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To the clueless yet courageous youth,
that carefree dream and seek the truth.

To the wise and careful elders,
who guide, provide and shelter.
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Majorana Zero Modes in Tubular Nanowires

Kristján Óttar Klausen

Abstract

Majorana zero modes have recently been proposed as a solution to obtain fault-
tolerant quantum computation. They are quasiparticle excitations in quantum sys-
tems at the nanoscale with the potential to function as qubits, the basic building
blocks of quantum computers. Their topological properties hold promise to counter
the decoherence problem, where quantum coherence is lost due to coupling with
the environment, which is one of the main challenges for upscaling the number of
qubits in a quantum computer. In this work, Majorana zero modes in core-shell
nanowire systems are investigated. Core-shell nanowires are tubular conductors
that commonly have polygonal cross-section geometry due to crystallographic qual-
ities. Semiconductors with proximity-induced superconductivity, large g-factors and
Rashba spin-orbit coupling, can be tuned by an external magnetic �eld to host Majo-
rana zero modes. Corner-localization of the lowest energy states in polygonal core-
shell nanowires allows for hosting multiple Majorana zero modes within a single
nanowire system. Three-dimensional nanowires are modeled using the Bogoliubov-
de Gennes Hamiltonian, which is solved numerically by diagonalization. E�ects of
variable core and shell geometry are analyzed and triangular wires with hexagonal
cores are found to have particularly large energy separations between the �rst and
second groups of energy states, which is favorable for experimental hosting of Ma-
jorana zero modes. Braiding in such a system is discussed and for the realization of
real space braiding, a dual core wire is suggested to include the necessary degrees of
freedom for the simplest non-commutative braiding operation. The relation between
Andreev re�ection and propagation of the superconductivity property is studied by
modeling partially proximitized wire shells, with radial, angular and longitudinal in-
terfaces, corresponding to common experimental platforms. Varying compatibility
is found with Andreev re�ection. Flux-periodic oscillations in the energy spectra
of proximitized shells are explored along with the e�ects of geometry, Zeeman and
spin-orbit interaction. Instances are shown where the periodicity of the lowest en-
ergy state is found to separately display normal, superconducting and fractional �ux
quanta. To gain insight into the structure of topological invariants, the �rst Chern
number in particular, Stokes’ theorem for bivector-valued �elds is analyzed and vi-
sualized using geometric calculus. The �ndings show how the multiple components
necessary for the emergence of Majorana zero modes each have complex subtleties
and interdependencies, and in what way they should be investigated to come closer
to the technological realization of Majorana zero modes.

Keywords: Majorana, nanowires, superconductivity, topological order.
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Chapter 1

Introduction

Recent advances in fabrication of materials at the nanoscale have made the building
blocks of quantum computers a realistic possibility. The quest to create quantum
computers has been likened to the Space Race in the 20th-century, since encryption
of government data is based on a problem that quantum computers can solve with
much more ease than standard computers [1].

The qubit forms the basis of a quantum computer and experimentally realizing a
system of multiple qubits is necessary for quantum computation. A promising can-
didate for a stable qubit are Majorana zero modes (MZM), also known as Majorana
bound states [2], which have been shown to be have capabilities for fault-tolerant
quantum computation [3]. Recently the Nanophysics Center at Reykjavik University
published novel results ofMZMbeing hosted in prismatic core-shell nanowires [4,5].
The current project wasmotivated by that research. Its aimwas to investigate the sta-
bility of multiple MZM in prismatic tubular nanowires and dependent interactions,
to answer the research question if such nanowires are suitable for their hosting and
manipulation.

Majorana zero modes get their name from the Italian physicist Ettore Majorana.
In the year 1937 he published a paperwith a solution of theDirac equation describing
neutral particles which were their own antiparticles, thus annihilating each other on
contact [6]. Particleswith this property have since been calledMajorana fermions [7].
In superconductors, mixed states of electrons and holes can emerge as quasiparticle
excitations behaving in a similar way [8]. The phenomena that exactly mimics Ma-
jorana fermions are zero energy states, known as Majorana zero modes (MZM), lo-
calized near defects or boundaries in topological superconductors [9]. MZM are an
example of Ising anyons which have non-commutative exchange statistics, an essen-
tial feature for fault-tolerant topological quantum computation [10].

The word topological refers to a phase of matter which is stable with respect to
perturbations of the bulk and depends only on the properties of the boundary [11].
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Systems with topological phases of matter, o�er the possibility of topological invari-
ants in the energy spectrum and play a prominent part in the current race for quan-
tum computation [12, 13]. By closing and reopening of gaps in the energy spec-
tra, edge states emerge, which are robust to environmental perturbations [14, 15].
Topological superconductors can be engineered by combining standard supercon-
ductors with semiconductors [8]. Semiconductor nanowires with proximity induced
superconductivity have become key elements in various platforms proposed to real-
ize qubits and other evolving technologies at the quantum scale [16–18]. Currently
one of the most promising platforms for realizing MZM are hybrid superconductor-
semiconductor devices [19]. When a metal comes in contact with a superconductor,
the superconductivity can be said to leak into the metal making it superconducting
up to a certain depth. This process of proximity-induced superconductivity is one of
three necessary ingredients, along with Zeeman splitting and strong spin-orbit cou-
pling, for engineering topological superconductors [8].

Core-shell nanowires are radial heterojuctions consisting of a core which is en-
veloped by one or more layers of di�erent materials. Due to the crystallographic
structure they usually have polygonal cross sections [20–34], but circular wires have
also been fabricated [35]. Using a conductingmaterial for the shell and an insulating
one for the core, a single wire becomes a prismatic tubular conductor. Sharp corners
of the cross section impose non-uniform electron localization along the circumfer-
ence of the tube so that low energy electrons are accumulated in the vicinity of sharp
edges, while carriers of higher energy are shifted to the facets [36–39]. If the shell is
very thin then the low-energy electrons are depleted from the facets and the shell be-
comes a multiple-channel system consisting of well-separated 1D electron channels
situated along the edges. Due to their unique localization and a variety of other inter-
esting properties, core-shell nanowires have been extensively investigated in the last
two decades [40, 41], showing promise in multiple applications such as lasers [42],
energy harvesting devices [43,44] and photovoltaics [45]. By n-doping of a semicon-
ductor shell, the chemical potential can bemoved into the conduction band such that
electrons become the only charge carriers and the shell behaves e�ectively as ametal
with the e�ective mass of the semiconductor. Earlier investigations have indicated
that due to 1D electron channels along the sharp edges of prismatic tubes, multiple
Majorana zero modes can be hosted in a single core-shell nanowire [4,46]. However
only if the electron-hole coherence length is larger than the whole structure, can the
shell be considered fully proximitized and electron-hole coherence can be expected
to be uniform.

Experimental evidence ofMZM in a nanowire systemwas considered to be found
in the year 2012 [47] and further demonstrated in the year 2018 within a full-shell
nanowire system [48]. In the past few years a multitude of systems have been pro-
posed and tested both theoretically and experimentally. However, concerns emerged
in 2020 that experimental signatures may have been over-interpreted [49] as other
physical phenomena such as Andreev bound states, could result in a zero-bias con-
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ductance peak, which was considered to be one of the main experimental signatures
of MZM. What the �eld is calling for now is more fundamental research of the com-
plex interactions occurring in the hybrid systems [13]. The current work includes
several attempts to answer that call.

In the following sections of this introductory chapter, foundational concepts of
topology in condensed matter systems are de�ned, with respect to the development
leading up to the pursuit of MZM in nanowires. Chapter 2, based on [50], covers the
basics of superconductivity theory to motivate and de�ne the Bogoliubov-de Gennes
equations, which allow for the description of proximity induced superconductivity in
the nanowire model and calculation of excited quasiparticle states. Original results
from numerical simulations of the core-shell system are presented in Chapters 3 to 5.
In Chapter 3, the e�ects of variable core and shell geometry on the hosting and stabil-
ity of Majorana zero modes in hexagonal and triangular nanowires are investigated.
Moreover, braiding in the nanowire end plane is discussed and the necessity for a
dual core wire argued [46]. Chapter 4 explores Andreev re�ection and electron-hole
coherence within a partially proximitized shell of a core-shell nanowire. Three cases
of radial, angular and longitudinal partial proximitization are studied, comparable to
common platforms for hostingMajorana zeromodes [51]. Magnetic �ux-periodic os-
cillations in proximitized core-shell nanowires are explored and compared with the
Little-Parks oscillations in Chapter 5. In order to gain insight into the structure of
topological invariants, the �rst Chern number in particular, geometric algebra is used
to visualize the boundary theorem of geometric calculus for bivector valued �elds in
Chapter 6. A brief summary of the work and conclusions are found in Chapter 7.

1.1 Quantum computers

Quantum computers are based on qubits as opposed to bits, the information build-
ing blocks of classical computers. A standard bit can have two values, zero or one,
whereas the qubit is a linear combination of two states, spanning a two dimensional
state space which can be graphically represented by the Bloch sphere, Fig. 1.1, where
a pure state of the qubit can take any value of a point on the surface of the two dimen-
sional spherical shell. Instead of having either the value zero or one as in the case of
the classical bit, the qubit can be a superposition of the two,

| ⟩ = �|0⟩ + �|1⟩, (1.1)

where �, � ∈ ℂ. The graphical representation of states as points on the surface of a
sphere, Fig. 1.1, su�ces even though �, � are complex numbers due to the probability
axiom

|�|2 + |�|2 = 1. (1.2)
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Figure 1.1: The Bloch sphere.

The information capacity of multiple classical bits scales as n2 where n is the number
of bits. The information capacity of qubits however scales as 2n. Proof by induction
shows that 2n > n2 for n ≥ 5.

By writing the qubit as a vector, quantum logic gates can be written as matrix
transformations acting on the qubit. Taking the NOT gate, X, as an example,

X [��] = [0 1
1 0] [��] = [��] , (1.3)

which interchanges |0⟩ and |1⟩. The normalization condition must be conserved by
the operation, so any qubit transformation T has to be unitary, TT† = I, where I
is the identity matrix. The NOT gate can be recognized as the Pauli matrix �x and
together with the other two,

�y = [0 −i
i 0 ] and �z = [1 0

0 −1] , (1.4)

forms the Pauli group of gates X,Y, Z corresponding to � rotations around the de-
noted axis on the Bloch sphere [52]. The Pauli group is a subgroup of the Cli�ord
group Cn, which is an n-qubit subgroup ofU(2n). The Cli�ord group is generated by
the Hadamard gateH and phase gate S acting on a single qubit along with the qubit
pair gate CNOT Λ(�x), where

H = 1
√
2
[1 1
1 −1] , S = [1 0

0 i] and Λ(�x) = [I 0
0 �x

] . (1.5)

These three gates combined with the phase-shift T gate,

T = [
1 0
0 e

i�
4
] , (1.6)
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form a set for universal quantum computation, so that any unitary operation can be
expressed by an appropriate combinations of these gates [52–54].

Quantum computers are not necessarily more e�cient that classical computers
in all cases but for certain algorithms, the speedup in calculations can be substantial.
Grover’s algorithm [55] results in a quadratic speedup of �nding an element with
speci�ed properties within an unknown search space, demonstrating how quantum
search algorithms can be faster than its classical counterpart. Shor’s algorithm [56],
based on the quantum Fourier transform [57], provides an exponential speedup in
computing discrete logarithms and prime factoring of integers - both of which are
used in cryptography. In the event of a fabrication of a powerfulmulti qubit quantum
computer, classic cryptographic methods may be at risk, which is fuelling research
into post-quantum cryptography [58].

The most evident practicality of quantum computers is simulating quantum sys-
tems more e�ciently [59]. Breakthroughs across multiple �elds such as molecular
modelling, arti�cial intelligence and meteorology have been theorized by the use of
quantum computers. At the time of writing, the 127-qubit IBM Eagle is the most
powerful quantum processor made to date, Fig. 1.2. It is based on the superconduct-
ing charge transmon qubit [60].

Figure 1.2: The 127-qubit quantum processor by IBM [61].

The IBM Quantum System One, Fig. 1.3, was the �rst circuit based quantum
computer presented for commercial purposes in 2019 and contains 20-qubits. Dr.
Matthias Troyer at Microsoft’s quantum computing division recently stated [62] that
around 50 thousand qubits are needed to enter the commercial regime of quantum
computing, where real bene�ts can be reaped. In that light, quantum computers are
not to be expected in the coming years, but rather in the coming decades.
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Figure 1.3: QuantumSystemOne by IBM inEhningen, Germany. Exterior view [63]
(upper panel) and interior view [64] (lower panel).
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One of the main challenges in fabricating large scale quantum computers in de-
coherence, in which the superposition state of qubits is lost due to external perturba-
tions. Another challenge is accumulation of errors in repeated applications of quan-
tum gates [65]. The latter can be countered by quantum error-correction codes [66]
but the former by isolation of the system from the environment. Perfect isolation of
a system is practically unfeasible however, as the system has to be interacted with to
obtain an outcome following a computation.

Remarkably, both problems of decoherence and error accumulation can be solved
by implementing topologically protected qubits [67]. As an illustrative example of
topological protection, consider a knot on a string, Fig. 1.4. The knot is robust with
respect to perturbations of the string as the string can be moved, shaken, twisted,
pulled on, heated and cooled to a certain degree - all without in�uencing the knot.
Furthermore, operations on the knot itself such as adding a crossing are independent
of the state of the string. The prime knots in Fig. 1.4 are topologically distinct, as one
can not be continuously deformed into another. To add a loop or crossing, the string
will have to be cut.

Figure 1.4: The unknot and the prime knots with up to seven crossings.
Public domain image.

Knots in strings as well as holes in manifolds are familiar examples of topological
invariants. Generally, that which is invariant with respect to a continuous deforma-
tion of system is a topological invariant. In an analogous manner, bound states of
certain Hamiltonians are topological invariants in the energy spectrum, which can
also have the potential for fault-tolerant quantum computation [15].
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1.2 Continuous transformations of physical systems

Continuous deformations of a physical system can be described by continuous trans-
formations of its Hamiltonian. The Hamiltonian Ĥ describes the total energy of a
system, its eigenvaluesEn give the energy spectrumof the system and its eigenvectors
|n⟩ provide a basis for the state space. Consider a system described by a Hamiltonian
Ĥ(r) that is adiabatically transformed by variation of a given parameter r(t) = rt, in
a time interval from t = 0 to t = T such that r(0) = r(T). In the parameter space,
this amounts to a transportation around a closed loop, C [68]. At each instant the
eigenstates of the system |n(rt)⟩, satisfy

Ĥ(r)|n(r)⟩ = En(r)|n(r)⟩ . (1.7)

The time evolution of the state vector, | (t)⟩ is described by Schrödinger’s equation,

Ĥ(rt)| (t)⟩ = iℏ| (t)⟩ . (1.8)

Although the end point equals the initial point following the transformation along
the closed loop C, the state acquires a phase factor

| (t)⟩ = ei�|n(rt)⟩, (1.9)

which is composed of two distinct scalar valued parts [68], � = � + 
. The temporal
dynamical phase is given by

�n = −1ℏ ∫
T

0
En(rt) dt , (1.10)

whilst the spatial geometric phase, also known as the Berry phase, is


n(C) = i ∮
C
⟨n(rt)|∇r n(rt)⟩ ⋅ dr . (1.11)

Geometric phases have been found to describe a plethora of phenomena in various
systems such as electric polarization and the quantumHall e�ect [69,70]. They have
been shown to be conceptually equal to the mathematical notion of holonomy [71].
Fig. 1.5(a) shows an example of geometric holonomy, where a tangent vector trans-
ported along a closed path on the surface of a sphere obtains a phase � induced by
the curvature of the sphere. A similar phenomena is found in complex analysis of
the logarithmic function [72], Fig. 1.5(b). To describe how the vector changes as it
is parallel transported along the curve, a geometric connection is de�ned which is a
covariant derivative that prescribes in what way the vector changes with respect to
transport along the curve.



1.2. CONTINUOUS TRANSFORMATIONS OF PHYSICAL SYSTEMS 9

θ

(a) A tangent vector parallel trans-
ported along a closed curve on the
surface of a sphere aquires a phase �
which is the holonomy of the a�ne
connection.

−1

−0.5
0

0.5
−1

−0.5

0
0.5

1

−2

0

2

Re(z) Im(z)

Im
(l
n
z)

(b) Complex component of the
complex logarithm on the principal
branch � ∈ [−�, �] for r ∈ [0.5, 1].

Figure 1.5: Examples of holonomy for curved (a) and �at (b) connections.

In the same way the Berry connection,

An(r) = i⟨n(rt)|∇r n(rt)⟩, (1.12)

describes how the eigenvectors transform with respect to the transformation in the
parameter space. This leads to the following expression for the geometric phase,
which has the same form as the Aharonov-Bohm phase,


n(C) = ∮
C
An ⋅ dr . (1.13)

The Berry connection is a vector potential for the gauge-invariant Berry curvature,

Bn(r) = ∇r × An(r), (1.14)

which is analogous to a magnetic �eld in the parameter space. This analogy has
been shown to hold with respect to Faraday’s law of electromagnetic induction, as
the time derivative of the Berry curvature of Bloch bands induces a motive force on
wavepackets within unit cells of a crystal lattice [73–75]. Interestingly, near a twofold
degeneracy of an energy state, En = Em, the Berry curvature takes a form identical
to a magnetic monopole [68, 70],

Bm(r) =
1
2
r
r3
. (1.15)

To understand why the monopole structure emerges in the parameter space, con-
sider an electron in a magnetic �eld where the energy of aligned and anti-aligned
spin di�er. If the energies of the two converge in parameter space, two anti-parallel
magnetic moments coexists in that point, necessitating a magnetic monopole.
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Integrating the Berry curvature over a two dimensional surface S = )V in the
parameter space, containing a degeneracy point, results in a topological invariant

∯
S
Bm ⋅ dS =∭

V
∇ ⋅ Bm dV = 4�

2 = 2�, (1.16)

as this integral value is invariant with respect to deformations of S. The divergence
of Bn is zero everywhere except the origin wherein the degeneracy singularity can be
seen as a hole of sorts. This kind of a topological invariant is well known in algebraic
topology as the �rst Chern number, C1 [76] and in general

C1 =
1
2� ∯

S
BN ⋅ dS = N ∈ ℤ, (1.17)

where N is the number of monopoles of strength ± 1
2
within S.

Fromherewe candeduce thenotion that physical systems are topologically equiv-
alent if their Hamiltonians can be continuously deformed into one another, without
crossing such a degeneracy point. This also implies the need for a gap in the energy
spectrum in order for such a gap closing to occur.

If an energy state En is d-fold generate the Berry connection becomes a d × d
vector-valued matrix [77], and therefore non-commutative (non-Abelian) with ele-
ments

[An]ab(r) = i⟨na(rt)|∇rnb(rt)⟩, (1.18)

where a and b are basis labels within the degeneracy eigenvector subspace |nd⟩. The
Berry curvature generalizes to a tensor with the following components [78],

[ℱ��]ab = ()�A� − )�A�)ab + i([A�, A�])ab. (1.19)

This expression reduces to (1.14) in the case of no degeneracies, a = b = 1 and com-
muting elements of the Berry connection. The non-Abelian Berry phase becomes

Un(C) = P exp (∮
C
An ⋅ dr) (1.20)

where P denotes path-ordering, necessitated by the non-commutativity ofAn [8]. In
the same way that the Abelian Berry connection is analogous to theU(1) symmetric
magnetic vector potential, the non-Abelian Berry connection can give rise to higher
dimensional gauge potentials [77]. The group U(n) consists af all complex valued
n×nmatrices, unitary and closed undermatrixmultiplication. The SU(n) group has
the additional property of determinant one [79]. The electromagnetic interaction in
quantum mechanics arises from scalar phase symmetry of the wavefunction, whilst
more complex local gauge symmetries are necessary to describe other fundamental
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interactions such as SU(2) for the electroweak interactions of quarks [80]. In SU(2)
gauge symmetry, the phase factor generalizes to ei�⋅�, where three phase angles form
the vector � = (�1, �2, �3) and � = (�1, �2, �3) is a matrix valued vector consisting of,

�1 =
1
2 [0 1

1 0] , �2 =
1
2 [0 −i

i 0 ] and �3 =
1
2 [1 0

0 −1] , (1.21)

which can be recognized as the Pauli matrices (1.3), (1.4), times a factor 1/2. From
here arises the idea of using non-Abelian Berry phases for quantum computation
[81]. Using the subspace of degenerate energies, quantum information can be en-
coded and operated on by the SU(n) phases of the holonomy [81]. As a simple ex-
ample of such a non-trivial phase factor, let � = (2�, 0, 0). Then � ⋅ � = ��x and the
phase factor becomes

ei�⋅� = exp (i��x) = 1 cos(�) + i�x sin(�) = [ cos(�) i sin(�)
i sin(�) cos(�) ] . (1.22)

1.3 Topological quantum computation

In a seminal paper, Kitaev [15] proposed using non-Abelian anyons as a means for
fault-tolerant quantum computation. Anyons are two-dimensional quasiparticles
with non-trivial exchange statistics. In three dimensions, the e�ect of interchang-
ing two particles is dictated by the spin-statistics theorem where particles are either
integer spin bosons or half-integer spin fermions. The interchange of particles results
in a phase factor,

|Ψab⟩ = ei�|Ψba⟩, (1.23)

where bosons correspond to � = 0 and fermions to � = �. In both cases, a double
exchange returns the system to its initial state. For anyons however, the phase can in
theory take an arbitrary value [67] so that

|Ψab⟩ → ei2�|Ψab⟩ ≠ |Ψab⟩. (1.24)

Non-Abelian anyons have the additional property that the order of their exchange
matters [3] and their exchange phase is of the non-Abelian kind discussed in the
previous section. Therefore, quantum logic gates (1.5) can be encoded by moving
non-Abelian anyons around one another, e�ectively braiding their world lines [82].
A particle in space traces out a curve in spacetime, termed worldline. Exchanging
the location of two anyons traces out a crossing of their worldlines. The worldlines
of a system with three non-Abelian anyons form a basis for the three strand braid
group, Fig. 1.6. By various brading operations in a system of multiple non-Abelian
anyons, quantum computation can be implemented [67].
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Figure 1.6: Non-commutative property of the three strand braid group.

