the left panel
and the mapping of the cube to a sphere is shown in the right panel, where the
projection of the face has been coloured grey. The figure is adapted from [2].

the computed CLF when considering an arbitrarily switched system with the
two-dimensional sub-systems x = Aj4x and x = A;7x defined in Section 4.
The total number of three dimensional switched systems in [3] with a QCLF
was fairly low, but the results still clearly show the benefit of using the rotation.
In 18.2% of the cases it was detrimental, in 40.9% it was inconsequential, and in
40.9% the rotation was beneficial and reduced the number of simplices needed
to compute a piecewise linear CLF. An overview of the results can be found in
Table 2. There is one outlier marked by AK = —21 for one combination of three-
dimensional systems, which means that we needed a resolution parameter K for
the rotated system that was 21 larger than when not using the rotation. It can be
explained by the fact that two eigenvalues are much smaller than the third one
and we cannot project both of them to a diagonal, where the simplices are denser.
In such a case, one can get unlucky when rotating, because, although one area
of large curvature is mapped to where simplices are densely distributed, other
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Fig. 6: Trajectories of A14 (black and solid), A;;7 (black and dashed), level sets
of a CLF (gray and solid) and the triangulation (grey and dashed). Without
rotating the coordinate system a resolution factor K = 5 is needed (left). When
rotating before computing the CLF a resolution factor K = 2 is needed (center).
For comparison the quadratic CLF found with SDP (right) along with the semi-
minor and major axes (gray and dashed).

ones are actually mapped to areas where simplices are not densely distributed.
In the majority of cases, however, the number of simplices is the same or less.

4 Computing Lyapunov Functions using SDP or LP

In this section, we compare different solvers for the established SDP approach to
compute QCLF. Furthermore, we compare our LP approach from [4] to compute
piecewise linear CLFs to the SDP approach. For the comparison, we construct
twenty 2 x 2 matrices, which we denote by

Apgagi—1) = VjEij_l, (12)

where j =1,2,3,4,5, k =1,2,3,4,

f = [0 Ir 9w 27w 97r]

or gr 2m el d=[1 21544 4.6416 10],

o[58 )]

v, = [R(ej) m R(0;+ %) [}H and By = [Q: j’“] .

We then consider the switched systems defined by (2) with these A, and () #
P C Q = {1,2,...,20}. Note that the origin is exponentially stable for each
individual system, since the eigenvalues of (12) are given by A = —1 £ dp/—1.
Moreover, they all have the same convergence rate. However, the spiralling rate
is different and depends on k. System trajectories, starting at (1,1), are shown
in Figure 7.
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Table 2: The effect of preconditioning with rotation on the lowest resolution
parameter K needed to compute a CLF for sets of two-dimensional (n = 2) and
three-dimensional (n = 3) systems from [3]. AK := Ky, r — Kwith r and thus
AK > 0 means that we needed fewer simplices when we used the rotation and
AK < 0 means that we needed more simplices when we used the rotation.

AK # cases # cases

n=2 n=3

—21 * 1
—4 * 1
—2 * 1
-1 28 1
0 1126 9
1 80 4
2 2 3
3 3 *
4 40 *
5 * 1
14 * 1
Total: 1279 22

4.1 Numerical Study: SDP

In this section, we compare different solvers and different tolerance parameters
to compute QCLF for the switched system by solving LMI. We start by inves-
tigating the stability of all switched linear systems defined by (2) and all the
subsets P # 0 of an apriori fixed superset Q. In more detail, for each switched
system corresponding to a given subset P C Q, we use SDP to search for a
QCLF that solves the LMIs given by

P —¢l, = 0, (13)
AT P+ PA,, +¢el, <0, VmePCQ. (14)

Here, ¢ > 0 is a small constant to force positive definiteness.
To speed up the computations, we use two simple tricks. First, if there is not
a solution for a given subset P C Q, then there cannot be a solution for any
superset P*, @ D P* D P. Second, a solution to the LMI given by (13)-(14)
cannot exist for a particular subset P if there is a matrix in the cone defined by
the matrices A,,, m € P, that is not Hurwitz, or more specifically, if for some
choice of \,, matrix A := Zme?’ Am A, 1s not Hurwitz. The reason for this is
that
ATP+PA<0 (15)

has a solution P > 0 if and only if A is Hurwitz and

ATP+PA=Y" X\, (AL P+ PA,). (16)
meP
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Fig. 7: Trajectories of the systems x = A,,x, m = 1,2,...,20, starting at (1,1).
The matrices A,, are defined in (12). The figure is adapted from [3].

Thus, if A is not Hurwitz then we know that there cannot exist a solution to
(13)-(14), because otherwise the left-hand-side of (16) is negative definite with
the P > 0 from the solution, which is contradictory to (15) not having a solution
P > 0. Hence, as a computationally very cheap test to eliminate unnecessary
computations, for a subset P, we first verify whether »° . A, is Hurwitz or
not. If it is not Hurwitz then we do not need to attempt to solve (13)-(14) for
this particular P.

For our computations, we use the MATLAB [29] toolbox YALMIP [26] to
search for a solution for all possible P C {1,2,...,20} using the solvers Se-
DuMi [41], MOSEK [32], and SDPT3 [42]. For all solvers, we use their default
parameters and tolerances. To identify false positives, we additionally verify that
a solution reported by a solver truly satisfies (6). This is necessary because solvers
sometimes report solutions to problems that do not really fulfill the constraints,
particularly, if the problems are numerically badly conditioned.

For some subsets P C Q, the origin is an exponentially stable equilibrium
of the corresponding switched system, for instance, if we choose only singlets.
However, there are subsets P, for which the origin is not exponentially stable.
Furthermore, in some cases there are subsets P, for which the origin is exponen-
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Table 3: Overview of the results in two dimensions. PT: Solution reported and
passed test, FP: False positive (solution reported but did not pass test), I: Infea-
sible, and T: Total number of LMIs problems. The tolerance parameter € = 1073
appears reasonable and € = 10716 does not. Note the effect of the simplification
of not considering supersets of a set P, for which the LMI problem is infeasible.
With € = 1073 only 1,366 LMIs have to be solved instead of 220 —1 = 1, 047, 296,
i.e. for every subsets P # () of Q.

Solver € PT FP I T
MOSEK 1279 0 87 1366
SDPT3 1072 1279 0 87 1366
SeDuMi 1279 0 87 1366
MOSEK 1279 1,047,296 0 1,048,575
SDPT3 107! 1279 1,047,296 0 1,048,575
SeDuMi 1279 0 87 1366

tially stable, but there does not exist a QCLF for the corresponding switched
linear system. We summarise the results of our computations in Table 3.

If we choose a sensible tolerance parameter, such as ¢ = 1073, then we
obtain the same results independently of the solver used. If we choose a very low
tolerance parameter such as ¢ = 1076, which is numerically close to zero, then
we obtain, possibly as one would expect, more solutions. For two-dimensional
systems, the results are not really useful, since the solvers MOSEK and SDPT3
report all LMIs as feasible, while solver SeDuMi delivers exactly the same results
as when we use ¢ = 1073. Surprisingly however, P # 0, as one might expect for
such a low tolerance. Importantly, for very badly conditioned five-dimensional
systems, we showed in [3] that one obtains many more true solutions by using the
very low tolerance parameter ¢ = 10716 and then verifying the solutions, than
by using a more reasonable tolerance parameter £ = 10~2. Thus, we propose to
first use a tolerance that seems unreasonably low, like ¢ = 10716, and then verify
the solutions obtained, since checking for false positives is computationally very
cheap and we manage to obtain solutions that are missed with a more sensible
tolerance parameter .

4.2 Numerical Study: LP vs. SDP

As we have discussed earlier in this paper, even if the origin of the switched
system given by (2) is exponentially stable, a QCLF does not necessarily exist.
However, the origin is an exponentially stable equilibrium for the switched sys-
tem (2) if and only if there exists a piecewise linear CLF [17,27,28]. Moreover,
a piecewise linear CLF can always be computed with our LP method from [4] as
shown in [21]. Thus, we expect that by using the LP approach, we will be able
to prove exponential stability of (2) for more subsets P C Q = {1,2,...,20}
than by solving an LMI.

For our investigation, we compare the results from the last section, where we
searched for a QCLF by means of SDP for two-dimensional systems, with the LP
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Table 4: Ratio, in percentage, of the two-dimensional switched systems (1) suc-
cessfully solved using SDP to problems successfully solved using our LP method,
for matrices (12). Note that # refers to number of systems.

# solved # solved

Q (SDP) (LP) SDP /.p LP feot. total #
1 20 20 100% 100% 20
2 104 142 73.24% 74.74% 190
3 260 522 49.81% 45.79% 1,140
4 370 1092 33.88% 22.54% 4,845
5 316 1458 21.67% 9.404% 15,504
6 160 1261 12.69% 3.253% 38,760
7 44 696 6.322%  0.8978% 77,520
8 5 233 2.146%  0.1850% 125,970
9 0 42 0% 0.02501% 167,960
10 0 3 0% 0.001624% 184,756
11 0 0 * 0% 167,960

Table 5: Ratio, in percentage, of the three-dimensional switched linear systems
from [3] successfully solved using SDP to problems successfully solved using our
LP method, where # refers to number of systems.

# solved # solved

Q (SDP) (LP) SDP/Lp  LP/ot.  total #
1 12 12 100% 100% 12
2 9 10 90% 15.15% 66
3 1 3 33.33% 1.36% 220
4 0 0 * 0 495

approach from [4], where we search for a piecewise linear CLF using the Gurobi
solver [20]. As shown in Table 4, the LP approach increasingly outperforms
the SDP approach for larger |P|. For instance, for |P| = 2, the SDP approach
guarantees exponential stability for only 75% of the systems, for which the LP
approach guarantees it. For |P| = 3, the percentage decreases to 50%, for |P| = 4,
to 33%, etc. For completeness, we also include Table 5 from [3], which shows
similar results for three-dimensional systems. The results are comparable to the
two-dimensional case.

5 The AngleAnalysis App

As we discussed thoroughly in Section 3, it is by no means easy to determine
a good matrix R for preconditioning the switched linear system (1) for the
computation of a piecewise linear CLF using LP. To offer some visual guidance
for the preconditioning and in order to understand the challenge better, we
developed the MATLAB application AngleAnalysis. It visualises the different
local angles between two linear vector fields over the state space. That is, for the
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Fig.8: Angle visualisation for matrices from [4] with ¢ = 0.1 and b = 13.25
without preconditioning (left) and with A\, = 0.2 and A\, = 0.8 (right). A piece-
wise linear CLF was obtained for the preconditioned system using a much fewer
simplices than without (lower K). The figure is adapted from [3].

systems x = Ax and x = Bx, we visualise the angle

. (Ax, Bx)
Z(Ax, Bx) := arccos (HAX” ||Bx||) (17)
as a function of x, where A, B € R"*", n = 2,3 (see Figure 2 (a)). Note that
(x,y) denotes the Euclidian scalar product of the vectors x,y € R™. In the
following, we explain how the angle in (17) relates to the stability of the origin.

First, note that function V: R" — [0,00) is a Lyapunov function for the
switched linear system (2) if and only if V(0) = 0, V(x) > 0 for x # 0, and
the directional derivative along any system trajectory is strictly negative, that
is, (VV(x), Apnx) < 0 for all m € P and x # 0. It follows that for asymptotic
stability of the switched system x = A,,x, P = {1,2}, A; = A and A, := B,
the conditions (VV(x), Ax) < 0 and (VV(x), Bx) < 0 for all x # 0 must hold.
This implies that Z(VV(x), Ax) > 90° and Z(VV(x),Bx) > 90° must hold
for all x # 0. Then, intuitively, this condition is more difficult to satisty if (17)
tends to be large or, conversely, the smaller (17) the more “space” there is for the
gradient VV(x). Hence, it should be easier to find a function V: R* — [0, 00),
whose gradient fulfils Z(VV(x), Ax) > 90° and Z(VV(x),Bx) > 90° for all
x # 0 if (17) is small for all x # 0. However, note that this is only a local
condition and even though the angle (17) is small, but not zero, for all x # 0,
this does not necessarily mean that the equilibrium is asymptotically stable for
the switched system.

Given matrix A € R™*" and matrix B € R"*"  the AngleAnalysis app
visualises the angle given by (17) as a function of x through a heat-map, where
small angles are represented by dark colours and large angles by bright colours.
For n = 2, the heat-map is plotted in the square [—1,1]2. For n = 3, the heat-
map is plotted in the square [—1,1]% x {x3}, where the value of parameter z3 is
chosen by the user from the interval [—1,1].

To provide further insight, next, we look at two extreme cases. For instance,
if there exists a X € R", for which (17) is 180°, then there exists a constant ¢ > 0
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Fig.9: Angle visualisation for A3z and Ajs at x3 = 0. Without preconditioning
(left), with A¢ = 0.7 and A\g = 0.3 (center) and with A\¢ = 0 and A\g = 1 (right).
Corresponding angle data can be found in Table 6. The figure is adapted from
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Fig. 10: Angle visualisation for A3 and A5 at x3 = 0. Without preconditioning
(left), with A3 = 0.7 and A15 = 0.3 (center), and with A3 = 1 and A5 = 0 (right).
Corresponding angle data can be found in Table 7. This figure is adapted from

3.

such that AX = —cBx and a Lyapunov function V', such that
(VV(x),Ax) <0 and (VV(x),Bx) <0 (18)

holds for all x # 0, cannot exists. To see this, assume for the sake of the argument
that (18) holds. Then this leads to the following contradiction:

0> (VV(x),Ax) = (VV(x),—cBx) = —c(VV(x), Bx) > 0

for x = x. Hence, if there exists a x € R™, for which (17) is 180°, then a CLF for
systems X = Ax and x = Bx does not exist. Another extreme case is given by
(17) being 0° for all x € R™. Then, a Lyapunov function guarantees exponential
stability of x = Ax if and only if it guarantees exponential stability of x = Bx.
In fact, A = ¢B for some ¢ > 0.

For some systems, the app clearly indicates that we can expect a reduction
in the number of simplices after preconditioning, see Figure 8 and the reference
[4]. In other cases the benefits of preconditioning do not become clear. For the
3 x 3 matrices A,, from the appendix of [3] we show in Figure 9 and Figure 10
the values of (17) by means of a heat-map with preconditioning and without
preconditioning. Table 6 and Table 7 show the corresponding angle statistics.
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Table 6: Maximum, minimum, mean, and standard deviation of (17) for matrix
Ag and matrix Ag at (21,79, 73) € [—1,1]> where x1, 22, and 3 are 30 evenly
spaced points.
A6 Ao Max Min Mean Std K
N/A N/A 1760 297 775 430 4
0.7 0.3 176.5 1.02 1053 30.4 25
0 1 176.8 0.83 82.5 37.7 60

Table 7: Maximum, minimum, mean, and standard deviation of (17) for matrix
Asz and matrix Ao at (71,22,73) € [—1,1]3 where x1, o, and z3 are 30 evenly
spaced points.
A3 A12 Max Min Mean Std K
N/A N/A 1430 104 742 252 60
0.7 0.3 136.3 1.14 70.0 20.0 70
1 0 151.9 1.38 64.2 23.0 110

In both case, the app does not seem to provide support for deciding about
the parameters in the preconditioning. The reason is that, although it is not
difficult to precondition the system such that locally the gradients VV'(x) fulfil
Z(VV(x), Ax) > 90° and £(VV (x), Bx) > 90°, V: R" — [0, c0) is a continuous
function on R™ and the problem of the existence of a CLF is highly non-local.
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6 Conclusions

We discussed methods to compute Lyapunov functions for switched linear sys-
tems using semidefinite programming (SDP) and linear programming (LP).
We compared the SDP solvers SeDuMi, MOSEK, and SDPT3 for computing
quadratic common Lyapunov functions (QCLFSs) for a variety of sets of linear
systems. Such common Lyapunov functions (CLFSs) are also Lyapunov functions
for the corresponding switched linear systems. Furthermore, we tried different
tolerance parameters € > 0 to force positive definiteness of matrix A through
A » eI, and obtained the surprising result that using very small € enhanced the
performance of the approach in some examples. Hence, it is advisable to use a
very low € > 0, such as € = 107!®, and then verify solutions afterwards.

