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1 Introduction

Quantum entanglement refers to a correlation of a purely quantum mechanical nature
between degrees of freedom in a physical system. Consider a quantum system that can
be divided into two subsystems A and B, such that the Hilbert space can be written as
a direct product of the Hilbert spaces of the subsystems, H = H4 ® Hp, and take the
full system to be in a state described by a density matrix p. The entanglement entropy of
subsystem A is then defined as the von Neumann entropy of the reduced density matrix,
obtained by taking a trace over the degrees of freedom in subsystem B, i.e.

S[A] = —Tr (palogpa) , (1.1)

with p4 = Trp p. We will take p to be the ground state density matrix of the full system
but our results can be extended to more general states.

Entanglement entropy is a useful theoretical probe that encodes certain universal prop-
erties of field theories describing critical systems, see e.g. [1-5]. A well known example
in this respect is the entanglement entropy of a two-dimensional conformal field theory
(CFT) [6-8], which has a universal logarithmic term,

514) = £ log <L6A> , (1.2)

where c is the central charge of the CFT in question, L 4 is the spatial size of the subsystem
A, and ¢ is a UV-cutoff. Here we are assuming that A is connected and that its size is
small compared to the full system size L4 < L. The logarithmic UV behaviour of the
entanglement entropy tells us that the system has long-range entangled degrees of freedom
(in contrast to an area-law where short-range entanglement would mainly contribute).

In recent years considerable effort has been devoted to investigating such universal
terms in the entanglement entropy of CFTs in arbitrary dimensions (see [9, 10] for reviews).
What will be important for us is the following general UV behavior of entanglement entropy

in even D-dimensional CFTs,
YXp_o Ly
S[Al=cpo—F— +-+- 1 — cee 1.3
[A] CD2€D—2+ +coog<€>+ (1.3)

where Y p_o is the area of the (D—2)-dimensional entangling surface JA and Ly is a
characteristic length associated with 9A. Only c¢q is universal in this expression. The other
coefficients depend on the regularisation scheme used. One also finds a universal sub-
leading term in odd-dimensional CF'Ts but in this case it is finite rather than logarithmic,
see e.g. [10] and references therein. The coefficient of the universal term is a function
of topological and geometric invariants, such as the Euler density and Weyl invariants
constructed from the entangling (hyper)-surface [11, 12]. This reflects the fact that the
logarithmic term in S[A] is related to the conformal anomaly of the stress-energy tensor of
the corresponding CFT.

In the present work we will study entanglement entropy, including universal finite
terms (i.e. of order O(1) with respect to L), in a family of d+1-dimensional scale invariant



quantum field theories introduced in [13]. The scale symmetry is a non-relativistic Lifshitz
symmetry that acts asymmetrically on the time and spatial coordinates,

T — AT, T — N1, (1.4)

with a dynamical critical exponent equal to the number of spatial dimensions z = d.
These theories are closely related to the well known quantum Lifshitz model (QLM), first
studied in the seminal work [14]. This is a scale invariant free field theory in 2 + 1-
dimensional spacetime with a z = 2 dynamical critical exponent. It is an effective field
theory for certain quantum dimer models (and their universality class) in square lattices
at a critical point and involves a compactified free massless scalar field [14]. Non-trivial
Lifshitz scaling is achieved via a kinetic term that is asymmetric between time and space
(with higher derivatives acting in the spatial directions). The higher-derivative construction
can easily be extended to free scalar field theories in any number of spatial dimensions d
with z = d Lifshitz scaling. In [13] such theories were dubbed generalised quantum Lifshitz
models (GQLMs) and several interesting symmetry properties were revealed in correlation
functions of scaling operators. The periodic identification of the scalar field did not figure
in that work but turns out be important when one considers entanglement entropy in a
GQLM defined on a topologically nontrivial geometry.

A key property of the QLM and GQLM theories is that the ground state wave func-
tional is invariant under conformal transformations involving only the spatial dimen-
sions [13, 14]. The spatial conformal symmetry is a rather special feature (the corre-
sponding critical points are called conformal quantum critical points [14]) and it manifests
in the scaling properties of entanglement entropy. In essence, the symmetry allows us to
map a (d+1)-dimensional Lifshitz field theory with z = d to a d-dimensional Euclidean
CFT. In the d = 2 QLM the CFT is the standard free boson CFT but for d > 2 GQLM’s
the spatial CF'T is a higher-derivative generalised free field theory. Such higher-derivative
CFTs have been discussed in a number of contexts, for instance in relation to higher spin
theories, e.g. [15, 16], as models in elastic theory e.g. [17], in a high-energy physics setting
in connection with the naturalness problem e.g. [18, 19], and in the context of dS/CFT du-
ality e.g. [20, 21]. These theories are not unitary but their n-point correlation functions are
well defined in Euclidean spacetime and being free field theories they have no interactions
that trigger instability.

Entanglement entropy and its scaling properties have been extensively studied in the
QLM [1, 22-27].! The replica method in the QLM was first developed in [22], where it was
found that for a smooth entanglement boundary, the scaling behaviour of the entanglement
entropy in the QLM (and more generally for conformal quantum critical points in (2+1)-
dimensions) is of the form

L L
S[A]:cl?A—i-%Axlog?A—F... , (1.5)

where ¢; depends on the regulator and Ay is the change in the Euler characteristic (upon
dividing the the system in two), which in turns depends on the topology of the system and

See also [28] for related study of Rényi entropies in quantum dimer models.



on the entangling surface. The above behavior follows from general expectations for the free
energy of a two-dimensional CFT with boundary [29]. This result is for the entanglement
entropy of a non-relativistic (241)-dimensional theory, however its computation starts from
a ground state which is a “time-independent” conformal invariant. As the time coordinate
only appears as a spectator, the final result displays features of a two-dimensional CFT.
This is in line with the results of [13, 14], where it was shown that equal-time correlation
functions of local scaling operators in the QLM and GQLM can be expressed in terms of
correlation functions of a d-dimensional Euclidean CFT.

Furthermore, by choosing a smooth partition, such that we have no contribution from
the logarithm (i.e. Ax = 0), a further sub-leading (of order one in L,4) universal term
appears in the entanglement entropy for the QLM [1], that is

La
S’EE:cl? +vqcp + ... . (1.6)

The universal term yqcp, where QCP stands for quantum critical point, depends both on
the geometry and topology of the manifolds [23, 25-27]. It depends on the geometry in
the sense that it includes a scaling function written in terms of aspect ratios typical of
the given subsystem, and on the topology through a contribution from zero modes and
non-trivial winding modes. In this sense, the entanglement entropy of the QLM is able to
capture long-range (non-local) properties of the system. In particular, yqcp was computed
by various methods for a spatial manifold in the form of a cylinder in [24-27, 30], for a
sphere in [27], and the toroidal case was treated in [25] by means of a boundary field theory
approach. The toroidal case was further investigated in [31], where analytic results were
obtained for Rényi entropies.?

Our aim is to extend the study of these finite universal terms in the entanglement
entropy to generalised quantum Lifshitz models. In particular, we analyse their scaling
properties in full generality, in any number of spatial dimensions d with Lifshitz exponent
z = d. For technical reasons (which we explain below) we restrict attention to the case of
even integer d. More concretely, we obtain universal terms in the entanglement entropy in
GQLM on two classes of manifolds. On the one hand, we divide a d-dimensional sphere into
two d-dimensional hemispheres, on the other hand we consider a d-dimensional flat torus,
sliced into two d-dimensional cylinders.? Our computations are purely field theoretical.
The theories we consider represent rare examples of non-relativistic critical theories, for
which entanglement entropy can be obtained analytically. We view them as toy-models
where we can explore quantum entanglement for different values of the dynamical critical
exponent z. Further motivation comes from a puzzling aspect of Lifshitz holography, where
one considers gravitational solutions that realise the Lifshitz scaling (1.4), see e.g. [34, 35].
In AdS/CFT the entanglement entropy is computed by means of the Ryu-Takayanagi
formula [36, 37]. The usual working assumption is to apply the RT prescription also in
Lifshitz holography, but in a static Lifshitz spacetime the holographic entanglement entropy
does not depend on the critical exponent at all (see e.g. [38]). From a field theory point of

2For related studies of the scaling properties of entanglement entropy for a toroidal manifold in scale
invariant (2+1)-dimensional systems, see also [32, 33].
3Here a d-dimensional cylinder refers to the product of an interval and a (d—1)-dimensional flat torus.



view, however, one expects the higher-derivative terms to dominate at short distances, and
thus the UV behaviour of entanglement should reflect the value of the dynamical critical
exponent. The absence of z from the holographic entanglement entropy is puzzling if
Lifshitz spacetime is the gravitational dual of a strongly coupled field theory with Lifshitz
symmetry. Similar considerations motivated the work in [39-41]. While we clearly see a
dependence on z, it is difficult to compare our results directly to those of these authors
as we are not working within the same class of field theories and we focus on universal
sub-leading terms rather than the leading area terms.

The paper is arranged as follows. In section 2 we briefly review the construction of
generalised quantum Lifshitz models and extend their definition to two specific compact
manifolds. These are higher-derivative field theories so we must ensure that the variational
problem is well posed. This amounts to imposing z conditions on the variations (2.8), (2.15)
and including a boundary action (2.10) for the d-torus or (2.16) for the d-sphere. In
section 3 we discuss the replica method, which we use to compute the entanglement entropy.
In essence, this approach maps the problem of computing the nth-power of the reduced
density matrix to a density matrix of an n times replicated field theory. The goal is
to produce a result that can be analytically continued in n, in order to calculate the
entanglement entropy according to (3.1). As we explain in section 3, the replica method
forces all the replicated fields to be equal at the cut, since the cut is not physical and our
original field theory only has one field. There is an additional subtlety in implementing this
condition due to the periodic identification of the scalar field in the GQLM and in order
to ensure the correct counting of degrees of freedom we separate the replicated fields into
classical and fluctuating parts. The fluctuating fields obey Dirichlet boundary conditions
as well as the vanishing of the conformal Laplacian and its integer powers at the cut.
Their contribution is encoded in partition functions computed via functional determinants
defined on the sphere and torus respectively. The classical fields give rise to winding sectors
that are encoded in the function W (n) described in section 3. For the spherical case this
contribution is simple and only amounts to a multiplicative factor \/n. For the toroidal
case, the contribution from the classical fields is less trivial, and requires summing over
classical vacua of the action. For higher-derivative theories some further conditions have
to be implemented in the classical sector, and we argue that a compatible prescription is
to use Neumann boundary conditions for these fields. At this point no freedom and/or
redundancy is left, and it is straightforward to compute the sum over winding modes. We
collect the contributions from the classical and fluctuating fields to the universal finite term
of the entanglement entropy for a d-sphere and a d-torus in sections 4 and 5 respectively.
We conclude with some open questions in section 6.

Most of the technical details are relegated to appendices. In appendix A we review the
computation of the functional determinant contribution for the spherical case, which was
originally worked out in [42]. In appendix B we develop an alternative expression for the
formulae presented in appendix A, which we find more transparent and better suitable for
numerical evaluation. In appendix C we compute the functional determinant contribution
for the toroidal case. Finally we compute the winding sector contribution for the d-torus
in appendix D.



2 Generalised quantum Lifshitz models in (d+1)-dimensions

The 2+1-dimensional quantum Lifshitz model [14] can be generalised to d+1-
dimensions [13]. Whenever the dynamical critical exponent z is equal to the number
of spatial dimensions, the ground state wave-functional is invariant under d-dimensional
conformal transformations acting in the spatial directions, extending the connection be-
tween the quantum Lifshitz model and a free conformal field theory in one less dimension
to any d. We recall that in the 2+1-dimensional case the scalar field is compactified [14],
and below we will also compactify the scalar field in the GQLM at general d on a circle of
radius R, that is identify ¢ ~ ¢ + 27 R,.
The ground state wave functional of the GQLM is [13]

1

_ 1 1509 _
o) = Z/ww 16). (2.1)

where {|¢)} is an orthonormal basis of states in the Hilbert space made up of eigenstates
of the field operator, and the partition function Z is given by

7 = / [Dg] e 519). (2.2)

We are interested in computing the sub-leading universal finite term of the entanglement
entropy (1.1) in the ground state, i.e. with p = |¢g)(¢bg|, when the manifold M is a
d-sphere or a d-torus. The subsystem A will consist of field degrees of freedom on a
submanifold of M. For technical reasons we restrict attention to the case where d is an
even (positive) integer.

We follow the normalisation convention of [27] and write the action as

S16) = Solé] + Somalé] = 1= | A%VGOP w6 + Sl (23)

where G = det Gy (a,b=1,...,d) is the determinant of the Euclidean metric on the man-
ifold M, and P, a is a proper conformal differential operator of degree z in d dimensions.
The specific form of P, ¢ depends on M, as we will discuss at the end of this section.
In order to have a well-defined variational problem, the action has to include a suitable
boundary term Sypq whose specific form is also given below. Note that the scalar field ¢
has dimension zero under Lifshitz scaling in the GQLM at general d. We find it convenient
to use the shorthand g = ﬁ.‘l We note that for a flat manifold, the compactification of
the field implies a global shift symmetry compatible with conformal symmetry [43, 44].
This is also true for the z = d theory on the d-sphere (and more generally on any Ein-
stein manifold) provided the action includes appropriate terms that generalise the notion
of conformal coupling to a higher-derivative setting.