In order for anyonic exchange statistics to emerge, the particles have to be con-
�ned to a plane [83] and can be considered to exists in (2+1) spacetime. In a sys-
tem of two particles, consider moving one around the other along a closed path C1,
Fig. 1.7. The position of each particle forms a singularity in their joint con�guration
space. The loopC1 can not be continuously deformed to the loopC2 without crossing
over the blue particle, if the transformation is con�ned to the plane of the loop. In
three space dimensions however, the loop could be deformed above the blue parti-
cle. Looping one particle around the other can be done both clockwise and counter
clockwise with the winding number taking integer values in ℤ [83].

C2

C1

Figure 1.7: Emergence of the �rst homotopy group in particle exchange paths con-
�ned to a plane (shaded).

As so often is the case for applications ofmathematical concepts in physics, math-
ematicians have long ago categorized and generalized the phenomena of winding
something around another thing, as homotopy groups [79]. Informally, the ways of
winding n-dimensional spheres around a spaceX is denoted by the fundamental ho-
motopy group �n(X). As an example, winding a rubber band around a sphere will
always result in a trivial loop as the rubber band can slide of the sphere, therefore
�1(S2) = 0 where S2 denotes a sphere. However, a plane can be wrapped around a
sphere in�nitely often both clockwise and counter-clockwise, �2(S2) = ℤ. A com-
mon example from everyday life is wrapping something in a bagmultiple times by re-
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peatedly twisting and folding the bag over the object. The connection between topol-
ogy and the fundamental homotopy group lies in the fact that a topological space X
has a hole with an n−dimensional boundary, if and only if an n−dimensional sphere
can not be shrunken to a point everywhere within it [79], in which case �n(X) ≠ 0.

Remarkably, the kind of systems which can be expected to host topological states
can bemapped out by considering all possible symmetries of Hamiltonians [84]. The
topological invariants emerge as homotopy groups of defects, described by �0(X)
whereX is the classifying space of the Hamiltonian, see Appendix A. The non-trivial
value �0 ≠ 0 denotes that there is an interval (hole with a zero-dimensional bound-
ary) in the parameter space of the Hamiltonian, separating two topologically distinct
phases of the system.

1.4 Majorana fermions and zero modes

Topological phase transitions are phase transitions not described by symmetry break-
ing and were considered as early as the seventies in terms of two dimensional lattices
in strong magnetic �elds [85]. Topological order has been found to be necessary to
understand critical features of a wide range of phenomena such as high-temperature
superconductivity and the quantum Hall e�ect [86]. In searching for more systems
with topological order, Kitaev [87] proposed a simple 1D model of a proximitized
wire known as the Kitaev chain, consisting of electrons with �xed spin and a gapped
energy spectrum. TheHamiltonian can bewritten as the sum over all j-sites in terms
of fermionic annihilation and creation operators, aj and a†j respectively,

H1 =
∑

j

(
−t(a†jaj+1 + a†j+1aj) − �(a†jaj − 1∕2) + ∆ajaj+1 + ∆a†j+1a

†
j

)
, (1.25)

where t denotes the hopping energy, � the chemical potential and ∆ = |∆|ei� is
the induced superconducting gap. By rewriting the Hamiltonian (1.25) in terms of
Majorana operators with the superconducting phase embedded,


2j−1 = ei�∕2aj + e−i�∕2a†j and 
2j = −iei�∕2aj + ie−i�∕2a†j , (1.26)

the Hamiltonian takes the form

H1 =
i
2
∑

j

(
−�
2j−1
2j + (t + |∆|)
2j
2j+1 + (−t + |∆|)
2j−1
2j+2

)
. (1.27)

Depending on the strength of the hopping amplitude t and value of the chemical po-
tential�, theMajorana operators either couplewithin each site separately or between
adjacent sites, in which theMajorana operator at each end becomes unpaired. In this
way the Kitaev chain has a trivial phase, Fig. 1.8(a) and a non-trivial phase, 1.8(b).
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(a) µ < 0, t = |∆| = 0:

j = 1 j = 2

γ1 γ2 γ3 γ4

(b) µ = 0, t = |∆| > 0:
γ1 γ2 γ3 γ4

Figure 1.8: Minimal example of topologically distinct phases of the Kitaev chain
[87]. Only two sites are shown as the properties hold for n-sites due to translational
invariance. (a) Trivial phase of the Kitaev chain, with no unpaired Majorana zero
modes. (b) Topological phase of theKitaev chainwithunpairedMajorana zeromodes
at the boundaries.

The non-trivial phase is onset at � = 0where the Majorana end pairs become degen-
erate zero energy states, hence the name Majorana zero modes. As the non-trivial
phase can not be entered without closing the energy gap the two phases are topolog-
ically distinct, in line with the theory set forth in the preceding sections. The topo-
logical invariant of the Kitaev chain is labeled with the two element set ℤ2 = {0, 1},
denoting the trivial and topological phase, respectively. The notation comes from the
quotient group ℤ2 = ℤ∕(2ℤ) = {0, 1} which can be explained as the set of remain-
ders following division of an element from ℤ by an element from 2ℤ, which is zero
for even numbers and one for odd numbers.

As there is no planar con�nement in the Kitaev chain, the system is not su�cient
for quantum computation but the edge states can in theory function as a quantum
memory [87]. Majorana zeromodes have been shown to emerge from vortices in pla-
nar systems as well [88] but in both proposals, a speci�c type of superconductivity is
needed to �x the spin degree of freedom. In particular, p-wave superconductivity is
needed as opposed to the more standard s-wave superconductivity [89]. The di�er-
ence is similar to the di�erence between s- and p-orbitals of atoms, in that they di�er
by a quanta of angularmomentum. In s-wave superconductivity, the long-range pair-
ing responsible for the superconducting property has a spin singlet basis

|s⟩s = | ↑↓ − ↓↑⟩, (1.28)

whilst in p-wave superconductivity a spin-triplet basis emerges [90] where parallel
spin pairing is allowed for,

|s⟩p = | ↑↑⟩ + | ↓↓⟩ + | ↑↓ + ↓↑⟩. (1.29)

To see why the spin alignment is required for Majorana zero modes to begin with,
consider the properties of theMajorana operators in general. TheMajorana operators
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 are anti-commutative (non-Abelian) [13], for a pair 
1 and 
2 we have


1
2 = −
2
1. (1.30)

Generally stated,
{
Ai , 


B
j } = 
Ai 


B
j + 
Bj 


A
i = 2�ij (1.31)

where �ij is the Kronecker delta

�ij = {0 if i ≠ j,
1 if i = j.

(1.32)

In accordance with the de�nition of the Majorana fermions being their own anti-
particle, the 
-operators ful�ll the Majorana condition


 = 
† , (1.33)

which requiresMajorana fermions to be charge neutral. Furthermore, this condition
implies that a pair of Majorana states will annihilate on contact. In this way, Majo-
rana zero modes can be fused together resulting in either the vacuum or an unpaired
fermion, in a system of degenerate zero modes, depending on the occupation level of
the resulting fermionic level [67]. Using a pair of Majorana operators, annihilation
and creation operators of fermions can be written as

a = 1
2(
1 + i
2) and a† = (
1 − i
2). (1.34)

Now, for s-wave superconductivity, quasiparticles can be described by electron and
hole components u and v with the operator

d = ua†↑ + va↓. (1.35)

The adjoint is
d† = v∗a†↓ + u∗a↑, (1.36)

in which case d ≠ d†, even at zero energy where u = v due to the opposite spins,
hence the need for p-wave superconductivity [9]. As p-wave superconductivity is
rarely found in nature, mainly in the super�uid phase of Helium-3 [90], this was one
of the major obstructions towards experimental realization of Majorana zero modes.
However, a breakthrough occurred in 2010 with the realization of e�ectively spinless
phases of superconductivity by combining the proximity e�ect, Zeeman interaction
and strong spin-orbit coupling in semiconductor nanowires [91–93].

Following that proposal, the �eld developed rapidly in both theory and experi-
ment with various superconductor-semiconductor hybrid systems theorized, fabri-
cated and investigated [94]. The most common nanowire systems consist of a solid
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semiconducting nanowires in proximity to a parent superconductor, considered to
realize the 1D Kitaev chain [95]. Core-shell nanowire systems are only beginning to
be explored experimentally in the context of Majorana Zero Modes [96]. In a core-
shell nanowire, the prismatic cross-section geometry becomes important due to the
electron localization in the corner areas, which in the case of a thin shell, induces
e�ectively 1D wires along each edge [4], see further Chap. 3. Ultimately, fusing and
braiding Majorana zero modes is to implemented for quantum computation so hav-
ingmultipleMajorana ZeroModes capable of interacting in a single nanowire system
is bene�cial in that regard. In particular, a plane con�nement is necessary for braid-
ing and the nanowire end planes, in theory, provide such a plane.

In order to encode n number of qubits, 2n Majorana states are needed along
with 2n near degenerate states, necessary for the non-Abelian Berry phases to al-
low for quantum gates. Interchanging two Majorana zero modes, and Ising anyons
in general, gives rise to more complex phase than in U(1) symmetry, namely a non-
commutative unitary transformation introduced in the previous section,

Ψ → exp
(
i �4 �z

)
Ψ, (1.37)

which corresponds to a braiding operation [14] of the total state |Ψ⟩ of multiple Ma-
joranas. However, this operation alone is not su�cient for universal quantum com-
putation [67]. The phase gate, Eq. (1.6), is needed additionally, which would not be
topological in essence. Other kinds of anyons, most notably the Fibonacci anyons
[97], are capable of universal topological quantum computation, but they are even
more di�cult to realize experimentally. Formulations of hybrid approaches using
Ising anyons show promise [98] and variations on the theme are ongoing [99].

Although fabrication of nanostructures has seen immense advancements in re-
cent years, experimental realization ofMajorana zeromodes is in the beginning stages,
with their manipulation being further in the future. At the time of writing, although
there have been multiple observations in diverse systems of experimental indicators
consistent with Majorana zero modes [100], mainly zero-bias conductance peaks,
these indicators are not necessarily in one-to-one correspondence with the presence
of Majorana zero modes as other phenomena, disorder and Andreev bound states,
can induce matching conductance signatures [101]. In spite of recent setbacks in
experimental realization of Majorana Zero Modes [102], the original proposal of us-
ing non-Abelian anyons for quantum computation [15] to tackle the decoherence
problem in the scaling up of quantum computers, still stands. The topological ap-
proach will likely continue to play a major role in the development and bring about
discoveries and investigations of related physical phenomena, inspired by the race
for quantum supremacy.



Chapter 2

Theory of Superconductivity

Superconductivity was discovered in 1911 by Heike K. Onnes as a sudden disappear-
ance of electrical resistance at a critical temperature [103]. Materials with this prop-
erty are called superconductors. A current �owing in a superconductor is often re-
ferred to as a supercurrent. Ideally, provided that a low enough temperature is main-
tained, a supercurrent can persists inde�nitely.

2.1 London equations

The basic equations relating the electric- and magnetic �eld to the superconducting
current density are known as the London equations [104]

E = )
)t (ΛJs) , (2.1a)

B = −( × (ΛJs) . (2.1b)

Note that here B denotes the microscopic �ux density. The constant

Λ = m
nse2

(2.2)

implies that the London equations describe forces acting on free electrons of massm
and charge e with the superconducting electron number density ns [104]. These two
equations can be combined into a single equation via the magnetic vector potential
since

E = −)A)t , (2.3)

B = ( × A (2.4)
and thus

A = −ΛJs , (2.5)
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which means that the supercurrent is directly proportional to the magnetic vector
potential. This relation can be motivated by the fact that the canonical momentum

p = mv + eA (2.6)

has a net zero expectation value in the ground state [105]. The average velocity then
becomes

⟨vs⟩ = −eAm . (2.7)

Assuming uniform �ow [106], the current will be

Js = � ⟨vs⟩ = nse ⟨vs⟩ , (2.8)

and therefore,
Js = −AΛ . (2.9)

Fritz London [107] noted that this description of superconductivity “is characterized
not by an in�nite value of the electrical conductivity, but rather by a new relation
between the magnetic �eld and electric current.”

Comparing Eq. (2.1a) with Ohm’s law

J = �E , (2.10)

where � is the conductance, we see that the di�erence lies in the time dependence.
Using Eq. (2.3) we can write Ohm’s law as

J = −�)A)t . (2.11)

Considering the magnetic vector potential as momentum per charge, we see that
in classical conductivity current �ows when momentum changes in time whilst in
superconductivity the charge momentum directly gives rise to the supercurrent.

2.2 Penetration depth and the Meissner e�ect

When an external magnetic �eld is applied to a superconductor, a supercurrent is
induced in a layer with a thickness de�ned by the penetration depth. The supercur-
rent itself induces a magnetic �eld which expels the external magnetic �eld, so the
magnetic �eld lines of the external �eld sway around the superconductor, Fig. 2.1.

Combining Eq. (2.1b) with the classical equation

( × B = �0J (2.12)

along with the relation
( × (( × B) = −∇2B , (2.13)
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one obtains
∇2B = 1

�2L
B, (2.14)

where
�L =

√ m
�0nse2

(2.15)

is the London penetration depth. It describes the thickness of the layer in which the
surface currents �ow in the Meissner e�ect, Fig. 2.1.

T > TC

Be Bi = Be

(a)

T < TC

Be Bi = 0

Surface currents

λL

(b)

Figure 2.1: (a) An external magnetic �eld Be applied to a sample at temperature T
above the critical temperature TC permeates the sample. (b) TheMeissner e�ect: An
external magnetic �eld applied to a superconductor is expelled by surface currents
�owing in the outer layer of thickness �L.

A superconductor in an external magnetic �eld displays near perfect diamag-
netism, apart from the penetration depth of the magnetic �ux which can be likened
to the classical skin depth of �elds in normal conductors. It is worth noting that if
the superconductor has a hole, such as a hollow cylinder, the surface currents of the
outer and inner surface cancel and the magnetic �eld �ows through unaltered [108].

The temperature dependence of the penetration depthhas been empirically found
to be [106]

�F(T) ≊ �F(0)
1

√
1 − (T∕TC)2

, (2.16)

where �F(0) is the penetration depth at zero temperature. If the total density of con-
duction electrons, n, equals the superconducting electron number density ns then

�F(0) =
√ m

�0ne2
. (2.17)
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Experiments have shown that the superconducting penetration depth of various sam-
ples is always larger than �F(0), which leads to the de�nition of another key concept
in the theory of superconductors: the coherence length [105].

2.3 Coherence length and the Ginzburg–Landau theory

In the literature on superconductors there are two concepts termed the coherence
length [108], they di�er in their temperature dependence. We begin by introducing
the temperature independent coherence length due to Pippard [109].

Temperature independent Pippard coherence length/range

Equation (2.9) is valid in the case of uniform �ow or slowly varying drift velocity of
the electrons, when electron velocities have negligible variance over a speci�c dis-
tance, �0 [106]. If that is not the case, a generalized model in needed. There is an
accurate analogy with Ohm’s law, Eq. (2.10), which brakes down when the classical
penetration depth becomes similar in magnitude to the mean free path, l, of elec-
trons in the metal. Then, one has to take into account the mean value of the electric
�eld around each point in a volume with radius l. The generalized equation is

J(r) = 3�
4�l ∫V

R[R ⋅ E(r′)]
R4 e−R∕l dr′, (2.18)

where R = r − r′ and the integral is over the total volume of the metal. In the same
manner the London equation (2.9) can be generalized with

J(r) = 3
4��0Λ

∫
V

R[R ⋅ A(r′)]
R4 e−R∕� dr′, (2.19)

where � is the general coherence length for impure metals or alloys, given in terms
of the coherence length of a pure metal �0 and the mean free path l [106],

1
�
= 1
�0

+ 1
l. (2.20)

If the magnetic vector potential A(r) is constant in a volume of radius �0 we obtain
the London equation (2.9) from Eq. (2.19).

There exists the following argument for the coherence length based on the un-
certainty principle. The superconducting phenomena comes into play at the criti-
cal temperature TC and the electrons have momentum of the order ∆p ≈ kBTC∕vF
where kB is the Boltzmann constant and vF is the Fermi velocity. Then according to
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the uncertainty principle

∆x ≥ ℏ
2∆p = a ℏvF

kBTC
=∶ �0, (2.21)

with a being a material constant [105]. As a �nal note on the conceptual meaning of
the coherence length, it can be shown that the wavefunction of a single Cooper pair,
whichwill be discussed in Sec. 2.8, has a spatial extent of the same order ofmagnitude
as �0 [108]. The theories of London and Pippard contain neither wavefunctions nor
Cooper pairs and are both based purely on electrodynamical phenomenology.

Temperature dependent Ginzburg-Landau coherence length

Before amicroscopic theory of superconductivitywas formulated, Ginzburg andLan-
dau put forth a theory based mostly on intuition [108]. The need for a more general
model than that of the London equations was evident due to their prediction of a neg-
ative surface energy at the interface between the superconducting and normal state,
in contradiction to the observed positive surface energy [110]. They introduced an
e�ective wavefunction describing superconducting electrons locally with

||| (r)|||
2 = ns(r), (2.22)

where ns is the superconducting electron number density. Ginzburg-Landau (GL)
theory is semi-classical and was a precursor of the quantum mechanical BCS the-
ory. For future reference we note that there is a formal analogy with the BCS pairing
potential to this e�ective wavefunction (2.22) and that they are in fact directly pro-
portional [106].

The equations governing the behavior of the wavefunction are obtained by de�n-
ing the free energy of the superconductor in a magnetic �eld and minimizing it with
respect to the magnetic vector potential [105]. For a superconductor with constant
electron density and no external �eld, the free energy can be expanded as

E = �||| |||
2 + �

2
||| |||

4, (2.23)

where �(T) ∝ (T − TC) and �(TC) are coe�cients of the expansion and functions
of the temperature and critical temperature respectively [111]. If  is assumed to be
slowly varying near the critical temperature TC , another term has to be added to the
free energy [110]

E = �||| |||
2 + �

2
||| |||

4 − ℏ2
2m∗

|||( |||
2, (2.24)

where m∗ refers to an unknown phenomenological mass. In order to have the last
term invariant with respect to the gauge of the vector potential, the gradient is made
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covariant with
E = �||| |||

2 + �
2
||| |||

4 − 1
2m∗

|||(−iℏ( − e∗A) |||
2 (2.25)

where e∗ is the phenomenological charge, which later turned out to be the charge
of an electron pair e∗ = 2e. Finally, an external magnetic �eld B = ( × A is added,
leading to the GL free energy [111],

E = �||| |||
2 + �

2
||| |||

4 − 1
2m∗

|||(−iℏ( − e∗A) |||
2 + 1

2�0
|( × A|2 . (2.26)

Minimizing this free energy with respect to the magnetic vector potential A and as-
suming the Coulomb gauge, one obtains the following set of equations,

1
2m∗ (iℏ( + e∗A)2  =

(
� + �||| |||

2)  , (2.27)

Js =
−iℏe∗
2m∗

(
 †( −  ( †

)
− e∗2
m∗

||| |||
2A . (2.28)

These are known as the Ginzburg-Landau (GL) equations [112]. By considering a
trivial case of the �rst equation in one dimension in terms of reduced variables, one
gets the temperature dependent GL coherence length [106]

�GL(T) = ℏ |||2m∗�(T)|||
− 1
2 , (2.29)

describing the space in which  varies slowly with negligible energy increase. In the
case of a pure superconductor well below the critical temperature, the GL coherence
length and the temperature independent Pippard coherence length are equal [105].

By considering the second GL equation (2.28) with the approximation that the
value of  in weak �elds is the same as the constant equilibrium value,  0, in the
absence of an external �eld, one obtains a London type equation

Js = −e
∗2

m∗
||| 0|||

2A . (2.30)

We should then be able to derive a penetration depth as in Sec. 2.2. For the sake of
diversity, let us derive it in terms of the magnetic vector potential with the classical
correspondence to the current,

∇2A = −�0J . (2.31)

Then

∇2A = �0e∗2||| 0|||
2

m∗ A = 1
�2GL

A (2.32)
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and so
�GL =

√
m∗

�0e∗2||| |||
2 , (2.33)

which has the same form as Eq. (2.15) given the condition of Eq. (2.22). Themagnetic
�eld therefore penetrates the superconductor up to the penetration depth �L. The
induced surface currents follow the magnetic vector potential �eld lines, Fig. 2.1.

The temperature dependence of the GL penetration depth �GL near TC is found
to be the same as that of the GL coherence length �GL [106] and thus a dimensionless
temperature independent parameter can be de�ned as,

� = �GL
�GL

. (2.34)

This parameter is known simply as the GL parameter and its value for a pure stan-
dard superconductor is much less than unity which implies �GL << �GL. Solving
the GL equations with the proper boundary conditions, a positive surface energy for
the junction of a normal and superconducting material is obtained, in alignment
with experiments [105]. Abrikosov [113] considered the case when �GL > �GL when
discussing surprising experimental results of Zavaritskii and found that at the ex-
act value � = 2−1∕2, the surface energy between a superconducting and a normal
layer becomes zero and above that value it becomes negative. Superconductors with
� > 2−1∕2 were �rst called superconductors of the second group but are today known
as type-II superconductors. Conversely, for type-I superconductors, � < 2−1∕2.