We compared computing QCLF with SDP to computing piecewise linear CLF
using the LP approach from [4]. As expected, since switched linear systems with
an asymptotically stable equilibrium at the origin do not necessarily possess a
QCLF, the LP approach is able to assert stability for more switched systems
than the SDP approach. In fact, it was proved in a recent publication [21] that
our LP approach always succeeds in computing a CLF, if enough simplices are
used in the triangulation, that is, if resolution parameter K is large enough. A
drawback of the LP approach is that a triangulation of the state space is needed,
which can result in a very high number of simplices in higher dimensions. We
described different preconditioning methods for our LP method, including a new
method based on rotations that has not been studied before, to better deal with
this problem. Unfortunately, it is not clear how to choose the optimal parame-
ters for the preconditioning methods. Finally, we developed the MATLAB app
AngleAnalysis to get visual information about the effect of the preconditioning
and gave examples of its use. In some cases, it gives a clear indication of which
parameters are good, but in other cases this is not as clear.

In summary, we presented state-of-the art approaches to determine the asymp-
totic stability of the origin for switched linear systems. The traditional SDP ap-
proach is faster, but it is often not able to assert the asymptotic stability of the
origin. Our LP approach is computationally more demanding, but is able to as-
sert asymptotic stability of the origin for many more switched linear systems. In
theory, it can always assert the asymptotic stability of an asymptotically stable
equilibrium given sufficient computational power. For future research, it seems
promising to extend the SDP approach to higher-order polynomial Lyapunov
functions, as this approach is less conservative. Furthermore, as shown in this
paper, preconditioning can greatly accelerate the LP approach. We will further
investigate how to choose optimal parameters for the preconditioning.
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We present a new method to compute the minimum average dwell-time
needed to assert the global exponential stability of the equilibrium at
the origin for a switched linear system. The method attempts to com-
pute compatible Lyapunov functions for the individual subsystems of
the switched system using linear programming or linear matrix inequal-
ities optimization problems. We test the method on four examples to
demonstrate its applicability.
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1. INTRODUCTION

We consider the n-dimensional switched linear system
0:[0,00) »P:={1,2,...,P}, (1)

where A; € R™*™ and the origin is globally exponentially
stable (GES) for all the individual subsystems x = A;x,
i € P, and where the switching signal ¢ is right-continuous
and only has a finite number of discontinuity-points on
every finite time-interval. We are interested in the stability
of the equilibrium at the origin for the switched system.
Note that even though the origin is GES for all the indi-
vidual subsystems, it might not be stable for the arbitrary
switched system (1), see e.g. Remark 2.3 in Liberzon
(2003) for a counterexample. However, by limiting the
allowed rate of switching sufficiently, the origin will always
be GES for the switched system (1).

x= Aa(t)x»

An appropriate concept to discuss the allowed rate of
switching is the so-called average dwell-time, see Hespanha
and Morse (1999) or, e.g., Chapter 3.2 in Liberzon (2003).
We say that a switching signal o has an average dwell-time
7 > 0, if there exists Ny > 0, such that

N, (t,s) < No + t;—s for all £ > 5 > 0,

where N, (t,s) denotes the number of discontinuity-points
of o on the open interval (s,t), i.e. N,(t,s) is the number
of times that o switches value between times s and ¢. The
set of all switching signals with average dwell-time 7 is
denoted by X, and we talk about the switched system (1)
with average dwell-time 7, if ¢ in (1) can be an arbitrary
element from X,. When we say that the origin is GES for
(1) with average dwell-time 7, we mean that there exist
constants C' > 1 and 8 > 0, such that

Ix(®)] < Ce™ [x(0)]
for all solutions x(-) to (1) with o € ¥,; || - || denotes the
Euclidian norm.

* This work was supported in part by the Icelandic Research Fund
under Grant 228725-051.

An interesting question is now:

What is the minimum average dwell-time 7,
such that the origin is GES for the switched
system (1)?

A sufficient condition is given in terms of Lyapunov
functions for the subsystems in the following theorem
adapted from Theorem 3.2 in Liberzon (2003); recall that
K is the set of strictly increasing, unbounded, continuous
functions [0, 00) — [0, 00), that are zero at zero.

Theorem 1. Assume that for each i € P, there exists a
locally Lipschitz continuous function V;: R" — R, such
that

a*([x]) < Vix) <a*(|x|)), VieP, (2a)
DYV(x, Aix) < —aVi(x), VieP, (2b)
Vi(x) < pVj(x), Vi,jeP, (2¢)

where @*,a* € K, @ > 0, and g > 1. Then the origin is
GES for the switched system (1) with average dwell-time
7, if 7 satisfies
1
7> ), (3)
@

Here,
DHVi(x, Aix) := D*(V;ox)(1)],_,
Vi(x(t+h)) — Vi(x(t))

= limsup

h—0+ h 1=0
— Jmsup VA RAX) ~ Vi(x)
h—0+ h

is the Dini-derivative of V; along the solution trajectories of
the system x = A;x. The proof can be copied almost ver-
batim from the proof of Theorem 3.2 in Liberzon (2003),
although our V; are only locally Lipschitz continuous and
we use the Dini-derivative instead of the usual derivative,
because with W(t) := eV, (x(t)) we have for two
consecutive discontinuity times ¢; and ¢, of ¢ for every
tj <t <tj4, that

2405-8963 Copyright © 2025 The Authors. This is an open access article under the CC BY-NC-ND license.
i onal Federati

Peer review under responsibility of F of A
10.1016/j.ifacol.2025.11.026

ic Control.

59



Stefania Andersen et al. / IFAC PapersOnLine 59-19 (2025) 150155 151

W(t)=Wi(t;) + /l DY*W(r)dr

:wqqy+[tpewwgmgxun

+e7 D+Va(tj)(x(7)¢ Aa(t])x(T)) dr

<W(t;) by (2b),
see e.g. Theorem 1 in Hagood and Thomson (2006).

The following corollary to Theorem 1 was used in Hafstein
and Tanwani (2023) to develop a method to compute a
lower bound on the minimum average dwell-time 7 for the
switched system (1), such that the origin is GES.
Corollary 2. Assume that for each i € P, there exists a
locally Lipschitz continuous functions V;: R" — R, such
that

alx|* < Vix) <alx||, VieP,

DTVi(x, Aix) < —a|x||4, VieP, (4)

Vi(x) < pVj(x), Vi,jeP,

a,a,o,d > 0, and g > 1. Then the origin is GES for the
switched system (1) with average dwell-time 7 for every

aln(u) )

Note that in the corollary the K functions a* and @*,
have been replaced with the Ko, functions x +— al[x|| and
x > al|x]| for constants 0 < a < @. The corollary follows
immediately from —||x||¢ < —V;(x)/a.

It is shown in Hafstein and Tanwani (2023), that with
d =1 and d = 2, one can fix a,a > 0, and p > 1, and
then use optimization to maximize o > 0, such that the
conditions of Corollary 2 are fulfilled. From formula (5) one
then obtains a lower bound on the minimum average dwell-
time needed to assert GES of the origin for the switched
system (1).
For d = 2 this was done by searching for quadratic
Lyapunov functions V;(x) = x?Pix, i € P, by solving
the linear matrix inequality (LMI) opimazation problem:
maximize o
subject to

al X P, and P, <al, YieP, (6a)
ATP + PA; < —al, YieP,
P; < pPj, Yi,j€P. (6b)

In these formulas I denotes the n x n identity matrix
and A < B means that the matrix B — A € R™*" is
symmetric and positive semidefinite. The variables of the
LMI optimization problem are o > 0 and the symmetric
matrices P; € R"*" i€ P.

For d = 1, and this was the main contribution of Hafstein
and Tanwani (2023), linear programming (LP) was used to
parameterize piecewise linear Lyapunov functions V; ful-
filling the conditions of Corollary 2. In the three examples
presented, the LP approach with d = 1 outperformed the
LMI approach with d = 2, which is not surprising because
the set of piecewise linear Lyapunov functions is richer
than the set of quadratic Lyapunov functions.

The advantage of using the conditions of Corollary 2 on
the Lyapunov functions V;, rather than the conditions in

60

Theorem 1, is that the former is linear in the optimization
variables while the latter is bilinear. Hence, a can be
maximized using efficient and well-understood methods;
LP in the case of d = 1 and semidefinite programming
(SDP) in the case d = 2.

However, there is some conservatism involved in the con-
ditions (4) in Corollary 2 with respect to the conditions
(2b) in Theorem 1. Further, even after the maximum « has
been found using a fixed g > 1, the corresponding lower
bound 7 in formula (3), on the needed average dwell-time
to assert GES, might be suboptimal. Hence, in this paper
we will derive and study methods to find low values for
the average dwell-time 7 using the parameters o and p
directly. We will use LP and LMI optimization problems,
strongly based on those in Hafstein and Tanwani (2023),
to construct Lyapunov functions, but in addition we will
investigate methods to improve the values of o and p in
order to obtain lower 7.

The paper is organized as follows. In Section 2 we discuss
how to parameterize compatible Lyapunov functions for
the individual subsystems of the switched system (1) using
LP or LMI optimization problems. In Section 3 we describe
our method to compute a minimum average dwell-time
7 that asserts the origin is GES for the system (1) and
in Section 4 we apply our method to four examples and
discuss the results, before we conclude the paper in Section
5.

2. PARAMETERIZING LYAPUNOV FUNCTIONS

The LMI optimization problem we use to construct
quadratic Lyapunov functions is a straightforward adap-
tation of the LMI optimization problem from Hafstein and
Tanwani (2023) discussed in the last section. For fixed
0<a<a a>0,and g > 1, find symmetric matrices
P; e R™*" i € P, fulfilling

LMI feasibility problem:

al < P; and P, <al, VYieP, (7a)
ATP, + PA; +aP; <0, Vie P, (7b)
P; 2Py, Yi,jeP. (7¢)

If a solution exists to the LMI optimization problem (7),
then the functions Vj(x) = xT P;x, i € P, are Lyapunov
functions to the subsystems x = A;x fulfilling V;(x) <
uVj(x) for all 4, j € P. Hence, by Theorem 1, 7 = In(y)/a
is a lower bound on the needed average dwell-time to assert
GES of the origin for the switched system (1).

The LP problem to construct piecewise linear Lyapunov
functions V; for the switched system (1) is more involved,
mainly because one needs to triangulate the state-space
R™. As we are essentially using the construction from
Hafstein and Tanwani (2023), we only give a short de-
scription and refer the reader to Hafstein and Tanwani
(2023) for the details. We use the triangulation 7,F, where
K € N is a parameter determining the density or fineness
of the triangulation, which consists of the n-simplices
&, = co{0,x},x},...,x4}. Here v is just an index to
enumerate the simplices &, € 7}? and co A denotes the
convex hull of the vectors in A C R™. Two different
simplices 6,6, € TE intersect in a common face, which
might be as small as {0}, and the set-theoretic union of the
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simplices is a neighbourhood of the origin. As discussed in
Andersen et al. (2024) the triangulation 7} has 2" K"~ !n!
simplices.

To every simplex &, = co{0,xY,x4,...,x%} we associate

the variables V3, € R, i € P and j = 1,2,...,n; note that
;

ify = x” = x‘,: for two different simplices &, and Sy,

then Vg = Vg v = =V e Once the values of the Vauables

have been ﬁxed we cdn define the functions V; on

— T v
¢, := cone{x},x5,....x;}
n

Vo,
E A
=1

through V;(x}) = Vi, for j =1,2,...,
J

Aj >0 for j=1,2,...,n

n, and

SN = YAV = AV ()
j=1 j=1 j=1

Since &, is an n-simplex the vertices x7, j = 1,2,...,n,
are linearly independent and V; is a well deﬁned hneal
function on €,. Further, since two different simplices &,,
and &, intersect in a common face, V; is well-defined and
continuous on the set-theoretic union of the €,, which
is the whole of R™, because the union of the &, is a
neighbourhood of the origin. Another useful equivalent
formula for V; on €, is

Vi(x) = (Vi) X x,
where

WiIT o= | Vil Vi -

V’:; c Rl Xn (9)
and

X, =[x} x4 -+ x] € R™"

i.e. the x; are the columns of X, ; see e.g. Andersen et al.
(2023) or Remark 9 in Giesl and Hafstein (2014) for this
formula.

Given the triangulation 75, the LP feasibility problem to
construct Lyapunov functions V; for the switched system
(1) is: for every simplex &, = co{0,x}{,x%,..., x4} we
have the constraints for every i,k € P and every j =

1,2,...,n
LP feasibility problem:

a Hx’f (10a)
WV)TX A < —alv)]TX x) (100)
Vi < v, (100

Theorem 3. Any solution to the LP feasibility problem
(10) delivers Lyapunov functions V;: R® — R, i € P,
through the formulas (8), that fulfill (2) with appropriate
a*,a" € K.

Proof: Follows immediately from formulas (8) and (9) and
the fact that for every x € R™ and i € P, there exists a
¢,, such that x + hA;x € €, for all small enough 0 < h;
hence by (10b) and with x = 377, A;jx¥, Aj > 0, we have

’

) !

Fig. 1. An example of the area D where (2) has a feasible
solution given « and p. Note that the area extends
indefinitely as g — oo. The function o — p(a) is
discussed at the beginning of Section 4. All of our
computations indicate that p(«) is convex, although
we have not been able to prove this statement.

D Vj(x, Aix) = [vi]TX_lAlx

ZA
faZ/\][VL]TXJle
j=1

=—av]TX;'x
= —aVi(x). o

TX le

IN

3. MINIMIZING THE MINIMUM AVERAGE
DWELL-TIME

For the switched system (1) define

D := {(a, ) € (0,00) x : (2) is feasible},  (11)
see Figure 1 for a schematic picture. By Theorem 1
the switched system (1) is GES with average dwell-time
7 > In(p) /o for every (o, ) € D. To obtain the optimal
minimum average dwell-time that asserts GES for the
system (1), we attempt to

[]‘700)

In(y2)

minimize 7 :=7(a,p) = ——= on D.
a

We will approximate the set D using two classes for the
Lyapunov functions V;. In more detail, we use the LP
problem (10) to compute piecewise linear Lyapunov func-
tions and the LMI optimization problem (7) to compute
quadratic Lyapunov functions. Hence, checking whether
a point (e, i) is in D or not involves solving a feasibility
problem. Now one can of course proceed with a brute force
approach and check for numerous points on a dense grid if
(v, 1) € D, but since this is quite expensive numerically,
we will suggest a more clever way to search systematically
for (v, 1) that deliver low values for 7. Note that since 7 is
nonlinear and a function of two variables, it is not trivial
figuring out which parameter or parameters to focus on
in its minimization. Methods like gradient descent are a
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poor option for optimizing both « and p at the same time,
because the update

Q1| _ |ow| n
[oet] = [o] = ot

with the learning rate 7 > 0, does not consider the set D
and 7 obtains its minimum 7 = 0 for every (a, 1), @ € R.

Before we suggest our method to minimize 7 in Algorithm
1, we first make the following useful observation:

3.1 Upper bound on o

Recall that a linear system x = Ax is GES, if and only
if A is Hurwitz. We can use this to our advantage and
compute upper bounds on potential a, such that the LMI
optimization problem (7) or the LP problem (10) are
feasible.

LMI: The Lyapunov inequality A7 P; + P,A; < 0 has a
symmetric positive definite solution P; > 0, if and only if
A; is Hurwitz, see Sylvester (1884). The inequality (7b)
implies
0= ATP, + PA; +aP;
a @
= ATPi+ PA + 5P+ 5P,
a T «a
= (4+31) P+P(4+31)
That is, for (7b) to be feasible, the real parts of the
eigenvalues of A; + §I must be strictly negative for all
i € P. This gives us an upper bound @y on « for the
LMI optimization problem (7).
LP: Similarly, consider that (10b) implies
0> [Vi]" X, A + afvi)T X, kY
=T X A+ al)xy.
That is, for (10b) to be feasible, the real parts of the
eigenvalues of A; + ol must be strictly negative for all

i € P. This gives us an upper bound @pp on « for the LP
problem (10).