Let us consider how the action in (2.3) is constructed concretely for the two cases,
mentioned above. To keep the discussion somewhat general, we assume that both z and d

4The normalisation of the action in (2.3) and the compactification radius R. are not independent. A
rescaling of the scalar field will affect both g and R., while physical quantities that are independent of
rescaling are expressed in terms of 27w R.\/g [43, 44].



are even positive integers and do not insist on z = d for the time being. The case when d
is an odd integer is also interesting but raises a number of technical issues that we do not
address in this work. The boundary terms in the action will be important once we divide
the system into subsystems and apply the replica method (cf. section 3).

d-torus. In section 5, we consider a torus obtained as the quotient space of R and a
d-dimensional lattice. The manifold is flat, and in this case the operator appearing in the
action Sp[¢] in (2.3) is simply the z/2 power of the Laplace-Beltrami operator,

Poga = (~1)7PHA2 = (L1724 (9,072 (2.0
that is

Sold] = (~1)7/2+1g / iz pA . (2.5)
M

For d = z = 2 this reduces to S = g [ (V¢)? as in [14] (after integrating by parts). Varying
So[¢] we obtain

550[6] =2(~1)7/2+ g /M dhr (A*/24)56

+(—1)Z/2+1g/ d Z )F () (07 F60) (2.6)

where the partial derivatives should be understood as follows
9% = (0,00, P =n,0%8,0"), (2.7)

with n, an oriented unit vector normal to the boundary. We need to choose appropriate
boundary conditions for the variations. One possibility is to demand that
z

076040, =0, 6:0,...,5—1. (2.8)

The reason behind this choice is that we will be interested in the eigenvalue problem of
A2 for which we require the operator to be self-adjoint and to have a complete set of
consistent boundary conditions. The replica method forces us to choose Dirichlet conditions
on the field at the boundary (cf. section 3) and the remaining conditions are chosen to be
consistent with the self-adjointness of the operator. Equipped with (2.8), the variation of
the Lagrangian reduces to

550[4] =2(~1)/2+1 g /M dhr (A*24)56

vl
|
_

1P [t Y )05 0. (29)
oM =0

Hence, defining the following boundary action

[N
_

Sold] = (—1)7/+1g / @1 3 (024051 g), (2.10)
oM k=0



with variation given by

[ SIS
|
—

555[6] = (—1)7/%+g / a1 3 (02 6) (022 15), (2.11)
oM k=0

clearly gives a well-defined variation for the total action S[¢] = Sp[d] + Ss[¢] and leads to
the following equations of motion

A% =0, and 82°6¢|,,, =0, fork=0,..., g 1. (2.12)
d-sphere. When the manifold M is a unit d-sphere, the operator in (2.3) is the so-called
GJMS operator on a d-sphere [45]. In essence, GJMS operators generalise the conformal
Laplacian to higher derivatives and d-dimensional curved manifolds [45] (see [46-54] for
more references on the subject). This means that a GJMS operator of degree 2k in d-
dimensions (where k is a positive integer) is constructed so that it transforms in a simple
way under a Weyl transformation of the metric, G — €?*Gap,

Por(e?G) = e~ WP, (G) W2 P (2.13)

In general, the operator Py is well defined for k = 1,... d/2 for even d, in the sense that
it reduces to the standard Laplacian of degree k in flat space [47]. For odd d-dimensional
manifolds operators satisfying (2.13) exist for all £ > 1 [47, 52, 53].

On a unit d-sphere the GJMS operator of degree 2k explicitly reads as

Pass =TT [+ (2=3) (4+5-1)]. 1

=1

where Aga = —%&1 (\/a Gabab), with a,b = 1,...d, is the Laplace-Beltrami operator.
The case of most interest to us is to consider a GJMS operator of degree 2k = d. This is
known in the literature as the critical case, while k < d/2 is referred to as the subcritical
case. It is straightforward to check, using (2.13), that the final action Sy (2.3) is invariant
under Weyl transformations. The factorisation in (2.14) is a general characteristic of Ein-
stein manifolds. Since the eigenfunctions of the Laplace-Beltrami operator on a compact
Riemannian manifold form an orthonormal basis, one can easily obtain the spectrum of the
GJMS operator on the sphere from the factorisation above. This will play an important
role later in the computation of partition functions in section 4.

When S? is divided into hemispheres, the action So[¢] has to be complemented by
boundary terms. As before, in order to have a well-defined variational problem, we compute
the variation of the action 4S5y, impose z boundary conditions on d¢ and its derivatives,
and then cancel any remaining terms against appropriate boundary terms. We impose the
following boundary conditions

5| gp =0, A*6¢l, =0  k=1,...>-1, (2.15)

il
2



that is Dirichlet boundary conditions on the variation d¢ and vanishing of its Laplacian
and its powers at the boundary. This is analogous to (2.8) for a curved manifold. The
explicit expression for Sy[¢| is

Sols] = g% /M iy aa{\/éaab d/f[é <A+ <;l —j) <;l +j- 1)) cb] (2.16)
=1 Jj=1
ol i)

where the products in the above expression are taken to be empty when the upper extreme
is less than the lower extreme. Finally, the classical equation of motion is

d/2

Pd,sdQS:H[ASd—i—(;l—j) <‘21+j—1>] $=0. (2.17)

J=1

3 Replica method
The entanglement entropy of subsystem A can be defined as
S[A] = — lim 0, Tr(p'}) , (3.1)
n—1

where an analytic continuation of the index n is assumed. This definition is equivalent to
the von Neumann entropy of p4 (1.1). Following [8, 55], we will use the replica approach
to evaluate (3.1). At the heart of this method is to view each appearance of the density
matrix p in Tr(p’j) as coming from an independent copy of the original theory, so that
one ends up working with n replicated scalar fields. The process of taking partial traces
and multiplying the replicas of p then induces a specific set of boundary conditions at the
entanglement cuts on the replica fields.

In this section we adapt the replica trick to generalised quantum Lifshitz theories. For
the QLM the replica method was reviewed in [26, 27]. Our starting point is the ground
state density matrix p = |¢g) (o, with |1p) as in (2.1). Now divide the manifold into two
regions A and B and assume that the Hilbert space splits as H = Ha ® Hp. This allows
us to write the density matrix as

p = | DD D)D"

x e~ 2SO SRRSO =Sl @ BN @ (¢F),  (32)

where the field eigenstates {|¢*)} and {|¢®)} provide orthonormal bases in H 4 and Hp, re-
spectively, and we have used that ¢ and ¢P are free fields with support on non-overlapping
subsets of M to write S[¢] = S[¢4]+S[pP]. We then construct p’; by the gluing procedure
represented in figure 1. Each copy of p is represented by a path integral as in (3.2) with
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Figure 1. The gluing procedure due to the replica trick. Gluing due to the partial trace over B
is represented in red, due to multiplication of the reduced density matrices p4 in blue, and due to
the final total trace in yellow.

fields labelled by a replica index i = 1,...,n. The partial trace over field degrees of freedom
with support in B gives the following reduced density matrix for the i-th replica,

pa=Trp (p)
1 Ay it B, —18[6A]-1S[¢/A]-S[6B]| 1Ay 1A (3:3)
— 5 [etipetipee 6 (61
Multiplying together two adjacent copies of the reduced density matrix gives
b= 7 [ DS DS DD
« e~ 3516 = 55613 11-S611-S16F - S¢>1+1]|¢) W o z+1| (3.4)

The J-function coming from (¢/4|¢7 ) forces the identification ¢! = ¢7\,, effectively
gluing together the primed field from replica ¢ and the unprimed field from replica i + 1,
as indicated in figure 1. It follows that multiplying n copies of the reduced density matrix
gives rise to pairwise gluing conditions <Z>’A gbz b fori=1,...,n—1, and when we take
the trace of the complete expression we get a gluing condition between the first and last
replicas, ¢3! = ¢/, Combining this with the gluing condition ¢? = ¢/Z for i = 1,.

from the partial trace in (3.3), and the boundary condition d)A‘F o5 | r» where I denotes
the entangling surface separating A and B, we see that all the replica fields are forced to
agree on I'. The final result for p'j is then

Tea (o) = 1£Awa w¢{/HDw Siasefl (35)

Zy AUB

with
be qﬁﬂr(a:) = gbf}r(a:) =cut(z), ¢,7=1,...,n, (3.6)

where cut(x) is some function of the boundary coordinates. We write the denominator
in (3.5) as Z} ;5 to emphasise that it contains n copies of the partition function of the

~10 -



original system before any subdivision into fields on A and B. In the numerator, however,
the field configurations of the different replicas are integrated over independently, except
that the replicated fields are subject to the boundary conditions (3.6) (up to the periodic
identification ¢ ~ ¢ 4+ 27 R,).

In order to take the periodic identification into account when applying boundary con-
ditions, we separate each replicated field into a classical mode and a fluctuation, following
a long tradition, see e.g. [43, 44],

R N R (3.7)

The modes ¢; () satisfy the following classical equations of motion and boundary conditions,

A(B) A(B)

P.d;q () =0, b; 01 (:U)}F = cut(x) + 27 Row? P

7 9

1=1,...,n, (3.8)

A(B)

where w; are integers indicating the winding sector. The classical field determines the
total field value at the entanglement cut, while the fluctuating field ¢ satisfies Dirichlet

boundary conditions,
A(B .
gpi( )(CE)‘F:O i=1,...,n. (3.9)
In two dimensions this condition, along with the equation of motion of the classical fields,
ensures that the action factorises [27],

Sl P = S P 4 Sl =1, . (3.10)

% i,cl %

The decomposition of the action is less trivial in higher dimensions but it can be achieved
if the Dirichlet boundary condition on the fluctuating field at the entanglement cut is
augmented by further conditions. It is straightforward to check that imposing (3.9) along
with (2.8)—(2.15) on the fluctuating fields at the cut leads to a well-posed variational
problem as well as self-adjointness of the operator P, s on M. As was discussed earlier,
this combination of conditions amounts to the vanishing of the Laplace operator and its
integer powers acting on the fluctuating fields at the boundary. This turns out to be
enough to ensure that the total action splits according to (3.10) (once again the equations
of motion for the classical fields have to be used to achieve factorization). We note, that
with this prescription and using the classical equations of motion, the boundary terms in
the action can be written in a form that only depends on the classical part of the field,

SalrP)) = S0P (3.11)

i,cl

In the presence of winding modes, there remains some redundancy in the classical part of
the action, as further discussed in appendix D where we compute the contribution from
the classical winding sector for the d-torus.

As a consequence of (3.10), the fluctuating modes ¢; simply contribute as n indepen-
dent fields obeying Dirichlet boundary conditions (3.9) at the entanglement cut. For the

5Derivatives of the classical fields are in general discontinuous at the cut, but the left- and right-
derivatives remain bounded.

- 11 -



classical modes, on the other hand, we can solve for the A and B sectors simultaneously, as
the boundary value problem (3.8) has a unique solution in AU B\ I', up to winding num-
bers. At the entanglement cut only relative winding numbers matter and we can choose to
write the boundary conditions for the classical fields as [26]

¢i7c1‘p(ﬂf) = cut(x) 4+ 27 Rw; , i=1,...,n—1, ¢n,c1‘r($) = cut(x). (3.12)

Thus, the trace of the n-th power of the reduced density matrix reads

H/ [DypA]e5led] H/ (DB e 5l w (n), (3.13)

ZAUB i=1

Tra (p) =

where W (n) is the contribution coming from summing over all classical field configura-
tions satisfying the boundary conditions (3.12). The subscript D on the integral sign is a
reminder that the the fluctuating fields obey Dirichlet boundary conditions.

At this point we need to distinguish the spherical case from the toroidal one. We start
by analysing the problem on the d-sphere, which turns out to be particularly simple.

d-sphere. We closely follow the treatment of the two-dimensional case in [27]. The
crucial observation here is that the winding mode can be reabsorbed by the global shift
symmetry of the action, S[¢;] = S[¢; + ¢?] with constant ¢?, as mentioned in section 2.
Indeed, since the fields satisfying the classical equation of motion include any constant part
of the total field, we can use the symmetry to rewrite their boundary conditions as

5ip (x) = cut(x) + 27 Rew; + ¢ . (3.14)
We then choose ¢ = —27 R.w; to cancel out all winding numbers. The boundary condi-
tions then become

fr(@) =cut(z), i=1...,n, (3.15)

and the sum over classical configurations can be written as

n) = Z o~ i Sldial — Z o~ Sbncl — Z e SVndn.al (3.16)

¢i,cl ¢n,cl ¢n,cl

Consequently, we have for the d-sphere

n n

11 /D DS /D (DB S 3™ e=SVaonal - (3.17)

ZTL
AUB i=1 i=1 Gncl

1

Tra (p}) =

We can now combine the n-th fluctuating fields with support on A and B and the n-th
classical field to define

q)n = n+ \/ﬁfbn,cla (318)

with ¢, = goﬁ(B) in A(B). Notice that the effective compactification radius of ®,, is now
VR, [26, 27]. The path integral over ¢ and ¢ along with the contribution W (n) from
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the rescaled classical field amounts to the partition function on the whole d-sphere for the
combined field ®,,, which is equal to the partition function of the original field up to a
factor of \/n due to the different compactification radius, and it therefore almost exactly
cancels one power of the original partition function in the denominator in (3.17),

n—1 n—1
1 _GlpA _
Tra (p%) = 7 H/[D%A]e s[soill‘[/[z)gpf]e Sl \/n Zaog (3.19)
AUB j—1 /D i=17D
ZDp.AZD.B nt
- ()
AUB

(
where Zp ap) = Jp [an?(B)]e_S[‘PiA 1 denotes the Dirichlet partition function on A(B).
Hence, the entanglement entropy is given by

(3.20)

7 A 1
S = — lim 9y Tra (o)) = — log (DADB) L
n—1 2

ZAUB

and the original problem has been reduced to the computation of partition functions with
appropriate boundary conditions on the regions A and B and AU B.