2.4 Insulator-Superconductor junctions

Consider the junction of an insulator and a type-I superconductor. By solving Eq.
(2.14) in one dimension, the magnetic �eld is found to be exponentially dampened
in the superconductor

B(x) = Be exp (−x� ) , (2.35)

which is plotted in Fig. 2.2 where � is the penetration depth from Eq. (2.33). To
estimate the superconducting state density, Eq. (2.27) can be solved in one dimension
with the assumption that no current passes the boundary to obtain [106]

 (x)
 0

= tanh( x
√
2 �GL

) , (2.36)

where  0 describes the superconducting state in the absence of magnetic �elds and
currents. Since �GL < �GL, Fig. 2.2 applies to type-I superconductors.
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x

B(x)

λ ξ

Be

ψ/ψ0

Vacuum/Insulator Type-I Superconductor

Figure 2.2: Themagnetic �ux densityB alongwith the superconducting pair density
wavefunction  of a type-I superconductor where the coherence length � is larger
than then penetration depth �.

2.5 Type I vs. type II superconductors

When applying magnetic �elds to matter, one has to take into account the mag-
netization in the material itself, M, from the collective atomic magnetic momenta
[114,115]. The measured average local magnetic �eld B is in�uenced by the magne-
tization such that the magnetic �eld strength becomes

H = 1
�0
B −M , (2.37)

whereH is the the magnetic �eld strength corresponding to the free current density.
This distinction can be made in superconductors, but a thermodynamic approach is
needed to incorporate the phase change from the superconducting state to the nor-
mal state, that occurs at the thermodynamic criticalmagnetic �eld strengthHC [116].
The temperature dependence of the critical magnetic �eld strengthHC for type-I su-
perconductors, Fig. 2.3, has been empirically found to be [108]

HC(T) = H0 [1 − ( T
TC

)
2
] . (2.38)

In type-II superconductors there exists an intermediate state between the normal
phase and the type-I superconducting phase [106]. With increasing external mag-
netic �eld strength, the magnetic �eld starts to penetrate the bulk of the supercon-
ductor in an e�ect known as �ux pinning [117] or quantum locking, Fig. 2.4. This
type-II superconducting phase transition is said to occur at the lower critical mag-
netic �eld strength

HC1(T) ≈
ln(�)
√
2�

HC(T) . (2.39)
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T

H

TC

HC(0)

Type-I
superconducting phase

Normal phase

Figure 2.3: Temperature dependence of the type-I critical magnetic �eldHc.

The penetrating magnetic �eld lines induce vortices in the bulk of material, Fig. 2.5,
which have the curious e�ect of locking the material in place with the magnetic �eld
lines, allowing for stable magnetic levitation [118].

B

JS

Figure 2.4: Flux pinning of a type-II superconductor in the intermediate state. The
external magnetic �eld B penetrates the bulk, forming currents JS .

Further increasing the external magnetic �eld strength, the intermediate �ux pin-
ning state is lost at the upper critical �eld,

HC2(T) =
√
2�HC(T) . (2.40)

The relation for HC2 in Eq. (2.40) is only valid for an in�nite medium [105]. In re-
ality the superconducting phase is never completely lost at HC2 . A superconducting
sheath [106] persists up to the third critical magnetic �eld strength with an exact
relation

HC3 = 1.695HC2 . (2.41)
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r

B(r)

|ψ(r)|

0 ξ λ

Js

Figure 2.5: Sketch of the structure of a vortex in a type-II superconductor. The vortex
core size is on the scale of � with the corresponding currents decaying with �. The
microscopic magnetic �ux density B(r) has its maximum value in the center of the
vortex where the density of the superconducting states becomes zero [105].

Superconducting sheath e�ects can be suppressedwith a normalmetal coating [119].
The multiple critical magnetic �eld dependencies for a type-II superconductors are
plotted in Fig. 2.6.

T

H

TC

HC3

HC2

HC1

Normal phaseSurface S.C.

Type-II
Superconducting phase

Figure 2.6: Temperature dependence of the type-II critical magnetic �eld strength.
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2.6 Flux quantization

Rewriting the GL supercurrent expression in (2.28) with  = ||| |||ei� and integrating
around a closed contour C within a superconductor gives [120]

∮
C
A ⋅ dl + m∗

e∗2
∮
C

||| |||
−2JS ⋅ dl = ℏ

e∗ ∮C
(� ⋅ dl . (2.42)

The left hand side is F. Londons�uxoid,Φ0, found to be a constant formagnetic �uxes
through superconductors with holes, like superconducting rings and cylinders [107].
Assuming thewavefunction is single valued, the right hand side integralmust be an
integer multiple n of 2� to ensure the same values of  after a phase cycle, therefore
the �uxoid is quantized,

Φ0 =
ℏ
e∗ 2�n, where n ∈ ℕ. (2.43)

As discussed in Sec. 2.8, the charge e∗ describes a pair of electrons, giving the value
of the superconducting �ux quantum as

ΦSC0 = 2�ℏ
2e = ℎ

2e ≈ 2 ⋅ 10−15 T ⋅m2 . (2.44)

Alternatively, Eq. (2.42) can be seen as an expression of the canonical momentum

p = mv + qA. (2.45)

Along with the expression for the supercurrent velocity, Eq. (2.9), we can see that Eq.
(2.42) essentially describes the canonical momentum, with

p = e∗A +mvs = ℏ(�, (2.46)

where � is the phase of thewavefunction like before. As Feynman noted in Ref. [121],
the quantity ℏ(� is the canonical momentum itself. The wavefunction phase can be
written in terms of the gauge function � as they are related by

� = e∗
ℏ �. (2.47)

Rewriting Eq.(2.42) with the canonical momentum gives

∮ p ⋅ dl = n ⋅ Φ0 , (2.48)

which is analogous to the Bohr-Sommerfeld quantum condition, formulated to de-
scribe the quantization of angular momentum of an atom [105].
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2.7 Josephson junctions

An interesting phenomenon occurs when two superconductors are coupled by a thin
insulating barrier, Fig. 2.7. If the phases of the wavefunctions on either side di�er, a
current �ows without any applied voltage [122]. The e�ect can be understood as a
kind of tunneling but an intuitive argument for the e�ect is as follows. A di�erence in
the phases results in a gradient of the phase function through the junction, which is
equal to a magnetic vector potential (charge momentum) from (2.46). Therefore, ac-
cording to (2.9), a current will �ow. The expression for the supercurrent in a Joseph-

S

ΨL ∼ eiθL ΨR ∼ eiθR

I S

Figure 2.7: Superconductor-Insulator-Superconductor junction, known as a Joseph-
son junction. Current can �ow through the insulating barrier in the absence of an
applied voltage, due to a phase di�erence between the superconductors.

son junction, the Josephson current, is given by the sine of the phase di�erence of
wavefunctions in the junction

J = J0 sin(∆�), (2.49)

where J0 is the maximum current, which can be calculated from geometric prop-
erties of the junction [123]. Recent fabrications of Josephson junctions have been
made more complex, for example using a semiconducting barriers, quantum dots
and ferromagnetic materials [124]. Junctions with topological insulators have been
proposed as Majorana platforms [125]. Majorana zero modes are also expected to
emerge for junctions with topological superconductivity. However, they also host
Andreev bound states, considered to be formed by multiple Andreev re�ections (see
Sec. 2.10) that have similar experimental signatures [126].

A superconducting quantum interference device (SQUID), Fig. 2.8, can be made
by connecting two junctions in parallel [127]. When an external magnetic �eld is
applied perpendicular to the plane of the structure, the current in the upper branch
�ows against the magnetic vector potential whilst the current in the lower branch
�ows alongwith it, inducing a phase di�erence between the two branches, analogous
to theAharanov-Bohme�ect. The phase di�erence leads to oscillations of the current
with the external magnetic �eld strength. The maximum amplitude of the current
occurs for integer numbers of the �ux quantum, Eq. (2.44) [121].
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~B

~A

~Js

Ins.

Ins.

Figure 2.8: A superconducting quantum interference device (SQUID) consists of
two parallel Josephson junctions. The whole structure is made of a superconducting
material, apart from two thin insulating barriers in the upper and lower branch. The
supercurrent J⃗s splits into the upper and lower branch. Amagnetic �eld (B⃗) is applied
perpendicular to the plane, out of the page, resulting in themagnetic vector potential
(A⃗), shown in red.

2.8 Microscopic Theory

Both the London and Ginzburg-Landau models of superconductivity describe the
collective behaviour of the superconducting elements, without any fundamental de-
scription of the superconducting state itself. After their development, experiments
revealed that there is no change in the crystal lattice structure of a material when it
enters the superconducting phase [108], however di�erent isotopes of elements result
in di�erent critical temperatures [128], implying that the lattice a�ects the conduc-
tion of electrons in the superconducting state.

Phonons are quanta of lattice vibrations. The microscopic interaction between
superconducting states is microscopically attributed to phonon emission-absorption
events between a pair of electrons, having momentum of the same magnitude but
opposite orientation, Fig. 2.9. Such a pair is called aCooper pair [129]. Pair formation
of fermions with this kind of momentum con�guration, into composite bosons, is
energetically favourable due to the slightly positive lattice interaction V. The e�ect
only becomes dominant below TC . As noted in Sec. 1.4, other pairing interactions
occur in non-conventional superconductors.
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p1 p1 − q

p2 p2 + q

q

Figure 2.9: A particle with momentum p1 emits a phonon of momentum q which is
absorbed by another particle of momentum p2 [106].

2.8.1 Second quantization technique

In order to describe the quantummechanics ofmany-particle systems it is convenient
to use the complete orthogonal basis of state vectors

|n1 n2 ... n∞⟩ , (2.50)

along with the creation operators for bosons and fermions, b†k and f†k respectively
and the corresponding annihilation operators bk and fk. The operators satisfy the
following relations

[bi , b†j ] = bib†j − b†jbi = �ij ,

[bi , bj] = [b†i , b
†
j ] = 0.

(2.51)

{fi , f†j } = fif†j + f†jfi = �ij ,

{fi , fj} = {f†i , f
†
j } = 0.

(2.52)

With this formulation, amany-particle wavefunction can bewritten as a general state
vector, with F denoting the set of expansion coe�cients corresponding to the set of
quantum numbers [120],

|||Ψ(t)⟩ =
∑

n∞
F(n1 n2 ... n∞, t) |n1 n2 ... n∞⟩ . (2.53)

Schrödinger’s equation is valid for |||Ψ(t)⟩,

iℏ ))t
|||Ψ(t)⟩ = Ĥ |||Ψ(t)⟩ , (2.54)

where the hamiltonian Ĥ can be written in terms of the creation and annihilation
operators. For bosons we have

Ĥ =
∑

ij
b†i ⟨i| K

|||j⟩ bj +
1
2

∑

ijlm
b†i b

†
j ⟨ij

||| V |lm⟩ bl bm (2.55)
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with K and V denoting the kinetic- and potential energy respectively. In a similar
manner for fermions we have

Ĥ =
∑

ij
f†i ⟨i| K |||j⟩ fj +

1
2

∑

ijlm
f†i f

†
j ⟨ij||| V |lm⟩ fm fl (2.56)

with the subtle di�erence of ordering of the last annihilation operators being spe-
ci�c to fermions, due to their non-commutativity. With linear combinations of the
creation and annihilation operators, either bosonic or fermionic denoted c† and c
respectively, �eld operators  ̂ can be formed, where the single-particle states  k be-
come the coe�cients of expansion,

 ̂†(r) =
∑

k
 †k(r) c

†
k,

 ̂(r) =
∑

k
 k(r) ck .

(2.57)

Then both Hamiltonians, (2.55) and (2.56), can be written as [120]

Ĥ = ∫ dr  ̂†(r)K(r) ̂(r) + 1
2 ∬ dr dr′  ̂†(r) ̂†(r′)V(r, r′) ̂(r′) ̂(r) . (2.58)

2.8.2 BCS theory

Bardeen-Cooper-Schrie�er (BCS) put forth a microscopic theory of superconductiv-
ity based onCooper pairs in the language of second quantization [130]. Later, Gorkov
showed that GL-theory can be derived from the BCS theory [131]. Each Cooper pair
has opposite spin and momentum and can be given in terms of the wavevector pair
(k↑, −k↓). The ground state of multiple Cooper pairs can be described by the product

||| G⟩ =
∏

k1,...,km
(uk + vk c†k↑c

†
−k↓

) |0⟩ (2.59)

where |0⟩ is the vacuum while |||uk|||
2 and |||vk|||

2 are the pair occupation probabilities.
The coe�cient |||vk|||

2 is the occupational probability of the pair (k↑, −k↓) and |||uk|||
2 the

probability that the state is unoccupied [105]. To have the same number of occupied
and unoccupied states, the Hamiltonian is shifted so that the kinetic energy is zero at
the chemical potential,HBCS = H0−�N whereN is the average number of particles.
The pairing Hamiltonian is then

HBCS =
∑

k
"kc†k↑ck↑ + "kc†k↓ck↓ +

∑

k,k′
Vk,k′c†k↑c

†
−k↓

c−k′↓ck′↑ , (2.60)

where the single particle energy with respect to the Fermi energy is

"k =
ℏ2k2
2m − �. (2.61)
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One can �nd the coe�cients uk and vk using the variational approach, minimizing

� ⟨ G ||| HBCS
||| G⟩ = 0 (2.62)

using the condition that |||uk|||
2 + |||vk|||

2 = 1. The energy gap or pairing potential is
de�ned as

∆k = −
∑

k,k′
Vk,k′uk′vk′ , (2.63)

where Vk,k′ is the interaction potential of Cooper pairs. It is generally assumed to
be independent of k and approximated with a constant value, Vk,k′ ∼ −V. Then the
dispersion relation for superconductors is given by

Ek =
√
∆2k + "2k , (2.64)

where ∆k is the minimum excitation energy.

2.9 Bogoliubov-de Gennes formalism

Instead of the variational approach in Eq. (2.62), a generalization of theHartree-Fock
method can be applied to superconductivity [106]. If the pairing potential is written
as

∆k = −
∑

k,k′
Vk,k′⟨c−k′↓ck′↑⟩ , (2.65)

the Hamiltonian (2.60) can be written as

H =
∑

k,�
"kc†k�ck� −

∑

k
(∆kc†k↑c

†
−k↓

+ ∆∗kc−k↓ck↑), (2.66)

and expressed in the matrix form

H =
∑

k

[
c†k↑ c−k↓

]
[ "k ∆k
−∆∗k −"k

] [
ck↑
c†−k↓

] . (2.67)

The diagonalization method of the Hamiltonian is based on the Bogoliubov-Valatin
transformation [123]

(

k↑

†−k↓

) = ( u∗k vk
−v∗k uk

) (
ck↑
c†−k↓

) , (2.68)

allowing the substitution of the operators ck by fermionic quasiparticle operators 
k
which gives the Hamiltonian the simpli�ed form

H = Eg +
∑

k
Ek(
†k↑
k↑ + 
†k↓
k↓), (2.69)
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where
|vk|

2 = 1 − |uk|
2 = 1

2 (1 − "k
Ek

) . (2.70)

By calculating and comparing the commutation relations of theHamiltonianwith
the operators ck and 
k one arrives at [106]

Ekuk = Huk + ∆kvk ,
Ekvk = −H∗vk + ∆∗kuk ,

(2.71)

which can be written as

( H ∆k
−∆∗k −H∗) (ukvk

) = E (ukvk
) . (2.72)

The Bogoliubov-de Gennes (BdG) Hamiltonian has the form

HBdG = ( H ∆k
−∆∗k −H∗) . (2.73)

The corresponding BdG wave function is

 BdG(r) = (ukvk
) eikr = [uk(r)vk(r)

] (2.74)

where the spatial dependence is expanded in terms of plane waves [131]. From Eq.
(2.71) the energy-momentum relation can be found, using ℏ2(2 = p̂2 = ℏ2k2, one
obtains

E2k = [ℏ
2k2
2m − �]

2

+ ∆2 = "2k + ∆2, (2.75)

and thus
ℏ2k2±
2m = � ±

√
E2 − ∆2 . (2.76)

From Eq. (2.70) the energy relation for the BCS electron and hole probability coe�-
cients respectively can be derived,

u2k =
1
2 +

1
2E (ℏ

2k2
2m − �) ,

v2k =
1
2 −

1
2E (ℏ

2k2
2m − �) .

(2.77)



34 CHAPTER 2. THEORY OF SUPERCONDUCTIVITY

For |E| > ∆,

uk+2 =
1
2 +

1
2E (

√
E2 − ∆2) > 1

2

vk+2 =
1
2 −

1
2E (

√
E2 − ∆2) < 1

2

→ electron-dominant, (2.78)

whilst
uk−2 =

1
2 −

1
2E (

√
E2 − ∆2) < 1

2

vk−2 =
1
2 +

1
2E (

√
E2 − ∆2) > 1

2

→ hole-dominant. (2.79)

From the quasiparticle character of the excitations according to Eq. (2.68), one
can deduce that the positive solution in (2.76) gives an electron dominant excitation
whereas the negative one is hole dominant [132]. For clarity we will write ke for
k+ and kℎ for k−. Since ±k is a solution for both ke and kℎ, the energy-momentum
relation yields a fourfold degeneracy of states for each energy above ∆ as depicted in
Fig. 2.10. In the presence of an applied external magnetic �eld, an additional twofold
spin degeneracy has to be considered.

Ek

k
ke−ke kh−kh

∆

0

Figure 2.10: Degeneracy and type of the wave vector k for each energy value above
∆ in a homogeneous superconductor.
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2.10 Andreev re�ection and the proximity e�ect

When a superconductor is brought in contact with a metal or semiconductor, su-
perconductivity is induced in the latter one. This is the superconducting proximity
e�ect, also known as the Holm-Meissner e�ect [133]. The e�ect has emerged as
a key element in modern nanoscale technologies, in particular as a way to syntheti-
cally engineer topological superconductors capable of hostingMajora zeromodes [9].
Themechanism of the e�ect is commonly understood in terms of Andreev-re�ection
[134], where Cooper pairs form in a superconductor when electrons incident from
the normal conductor meet the boundary. Conversely, Cooper pairs are said to leak
into the metal from the superconductor [105]. The latter process has been criticized
as being only vaguely clari�ed [135] and despite having been known for close to a cen-
tury now, there is no generalized model of the e�ect but multiple theoretical models
exists for various special cases of the proximity e�ect [136].

2.10.1 The BTKmodel

Blonder-Tinkham & Klapwijk (BTK) [132] analyzed Andreev re�ection by solving
theBogoliubov-deGennes equations (2.71), for a normalmetal-superconductor junc-
tion, Fig. 2.11. Assuming constant values of the chemical potential � and the super-
conducting gap parameter ∆ for an incident electron from the metal side, the solu-
tions of the incoming and re�ected waves are

 inc = [10] e
ikex (2.80)

and

 refl = a [01] e
ikℎx + b [10] e

−ikex , (2.81)

for the composite wavefunctions

 ±ke∕ℎ = [u0v0
] e±ike∕ℎx , (2.82)

where u0 and v0 are the probabilities for an electron and hole, respectively. The co-
e�cients of re�ection for the hole and electron, a and b, are obtained by applying
the boundary conditions of continuity at the interface,  S(0) =  N(0), along with
the derivative boundary condition (ℏ∕2m)( ′S(0) −  ′N(0)) = ℎ (0). This results
in [132],

a = u0v0
u20 + (u20 − v20)Z2

and b =
(u20 − v20)(Z

2 + iZ)
(u20 − v20)Z2

, (2.83)
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where Z = ℎ∕ℏvF is a dimensionless parameter describing the magnitude of a delta
potentialV(x) = ℎ�(x) at the interface of the normal metal and superconductor. For
the simplest case, let Z = 0. Then a = v0∕u0 and b = 0, meaning that an incident
electron (2.80) is purely re�ected as a hole (2.81), in a process known as Andreev
re�ection [137]. An additional electron is absorbed by the superconductor, which
causes the re�ected hole. If an electron is incident on the boundary at an angle, the
re�ected hole path is parallel to the incident path, which is termed retro-re�ection.
Only in the case that the electron is incident orthogonal to the boundary, Fig. 2.11,
do re�ection and retro-re�ection coincide.

E
∆

N(E)
N(0)

e

h

1

Normal metal Superconductor

Figure 2.11: A normalmetal-superconductor junction, showing the density of states
in the superconductor. An electron incident at the boundary, with energy lower than
∆, will be re�ected as a hole whilst forming a Cooper pair within the superconductor

2.10.2 The superconducting side

The starting point of theBTKmodel is to solve two time dependent Schrödinger equa-
tions coupled by the superconducting energy gap∆ for a normalmetal-superconductor
junction or interface,

iℏ)f)t = [−ℏ
2∇2

2m − �(x) + V(x)] f(x, t) + ∆(x) g(x, t) ,

iℏ)g)t = −[−ℏ
2∇2

2m − �(x) + V(x)] g(x, t) + ∆(x) f(x, t) .
(2.84)
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Plane wave solutions of the following form, where u0 and v0 are taken to be real and
positive,

f(x, t) = u0eikx−iEt∕ℏ ,
g(x, t) = v0eikx−iEt∕ℏ ,

(2.85)

allow for the time dependence to be factored out, resulting in the Bogoliubov-de
Gennes equations, Eq. (2.71). Thus all of the expressions derived in Sec. 2.9 apply
to the superconducting part of the junction.
The solutions to Eq. (2.84) can thus be written as

 ±ke∕ℎ = [u0v0
] e±ike∕ℎx . (2.86)

In the normal metal the superconducting pairing potential is zero, ∆N(x) = 0. Then
in Eq. (2.84) the wavefunction f describes an electron, whilst the wavefunction g is
a solution to a time-reversed Schrödinger equation. A time-reversed electron can be
considered a hole, so f and g can be interpreted as describing electrons and holes
respectively. When V(x) is constant, which is the usual approximation in the BCS
model, f and g are proportional to the electron and hole occupation probabilities, u0
and v0 [130]. Hence Eq. (2.86) describes quasiparticle excitations in the supercon-
ductor.