3.2 Our method to minimize the average dwell-time

We suggest the following algorithm to search for points
(ev, 1) € D that minimize 7. Recall, that we either use the
LP problem (10) to search for piecewise linear Lyapunov
functions V; or the LMI optimization problem (7) to search
for quadratic Lyapunov functions V;. Thus, we first fix the
method to search for feasibility as either the LP problem
(10) or the LMI optimization problem (7). The method
is referred to as the feasibility problem with values (a, ).
If we are using the LP problem (10) we define @ := @pp
and if we are using the LMI optimization problem (7) we
define @ := @pup. Before the algorithm is executed, it is
worthwhile to first check the feasibility for (e, i) = (0,1).
If it is feasible then one usually also gets a solution for a
small o > 0 and g = 1, which shows GES for the switched
system (1) for arbitrary switchings. That is, no minimum
average-dwell time is needed for stability.
Algorithm 1. We fix N M € Ny N > 2, and a,b > 0 and
distribute the values a = 7y < 7y_1 < ... < T <711 =0b
and 0 < oy < ... < aypy < @ uniformly, i.e.
j—1 i
T; :(a—b)h—%b and o =y
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Fig. 2. Level sets for 7 = In(u)/c on [0.2,1] x [1,2]. Note
the p-axis is logarithmical, therefore each level set is
linear in the figure.

forj=1,2,...,Nandi=1,2,..., M.
Set i =1 and j = 1. Then execute:

(1) Solve the feasibility problem with o = «; and pu =
exp(7a;).

(2) e If there is a feasible solution to the problem, then
increase j by one, i.e. j < j + 1, and go back to
step (1). That is, we decrease 7 from 7; to 741
and check if this problem, with a lower average
dwell-time and a smaller 1 = exp(7j410;), also
has a feasible solution.

If there does not exists a feasible solution to the
problem, then increase i by one, i.e. i < i+1, and
go back to step (1). That is, we increase o from
a; to a1 and set = exp(7jaiq1) and check if
this problem, with the same average dwell-time
T = 7j, but with larger parameters a and p, has
a feasible solution.

Note that the algorithm follows the level sets of T, see
Figure 2 for an exemplary picture, as long as the optimiza-
tion problem is not feasible. If the optimization problem is
feasible we jump to the next level-set below for the same
«a and try our luck.

4. EXAMPLES

To visually interpret the examples the following nomencla-
ture is useful: We say that the set D in (11) is approzimated
by the function o~ p(a) if graph(p) C D. Note that if
(a, p*) € D, then (a,p) € D for all p > p*. Hence, the
epigraph {(a, i) € (0,00) x [1,00): o > p(a)} is a subset
of D. In the following we explicitly write the argument «
in pu(a) to emphasize that u is a function of a.

For each example we computed p(a) using both the LP
problem (10) and the LMI optimization problem (7) with a
brute forced approach; checking the feasibility of the opti-
mization problem on a dense grid in the (cv, ) plane. Start-
ing with («, ) = (0,1), where the optimization problem
is not feasible, we show how Algorithm 1 first approaches
(e) and then walks along it until a minimum is found.
The LP problem was implemented with C++ and solved
with Gurobi (Gurobi Optimization, LLC (2024)). The LMI
optimization problem was implemented in Matlab (The
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MathWorks Inc. (2023)) using YALMIP Lofberg (2004)
and solved with SDPT3 Toh et al. (1999).

Ezample 1 The switched system (1) with
Y I R
taken from (Liberzon, 2003, p. 26). Progression of Al-
gorithm 1 using LMI and LP optimization problems are
shown in Figures 3a and 4a, respectively. Using the LMI
optimization we obtain the minimum average dwell-time
M1 = 3.5195 and using the LP optimization we obtain
Lp = 3.5636, compared to Ty = 4.5283 and Tp =
4.6241 in Hafstein and Tanwani (2023).

Ezample 2 The switched system (1) with

a= [ 0] =g} Y

taken from Dayawansa and Martin (1999). Progression of
Algorithm 1 using LMI and LP optimization problems are
shown in Figures 3b and 4b, respectively. Using the LMI
optimization we obtain the minimum average dwell-time
7M1 = 1.1532 and using the LP optimization we obtain
7Lp = 0, compared to 7yp = 17.0394 and 7p = 0 in
Hafstein and Tanwani (2023).

(13)

Ezample 3 The switched system (1) with

51 2 ~13 1
Ai=]0 -5 1], Azz{o -2 0},
0 1 -2 0 1 -1
00 3 —4 0 -3
Ay = |-2 -1 -3, Ag=12 -2 4,
~1 0 -2 10 -1
~10 0
Ay =|—1-1-1 (14)
-3 0 —4

taken from Liu et al. (2021). Progression of Algorithm 1
using LMI and LP optimization problems are shown in
Figures 3c and 4c, respectively. An interesting observation:
() is identical to the worst case when only considering
two subsystems at a time. Using the LMI optimization we
obtain the minimum average dwell-time 71,y = 1.1852 and
using the LP optimization we obtain 7,p = 0, compared
to Tomr = 4.6870 and mp = 0 in Hafstein and Tanwani
(2023), both of which are improvements over the approach
proposed in Liu et al. (2021).

Ezample 4 The switched system (1) with

—0.5302 0.0012 0.0873
A = |: 0.2185 —0.7494 0.5411 |,
0.7370  0.1543 —0.3606,

—0.5136 0.4419 0.3689
Ay = | 0.1840 —0.3951 0.0080 | .
0.3163  0.6099 —1.0056

Progression of Algorithm 1 using LMI and LP optimiza-
tion problems are shown in Figures 3d and 4d, respectively.
Using the LMI optimization we obtain the minimum aver-
age dwell-time 71,1 = 8.0090 and using the LP optimiza-
tion we obtain rpp = 3.0305,

(15)

21

.

2 10 E=z:
19 = i
Tusf =

17
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(a) Example 1

(b) Example 2

05 1 15 0 0.02 0.04 0.06

(c) Example 3 (d) Example 4

Fig. 3. Progression of Algorithm 1 for the switched system
(1) with the matrices A; from (12) (a), (13) (b), (14)
(c), and (15) (d) using the LMI optimization problem
(7). The dashed lines show pu(a) computed with a
brute force approach. Marked with an asterisk is the
location of the smallest 7 on p(a) and marked with a
pentagram is the smallest 7 found with Algorithm 1.
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(c) Example 3 (d) Example 4

Fig. 4. Progression of Algorithm 1 for the switched system
(1) with the matrices A; from (12) (a), (13) (b), (14)
(c) and (15) (d) using the LP optimization problem
(10). The dashed lines show (o). Marked with an
asterisk is the location of the smallest 7 on p(a) and
marked with a pentagram is the smallest 7 found with
Algorithm 1.

4.1 Discussion of the Results

Note that for both two dimensional systems (Example 1
and Example 2) we get pu(a) &~ 1%+ C; for constants Cy
and Cy, whenever p(0) # 1, posing the question; can we
find a closed form solution for x(a) in the two dimensional
case? Another observation is that whenever p(0) # 1, the
smallest 7 is obtained when o — @.

When examining the three dimensional systems (Example
3 and Example 4) this apparent consistency disappears;
the location of the best 7 is no longer predictable nor is
the shape of p(a).

Figures 3 and 4 show how Algorithm 1 follows p(«). In
Table 1 we can see that Algorithm 1 finds the same 7
as the brute force method with, on average, an error of
4 x 1072, As expected the LP problems generally return
lower minimum average-dwell times, with the exception of
Example 1. Note that the minimum of 7 is also a function
of K, i.e. the resolution of the triangulation used, and in
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4.5

3.5 K
200 400 600 800 1000

Fig. 5. The minimum average dwell-time 7 obtained using
the LP optimization problem (10) as a function of the
resolution of the triangulation K used.

Figure 5 we depict this dependency for Example 1. For
large K the minimum value of 7 approaches the minimum
value obtained with the LMI optimization problem, indi-
cating that in this particular example quadratic Lyapunov
functions are optimal.

Note that the brute force computations done for compari-
son are computationally very demanding and can only
be done practically for small optimization problems. For
example, in the Brute Force computations for Example 1
we solved 4,800 optimization problems, in comparison to
200 optimization problems when using Algorithm 1.

Table 1. Results of Algorithm 1 compared to

the results from using a brute force approach

and the method used in Hafstein and Tanwani
(2023), denoted Method (x).

Ex.  Method Optimization T « o
Brute Force 3.4180  0.1996  1.9960
Algorithm 1~ SDP 3.5195  0.1980  2.0074

1 Method (*) 5.1929 N/A 2
Brute Force 3.5401  0.9790  1.4142
Algorithm 1 LP (K =300) 3.5636  0.0860  1.3995
Method (+) LP (K =500) 45283 N/A 14
Brute Force 1.1516  1.9990  9.9946
Algorithm 1~ SDP 1.1532 1.9800 9.8084

, _Method (x) 17039 N/A 3.1
Brute Force 0 * 1
Algorithm 1 LP (K =300) 0 * 1
Method (*) 0 * 1
Brute Force 1.1845  1.2440  4.3647
Algorithm 1~ SDP 1.1852  1.1400 3.8617

5 Method (x) 4.6870 2.7
Brute Force 0 * 1
Algorithm 1 LP(K = 6) 0 * 1
Method () 0 * 1
Brute Force SDP 7.9994  0.0405  1.3829

4 Algorithm 1 8.0090  0.0428  1.4090
Brute Force 2.9451  0.0146  1.0440
Algorithm 1 LP(K = 25) 3.0305  0.0059  1.0229

5. CONCLUSION

We described a new method to compute the minimum
average dwell-time 7 needed to assert the global exponen-
tial stability (GES) of the equilibrium at the origin for
a switched linear system. For this, the method solves
linear programming (LP) or linear matrix inequality (LMI)
optimization problems as in Hafstein and Tanwani (2023),
but searches for the optimal parameters (o, p) directly,
instead of fixing p and maximizing « as in Hafstein and
Tanwani (2023). We demonstrated our approach on four
examples and made some interesting observations. In all
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cases we obtain lower values for 7 than reported in the
literature.
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Constructing Piecewise Quadratic Lyapunov Functions with
Linear Programming for Continuous-Time Switched and Cone-
wise Linear Systems
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In this paper, we present a method for constructing continuous piece-
wise quadratic (CPQ) Lyapunov functions for continuous-time switched
and conewise linear systems using linear programming (LP). Key in
our approach is the formulation of effective sufficient conditions for the
copositivity of matrices via diagonal dominance. This formulation con-
sists of linear constraints and can be expressed as an LP. It is shown
that the sufficient conditions are also necessary conditions for the exis-
tence of a Lyapunov function, given a sufficiently refined CPQ function.
We provide an in-depth comparison between our new method and other
computational methods in the literature, and provide extensive numer-
ical experiments on various switched and conewise linear systems. In
particular, we show that the proposed method is the most accurate of
the LP-based methods for constructing Lyapunov functions and is a
numerically competitive alternative to LMI-based methods.
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In this paper, we present a method for constructing continuous piecewise quadratic (CPQ) Lyapunov
functions for continuous-time switched and conewise linear systems using linear programming (LP).
Key in our approach is the formulation of effective sufficient conditions for the copositivity of matrices
via diagonal dominance. This formulation consists of linear constraints and can be expressed as an
LP. It is shown that the sufficient conditions are also necessary conditions for the existence of a
Lyapunov function, given a sufficiently refined CPQ function. We provide an in-depth comparison
between our new method and other computational methods in the literature, and provide extensive
numerical experiments on various switched and conewise linear systems. In particular, we show
that the proposed method is the most accurate of the LP-based methods for constructing Lyapunov
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1. Introduction

Switched linear systems (SLSs) and conewise linear systems
(CLSs) represent a particular class of dynamical systems formed
by a collection of linear subsystems that are combined with
time and/or state-based switching rules (Liberzon, 2003). In re-
cent years, SLSs and CLSs have become increasingly important
within a wide range of applications, including power convert-
ers (Middlebrook & Cuk, 1976), traffic management (Lygeros
et al, 1998), epidemiological modeling (Ait Rami et al., 2013)
and high-performance motion control systems (Van den Eijnden
et al,, 2020; Van Loon et al.,, 2016). Assessing stability of SLSs
and CLSs is a well-studied problem, and over the years many
constructive tools for stability analysis have been presented, see,
e.g., Lin and Antsaklis (2009) for an overview. Examples range
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pean Research Council under the Advanced ERC Grant Agreement PROACTHIS,
no. 101055384. The material in this paper was not presented at any conference.
This paper was recommended for publication in revised form by Associate Editor
Philipp Braun under the direction of Editor Luca Zaccarian.

* Corresponding author.

E-mail addresses: j.j.palacios.roman@tue.nl (J.J. Palacios Roman),
shafstein@hi.is (S. Hafstein), p.a.giesl@sussex.ac.uk (P. Giesl),
sj.am.v.d.eijnden@tue.nl (S.v.d. Eijnden), saa20@hi.is (S. Andersen),
m.heemels@tue.nl (W.P.M.H. Heemels).

https://doi.org/10.1016/j.automatica.2026.112838

from dwell-time approaches (Yuan & Wu, 2015; Zhao et al., 2012),
to frequency-domain techniques (Kamenetskiy, 2017; Van den
Eijnden et al, 2024) and Lyapunov-based methods (Branicky,
1998; Johansson & Rantzer, 1998; Jungers, 2024; Sun, 2010).

Of particular interest is the use of continuous piecewise
quadratic (CPQ) Lyapunov functions (Johansson & Rantzer, 1998)
for the stability analysis of continuous-time SLSs and CLSs. The
specific interest in CPQ Lyapunov functions stems from the pos-
sibility to express stability tests in terms of convex optimization
problems that can be solved efficiently (Boyd & Vandenberghe,
2004; Rantzer & Johansson, 2000), and from their success in re-
ducing conservatism compared to earlier methods in the analysis
of CLSs, see, e.g., the seminal works in Johansson and Rantzer
(1998), Rantzer and Johansson (2000). The key idea underlying
CPQ methods is to partition (part of) the state-space into smaller
regions, to each of which a quadratic function is assigned that
is continuous over the partition boundaries, and satisfies certain
conditions locally. These conditions are typically expressed in
terms of constrained inequalities that can be transformed into
linear matrix inequalities (LMIs) by means of the so-called S-
procedure (Yakubovich, 1977). For a partitioning of the state
space with sufficiently small regions, these LMIs must admit a so-
lution for an exponentially stable CLS. An alternative method that
does not make explicit use of the S-procedure has been proposed
in lervolino et al. (2015a, 2015b), where stability conditions are

0005-1098/© 2026 The Authors. Published by Elsevier Ltd. This is an open access article under the CC BY license (http://creativecommons.org/licenses/by/4.0]).
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expressed in terms of a copositive problem, i.e., the problem of
verifying whether a certain matrix is copositive or, equivalently,
has a corresponding quadratic form that is positive definite on
the positive orthant (Hadeler, 1983). This problem, in turn, is
translated into an LMI problem.

The aforementioned results hinge on the idea of reformulating
constrained inequalities as LMIs. Although LMI conditions facili-
tate numerically tractable stability tests for SLSs and CLSs, they
scale badly in terms of computational complexity with increasing
system dimensions and the number of state-space partitions.
These qualities motivate the development of alternative methods
for constructing CPQ Lyapunov functions that preserve the struc-
ture and numerical tractability coming from LMI-based methods,
but require less computational effort (even in case of a large
number of regimes in the state-space partitioning).

Therefore, we present in this paper a new approach for con-
structing CPQ Lyapunov functions for SLSs with arbitrary switch-
ing and CLSs using linear programming (LP). Compared to solving
large-scale LMI problems using semidefinite programming (SDP),
solving large LP problems can be done more efficiently and re-
liably as a result of their significantly simpler structure, see,
e.g., Boyd and Vandenberghe (2004), Vandenberghe and Boyd
(1996) for further discussions. The use of LP for stability analysis
of SLSs and CLSs has been proposed before: For example, LP can
be used to construct continuous piecewise affine (CPA) Lyapunov
functions (Andersen et al.,, 2023; Hafstein, 2002, 2023). However,
it was shown in Palacios Roman et al. (2025) on a numerical
example that CPA Lyapunov functions were less effective than
CPQ Lyapunov functions, despite the computational benefit of
LP over SDP, because CPA Lyapunov functions required a much
larger number of piecewise segments. Moreover, in Bundfuss and
Diir (2009), lervolino et al. (2011), sufficient linear inequalities
were used to prove the existence of a CPQ Lyapunov function by
solving a copositive problem. However, these conditions are more
conservative than the conditions we will present, which will be
discussed in Section 6.3.