We will consider the case where the d-sphere is divided into two hemispheres. Then
we only have to compute the partition function on the full sphere and a Dirichlet partition
function on a hemisphere. These are in turn given by determinants of the appropriate
GJMS operators. The detailed computation is described in section 4 and appendices A
and B.

d-torus. We now apply the replica method in the case of a d-torus. We cut the torus into
two parts, thus introducing two boundaries which are given by two disjoint periodically
identified (d — 1)-intervals (in d = 2 this is simply an S'). As explained before, all the
fields have to agree at the cuts I, (where now the index a = 1,2 labels each cut). For the
quantum fields this simply implies that they need to satisfy Dirichlet boundary conditions,
that is

o

ho=0, i=1l..m  a=12. (3.21)

As explained earlier, further conditions are necessary in dimensions d > 2, and we demand
that the conditions (2.8) hold at the cut for the fluctuating fields.

Now consider the classical fields on the torus. We can use the global shift symmetry
discussed in section 2 to write the boundary conditions for the classical fields as

¢i:C1‘Fa (z) = cuty(z) + 27 R wf 4 ¢ (3.22)

with qb? constant on the whole torus. As in the spherical case, we can choose the gZ)? SO
that they absorb the winding numbers from one of the cuts,
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where w; 1= (w? — wzl) We are effectively left to deal with winding sectors at a single

entanglement cut and since only the relative winding number between adjacent replicas

matters we can eliminate one more winding number to obtain

¢i,C1‘1"1($) = cuty(z), i=1,...,n (3.25)
¢i,cl‘r2 (x) = cuta(z) + 27R.w;, i=1,...,n—1, d)n’d‘m () = cute(z). (3.26)

At this point, we can use the same unitary rotation U, as in [26, 27|, to bring the classical
fields ¢; 1 @ = 1,...,n into a canonical form constructed to separate the contribution from
the winding modes from the contribution from modes subject to boundary conditions given
by the functions cuty 2(z). Concretely, we define the matrices

1 _ 1 0
V2 V2
T _ _2
NG V6 V6
Un = : : (3.27)
1 1 _J1_1
\/n(nfl) \/n(nfl) n
1 1 1
L Vn vn vnoo
and
. 1
M, = diag <1, o1 n> Un—1, (3.28)
so that we have
<521|F1($):O t1=1,...,n—1,
5 lr, () = v/ euty(z), (3.29)
&gl‘rb(x) = 27TRC (Mn—l)ijwj7 7::1,~--,n—1,
n—1
— 21 R,
Iy () = Vncuta () + 7 > wi (3.30)
i=1

Hence, the sum over all the classical configurations reduces to a sum over the vector
W = (Wi,...,wp_1) € Z™ ! and an integral over the n-th classical mode. Notice that, as
for the spherical case, the n-th classical mode ¢ has a compactification radius amplified
by v/, due to the rotation (3.27). We want to use this mode to reconstruct a full partition
function on the torus, that is define

D, = op + 02, (3.31)
so that

/ [dp]eSTei / (dgP)eStet] / 1d6e=S5 = /i Zaog (3.32)
D D
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where the y/n factor on the right-hand-side of (3.32) accounts for the different compactifi-
cation radius. Thus, the replica method finally gives

ZpaZpp\" ' —
Tea o) = v (4222 ) i), (3.39)
free,AUB
where W (n) contains the contributions from the first n—1 classical configurations satisfying

the boundary conditions in (3.29) at I'y(g).

In two dimensions the classical fields are uniquely determined by the equations of
motion and the boundary conditions (3.29), and thus the classical action has only one
vacuum. The contribution from the winding sector is then simply given by the sum over
the corresponding winding modes [26, 27],

W)= Y e~ 2ist 868 (3.34)

WEZ”71

However, in higher dimensions (d > 2) the conditions (3.29) do not uniquely specify the
vacua of the classical action. In other words, our construction is consistent for more than
one set of boundary conditions applied on derivatives of the classical fields and the value
of the boundary action depends on the boundary conditions. This is the redundancy
mentioned in section 2.

The classical field satisfies a higher-derivative equation of motion, whose general solu-
tion is parametrised by z/2 constants. The boundary condition imposed on ®,, will fix one
of these constants but we need to add z/2 — 1 further boundary conditions for the classical
field to fix the rest. The value of the boundary terms in the action will in general depend
on the choice of boundary conditions.

In the present work we impose a generalised form of Neumann boundary conditions
on derivatives of the classical fields,

—0 k=0,...,2-2 (3.35)

NP 5

This prescription is compatible with the conditions imposed on the fluctuations,

_ - z
Afilony = AR + @i)| 5 = A 5,y fork=1,..., 5L (3.36)

and, at the same time, it gives a non-vanishing classical boundary action, which is important
in order for the sum over winding modes to converge. The contribution from winding modes
is then accounted for in any number dimentions by computing

Wn)y= > e 2= slor, (3.37)

wezZn—1

where the classical fields ¢§! satisfy the boundary conditions (3.29) and the Neumann
conditions in (3.35). The details of the computation are reported in appendix D.
Finally, the entanglement entropy for the d-torus is given by

ZD,AZD,B) 1

S )5 wW'(1), (3.38)

Sgg = — log ( 5

~15 —



since the winding sector is normalised such that W (1) = 1. The computation of the
partition functions for the d-torus is presented in section 5 below.

We close this section by noting that even though winding numbers come into play
across entanglement cuts in our computation, we are restricting our attention to a single
topological sector of the original theory on the d-torus. Indeed, since we periodically
identify the field, we could consider winding sectors on the d-torus itself,

d(x1+ L1, ..., xq+ Lg) = p(x1,...,2q) + 20Lim;, I=1,....d, m;eZ. (3.39)

We have set m; = 0 in our calculations in the present paper but a more general study
can be carried out, evaluating the contribution from winding sectors W (n,my,) associated
with an entanglement cut for each topological configuration, and then summing over the
my. The corresponding topological contributions to entanglement entropy in a scalar field
theory on a two-dimensional cylinder, are obtained in [26].

4 Entanglement entropy on a hemisphere

In this section we calculate the universal finite terms of entanglement entropy in GQLM
resulting from the division of a d-sphere into two d-hemispheres A and B by an entan-
glement cut at the equator as shown in figure 2. According to the replica calculation in
section 3, we have to compute (3.20), where now A and B are the two d-hemispheres, and
the bulk action contains the GJMS operator (2.14) with 2k = d. The partition function
on the whole manifold (Z4up in (3.20)) contains a zero mode, which should be treated

_1
— g (9 2
ZAuB = 27TRC ;Ad det ;Pd,sd (41)

where A, is the area of the d-sphere and the \/%Ad factor comes from the normalisation

separately [43, 44],

of the eigenfunction corresponding to the zero eigenvalue. The functional determinant det’
is the (regularised) product of the non-zero eigenvalues. The operator (2.14) on the unit
d-hemisphere with Dirichlet boundary conditions does not have a zero eigenvalue, so the
partition functions on the subsystems A and B can be directly computed via regularised
functional determinants. Hence we can write (3.20) as

1 det Pd,H% det Pd,HdD 1
S[A] = = log ( det'Pdﬁd + log <\/47rg.AdRc) ~ 5 (4.2)

2

where the D subscript on HdD indicates Dirichlet boundary conditions on the fields at the
boundary of the d-hemisphere H?. At the end of the day, the entanglement entropy can
only depend on the combination g.A44. All factors of g/m inside functional determinants
must therefore cancel out in the final result and going forward we simply leave them out
of our formulas.

We now turn to the explicit computation of the functional determinants appearing
in (4.2). In a series of papers [42, 56-58], Dowker calculates determinants of GJMS op-
erators on spheres in any even dimension d and for any degree k < d/2 via (-function
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Figure 2. The sphere is cut into hemispheres A and B by an entangling cut at the equator.

methods. We give a self-contained review of these calculations in appendix A, partly to
adapt them to our notation and partly to have all the results we want to use in one place.
Determinants of critical GJMS operators (where the degree 2k of the operator matches
d) on spheres and hemispheres are expressed in terms of multiple I'-functions in [42]. A
simplified version of these results, expressing them in terms of the more familiar Riemann
(-function, is presented in appendix B.

The starting point of Dowker’s computation is the observation that the determinant
of the GJMS operator on a d-sphere, given in terms of the spectral (-function, can be
obtained as a sum of the corresponding determinant on a d-hemisphere with Dirichlet and
Neumann boundary conditions [42, 59] (again expressed in terms of spectral (-functions).
On the hemisphere with Dirichlet boundary conditions the log-determinant of the GJMS
operator is given by

d
logdet Py ra = —Z4(0,ap,d/2) = = > h(d)('(—n) - fP(d), (4.3)

n=0

where Z4(s,ap,d/2) is the spectral (-function corresponding to the GJMS operator of
degree 2k = d, cf. (A.1) and (A.2). Here ( is the Riemann (-function, and h2, fP are
given by

ool 310 e w

(d—1D!'n+1 Hn+1 :0 n+1

.

Z log(1)(1 — d)as1 + M(d). (4.5)

The [i] are Stirling numbers of the first kind, (z); is a Pochhammer symbol, and M (d) is
a sum of harmonic numbers and generalised Bernoulli polynomials whose explicit form is
not important to us, as it cancels in the final expression for the entanglement entropy. The
derivations of A2 and fP can be found in appendix B.2, while the derivation of M (d) can
be found in A.3, its explicit form is given in equation (A.58). These functions may seem
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quite complicated at first sight, but they all consist of well understood algebraic functions
that can easily be evaluated using a computer. For the determinant of a critical GJMS
operator on a hemisphere with Neumann boundary conditions we find a similar result

logdet Py ya = —Z4(0, an,d/2) = ZhN — N¥(a), (4.6)
with b)Y and fV given by
d—n ; .
d+1 (=1) (d\[d—j+1
RN (d) = 4.
=g LH] Z;@l—j)!(j)[ n+l | (1)

V() =log(d — 1)! + fP(d). (4.8)

We note that our result in (4.6) differs from [42] by a sign in the term log(d — 1)!. This is
because we treat the zero mode separately as is apparent in (4.1) and (4.2).

As mentioned above, the log-determinant on the whole sphere is the sum of the log-
determinants on the hemisphere with Dirichlet and Neumann boundary conditions [42],

log det'P; ga = log det Py g +logdet Py pra . (4.9)
With an eye towards the entropy formula (4.2), we express the ratio of determinants as
d
2log det Py g — log det' Py gu = — > (2 (d) = ny(d)) (' (—=n) = fP(d) + [N (d)
n=0
d
= hn(d)¢'(—n) + log(d — 1)!, (4.10)
n=0

where, using the properties of the binomial coefficients, one can write h,, in the the follow-

O +d§:: )] )

Putting everything together, we obtain a surprisingly simple expression for the entangle-

ing form

ment entropy of a hemisphere,

d
- ;;hn(d)d(—n) + log (\/47Tg.,4d(d - 1)!Rc> - % (4.12)

with hy,(d) given above in (4.11). For dimensions d = 2,4,6, and 8, in the critical case
z = d, the entropy is given explicitly by

d=z=2: Spp=log(\/StgR.) - % (4.13)
d=z=4: SEE_log(zL\wa)—;—ig (4.14)
d=z=6: Spn=log (16y/TgR,) - % - 1?5)2(75;)’) + ?;)25754) (4.15)
d=7>=8: = log (321/3g7°R, ) - % - 4330653) + 7251551) - 52(7?6 (4.16)
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Figure 3. The universal finite term (4.12) in the entanglement entropy of GQLM on a hemisphere
plotted against the number of spatial dimension d (which is equal to the critical exponent z). We
normalise S[H,4] with respect to the two-dimensional case, and set g = R. = 1.

and more values are plotted in figure 3. The two-dimensional case agrees with the result
presented in [27]. Notice that the logarithmic term depends on the product R.,/g, which
is independent of rescaling of the fields. Hence, in the case of a d-sphere cut into two
d-hemispheres, the finite universal terms of the entanglement entropy (4.12) are constant,
they only depend on the physical compactification radius R../g of the target space, which
appears in the above expression through the zero modes.

Explicit results can also be obtained for the subcritical case, i.e. when z < d. In this
case, the entanglement entropy on a hemisphere is simply given by the difference of log-
determinants on the hemisphere with Dirichlet and Neumann boundary conditions. In [60]
this difference was shown to be equal to a “boundary free energy”, initially defined for
hemispheres in 4-dimensional CFTs in [61]. Its value for d = 4 and z = 2 was calculated
in [60-62], while the value for d = 6 and z = 2 appeared in [60].5

Here we list a few examples of the entanglement entropy on a hemisphere in the
subcritical case with z and d both even integers,

d:4,Z:2: SEE:—@, (4.17)
872

C6r—2- _<B)  <B)

d=6,z=2: SEE_9671'2 39,4

6 s—4: _ 5B C6)

d—6,Z—4. SEE— 4872 +167T47

B B )
72072 19271 12876

d=8,z2=2: SEE =

The relevant functional determinants (for z and d even integers) were computed originally
in [42] and are included in appendix A.