The one-dimensional Hamiltonian incorporating the chemical potential � of the
condensate is

H(x) = −ℏ
2∇2

2m − �(x) + V(x) , (2.87)

where the potential
V(x) = ℎ�(x), (2.88)

describes the contact resistance or an oxide layer between the metals at the interface
x = 0, ℎ is a real valued constant. For simpli�cation it is assumed that �(x), V(x)
and ∆(x) are all constants with the values �(x) = �, V(x) = 0 and

∆(x) = { 0 for x < 0 (normal metal) ,
∆ for x ≥ 0 (superconductor) . (2.89)

2.10.3 The normal metal side

In the normal metal the two equations in (2.84) decouple due to vanishing ∆ and the
energy-momentum relations are

Eke =
ℏ2k2e
2m − "k (2.90)
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and

Ekℎ = "k −
ℏ2k2ℎ
2m , (2.91)

for electrons and holes, respectively. The Fermi energy is "k = � at zero temperature
and the corresponding Fermi wave vector takes two values

kF = ±
√
2�m
ℏ . (2.92)

Keeping in mind the physics of the matter, below the Fermi energy only hole exci-
tations are possible since all electrons are in the ground state. However above the
Fermi energy, electron excitations can occur, Fig. 2.12.

Ek

k
kF−kF

−µ

µ

0

Figure 2.12: Degeneracy and character of the wave vector k in a normal metal.

2.10.4 The interface

Figure 2.13 shows the dispersion at the normalmetal-superconductor interface along
with the plane wave propagation modes for the BdG solutions in the normal metal

 N(x) = [10] e
ikNe x + a [01] e

ikNℎ x + b [10] e
−ikNe x, (2.93)

and the superconductor

 S(x) = c [u0v0
] eikSe x + d [v0u0

] e−ik
S
ℎx . (2.94)

Using the condition of continuity to match the wavefunctions and their �rst deriva-
tive at the junction x = 0,  N(0) =  S(0) and (ℏ∕2m)( ′S(0) −  ′N(0)) = ℎ (0), the
coe�cients a, b, c and d can be found. The main assumption of the BTK analysis is
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the Andreev approximation, where all wavevectors, both in the superconductor and
the normal metal, are assumed to be very close to kF ,

kNe ≈ kNℎ ≈ kSe ≈ kSℎ ≈ kF , (2.95)

which considerably simpli�es the analysis and results in the aforementioned coe�-
cients of re�ection in Eq. (2.83) and the following coe�cients of transmission

c = u0(1 − iZ)
u20 + (u20 − v20)Z2

, d = iv0Z
u20 + (u20 − v20)Z2

. (2.96)

Normal metal

E

kF−kF

−µ

µ

0

kN
ekN

h−kN
e

Inc.

ab

Superconductor

E

k
kS
e−kS

h

kF−kF

∆

0

d c

Figure 2.13: Dispersion relation at a normal metal-superconductor interface. An
incident electron from the left with energy above ∆ (Inc.) has probability of being
re�ected (b), retro-re�ected as a hole (a), transmitted as a hole-like quasiparticle (d)
or an electron-like quasiparticle (c) [132, 136].

Despite having clari�ed the concept of Andreev re�ection at a normal metal-
superconductor interface, we have not explained how Cooper pairs explicitly move
from the superconductor to the normal metal. One of the authors of the BTK paper,
Klapwijk, stated in 2004 that the following self-consistency equation, is a necessary
part of the analysis even though it had been ignored due to the simplistic geome-
try [135],

∆(r) = VkF(r) = V
∑

E>0
v∗(r) u(r)[1 − 2f(E)] . (2.97)

Here, f(E) is the Fermi distribution function, Vk is the approximate mean �eld pair-
ing interaction and F(r) is the order parameter,

F(r) = ⟨ (r↑) (r↓)⟩ , (2.98)



40 CHAPTER 2. THEORY OF SUPERCONDUCTIVITY

which can be said to correspond to the Cooper pair density [123]. As noted in Refs.
[135] and [138], even though the pairing interaction Vk vanishes at the interface,
resulting in∆ = 0, the order parameterF(r) can be non-zero in the normalmetal, due
to coherence of electrons and holes, u and v, which underlies the proximity e�ect.

2.10.5 Optical retro-re�ection

If the energy of an incident electron (2.80) is smaller than the superconducting gap,
then thewave vector obtains an imaginary component. Waves of this type are evanes-
cent waves which are well known in optics, formed when total internal re�ection
occurs at a boundary. Despite having been known for a long time, only recently their
measurable e�ect in the electromagnetic settingwas theorized [139] and shortly after
detected [140].

Retro-re�ection and phase conjugation are considered characteristic aspects of
Andreev re�ection. Both properties aremanifested in non-linear optics of phase con-
jugate mirrors [141], Fig. 2.14. A remarkable property in the optical case is that a
scattering barrier between a light source and a phase conjugate mirror becomes in-
visible in the sense that due to retro-re�ection, the scattering is retraced back along
the original ray trajectory [142]. This behavior was originally considered to be as-
sociated with time-reversal symmetry but rigorous derivation has shown that is not
the case [143]. The analogy is not exact due to an additional phase factor obtained in
the case of Andreev re�ection and so a scattering barrier imposed between a normal
metal and superconductor will not be invisible, despite retro-re�ection [141].

Incident pz = ~kz
Lz = ~l

Reflected pz = −~kz
Lz = −~l

Lz = ~l

PCM

∆Lz = 2~l

CM

∆Lz = 0

Figure 2.14: Comparison of re�ection from a phase conjugate mirror (PCM), upper
row, and conventional mirror (CM), lower row. In the case of the PCM, rotational
recoil keeps the chirality of the re�ected wave [144].
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2.11 Super�uidity

Worthy of mention is the completely analogous e�ect to superconductivity in �uids,
super�uidity. Both e�ects have in common the sustaining of constant currents with-
out resistance or friction. With the same approach as in GL theory, Chap. 2.3, one
can describe the super�uidic state by a wavefunction [119]

 f(r) =  f0e
i�(r), (2.99)

where �(r) is a real valued phase function. Applying the momentum operator p̂ =
−iℏ( to the wavefunction leads to an expression for the super�uid velocity,

vf(r) =
ℏ
m(�(r) . (2.100)

Therefore, the phase of the super�uid wavefunction takes on the role of a velocity
potential Φ,

� = m
ℏ Φ . (2.101)

This leads to the observation that the gauge function (2.47) and the velocity potential
are analogous, which implies that the super�uid velocity vf and the magnetic vector
potential share the same role. FromEq. (2.100) it is evident that the phase is uniform
for a �uid at rest and that in the case of a constant super�uid velocity, the phase
has uniform variation in the direction of the velocity. Comparable to the London
equation (2.9), for super�uids [119]

Jf = �fvf . (2.102)

A Navier-Stokes like equation can be formulated describing the acceleration of the
super�uid using the total convective time derivative,

D
Dt =

)
)t + v ⋅ (, (2.103)

where v is the velocity of the �uid element itself. A similar treatment should then be
possible in the case of superconductors.

Super�uids have the interesting property of having more than one mode of den-
sity waves or sound waves, termed second sound. There are essentially two more
modes, the third sound having been both predicted and measured [145]. The second
sound can be seen as an entropy wave, where the normal �uid part and the super-
�uid part of the liquidmovewith opposite phase resulting in zero netmass �ow [119].
The phenomena was only known to occur at temperature up to a few Kelvin but sec-
ond sound was recently observed for the �rst time at temperatures above 100 K in
graphene [146].
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Sinha et al. [147] recognized similarities of Dirac’s theory of electrons [148, 149]
with super�uidity and proposed that the vacuum is a super�uid state of particle and
antiparticle pairs. Assuming that the pairs are in the ground orbital state with a zero
value of the total spin in the second quantization momentum representation, the
Hamiltonian describing a sea of particle-antiparticle pairs is

H =
∑

k
"kc†k↓ck↓ + "kd†k↑dk↑ −

∑

k,k′
Vk,k′c†k′↓d

†
−k′−↓

d−k−↓ck↓ . (2.104)

The operators c† and d† are the particle and antiparticle creation operators respec-
tively, c and d are the corresponding annihilation operators. This model is very simi-
lar to the BCS Hamiltonian (2.60). As in BCS theory, Vk,k′ is an e�ective short range
pair interaction, but here of an unknown nature. Assuming it is constant, the ground
state energy of the super�uid vacuum is lowered by a gap parameter ∆. Any object
moving through the super�uid vacuum with energy below the gap parameter will
not be able to exchange energy or momentum with it. The excitation energy of the
vacuum will be

Ek =
√
∆2 + "2k , (2.105)

By making the identi�cation

∆ = mc2 and "k = pc , (2.106)

the relativistic energy-momentum relation is obtained,

E =
√
(mc2)2 + (pc)2 . (2.107)

The speed of light is then seen as the critical velocity of the vacuum.
This idea has had a lively revival in recent years in relevance to darkmatter [150–152]
and observational implications have been proposed [152].

2.12 Gauge invariance in superconductivity

The question of gauge invariance becomes more pressing in superconductivity the-
ory than in classical electrodynamics, since the observable supercurrent is directly
proportional to the magnetic vector potential. Reconsidering the London equation
(2.5), restated here for convenience

Js = − 1
ΛA , (2.108)

the transformation A → A′ + (� is seen to change the supercurrent and so (2.108)
is not gauge invariant. Taking the divergence of (2.108) gives

( ⋅ Js = − 1
Λ( ⋅ A . (2.109)



2.12. GAUGE INVARIANCE IN SUPERCONDUCTIVITY 43

For a solenoidal supercurrent or vortex,

( ⋅ Js = 0

which necessitates the Coulomb gauge, also known as the London gauge,

( ⋅ A = 0.

From the canonical momentum for a multiply connected region, Eq. (2.46) can be
rewritten using Eq. (2.47) as

vs =
e
m ((� − A) . (2.110)

Together with Eq. (2.2) and Eq. (2.8),

Js =
1
Λ ((� − A) . (2.111)

This is the expression for the current which conserves the probability density of a
Schrödinger equation for a pair of particles interacting electromagnetically [121]. For
a simply connected region, the phase is constant and London’s equation (2.108) is
recovered.

The problem of gauge invariance in BCS theory is found to be rooted in the as-
sumptions that Cooper pairing consisted of zero-momentum pairs only, which corre-
sponds to the order parameter ⟨Ψ↑Ψ↓⟩ being constant in space. A phonon likemode is
needed to describe �uctuations in the order parameter [153]. This mode is in essence
aGoldstonemode and turns out to be the gauge function� (2.47). According to Gold-
stone’s theorem, whenever a continuous symmetry is spontaneously broken, mass-
less �elds of Goldstone bosons emerge [154]. The Goldstone boson can be incorpo-
rated as a longitudinal mode of a gauge �eld, but in doing so the gauge �eld acquires
mass. This process is the Higgs-mechanism [155], which has its roots in supercon-
ductivity theorywith theworks of Anderson [156] andNambu [157]. The free energy
Lagrangian in the Ginzburg-Landau model (2.26) can be used to illustrate the pro-
cess in a simpli�ed manner [158]. The third term in Eq. (2.26) describing the gauge
covariant derivative of the wavefunction can be rewritten with  = | |ei� along with
Eq. (2.47), giving

ℏ2
2m∗ ((| |)2 + e∗2

2m∗ ((� − A)2| |2 . (2.112)

We can further rewrite this term by de�ning the �eld

Ã = A − (�, (2.113)

and obtain
ℏ2
2m∗ ((| |)2 + e∗2

2m∗ Ã
2| |2 . (2.114)
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The second term is a mass term, as quadratic terms are interpreted in �eld theory,
analogous to classical kinetic energy

p2
2m = 1

2mv
2 . (2.115)

By making the transformation in Eq. (2.113), the Goldstone mode � has been incor-
porated into the potential Ã and in the process, made the potential become the only
mass term. Study of the Higgs mode in superconductors is currently underway [159]
and like Majorana zero modes, it is part of an exciting synergy presently happening
between condensed matter and particle physics.



Chapter 3

Majorana Zero Modes in Nanowires
With Combined Triangular and
Hexagonal Geometry

The e�ects of geometry on the hosting of Majorana zero modes are explored in core-
shell nanowires with a hexagonal core and a triangular shell, and vice versa. The
energy interval separating electronic states localized in the corners from states local-
ized on the sides of the shell is shown to be larger for a triangular nanowire with a
hexagonal core, than a triangular one. We build the topological phase diagram for
both cases and compare them to earlier work on prismatic nanowires with the same
core and shell geometry. We suggest that a dual core nanowire is needed to allow for
a braiding operation of Majorana zero modes at the nanowire end plane.

3.1 Introduction

Themost commonmodel of a systemwithMZM is a semiconductor nanowire in con-
tact with a metal superconductor [92,93], which is a quasi-one-dimensional system.
From the superconducting property, theHamiltonian of a proximitized nanowire ob-
tains an implicit particle-hole symmetry. With the application of an external mag-
netic �eld, time-reversal symmetry is broken and the system can support a ℤ2 topo-
logical invariant corresponding to the topological class D [160, 161]. The parameter
space of such systems has been thoroughly explored with detailed calculations in
order to predict the key conditions for experimental detection [160,162].

Tubular nanowires of core-shell type provide an experimental platform to in-
clude all required aspects for hosting MZM [19]. Prismatic core-shell nanowires
from various semiconductors have been fabricated and continue to be an active �eld
of research [33, 163–168]. Recent numerical simulations have indicated that several
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MZM’s can be hosted in prismatic core-shell nanowires, where the electronswith low
energies tend to localize around the prism edges [4,5]. This experimentally available
system can be a host for previously discussed multichain ladder models [169–171].

In this chapter we present computational results for triangular nanowires with a
hexagonal core (Tri-Hex), inspired by recently fabricated structures [33], and the in-
verse system, a hexagonal wire with a triangular core (Hex-Tri) which has also been
obtained [172]. We show that the separation of energy levels of the Tri-Hex struc-
ture is signi�cantly larger than in the case of a triangular core. With the Hex-Tri
structure, the number of phase boundaries in the topological phase diagram is re-
duced, since the triangular core results in the ground states being localized at the
three sides, rather than the six corners. The localization of MZMs is shown to corre-
spond to the single particle localization of both con�gurations. The results suggest
that these structures are worthy of further experimental investigation. To �nalize,
we discuss the possibility braiding MZM at the nanowire end planes.

3.2 Quantummechanical model and methods

In the numerical calculationsweuse cylindrical coordinates, with the z axis along the
nanowire. The geometry of the wire cross-section is de�ned by applying appropriate
boundaries to a discretized disc in polar coordinates (�, r) [173]. The Hamiltonian of
the cross-section describes the transverse modes of the nanowire

Ht =
(p� − eA�)2

2me
− ℏ2
2mer

)
)r (r ))r ) , (3.1)

where p� = −i ℏ
r
)
)�

is themomentum in the �̂ direction, andA� =
1
2
Br the vector po-

tential associated with the magnetic �eld of strength B oriented along the nanowire,
in the symmetric gauge. The eigenstates of Ht can be written in terms of the lattice
sites

|a⟩ =
∑

�
ca|r���⟩. (3.2)

The nanowire length is incorporated with longitudinal modes which are given by

Hl =
p2z
2me

, (3.3)

with the corresponding eigenstates

|k⟩ = L−1∕2 exp(ikz) , (3.4)

for an in�nite nanowire, L → ∞. In the case of a �nite wire, with z = 0 set in the
middle of the nanowire,

|n⟩ = L−1∕2
√
2 sin (n� ( zLz

+ 1
2)) . (3.5)
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The Zeeman e�ect due to the applied external magnetic �eld is given in terms of
the e�ective Landé g-factor, Bohr magneton �B, spin |�⟩ and magnetic �eld strength
B,

HZ = −g∗�B�B . (3.6)

In order to satisfy the Majorana property, 
 = 
†, the system needs to be e�ec-
tively degenerated. Along with the Zeeman splitting, materials such as InAs or InSb
are normally used in experiments due to the possibility of obtaining strong Rashba
spin-obit coupling which lifts the spin degeneracy by coupling the spin to the mo-
mentum.

For a thin cylindrical shell the spin-orbit interaction can be modeled with the
Hamiltonian

HSOI =
�
ℏ(��pz − �zp�) , (3.7)

which corresponds to the regular planar model transformed in cylindrical coordi-
nates [174], where � is the Rashba coupling constant. For a prismatic shell, a more
elaboratedmodel is in principle necessary, that should take into account the details of
the nonuniform interface between the core and the shell. Recent calculations based
on the k ⋅ p method indicate that the spin-orbit coupling inside the core can signi�-
cantly increase due to the e�ective interface �eld, in the hexagonal geometry [175].
However, to our knowledge, no such study has been performed for the electrons sit-
uated in the shell. Since we shall deal mostly with electrons localized within narrow
angular regions of the shell, on the corners or on the sides, we will assume they are
experiencing a local e�ective electric �eld in the radial direction only, and we will
use Eq. (3.7) as if that �eld did not depend on the angle �. This model has been
already used for describing Majorana states in core-shell nanowires with a simpler
geometry [4, 5], and should be reasonable for a qualitative approach.

Our model of the core-shell nanowire is based on the composite Hamiltonian

Hw = Ht +Hl +HZ +HSOI . (3.8)

The eigenstates and energy values for a �nite wire are obtained by diagonalizing the
matrix

⟨an�|Hw|a′n′�′⟩ . (3.9)

The �nal ingredient needed to model MZM in the system is superconductivity.
Due to the proximity e�ect, superconductivity is induced in the nanowire shell. The
�rst hybrid superconductor-semiconductor nanowire systems consisted of nanowires
lying on superconducting substrates [47]. The proximity e�ect was assumed induce
superconductivity in the whole wire, given that the thickness of the nanowire is
much smaller than the coherence length, �. More recently, nanowires covered with
a superconductor have been fabricated with in-situ methods [48]. In such systems,
the proximity e�ect can more rightly be assumed to be homogeneous in the system.
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However, a complete superconductor shell will invoke the Little-Parks e�ect which
has to be taken into account in the transport through the system [176].

The current analysis essentially describes a core-shell nanowire with an insulat-
ing or hollow core and a fully proximitized semiconductor shell, which is justi�ed in
the light of experimental results of Ref. [177]. Nonetheless, the authors are aware that
the proximity e�ect deserves a more thorough treatment [178] as the temperature
and sample geometry can both signi�cantly in�uence the coherence length [179].
The superconducting property is incorporated by an order parameter ∆ which cou-
ples two Schrödinger equations for electrons and holes with opposite spin in the
Bogoliubv-DeGennes (BdG) Hamiltonian [180] which has been extensively used to
describe quasiparticle excitations in superconductors [131].

The eigenstates of the BdGHamiltonian have both electron and hole components
and are written in the basis

|q⟩ = |�an�⟩ = |�g⟩ , (3.10)

where |g⟩ denotes the basis for the �nitewireHamiltonian in Eq. (3.8) with the added
electron-hole degree of freedomdescribedwith the isospin quantumnumber � = ±1.
In the case of a �nite wire, the longitudinal eigenstates are as in Eq. (3.4). Thematrix
elements are obtained for � = �′ with

⟨g�|HBdG|g′�′⟩ = �[Re⟨g|Hw|g′⟩
+ i�⟨g|Hw|g′⟩ − ��gg′],

(3.11)

and for � ≠ �′,
⟨g�|HBdG|g′�′⟩ = ����,−�′�aa′�nn′∆ . (3.12)

Note that the excitation energies are evaluated relative to the chemical potential �,
Eq. (3.11) which gives the BdG Hamiltonian an implicit particle-hole symmetry.

By calculating the spectra of both the �nite and in�nite cases for increasing mag-
netic �eld strength, a closing and reopening of the quasiparticle energy gap is ob-
served with the emergence of topological edge states in the �nite length spectrum
[181,182].

It has been shown that a pair of MZM will emerge for each corner in a prismatic
core-shell nanowire but due towavefunction overlap or tunneling caused by the�nite
width of the sides, some pairs will be shifted symmetrically above and below zero
energy. In the case of three edges, one pair will be precisely at zero energy. The other
two hybrid MZM’s, slightly above and below zero energy, have been termed pseudo
MZM’s and will be referred to as such [4].

Throughout thiswork, our chosenparameters correspond to InSbwith 
 = 1
2
g∗me =

0.393, SOI parameter � = 1meV nm and a superconducting gap parameter ∆ =
0.50meV. The number of sites used to describe the nanowire cross section is be-
tween 1700-2400.
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3.3 Single-particle energies

Triangular nanowires with hexagonal cores have been fabricated with both side-
matched (SM) cores [33], Figs. 3.1(c,d) and corner-matched (CM) cores [163], Figs.
3.1(e,f). To compare with earlier analysis [38] we explore the single-particle localiza-
tion and the energy level separation of these nanowires, in conjunction with triangu-
lar cores, Figs. 3.1(a,b). The hexagonal core geometry enlarges the area of the corner
localized peaks, whilst the side localization is suppressed, compared to the case of
the triangular core. The side states of the triangular core are split by the hexagonal
core geometry, resulting in two peaks per corner.