In line with the above, the main contributions of this paper are
as follows. We present efficient conditions for the computation of
CPQ Lyapunov functions for continuous-time SLSs and CLSs based
on LP. Key in our approach is the reformulation of copositive
matrix problems into (sufficient) tests that require verifying diag-
onal dominance of the involved matrices. These tests are subject
to linear constraints that can be formulated as an LP problem.
Our results apply to both SLSs with arbitrary switching and CLSs.
For both of these classes we will show that for a sufficiently
fine partitioning of the state space our tests become necessary
conditions for exponential stability. We compare our method to
other stability methods in the literature, including the use of
CPQ and CPA Lyapunov functions, and provide extensive numer-
ical experiments showcasing our method in comparison to other
methods in the literature. In particular, we show theoretically and
numerically that the proposed method is the least conservative of
the LP-based methods, among Hafstein (2002) and lervolino et al.
(2011), given a fixed partitioning of the state-space and numer-
ically that the proposed method is computationally competitive
with the LMI-based method in Johansson and Rantzer (1998).

The remainder of this paper is structured as follows. We
provide the necessary preliminaries in Section 2 such as the
parameterization of CPQ Lyapunov functions. Section 3 will spec-
ify the systems under consideration and the stability analysis
problem to be solved. In Section 4 we present our main results
in the form of a method that exploits LP for computing CPQ
Lyapunov functions for SLSs with arbitrary switching. In Section 5
we present similar results for CLSs. In Section 6 we provide an
in-depth comparison of our LP-based method and other stability
methods found in the literature, including computations of CPA
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functions through LP and CPQ functions through LMIs. Section 7
provides extensive numerical case studies on various systems
demonstrating the benefits of our approach. We close the paper
with conclusions and directions for future work in Section 8.
Finally, supporting theorems are provided in the Appendix.

2. Preliminaries

In this paper, the subset of R with nonnegative value is de-
noted by R-o. By [A]; we denote the i, j-th entry of the matrix
A e R i je {1,2,...,n}. We say that a symmetric matrix
A=A" € R™" is positive definite (negative definite), denoted by
A>0(A<0),ifx"Ax > 0 (x"Ax < 0) for all x € R" \ {0}, where
0 denotes the origin of R". Moreover, we say that a symmetric
matrix A = AT e R"™" is positive definite (negative definite)
on the set B C R", denoted by A >3 0 (A <z 0), if X"Ax > 0
(xTAx < 0) forall x € B\ {0}. If A =55 0 and B = R", then A is
said to be a copositive matrix. Finally, a matrix A € R"™" is said
to be strictly diagonally dominant if 2 - |[A];;]| > Zj"zl |[Al]j] for all
ie{1,2,....,n}.

Inequalities for vectors hold componentwise. Furthermore,

Ixl = \/S,% and [l = maxii2_a el denote the

Euclidean norm and infinity norm of x € R", respectively, and
JIAll :== maxyx = ||AX|| denotes the matrix norm of A € R"™"
induced by the Euclidean norm.

2.1. Triangulations

A triangulation 7 = {Sy, Sa, ..., Sy}, N € N, is a collection of
simplices S;, i € {1, 2, ..., N}, defined as

S =co(rh, ri,...,rh)

n n
:=[Zxkr; D=1 =0ke(0,1,....n}{,

k=0 k=0
where co(-) denotes the convex hull and r{,,r;. .., € R
are affinely independent vertices. The affine independence of the
vertices implies that each simplex S;, i € {1,2,...,N}, has a

non-empty interior. Furthermore, {vo, vi,..., v} C R, p € N,
denotes the collection of all vertices of the simplices used in the
triangulation, such that {ri, ri,...,ri} C {vo, v1,..., vp} for all
i€ {1,2,...,N}. Clearly, for all i € {1,2,...,N}, there exists
then an index function g; : {0,1,...,n} — {0,1,...,p} such
that r} = vg for all k € {0, 1,.... n}.

We require that any two simplices S and S, i, j € {1,2,...,N}
and i # j, either have an empty intersection or the intersection
is a polyhedron described by the convex hull of the common
vertices of the simplices S; and ;. We further require that Ufil Si
is a neighborhood of the origin and that rj = vo = 0 for all
i€ {1,2,...,N}. Thenry,ry,...,r, are linearly independent for
alli e {1,2,...,N}. Examples of triangulations that satisfy these
conditions are the triangular fans K='7x and 7x from Hafstein
(2023). Here, K € N is a measure of how refined the triangulation
is, namely for all simplices S;, i € {1,2, ..., N}, in K~'7x we have
that [Irf — rf|l, < /n/K for all k, € € {1, 2, ..., n}. Furthermore,
N=2"-K"".nland {vi, v3, ..., 0y} = {K 'z |2 € Z", ||z]loc =
K). The triangulation 7k is a scaled version of K~'7x which we
will use in Section 7. For further details, see Hafstein (2023).

2.2. Parameterization of CPQ functions

Given a triangulation 7 satisfying all conditions and assump-
tions above, we can associate a simplicial cone ¢; to each simplex
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Fig. 1. of the conic {cr.con.nns cy} that results from
the triangulation 77 of a two-dimensional space (X, X;). The boundaries of the
simplices {Sy, Sz, ..., Sy} of the triangulation 7; are indicated with black lines
and the boundaries of the cones {Cy,Ca, ..., Cy} with gray dotted lines. (For

interpretation of the references to color in this figure legend, the reader is
referred to the web version of this article.)

Si,i€{1,2,...,N}, defined as
¢ =pos(ri,ri, ...l

n
= [Zn: hiTh

k=1

e >0,k 1
k>0,ke{1,2,...,n}¢,

where pos(-) denotes the positive hull. Since 7 is a triangulation
of a neighborhood of the origin, the union of all ¢; is equal to R".
Note that the triangulations 7x and K7k from Hafstein (2023)
give the same conical subdivision of R". An example of such a
conical subdivision is given in Fig. 1.

Then, a CPQ function V:R" — R can be defined as
V(x)=x"Px ifxec. (2)
The matrices P; = P,T € R™" are parameterized by a matrix
@ =@ € RP* as follows:

[Wilke =[Plgkgie) Vk, €€ {1,2,...,n}

Ri=[rl i ... ] er™

E =R i ®)
i

P; =E; WiE; e R™",

Note that vertices r{, ry, ..., Iy are linearly independent and thus
R; is invertible and we assume that the order of the vertices
riri, ... riis fixed, in accordance with the definition of g in
Section 2.1, so that R; is uniquely defined. Note that if x € ¢;,
then x = Ri’ where 1 = [\ X, A"]T € R", is the
vector with the A, in (1) as its entries, and thus .

V(x) = x"Px = "R PR

= 2"RTEfWiERA = 1 Wi (4)
noon non
= Z Z)Lk)tt‘[‘pi]kt‘ = Z Z)Lk)nz[‘t’]g,»(k)g,(z)-
k=1 £=1 k=1 t=1
Remark 1. This method of parameterizing V was suggested

in Rantzer and Johansson (2000). It can be interpreted as follows:
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The value of V(vy) = [®@]mm for all m € {1,2, ..., p}. Moreover,
V(1) = [®g g and

1, 1\ 1 1
V5Tt 57 ) =5 Plsom + 7 [Plosie) )

1 1
5@l + 3 [Plswso

forallie {1,2,...,N}and k, £ € {1,2,...,n}.

By construction, V will be well-defined and continuous. This
is obvious for the case when x is in the interior of C;. In case
x € NG, wherei,je {1,2,...,N} and i # j, then x is a linear
combination of the common (extreme) rays of the cones ¢; and ¢j,
denoted by {1, Y2, ..., ym} == (i, ri, ...ty O {15, .. m) C

{v1,v2. ..., vp}. In other words,
m m m _
x= i =Y k=Y
k=1 k=1 k=1
where0 <m <nandy, = r;'k = rfk for some s, ty € {1,2,...,n}

for all k € {1,2, ..., m}. Thus, gi(sx) = gj(tx) and by using (4) we
can show that for all x € ¢; N ¢;

nom
V) =XTPx =3 3 Ml Plgisgisn)

k=1 ¢=1

m om
= Z Z ke[ @ g0 = X" P,

k=1 t=1
which shows that V is continuous and well-defined.

3. System classes and problem statement

In this section we will introduce the classes of systems under
consideration and relevant stability theorems. Finally, the main
problem statement will be specified.

3.1. Switched linear systems with arbitrary switching

Consider the continuous-time SLS

X(t) = As(eX(t), (6)
where x(t) € R" is the state at time t € R.g, 0 : Rz —
{1,2,...,M} is a piecewise constant function that is right-

continuous and only has a finite number of discontinuity points
on every finite time-interval, called the switching signal and A; €
R™" for all j € {1,2,..., M}. A solution x: R-o — R" to (6) is
understood in the sense of Carathéodory (Walter, 1998).

We use the following definition and theorem adapted from
Liberzon (2003) and Heemels and Weiland (2008).

Definition 2. The SLS (6) is said to be globally uniformly expo-
nentially stable (GUES), if there exist constants ¢, . > 0 such
that for all switching signals o, i.e., under arbitrary switching, all
solutions x of (6) satisfy

IX(OIl < clix(0)]le™
for all t € Ro.
Theorem 3. The SLS (6) is GUES, if there exists a common CPQ

Lyapunov function V. : R" — R as in (2) that satisfies for all
ie{1,2,....N}andje {1,2,...,M}

cilixl? < x"Pix < cal|x|)?
X (AT P, + PAX < —c3ix]

Vx e G (7a)
Vx € G (7b)

for some ¢y, ¢, ¢3 > 0.
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€2

Fig. 2. Example of a CLS taken from Johansson (1999), where M = 4 and n = 2.
The definition of the system is given in (47)-(49). The boundaries of the sets
F1, F», F3 and F4 are indicated with blue dotted lines and a sample trajectory
starting at (x;,x;) = (0, 1) with red. When the state enters a new set, the
differential equations governing the dynamics change. (For interpretation of the
references to color in this figure legend, the reader is referred to the web version
of this article.)

Note that the cones C; are not related to the system modes
Aj. Instead, the cones C; are a construct for building the CPQ
Lyapunov function V only, which must hold for any active system
mode across the entire state-space.

3.2. Conewise linear systems

Consider the continuous-time CLS Camlibel et al. (2006)

X(t) = Aix(t) if x(t) € 7. (8)

where x(t) € R" is the state at time t € R-o and A} € R™"
and 7 C R" for allj € {1,2,..., M}. We assume that the union
of the subsets 7j is equal to R", the intersection of the interiors
of 7 and Fj is empty for all i,j € {1,2,...,M}, i # j, and
the closure of 7j is a simplicial cone for all j € {1,2,..., M}.
These systems are also referred to as switched linear systems
with state-dependent switching and are a subclass of piecewise
linear systems. Solutions to (8) are understood in the sense of
Filippov, i.e., are solutions to the differential inclusion

M
X(t) € F(x(1)) := co U(ij(f) [X(t) e F} ¢, (9)

j=1

where Fj is the closure of the set 7. Thus, potential sliding modes
are taken into account, see, e.g., Aubin and Cellina (1984), Clarke
et al. (1998), Filippov (1988). An example of a CLS is given in Fig.
2.

We use the following definition and theorem adapted from
Heemels and Weiland (2008) and Kellett (2015).

Definition 4. The CLS (8) is said to be globally exponentially
stable (GES), if there exist constants ¢, A > 0 such that for all
Filippov solutions x to (8), i.e., for all solutions to (9), it holds that

IX(O)ll < clIx()lle™

for all t € Rxo.
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Theorem 5. The CLS (8) is GES, if there exists a CPQ Lyapunov
function V : R" — R as in (2) that satisfies for all i € {1,2,...,N}
andje {1,2,...,M}
allxl? < x"Pix < calxI?
XT(ATPi + PiAx < —cslx]?

Vx € G
Vx € ¢iN F,

(10a)
(10b)

for some ¢y, ¢, c3 > 0.
3.3. Problem definition

Our goal is to find a CPQ function V that satisfies condition
(7b) for an SLS or conditions (10b) for a CLS, i.e., a CPQ function
V such that V(x(t)) is decreasing over time along all solutions x
of the system, except for the zero-solution. Then:

(i) if the resulting function V additionally satisfies (7a) or
(10a), i.e, if V is positive definite, then the SLS or CLS is
GUES or GES, respectively;

(ii) if the resulting function V does not satisfy (7a) or (10a),
i.e, if V is not positive definite, then the SLS or CLS is
unstable.

The first statement follows from Theorem 3 or 5. The second
statement follows from Lemma 4.1 in Johansson (1999) and a
sketch of proof is provided here for completeness: Suppose there
exists a CPQ function V that, given a certain SLS, satisfies (7b), but
does not satisfy (7a). Then, there exists a state X(0) # 0 such that
V(X(0)) < 0. Consider the solution X(t) that starts at X(0). Because
V satisfies (7b), V is decreasing over time along all solutions of
the system, except for the zero-solution. Thus, after a time step
8, it will hold that V((8)) < 0. In fact, as t — oo, V(X(t)) = —o0,
which means ||X(t)|| — oo as t — oo. This implies instability of
the SLS. A similar argument can be made for a CLS.

This method is known as the two-step procedure (Johansson,
1999, Proposition 4.4), where the first step is finding a function
V that is decreasing over time along all solutions of the system
except for the zero solution, and the second step is checking
whether V is positive definite. This reduces the size of an opti-
mization problem to find a suitable V, since less constraints have
to be taken into account.

4. CPQ Lyapunov functions for SLSs

In this section we will show sufficient conditions in the form
of linear inequalities under which a CPQ function is a Lyapunov
function for an SLS (6). Then, a converse theorem will be pre-
sented that shows that for a sufficiently refined CPQ function the
conditions become necessary, when the system is GUES.

4.1. Sufficient conditions for CPQ Lyapunov functions of SLSs

The CPQ function V is a Lyapunov function to the SLS (6),
i.e., satisfies (7a) and (7b), if

P>, 0 (11a)
Qj <¢, 0 (11b)
forallie {1,2,...,N}andj € {1,2,..., M}, where

Qj = AP, + PA;. (12)

For the first step of the two-step procedure in Section 3.3, a CPQ
function V that satisfies (11b) needs to be constructed. We wish
to do this with an LP problem. Thereto, consider the following
theorem.
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Theorem 6. Consider a CPQ function V, parameterized as in
(2), and the SLS (6). Define, for all i € {1,2,...,N} and j €
{1,2,..., M}, the matrices

Bj = R Q;Ri, (13)
with Q; as in (12), and C; € R™" such that

[Cijle = [Bijlik
[Cilke = max([Bjjlx, 0)

Vk e {1,2,...,n} (14)
Wk, €e{1,2,...,n},k#¢€  (15)

Ifforallie {1,2,...,N}andj € {1,2,..., M}, the sum of each
row of Cj; is negative, ie.,

n

D [Gile <0 Vke(1,2,....n}, (16)
=1

then V satisfies condition (11b).

Proof. First, we prove that (15) and (16) imply that G; is a
negative definite matrix, i.e., a matrix with all eigenvalues strictly
negative. Note that Cj is a real symmetric matrix, and therefore
its eigenvalues are real. Then, Gerschgorin’s circle theorem (Ger-
schgorin, 1931) states that all eigenvalues of C; must lie in the
set

U (aeRIGlu— Y l(Gll

ke{1,2,....,n} =1

7k

<a < [Gilu+ Y IGilkel}- (17)
a

Due to (15), the off-diagonal entries of Cj are all non-negative.
Therefore,

n n
(il + D I[Ciliel = Y _[Cilie-
= B

Thus, (16) implies that the set (17) only contains negative num-
bers, which means Cj; must be a negative definite matrix.