5We thank Stuart Dowker for bringing these results and references to our attention.
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The result in (4.12) only depends on “topological data” represented by the scale in-
variant compactification radius of the target space and not on other geometric features.
One might object that this is because we initially set the radius of the d-sphere to one, and
thus our computations are insensitive to the geometry. Indeed, as mentioned in the Intro-
duction, for smooth entangling cuts in even-dimensional CFTs, the entanglement entropy
is expected to have a universal term proportional to the logarithm of a characteristic scale
of the system with a constant of proportionality which depends on the central charge and
on the Fuler characteristic. It can be checked that introducing a radius R of the d-sphere
in our problem modifies the above results by adding a term proportional to

Axlog R, (4.18)

where Ay is the change in the Euler characteristic due to dividing the d-sphere along the
entanglement cut. For the two-dimensional case this was understood in [1]. Just as for
a two-dimensional sphere, the change in the Euler characteristic vanishes for the chosen
entanglement cut (while having a non-smooth entangling surface can introduce further
universal logarithmic terms). Indeed, on a non-unit sphere all eigenvalues entering our
determinants are rescaled, and upon regularising this contributes,

log det Py, o = —d Z4(0,ap, k)log R — Z;(0,ap, k), (4.19)
log det 'Pkasd = —d(Z4(0,ap, k) + Z4(0,an,k))log R — ZQ(O, ap,k) — Z&(O, an, k),

instead of equations (A.2), (A.3). Including the contribution coming from the normalisation
of the zero-mode this would leave us with

d
B (1+ Z4(0,an, k) — Z4(0,ap, k))log R, (4.20)

but it is straightforward to check, using (A.45) and (A.54), that this combination vanishes.
In fact, Dowker’s construction of the determinant for the sphere as sum of determinants
on hemispheres with Dirichlet and Neumann boundary conditions makes this quite trans-
parent, since the spectral (-function in the Neumann case is nothing but the Dirichlet one
after subtracting the zero mode.” Finally, we should stress that the sub-leading univer-
sal terms as (4.18) (which vanish here due to the chosen entanglement surface) are those
expected in a d-dimensional CFT. The quantum field theory we are considering lives on
a (d+1)-dimensional manifold, and yet due to the enhanced d-dimensional symmetries in
the critical d = z case, it has entanglement properties typical of d-dimensional CFTs.

5 Entanglement entropy on cut d-torus

We now turn our attention to the sub-leading universal terms in the entanglement entropy

on a flat d-dimensional torus with circumferences L, ..., Lq,
T L, =RYLZ X ... X LyZ), (5.1)
that is cut into two d-cylinders: Yp := [—Lp,0] X Tgr:l 1, and Y := [0, La] X ng—l L

where our conventions are Lg > 0 and Ly = L4 + Lg. The two-dimensional case is shown

"See [42, 63, 64] for related studies of conformal anomalies for GJMS operators on spherical manifolds.
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Yp

La

Figure 4. The torus is cut into cylinders Y4 and Y by the two entangling cuts I'y and I's.

in figure 4. The replica method for the entanglement entropy on the torus was discussed
in section 3, and it requires us to compute (3.38), where the winding sector contribution is
given by (3.37), with the classical fields satisfying the equations of motion and boundary
conditions expressed in (3.29) and (3.35). For the d-torus, the bulk and boundary terms in
the action are given by (2.5) and (2.10), respectively. The operator P, ra in (2.4) is simply
an integer power of the Laplacian. We first compute the quantum contribution to the
entanglement entropy arising from the partition functions in (3.38), and after that we tackle
the winding sector contribution. All the detailed calculations of functional determinants
are relegated to appendix C, and those regarding the winding sector to appendix D. In this
section we collect the results and discuss some interesting limits.

The operator P, pa has a zero mode and as result the torus partition function is

Zaon = 27ch\/% (det'(%?d;pd))_ , (5.2)

where Ay is the area of the d-torus. As was the case for the sphere, the £ factor in the

given by

N

determinant only amounts to a rescaling of the torus to which the entanglement entropy
is not sensitive, and we can ignore it in our calculations. On the d-cylinder with Dirichlet
boundary conditions, on the other hand, there is no zero mode and we can write the
(sub-leading terms of ) entanglement entropy as

1 det 'deA’D det Pd,YB,D 1 —
S[A] - 5 log ( det/'Pd,Td + 10g (\/ 471-9 AdRc> - 5 -W (1) . (5'3)

The required functional determinants are evaluated in appendix C.
By means of equations (C.30a) and (C.6), we find that the determinant on the full
torus is given by

/2 d

logdet’AT/g1 AAAAA L =73 / 1 (0) )
=dlog(L dL 1/2 dG'O'L L o0
= dlog( 1)+§ 1CT£H Ld(—/)—§ (0;L1,...,Lq),

Dyeees
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where CTd 1 (s) is the spectral (-function on the (d — 1)-torus. The auxiliary function
..... L

G is deﬁned in appendix C.1, as

—-1/2
P & o

o X X =
 T(s)T T = -
( )\/> ﬁd,1€Zd71 ni=1 ng_l =d—1Md—1
X Ks_1/2 <L1n1\/ﬁ£_1 Ed-1 ﬁd—1> , (5.5)

where the primed sum indicates the omission of the zero mode, K, (z) is a modified Bessel

G(S;Ll,Lg,. . .,Ld) :

function of the second kind and Z;_; = diag ((27r/L2)2 ey (27T/Ld)2) is a diagonal ma-
trix. We have explicit expressions both for the spectral {-function on the torus in (C.13)
and its derivative evaluated at s = 0 in (C.18), but at this stage we find it more conve-
nient to use the above expression, and only insert explicit formulae at the end, after some
cancellations.

For d-cylinders with Dirichlet boundary conditions, using (C.30b) and (C.24),
we obtain

/2 d
log det A[O,L] 7 f“,Ld 10g(2L) + CTd }H’Ld(O)
d d
+ 5 LGt Ld(—l/Q) =762, La), (5.6)

where L = L4 for Y4 and L = L1 — L 4 for Y. We can rewrite the difference between the
log-determinants as

/2 + log det A2 d/2

logdet Ay 1 gxre y (0.1 X T} !

— log det/ A

— 5 log(tu(l = ) + 5 <o>—§e’<0;2LA,...,Ld>

d d

- ZG/(O’ 2(L1 - LA)7 s Ld) + iG/(Ov Ly, ... 7Ld)a (57)

where the parameter u = L4/L; characterises the relative size of the two d-cylinders.
The explicit expression for C' . (0) is given by (C.18) with the replacement d —

..... Ly

d—1 and a relabelling of the sides L As discussed in appendix C, despite its appearance
the above expression is rather convenient to handle, thanks to the fast convergence of the
modified Bessel functions contained in the auxiliary function G. The derivative of the
function G with respect to s, evaluated at s = 0, is given by

L ° = 1/4
G/(O7L7L27'~7 \/8> Z Z nd 1 d 1nd 1)

fAg_1€Z4-1 n1=1

XK,l/Q (L n14/ ﬁg—l Ed,1 ﬁdfl)

., Z, i eXP( Lm\/zi 1 Zd—1Tig— 1)7 55)

ﬁd71€Zd71 ni=1

where we have used the explicit expression (E.4) for the modified Bessel function K_ .

M
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As an explicit example of the above result, the determinant ratio for z = d = 2 is
explicitly given by

log det A[O,Ll—LA}xS£2 + log det A[07LA]><S%2 —log det ATfl,LQ

= log (2u|7'1|772(2u7'1)) + log (2(1 — u)\Tl\n2(2(1 — u)n)) —log (L%n4(7'1))

n(2(1 — u)mi) n(2ur)
n?(r1) > ’ (5:9)

= —2log Ly + log (4u(1 — u)]71|2) + 2log (

where we used (C.20) and (C.28) and introduced the notation 7, = iLiJlrl’ for k =

1,...,d—1, for the aspect ratios of the general d-torus.

For the winding sector, the computations are detailed in appendix D. The end result,
given in (D.13), is

—log /A, — / Ak e ¥ log (Z exp(—XwQ — Qi\/A?k w)), (5.10)

WEZ

with A, given by

—1)2/22! 1
A, = 7TR2(7 W4+ (1 - —/——— 5.11
z g C(1_2z)Bz ( ( ) ) ‘7—1’--~‘Td—1| ( )
where B, are the Bernoulli numbers. For instance, in d = 2 we have
1 1
Ao =4ngR> —— — | 5.12
2 T™g cu(l_u) ’7_1’ ( )

Finally, putting together the contributions from the functional determinants and the
winding sector, (5.7) and (5.10) respectively, we get the following (rather long) expression
for the entanglement entropy (5.3),

d
S[A] = g1og(4u(1 —u)) + gTd L (0)— gG’(O;2LA, - La) = £G'(0:2L, .. La)

d 1

+ ZG”((); Li,...,Lg) +log (47rgRg) +log\/Ag—1— 5 log |71 ...7q-1]
1 (=1)%2d! 1-d 1-d
21 A7) ® 1—

tolee (4(1 —24)B, (“ +(1-u) >

/Z\f 10g<%exp<—w —21\/A?dkw>>. (5.13)

It can be verified that the entanglement entropy is symmetric under the transformation
u — 1 —u [33] as required for a pure state of the full system.
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d=1z
Figure 5. We plot the final expression for the universal finite term in the entanglement entropy on
a half torus (5.17) against the number of spatial dimension d (which is equal to the critical exponent

z). We normalise S[T,/2] with respect to the two-dimensional case, and set g = R, = L1 = --- =
Ly =2L4 =1 in the plot.

For the special case of d = z = 2 we obtain (using (5.9) and (D.16))

Sl == %bg Il + %10% (4u(1 = w1 |?) + log (77(2(1 —uwm) 77(2u71)>

7*(11)
1 1
—1+log(4m g R2) — 3 log(u(l —w)) — 3 log |m1]

* dk /
— /_OO ﬁe_kZ log (Z exp(—[(;w2 — 2 /ka))

wWEZ

o, (120 wn)n@en)Y
_lg< () > 1+lg(8 ch)

— /_OO j’;e—kQ log (Z exp (—LwQ — 214 /&kw)) ) (5.14)

wWEZ

where Ay = 47 g R? ﬁl%l . The final result looks relatively simple due to some cancel-
lations between the classical and quantum contributions. To our knowledge, this is the first
time that universal finite terms in the entanglement entropy on a torus have been obtained
in closed form using path integral methods, even for the two-dimensional case. They have
been computed numerically in [30] and by means of a boundary field method in [25].

We will now check some interesting limits of our general expressions.

Halved d-torus. The first simplifying special case that that we consider is when the
torus is divided into two equal parts:

Li=Lp, Li=2Lp, u=-. (5.15)
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The contribution from the functional determinants (5.7) simplifies tremendously, leaving
only a single term,

d
log det N + log det N — log det Ad/2 =1 (0),

d d—
[0.LAIXTE) ) 1, [0.LAIXTE) ) 1, Ty gy 2

and we obtain for the universal terms in the entanglement entropy

d d
S[Al=—Car (0)+1log (4mg Rg) +—logL; —1—log|m ... 7q1]
4 TLQ,...,Ld 2
1 (—1)¥2q! o T
+§10g (4(1—2d)Bd —/OO \/» log %exp —7(,0 —21\/A7dkw s
(5.17)
where now
—1)4/22dq) 1
Ag(u=1/2) = gwRE( ) d (5.18)

(1=29) Bq Jril -7t

In d = 2 this reduces to

S[As] = —1 +log (87 g R?) — /Z \F log(z exp<—w - 22\/A72kw>> , (5.19)

wWEZ
since the contributions from the Dedekind-eta functions in (5.14) cancel against each other
when u = 1/2. Moreover, Ag is given here by

Ay(u=1/2)=16g7 R? (5.20)

1
1|
Thin d-torus. In d = 2, the infinitely thin torus limit (sometimes called also the long
torus limit) amounts to |7| > 1 and u fixed. It can be helpful to think of this limit as
Ly — 0 while all the other lengths (Lq, L) are kept fixed. In this case, the contribution
from the integral in the expression (5.14) is exponentially suppressed, and moreover, we
have the asymptotic behaviour (E.7) for the Dedekind 7 function. It is then clear that all
the contributions from the Dedekind #n-functions vanish in this limit, and we are left with
the simple result

S[Ag] =log(87 g R?) — 1, (5.21)

which agrees with [25]. In this limit the entanglement entropy for the thin torus is twice the
entanglement entropy for the thin cylinder [25], since the entropy still carries information
about the two boundaries of the torus.