(a) (c) (e)

(b) (d) (f)

Figure 3.1: Single-particle cross-sectional localization of triangular nanowires with
a triangular core (a,b), side-matched hexagonal core (c,d) and corner-matched hexag-
onal core (e,f). The upper row shows the corner localization of the �rst three quasi-
degenerate energy states. The lower row shows the states of the adjacent energy level.
The minimal shell thickness is 10 nm for the �rst two cases but slightly less in the
corner matched case since the core is rotated with respect to the central case.
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The hexagonal core geometry further results in a larger separation of the lowest
(corner) states, Fig. 3.2, which is favourable for Majorana physics [4], as it provides
more robust subspace of corner states. The energy separation decreases with increas-
ing shell thickness - as the hexagonal core gets smaller, the wavefunction overlap at
the sides becomes larger.
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Figure 3.2: Single-particle energy states for the three triangular nanowire con�gu-
rations. The three lowest-energy states are nearly degenerate and localized in the
corners of the shell.

In the case of a hexagonal wire, Fig. 3.3, the triangular core outlines three sides
with an enlarged area, compared to the hexagonal core. To the best of our knowledge,
the corner-matched con�guration (e,f) has not yet been fabricated, but is included in
the analysis for the sake of completeness.

The separation of energy levels is larger for the case of a hexagonal wire with a
triangular core compared to a hexagonal core, Fig. 3.4 but not as large as in the case
of triangular wires. This is due to the overlap between localization peaks, which is
clearly visible in Fig. 3.3(f). We say that the three states are quasi-degenerate as the
degeneracy pattern is 1-2, 2-1 which becomes more evident for higher states in Figs.
3.2 and 3.4.
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(a) (c) (e)

(b) (d) (f)

Figure 3.3: Single-particle cross-sectional localization of hexagonal nanowires with
a hexagonal core (a,b), side-matched triangular core (c,d) and corner-matched trian-
gular core (e,f). The upper row shows the �rst three quasi-degenerate energy states,
which also describes the localization of the second energy level. The lower row shows
the adjacent higher states. Theminimal shell thickness is 10 nm for the �rst two cases
but slightly more in the corner matched case since the core is rotated with respect to
the central case.
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3.4 Topological phase diagrams

First, the Tri-Hex nanowire is explored, with the cross section illustrated in Fig.
3.5(a). The radius of the nanowire i.e. the distance between the center and the exter-
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Figure 3.5: (a) Discretized nanowire cross section with Tri-Hex geometry, radius of
50 nm and 10 nm minimal shell thickness.
(b) Corresponding energy dispersion for an in�nite wire in the presence of an exter-
nal magnetic �eld of magnitude 0.55 T.
(c) BdG quasiparticle spectra for an in�nite wire showing the closing of the energy
gap as the longitudinal external magnetic �eld strength is increased. (d-f) Corre-
sponding energy spectra of a �nite wire of length 200 R, showing the emergence of
Majorana Zero Modes. The line colors in �gure (c) correspond to the magnetic �eld
values shown in panels (d-f).

nal corners, is R = 50 nm, the side thickness is 10 nm and the length 200R in the case
of the �nitewire. Fig. 3.5(b) shows the energy dispersion for such a nanowirewith in-
�nite length, vs. the longitudinal wavevector times the nanowire radius, showing the
Zeeman splitting due to the external magnetic �eld applied parallel to the nanowire,
along with the value of the chemical potential, �. Three values of magnetic �eld
strength are shown for the energy dispersion of the in�nite wire BdG Hamiltonian
in Fig. 3.5(c), to indicate the onset of the MZM, with corresponding �nite wire spec-
tra in in Figs. 3.5(d-f). Six states are formed around zero energy, one pair for each
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corner of the nanowire section. In e�ect, a gap closing is required for each pair of
zero modes forming in the spectrum.

By calculating the BdG spectra for a range of magnetic �eld strengths and values
of the chemical potential, we can �nd for which set of parameters the BdG spectra
closes. The closing of the BdG energy gap signi�es a phase transition of the sys-
tem from a topologically trivial state to a non-trivial one, with the emergence of a
pair of edge states. The system can not be adiabatically deformed back to the orig-
inal trivial state without closing the energy gap, just as a sphere can not be contin-
uously deformed into a torus, therefore the states are considered topologically dis-
tinct [183,184]. By plotting the ratio of the BdG energy and the superconducting gap
parameter ∆ at k = 0, as a function of the magnetic �eld strength and the chemi-
cal potential, a phase diagram is obtained [160, 185]. Since there are three states at
the lowest energy, for both the Tri-Hex and Hex-Tri case, the system can host three
pairs of edge states and there will be a closing of the BdG spectra for the emergence
of each one. We will therefore have three curves on our phase diagrams which are
boundaries between phases with di�erent number of pairs of edge states [186, 187].
Topological phase diagrams of prismatic core-shell nanowires with uniform geome-
try have been recently studied [5]. Here we explore the e�ect of the core geometry on
the phase diagrams. Since a realistic nanowire is not strictly symmetric, from now
on we choose to slightly break the cross-sectional symmetry of our nanowires with a
weak transverse electric �eld.

3.4.1 Tri-Hex nanowire geometry

For a minimal shell thickness of 10 nm, the phase diagram of the Tri-Hex systems
consists of three lateral parabolas, which is the same phase diagram as for three iso-
lated one dimensional nanowires [5]. In order to observe signs of wavefunction over-
lap between corners, theminimal shell thickness is increased to 12.5 nm, correspond-
ingly the chemical potential is shifted to lower values compared to Fig. 3.5. Contrary
to the phase diagram of three isolated wires, the tunneling removes the crossing of
the phase boundaries, Fig. 3.6. The same phase diagram is observed for all three
con�gurations of core geometry so only the side-matched case is presented.

We conclude that the e�ect of the hexagonal core is minimal for shell thickness
up to 12.5 nm. Larger values will decrease the separation of energy levels, which is
undesirable for hosting MZM [4] and are thus not further elaborated on here.
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(a) Phase boundaries for EBdG = 0 at k = 0. (b) Shaded topological phase.

Figure 3.6: Phase diagram for a side-matched Tri-Hex structure with 12.5 nm shell
thickness in a weak transverse electric �eld. For a speci�c value of the chemical
potential, �, the BdG energy gap alternately closes and reopens with an additional
Majorana mode. For the �rst and third gap closing, the spectrum contains a proper
zero mode at E = 0. For the second gap closing, the two Majorana modes are near
zero energy, shifted slightly above and below zero due to �nite size e�ects. In that
case there is no exact zero mode such that the phase is topologically trivial.

3.4.2 Hex-Tri nanowire geometry

For a hexagonal wire with a triangular core, we can expect to seemore signs of corner
localization overlap between the sides of the wire, as the separation of energy levels
ismuch smaller than in the case of the triangular wire, Fig. 3.4. As the di�erences be-
tween the side-matched and corner-matched cases is small, the phase diagram for the
side-matched structure is presented only. In the topological phase diagram the pres-
ence of a threefold phase boundary signi�es that the particles form three channels
induced by the triangular core geometry, Fig. 3.7. The topological phase is entered at
a lower value of both the chemical potential and magnetic �eld strength, compared
to the Tri-Hex case, Fig. 3.6. Orbital Zeeman e�ects both skew the phase boundaries
and lower the magnetic �eld strength threshold for the topological phase. Further-
more, combined with the spin Zeeman e�ect, they are responsible for the curious
elliptic island [4], Fig. 3.7, around � = 61.5meV and B = 0.6 T.

In Fig. 3.8, the lowest energy transverse states are shownwith increasing strength
of the external magnetic �eld. For the Tri-Hex geometry, �ux periodic oscillations
are suppressed. Due to the orbital Zeeman e�ect, slight oscillations are found for the
Hex-Tri geometry, which is echoed in the corresponding phase diagram. The phase
boundaries are three in number but a hexagonal core results in six phase bound-
aries [4]. The e�ect of the triangular core geometry is therefore quite signi�cant in
this case, mainly in that the number of phase boundaries is halved, compared to a
hexagonal core.
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Figure 3.7: Phase diagram for a side-matched Hex-Tri structure with 10 nm shell
thickness. Three topological phase boundaries, corresponding to the three sides of
the triangular core are distinguished.
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Figure 3.8: Lowest transverse energy states with increasing the magnetic �eld
strength, compared for side-matched Tri-Hex and Hex-Tri wire geometries.

The possibility of gap closing at non-zero values of the wave vector in the con-
tinuous spectrum was also considered. In all of the studied cases, the same phase
diagram was obtained, meaning that these topological phases are stable [4].
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3.5 Localization of Majorana Zero Modes

To explore the correspondence between the single-particle localization andMZM lo-
calization, the BdG probability density of the nanowire cross section at the end of
the wire is calculated. We �nd that for both the Tri-Hex and Hex-Tri structures, the
localization of MZM’s, Fig. 3.9, coincides with the single-particle localization, Figs.
3.1 and 3.3, in that we have states localized at the largest area. The ideal MZM Fig.
3.9(c,d) at E = 0 di�er from the pseudo MZM (a,b,e,f) by di�erent weights of the
lowest (corner) states, controllable with the electric �eld. The degeneracy pattern
1-2, 2-1 is re�ected in the localization. Only the side-matched cases are presented, as
the di�erence to the corner-matched cases is negligible.

E-field

(a) E < 0 (c) E = 0 (e) E > 0

(b) E < 0 (d) E = 0 (f) E > 0

Figure 3.9: Localization of Majorana zero modes at the nanowire ends for side
matched Tri-Hex and Hex-Tri structures. The arrow shows the directionality of the
applied transverse electric �eld for all instances, breaking the localization symmetry.

To con�rm that theMZMare localized at the ends of the nanowire, the BdG prob-
ability density of the corresponding state is calculated as a function of the nanowire
length, for a given point on the nanowire cross section. The longitudinal localization
for the corresponding top corner of the side-matched Tri-Hex, Fig. 3.9 can be seen in
Fig. 3.10. As expected, we observe strong edge localization which is characteristic of
the MZM and topological edge states in general [188, 189].
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Figure 3.10: Single site lengthwise localization of an MZM. The probability density
is greatest at the nanowire ends and falls o� exponentially towards the nanowire
center.

3.6 Discussion

In the light of the zero bias conductance peaks not being conclusive evidence [95],
there is now a general consensus that braiding or fusing MZM is required as con-
clusive evidence to con�rm experimentally their realization [1, 95]. Solely demon-
strating topological phases as we have done here, is only the necessary foundation.
Various schemes for braiding have been proposed [82]. In particular, braiding pro-
tocols for Y-junctions have been heavily studied [190, 191]. In such a system, one
of the emerging problems is the misalignment of the longitudinal magnetic �eld, as
the Y-junction does not lie on a single axis [192]. Braiding MZM’s in the plane of
the nanowire end will circumvent this problem. However, this can not be done in a
single core nanowire as the MZM’s would always meet up along the shell and fuse.

By fabricating a core-shell nanowirewith two insulating cores or e�ectively so via
doping, Fig. 3.11, this problem can be overcome. The next problem is then how the
MZM’s can be moved around in the nanowire end plane. Even though the MZM can
bemanipulatedwith an external electric �eld, thatmay not provide su�cient control
to perform a braiding operation. Lastly, a readout is needed, based on a coupling of
the fermion parity to an observable [82] in order to con�rm that �AB�BC ≠ �BC�AB.
Formulation of an exact braiding scheme is beyond the our current scope. Here, we
only intend to stimulate the discussion about braiding in the nanowire end planes,
as the nanowire edges model three strands, needed to demonstrate the simplest non-
commutative braiding operation.
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A C

B

σAB σBC

Figure 3.11: End plane of a hypothetical dual core-shell nanowire, providing su�-
cient motional degrees of freedom for the braiding operations �AB, �BC .

3.7 Conclusions

By combining hexagonal and triangular geometry in nanowires of core-shell type,
both energy levels and topological phases can be in�uenced. With the polygonal
geometry, a well separated group of corner states is obtained. Here we show that the
separation of corner-localized energy levels is much larger for triangular nanowires
with hexagonal cores, compared to those with triangular cores of the same minimal
shell thickness, whilst the e�ect on the topological phase isminimal. On the contrary,
for the complimentary con�guration of a hexagonal wire with a triangular core, the
e�ect on energy level separation is minimal whilst the e�ect on the topological phase
boundaries is signi�cant. We �nd for both con�gurations that the localization of the
Majorana zero modes coincides with the single-particle localization. The problem of
braiding Majorana zero modes in a nanowire end plane is addressed and a split/dual
core structure is proposed as a systemwith the necessarymotional degrees of freedom
for a three strand braiding operation.



Chapter 4

Electron-hole Coherence in
Core-shell Nanowires With Partial
Proximity-induced
Superconductivity

The electron-hole coherence within a partially proximitized n-doped semiconductor
shell of a core-shell nanowire heterostructure is investigated numerically and com-
pared with the Andreev re�ection interpretation of proximity induced superconduc-
tivity. Partial proximitization is considered to quantify the e�ects of a reduced coher-
ence length. Three cases of partial proximitization of the shell are explored: radial,
angular and longitudinal. For the radial case, it is found that the boundary condi-
tions impose localization probability maxima in the center of the shell in spite of
o�-center radial proximitization. The induced superconductivity gap is calculated as
a function of the ratio between the semiconducting and superconducting parts and
the result is found to be independent of the shell thickness. In the angular case, the
lowest energy state of a hexagonal wire with a single proximitized side is found to
display the essence of Andreev re�ection, only by lengthwise summation of the lo-
calization probability. In the longitudinal case, a clear correspondence with Andreev
re�ection is seen in the localization probability as a function of length along a half
proximitized wire.

The proximity e�ect is generally hypothesized to stem from electron-hole coher-
ence, brought on by Andreev re�ection at the superconductor interface [134]. The
superconducting proximity e�ect has resurfaced time after time in the past decades as
a hot research topic due to relevance to research topics in each decade [135,193–199].
Most recently due to the search for Majorana zero modes in nanostructures [13,126,
200]. One of the earlier theoretical descriptions of the spatial dependence of the or-
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der parameter in the superconducting proximity e�ect was done by MacMillan in
1968 [201], using a Green’s function approach based on the Gor’kov equations [202]
to describe a normal metal-superconductor (NS) junction. In this method, the BCS
potential for a quasi 1D problem is written in terms of the pairing interaction V(x)
and the condensation amplitude F(x),

∆(x) = V(x)F(x) (4.1)

where F is given by an ensamble average [120]

F(x) = ⟨ ̂↑(x) ̂↓(x)⟩. (4.2)

MacMillan called the problem of the NS-junction possibly the simplest one in space-
dependent superconductivity and proposed, in his own words, “a very nearly com-
plete solution” of the problem for the case of in�nite length of bothmetals, evaluating

F(x) = 1
� ∫

Ec0

0
Im[G12(E, x, x′)] dE, (4.3)

where Ec0 is the cut-o� energy. G12 is the upper o�-diagonal component of the 2 × 2
Green’s function

G(x, t, x′, t′) = −i⟨0|T{Ψ(x, t)Ψ†(x′, t′)}|0⟩, (4.4)

written in the Nambu [203] spinor formalism,

Ψ(x) = (
 ̂↑(x)
 ̂†↓(x)

) , (4.5)

where T denotes time ordering and |0⟩ the Heisenberg ground state. F(x) is also
known as the anomalous Green function [123].

Another fundamental reference in the�eld is a book chapterwritten byDeutscher
and de Gennes [204], published in 1969. There, the distinction between a clean and
dirty juntion is made and the following simpli�ed results presented for the spatial
dependence of the order parameter. For a clean metal, where the mean free path ln
therein is larger compared to the coherence length, lN > �N , the order parameter has
the asymptotic form

F(x) = �(x) exp(−2�kBTℏvF
|x|), (4.6)

where �(x) is some slowly varying function, kB is the Boltzmann constant, T denotes
temperature and vF is the Fermi velocity. For the limiting case of the temperature
being close to zero a result by Falk from 1963 [205] is cited,

F(x) ∼ 1
|x| . (4.7)
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Falks paper [205] has a similar Green’s function based approach of the Gor’kov equa-
tions as McMillan [201] and precedes McMillan’s work by �ve years.

At present time, the e�ect of Andreev re�ection is considered to be the mecha-
nism behind the superconducting proximity e�ect [105,136]. Described by Andreev
in 1964 to explain the thermal resistance of the intermediate state in superconduc-
tor, Andreev re�ection refers to the conjugate retro-re�ection of electrons and holes
at a metal-superconductor boundary [137], Fig. 4.1. Retro-re�ection means that an
incoming electron from the normal metal side is re�ected such that it traces back the
incident trajectory. In order for an incident electron at the normal metal side with
energy below the gap parameter ∆, to be transferred across the boundary, the forma-
tion of a Cooper pair in the superconductor requires another electron with equal and
opposite momentum which can be seen as a re�ected hole.

F (x)

x
e

h

∆
Normal conductor Superconductor

Figure 4.1: Simpli�ed sketch of the proximity e�ect and Andreev re�ection. An
electron with energy E < ∆ at an N-S boundary will be retro-re�ected as a hole whilst
forming a Cooper pair within the superconductor [132].

Blonder, Tinkham and Klapwijk (BTK) re�ned the scattering approach to the
problemusing the Bogoliubov equations and further computed I-V curves alongwith
transmission and re�ection coe�cients for all cases of energy relative to the super-
conducting gap including a delta-barrier at the interface [132]. This work has since
become seminal for Andreev re�ection and is fundamental to most tunneling spec-
troscopy experiments on superconducting junctions [105]. The scattering formalism
has the advantage of being readily interpreted and familiar from the standard educa-
tional problem in quantum mechanics of scattering from a potential barrier. Klap-
wijk [135] later noted that the following self-consistency equation was not included
in the original BTK approach, and the superconducting gap implemented as a step
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function at the interface. The self-consistency equation can be written as

∆(r) = V(r)F(r) = V(r)
∑

E
u(r)v†(r)[1 − 2f(E)], (4.8)

where u(r) and v(r) are the electron- and hole components of the quasiparticle wave-
function respectively, and f(E) is the Fermi-distribution function,

f(E) = [1 + exp(E − �∕(kBT))]−1 . (4.9)

Even if the pairing interactionV(r) is zero in the normalmetal, F(r) can be non-zero,
stemming from electron-hole coherence, which can be interpreted as the supercon-
ductivity leakage in the normal metal [135]. The self-consistency equation deter-
mines the variation of ∆(r) at the intersection but the general features of Andreev
re�ection are independent of it [206]. Self-consistency has been shown to be of great
importance for interfaces of d-wave superconductivity [207]. Considerable work has
been done in the past decade on the many subtleties of the superconducting gap pa-
rameter in hybrid semiconductor-superconductor systems in relation to the quest for
experimental realization of Majorana Zero Modes [208–211].

4.1 Model and methods

A three dimensional proximitized core-shell nanowire is modeled in the zero tem-
perature limit using cylindrical coordinates, where the z-axis is de�ned along the
wire growth direction. Using a divide and conquer algorithm coded in Fortran [212],
energy spectra and states of the system are obtained by numerical diagonalization of
the the Bogoliubov-de Gennes (BdG) Hamiltonian [131,180]

HBdG = ([Hw − �] ±∆↑↓
∓∆∗↑↓ −[H∗

w − �]) . (4.10)

The matrix elements are written in the composite basis |q⟩ consisting of the trans-
verse modes |a⟩, longitudinal modes |n⟩, spin |�⟩ and particle-hole eigenstates |�⟩
such that

|q⟩ = |�an�⟩, (4.11)
where |an�⟩ are the eigenstates of the Hamiltonian for the wire without proximty
induced superconductivity,

Hw = Ht +Hl +HZ . (4.12)

The transverse and longitudinal components of the Hamiltonian are written as

Ht +Hl =
(p� − eA�)2

2me
− ℏ2
2mer

)
)r (r ))r ) +

p2z
2me

, (4.13)
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where A� = 1
2
Br is the vector potential in the symmetric gauge, incorporating an

external magnetic �eld, B, directed along the wire axis. The transverse eigenstates
are expanded in terms of the lattice sites

|a⟩ =
∑

�
ca|r���⟩ , (4.14)

and matrix elements obtained by �nite-di�erence discretization of derivatives [38,
39]. The cross-section geometry is added by in�nite potential boundary conditions
de�ning the hexagonal shape. For an in�nite wire, the longitudinal modes are ex-
pressed in an exponential plane wave basis so that the Hamiltonian becomes a func-
tion of the longitudinal wave vector. For a �nite wire, they are expanded in a sine
basis,

|n⟩ = L−1∕2z
√
2 sin (n� ( zLz

+ 1
2)) . (4.15)

The length of the wire is Lz, the origin is de�ned in the nanowire center so that the
wire spans the interval

[−Lz
2
, Lz
2

]
along the z axis. The external magnetic �eld B gives

rise to the Zeeman term
HZ = −g∗�B�B, (4.16)

where g∗ is the e�ective Landé g-factor and �B the Bohrmagneton. The particle-hole
symmetry and coupling are contained in the quantumnumber � = ±1 and thematrix
elements of the BdG Hamiltonian are then obtained by the following, for � = �′

⟨an��|HBdG|a′n′�′�′⟩ = �[Re⟨an�|Hw|a′n′�′⟩
+ i�⟨an�|Hw|a′n′�′⟩ − ��(an�)(a′n′�′)],

(4.17)

and for � ≠ �′,

⟨an��|HBdG|a′n′�′�′⟩ = ����,−�′�aa′�nn′∆s . (4.18)

The chemical potential, �, is situated to correspond to an n-doped semiconductor
such that electrons are the main carriers of the system. Partial proximitization is
implemented by a step function in the superconducting gap parameter, ∆s(r, �, z),
separately imposed in the radial, angular and longitudinal direction of the shell, so
that ideal junctions with no interface barriers are formed in each case. In accordance
with the original works of Andreev [137] and BTK [132], the induced gap is a �xed
parameter and spin-orbit coupling is not considered. Model parameters are chosen
to correspond to an InSb shell with 
 = g∗me∕2 = 0.393. The numerical simulations
were performed for single shell nanowires with cross section diameter of 100 nm
and shell thickness of d = 10 nm. For the �nite wires, the length was set to 10 �m in
sections 4.2 and 4.3 along with a shorter wire of 1 �m in section 4.4.
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4.2 Partial radial proximitization

A core-shell nanowire fully coated with superconducting layer induces a radially
symmetric proximitization of the shell. Full-shell nanowire systems allow for ad-
ditional control of the superconducting energy gap due to the Little-Parks e�ect [48,
176, 213]. Partial radial proximitization of the shell would occur if the e�ective su-
perconducting coherence length was suppressed in the sample [162]. A cylindri-
cal shell is considered, to isolate the e�ect of a partial proximitization radially, Fig.
4.2(a). As the shell thickness d of the studied systems is much lower than the typical
coherence length, this is arguably a rare instance for clean interfaces. Accordingly,
the results are found to be independent of the shell thickness for the given diame-
ter. Partial proximitization of a semiconductor wire with a superconductor having a
∆s = 0.5meV gap results in an induced gap of ∆i = 0.15meV of the whole system,
Figs. 4.2(b,c). The wavefunction acquires the angular symmetry of the shell, the am-
plitude peak however is found to be centralized in the shell, irrespective of the radial
asymmetry of proximitization. This follows from the boundary conditions of no hop-
ping over the inner and outer boundary of the shell, which corresponds to vanishing
of the wavefunction in the continuous lattice limit.