Secondly, we show that ATBjA < ATCyA < O for all & €
RZ, \ {0}. The second inequality holds because Cj; is a negative
definite matrix. The first inequality follows from

MG =Y MG+ Y Y hkelGilie
k=1

k=1 =1
ek

= Z 22 Bijlu + Z Z Axhe max([Bilke, 0)
k=1
k

k=1 =1
%

n noon
> Z A2[Bijlu + Z Z AkhelBilke
k=1 k=1t
=1"BjA.
Finally, we show that ATBjA < 0 for all A € R" \ {0} implies
that Q;; <¢; 0. Note that (1) can equivalently be expressed as

C= {xe R" |[Ex=A€ R;D},

where E; is defined in (3). Then, if we substitute A with Ex, Bj;
with (13) and R; with E", we obtain
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ATBja <0 Vi € Rl \ {0}
. XTET (BTN QiE 'Ex < 0 VEx € R%)\ {0}
= x'Qx <0 Vx € G\ {0},

which completes the proof. O

The theorem states conditions under which @ parameterizes a
common CPQ Lyapunov function candidate V that satisfies (11b).
Such a matrix @ can be found by solving the following feasibility
problem:

find @, G (18)
st Py = E [@g0g0Ei Vi, k, €
Bj = R (A Pi + PA)R; Vi, j
[Cijlue = [Bijlkk Vi, j, k
[Cijlke = [Bijlke Vi j k€ k#¢ (19)
[Gijlke = 0 Vi, j k€ k# € (20)
n
Vi, j, k,

(Gl <0
=1

where E;, g; and R; depend on the triangulation 7. Note that the
nonlinear constraints (15) were replaced by the linear constraints
(19) and (20) and that the matrices Cj; are being treated as slack
variables in (18). This is so that (18) becomes an LP feasibility
problem.

Remark 7. The second step of the two-step procedure in Sec-
tion 3.3, i.e., the verification that V satisfies (11a), can be done
with some conservatism by checking whether there exist U; =
U € RLG" such that

P,—E'UE >0 Vie{1,2,...,N}, (21)
where the S-procedure (Yakubovich, 1977) is used to validate
(11a). This condition can be checked with an LMI solver. The
second step of the two-step procedure can also be completed by
verifying that

[RTPRilke >0 Vi k¢, (22)
since then
V(x) =x"Px Vx € G

= "R PiRix VA eRL,

o
= ZZAW[RI&R,]M >0 VieRl,.
k=1 t=1

Conditions (22) are more conservative than conditions (21). How-
ever, conditions (22) can be verified with an LP solver and could
even be included in the LP problem (18), if we wish to skip the
two-step procedure and construct a Lyapunov function in one
step.

Remark 8. To ensure that V satisfies (11b), the matrices —B;;
are forced to be strictly copositive, i.e., —1"Bjx > 0 for all A €
RRZ \ {0}. The construction of and the conditions on the matrices
C,-j_ are all for the purpose of asserting this. The use of strictly
copositive matrices for the analysis of SLSs and CLSs has been
suggested before, see, e.g., Bundfuss and Diir (2009), Camlibel
et al. (2007), lervolino et al. (2011, 2015a, 2015b), Pogromsky
et al. (1998).
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4.2. Converse theorem

To prove a converse theorem, i.e., that our method always
succeeds in finding a Lyapunov function to a GUES system (6),
we largely follow the proof of Hafstein (2023, Thm. 1), where a
similar converse theorem is proved for CPA Lyapunov functions
for SLSs with arbitrary switching.

Theorem 9. Assume that the system (6) is GUES. Then, when using
the triangulation K7, the LP problem (18) is feasible for all large
enough K € N.

Proof. To prove the feasibility of the LP problem (18), we assign
values to all the variables and then show that the constraints of
the problem are fulfilled when the variables have these values.

In Hafstein (2023, Lemma 2) it is shown that, if (6) is GUES,
there exists a Lyapunov function V that:

o is infinitely differentiable, except at x = 0;

e is positively homogeneous of degree one;

e and satisfies for all x and some ¢y, ¢3,¢3 > 0
allxll = V(x) < calix|

VV(X)AX < =Xl Vje(1.2,....M}.

If we define W(x) = V(x)?, then W is a Lyapunov function for (6)
as well that:

o is infinitely differentiable, except at x = 0;
e is positively homogeneous of degree two, i.e.,

W(cx) = c?W(x) and W(x)= %Vw(x)x. (23)

for all x # 0 and ¢ > 0. The second statement follows from
Euler’s homogeneous function theorem (Apostol, 1969);
e and satisfies for all x and some ¢y, ¢3,¢3 > 0

alll? < W(x) < cllx|?
VWEAX < —csllxII> Vie{l,2,.... M}.

We assign values to the variables of the LP problem by defining
for every simplex S; the symmetric matrix P; through

e+ ) P+ 1) = W+ 1) (24)
for all k, ¢ € {1,2,...,n}. That the resulting CPQ function (2) is
still continuous and well-defined follows from Giesl et al. (2025,
Thm. 2.8). Define the functions V;: R" — R through Vi(x) = x" Pix
and set, as before, V(x) = Vi(x), if x € ¢;i. Then V(r,’; + rj) =
W(r, +r;) for all i, k, € and we have from (24) that

20 Pt = W(rl 4+ rh) — w(rf) — w(rt). (25)

The values of the elements of @, i.e., the variables of the LP
problem, are now obtained from the values of V(r;/2 +r;/2) by
using (5).

Define the constants

= max |4, (26)

g:= max, IVW(x)||, and (27)
o=

= max [Hw(l, 28)

where Hy is the Hessian matrix of W. We will show that all the
entries of all the matrices Bj; in the LP problem (18) are negative,
if

Ja (g + Qﬁnzﬁ)
K> ———— %~

C3

(29)
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where ¢3 > 0 is the constant from (7b). Then, a feasible solution
is given by @ and by setting [Cjli = [Bjjli < 0 and [Gjlke = 0,
k#¢, foralli,j k€.

Let us first derive an upper bound on the difference between
VW and VV; at the vertices ry. Let S; € K~'7x be an arbitrary,
but fixed simplex. Following the proof of Hafstein (2023, Thm. 1),
we have

v

Il =1 and in = rill < 5= (30)
forall k, ¢ € {1,2,...,n} and

IEill < Ky/3(n + 1), €l

Now, since VV(r,) = 2(r,'()TPi and E; = R,", we have
1VV () — VWl = 12(r) P — YW ()| (32)
<I120r) PRy = YW(rRIIEill.

Consider the ¢-th component

ye =2(r) Pirl — VW(r)ri (33)

of the vector y := 2(r{)"P;R; — VW(r{)R;.
The case ¢ = k is simple: By (25) and (23) we have

Ve =2W(rl) —2W(rl) =0 when £ =k.

To tackle the case ¢ # k, consider first that by Taylor’s theorem
(Apostol, 1969) we have

W(rl) = W(rh) + Yw(rh)r —rl)
1 . . .
+50r - ) Hw (e )y = 1),

where X, ¢ is a point on the line segment between r,i and r;. Hence,
there is a constant hy, [hy| < h, such that

o ) . nh
VW@ = W(rk) — W) + YW(rbri — ﬁ
] . nh
= WD+ W0 = 55

by (30) and (23). Hence, formula (33) can be written as

o ) nhy
Yo =W(r +r}) = 2W(rp) — 2W(ry) + K2
2kT 2 2 2K?

using (25) and (23). By Baier et al. (2012, Prop. 4.1), (28) and (30)
we get

1. 1, 11 h
=4 |:W (~r,’( + ~r;) — —W(r) — 5W(r;)j| + il

1. 1 1. . 1. .| nh
‘W <5r,L+ ir;) - iW(r,'()— iw(r}) =@
hence
4nh  nlhy|  9nh
Wel < 4z + 5z < 5z Whent #k.
Combining cases ¢ = k and ¢ # k delivers
9nhy/n — 1
Iyl = ——=—
2K
and, by (32) and (31),
v : 9v/3n%h
IVV(r) = VWl < IyIIE] < K (34)

from which also
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9/3n%h
2K

VvVl <& + (35)

follows, see (27).
Consider the matrix B; = R,T(A]TPi + PAjR; from the LP
problem (40). Its k, £-th element is given by

[Bilke = 2(ry) " PAT} = VVi(rh)Air!
and by (7b), (34), Xl < [IX]l < /NllX]la, (35), and (30) we have
VVi(riAjr
= VW(rDAT, + [VVi(r) — VW (AT,
+ VVIrDA(r — 1)

< —arill?

+ I1VVi(r) = VWA il

+ IVVIr)IIA e = il
ey 9+/3n%h a
= 3 2K
_93n%h\ _ n

+ (g BT ) R

< -+ % (é + 9~/§n2fx) ,

which is negative for every K fulfilling (29). Hence, the LP prob-
lem is feasible and the proof is finished. O

Note that Theorem 9 follows a similar line of reasoning as the
converse theorem in Hafstein (2023), which shows the existence
of continuous piecewise affine (CPA) Lyapunov functions. It is
important to note that the converse theorem presented here is
however not a corollary to the converse theorem in Hafstein
(2023). Indeed, since the set of CPQ functions is disjoint from the
set of CPA functions a separate converse theorem was needed.
Moreover, since Theorem 6 uses linear constraints to enforce
copositivity of matrices —Bj, it needed to be verified whether
these linear constraints can be satisfied for all GUES SLSs given
a sufficiently refined triangulation K7k, which is proven with
Theorem 9.

5. CPQ Lyapunov functions for CLSs

Similar to the previous section, we will show sufficient con-
ditions, that are linear in their arguments, under which a CPQ
function is a Lyapunov function for a CLS (8). Then, a converse
theorem will be presented that shows that for a sufficiently
refined CPQ function the conditions become necessary for GES.

5.1. Sufficient conditions for CPQ Lyapunov functions of CLSs

To apply the method described in the previous section to the
CLS (8), we must make the following assumption on the subsets
Fjin (8) and C; in (2). This assumption can always be satisfied by
proper selection of the triangulation 7.

Assumption 10.
given by

The intersection of ¢; and the closure of F; is
¢NF =pos(si,sl, ..., si{,q),

where mj = 0,0 < my < normy = nif ¢ ﬂ}_',- is {0}, equal
to a lower dimensional face of ¢; or equal to ¢;, respectively, and
!s‘{,sg,m,sﬁ.u) C {ri.ri,....ri}, foralli € {1,2,...,N} and
je{l.2,....M}.
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Assumption 10 can be interpreted as that the triangulation

T must be chosen such that the closure of every set 7, j €
{1,2,..., M}, of the CLS (8) is equal to the union of some convex
combinations of some vertices vy, vy, ..., v, of the triangulation
T.
For brevity, let us define ¢ := ¢; N % and

iii, = [s'{ s'zj s',’,,u] € R™™Mi, (36)
The CPQ function V is a Lyapunov function to the CLS (8),

i.e., satisfies (10a) and (10b), if

Pi>c; O

Q; =é; 0

foralli € {1,2,...,N}andj € {1,2,..., M}, where ; # {0},

and with Q; as in (12). For the first step of the two-step procedure

in Section 3.3, a CPQ function V that satisfies (37b) needs to be

constructed. Hereto we can use a slightly modified version of
Theorem 6.

(37a)
(37b)

Theorem 11. Consider a CPQ function V, parameterized as in
(2), the CLS (8) and a triangulation T that satisfies Assumption
10. Define, for alli € {1,2,...,N} and j € {1,2,..., M} where
Cyj # {0}, the matrices

Bj =RTQR; e R™*mi (38)
and Cj € R™i*™i such that
[Cijlie = [Bijlk

[Cijlke = max([Bjjlke, 0)

Vke(1,2,...,my
Yk €€ (1,2,...,my) k# €.
Ifforallie{1,2,...,N}andj € {1,2,...,M} where C; # {0},
the sum of each row of Cj; is negative, ie.,
mij
DGk <0 Vke(1,2,...,my),
=1
then V satisfies condition (37b).

Proof. The proof follows the same steps as the proof of Theorem
6, except in the final step, where it was shown that "B < 0
forall A € R;U \ {0} implies that Q;; <¢; 0. Instead, it needs to be
shown that

ATBja <0 Vie Rg‘g \{0} = Q=<0 (39)
Note that x € Cj is equivalent to x = fi,‘j)\ for some A € R:g. Thus

x"Qix <0  Wxelj\ {0}

is equivalent to

ATRI QR <0 VA RIS\ (0).
Since By = RJQ,;R;,», (39) has been proven and the proof is
complete. O

Similar to the case of the SLS, an LP problem can be con-
structed such that a solution to the LP problem parameterizes a
CPQ Lyapunov function candidate V that satisfies (37b):

find @, G; (40)
s.t. P = E [®lgmgo)Ei ik, €
Bj = R (AT P + PA)R: vi, j, G # (0}
[Cilke = Bl Vi j, k. G # (0}
[Cilke = [Bylee Vi j, k. €, Gy # (0} k # ¢
[Gilke = 0 Vi k. £.Cj # (0} k# €
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Mij

D Gl <0 Vi, k, Gy # (0.
=1

5.2. Converse theorem

Similar to the converse theorem in the previous section, we
want to show that our method always succeeds in finding a
Lyapunov function for a GES CLS (8).

Theorem 12. Assume that system (8) is GES and that the trian-
gulation K~k satisfies Assumption 10 for some K* € N. Then, the
LP problem (40) is feasible for sufficiently large K € N that satisfy
K = 2PK*, where p € N.

Proof. First, note that the condition K = 2PK* ensures that
Assumption 10 is satisfied, which is a necessary condition to
Theorem 11. Second, to prove the feasibility of the LP problem
(40), we assign values to all the variables and then show that
the constraints of the problem are fulfilled when the variables
have these values by following the same steps as in the proof of
Theorem 9.

Note that the systems in (8) and (9) are positively homoge-
neous of degree one, i.e., F(cx(t)) = cF(x(t)) for all ¢ > 0, where
F(x(t)) is the right-hand side of (9). If (8), or equivalently (9), is
GES, it is shown in Nakamura et al. (2002) that there exists a
Lyapunov function W that:

o is infinitely differentiable;
e is positively homogeneous of degree two, i.e., satisfies (23);
e and satisfies for all x and some ¢y, c;, c3 > 0

allxl* < W) < clixl?
VWXAX < —c3lIx|I* Vx € 7,
je{1,2,... .M}
Then, by following the same steps as in Theorem 9, we find that

VVi(rAjr (41)
is negative for all i € {1,2,...,N},j € {1,2,...,M}, k.t €
{1,2,...,n} for which ry, r} € 7, if
i (§+9J§nzﬁ)
K> —m—— =
C3

where @, g and h are defined in (26)-(28). If (41) is negative for
all i, j, k, ¢, then all entries of the matrices B;; in (38) are negative
and thus the LP problem (40) is feasible. O

Remark 13. In the case that system (8) and the triangulation
K~k do not satisfy Assumption 10 for any K* € N, a different
triangulation 7~ that does satisfy Assumption 10 could be used.
The converse theorem only requires that the triangulation 7
satisfies the bounds in (30) and (31). This hints at a possible gen-
eralization of our converse theorems to triangulations other than
the triangulation K~'7, which could potentially have numerical
benefits.

6. Comparison to similar methods

Alternative methods to assess the stability of SLSs and CLSs
are:

e Johansson and Rantzer (1998), which constructs CPQ Lya-
punov functions using LMIs;

e Hafstein (2002), which constructs CPA Lyapunov functions
using LP and;
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e lervolino et al. (2011), which uses the results in Bundfuss
and Diir (2009) to construct CPQ Lyapunov functions us-
ing LP similarly to our method, but with different linear
inequalities.

In this section we will highlight some differences between these
methods and the proposed method.

6.1. Comparison to constructing CPQ Lyapunov functions with LMIs

If the method of Johansson and Rantzer (1998) is applied to
the SLS (6), then (11b) would be enforced by the linear matrix
inequality

Qj + E WE; <0,

where W = W, € R™¥" would be a new optimization variable.
This is equivalent to enforcing that B;; + Wj; is a negative definite
matrix.