We can take a look at the same limit for the d-torus. In the d-dimensional case we
assume that Li, L4 are fixed and of order one, while all the other sides are approaching
zero, that is Lo, ..., Ly — 0. There is an ambiguity in how to take this limit, so as a first
step we consider the case

Li,La> Ly> > Ly, (5.22)
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which can also be written as
1< | < < 7] (5.23)

Let us examine how the different terms in (5.13) behave when the inequalities in (5.22)

hold. First, all the functions G'(0, L, Lo, ..., Ly) (5.8) with L = 2L4,2(L1 — Ly), Ly are

exponentially suppressed, since all the elements of the matrix Z4_1 diverge, while L is kept

fixed. Now consider the term C’ a1 (0)in (5.13). This term is defined in (C.18) with a
L

......

shift d — d—1 and subsequent relabelhng of the torus sides. With the choice (5.22) all the
Bessel functions contained in (C.17), and thus in ¢ "oo1 (0), are exponentially suppressed.
Lg

It then follows that the leading piece of C’ 0 (0) in (C 18) is given by the highest term

in the sums, that is

—7T)p LQ ce L2p+1 1 Lg A Lgp (—27T)p
,,,,, Ly p! L§Z+2 L%g: (2p— 1!
—7T)p L2 e L2p+1

| 2p
p: sz 1o

C(=2p+1)

¢'(=2p), (5.24)

where p = {d N-1= Ld L] for even d. We can rewrite the term more elegantly as a

function of the aspect ratios,
2T (p + 1\ |rpa |
Gt 02 )c(p+)p |
,,,,, L, 7Tp+2 2 |Tl| cee |T2p|

Finally, the integral over & in (5.13) is also exponentially suppressed and will not contribute
to the final expression. Then, keeping only the most divergent term according to (5.22),
we obtain

S[Ad] ~ MC <p+ ;) M, p= V_lJ : (5.25)

2P -‘r* ’T1|...’T2p’ 2

Similar limits were discussed in [33] for the Renyi entropies of 341-dimensional relativistic
fields theories with various twisted boundary conditions. Except for having the same
power-law divergence, our results appear not to agree with their findings. The comparison
is tricky though, as there are effectively three length scales in the d = 4, and since we are
looking at the regularised entanglement entropy we do not have an explicit cut-off as in [33].