Note that according to Eq. (4.15), the probability amplitude oscillates along the
wire length. The oscillation wavelength is determined by the chemical potential, Fig.
4.2(d), as the higher energy level increases the frequency. Figs. 4.2(e,f) show the lon-
gitudinal summation of probability amplitudes for the �rst �ve positive and negative
energy states. In this case there is no straight forward correlation to retro-re�ection of
a hole component at the semiconducting-superconducting interface since the bound-
ary conditions force the induced hole component to be equally localized over both
the proximitized and non-proximitized parts of the wire shell.
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Figure 4.2: (a) Partial radial proximitization of the nanowire shell, half-proximitized
shell with ∆s = 0.5meV in the outer half (purple) of the shell. (b) Finite wire BdG
spectrum of the nanowire system, showing the induced gap ∆i = 0.15meV. (c) In�-
nite wire BdG energy spectra. (d) Energy dispersion and chemical potential (red) of
the in�nite wire. (e) Longitudinal summation of probability amplitudes on interior
sites for the hole component |v|2 of the lowest positive and negative energy states,
for a single angular slice. (f) Longitudinal summation of probability amplitudes for
the corresponding electronic component |u|2.
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In Fig. 4.3 the induced superconducting gap is shown as a function of the ratio
between the non-proximitized and proximitized parts of the shell. The results are
found to be independent of the shell thickness, for the given diameter of the wire.
The superconducting gap parameter of the proximitized part is set to ∆s = 0.5meV.
The induced superconducting gap of the fully proximitized system is lowered by 10%
due to the applied external magnetic �eld, |B⃗| = 65.8mT, included in the simulation
to lift spin degeneracy. The spin degeneracy is lifted to identify the chemical potential
range that includes both spins in the presence of amagnetic �eld, the e�ects of which
are further studied in Sect. 4.4.
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Figure 4.3: Induced superconducting energy gap of a partially proximitized
nanowire as a function of the ratio of the non-proximitized area (ASM) to the su-
perconducting area (A∆).

4.3 Partial angular proximitization

Systems where nanowires are proximitized by fabrication of the wire on top of a su-
perconducting slab are common experimental platforms for Majorana physics [95,
162, 214] . A hexagonal core-shell structure is considered to model such a system
where the e�ective coherence length is smaller than the diameter of the nanowire,
such that only a single side can be considered fully proximitized, Fig. 4.4(a).
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Figure 4.4: (a) Partial angular proximitization of a hexagonal nanowire shell, single
side proximitization with ∆s = 1meV. (b) Finite wire BdG spectrum of the whole
system, showing the induced gap ∆i = 0.05meV. (c) In�nite wire BdG spectra. (d)
Dispersion and chemical potential (red) of the in�nite wire Hamiltonian. (e) Lon-
gitudinal summation of probability amplitudes for the hole component |v|2 of the
lowest positive energy state, brightness denotes higher localization probability. (f)
Corresponding electron component |u|2.
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In the fully proximitized part, the gap parameter is set at ∆s = 1meV and the
induced gap obtained is ∆i = 0.05meV, Figs. 4.4(b,c). For the �rst excited positive
energy quasiparticle state, in the case of the chemical potential including only the
lowest energy band, Fig. 4.4(d), the Andreev picture of the proximity e�ect in uncov-
ered. However, it is only for the lengthwise summation of localization probability
such that the total localization probability is projected onto the wire cross-section,
Figs. 4.4(e,f). The fully proximitized part of the semiconductor shell has a hole com-
ponent localized within it, by de�nition of the BdG quasiparticle spectrum. Remi-
niscent of Andreev re�ection, the hole components spreads out to the normal con-
ducting part of the shell, Fig. 4.4(e). The electron amplitude is lowered within the
superconducting shell, Fig. 4.4(f), in accordance with the view that the supercon-
ductor incorporates an electron to form a Cooper pair, and re�ects a hole in the pro-
cess [132]. The electron-hole coherence results in a near uniformly spread out BdG
localization probability over the shell with amplitude peaks in the corners, due to cor-
ner localization [38]. The �rst negative energy state has the opposite electron-hole
localization probability from Figs. 4.4(e,f), as expected from electron-hole symmetry
of the system. Along the length of the wire, the wavefunction localization probability
of each state oscillates, Sect. 4.4, and the symmetry of Figs. 4.4 (e,f) can be inverted
at speci�c sites. This also happens for the adjacent higher energy states in which the
particle-hole coherence is inverted since for a given energy value of the BdG spectra
slightly above ∆, there are four states in each band, two electron dominant and the
other two hole dominant.

4.4 Partial longitudinal proximitization

Another possibility of partial proximitization is partial covering of a nanowire lon-
gitudinally with a superconductor [95, 215]. A half proximitized wire is considered,
such that the superconducting gap is uniform in the whole shell up to half the length
of thewire, with∆S = 0.5meV. Fig. 4.5 shows the electron-hole coherence at a single
corner site, for the case of no external magnetic �eld, of a long hexagonal nanowire
with L = 200 R, where the diameter of the wire is 100 nm. An exponential decay
of the composite BdG localization probability into the non-proximitized part is ob-
tained, Fig. 4.5(a). This stems from coherence of electron and hole tunneling tails
into the non-proximitized half of the wire, Fig. 4.5(b). Diminishing of the BdG local-
ization probabilty in the proximitized half of the wire is caused by a phase di�erence
between the electron and hole wavefunction components, the −�∕2 phase di�er-
ence is characteristic of Andreev re�ection [206,216]. If an external magnetic �eld is
applied, Zeeman splitting gives rise to a di�erence between the k-vectors of the spin-
split states. As the superconducting gap parameter couples opposite spin states, this
results in an additional phase di�erence between the electron and hole components,
Fig. 4.6(b). This phase di�erence leads to alternating constructive and deconstruc-
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tive interference of the electron-hole coherence, resulting in a beating pattern of the
BdG localization probability, Fig. 4.6(a).

 0

 1×10
−5

 2×10
−5

 3×10
−5

 4×10
−5

 5×10
−5

 0  20  40  60  80  100  120  140  160  180  200
(a)

|u|
2
 + |v|

2

 0

 1×10
−5

 2×10
−5

 3×10
−5

 0  20  40  60  80  100  120  140  160  180  200
(b)

L
o
ca

li
za

ti
o
n
 p

ro
b
ab

il
it

y

Lz [R]

|u|
2

|v|
2

Figure 4.5: (a) Single corner site localization probability from the composite BdG
wavefunction of the lowest energy state of a half proximitized hexagonal wire with
no external magnetic �eld. (b) Corresponding electron and hole components, |u|2
and |v|2 respectively, showing a −�∕2 phase di�erence at the interface.
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Figure 4.6: (a) Single corner site localization probability from the composite BdG
wavefunction of the lowest energy state of a half proximitized hexagonal wire, for
the case of an external magnetic �eld |B⃗| = 65.8mT. (b) Corresponding electron
and hole components, |u|2 and |v|2 respectively.
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In the case of a weaker superconducting gap parameter∆S = 50 �eV, Fig. 4.7, the
exponential decay into the semiconducting part is enlarged compared with Fig. 4.5.
The gap parameter can thus be seen as an e�ective potential barrier for the electron-
hole coherence.
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Figure 4.7: (a) Single corner site localization probability from the composite BdG
wavefunction of the lowest energy state of a half proximitized hexagonal wire, ∆S =
50 �eV, with no external magnetic �eld. (b) Corresponding electron and hole com-
ponents, |u|2 and |v|2 respectively.

For a shorter wire with L = 1�m and ∆S = 0.5meV, Fig. 4.8, the exponential
decay is less pronounced, compared with Fig. 4.5. The coherence length is the same
but the electron component at the interface is near minimum in phase, rather than
at maximum as in the case of the longer wire. The wavelength of the wavefunction
depends on the Fermi level, and so the length can in�uence the phase of the electron
and hole components at the interface. In both cases correspondence with Andreev
re�ection is obtained, per site of the shell, where the leakage of the BdGwavefunction
results from electron-hole coherence.
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Figure 4.8: Single corner site localization probability of the composite BdG wave-
function and its corresponding electron |u|2 and hole |v|2 components of the lowest
positive energy state.

4.5 Conclusions

Low energy physics of the radial, angular and longitudinal superconductor inter-
faces of proximitized core-shell nanowires has been explored using the Bogoliubov-
de Gennes equations. Partial proximitization is considered to quantify the e�ects of
a reduced coherence length and to investigate the Andreev re�ection interpretation
of proximitized superconductivity. For a thin shell, boundary conditions are found
to impose symmetry of the localization probability in spite of partial radial proximi-
tization. In the case of a hexagonal wire with a single proximitized side, it is only by
lengthwise summation of localization probability that the essence of Andreev re�ec-
tion can be seen. For a longitudinally half proximitizedwire, electron-hole coherence
is shown to cause the leakage of the BdG wavefunction into the non-proximitized
part of the wire. Decreasing the superconducting gap strength is found to increase
the spatial extent of electron-hole coherence. Correspondence with Andreev re�ec-
tion is obtained per site of the shell, from considering the localization probability as
a function of length in the core-shell nanowire system. The results show in what way
Andreev re�ection is compatible with electron-hole coherence at the various inter-
faces that can arise in proximitized core-shell nanowire systems.
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Chapter 5

Flux-periodic Oscillations in
Proximitized Full-shell Nanowires

In light of the recent in-situ advancements in fabrication of semiconductor nanowires
fully covered with a superconducting material [217, 218], we explore �ux periodic
oscillations in the energy spectrum of proximitized core-shell nanowires modeled
by the Bogoliubov-de Gennes (BdG) Hamiltonian [131]. Full-shell semiconductor-
superconductor hybrids exhibit the Little-Parks e�ect when exposed to an external
axial magnetic �eld, where oscillations of the superconducting transition tempera-
ture occur as a function in the unit of the superconducting �ux quantum, ΦSC0 =
ℎ∕2e, in which the factor of 2e is interpreted to be a signature of the charge pairing
in Cooper pairs [219]. Along with solid core wires, hollow core cylinders with thin
proximitized shells have been explored [176]. The Little-Park e�ect normally refers
to oscillations in the transition temperature of thin superconducting cylinders and is
attributed to supercurrents induced in the shell [220], Fig. 5.1.

The expression for the supercurrent in the semi-classical Ginzburg-Landau the-
ory is the following [112]

Js =
−iℏe∗
2m∗

(
 †( −  ( †

)
− e∗2
m∗

||| |||
2A . (5.1)

Rewriting the supercurrent with  = ||| |||ei� and integrating around a closed contour
gives [120]

∮
C
A ⋅ dl + m∗

e∗2
∮
C

||| |||
−2JS ⋅ dl = ℏ

e∗ ∮C
(� ⋅ dl , (5.2)

where e∗ andm∗ are e�ective charge and mass. The right hand side integral must be
an integer multiple n ∈ ℕ of 2� if  is to be single valued, leading to the supercon-
ducting �ux quantum

ΦSC0 = ℎ
2e . (5.3)
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The left hand side of Eq. (5.2) can be rewritten in terms of the magnetic �ux and
supercurrent velocity [105], combining Eqs. (2.7), (2.9) and (2.22), one obtains

∯
S
B ⋅ dS + m∗

2e ∮ vs ⋅ dl = n ⋅ ΦSC0 , (5.4)

which leads to

vs =
ℏ
rm∗ (n −

ΦB
ΦSC0

) . (5.5)

Since both the critical temperature and coherence length are proportional to the
square of the supercurrent velocity [105], both become periodic functions of themag-
netic �ux with periodicity of Φ0 [221].

B

d

Js

r

Figure 5.1: Experimental setup of Little and Parks [219].

In normal conducting rings and cylinders, �ux periodicity of the energy spectra
occurs as well with periodicity of ΦN0 = ℎ∕e. Consider a ring in the xy-plane in a
uniform magnetic �eld B = B ez perpendicular to the plane of the ring. The total
magnetic �ux through the area enclosed by the radius of the ring, r, is

ΦB = ∬
S
B ⋅ dS = �r2B, (5.6)

which can equally be expressed in terms of themagnetic vector potential usingGreen’s
curl theorem, working in cylindrical coordinates (r, �, z),

ΦB = ∮
s
A ⋅ dl = 2�rA�. (5.7)

The Hamiltonian of the system is given by

Ht =
1
2me

(p − eA)2 = 1
2me

(−iℏr
)
)� −

eΦB
2�r )

2
. (5.8)
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The e�ectivemass isme = mx ⋅m0 wherem0 is the electron rest mass and the param-
eter mx is material dependent. Solving the time-independent Schrödinger equation
Ĥ = E with the eigenfunctions  = eil� results in the energy spectrum

El =
1
2me

(ℏr l −
eΦB
2�r )

2
. (5.9)

Rewriting in terms of the normal �ux quantum, ΦN0 = 2�ℏ
e
= ℎ

e
,

El =
ℏ2

2mer2
(l −

ΦB
ΦN0

)
2

. (5.10)

Thus for a given energy level, periodic �uctuations occur with increasing magnetic
�eld strength as states with increasing angular momentum are traversed, Fig.5.2.

1 2 3 4

2

4

6

8

ΦB

ΦN
0

El/t

Figure 5.2: Flux-periodic oscillations of the energy spectrum El with t = ℏ2∕2mer2.
Colorscale denotes di�erent quantum numbers l.

Spin can be implemented by doubling the internal degrees of freedom, leading to
the Pauli equation with Zeeman interaction and spin-orbit coupling, which are also
obtained by relativistic corrections to the Schrödinger equation in the non-relativistic
limit of the Dirac equation [222]. In SI-units, the Pauli Hamiltonian with relativistic
corrections becomes [223],

HP = Ht −
eℏ
2m� ⋅ B −

eℏ
4m2c2

� ⋅ E × (p − eA) − eℏ2
8m2c2 (

i� ⋅ ( × E + ( ⋅ E) , (5.11)

where the second term is the Zeeman interaction, the third and fourth terms account
for spin-orbit coupling, the �fth term is the Darwin term, which can be seen as a kind
of spin-orbit term for s-orbitals with zero angular momentum [224].
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Due to the Zeeman interaction the energy bands are slightly shifted to higher and
lower energies for spin up and down, Fig.5.3. Thewavefunction becomes a composite
entity for spin up and spin down. TheHamiltonian (5.8) with the Zeeman interaction
is then

HZ = Ht�0 − � ⋅ B, (5.12)
where the magnetic moment of a spin-1/2 particle has magnitude |�| = geℏ∕4m.
The energy spectrum becomes spin dependent

E↑↓ = El ±
1
2ge�B|B|, (5.13)

where ge is the e�ective g-factor and �B = −eℏ∕2m0 is the Bohr magneton. De�ning
the energy parameter t = ℏ2∕2mer2 and factor 
 = mxge∕2, Eq.(5.13) can be written
as

t−1E↑↓ (
ΦB
Φ0

) = (l −
ΦB
Φ0

2
) ± 2


ΦB
Φ0

. (5.14)
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Figure 5.3: Flux-periodic oscillations of the energy spectrum El with t = ℏ2∕2mer2
for spin up (red) and spin down (blue) for 
 = −0.361 corresponding to InSb.

Inmaterials, spin-orbit coupling falls into two categories, Rashba [225] and Dres-
selhaus [226], corresponding to surface and bulk inversion symmetry breaking re-
spectively. In two dimensional systems, the spin-orbit Hamiltonian takes the form

H2D
SOI = ℏ−1[�(�ypx − �xpy) + �(�xpx − �ypy)] = HR

SOI +HD
SOI , (5.15)

where � and � are the Rashba andDreselhaus coupling coe�cients respectively. Sur-
face inversion symmetry breaking at a planar interface of two materials results in an
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uneven charge density, inducing an electric �eld perpendicular to the interface. The
induced �eld is given by E = |E|ẑ if the interface lies in the xy-plane. Then

�
ℏ (�ypx − �xpy) =

�
ℏ (� × p) ⋅ ẑ = − �

ℏE0
� ⋅ (E × p), (5.16)

which shows the similarity to the spin-orbit term in Eq. (5.11). Determining mate-
rial speci�c spin-orbit coupling constants requires a model on its own, such as the
extended Kane model of k ⋅ p theory [227].

A core-shell wire with di�ering core and shell materials can be considered to host
two-dimensional electron gas con�ned to the shell, which is embedded in the radial
interface electric �eld [174]. Rashba spin-orbit coupling in such amodel becomes an
angular form of (5.16), with longitudinal and transverse components for momentum

HSOI = ℏ−1�
[
��pz − �zp�

]
= ℏ−1[HL

SOI +HT
SOI]. (5.17)

5.1 Model and methods

The model is essentially the same as in Sect. 3.2, but is restated here for the sake of
completeness and to highlight relevant terms for the �ux-periodic oscillations. The
system in Fig. 5.4 is modelled by the Bogoliubov-de Gennes (BdG) Hamiltonian [131,
180],

HBdG = ([Hw − �] ∆
−∆∗ −[H∗

w − �]) , (5.18)

which is solved by numerical diagonalization in Fortran. The superconducting gap
parameter ∆, couples electrons and holes, e�ectively describing electron-hole coher-
ence in the system. The gap parameter is assumed to be brought on by the proximity

~E

pφ

~Be

Figure 5.4: Nanowire cross-section showing the radial interface electric �eld E⃗ and
applied external magnetic �eld B⃗ in the z-direction, p� is the angular momentum of
electron carriers within the shell.
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e�ect of a parent (surrounding) superconductor in the weak coupling limit [178].
Note that the gap parameter is constant, and no phase dependency is imposed on it.
At �rst sight, this may seem as ignoring the Little-Parks oscillations [219]. However,
the phase dependency is attributed to a supercurrent in the surrounding supercon-
ductor, described by an e�ective wavefunction for the whole condensate, Eq. 5.1, and
neither are included in the model. Nevertheless, as the shell is very thin and smaller
then the average coherence length, the external magnetic �eld should penetrate the
shell, depending on the thickness of the surrounding superconductor. From a phe-
nomenological viewpoint, this ought to induce supercurrents in the the shell which
would modulate the order parameter. Rather than imposing this phase dependency
from phenomenological considerations, it is set a constant on purpose to explore if
the BdG spectrum will exhibit ℎ∕e or ℎ∕2e �ux periodicity in this case.

The Hamiltonian for the wire in cylidrical coordinates is given by

Hw = Ht +Hl +HZ +HSOI (5.19)

=
(p� − eA�)2

2me
− ℏ2
2mer

)
)r (r ))r ) (5.20)

+
p2z
2me

− g∗�B�B (5.21)

+ �
ℏ

[
��pz − �z(p� − eA�)

]
. (5.22)

The symmetric gauge vector potentialA� =
1
2
Br incorporates the axial external mag-

netic �eld B, giving rise to the Zeeman term HZ where g∗ is the e�ective Landé g-
factor and �B the Bohr magneton. The spin-orbit term describes the angular Rashba
interaction, arising from a radial electric �eld induced by crystal asymmetry at the
core-shell interface [174]. The magnetic vector potential couples linearly to the an-
gular momentum. The eigenstates of the wire Hamiltonian (5.19) are written in the
basis

|g⟩ = |an�⟩, (5.23)
where a, n and� denote transversemodes, longitudinalmodes and spin, respectively.
Finite and in�nite wires are modeled by considering longitudinal modes in both a
sine and exponential basis. The eigenstates (5.23) along with the particle-hole space
|�⟩ form a basis |q⟩ = |�g⟩ = |�an�⟩ for the BdG Hamiltonian (5.18) with the fol-
lowing matrix elements. For � = �′

⟨q|HBdG|q′⟩ = �[Re⟨an�|Hw|a′n′�′⟩
+ i�⟨an�|Hw|a′n′�′⟩ − ��(an�)(a′n′�′)],

(5.24)

and for � ≠ �′,
⟨q|HBdG|q′⟩ = ����,−�′�aa′�nn′∆s . (5.25)
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Model parameters are chosen to correspond to a proximitized n-doped InSb semi-
conducting shell with 
 = g∗me∕2 = 0.393, SOI parameter � = 1meV nm and
∆ = 0.50meV. The chemical potential � is set within the conduction band. The
nanowire radius is R = 50 nm, shell thickness d = 10 nm and Lz = 10 µm. To
explore �ux-periodic oscillations, the state of the system is calculated for a range of
magnetic �eld strength corresponding to a few �ux quanta.