In our method, we enforce that Cy, defined by (14) and (15),
satisfies (16). It can be shown that this is equivalent to the
existence of a matrix Wy = W, € RZ§" such that Cj := B+ Wj; is
a strictly diagonally dominant and negative definite matrix, i.e.,

n
Gl > Y ICilkel (42)
£=1,6£k

and [Gjli < O for all k € {1,2,...,n}. See Theorem 15 in the
Appendix for the proof. The reason we do not use this equivalent
formulation in the conditions of LP problems (18) and (40), is
because the absolute operators in (42) would require a large
number of slack variables, which would increase the number of
optimization variables and linear constraints of the LP problems
and therefore it is not computationally attractive.

Nevertheless, the alternative formulation shows that our
method requires Bj + Wj; to be a negative definite and strictly di-
agonally dominant matrix, whereas the method in Johansson and
Rantzer (1998) solely requires it to be negative definite. There-
fore, given the same triangulation 7, our method will always
produce more conservative results. For example, the matrix

-1 2
CU=BU+VVU'=|:2 _5:|

is negative definite, but not strictly diagonally dominant.

Our method, however, can benefit from smaller optimiza-
tion problems and faster and more robust LP solvers (Ahmadi &
Majumdar, 2019). Hence, there is a trade-off between accuracy
and complexity. Note that both methods provide necessary and
sufficient conditions for stability if the CPQ function uses a suffi-
ciently fine partitioning of the state space (Rantzer & Johansson,
2000). Thus, the conservatism of our method compared to the LMI
method goes away for a sufficiently refined partitioning, although
the level of sufficient refinement for the LMI-based method will
always be lower or equal to the level of sufficient refinement of
our LP-based method.

6.2. Comparison to constructing CPA Lyapunov functions with LP
Linear constraints on v’ € R and ¢; e R,i € {1,2,...,N},

such that the CPA function B

V(x)= v Ex+c  ifxec,

is a Lyapunov function to a generic nonlinear system, were intro-
duced in Hafstein (2002). In Andersen et al. (2023) the method
was applied to SLSs (6) and in Palacios Roman et al. (2025) to
CLSs.
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A challenge with this method is that the number of piecewise
segments N often needs to be much larger than when using CPQ
functions. To illustrate this, consider the planar LTI system

N —e -1

=7 = (@)
where € > 0, as a special instance of the SLS (6), where n = 2
and M = 1. It was shown in Giesl and Hafstein (2010, Lemma 3.2)

that to construct a CPA Lyapunov function for (43), the Lyapunov
function requires at least N piecewise segments such that

1 sin Eal + cos 2 (44)
<€ e vl B
N N

This means that for this specific instance of (6), the CPA method
may require a computationally large LP problem to construct a
CPA Lyapunov function. This behavior can also become a compu-
tational limitation to the method when applying this method to
other instances of SLSs (6) and CLSs (8), the latter of which was
shown in Palacios Roman et al. (2025).

By contrast, for any stable instance of (6) with M = 1, our
method can always find a quadratic Lyapunov function, that sat-
isfies the conditions of Theorem 6, provided that the triangulation
T used to parameterize V satisfies the next assumption.

Assumption 14. The vertices of a simplex S; of 7 all lie in the
same orthant, for alli € {1,2,...,N}.

The proof of this fact is given in Theorem 16 in the Ap-
pendix. This shows that for these specific instances of (6), our
proposed method will require N = 2" simplices to construct a
CPQ Lyapunov function with an LP problem, whereas the CPA
method may require arbitrarily many simplices N, which is a
computational advantage of the proposed method.

6.3. Comparison to constructing CPQ Lyapunov functions with dif-
ferent linear inequalities

In lervolino et al. (2011), linear inequalities are used to verify
the existence of a CPQ Lyapunov function for stable piecewise
linear differential inclusions. The linear inequalities are based
on Bundfuss and Diir (2009) and are similar to enforcing

—[Bjjlke >0 Vi, j k¢
I o (45)
[Rj PiRijlke > 0 Vi, j, k, ¢,
i.e, that —B; and kUTP,kU, where Bjj, Rij and P; are defined re-
spectively in (38), (36) and (3), only have positive entries for all
ie{1,2,...,N}andj € {1, 2, ..., M}. This enforces that —B;; and
fi;P,k,», are copositive matrices, which are sufficient and necessary
conditions for a CPQ function to be a Lyapunov function.

Note however that a copositive matrix does not need to only
have positive entries. For example, the matrix

2 -1
—Bj= [71 2]

is copositive, but does not contain only positive entries. Whereas
the linear inequalities in Bundfuss and Diir (2009) and lervolino
etal.(2011) would not be able to verify that —B;; is copositive, the
proposed linear inequalities in (18) and (40) would, as the rows
of B; sum to negative values, i.e., our inequalities are inherently
less conservative. From numerical tests we found that for low
dimensional systems (n = 2), the difference in conservative-
ness between the linear inequalities in Bundfuss and Diir (2009)
and lervolino et al. (2011) and our proposed linear inequalities is
sufficiently small such that neither method is significantly com-
putationally more beneficial than the other. However, for larger
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dimensional systems (n > 2), the difference in conservativeness
increases, which can be explained by the growing number of
off-diagonal elements in the matrices B; on which our linear in-
equalities pose less restrictive conditions. This causes our method
to become computationally more efficient in comparison.

It is worth mentioning that in Bundfuss and Diir (2009) and
lervolino et al. (2011) their method was shown to always be
able to verify whether or not a CPQ Lyapunov function could
be constructed for a GUES SLS or GES CLS given a triangulation
7 within a finite number of steps. If no CPQ Lyapunov function
could be constructed using the given triangulation 7, the cones
of the triangulation 7" would have to be partitioned into smaller
cones. However, no converse result was given that for a GUES
SLS or GES CLS this procedure would eventually find a Lyapunov
function. On the contrary, our converse Theorems 9 and 12 show
that for a GUES SLS or GES CLS and given the triangulation 7k, we
will find a CPQ Lyapunov function that satisfies the conditions of
Theorems 6 or 11, respectively, by stepwise increasing K.

7. Numerical case study

In this section, we will demonstrate the method presented
in this paper for constructing CPQ Lyapunov functions with LP
on elementary (n = 2) examples from the literature and on
randomly generated SLSs of larger dimension (n = 4). We will
compare the proposed CPQ (LP) method with the CPQ (LMI)
method from Johansson and Rantzer (1998), the CPA (LP) method
from Hafstein (2002) and the CPQ (LP) method from lervolino
etal. (2011).

To parameterize the Lyapunov function V, the triangular fan
triangulation 7x mentioned in Section 2 is used. To solve the
LP and LMI problems, the solver Mosek (MOSEK ApS, 2021) im-
plemented in MATLAB with Yalmip (Lofberg, 2004), is used. A
description of an efficient implementation of our method in C++
is given in Andersen et al. (2024).

7.1. LTI system

Consider the normalized, planar LTI system (43) with ¢ =
0.01. Using (44), a CPA Lyapunov function for the system would
require a triangulation 7 with N > 315 piecewise segments. The
triangulation 7; is used, since then N = 2" - K"~' . n! = 328.
The CPQ (LMI) method comes down to solving the LMIs (11a)
and (11b) where N = M = 1 and ¢; = R™". The CPQ (LP)
method from lervolino et al. (2011) comes down to solving (45)
with triangulation 7.

For the proposed CPQ (LP) method, we use the triangulation
Ti (N = 8), which satisfies Assumption 14. By solving the LP
problem (18) with additional linear constraints (22), a solution
&, which parameterizes a CPQ Lyapunov function V, is found. See
Fig. 3 for a visualization of V.

A comparison between the different methods is made in Table
1. A distinction is made between the total time required to con-
struct, solve and verify the solution of the LP/LMI problem, t,
and the computation time required to solve the LP/LMI problem,
Tsol- While 7y can be reduced by using a more efficient imple-
mentation, such as the one presented in Andersen et al. (2024),
7501 is more difficult to reduce and is therefore an important scalar
when comparing the different methods.

It is clear that the CPA (LP) method uses the most computation
time, which is due to the high number of simplices N required
due to the low damping € as discussed in Section 6.2. The CPQ
(LMI) method is the fastest, which was expected as it only needs
to solve two LMIs. The proposed CPQ (LP) method and the CPQ
(LP) method from lervolino et al. (2011) are slightly slower than
the CPQ (LMI) method, but the performance is comparable. For
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2

Fig. 3. CPQ Lyapunov function constructed with the proposed method for the
LTI system (43) with e = 0.01 and 7.

Table 1
Comparison between methods for el y
NI-] Tiot[ms] Tsol[ms]
LTI system (43)
CPA (LP) (Hafstein, 2002) 328 467.7 4.893
CPQ (LMI) (Johansson & Rantzer, 1998) 1 55.25 1.306
CPQ (LP) (lervolino et al., 2011) 8 64.77 1.384
proposed CPQ (LP) 8 73.23 1.537
LS (46)
CPA (LP) (Hafstein, 2002) 400 1109 9.261
CPQ (LMI) (Johansson & Rantzer, 1998) 32 2262 10.18
CPQ (LP) (lervolino et al, 2011) 56 1619 3.707
proposed CPQ (LP) 32 186.1 3711
CLS (47)-(49)
CPA (LP) (Hafstein, 2002) 192 1181 3.603
CPQ (LMI) (Johansson & Rantzer, 1998) 32 405.8 2442
CPQ (LP) (lervolino et al, 2011) 40 1346 2174
32 169.2 2431

proposed CPQ (LP)

the two-dimensional examples, the CPQ (LP) methods will per-
form similarly: The method from lervolino et al. (2011) will be
slightly faster due to less constraints and optimization variables
in the LP problem, but may require a more refined triangula-
tion, as mentioned in Section 6.3. In Section 7.4 the difference
between the two method for larger dimensional systems will be

highlighted.
7.2. Switched linear system with arbitrary switching

Consider the SLS (6), where M = 2 and

0 1 0 1
A‘:[—o.m —2]' AZ:[—ng —2}

This system was studied in Andersen et al. (2023), where CPA
Lyapunov functions were constructed using linear programming.
It was shown that a CPA Lyapunov function could be constructed
if the triangulation 75o was used.

To construct a CPQ Lyapunov function with the proposed
method, the triangulation 73 is used. By solving the LP problem
(18) with additional linear constraints (22), a solution &, which
parameterizes a CPQ Lyapunov function V, is found. See Fig. 4

(46)

Automatica 186 (2026) 112838

i
i
{

{
\
i
i
A

(o)

Fig. 4. CPQ Lyapunov function constructed with the proposed method for the
SLS (6) with system matrices (46) and 7.

for a visualization of V. The CPQ (LMI) method also requires a
triangulation 73. The CPQ (LP) method from lervolino et al. (2011)
requires a triangulation 73.

A comparison between the four methods is made in Table 1.
Note the difference between the triangulations: the triangulation
Tso of a two-dimensional vector space consists of 400 simplices,
whereas 73 consists of only 32 simplices. This shows for this
example that in order to construct a CPA Lyapunov function more
simplices are required than to construct a CPQ Lyapunov function.
The LP problem of the CPA (LP) method is solved in a similar
amount of time 5, as the CPQ (LMI) method. However, due to
the large number of simplices N, constructing the LP problem of
the CPA (LP) method causes 7 to be much larger. The CPQ (LP)
methods perform best in this example, having both the lowest 75,
and Ty This can be attributed to the low number of simplices N,
which is thanks to the increased flexibility of CPQ functions over

CPA functions, and the computational advantages of LP over LMI

solvers.
7.3. Conewise linear systems

Consider the CLS (8), where M = 4,

A=A = [‘35'1 7(1”] (47
Ay= Ay = [_—Oi] N J (48)
and

fﬂJﬁ:(xeR"Ixfzx%} (49)

FUF ={xeR"|x <x3}.

This system was studied in Johansson (1999), where CPQ Lya-
punov functions were constructed using LMIs. In Johansson (1999),
a triangulation similar to 77 (N 8) was used. However, in
the example sliding mode behavior was not taken into account,
since for this particular example there are no sliding modes. If we
explicitly check for the stability of sliding modes, a triangulation
Ta (N = 32) is required.

75
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Fig. 5. CPQ Lyapunov function constructed with the proposed method for the
CLS (8) with system matrices (47) and (48), subsets (49) and 7.

To construct a CPQ Lyapunov function with LP with the pro-
posed method, the triangulation 7; is used. By solving the LP
problem (40) with additional linear constraints (22), a solution
@ which parameterizes a CPQ Lyapunov function V is found. See
Fig. 5 for a visualization of V. The CPA (LP) method is adapted
for the stability analysis of SLSs, see Palacios Roman et al. (2025),
and is applied to this example as well. The CPQ (LP) method
from lervolino et al. (2011) requires the triangulation 7s.

See Table 1 for the comparison between the three methods.
Similar to the previous example, the CPA (LP) method requires
the most simplices N, causing the method to have the highest ;.
The CPQ (LMI) method has the highest 7, due to requiring an LMI
solver over an LP solver. The CPQ (LP) methods achieve the lowest
Tso1 and 7y as they benefit from the best of both other methods:
They require a low number of simplices N due to the flexibility
of CPQ functions and they can benefit from fast LP solvers.

7.4. Randomly generated SLSs of dimension n = 4

Finally, we consider a set of 1000 GUES switched linear sys-
tems that were randomly generated. The SLSs are of the form
(6) with n 4 and M 2. All four previously mentioned
methods for constructing Lyapunov functions are applied to these
systems with the triangulation 7;. We define the accuracy « of a
method as the percentage of systems for which the method can
find a function V that is decreasing along all trajectories of the
system (i.e., step one of the two-step procedure in Section 3.3).
All four methods would succeed in finding a Lyapunov function
given a sufficiently refined triangulation 7k (a converse result for
the method in lervolino et al. (2011) is implied by our converse
theorems), but we are interested in the accuracy and computation
time given a set triangulation. The used code is precompiled,
which reduces 7., compared to Table 1.

See Table 2 for the comparison between the four methods,
where the mean and standard deviation of i, and 7,4 are pro-
vided. The methods are ordered by their achieved accuracy and it
can be seen that 7y, and 7 increase with accuracy. The proposed
method sits in between the CPQ (LP) method from lervolino et al.
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Table 2
Comparison between methods for randomly generated SLSs.
o [%]  tior[ms] Tsol[ms]
CPA (LP) (Hafstein, 2002) 510 128 £ 391 7.81 %275
CPQ (LP) (lervolino et al., 2011) 159 96.9 + 557 654 + 5.16
proposed CPQ (LP) 214 398 +264 148 + 193
CPQ (LMI) (Johansson & Rantzer, 1998) 36.4 839 = 76.6 232 + 59.2

(2011) and the CPQ (LMI) method from Johansson and Rantzer
(1998) in both accuracy (which follows from the analysis in
Sections 6.1 and 6.3) and computation time. This shows how the
proposed method achieves the highest accuracy of the LP-based
methods and thus comes closer to the accuracy of the CPQ (LMI)
method from Johansson and Rantzer (1998), while still having
lower computation times than the LMI method.

8. Conclusion

We have presented a method for constructing CPQ Lyapunov
functions for switched linear systems and conewise linear sys-
tems by making use of LP. In comparison to classical LMI methods,
LP may offer computational advantages especially for problems
involving a large number of optimization parameters and con-
straints, which is the case when accurate analysis with CPQ
functions requires a partition of the state space with a large
number of regions. In order to arrive at an LP problem, we
formulated sufficient conditions for the copositivity of matrices in
terms of testing diagonal dominance. This involves defining linear
constraints that can be solved using an LP. Interestingly, despite
that there is some conservatism in the formulation of copositivity
of a matrix in terms of linear inequalities, we provided converse
theorems guaranteeing the feasibility of our LP conditions in case
of a G(U)ES SLS or CLS and a sufficiently refined partitioning.
Hence, there is no conservatism in our LP conditions provided
that the partitioning is sufficiently refined. The method is shown
to be the least conservative of the LP-based methods Hafstein
(2002) and lervolino et al. (2011) given a fixed partitioning and
numerically competitive with the LMI-based method in Johans-
son and Rantzer (1998) on various CLSs and SLSs. For future work,
the method could be generalized to piecewise linear and affine
systems, as well as discrete-time versions of those systems and
the systems considered in this paper.