We should stress that when d = 2 all the sums in C . (0) in (C.18) are empty and

~~~~~

the only contribution from this term is the logarithm 210g L2 Then the only divergent
contributions are coming from the log terms (see e.g. (5.14)) and they cancel, leaving the
finite term shown in (5.21).

The thin sliced d-torus. In d = 2 this limit corresponds to L4 — 0 while all the
other length scales involved remain fixed, that is w — 0 while || is kept fixed. The

$Where we have used the (-function identity ¢’(—2n) = (=1)"Z%_¢(2n+1), neN.

2(2m)2n
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integral in (5.14) can then be evaluated, for instance by means of the Poisson summation
formula (E.2), and at leading order it gives %log u. Considering only the leading term in
the expansion of the Dedekind function (E.6), we obtain, for u — 0,

SlAs) =~z + . (5.26)

which agrees with the entanglement entropy for the infinite long and thin sliced cylinder
computed in [27]. Indeed, in this limit the torus and the cylinder are indistinguishable at
leading order.

We can proceed with similar arguments in higher dimensions, assuming v — 0 while
all the aspect ratios ||, with i« = 1,...,d — 1 are kept fixed. In order to simplify the
computation we assume all the aspect ratios to be equal, |r;| = o for all i = 1,...,d — 1.
Then, the leading divergent terms are contained in G'(0,2Ly, Lo, ..., Ly) in (5.13), and by
estimating the d—1-dimensional sum in G'(0,2L4, Lo, ..., Lg) (cf. (5.8)) with an integral
we obtain the following leading behaviour for the entanglement entropy,

Kd
wid—1gd—1"

where kg4 is a numerical coefficient that depends on the number of dimensions d. Similar
behaviour was obtained for the three-dimensional torus in conformal field theories in [65]
(see also [66]), and also in [67] from a holographic approach.

The wide d-torus. As our final example, we consider the so-called wide torus limit, that
is when the directions transverse to the cut are very large while L 4, L1 are kept fixed. Let
us start by considering this limit for d = 2. This means that |7;| — 0 while u is kept fixed.
Using the expansion of the Dedekind-eta function (E.6), we see that the term containing the
logarithm of the ratio of Dedekind-eta functions in (5.14) produces the leading divergence.
Hence, from the general expression for the entanglement entropy in d = 2 (5.14), we obtain

™ ™

S~ = a = T el

(5.28)

This asymptotic behaviour is also expected for the universal function of the Renyi entropies
of the two-dimensional torus, cf. [33] and references therein, and was found in holographic
CFTs in [32].

In higher dimensions we can consider the limit when w is kept fixed, and all the
transverse directions are very large compared to L1, L 4, but all the aspect ratios approach
zero at the same rate, that is |1;| = &, with ¢ = 1,...,d — 1 and € — 0. In this case, the
expressions in (5.13) simplify, and, as in the two-dimensional case, the leading divergent
contribution is contained in the functions G'(0, L, Lo, ..., Lg) (cf. (5.8)), where L can be
L1,2L 4 or 2(Ly — Ly). Using a similar expansion as performed in the thin sliced torus
limit, we obtain

(5.29)

where fg(u) is a function symmetric under the exchange u — 1 — u.
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In the above discussion, the case u = % is special for any dimension d, since the

function fy(u = 1/2) = 0, so that the sub-leading but still diverging terms become im-
portant. Looking directly at (5.17) and (5.19), there is no contribution now coming from
G'(0,L, Ls,...,Ly), and the next divergent term is logarithmic in the aspect ratios 7,
which in the two-dimensional torus is entirely coming from the integral in (5.19), while in
higher dimensions it receives contributions also from the area term log /A4 and C’Td_l(O).
In our simplified limit where all the ratios |7;| approach zero at the same rate, we see that
1 1

S[Ad]ziloge, u=g, d>2. (5.30)
This is consistent with the findings of [33], where for the z = 2 free boson field the-
ory in 341 dimensions the universal function of Renyi entropies J, satisfies the relation
limy 0 Jn(u = 1/2,|7])|7| = 0.7 This clearly holds in our case since the universal term of
the entanglement entropy has a logarithmic divergence. Rather different behaviour was ob-
served in free two-dimensional CFTs for Renyi entropies [33] and also in holographic CFTs
in two and three space dimensions for entanglement entropy [67], where also for u = 1/2
the universal part continues to have a power-law divergence similar to (5.28) and (5.29).
The disagreement was already observed in [33].

6 Discussion

In this work we have analytically computed the universal finite corrections to the entan-
glement entropy for GQLMs in arbitrary d—+1 dimensions, for even integer d, and on either
a d-sphere cut into two d-dimensional hemispheres or a d-torus cut into two d-dimensional
cylinders. GQLMs are free field theories where the Lifshitz exponent is equal to the num-
ber of spatial dimensions, and they are described in terms of compactified massless scalars.
When d = z = 2 the GQLM reduces to the quantum Lifshitz model [14], and our findings
confirm the known results of [25-27]. The calculations are performed by means of the
replica method. Caution is required when performing the cut as the massless scalar field in
the GQLM is compactified. It is useful to discern between the role of the fluctuating fields
and the classical modes. In essence, the periodical identification mixes with the boundary
conditions imposed at the cut on the replicated fields [23, 25-27, 30|, and disentangling
the winding modes from the rest leads to an additional universal sub-leading contribution
to the entanglement entropy. The fluctuating fields satisfy Dirichlet conditions at the cut
(as well as further conditions imposed on their even-power derivatives), while the classical
fields take care of the periodic identification. The contribution from the fluctuating fields
comes from the ratio of functional determinants of the relevant operators, which we com-
pute via spectral (-function methods. The classical fields contribute via the zero-mode and
via the winding sector summarised in the function W (n).

For the spherical case, the full analytic expression of the universal finite terms turned
out to be a constant, depending only on the scale invariant compactification radius,
cf. (4.12). This is a consequence of the presence of zero modes, and their normalisation.

9Note that the bosons are not compactified in [33].

~ 98 —



For the toroidal case, the story is rather rich. The general expression is (5.13),
while (5.17) is valid when we cut the torus by half. In both cases, the universal term
is comprised of a scaling function, which depends on the relevant aspect ratios of the
subsystems, and a constant term, which contains the “physical” compactification radius.
The last one comes from the zero mode of the partition function of the d-torus as well as
from the winding sector. We considered various limits, such as the thin torus limit, which
results in the simple expressions (5.21) and (5.25) in two and d dimensions respectively,
the thin sliced d-torus, cf. (5.26) and (5.27), and finally we examined the wide torus limit,
cf. (5.28), (5.29), and (5.30) where the last expression is valid for v = 1/2. Notice that
in the toroidal case, where the winding sector is non trivial, it also contributes to the
scaling function. For example, in the thin torus limit its contribution is decisive in order
to cancel divergences and leave a finite result, cf. (5.21) and (5.25). Our findings confirm
expectations from the study of the (241)-dimensional QLM [24-27], that also for critical
non-relativistic theories entanglement entropy can encode both local and non-local infor-
mation of the whole system. Moreover, our results give substance to the field theoretic
intuition that entanglement entropy should depend on the dynamical critical exponent,
see also [39-41] for analogous results in this direction. The specific dependence is rather
non-trivial already in the simplest spherical case.

The next step would be to extend our analysis to even-dimensional spacetime, that
is when d is an odd integer. Progress has been recently made in e.g. [68] (and references
therein), in computing determinants of GJMS operators on odd-dimensional spheres, see
also [69] for a different approach based on heat kernel techniques. It would also be interest-
ing to broaden our study of GQLMs by examining entanglement entropy for non-smooth
entangling surfaces. In the QLM for non-smooth boundaries, sharp corners source a uni-
versal logarithmic contribution (i.e. log L 4), with a coefficient that depends on the central
charge and the geometry of the surgery [22, 29]. For d-dimensional CFTs and in presence
of non-smooth entangling surfaces further UV divergences also appear whose coefficients
are controlled by the opening angle. In particular, for a conical singularity, the nearly
smooth expansion of the universal corner term (seen as a function of the opening angle 6)
is simply proportional to the central charge of the given CFT [70-77].1° Another relevant
direction to pursue is the study of post-quench time evolution of entanglement in these
systems, see e.g. [80] for recent results in QLM and [81] for Lifshitz-type scalar theories.!!
In this respect, GQLMs can provide an interesting and rich playground where one can

answer many questions in a full analytic manner.
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A The determinant of GJMS operators on spheres and hemispheres

In this appendix we review the calculation of the determinants of GJMS operators on
spherical domains, originally performed by Dowker in [42], and rewrite his results in a
way we find more transparent. Building on his previous work, in particular [56] and [57],
Dowker writes the following expression for the spectral (-function of a GJMS operator of
degree 2k, which we denote by Py, on the hemisphere,

k—1
Za(s,apn. k)= Y [] ((m-d+ap)?—a?)", (A1)

mcNd j=0

with d = (1,...,1) € R% o = j +1/2, ap = (d + 1)/2 for Dirichlet boundary conditions,
and ay = (d — 1)/2 for Neumann boundary conditions. The GJMS operators are well
defined for k = 1,...,d/2 and we distinguish between the subcritical case k < d/2 and the
critical case k = d/2. Using the above form of the spectral {-function the log determinant
of Py, on the d-hemisphere H? with either Neumann or Dirichlet boundary conditions can
be found as

log det P2k’H%/N = —Z4(0,ap/n, k). (A.2)

The expression Z}(0,ap/n,k) should be interpreted as lims,00sZ4(s,ap/n, k).
Given (A.2), one can then add the Neumann and the Dirichlet cases to find the log deter-
minant of Py on the whole sphere

logdet Py, o = —Z4(0,ap, k) — Zy(0,an, k). (A.3)

Our task therefore is to evaluate Z/(0,ap /N> k). In order to do so, we first review the
definition and key properties of the Barnes (-function. We then turn to the evaluation of
the spectral ¢-function of one of the factors in (A.1) and finally put everything together to
get the desired log determinants.

A.1 Definition and properties of the Barnes {-function

The Barnes ¢ function is defined for s > d as

((s,ald):= > (a+m-d) = > (a+midi+...madg) " (A.4)
meNd mi,...,mq=0
For the special case of d =1 = (1,...,1) we use the simplified notation,
Cd(saa) = C(S,CL|1). (A5)

Analytic continuation of (4(s,a) is facilitated by the relation (see [83], page 149),
Cd(‘sv (I) = F(l - S)Id(sv (I), (Aﬁ)

with I4(s,a) given by the integral

ot —)s—lg—az
Ii(s,a) = ! / Ldz. (A.7)

Comi ), (1—e®)n
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I;(s,a) is an entire function in s. The new definition of (4(s,a) is analytic for all s except
for simple poles at s = 1,...,d where it has residues

1 i dd—k Zde—az
(d— k)1(k — 1) 250 dzd—F (1 — e—2)d

(—1)**BYY, (a)

Iielf <d(87 CL) =

_ - (A.8)
d—K)(k—1)!
_1\k

:(](f—l)l)!]—d(k’a)’ kzl,,d

where Bl(d)(a) are generalised Bernoulli polynomials. For future convenience we define

(—1)4*B?, (a)

Ry(k = A9
such that for k = 1,...,d we can simply write Ress—j (4(s,a) = Rq(k,a). In particular this
means that we have the following expansion around s =0 for k= 1,...,d,

1
Ca(k + s,a) = ;Rd(k, a) + Cy(k,a) + O(s). (A.10)

Calculating 0ssCq(k + s,a)|s=o using the analytic continuation (A.6) one finds that
Culh, @) = Ry(k,a) — (k) Ralk,a), (A1)

where the derivative of R should be read as R}(k,a) = lims_00sRq(k + s,a), and ¥ is
the digamma function. For non-negative k, (4(—k,a) can be evaluated using its analytic
continuation (A.6). On page 151 of [83] the following expression is given

Gal—va) = (D B ), (A12)

where again Bl(d)(a) are generalised Bernoulli polynomials.

A.2 A first step towards Zg,

In order to calculate Z;(0,ap/n, k) with Zg as in (A.1), we need to evaluate the derivative
at s = 0 of (-functions of the form

(p(s):= Y ((ap+m-d)*—a?) ", (A.13)

meNd
with @ = (d —1)/2 and ap = >.d; — (d — 1)/2, with d € N for Dirichlet boundary
conditions, as such functions roughly correspond to the factors of Z;. From now on we set

d = (1,...,1) as this is the only case relevant to our discussion. In particular, this implies
that ap = (d + 1)/2. For Neumann boundary conditions we have to set axy = (d —1)/2
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instead of ap, which makes the term coming from the origin 0 € N¢ ill-defined. For the
Neumann case we thus have to omit the origin from the summation,

v (s) 1= (v (s) — (af —a?)~°

= Z ((ay +m-d)? —a?)"". (A.14)
meN9\ {0}

Below, we derive the following two identities

/2 2r

¢h(0) = €40, ap + ) + Cy(0,ap — a) + > O‘T Hy(r)Ra(2r, ap), (A.15)
r=1
d/2 a2r
(v (0) = ¢(0,an + ) — log pg — log(an + o) + Z . Hy(r)Rq(2r,an). (A.16)
r=1

Here the R, are residues of the Barnes (-function given in (A.8), log pg is a Imodular
form as described in equations (A.34) and (A.33) below, and H,(r) is a harmonic function
defined in terms of harmonic numbers H, via

H,_
Hy(r): = 2n1 — Ho_y. (A.17)

A.2.1 Dirichlet boundary conditions

We now proceed with the derivation of (A.15). Since we will only be dealing with Dirichlet
boundary conditions throughout this section, we will omit the D-index in ap and only
reintroduce it when we reach the final result. The first step in the evaluation is to perform
a binomial expansion of (p(s). The expansion converges because (a +m -d)? > o? for
d = 1 in both the Dirichlet and Neumann cases, with equality only arising for the zero
mode of the Neumann case, which is omitted anyway. We thus get

CD(S) = Z i (5)ra2r (a+m-d)_(25+27’)

r!
meNd r=0

. (S)T r —(2s I
=T a? Z (a+m-d)~ 3+ (A.18)
r=0 meNd

= Ca(2s,0) + 8]:“('8)
r=1 ’

o®Cq(2s + 2r,a),

where we used the definition of the Barnes (-function for d = 1 given in (A.5) and rewrote
the Pochhammer symbol for r > 0 as (s), = s(s+1)---(s+7r—1) =: sf(s) to make the
behaviour around s = 0 more transparent. We also note that f(0) = (r — 1)!. Consid-