5.2 Cylindrical nanowire shell

The system is initialized at zero magnetic �eld strength and calculated step-wise up
to a �eld strength of |B| = 1.30 T with an interval of 0.013 T. Basis modes for the
wire Hamiltonian are 9 transverse and 200 longitudinal. The chemical potential is
situated above three spin-degenerate states in the absence of Zeeman and spin-orbit
interaction. Four cases of vanishing/non-vanishing Zeeman and spin-orbit interac-
tion are compared. Fig. 5.5 shows the state of the system at the maximum magnetic
�eld strength. The Zeeman interaction lifts the spin-degeneracy. As a results the
aligned spin becomes the lowest energy state in the spectrum of the in�nite wire, Fig.
5.5(b) whilst the spin-orbit interaction leads to a slight mismatch in the two lowest
and opposite spin states. Combining the Zeeman and Rashba spin-orbit interaction,
the Zeeman interaction dominates. Note however that as the induced magnetic �eld
by the spin-orbit interaction is parallel to the externalmagnetic �eld, Eq. (5.22), addi-
tional spin-splitting occurs for each �ux quantum. The closing of the BdG gap in the
in�nite wire dispersion varies considerably between the cases, Fig. 5.5(c). In the case
of a vanishing Zeeman and spin-orbit interaction, the gap never closes over the mag-
netic �eld cycle. In all other cases the gap closes, but at di�erent momentum values.
The �nite wire BdG energy spectrum including the Zeeman or spin-orbit interac-
tion separately is nearly aligned, Fig. 5.5(d), whilst combining the two increases the
separation between non-degenerate eigenvalues, due to the combined spin-splitting.

Fig. 5.6 shows the �ux-periodic oscillations of the lowest energy state of the �nite
and in�nite normal- and superconducting wire at k = 0. The oscillations of the nor-
mal conducting wire, Fig. 5.6(a), are the same for the �nite and in�nite wire and dis-
play �ux-periodicity of 2ΦSC0 = ℎ∕e, in accordance with Eq. 5.10. The Rashba spin-
orbit coupling has a phase shift e�ect on the oscillations whilst the Zeeman interac-
tion introduces a linear dependence of the �ux quantum in addition to the quadratic
dependence, without altering the periodicity. Combing the two interactions merges
these e�ects in an expected manner. The lowest energy state of the in�nite wire BdG
Hamiltonian at k = 0, Fig. 5.6(b), displays clear ℎ∕2e-periodic oscillations in the
absence of both Zeeman and spin-orbit interaction. Adding the Zeeman interaction
lifts the spin degeneracy andmixes spin-split quasiparticle bands. The strong g-factor
overcomes the superconducting gap separation between electron- and hole dominant
states, resulting in sub-oscillations with alternating inverted curvature pro�le, be-
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Figure 5.5: State of the nanowire system at magnetic �eld strength |B| = 1.30 T. (a)
Circular nanowire cross section with units R = 50 nm. Shell thickness of 10 nm. (b)
Energy dispersion of the in�nite wire nearby the chemical potential (�), for the four
cases of vanishing/non-vanishing Zeeman interaction (
) and spin-orbit interaction
(�). The dimensionless unit kR denotes the wavevector k times radius R. (c) Corre-
sponding BdG quasiparticle energy dispersion for the in�nite wire. (d) Finite wire
BdG quasiparticle energy states.

yond amagnetic �eld strength corresponding to one superconducting �ux quantum.
The spin-orbit interaction causes a lateral spin-splitting of the dispersion, Fig. 5.5(b),
which unevenly doubles the periodicity and sharpens the oscillations of all periods as
opposite spin states are traversed. The combination of the Zeeman and spin-orbit in-
teraction results in approximately alternating constructive and destructive coherence
of the separate oscillations, breaking the periodicity. The detailed shape of the oscil-
lations depends on the position of the chemical potential, which governs the transi-
tion between states of varying angular momentum. Fig. 5.6(c) shows the minimum
energy for all values of the wavevector k. In the absence of both Zeeman and spin-
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Figure 5.6: Flux-periodic oscillations of the lowest energy state, in terms of themag-
netic �ux ΦB∕ΦSC0 , for the four cases of vanishing/non-vanishing Zeeman 
, and
spin-orbit interaction �. (a) The normal conducting wire, both �nite and in�nite
at k = 0. (b) Superconducting in�nite wire at k = 0. (c) Superconducting in�nite
wire for all k, direct correspondence with the lowest energy state of the �nite wire.
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orbit interaction, the minimum gap is independent of the magnetic �eld strength,
but rapidly closes if the spin-dependent interactions are included and the magnetic
spin coupling overcomes the superconducting gap. The closing is linear in the case
of the Zeeman interaction and happens at k ≠ 0, which is also the case for the spin-
orbit interaction but then the closing is abrupt. Incidentally, a small gap reopening
and closing occurs around one and three �ux quanta, in relation to the smallest am-
plitudes of the �ux-periodic oscillations in Fig. 5.6(b). Irregularities of the minimum
energy in Fig. 5.6(c) are due to small variations of the gap for di�ering values of the
wavevector k.

5.3 E�ects of polygonal cross-section geometry

We proceed by comparing with a hexagonal shell, and for a fair comparison, themin-
imal shell thickness is set equal to the cylindrical shell. In this way, the sides are of
similar thickness to the cylindrical case, whilst the corner radius is slightly larger Fig.
5.7(a). The cylindrical coordinate system of the grid results in irregularities of the
shell surface, which is practical with respect to the irregularities of fabricated sam-
ples. By introducing corners into the grid domain of the transverse Hamiltonian, Fig.
5.7(a), separation of the lowest energy levels is induced, Fig. 5.7(b) due to the corner
localization [38, 46], which increases the di�erence in wave vectors k⃗ = ℏ−1p⃗, for
adjacent energy levels at the given chemical potential. This results in an increased
di�erence inmomentumbetween the quasiparticle bands, Fig. 5.7(c), comparedwith
the cylindrical case. In Fig. 5.7(d), a minor decrease of variance between the cases of
vanishing/nonvanishing Zeeman and spin-orbit interaction can be seen. However,
the systems in Fig. 5.5 and Fig. 5.7 are at slightly di�erent values of magnetic �eld
strength |B⃗|, as highermagnetic �elds are needed for the same number of �ux quanta
due to the smaller area, A, of the hexagon, as seen from the de�nition of magnetic
�ux ΦB = |B⃗|A.

Compared with the cylindrical case, the �ux-periodic oscillations of the normal
conducting wire are nearly identical, Fig. 5.8(a). This is expected as the e�ective
quantum wells formed by the corners, overlap in the sides [36, 228], so that the
hexagon is not too di�erent from the cylinder. More speci�cally, the angular mo-
mentum from the external magnetic �eld is not overpowered by the corner local-
ization. Therefore the theory for cylindrical nanowires may often be in qualitative
agreement with experimental results from hexagonal wires [220]. The oscillations of
the BdG spectrum of the in�nite wire at k = 0, Fig. 5.8(b,c), share the same features
as the cylindrical case. A period of ℎ∕2e is clearly obtained for vanishing Zeeman
and spin-orbit interaction but the peak amplitudes are alternately equal.
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Figure 5.7: State of the nanowire system at magnetic �eld strength |B| = 1.56 T. (a)
Hexagonal nanowire cross section with units R = 50 nm. Minimal shell thickness of
10 nm. (b) Energy dispersion of the in�nite wire nearby the chemical potential (�),
for the four cases of vanishing/non-vanishing Zeeman interaction (
) and spin-orbit
interaction (�). The dimensionless unit kR denotes the wavevector times radius. (c)
Corresponding BdG quasiparticle energy dispersion for the in�nite wire. (d) Finite
wire BdG quasiparticle energy states.
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Figure 5.8: Flux-periodic oscillations of the lowest energy state for a hexagonal
wire cross-section, in terms of the magnetic �ux ΦB∕ΦSC0 , for the four cases of
vanishing/non-vanishing Zeeman 
, and spin-orbit interaction �. (a) The normal
conducting wire, both �nite and in�nite at k = 0. (b) Superconducting in�nite wire
at k = 0. (c) Superconducting in�nite wire for all k, direct correspondence with the
lowest energy state of the �nite wire.
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The ℎ∕2e periodicity is found to be highly dependent on the chemical poten-
tial. This applies as well to the cylindrical case, but explored here in more detail
for the hexagonal cross-section, as it is a more realistic and common con�guration
of nanowire geometry. In Fig. 5.9, the periodicity in the case of vanishing Zeeman
and spin-orbit interaction is shown for nine values of the chemical potential in inte-
ger steps. With increasing energy, the periodicity approximately alternates between
periodicity of a normal and superconducting �ux quantum.
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Figure 5.9: Varying period of �ux-periodic oscillations of the lowest energy state of
the in�nite wire BdG spectra at k = 0 of the hexagonal nanowire, in the case of no
spin-dependent interactions 
 = 0 = �.
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Comparing with the �ux-periodic oscillation of the normal conducting energy
bands, Fig. 5.10, there is a correspondencewith values of chemical potentials at cross-
ings and ℎ∕e periodicity seen in Fig. 5.9. This is clearly seen at � = 199meV for
example, where the period minima corresponds to the crossing at one �ux quantum
in Fig. 5.10. Conversely, for � = 191meV, the crossing is at zero and three �ux
quanta, leading to a period maxima at one �ux quantum. As the chemical potential
is shifted away from crossings, the sub-periods appear. At values exactly midway be-
tween crossings, where � = 192meV comes close, the ℎ∕2e periodicity is displayed.
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Figure 5.10: Oscillations of the in�nite normal conducting hexagonal wire.

To specify the underlying interaction in the BdG spectra, we chose two chemical
potential values and compare the corresponding �ux-periodicity, Fig. 5.11(a). The
BdGHamiltonian essentially doubles the degrees of freedom, coupling electrons and
holes of opposite spin by the gap parameter. The value of the chemical potential in
the normal wire, Fig. 5.11(b) determines around which values of k the induced gap
is situated. The key di�erence between the two cases is that in the case of the higher
chemical potential, there is a crossing of the adjacent upper energy level in the BdG
spectra, Fig. 5.11(c), such that the curvature of the second band at k = 0 is inverted
with respect to the �rst one. As the magnetic �eld strength is increased to the value
of half a �ux quantum, this energy level meets the lowest one at the energy value
1.25meV, Fig. 5.11(d). Further increasing themagnetic �eld strength, the two bands
join and the lowest energy is overtaken in a sense so that the energy keeps lowering
up to the value of one �ux quantum, Fig. 5.11(e).
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Figure 5.11: (a) BdG gap at k = 0 of the in�nite wire for two values of the chem-
ical potential. (b) In�nite wire dispersion. (c) BdG dispersion for magnetic �elds
strengths corresponding to zero superconducting �ux quanta, (d) half a �ux quan-
tum, (e) one �ux quantum.
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To investigate e�ects of increased corner localization, a square cross-section is
calculated, Fig. 5.12(a). The corner states form a near degenerate group that is still
in�uenced by the orbital magnetic term, which manifests in splitting of the lowest
energy states in the absence of both 
, �, Fig. 5.12(b). The corner geometry has the
non-trivial e�ect [174] of enhancing the longitudinal component of the spin-orbit
coupling, Eq. (5.17). As before, higher magnetic �eld strength is needed for an equal
amount of �ux quanta, due to the decreased area of the square cross-section. Most
notably in the case of solely nonvanishing spin-orbit coupling, there is no gap closing
at the given magnetic �eld strength, Fig. 5.12(c,d). The �ux-periodic oscillations of
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Figure 5.12: State of the nanowire system at magnetic �eld strength |B| = 2.32 T.
(a) Square nanowire cross section with units R = 50 nm. Minimal shell thickness of
10 nm. (b) Energy dispersion of the in�nite wire nearby the chemical potential (�),
for the four cases of vanishing/non-vanishing Zeeman interaction (
) and spin-orbit
interaction (�). The dimensionless unit kR denotes the wavevector k [m]−1 times
radius R[m]. (c) Corresponding BdG quasiparticle energy dispersion for the in�nite
wire. (d) Finite wire BdG quasiparticle energy states.
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the normal conducting wire on the other hand are nearly �attened out due to corner
localization Fig. 5.13(a). Furthermore, there is very little indication of the supercon-
ducting �ux quantum in Fig. 5.13(b). This is attributed to the large separation be-
tween the �rst groups of corner- and side-localized states, as this is the main variable
between the cases. The oscillations of the minimum energy for all k in the in�nite
wire BdG spectra, Fig. 5.13(c) show alternating gap opening and closing with peri-
odicity of the superconducting �ux quantum. The induced magnetic �eld from the
spin-orbit coupling opposes the externalmagnetic �eld, allowing for the gap opening.
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Figure 5.13: Flux-periodic oscillations of the lowest energy state for a square
wire cross-section, in terms of the magnetic �ux ΦB∕ΦSC0 , for the four cases of
vanishing/non-vanishing Zeeman 
, and spin-orbit interaction �. (a) The normal
conducting wire, both �nite and in�nite at k = 0. (b) Superconducting in�nite wire
at k = 0. (c) Superconducting in�nite wire for all k, direct correspondence with the
lowest energy state of the �nite wire.
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5.4 Summary and conclusions

Flux-periodic oscillations in a core-shell nanowire system with varying geometry,
are explored numerically. Magneto-oscillations of the lowest energy states of the
Bogoliubov-de Gennes Hamiltonian (BdG) and its components are calculated for
cylindrical, hexagonal and square cross-section geometries. For the former two cases,
ℎ∕2e periodicity is found for speci�c values of the chemical potential whilst the peri-
odicity for the squarewire is found to be strictlyℎ∕e. The superconducting parameter
is constant throughout the calculation, with no phase dependency imposed. Zeeman
and spin-orbit interaction are found to in�uence the �ux periodicity considerably so
that a periodicity of a fractional superconducting �ux quantum is obtained at zero
wavevector in the in�nite wire BdG dispersion. The �ux-periodicity arises frommin-
imal coupling in the diagonal Hamiltonians of the BdG. The transition between the
ℎ∕e and ℎ∕2e periodicity is found to be dependent on the adjacent higher energy
level with respect to the chemical potential.
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Chapter 6

Stokes’ Theorem for Bivector-valued
Fields in Geometric Algebra

The algebra of Majorana operators, Eq. (1.31), can be considered as a part of a larger
algebraic framework known as Cli�ord algebra [84], which underlies the anyonic
statistics of Majorana zero modes [229]. In the past century, Cli�ord algebras have
steadily gained popularity and found many applications across diverse �elds of sci-
ence in recent years [230, 231]. An attractive feature of Cli�ord algebras is that they
unify and generalize various branches of mathematics commonly applied in physics
[232, 233]. Importantly, Cli�ord algebras lie at the heart of the recently formulated
periodic table of topological invariants [84, 161, 234], see Appendix A, applicable to
topological insulators and topological superconductors [181,183,235]. Furthermore,
within Cli�ord algebras, general operations of quantum computing and logic can be
worked with [236–239]. A real valued formulation of Cli�ord algebras, known as ge-
ometric algebra, has proven to be a straight-forward and intuitive generalization of
vector algebra with de�nite geometric interpretations [240] and clear relations to lin-
ear algebra [241,242]. Geometric algebra can be further formulated to geometric cal-
culus, in which the boundary theorem can be proven and from it, an n-dimensional
generalization of the residue theorem obtained [243, 244]. The boundary theorem
generalizes the fundamental theorems of scalar and vector calculus to in�nite integer
dimensions. It encompasses the generalized Stokes theoremwrittenwith di�erential
forms along with its dual cases [245] and enables coordinate free integration [246].
Many properties of the algebra have been derivedwithin other formalisms [243]. The
main advantage of geometric algebra is accessibility and ease of visualization.

In this chapter, the boundary theorem for bivector �elds is visualized using geo-
metric calculus in order to gain physical insight into the monopole structure of the
�rst Chern number topological invariant, Eq. (1.16). Interrelations to standard the-
orems of scalar and vector calculus, and their generalizations, are clari�ed.
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6.1 The boundary theorem

The fundamental theorem of calculus relates the derivative of a function to its inte-
gral and is the crux of calculus,

∫
b

a
f′(x) dx = f(b) − f(a), (6.1)

where f(x) is continuously di�erentiable real-valued function on the open interval
(a,b). The theorem allows for ease of calculation of the integral of a function by sim-
ply evaluating its antiderivative at the end points. In vector calculus, the theorem
has generalizations in two- and three-dimensional spaces using �elds along with the
vector di�erential operator ∇.

A vector �eld is said to be conservative if it can be written as the gradient of a
function,E = (�, where � is termed the scalar potential forE. The gradient theorem
states that an integral of a conservative �eld along a path equals the di�erence in the
value of the potential �eld at the end points,

∫
b

a
(� ⋅ dl = �(b) − �(a). (6.2)

Integration along a closed path C in this case equals zero,

∮
C
(� = 0. (6.3)

Furthermore, every conservative �eld is irrotational, as the curl vanishes according
to

( × E = ( × ((�) = 0. (6.4)
The converse is only true if there are no holes in the space, a theorem known as
Poincaré’s lemma [79, 247], showing the link to topology. By considering subsets
of space with parts removed, non-conservative irrotational �elds can be formulated.
This study further leads to the mathematics of de Rham cohomology [79].

A vector �eld is said to be solenoidal if it can be written as the curl of another
vector �eld,B = (×A, whereA is termed the vector potential forB. In the sameway
that the integral of the di�erentiated potential in Eq. (6.2)was given by its value at the
boundary, Green’s curl theorem states that integration along a closed path forming
the boundary of a surface, C = )S, is non-zero and given by the total curl (circulation
density) on the surface,

∬
S
( × A ⋅ dS = ∮

)S
A ⋅ dl. (6.5)
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Furthermore, every solenoidal �eld is incompressible, without sources/sinks, as the
divergence vanishes according to

( ⋅ B = ( ⋅ (( × A) = 0. (6.6)

Any smooth vector �eld F (vanishing at in�nity) inℝ3 can be written as the sum
of an irrotational and a solenoidal �eld via Helmholtz decomposition [248–250]

F = E + B = (� + ( × A. (6.7)

Although the divergence of the solenoidal component vanishes, the divergence of the
irrotational component does not, and is given by the Laplacian of the scalar potential,

( ⋅ E = ( ⋅ ((�) = ∇2�. (6.8)

The divergence theorem equates the volume integration of this expression to the �ux
of the �eld E through a surface S = )V, containing the sources/sinks of E,

∭
V
( ⋅ EdV = ∯

)V
E ⋅ dS. (6.9)

Utilization of the above theorems is foundational to electromagnetism and there-
fore notation has been chosen such that results from electro- andmagnetostatics can
be recognized. The theorems from Eqs. (6.2),(6.5),(6.9) can be combined and gen-
eralized to n-dimensions, n ∈ ℕ, using di�erential forms along with the exterior
derivative [232,245,251].

Let ! be a di�erential k-form de�ned on the smooth oriented manifoldM of di-
mension k + 1 with d! denoting the (k + 1)-form valued exterior derivative. The
generalized Stokes theorem is the integral relation

∫
M
d! = ∮

)M
!. (6.10)

This Stokes theorem of forms is central to cohomology and multiple other aspects
of algebraic topology [252]. The theorem holds not only for smooth manifolds, but
also for k−chains (triangulations ofM) and even non-smooth chains (fractals) [253].
From the perspective of geometric algebra however, Stokes’s theorem of forms only
contains half of the information content of the boundary theorem in geometric cal-
culus [232]. The other half is the duality, which is uni�ed by the geometric product
from which the multivector gradient can be de�ned.

Multiplication of vectors in geometric algebra is de�ned by the geometric product

ab = a ⋅ b + a ∧ b . (6.11)
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The center dot denotes the same symmetric inner product as in standard vector alge-
bra whilst the operator ∧, termed wedge, denotes the anti-symmetric outer product
also known as the wedge product. The outer product is a generalization of the cross
product to n-dimensions yet still not equal to the cross product in three dimensions,
but dual to it. For two orthogonal vectors a⃗ and b⃗, the cross product a⃗ × b⃗ = c⃗ is a
third vector, with magnitude and direction, orthogonal to both a⃗ and b⃗. The wedge
product a⃗ ∧ b⃗ = č is however a two-dimensional bivector lying in the plane spanned
by a⃗ and b⃗, having magnitude and area, Fig. 6.1.

~a

~c = ~a×~b

~b

č = ~a ∧~b

Figure 6.1: The vectors a⃗ and b⃗ span the plane of the bivector č. The vector c⃗ is
orthogonal to the plane and in three-dimensional space only, dual to the bivector.

Using the outer product, higher-dimensional vectors can be de�ned such as three-
dimensional trivectors d̃ = a⃗ ∧ b⃗ ∧ c⃗, four-dimensional quadvectors and in general
n-vectors (termed blades in Cli�ord algebra) which form the building blocks of geo-
metric algebra. Blades of di�erent dimensions can be added resulting in linear com-
binations termed multivectors, which can fairly be said to generalize the concept of
number to higher dimensions [234]. Whilst the outer product is dimension-raising,
the inner product is dimension-reducing as in general the inner product between an
n-vector andm-vector is an l-vector of dimension l = n − m for n ≥ m.