Appendix. Auxiliary theorems

Theorem 15. Given a matrix B = B' € R"™", define C = C' €
R™" as
[Clk = [Blik Vke{1,2,...,n} (A1)
[Cle =max([Bl.0)  Vk.€e{l.2,....n},k#¢  (A2)
Then, C satisfies

n

SUChe <0 Vke{1,2,....n} (A3)

=1

if and only if there exists W = W' e RYY" such that B+ W is a
negative definite and strictly diagonally dominant matrix.

Proof. First, we will prove the “only if” part of the theorem. If
C as defined in (A.1) and (A.2) satisfies (A.3), then C is negative
definite (see first step in Theorem 6) and strictly diagonally
dominant, because
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0> [Cle
=1

~[Clu> Y [Cle
e=1,0£k
Clal > Y IChel-

=16k

Here we make use of the fact that the off-diagonal entries of C are
nonnegative. Thus, W = C — B is an admissible solution to ensure
that B+ W is negative definite and strictly diagonally dominant.

Next, we will prove the “if” part of the theorem. Note that
if D B + W is negative definite, its diagonal entries fulfill
Dl = e,fDe,( < 0, where ey is the standard kth unit vector.
Since W only contains nonnegative entries,

0> [Dlix > [Cle  Vke{1,2,...,n}
|[Dlkel = I[Clkel  Vk, €€ {1,2,....,n},k#¢.
Therefore, C must be strictly diagonally dominant if D is strictly

diagonally dominant and the diagonal of C must only contain
strictly negative entries. Thus, C will satisfy (A.3). O

Theorem 16. Given an LTI system

X = Ax, (A4)
where x € R" is the state and A € R"™" is Hurwitz, there always
exists a CPQ Lyapunov function V that satisfies the conditions of
Theorem 6, provided that V is parameterized with a triangulation
T that satisfies Assumption 14.

Proof. First, note that (A.4) is a special case of (6) where M = 1
and thus Theorem 6 can be applied.

Second, suppose that the CPQ Lyapunov function V is a
quadratic Lyapunov function V. = x"Px, ie, P; P for all
i€ {1,...,N}, where P is the solution of the Lyapunov equation

ATP+PA=—I. (A5)

It is a well-known result that V is then a Lyapunov function
of (A.4). Now, we prove that P also satisfies the conditions of
Theorem 6 to complete the proof.

The matrices Q; in (11b) will be equal to —I for all i
{1,...,N} and j = 1. Therefore,

Bj =R QiR = —R[R;

Since the columns of R; are vertices of a simplex S; of a triangu-
lation 7, Assumption 14 implies that B; has only negative entries
on its diagonal and nonpositive entries otherwise. Then, if we
define Cj according to (14) and (15), the diagonal entries of Cj
will also be negative and the off-diagonal entries will be zero.
Such matrices Cj will satisfy conditions (16). O
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Recently, continuous, piecewise linear Lyapunov functions were used
to compute the minimum average-dwell time needed to assert global
exponential stability for switched linear systems. Here, we use con-
tinuous, piecewise quadratic Lyapunov functions to do the same and
compare the efficiency of the two methods. As in the case for piecewise
linear Lyapunov functions, we use linear programming to parametrize
our Lyapunov functions on a conical subdivision of the state-space.
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Minimum Average Dwell-Time Computations via
Continuous Piecewise Quadratic Lyapunov Functions

Stefania Andersen' and Sigurdur Hafstein!

Abstract— Recently, continuous, piecewise linear Lyapunov
functions were used to compute the minimum average-dwell
time needed to assert global exponential stability for switched
linear systems. Here, we use continuous, piecewise quadratic
Lyapunov functions to do the same and compare the efficiency
of the two methods. As in the case for piecewise linear Lyapunov
functions, we use linear programming to parameterize our
Lyapunov functions on a conical subdivision of the state-space.

I. INTRODUCTION

We consider switched linear systems of the form

x=Aox, o(t) €{L,2,..., Nuns} = P, [€))

where the A; € R™*"™ are Hurwitz matrices, i.e. the real-parts
of the eigenvalues are negative and the origin is globally
exponentially stable (GES) for the individual subsystems
% = A;x. Such systems have been intensively studied in
the literature, see e.g. [9], [21], [19], [6], [8], [7]. GES of
the origin for the arbitrary switched system (1) means that
there exist constants M, 3 > 0, such that for any switching
signal o: Ry — P, Ry := [0, 00), i.e. right-continuous and
only with finitely many discontinuity points on any finite
interval, and any initial value £ € R™, we have

%o (t; )ll2 < M exp(—5t)||€ll2

for all t € Ry. Here ¢t — x,(t;€), x,(0;€) = &, is the
solution to (1) with switching o. This means that ¢t —
X, (t;€) is continuous and with 0 =ty < t; < tp < ...,
where the ¢;,ts,... are the discontinuity points of o, also
called switching times, we have X(t;€) = Ag,)x(t; &) for
all t; <t <tip1,1=0,1,....

Although the origin is GES for each subsystem %X =
A;x, i € P, this does not necessarily hold true for the
arbitrary switched system, see e.g. [18] for a counterexample.
However, if one demands a large enough minimum average-
dwell time (MADT) on the switching, then the origin is
always GES for the switched system; see e.g. [15], [18].
Denote by N,(t,s) the number of switching times of the
switching signal o: R — P on the open time-interval (s, t).
The switching signal o is said to have an MADT 7, > 0, if
there exists a constant Ny > 0 such that

t—s

Ny (t,s) < No+

Ta
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for every finite interval (s,t) C R.. If there are no restric-
tions on N, (¢, s), except that it is finite for any finite interval
(s,t), we say the MADT is equal to zero. We denote the set
of all switching signals with MADT 7, > 0 with X, .

An interesting question for the system (1) with concrete
matrices A;, i € P, is now: what is the MADT 7, > 0, for
which we can assert the GES of the origin for all switchings
in ¥, ? To tackle this question, the following theorem
from [4], which is adapted from Theorem 3.2 in [18], is
useful. It gives a sufficient condition in terms of Lyapunov
functions for the individual subsystems. Recall that K is the
set of strictly increasing, unbounded, continuous functions
B: Ry — Ry with 8(0) = 0.

Theorem 1: Assume that for each i € P, there exists a
locally Lipschitz continuous function V;: R™ — R, such that

a([x[l2) < Vi(x) <a*(|x]2), VieP, (2a)
DY Vi(x,Aix) < —aVi(x), VieP, (2b)
Vi(x) < pVj(x), Vi,jeP, ()

where @*,a* € K, a > 0, and p > 1. Then the origin is
GES for the switched system (1) for every switching o with
average dwell-time 7 fulfilling
1
7> ) ©)
o
i.e. for every o € 3, if > 1 and for an arbitrary switching
oif p=1.
]

Here,
D*V;(x, Aix) := limsup Vi + hAix) = Vilx)
h—0+ h
is the Dini-derivative of V; along the solution trajectory of
the system x = A;x at the point x € R"™.

In [14], [2], [4] linear programming (LP) was used to pa-
rameterize continuous and piecewise affine (CPA) Lyapunov
functions, that are then extended to continuous, cone-wise
linear Lyapunov functions, for the system (1) to compute
sufficiently large MADT to assert GES of the origin; of
course one is interested in as low MADT as possible needed
to assert stability. In more detail, in Corollary 2 in [14] the
conditions of Theorem 1 are enforced through the stricter
conditions

allx[l2 < Vi(x) <alx[l2, VieP, (42)
DYVi(x,Aix) < —ax|l2, VieP, (4b)
Vi(x) < pVi(x), Vi,jeP, (4¢)



for fixed constants a,@ > 0 and g > 1, and then o >
0 was maximized. From the existence of these Lyapunov
functions one can then assert GES of the origin for every
switching signal with MADT 7 > @ln(u)/c. In [4] CPA
Lyapunov functions fulfilling (4a) and (4c), but (2b) instead
of (4b), were computed for constants a,a,a > 0 and p > 1.
Note that these are just the conditions in Theorem 1 for CPA
Lyapunov functions. From the existence of these Lyapunov
functions one can then assert GES of the origin for every
switching signal with MADT 7 > 0 fulfilling (3).

Note that while one can maximize o > 0 in the LP
associated to (4) to obtain as low 7 > 0 as possible for the
given constants a,@ > 0 and p > 1, this is not possible in an
LP for (2) because of the term a'V;(x), which is quadratic in
the variables. Hence, in [4] an algorithm was presented for
efficiently searching the (c, p)-plane for values delivering
the lowest MADT needed to assert GES and we will use
this algorithm in our numerical experiments.

Note that the LP method in [14] was able to deliver lower
estimates on the MADT needed to assert GES of the origin
than a standard linear matrix inequality (LMI) approach to
compute quadratic Lyapunov functions, see [2]. However,
a triangulation of the state-space is needed and for some
systems this can be limiting. Indeed, as discussed in [10],
a large number of simplices in the triangulation is needed
to compute CPA Lyapunov functions for some systems, in
particular if the negative real parts of some eigenvalues are
small but the imaginary parts are not. To tackle this problem
continuous and piecewise quadratic (CPQ) Lyapunov func-
tions have been suggested, e.g. in [17], [16], but until recently
one needed semidefinite programming (SDP) to parameterize
such Lyapunov functions using LMIs. However, recently in
[20] an LP approach was suggested to parameterize CPQ
Lyapunov functions for switched linear systems; its efficient
implementation was described in [5]. In this paper we present
an LP problem to parameterize CPQ Lyapunov functions for
the individual subsystems x = A;x, ¢ € P, that additionally
fulfil the compatibility conditions (2c), and we compare
this method with the method in [4], which uses LP to
parameterize CPA Lyapunov functions, to obtain a (low)
MADT needed to assert GES of the origin for the switched
system (1).

The rest of this paper is organized as follows: In Section
II we describe the LP problem to compute CPQ Lyapunov
functions that deliver a MADT 7 > 0, such that GES
of the origin is asserted for the switched system (1) for
every switching ¢ € X,. In Section III we compare our
novel approach using CPQ Lyapunov functions to the CPA
Lyapunov functions approach from [4]. Since o € 3
corresponds to arbitrary switching o, this analysis includes
a study of the computation of CPQ common Lyapunov
functions (CLFs) and CPA CLFs. Finally, in Section IV we
give some conclusions.

II. CPQ LYAPUNOV FUNCTIONS FOR MADT ANALYSIS

To compute CPQ Lyapunov functions fulfilling the con-
ditions of Theorem 1 for the system (1) in order to obtain

Vg

V2

Vo

Y

V6

Fig. 1: Triangulation 7;F with simplices &, and vertices v;
indexed

a MADT that guaranties exponential stability of the origin,
we adapt the method to compute CPQ Lyapunov functions in
[5], [20]. Let us recapitulate the method: first a subdivision
of the state-space into cones with the apex as the origin is
needed. This is done by using the triangulation 7',? described
in detail in e.g. [14], and then extending the n-simplices
to cones; the parameter X' € N fixes the number of the
simplices in the triangulation 7, which is approximately
spherically symmetric [1]. See Fig. 1 for a schematic figure
of the triangulation 7;F in two-dimensions.
In a little more detail, we have n-simplices

S, = co{xg,x{,....x\}, vel,

where I is an index set for the simplices and x§ = O for all
v € I. These simplices have the property that two different
simplices intersect in a common face and that |J,.; &, is
a neighbourhood of the origin. Each point x € &, can be
written uniquely as a convex combination of the vertices of
G, ie.x =Y g Nx?, S A =1, \; € [0,1]. For each
simplex &, we define the cone (recall xf = 0)

n
¢, = cone{x{,x},....x\} = {Z Xyt N > 0}
i=1
and these cones subdivide the state-space R™.

Our LP problem will attempt to parameterize Lyapunov
functions V;: R™ — R as in Theorem 1, that additionally are
quadratic on each cone &,,. For this we need a parametrized
representation of such CPQ functions and we need to express
the conditions (2) as linear constraints in these parameters.
Let us first discuss the parametrized representation.

For each simplex &,, v € I, define the matrix X, =
[x{,x5, -+, xp] € R"™™", ie. the x are the columns of
X,; see e.g. [3] or Remark 9 in [11] for a discussion of this
definition. Clearly, every point x € €, can be written in a
unique way as x = X, A, A € R’.. On each cone €, the
function V;, i € P, will have the formula V;(x) = xTPL”x,
PZV E R’UXHI

Now one could proceed by using the entries of the matrices
PY,velandiec P as variables, to express the conditions
(6) below in these variables. However, we prefer to use the
parametrization from [5], [20], [16]. For this we collect all
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the variables for the matrices P, v € I, in a symmetric
matrix of variables ®; € RP*P_ such that for each cone €,
v € I, we have U := XTI PYX,, where the (k,()-th entry
1y of the matrix W% € R™*" is the (g, (k), g,,(¢))-th entry

Lp;?(k).gy(z) of the matrix of variables ®;. The functions
g {1,2,....n} = {1,2,...,p}, vel,

are defined such that x} = v, (;), where vy, va,..., v, are
the different vertices of the triangulation 7 and take care of
the correct assignment to the variables in ®; for P}. Note
that when two vertices of different simplices &, and &,
are equal, i.e. x/ = x;‘ then g, (i) = g,(j). This can be
done in an identical way for all i € P. Now, for an x =
S AixY = XX € €, we have
Vilx) = x"Px = ATXT () T0Y X XA

(5)

"

_\T _ (i)

=A WA= kZZ MNP, (1) 00 0)°
=1

Hence, the n xn-matrix ¥} = (w;‘,.'_';)k’l = (@_E]"x")(,‘,)ygyw)u
is essentially the matrix P! in the cone-coordinates A on
¢,. From (5) it follows that x” PYx > 0 is equivalent to
WY being strictly copositive; recall that a matrix M € R™*"
is said to be copositive if x” Mx > 0 for all x € R’} and
strictly copositive if x”Mx > 0 for all x € R% \ {0}.

In [5] it is shown that the V; are well-defined and contin-
uous when they are defined in this way, i.e. if x € €, N ¢,
v, p € I, the value V;(x) in (5) does not depend on whether
one uses €, or €.

Now let us turn to how to express the constraints (2) in
Theorem 1 for our piecewise quadratic Lyapunov functions.
It is not difficult to see that if V;(x) = x” P’x on €,, then
the conditions in (2) are equivalent to: for every v € I we
have for every x € €, \ {0} and every 4,j € P that

xTP/x > 0, (6a)
x" (ATPY + PYAi +aP!)x <0, (6b)
x"(PY — pP!)x <0. (6¢)

For (6b) just note that for every x € R™ there must be at
least one €, such that x+ [0, h]A;x € €, for a small enough
h >0 and then
Vi hAix) = Vi
D*Vi(x, Aix) = limsup M
h—0+ h
. (x+hA;x)T P/ (x + hA;x) —xTP'x
= limsup
h—0+ h
=x" (AT P/ + P/ A) x.

Note that if ;> 1 we do not have to explicitly enforce the
constraints (6a) if, for every v € I, we take care that for at
least one i € P we have x” Pix # 0 for all x € €, \ {0}.
That is, x" Pyx > 0 for all j € P and all x € €, \ {0}
is then implicitly enforced by the conditions (6¢). To see
this, assume for a contradiction that x” P;x < 0 for some
x € €, \ {0}. Then, by (6¢) we have

xT(uPj)x > xTPx > p-x" Px = xT (uP;)x > x" Pjx,

which is impossible because 0 > - xT P;ix > x” Pjx and
u > 1. Hence, x'Pix > 0 and x"Pjx > p~'x"Px > 0
for all x € €, \ {0}.

To express the constraints (6b) and (6¢) as linear con-
straints in our variables for our LP problem it is advantageous
to define the matrices

Q¢ =XI (ATP/ + P/ A +aP}) X,
and  RY;:=X] (P'-pP/)X,

for all v € I and all 4,j € P. Note that in the cone
coordinates A = X 'x we have

N'Qux=xT (ATPY + PYA; + aP¥) x
and )\TR;’,])\ =x"(pP; - uPy)x

50 (6b) is equivalent to —Q¥ being copositive and (6¢) is
equivalent to — Ry ; begin copositive.