ering that (4(2r) has simple poles at » = 1,...,d/2 and converges for higher r, we can
immediately write down the following expression at s = (

a2 o,

(o (0) = G0 ) + 5 3 Ra(2r,0) (419

r=1

with R4(k,a) defined in equation (A.8).
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The next step is to evaluate (f,(0). In order to do this, we first take a partial derivative
with respect to s at general values of s and then let s — 0,

0sCp(s) = 0sCa(2s,a) + Z 5)sCq(2s + 2r,a) + f(s)Ca(2s + 21, a)

(1 (a20)
+ s (8)sCa(25 + 2, a)).

We note that f/(0) = (r — 1)!H,_1, where H,_; is a harmonic number, and remind the
reader that for r =1,...,d/2 and small s

Rd (2?”, a)
2

Ca(2s +2r,a) = + Ca(2r,a) + O(s),

and similarly
Ry(2r,a)

h(2 2 = -

+ O(s).

Thus at s = 0 we can write

[f’(s)s(d(Qs + 27, a')]s:() =(r— 1)!HT’_1 Ry(2r,a) (A.21)
[f(s)Ca(2s +2r,a) + sf(s)0sCa(25 + 27, a)|,_g = (1 — 1)!Cq(2r,a) (A.22)
Putting these expressions together we find
d/2 H 1 d/2 27‘ & 2r
/ rT—
Ch(0) = 2¢5(0,a) + 7 Ry(2r,a) + Z Ca2r,a)+ > (2r, a).
r=1 r=d/2+1
(A.23)

There is no contribution to (); after r = d/2, since all such terms in the sum get set to 0
by the s factor.

The next task is to compute the remaining infinite series in (A.23). In order to do this
we first note that (4(s,a) admits the following integral representation for s > d

[ee] efat s—1
Cd(s’“):r(ls)/o dt (1—ett)d (A.24)

Using this we can rewrite

e—at o0 ot 2r
(2r,a) —2/ dt Y. Z <(2r))'

o0

> 5

r=u-+1 r= d/2+1

00 -1 ,—at /2 2r
:/ dttied 2 cosh(at) — Z (at)

0 (1 - ) — —0 (QT)'

_eat+e at

) -1 —(ata)t —a)t

= lim, / T / e l—e )
d/2

(a)ZT 0 t2r+071 efat
‘2;:;(20!/0 T >
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c—0

= lim <F(J) ((d(o—v a+ a) + Cd(07 a— Oé) - 2<d(07 a))

i (A.25)

_QZ

where we introduced a convergence parameter ¢ in order for the integral representation to
make sense. For the 0 — 0 limit we will need to use the analytic continuation of (3. We
now take a closer look at the different parts of the expression above around o = 0. The
(g4 functions on the first line of (A.25) are convergent at o = 0 while the Gamma function
has a simple pole. Expanding order by order in o gives

T(0) (Ca(o,a+ @) + (alo,a — a) — 2(4(0, a))
= (G0, + @)+ Cal0, — 0) ~ 24(0, )
+ (0,0 + @) + ¢4(0,a — a) — 2¢}(0,a)
=7 (Ca(0,a+ a) + (4(0,a — a) — 2¢4(0,a)) + O(o).
Carrying out the corresponding expansion on the second line of (A.25) gives

a2 o

2 G

L2r+o0)y(2r +o,a )) ,

(A.26)

L'(2r) + T'(2r)y(2r)o + O(a?)) <iRd(27’, a) + Cy(2r,a) + (’)(a)>

d/2 02" a2 o, a2 o,

S Z Ry(2r,a) Z ar Y(2r)Ra(2r,a) — Z ar

r=1 r=1

Ca(2r,a) + O(0).

(A.27)

To get a finite end result we need the pole to vanish when we add (A.26) and (A.27).!2
This is equivalent to the condition

/2 27“

Ci(0,a 4+ a) + C4(0,a — a) = 2(4(0,a) —I—Z
r=1

Ri(2r,a). (A.28)

We can then take the limit and write
(A.25) = =y (Ca(0,a + @) + Ca(0,a — ) — 2¢a(0,a))

+ ¢g(0,a 4+ a) + ¢5(0,a — a) — 2¢;(0, a)

d/2 2r d/2 agr
— Z Y(2r)Ry(2r,a) — Z . Cq(2r,a)
r=1

= Cél(()? a+ Oé) + <cll(07 a— Oé) - 24&(07 a)

d/2 a2 d/2 o2 d/2 02"
—'yz Ry(2r,a) Z . Y(2r)Ry(2r,a) — Z " Cq(2r,a)
r=1 r=1

12More rigorously one would first prove the convergence of the infinite sum (A.25), which after rewriting
implies the vanishing of the pole and in turn (A.28).
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= }(0,a + a) + 3(0,a — a) — 2¢5(0,a)

d/2 2r /2 a2r
- Z Hyr_1Ry(2r,a) — Z Cqy(2r,a), (A.29)
r
r=1
where Ho,_1 := 1(2r) + + is a harmonic number. For clarity and later convenience we

write down the following identity resulting from the above discussion in the case of Dirichlet
boundary conditions explicitly

852 (5)r " ¢q(2s + 2r, a)

,l = C(lj(oa a+ a) + C/(Ov a— a) - 2((,1(0’ a)

(A.30)

d/2 2T
+Z (

Putting everything back together into (A.23) we can write for the complete (-function in
the Dirichlet case

ng 1) Rd(27“, a) .

/2

Chl0) = C0) = 40,00 + ) + Gi0rop —a) + 3 < 1) Raf2r,ap)
e -
= ¢a(0,ap +a) + (30, ap — +Z r)Ra(2r, ap),
(A.31)
where Hi(r) is a special case of
Ho(r) : = H;?; (A.32)

defined for any integer n > 1. Higher values of n will be relevant when carrying out the
corresponding analysis for a zeta function of the form (;(2ns+2r, a) instead of (4(2s+2r, a).
A.2.2 Neumann boundary conditions

Calculating the Neumann case is equivalent to setting ay — o = ¢ and letting € go to 0. In
this limit Barnes [84] calculated that

€a(0,¢) = —loge —log pa + O(e), (A.33)

where pg = p4(1) is called a I'-modular form and obeys the following identity involving the
multiple Gamma function

Fa(a)  Tayi(a)

= . A.34
pa Tapi(a+1) (4.34)

The multiple Gamma function I'y(a|d) is defined,
Fd(a‘d) gd(O a\d) (A35)

pa(d)
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and we write I'y(a) : = T'4(a|1). Equipped with these tools we can compute the derivative
of the (-function in the Neumann case (A.14),

Cn(0) i = Ciy(0) — Os(ak — a®) %] _,

d/2 2r
= (0, an + @) —log pg — log(an — a) + log(ak — o?) + Z ar Hy(r)Ry(2r,an)
r=1
d/2 a2r
= (3(0, ay +a) —log pa +log(ay +a) + Y ——Hi(r)Ra(2r, ay), (A.36)
r=1

where (v is just (p but with ap replaced by an. We can also write the following Neumann
version of the identity (A.30)

(Z " Cq(25 + 2r,an) — (a3 — a2)5>

= s=0

= (3(0,an + a) — log pa + log(an + a) — 2¢;(0,an) (A.37)

/2 27’

T

A.3 Determinant of GJMS operators

Rd 27" aN)

We are now prepared to tackle the calculation of the log-determinants.
In section A.3.1, for the case of Dirichlet boundary conditions on the hemisphere,
we obtain

logdet Py, yra = —Cy1(0,d/2 =k 4+ 1) + ¢ 1(0,d/2+ k+1) — M(d, k), (A.38)

where the function M (d, k) is defined via equations (A.46), (A.47), and (A.49). Equa-
tion (A.38) is valid for k =1,...,d/2.

In section A.3.2, we discuss the Neumann case, which is a little more involved, as
the zero mode makes the log-determinant ill-defined in the critical case k = d/2. For the
subcritical case k =1,...,d/2 — 1 we get

log det P2k7H](%] = —(31(0,d/2 — k) + ¢p1(0,d/2 + k) — M(d, k), (A.39)
while for the critical case we get the slightly more complicated result
logdet Py g = — log(d — 1)! 4+ log pat1 + C141(0,d) — M(d), (A.40)

where M(d) = M(d,d/2) and pgy1 is a I-modular form as defined in (A.34).
In section A.3.3 we assemble these results to construct the determinant of GJMS
operators on a sphere, summarised in (A.60).
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A.3.1 Determinant on the hemisphere with Dirichlet boundary conditions

We will now generalise the results of the last section. Our starting point is the spectral
¢-function defined in (A.1). As before, we start by doing a binomial expansion for every

term in the product,

k—1 oo 277
Zy(s,a,k) = %djl_lo Z - , (m-d + )5
m Ti=
k—1
> (S)Tj 2r; 1
- Z 7 aj 2ks+22k71r~
reNt \j=0 "7 mend (M- d+a) =0
= (e ($)r; 2r;
=Y a7 | ¢4 (2ks +2r - d, a)
renk \j=0 7 (A.41)
k—1 oo
= Ca(2ks, a)+zz ol Ca(2ks + 2ri, a)
\—v—’ —0 r=1
r:(O,.‘.,(;,rri,O,.‘.,O)
k—1i-1 oo S
+ Z Z m 7‘] 2r1 QT’JC (2]65—}—2%—!—27“], )—l—R(s).
i=1 j=07r;,r;=

r=(0,...,0,74,0,...,0,75,0,...,0)

We remind the reader that o;; = j + 1, d =1, and ap = (d + 1)/2 for Dirichlet boundary
conditions. For simplicity we write a instead of ap throughout this section.

The remaining sums, denoted by R(s) above, will vanish for Z; and Z, around s = 0.
This is easy to see, as (s), = O(s) while the (; functions will contribute with simple poles
and ¢’ with double poles. When more than two Pochhammer symbols are present, they
overcome the poles and give zero in the limit. We can make further simplifications in some
of the sums above by noting that the r; are dummy indices and rewrite (A.41) as

0 k—1
Za(s,a,k) = Ca(ds,a) + Z (i),r a?T Ca(2ks + 2r, a)
r=1 j=0
A.42
= (8)r (8) gt 9 9/ ( )
+ Z P a;"ai" | Ca(2ks +2r + 217, a) + R(s).
re=1 0 \i=1j=0

The double sum vanishes at s = 0 as {4 only contributes a pole proportional to 1/s while
the Pochhammer symbols each contribute a factor of s. The rest of the expression looks
just like the (-functions in the previous section, so the result follows directly from (A.19)
and (A.18),

d/2 k—1

Z4(0,a,k) = (4(0,a) + a?r Ry(2r,a). (A.43)

2k &

<.
Il
o
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Using equation (A.28) we can rewrite this as

N
—_

1

2k
J

Z4(0,a, k) = (€a(0,a + ;) + C4(0,a — ) . (A.44)

I
=)

By virtue of (A.12) evaluated at k = 0, this can in turn be written in terms of generalised
Bernoulli polynomials [42],

k—1

Z4(0,a, k) ﬁ ( (d/2+j+ 1)+ B(d/2 — j )) (A.45)
7=0

Evaluating the derivative at s = 0 is also relatively painless now. For the first two terms
the result follows directly from the discussion in the previous sections, in particular from
equation (A.30) in the Dirichlet and (A.37) in the Neumann case. In the Dirichlet case we
thus have

00 k—1
Os (Cd(%s a) + Z (8)r % 2| ¢a(2ks + 2, a))

!

r=1 7=0 s=0
k—1 d/2 T,
= Z (¢4(0,a + o) + ¢5(0 )+ ; 04?»7” Hi(r)Ry(2r,a)
j=0 Jj=0
k—1
= (Cd(o a+o‘]) +Cd( ])) +M1(d7a7k)7 (A‘46)
§=0

where we defined M7 in the last line to simplify the notation. To calculate the contribution
from the double sum in (A.42) we remind the reader that (4(s+n,a) = 1 Ry(n,a) + O(s)
and ()(s +n,a) = 5 Rq(n,a) + O(s) for n = 1,...,d. Since (s), =: sf(s) = O(s) with
f(0) = (r — 1)!, this means that the only terms in the sum that will survive are those for

which 2r 4 2r' < d. Also noting that 88(5)T’S = (r — 1)! we get the following result

=0
00 (S) k—11i—1
Os Z T'T Za?afr Ca(2ks +2r + 21 a)
rr'=1 1=0 j=0 5=0
=A(r,r")
d/2 d/2— 7‘1 1
—ZZ A(r,r") [8205Ca(2ks + 2r + 21, a)] o0
R -
r=1 r'=1
d/2 dj2—r 1 1 (A.47)
—1-221 /Zl - A(r,r") [st(2k5+2r+2r a)] o0
d/2 d/2—r
= Z Z ——A (r,r’ (—de(Qr—i—Qr a) + 2]{/;}1761(27“4-27“ a))
r=1 r'=1
d/2 d/2— rl 1
2kz Z A(r, P YRq(2r + 21" a) =: My(d, a, k).
r=1 r'=1
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Putting (A.46) and (A.47) together we get the result
k-1
Zzli(oa a, k) = Z (Cél(()? a + aj) + CZZ(O’ a— aj)) + M(dv a, k)

=0 (A.48)

k—1

1

= log <2k H Fg(a+ aj)lg(a — aj)> + M(d,a, k),
d =0

where in the last line we used the definition of the multiple Gamma function (A.34) to

rewrite the result, and where we defined

M(d,k) := Mi(d,a, k) + Ma(d,a, k). (A.49)
We omitted a in M (d, k), because the property B (x) = (—1)”B£La) (v — ) [83] of gen-
eralised Bernoulli polynomials implies, according to (A.9), that Rq(2r,an) = Ra(2r,ap)
for even dimension, which in turn implies that M (d, k) does not depend on whether we

chose ap or ay. It is possible to further simplify the result by using (A.34) and noting
that a; +n = ajy. This induces a telescope-like cancellation in the product,

k-1 k-1
1 Tyla+ a;)Tyla — oy
log| —5 []Tala+aj)Tala —ay) | =log( [] (ot ay) Lala = ay)
Pa 2o =0 Pd Pd
k—1

~ log H Lapi(a+a;) Tayi(a—oy)
izg Pawi(a+ajpn) Tavi(a —aj1) | (A50)
o (Pd—l—l(a +ap) Lgyi1(a — ak—l))
Pd+1(a + Oék) Fd+1(a — Oé_l)
o <I‘d+1(d/2 —k+ 1)>
B\ Tun@2+k+1))
Putting everything together we get the following expression for the log-determinant
log det Py, pra = ~Z4(0,ap, k)
Lay1(d/2 -k + 1)>
=—1 — M(d, k A51
Og<Fd+1(d/2+k+1) (d. k) (4.51)
= _Cél—i-l(ovd/Q —k + 1) + C(li—i-l(oad/Q + k + 1) - M(d7 k)a

which is valid for k =1,...,d/2, i.e. in the critical as well as subcritical case.

A.3.2 Determinant on the hemisphere with Neumann boundary conditions

In the subcritical case there is no zero mode and we can continue from (A.50), inserting the
appropriate a for Neumann boundary conditions, i.e. ay = (d —1)/2. Then the expression
for the spectral (-function is as in (A.45), thanks to the above mentioned property of the
generalised Bernoulli polynomials [42], and the subcritical expression for the determinant is

log det Py, pra = —Z4(0,ap, k)

g (Feald2 = k)Y
=1 g<rd+1 R k)> M(d, k) (A.52)

= —Ca41(0,d/2 = k) + (311(0,d/2 + k) — M(d, k).
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In the critical case k = d/2 the calculation is more subtle. In order to get a well-defined
expression, we must subtract the zero mode contribution from the sum,

k—1
Zy(s,an, k) = Z H (m-d+an)* - Oé?)_s

meNa\ {0} j=0

. (A.53)
= Z4(s,an, k) — H (ak — a?)_s.
j=0
At s = 0 we have for the critical case k = d/2 [42]
\ (d)
Za(0, an, k 7 2% ( (d/2—j—1)+BY(d/2 —i—])) ~1. (A.54)

We can now use (A.48) as well as (A.33), to write down the following expression,

k—2
Z'(0,an, k) = gg%z (€300, an + aj) + ¢3(0,an — aj)) + (0, an + ag—1) — log(e)
j=0

k—2
—1og(pa) + M(d, k) + log(ad —o2_,) + log(ad — a?) + O(e),
—— i
=log(an+ag—1)+log(e) =0
(A.55)
where we denote € = ay — ai_1. The logarithmic divergence cancels and we obtain
B k—2
Z/(O7 an, k) = (C&(O, an + aj) + C&(O,CLN —oj) + Iog(a?\, — a?))
j=0
+¢4(0,an + ay—1) —log(pa) +log(d — 1) + M (d, k)
k—2
= (Cz/i(ovaN_'_aj) +Cél(07aN —ij)) +Cél<07d_ 1)
=0

—log(pg) +log((d — 1)) + M(d, k)

(d—1)! i

= log g Ta(d—1) [[ Talan + a))T(an — oy) | + M(d, k)
7=0

(A.56)

where we used the fact that ay + ax—1 = d —1 and Z log(aN - a]) log((d —2)!)
for Neumann boundary conditions. As before, we can use identities involving the multiple
Gamma function to induce cancellations. This leads us to the final result in the critical case,

logdet Py pja = ~Z4(0,an,d/2)

(=DM ()Y
- 1g< Pd Fd+1(d)> M(d)

(=)
a lg(rd+1(d)> M(d)

= —log((d — 1)) +log pa+1 + (g41(0, d) — M(d),

(A.57)
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where we used pg = I'411(1), and the abbreviated notation M (d,d/2) =: M(d). Since the
critical case is the most relevant to this paper, we give the explicit form of M(d),

f 1) (e B@ (41
r(d — 2r)! 27«—1) 2 d ) a2
l 2r
! E L' p@ (drl
Z:: (d—2r—2t)!(2r+2t—1)! (l+2) (m )Bd 2r— 2t< 2 )

(A.58)

As mentioned in the main body, our result differs by Dowker’s result due to the different
sign in front of the log(d — 1)! term because we are considering the functional determinant
of the GJMS operators on the sphere with the zero mode removed.

A.3.3 Determinant on the sphere

The log-determinant on the sphere is obtained by adding the log-determinants on the
hemisphere for Dirichlet and Neumann boundary conditions. In the critical case, the
spectral (-function for the sphere at s = 0 is given by (A.45) and (A.54), [42], so that

Za(0, k) = ﬁ (B (@/2+j+1) + B(d/2+5)) ~ 1, (A.59)

N
—_

<.
I
<)

and the log-determinant on the sphere is thus given by

logdet Py ga = logdet Py ya + logdet P yra

Layr(1) )
= —log| (d—1 —2M(d
g(( ) Pay1(d)lat1(d +1) (@) (A.60)
= —Ca41(0,1) + €441 (0,d + 1) + (344 (0,d)
—10g((d — 1)1) + og pas1 — 2M(d).
In the subcritical case we instead have
=
Za(0.0) = ; (B @/2+j+ 1)+ BP )2+ ) . (A.61)
and the functional determinant reads
log det Py, ga = log det P2k’H% + log det P2k,H;{,
Cyr1(d/2 —k)Tgiq(d/2 — k+ 1)>
= 1 —2M(d, k
© <Fd+1(d/2 + k) Fd+1(d/2 + k+ 1) ( ) (A62)

- _C(/i+1(07 d/2 - k) + C(liJrl(Ov d/2 + k)
G (0,d/2 — 1) Gy (0,d/2 +  + 1) — 2M(d, ).
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B An alternative form for determinants of GJMS operators on spheres
and hemispheres