Any n-vector v determines an n-dimensional vector space Vn of all vectors x
satisfying x ∧ v = 0. Addition and multiplication of vectors in Vn results in a 2n-
dimensional linear space closed under the geometric product, the geometric algebra
Gn. Since an n-vector in n-dimensional space does not have degrees of freedom for
orientation, other that up to a sign, such an element becomes a pseudoscalar [243].
As an example, the complex number i is a unit bivector which becomes a pseu-
doscalar in the 2D plane. Complex numbers can be understood as the even part of
G2 geometric algebra [254]. The binomial expansion of geometric algebra Gn with
unit vectors e2n = 1 for n = 0, 1, 2, 3, 4 is shown in Fig. 6.2 along with the relations of
its even components to the division algebras of complex numbers, quaternions and
octonions ℂ,ℍ and O respectively. The division algebras have been shown to form a
basis for all compact symmetric spaces [255]. G0 is the algebra of the real numbersℝ,
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the only other division algebra. In G1, vectors are pseudoscalars and so the geomet-
ric algebra is essentially the algebra of the real number line, ℝ1. For the plane, G2
consists of scalars, two orthogonal vectors and a pseudoscalar bivector. G3 consists
of scalars, three orthogonal vectors, three orthogonal bivectors and a pseudoscalar
trivector. G4 consists of scalars, four orthogonal vectors, six orthogonal bivectors,
four trivectors and a pseudoscalar quadvector.

G0: 1

G1: 1 1

ℂ ∈ G2: 1 2 1

ℍ ∈ G3: 1 3 3 1

O ∈ G4: 1 4 6 4 1

Figure 6.2: Binomial expansion of geometric algebra, showing the hypercomplex
division algebras as the even components (circled) in each dimension.

The multivector gradient operator ( for a di�erentiable multivector �eld F with
an orthonormal basis ei on a setM inℝn can be de�ned by the following expression,
using the shorthand notation )i =

)
)i
,

(F = ei)iF = e1)1F + e2)2F + ... + en)nF. (6.12)

Considering that the operator ( = ei)i functions as a vector algebraically, the mul-
tivector gradient can be factored into two components using the geometric prod-
uct from Eq. (6.11), which applies equally for the product of a vector and multivec-
tor [244]. Therefore

(F = ( ⋅ F + ( ∧ F, (6.13)

where ( ⋅ F is the divergence and ( ∧ F is the generalized curl. LetM be a smooth
n-dimensional oriented manifold with a piece-wise smooth boundary )M of integer
dimension n − 1 where n ≥ 1. By de�ning a directed element of the manifold M
as a di�erential n-vector dxn, and similarly dxn−1 for )M, the boundary theorem of
geometric calculus [243,256] can be written as

∫
M
dxn (F = ∮

)M
dxn−1 F . (6.14)

Intuitively, this means that the total change in �eld F within a spaceM, equals the
state of F at the boundary of the space, which can be seen as an expression of the
conservation of information. Using the gradient decomposition fromEq. (6.13) along
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with the geometric product, the boundary theorem can be split [232] into generalized
curl and divergence components respectively,

∫
M
dxn ⋅ (( ∧ F) = ∮

)M
dxn−1 ⋅ F (6.15)

and
∫
M
dxn ∧ (( ⋅ F) = ∮

)M
dxn−1 ∧ F. (6.16)

The former component, Eq. (6.15), can be considered analogous to the generalized
Stokes theorem for di�erential forms with ! = dxn−1 ⋅ F and d! = dxn ⋅ (( ∧ F),
and will from here on out be referred to as the outer part, due to the outer product
of the gradient operator with the �eld F. The second component, Eq. (6.16), is the
orthogonal duality counterpart which completes the theorem and will be referred to
as the inner part [232].

6.2 Visualizing the Boundary theorem

In order to cover every case of interest, the instances for n = 1, 2, 3 will be explored
where themultivector �eldF is of single grade anddim(F) = dim(M)−1 = dim()M).
The graphical representation is de�ned in a standard manner, denoting scalars with
dots, vectors with oriented lines, bivectors with oriented planes, trivectors with ori-
ented volumes and so forth. In Fig. 6.3, a graphical representation of the outer part
of the boundary theorem on a one-dimensional manifold is presented, which is es-
sentially the fundamental theorem of calculus, Eq. (6.1) or the gradient theorem for
simple path, Eq. (6.2). The fundamental theorem intuitively tells us that a di�er-
ence in scalar values at the boundary of a line will result in a unidirectional �ow
between them, and vice versa. The scalar gradient is denoted with points of unequal
magnitude at the boundary. The more classical graphical representation is denoting
the scalar magnitude di�erence by a slope, but this simpli�ed representation carries
nicely on to higher-dimensional cases.

Figure 6.3: Graphical representation of the outer part of the boundary theorem for
the case of dim(F) = dim()M) = 0.

For the case of a one-dimensional manifold the inner part is zero since if the �eld
F is scalar valued then(⋅F = 0. Adhering to the dimension reducing property of the
inner product results in dim(∇ ⋅ F) = −1, negative-dimensional �elds are unde�ned
but may have little explored relations to fractal dimensions [257,258].
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For a two-dimensional manifold, the outer part takes on the familiar form of
Green’s curl theorem, Eq. (6.5), using that the curl is dual to the outer product

( ∧ F = I ( × F, (6.17)

where I = e1 ∧ e2 ∧ e3 is the G3 pseudoscalar, along with dx2 = i|dS| = Ie3|dS| =
In̂|dS|. In essence, a bivector induces rotation along a closed boundary containing
it, Fig. 6.4.

Figure 6.4: Outer part of the boundary theorem for dim(M) = 2. A non-zero rota-
tion along the one-dimensional boundary )M results from the bivector (∧F within
M, and vice versa. Orientation is determined by the sign.

Pleasingly, the inner part of the boundary theorem for dim(M) = 2 and dim(F) =
1, describes a two-dimensional divergence theorem, Fig. 6.5. Normally, the diver-
gence is highlighted with more radial rays graphically, but takes on the suggested
form here, by adhering to the lowest number of elements needed to spanM.

Figure 6.5: The divergence theorem in two dimensions, the inner part of the bound-
ary theorem for dim(M) = 2. A non-zero �ux, outward (inward), perpendicular to
the one-dimensional boundary )M stems from the scalar divergence (convergence).
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For the three-dimensional cases, dim(M) = 3, the divergence theorem, Eq. (6.9)
is not recovered, but rather its dual, Fig. 6.6. In general, the dual of an n-vector is
an m-vector such that n + m = dim(M). The trivector ( ∧ F withinM is dual to a
divergence scalar in G3. The tangent bivector �eld on the two-dimensional bound-
ary is dual to a radially divergent vector �eld, normally considered in the three-
dimensional divergence theorem. This suggests an interpretation of the e�ect of
a trivector on a two-dimensional surface containing it. A trivector induces vortic-
ity at every point on a closed boundary of a volume containing it, Fig. 6.6. The
bivectors of G3 are dual to the Pauli vectors [256] and span the SU(2) Lie group,
SU(2) = span{I�1, I�2, I�3}.

Figure 6.6: Outer part of the boundary theorem for dim(M) = 3. The pseudoscalar
number of trivector valued ( ∧ F equals the sum of the tangent bivector �eld on the
boundary.

Reiterating, it is a special case in three dimensions that bivectors are dual to
a vectors. In four dimensions, bivectors are self-dual. Since orthogonal bivectors
are linearly dependent in three dimensions, the inner part of the boundary theo-
rem for bivector valued �elds is zero in three dimensions. The inner part becomes
non-zero in a minimum of four dimensions. The structure is three-dimensional but
requires the manifoldM to be embedded in a higher-dimensional one, Fig. 6.7. This
property along with the geometrical shape and genus is shared with the Cli�ord
torus [259–261]. Rigorously proving the equivalence of this bivector �eld solution
of the boundary theorem to the Cli�ord torus is beyond the present scope.

It is possible to visualize the cases continuing upward in dimensions. The trivec-
tor of the outer part in three dimensions becomes a quadvector in four dimensions,
which can be visualized by a tesseract. The tesseract has eight trivectors as its bound-
ary. According to the boundary theorem, a quadvector induces a trivector parallel to
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Figure 6.7: A bivector �eld F in ℝ4, orthogonal to the two-dimensional boundary,
induced by the divergence scalar ( ⋅ F.

every point of a volume, which is the boundary of a hypervolume containing the
quadvector. The inner part becomes simpler for dim(F) = 3, the bivector ( ⋅ F in-
duces trivectors perpendicular to every point on a three-dimensional boundary of a
hypervolume containing it. As human eyes see three-dimensional space, in which
trivectors are pseudoscalars, directionality of trivectors is foreign to us but can be
understood in analogy to the lower-dimensional cases.

6.3 Dualities

As noted in the previous section, the dual of an n-vector is an m-vector such that
n + m = dim(M). With this in mind the dualities of the considered cases of the
boundary theorem can be explored. In one dimension, scalars and vectors are dual
so the dual of Fig. 6.3 is a divergence of sorts, where a scalar within the manifold
equals vectors orthogonal to the zero-dimensional boundary. In two dimensions the
outer part in Fig. 6.4 and inner part in Fig. 6.5 are dual, highlighting the duality of
rotation and divergence of vector �elds in two dimensions.

In three dimensions, the outer part shown inFig. 6.6 is dual to the three-dimensional
divergence theorem, Eq. (6.9). From the viewpoint of geometric algebra, it is the gen-
eralization of the curl theorem, Eq. (6.5) rather than the divergence theorem. The
dual of the inner part in three dimensions is a known curl theorem variant,

∭
V
( × FdV = −∯

S
F × N̂ dS .
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However, as the 3D inner part is zero unless the manifold M is embedded within a
higher-dimensional one, it is more suitable to consider its dual within 4D space. In
four dimensions, bivectors are self dual and vectors are dual to trivectors. In that case,
the duality is the outer part in three dimensions, Fig. 6.6. Note, that if embedded in
four dimensions, trivectors will be dual to vectors. Therefore, phenomena described
by scalars in space and vectors in spacetime, may be better understood as trivectors.

6.4 Projections

The boundary theorem cases in dimension N, are orthogonal projections of cases in
the adjacent lower dimension,N−1. Therefore, the fundamental theoremof calculus
in Fig. 6.3 can be seen as an orthogonal projection of Green’s curl theorem, Fig. 6.4.
Continuing upwards in dimensions, Green’s curl theorem can be seen as a single side
projection of the trivector in Fig. 6.6. Surprisingly, the two dimensional divergence
theorem in Fig. 6.5 can be seen as a “front view" of the torus in Fig. 6.7. This pro-
jection relation, by de�nition of the boundary theorem, holds true in all dimensions
even though pictorial representations on two-dimensional paper break down.

In general, elements of Gn can be decomposed into components within and or-
thogonal to the vector space, so that orthogonal projections and rejections can be
written in terms of the geometric product using the pseudoscalar [243].

6.5 Discussion

Having uncovered two unfamiliar cases of Stokes’ boundary theorem, Figs. 6.6 and
6.7, it is natural to consider whether a physical example of these structures exists in
nature. Fig. 6.8(a) shows the dynamics of a toroidal vortex ring, as sketched by Tait
and published in 1876, in the context of atomic theory [262].
Comparison with Fig. 6.7 shows graphical equivalence. To uncover mathematical
equivalence, the vorticity �eld in �uid dynamics has to be considered in its dual form,
as a bivector �eld [263]. The same dynamic structure can be found if the magnetic
vector potential of a current carrying element is considered, from the well-known
ring magnetic �eld induced by it, Fig. 6.8(b). In both cases, a closed link in the axial
�eld (magnetic/vorticity) ofU(1) symmetry is dual to a spin-formation of non-trivial
topology in the surrounding medium, hinting at richer internal degrees of freedom
[264].

Interestingly, the only natural phenomena that seems to �t directly to Fig. 6.6 also
comes from electromagnetism, though indirectly. Considering that IB = ( ∧A, one
can see that the magnetic vector potential of a magnetic monopole, is essentially the
bivector �eld con�guration of Fig. 6.6. Since ( ∧ ( ∧ A = 0, this indicates that a
magnetic monopole should be represented by a trivector, with a bivector potential.
It also becomes evident that a magnetic monopole necessitates a radially divergent
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(a) (b)

⊙

⊗

Figure 6.8: (a) Sketch of a toroidal vortex of a smoke ring [262]. (b) Magnetic �eld
(dashed) and magnetic vector potential (solid) around a line current element (dot-
ted). The curl of the magnetic vector potential has the same ring symmetry as the
magnetic �eld, but is shown in a cross-section.

spin structure. Although we arrive at this conclusion from purely geometric condi-
tions, this can be shown mathematically as well [265–267]. This applies equally to
the monopole con�guration of the Berry curvature, Eq. (1.16), emerging near degen-
eracies in parameter space of Hamiltonians [68, 70] and implies that the �rst Chern
number [76] is a pseudoscalar trivector in that case. Considering the �rst Chern
number in Eq. (1.17) as a trivector gives a clear picture of why the Berry phase, Eq.
(1.11), is non-zero for all closed loop paths on a boundary of a surface containing the
monopole. It furthermore shows how the SU(2) gauge structure is necessitated in
this case, Eq. (1.21), as the three bivector planes spanning the trivector are genera-
tors of SU(2).

Wide applicability of the Figs. 6.6 and 6.7 can be expected. The Pauli matrices
form an algebra isomorphic toG3 and the Dirac matrices are a matrix representation
of the Dirac algebra Cl1,3(ℂ), both have geometric interpretations within space-time
algebra [256] (Cl1,3(ℝ)), which in embedded in G4. Bott periodicity, key to the peri-
odic table of topological insulators and superconductors [84], has been shown to have
roots in the Octonion division algebra [268] which has multiple representations in
geometric algebra [269]. Every Lie algebra has been shown to have a representation
as a bivector algebra [270]. This opens up the possibility for visualizing interactions
with Lie spin group symmetries such as spin dynamics, electroweak interactions and
Berry connections. Problems in cohomotopy arise naturally from such considera-
tions and in the samemanner that di�erential forms have be used in algebraic topol-
ogy to describe cohomology [252], geometric calculus can be expected to be equally
applicable. For example, Fig. 6.7, can be considered as a projection of SU(2) onto S2,
and since SU(2) is di�eomorphic to S3, there is a direct link to the Hopf map [79].

In closing, seeing that the boundary theoremwithin geometric calculus can be ap-
plied to bivector valued �elds, which are anti-commutative (non-Abelian), the ques-



104
CHAPTER 6. STOKES’ THEOREM FOR BIVECTOR-VALUED FIELDS IN

GEOMETRIC ALGEBRA

tion arises how it is related to the non-Abelian Stokes theorem in the standard litera-
ture [271–277]. In particular, how directed integration theory [243] relates to ordered
integrals.

6.6 Conclusions

Using geometric algebra, main cases of interest of the generalized Stokes’ theorem
have been visualized and the relations to the standard theorems of vector calculus
clari�ed. From considering bivector valued �elds in three and four dimensions, little
explored instances of the theorem emerge which are found to have natural mani-
festations of non-trivial topology. Their dualities and projection relations have been
examined. The diagrams presented may serve in aiding visualization of interactions
with spin group symmetry and provide insight into the structure of topological in-
variants.



Chapter 7

Summary and Conclusions

Majorana zero modes are quasiparticle excitations theorized to be suitable for fault-
tolerant quantum computation and memory. Their key advantageous property is
topological protection, resulting in tolerance for environmental perturbations, which
is one of the main obstacles towards scaling up of quantum computers due to phase
decoherence of non-topological qubits. Implementingnumerical and analyticalmeth-
ods, the low-energy physics of Majorana zero modes and dependent interactions are
explored in core-shell nanowireswith polygonal geometry, which can e�ectively host
multiple one-dimensional wires, one for each corner. By diagonalization of the com-
posite Bogoliubov-de Gennes Hamiltonian for a three-dimensional tubular lattice,
suitability for hosting and manipulating Majorana zero modes in proximitized core-
shell nanowires is investigated. In structures combining a triangular wire with a
hexagonal core, the energy gap separating the lowest energy corner-localized states
and the adjacent energy levels, is found to be signi�cantly increased. This is favor-
able for the stability ofMajoranaModes in such a system, as they are formed from the
lowest energy states, and their localization corresponds with the corner localization,
which also holds for polarization of the wavefunction by a transverse electric �eld.

Propagation of proximity-induced superconductivity via electron-hole coherence
is studied by separately implementing radial, angular and longitudinal step-functions
in the gap parameter of the shell. Varying compatibility with Andreev re�ection, a
mechanism commonly applied to explain the proximity e�ect, is found and described
for each of the cases. A weaker superconducting gap parameter in a half lengthwise
proximitized nanowire is shown to increase the coherence length, although the total
gap of the system is decreased. Flux-periodic oscillations of the lowest energy states
of a fully proximitized shell are analyzed, for both the composite Hamiltonian and its
elements. For a �xed superconducting gap parameter, �ux periodicity of both normal
and superconducting �ux quanta is found for the in�nite wire spectrum at zero wave
vector, and shown to be dependent on interactions with adjacent energy levels and
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therefore corner localization in the case of polygonal cross-section geometry.
To gain insight into the structure of topological invariants in physical systems,

in particular the monopole con�guration of the Berry curvature for degenerate en-
ergy levels, Stokes’ theorem for bivector �elds is visualized using geometric calcu-
lus, a real-valued formulation of Cli�ord analysis. The topological scalar invariant is
shown to be dual to a trivector, satisfying a generalized divergence theorem.

In conclusion, although prismatic core-shell nanowires are feasible for hosting
andmanipulatingmultipleMajoranawires, it is found that each of the physical prop-
erties necessary for their emergence, spin-orbit and Zeeman interaction along with
proximity-induced superconductivity, involves non-trivial interactions that ideally
require speci�c modeling on their own. Furthermore, these properties are found
to be interdependent. For instance, whilst the cross-sectional geometry in�uences
localization, it also in�uences the spin-orbit coupling, arising from the charge im-
balance over the core and shell interface. Both the electron-hole coherence and �ux-
periodicity are notably varied in the presence of strong Zeeman splitting, which is
not included in e�ective models derived to describe these phenomena separately.

With recent experiments, it has become clear that material-dependent properties
such as sample disorder and interface roughness can signi�cantly alter the condi-
tions for which Majorana zero modes can be realized and de�nite signatures of their
existence probed. In light of the importance of fabrication speci�cs, future work in
the �eld will need to involve close cooperation between experiments and modeling,
where signi�cant elements of each considered experimental setup are modeled in
detail, both separately and in conjunction. The methodology in this work can be im-
proved bymodeling transport through the nanowire system, incorporating leads and
their material properties, to ease comparison with measurements.

Majorana zero modes in nanowires are part of a larger ongoing endeavor, where
analogues of complex phenomena in particle physics are engineeredusing condensed
matter systems. The common theme in most interactions considered herein is the
coupling, interaction and long-range coherence of the spin degree of freedom. Just
as the last century was the age of charge, bringing about many bene�cial technolo-
gies in the form of electronics, the current information age is that of spin. Arguably,
more pressing problems currently exist in the energy sector rather than the informa-
tion sector. However, since the pursuit of topological quantum computation involves
multiple components of physics being implemented at the forefront of material sci-
ence, given the progression of earlier scienti�c discoveries, unforeseeable bene�ts to
other �elds can be expected in the long run.
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Appendix A

Periodic Table of Topological
Invariants and Cartan Labels

Symmetry T2 P2 C2 d=0 1 2 3 4 5 6 7

A 0 0 0 ℤ 0 ℤ 0 ℤ 0 ℤ 0

AIII 0 0 1 0 ℤ 0 ℤ 0 ℤ 0 ℤ

AI +1 0 0 ℤ 0 0 0 2ℤ 0 ℤ2 ℤ2

BDI +1 +1 0 ℤ2 ℤ 0 0 0 2ℤ 0 ℤ2

D 0 +1 0 ℤ2 ℤ2 ℤ 0 0 0 2ℤ 0

DIII -1 +1 0 0 ℤ2 ℤ2 ℤ 0 0 0 2ℤ

AII -1 0 0 2ℤ 0 ℤ2 ℤ2 ℤ 0 0 0

CII -1 -1 1 0 2ℤ 0 ℤ2 ℤ2 ℤ 0 0

C 0 -1 0 0 0 0 2ℤ 0 ℤ2 ℤ2 ℤ

CI +1 -1 1 0 0 0 2ℤ 0 ℤ2 ℤ2 ℤ

Table A.1: Classi�cation of topological invariants in terms of Cartan symmetry la-
bels A-D, see further Table A.2, and dimension d [84, 161]. The symmetry labels
T, P, C respectively denote time reversal, particle-hole and chiral symmetry. The ta-
ble repeats for dimensions above seven due to Bott periodicity.
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APPENDIX A. PERIODIC TABLE OF TOPOLOGICAL INVARIANTS AND CARTAN

LABELS

Cartan label Clp,q extension Classifying space X �0(X)

A Cℂd → Cℂd+1 (U(N)∕(U(k) × U(m))) × ℤ ℤ

AIII Cℂd+1 → Cℂd+2 U(N) 0

AI Cd+1,1 → Cd+1,2 (O(N)∕(O(k) × O(m))) × ℤ ℤ

BDI C0,d+1 → C1,d+1 O(N) ℤ2

D C0,d → C1,d O(2N)∕U(N) ℤ2

DIII C1,d → C2,d U(2N)∕Sp(N) 0

AII C2,d → C3,d (Sp(N)∕(Sp(k) × Sp(m))) × ℤ ℤ

CII Cd+3,0 → Cd+3,1 Sp(N) 0

C Cd+2,0 → Cd+2,1 Sp(N)∕U(N) 0

CI Cd+2,1 → Cd+2,2 U(N)∕O(N) 0

Table A.2: Cartan symmetry labels A-D in terms of Cli�ord algebra extensions for
Dirac operators [278], classifying space X and its zeroth fundamental homotopy
group �0 [84, 161]. The symmetry of the classifying space denotes N × N Hermitian
matrices withm positive and k negative unit eigenvalues. For generality N → ∞.
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