For asserting the copositivity of the matrices through linear
constraints we use the following theorem proved in [20].

Theorem 2: Let B € R™*™ be a symmetric matrix and
let C' € R™*" be a symmetric matrix such that ¢, = by k.
Cre > by, cpe >0, forall k, 0 =1,2,...,n, k # (. Then
—B is copositive if 22:1 cpe <Oforall k=1,2,... nIf
the inequality is strict for all &, then — B is strictly copositiv[c;.I

We close this section by summing up how we compute
CPQ Lyapunov functions for the system (1) as in Theorem
1 and writing out the components of the relevant matrices
WY, Q%, and RY; in the variables o}’

For the system (1) we use LP and Theorem 2 to obtain
copositive n x n-matrices Q¥ and RY;,v=12,...,N and
i,j € P, where

v ([ iw v (i
Qf = (%,/)N and R}; = (M-./ )A-.z/’

(%), , = X'AX, € R, the

have, with A’L’ =

components

n

Y i i

e = (D 0Ae g0 T “iz‘f’glxkxgur))
r=1

+ APy, (1),9.(0

and (i) ©)
i
TRE = Pou.an©) ™ Kok,

Additionally, we enforce ¥ = (w(;v)(’“)ﬂv(“)k,z to be
strictly copositive for ¢ = 1, again using LP and Theorem
2. If we obtain a feasible solution to our LP problem for
some given parameters « > 0 and ;o > 1, i.e. are successful
in generating the copositive matrices @7 and RY;, then
the Lyapunov functions V; for the subsystems x = A;x
are defined using the matrices P¥ = (X, )TW/ X!, and
the origin is GES for every switching signal with MADT
7 > In(p)/cv. In particular, if 4 = 1, we have V; = V5 =
<o+ = Vn,,. =V, the function V' is a CLF for all the
subsystems X = A;x, i € P, and the origin is GES under
arbitrary switching.
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Fig. 2: Trajectories of the subsystems considered starting at
(1,1). The system matrices are defined in [2].

III. NUMERICAL EXPERIMENTS

In this section we compare our method to compute CPQ
Lyapunov functions as in Theorem 1 using LP to the method
in [4], where LP is used to compute CPA Lyapunov func-
tions. The solver we use in all cases is Gurobi [12]. We
consider the switched linear system (1) with Ny € {2,3,4}
subsystems in our comparison. The subsystems are chosen
from the 20 planar systems defined in [2], where the formulas
for the matrices A; are given; their trajectories can be seen
in Fig. 2. We use all possible 50C2 = 190 combinations of
two subsystems, all 590C3 = 1,140 combinations of three
subsystems, and all 50C; = 4,845 combinations of four
subsystems; altogether 6,175 switched systems.

‘We want to get a picture of what is happening for both high
and low resolutions of the triangulation. We performed the
computations using the triangulations Tlf with the scaling
factors K € {1,2,...,10}; in the plane 7;¥ consists of 8K
triangles. For each switched system we first try to find a
CLF for the subsystems, i.e. we use ;# = 1 and a small
a > 0, see also [3], [20] for such methods for CPA- and
CPQ CLFs, respectively. If a CLF can be computed for the
subsystems, then the origin is GES for the switched system
under arbitrary switching, i.e. with a MADT equal to zero.

If we are not successful in computing a CLF for the
subsystems, then we use the algorithm from [4] to find a
MADT 7 > 0 that asserts GES of the origin for the switched
system. We are interested in computing as small MADT
7 > 0 as possible, and the algorithm searches the (o, pu)-

plane for values such that we obtain a feasible solution to
the LP problem with 7 = In(p1) /a as small as possible. The
feasibility problem can either be the LP problem described
in the last section to obtain CPQ Lyapunov functions or the
LP problem from [4] to compute CPA Lyapunov functions.
The algorithm walks along and jumps between level sets of
7(a, i) == In(p) /v, see (3), in order to efficiently search
for the MADT needed for stability. It is defined as follows:

Algorithm 3: We fix N,M € Ny N > 2, and a,b,a > 0

and distribute the values a = 7v < Tn_1 < ... < T2 <
71 =band 0 < oy < ... < apy < @ uniformly, i.e.
j—1 i
Tj:(a—}))N71+b and =Ty

forj=1,2,...,Nandi=1,2,..., M.

Set i =1 and j = 1. Then execute:

1) Solve the feasibility problem with o = «; and p =

exp(7jo).

2) o If there is a feasible solution to the problem, then

increase j by one, i.e. j < j + 1, and go back to
step (1). That is, we decrease 7 from 7; to 741
and check if this problem, with a lower MADT
and a smaller 1 = exp(7j410;), also has a feasible
solution.
If there does not exists a feasible solution to the
problem, then increase i by one, i.e. i < i+1, and
go back to step (1). That is, we increase « from «;
to a1 and set 1 = exp(7jc41) and check if this
problem, with the same MADT 7 = 7;, but with
larger parameters « and p, has a feasible solution.
This algorithm is discussed in detail in [4]. A strict upper
bound @, i.e. the optimal interval [0,@] on the a-axis, can
be computed apriori depending on the subsystems and the
type of Lyapunov functions and the search for optimal pairs
(o, p1), such that 7 = In(u) /e is as low as possible, is much
more efficient than an exhaustive search and with almost as
good results.

In our experiments, the total number of variables in the
LP problem to compute CPQ Lyapunov functions, when the
switched system has two, three or four subsystems, is roughly
3.8, 4.8 and 5.8 times the number of variables in the LP
problem to compute CPA Lyapunov functions, respectively.
The number of constraints in the LP problem to compute
CPQ Lyapunov functions is in all cases roughly 2.6 times
the number of constraints in the LP problem to compute CPA
Lyapunov functions.

A. Results

Since our method first attempts to compute a CLF, we
get a comparison of the efficiency in computing CPQ- and
CPA CLFs for a given resolution K of the triangulation.
The results are summarized in Table I. The LP problem
for a CPQ CLF always has a feasible solution if the LP
problem for a CPA CLF has a feasible solution and often,
for a given resolution parameter /, one can generate a CPQ
CLF but not a CPA CLF. Note that for large enough K
the LP for a CPA CLF will have a feasible solution and
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TABLE I: The number of switched systems, where the LP
for CPQ CLF (2 = 1) had a feasible solution for the same,
or lower, triangulation scaling factor K than the LP for CPA
CLF. The results are split by the number of subsystems Ngyps
along with the overall count on the right. Note that in some
cases (summarized in the bottom line) we found no CPA
CLF with K < 10 although we could compute a CPQ CLF.

N | 2 3 4 | suMm

Same K | 18 13 2 33
Lower K | 109 389 741 | 1239

no CPA CLE | 15 120 397 | 672

also parameterize a CLF, see [13] for a proof. In Fig. 3
we plot the computed mean MADT, needed to assert GES
of the origin for the switched system, as a function of the
scaling parameter K. We do this using all the switched
systems, for which we were able to compute a CPQ CLF
with K < 10, and we compare the CPQ Lyapunov functions
approach and the CPA Lyapunov functions approach. For
Algorithm 3 we computed the optimal @ as described in
[4] and set [a,b] = [Twmin, Tmax] = [0,25], except for the
CPA Lyapunov functions approach with low K, where we set
b = Tmax = 100 and used 7 = Tyax = 100 for the statistics
when we did not get a feasible solution. Additionally, we
plot the maximum values for the needed MADT using error
bars; the minimum value is always zero. The results are clear:
the CPQ Lyapunov function approach clearly outperforms
the CPA Lyapunov function approach in computing a CLF,
when one exist, and even if a CLF cannot be computed for a
given K, then the CPQ Lyapunov function approach usually
delivers a much lower MADT needed to assert GES.

Now, let us turn to the switched systems, for which we
were not able to compute a CLF. In most or all of these cases
we may assume, that a MADT restriction 7 > 0 is needed on
the switching for GES of the origin for the switched system.
In Fig. 4 we plot the computed mean MADT needed to assert
GES of the origin as a function of the scaling parameter
K. We do this using all the switched systems, for which
we were not able to compute a CPQ CLF with K < 10,
and we compare the CPQ Lyapunov functions approach
and the CPA Lyapunov functions approach. The parameters
for Algorithm 3 were set as above. For low K the CPQ
Lyapunov functions approach again clearly outperforms the
CPA Lyapunov functions approach. Notably, the computed
MADT needed to assert GES does improve very little for
larger K in the CPQ Lyapunov functions approach, which
means that it is sufficient to use small K to get good results.
For small K the CPA Lyapunov functions approach delivers
much higher MADT needed to assert GES of the origin
for the switched system than the CPQ Lyapunov functions
approach. The results improve with larger K and the message
is: the CPA Lyapunov functions approach needs more refined
triangulations to deliver acceptable results.

To analyse this further, we compare in Fig. 5 how often
the CPQ Lyapunov function approach delivered a lower
MADT needed to assert GES than the CPA Lyapunov

MADT

MADT

50 100 150 200 250 300 350 400 450 500
Number of problem variables

Fig. 3: Mean value of the MADT needed to assert GES
of the origin as a function of the triangulation scaling
factor K (top) and the number of problem variables in the
LP problem (bottom), but only for the systems where we
were able to generate a CPQ CLF. Comparison between
the CPQ Lyapunov functions and CPA Lyapunov functions
approaches. The error bars show the maximum values in
each case. Note the logarithmic scale of the MADT-axis.
The minimum values were all equal to zero, i.e. there was
always a switched system where we could assert the GES of
the origin under arbitrary switching.

function approach. We performed this analysis separately for
switched system with two-, three- and four subsystems and
we considered all the switched system, both those for which
we were able to compute a CLF and those where we were not
able to compute a CLF. The results are again very interesting.
For low K, the advantage of the CPQ Lyapunov approach
is larger for more complicated switched systems, i.e. with
more subsystems.

IV. CONCLUSIONS

‘We presented an algorithm to parameterize continuous and
piecewise quadratic (CPQ) Lyapunov functions for linear
switched systems on a triangulation of the state-space. The
algorithm generates a linear programming (LP) problem, of
which every feasible solution parameterizes CPQ Lyapunov
functions for the subsystems of the switched system that
fulfil a compatibility condition such that one obtains a
minimum average-dwell time (MADT) 7 > 0 sufficient
to assert that the origin is globally exponentially stable
(GES) for every switching fulfilling the MADT condition.
We compared our novel algorithm in numerical experiments
to an algorithm in the literature that uses LP to parameterize
continuous and piecewise affine (CPA) Lyapunov functions.
Our new algorithm compares very favourably, in particular
for triangulations with few triangles and for switched systems
with several subsystems. Further, our numerical experiments
showed that CPQ Lyapunov functions are substantially su-
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Fig. 4: Mean value of the MADT needed to assert GES of
the origin as a function of the triangulation scaling factor
K (top) and the number of variables in the LP problem
(bottom), but now for the systems where we were nor able
to generate a CPQ CLF. Comparison between the CPQ
Lyapunov functions approach and CPA Lyapunov functions
approach. The error bars show the maximum- and minimum
values in each case. Note the logarithmic scale of the MADT-
axis.

1L

1 2 3 4 5 6 7 8 9 10

Fig. 5: Bar plot that shows the portion of systems where the
CPQ Lyapunov functions approach delivered lower MADT
needed to assert GES of the origin than the CPA Lyapunov
functions approach for each of the triangulation scaling
factors K = 1,2,...,10. The switched systems have two
(top), three (middle), and four (bottom) subsystems.

perior for computing common Lyapunov functions (CLFs)
for the subsystems, asserting the GES of the origin under
arbitrary switching, when they exist.

REFERENCES

[1]1 S. Albertsson, P. Giesl, S. Gudmundsson, and S. Hafstein. Simplicial
complex with approximate rotational symmetry: A general class of
simplicial complexes. J. Comput. Appl. Math., 363:413-425, 2020.

[2] S. Andersen, E. Augusl S deslem and J. Piccini.  Simulation
and Modeling M Te logies and Applications, chapter
Numerical Computations of Lyapunov Functions for Switched Linear
Systems, pages 192-213. Springer, 2024.

[3] S. Andersen, P. Giesl, and S. Hafstein. Common Lyapunov functions
for switched linear systems: Linear programming-based approach.
IEEE Control Systems Letters, 7:901-906, 2023.

[4] S. Andersen and S. Hafstein. Investigating average dwell-time con-

straints on multiple Lyapunov functions for switched linear systems. In

IFAC Proceedings Volumes: Proceedings of the 13th IFAC Symposium

on Nonlinear Control Systems (NOLCOS), volume to appear, 2025.

S. Andersen, S. Hafstein, J. Palacios Roman, and S. van den Eijnden.

Efficient implementation of piecewise quadratic Lyapunov function

computations for switched linear systems. In Proceedings of the 21st

International Conference on Informatics in Control, Automation and

Robotics - Volume 1: ICINCO, pages 277-284. INSTICC, SciTePress,

2024.

E. Blanchini and P. Colaneri. Vertex/plane characterization of the

dwell-time property for switching linear systems. In 49th IEEE

Conference on Decision and Control (CDC), pages 3258-3263, 2010.

C. Briat. Convex conditions for robust stabilization of uncertain

switched systems with guaranteed minimum and mode-dependent

dwell-time. Systems and Control Letters, 78:63 — 72, 2015.

G. Chesi, P. Colaneri, J. C. Geromel, R. Middleton, and R. Shorten.

A nonconservative LMI condition for stability of switched systems

with guaranteed dwell time. /EEE Transactions on Automatic Control,

57(5):1297-1302, 2012.

W. Dayawansa and C. Martin. A converse Lyapunov theorem for a

class of dynamical systems which undergo switching. /EEE Trans.

Automat. Control, (44):751-760, 1999.

[10] P. Giesl and S. Hafstein. Existence of piecewise linear Lyapunov
functions in arbitrary dimensions. Discrete Contin. Dyn. Syst. Ser. A,
32(10):3539-3565, 2012.

[11] P. Giesl and S. Hafstein. Revised CPA method to compute Lyapunov
functions for nonlinear systems. J. Math. Anal. Appl., 410:292-306,
2014.

[12] Gurobi Optimization, LLC. Gurobi Optimizer Reference Manual,
2024.

[13] S. Hafstein. Lyapunov functions for switched linear systems: Proof of
convergence for an LP ional approach. IEEE Control Systems
Letters, 7:3283-3288, 2023.

[14] S. Hafstein and A. Tanwani. Linear programming based lower bounds
on average dwell-time via multiple Lyapunov functions. European
Journal of Control, 74:100838, November 2023.

[15] J. Hespanha and A. Morse. Stability of switched systems with average
dwell-time. In In Proc. 38th IEEE Conference on Decision and
Control, pages 26552660, 1999.

[16] M. Johansson. Piecewise Linear Control Systems. PhD thesis: Lund
University, Sweden, 1999.

[17] M. Johansson and A. Rantzer. Computation of piecewise quadratic
Lyapunov functions for hybrid systems. IEEE Trans. Automat. Control,
43(4):555-559, 1998.

[18] D. Liberzon. Switching in systems and control. Systems & Control:
Foundations & Applications. Birkhiuser, 2003.

[19] Hai Lin and Panos J. Antsaklis. Stability and stabilizability of switched
linear systems: A survey of recent results. [EEE Transactions on
Automatic Control, 54(2):308-322, 2009.

[20] J. Palacios Roman, S. Hafstein, P. Giesl, S. van den Eijnden,
S. Andersen, and M. Heemels. Constructing continuous piecewise
quadratic Lyapunov functions with linear programming. Automatica,
186(112838), 2026.

[21] R. Shorten, F. Wirth, O. Mason, K. Wulff, and C. King. Stability
criteria for switched and hybrid systems. SIAM Review, 49(4):545—
592, 2007.

[5

[6

7

[8

9

356

85



	List of Figures
	List of Publications
	Abbreviations
	Introduction
	Stability of Switched Linear Systems
	Arbitrary switching
	minimum average dwell-time

	Numerical methods
	cpa functions
	cpq functions

	Conclusions
	References
	 Paper I
	 Paper II
	 Paper III
	 Paper IV
	 Paper V