In this appendix we will show how to rewrite Dowker’s expressions (A.51) and (A.57) for
the log-determinants of GJMS operators on hemispheres as

d
log det Py, g = — > R (d, k) (—n) — fP(d, k),
n=0
d

log det Py, jra = — > BN (d, k) (=n) = fN(d, k), (B.1)
n=0

where ( is the Riemann (-function, and h, and f are functions that we derive and that
depend on the boundary conditions, the dimension, and the degree of the GJMS-operator.
The spherical case then follows directly as the sum of Dirichlet and Neumann hemispheri-
cal results,

d

logdet Py, ga = — > (hP(d, k) + hy) (d, k)) ¢'(=n) — fP(d, k) — fN(d, k). (B.2)
n=0

B.1 Rewriting {4 in terms of the Riemann ({-function
In [85], Adamchik gives a closed form of the Barnes (-function in terms of a series of

Riemann (-functions. His calculation is summarized by equations (14), (17), and (23) in
the reference, which in our slightly different notation and after a bit of rearranging read

¢4(0,2) = (=)™ og Gy(z Z ( >Rd . (B.3)

where we note that the G4(z) are multiple Gamma functions with a different normalization
compared to the one used by Dowker. We have the following explicit closed forms for all
the parts of the above expression,

ddl

log G q(z) ,Z d(2) (C'(=k) — ¢'(=k,2)), Re(z) >0

d—k—1

1 d—k]
Rd—k:m ; L_I_JC(—Z)-

For our purposes, it is not necessary to know how the polynomials Py 4(z) are defined, it
suffices to know that they satisfy [85]

(B.4)

d—1 d—1
> Pralznf =(n—z4+1)a=[[(n+k-2). (B.5)
k=0 k=1

We are only interested in the special case of the above formula, for which z is a positive
integer. For z = 1 it is clear that log G4(1) = 0. For z > 1 we can use the fact that

z—1

C(5:2) =) = 3 o (5.6)

n=1
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to simplify
z—1
C(=k) = (—k,2)=— an log n. (B.7)
n=1

We can now define the following quantity

A(d, z) == (=1) log Gy(2)

d—1 z—1
1
= Z Py a(2) Z n*logn
(d a 1)' k=0 n=1 (BS)

z—1
1
:leog(n)(n—z+l)d7 z2>1.
" n=1

It is further clear from ((s) = ((s, 1) that A(d,1) = 0. Another very useful simplification
comes from rewriting the Ry j sum in (B.3) as

d—1 it o
z B z (_1)k d—k ,
k_o(_l)k <k‘> Ry = kZ_O <k>(d—k:—1)' g [l n 1]C (—1)
d-1 /d—1-1
= (—l)k 2\ |d =k ,
= ( kZ:O (d_k_l)'<k> [l+ 1D ¢=D (B.9)
d—1
= Dy(d, z)¢'(—1),
1=0

where we define Dg(d, z) in the last line as

aem)a (B.10)

With these definitions it possible to write down the (/;(0, z) in the following very simple way

d—

Dy(d,z) : = Z

k—
J=0

1

d—1
¢4(0,2) = A(d, 2) + Y_ Dy(d,2)¢'(=k), z €N (B.11)
k=0

B.2 Determinants in terms of Riemann {-functions

Dirichlet boundary conditions on the hemisphere. We can now use the above
technology to rewrite the log-determinant (A.51) on the hemisphere for Dirichlet bound-
ary conditions,

logdet Py, ja = — Cgy1(0,d/2 =k +1) + (511 (0,d/2 + k + 1) — M(d)
= Ad+1,d/2—k+1)+A(d+1,d/2+k+1) — M(d)

d
_ Z (Dp(d+1,d/2—k+1)— Dp(d+1,d/2+k+ 1)) (—n) (B.12)
n=0

d
= = > hE(d. k)¢ (—n) — fP(d. k).
n=0
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Here we have defined two functions

hP(d, k) := Dp(d+1,d/2 =k +1) — Dp(d +1,d/2 + k + 1), (B.13)
fPd,k) = A(d+1,d/2 —k+1) — A(d+1,d/2 + k+ 1) + M(d). (B.14)

Since the critical case k = d/2 is of particular interest to us, we give the explicit form of
hP and fP in that case,

hP(d) : =hP(d,d/2)

—amh b S ] em

=0
FP(d) = fP(d, d/2)

.

= Z log(j)(j — d)as1 + M(d). (B.16)

Neumann boundary conditions on the hemisphere. Writing the subcritical, i.e.
k=1,...,d/2—1, determinant (A.52) for Neumann boundary conditions is straightforward,

log det Py ya = — Ci1(0,d/2 = k) + i (0,d/2 + k) — M(d)

= —A(d+1,d/2 — k) + A(d + 1,d/2 + k) — M(d)

—Z w(d+1,d/2 — k) — Dp(d+1,d/2 4+ k) ' (—n)

= - Z hy! (d, k)C (=n) = fN(d, k), (B.17)

with the functions hY (d, k) and fV(d, k) defined in the last line as
hN(d, k) := Dp(d+1,d/2 — k) — Dp(d +1,d/2 + k), (B.18)
N(d,k) = A(d+1,d/2 — k) — A(d+1,d/2 + k) + M(d). (B.19)

The critical case (A.57) is slightly harder, as we also need to rewrite log pg+1. In order to
do this, we use the following formula from [85],

ST /
log pq = —m nz_o [n 4 JC (—n). (B.20)

Reminding the reader that [ ] = 0 we can thus write

d+1
logdet Py o = —log(d — 1)! + log pg41 + Ci41(0,d) — M(d)

. Zi; (; [f:r ﬂ — Dy(d+ 1,d)> ¢(=n)

—log(d — 1)! + A(d + 1,d) — M(d)

=i —ZhN - ()

(B.21)
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where we define hY(d) and fV(d) in the last line. In analogy to the Dirichlet case we
can define hl¥(d,d/2) := hN(d) and fN(d,d/2) := fN(d), as with this definition equa-
tion (B.17) becomes valid for for all k. Again we write these functions explicitly for the
critical case,

h(d) = = [dﬂ] > ,() {d_jﬂ], (B.22)

'n+1 :0 n+1

.

d—
SN (d) = log(d Z d)ar1 + M(d). (B.23)

C Functional determinants on the flat d-torus

In this appendix we calculate functional determinants of the Laplacian on the flat torus
(appendix C.1) and on a cylinder obtained by cutting the torus along a cycle and imposing
Dirichlet boundary conditions along the cut (appendix C.2). After that, in appendix C.3,
we derive the functional determinant of k-powers of the Laplacian both on the flat torus
as well as on the cylinder.

C.1 Determinant of the Laplacian on the flat torus

The d-dimensional flat torus can be defined as the hyperinterval with side lengths given by
L; and opposing sides identified,
T 0, =RY(LWZ X ... X LyZ). (C.1)
Since the manifold is flat, the Laplace-Beltrami operator is just the standard Laplacian on
Euclidean space.
We compute the functional determinant for the Laplacian on the d-torus via a spectral
(-function method. The eigenvalues of the Laplace operator —d,0%, are given by

27m1 2 27md 2
)\nl,...,nd — ++ B nl,,ndEZ (C2)
Ly Lg
As usual, the zero mode, with ny = ng = --- = ng = 0, needs to be removed in the compu-

tation of the spectral (-function. In order to calculate the determinant of the Laplacian,
we need to evaluate

o= () (2
T T I L,

ez (C.3)
/ —
= (i) Eiig) ",
ez
where g : = (n1,...,nq) is a d-vector, Z : = diag( (2r/L1)%,. .., (27r/Ld)2) a d x d matrix,

and the prime on the sum denotes the omission of the zero mode.



In section 2.2 of [86] the analytic continuation of the sum (C.3) is evaluated recursively.
In our notation the result is given by

2s _
g, 0 =2(5) @+ L e (=124 Gl L L),
(C.4)

where we define the function

—1/2
93/2=s [5+1/2 , & =

ny
G(S;L17L27---7Ld)i—W Z Z R =
tg_1€Z4~1 n1=1 A/ Mg—1 =d—1Nd-1 (05)
X Kg 12 <L1n1m> ;

with K, (z) being the modified Bessel function of the second kind, 7ig_1 = (n2,...,nq), and
E4_1 = diag ((zw/sz - (27T/Ld)2).

We can directly evaluate the log-determinant on the flat torus, as the analytic contin-

uation (C.4) has only a pole at s = % in the whole complex plane,

log det Py a = log det AT‘L’ll = —C'Tg (0)
1

=2log(L1) + Ly CTg_l . (—1/2) — G/(O;Ll, oy L) .

Dseeey d

..... Ly

(C.6)

This expression is recursive, and thus not in a closed form yet, however, it turns out to
be useful in the evaluation of the functional determinant contribution to the entanglement
entropy in section 5.

We now solve the recursion directly and provide a closed form for the {-function. Our
calculation of the closed form is slightly more direct than the one carried out in section 4.2.3
of [87] but the end result is the same. In order to make the calculation more transparent,
let us for a while rewrite (C.4) as

Gals) = () Fie)a (5= ) + ) ()

where the functions above summarize the information in the recursion:

Cd—k(s) F= CTEZ:CI 7777 Ly (S) ) (083‘)
2s

hi(s) 1= 2 @f_) ¢(25), (C.8b)

fr(s) 1= Lkl}g\/;l}(/:)), (C.8c)

9a—k(s) := G(s; Lgt1, ..., Lq). (C.8d)
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In this notation it is not difficult to see, that after k steps we get
i -1\ i—1
Cle) =) + 3 1y (s-554) 1+ (5= 57 +auo
- i—1\T7 i—1
+ jz;gd—jﬂ (5 - 2) }_[1 fi <8 - ) (C.9)

+ Ca—k (S_I;)ﬁfj <8—j;1) .

Jj=1

The anchor for the recursion is

G(s) = Z/ (QLW:) . 2 (;f)zsd%) =: ha(s). (C.10)

neL

We note that the products of fj functions in (C.9) simplify to

j—1 . 1T (g— 4L
hfi<3_251>:L1L2"'Lj_1< 1 )J 1 ( 2)

N SO (C.11)

hence, performing the recursion for £ = d — 1 steps and reinserting the definitions then
gives us the following expression

25 d ,p( _g>
o ()= —= (o SZW%LQ%—%ML c Ly LT
(- VT \2r I'(s) H

S Lieny (S O e A D O e
F(S)j:1 1 7—1 2\/77_ 2 2 yLigy ey ud |

(C.12)

with the understanding that for j = 1 the product Ly ... L;_; is simply 1. If we in addition
insert the definition of G we can rewrite the complete expression as

2 1 2s d jI‘ S—E .
Crg (8)=<> Zw2<m9)2)g(25_j+1)L1...Lj_lLJ2 j+1

..... Ly ﬁ 21 =
_ s—152 5—3j/2
+22—sd 1L I Lj 2 ;X n;
L Y )
I'(s) 4 = (2m)il? | T = -
_]:1 ﬁeZd—] njzl nd_] ‘—‘d—j nd_j

x Ky (Ljnj1 [ Baj ﬁd_j) : (C.13)

where in this notation Z4_; is (d — j) x (d — j)-matrix obtained from Z by removing the
first j columns and j rows. From this expression we can now directly calculate Cérd (0),
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as needed for the determinant. Calculating the derivative of the second sum at s = 0 is
simple, since

1 d 1
—— = e —— =14..., 1, C.14
['(e) e ds T'(s) * e< ( )

so the only term that survives is the one where the derivative hits the I'-function, and we

|s=e

effectively set s = 0 everywhere and the I'-function to 1. For the first sum the situation
is a bit trickier, as there are two I'-functions involved, whose poles cancel only for even j,
meaning that we have to separate even and odd j for the calculation. Let us first take a
look at the even j part of the first sum, that is j = 2¢, we have

s 1d/2] 90—1
d 2 /1) T (s— 2=1
- <> Z WZMQ(QS — 20 + 1)L1 - L%_ngz—%—H

ds /7 \ 27 — I'(s) 5=0
Ld/2]
=2) wf—%%r <1 — £> ¢(1—20). (C.15)
=1 Ly 2

When j is odd, that is j = 2/ — 1, we get

s [d/2]
d 2 [1)° 1ol (s —4+1) o
<2w> Z r (25 = 2+ 2) Ly - Log_oL257242

ds /7 o I'(s) =0
[d/2]-1 ’
Le--- Loy (—
= —2log(L1) +4 Y IL% 2t { gf) ¢'(—20). (C.16)
—1 2041 :

Before putting everything together, we note that the sums over the modified Bessel func-
tions converge exponentially at s = 0 [86]. We can thus introduce the following notation
for their limits

7
A — 2
1 - \/ d—j=d—j d—j
Sdfj(Ljvnde):: Z Z

/2 .
(2m)7/ Aezd—in;=1 K

< K_jo (Ljnj\/ﬁg—j Ba—j ﬁd—j) : (C.17)

where S4_; is convergent for d > j > 0. Finally, we obtain

[d/2]-1

Ly Ly; (—7) '
4 0) = —2log(L1) +4 " 2j T
CTfl ..... Ld() g(L1) ; ngﬂ 7 ¢'(—24)
/2]
Ll ..LQA_l (_27.[.)]
+2 ) A S~ (2 - 1))
iy S §
R
+4ZTde_j(Lj+1a"'7Ld)' (018)
j=1 L]?
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The expression above gives us the functional determinant for a d-dimensional torus, and de-
spite its intimidating appearance, it is rather straightforward to handle, since the modified
Bessel functions hidden in S converge rapidly to zero as the integers n; increase.

It is instructive to evaluate the d = 2 case. First of all, we note that the sum on the
first line of (C.18) is empty for d = 2. The remaining two sums in (C.18) consist only of
the j =1 term, giving us

C}z (0) = —2log L1 —|— - —|— 4+/L Sl L2

—271'n1|ng|L2
= —2log L, + ——= +2Z Z

no€Z n1=1

Using more standard conventions, see e.g. [43], introducing the modular parameter 7 =
iL1/ Lo, as well as defining g := e?™7 and then performing the sum over nj, we obtain

- Ll , > 6—27rn1|n2\%
ICERITTIRR RS D Pl
TLQGZ ni=1
. o0
= —2logL; — %7‘ —4 Z log (1 — ¢™) = —log(Lin*(7)), (C.19)

where 7 is the Dedekind 7-function, defined as in (E.5). If we denote the area of the 2-
torus by A, where A = L Lo in our convention,? then taking into account the contribution
from the zero-mode, the log-determinant and the partition function on the torus can be
written as

logdet Az = —C/Tgl Ly (0) = log(L%n‘l(T)),

Z(t) = \/Zexp< Cro (C.20)

1
ona (O)> = R

which is a well known result, see e.g. [43].

C.2 Determinant of the Laplacian on the cut d-torus

We now consider cutting the torus TLdlym:Ld at x1 = 0 and ;1 = L < Ly, as shown in
figure 4. As discussed in the main body, this gives rise to two subsystems, each of which
is a cylinder represented by an interval times a d—1-dimensional torus. Imposing Dirichlet
boundary conditions (3.21) the eigenvalues of the Laplacian —9,0% are

2
mm
Hmmna,..;ng = <L> + Angpmgs M E N+a ng,...,Nqg € 74, (C.21)

13We set here the coupling ¢ = 1 as well as 27 R. = 1, since we are only interested here in checking that
our calculations reproduce well known results in literature.
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with Ay, n, the eigenvalue on Tg;l Ly Notice that there is no zero mode now. The
spectral (-function on this geometry thus takes the form

Clo,.LyxT! Ld(s) =Y i <)\+ (nzr)2> s

2 A m=1

L 2s ) , 00 \ ma 2 -8
-(5) e (7))
A m=1
where we schematically write A for the (d—1)-dimensional toroidal part of the eigenvalue,
and we explicitly separate the (d—1)-dimensional toroidal zero mode from the rest in the

last passage. We can now evaluate the primed sum by means of the identities (E.1), (E.2),
and (E.3) collected in appendix E, and we obtain

=
:P(ls); n;il/ooodt g1t OH(E)7)
= r(ls,) z; /OOO dt 571 —”mi::le—t(”?)2
:F(ls) Z; /Ooo dt 17~ ( % + 2\Lft‘ + \Lft—i nie—wf)Q)
— - g, @t g P 51

Notice that A is nothing but 74_1 Z4_1 74_1 as defined in appendix C.1. Hence, adopting
the same notation here, the above term containing the modified Bessel function can be
written in terms of the function G as defined in (C.5), and we can finally write the expression
for the (-function on the cut torus as follows,

L\ 1 L I(s—1/2)
oaperty? 0= (7)€@~ 36, 04 52 g P (-1
1
+ §G<S;2L,L2,... ,Ld). (C23)
Finally, the log-determinant is given by
log det A[O,L} XTS;..,Ld
_ /
- _C[O,L]ng—1 L (0) (C.24)

seeey d

= log(2L) + %(, 1 (0)+ L{pa . (—1/2) — %G/(O; 2L,...,Lg).

Our expression (C.24) agrees with the results of [88] obtained by contour integration.
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Let us check that for d = 2 we obtain the well-known result for the log determinant
of the Laplacian on a cylinder. In this case TgQ is nothing but a circle of length Lo, and
according to (C.10), we have

L
a0 =2(2) ¢, (©.25)
Hence, we obtain

00 7r L 5 nn2

L > e
logdet Mg sixs;, = ~Gosrxs, O =low (27 ) = 51230 2

no=1n;=1

L L
= log <2L2> - ng 42 Z log (1 —e ”Lzm) . (C.26)
no
Introducing modular parameters,
L L
T = ZL—; , and o= I (C.27)

as well as the Dedekind function as in (E.5), we see that we can rewrite the functional
determinant on the cylinder as

log det A[O,L}xsiQ = log (2c|7]| 772(2&7)) . (C.28)

This is a well-known result in literature, see e.g. [43, 44]. It is convenient to leave «
general, so that we can easily use the above results for the functional determinants for
arbitrary cuts.

C.3 Determinant of powers of the Laplacian on the torus

When calculating the entanglement entropy of the GQLM on a d-torus with d even, the
determinants that arise are those of even powers of the Laplacian. On the flat d-torus
geometry the higher-derivative conformal operator P, is indeed just the z/2-th power of
the standard Laplacian, cf. equation (2.4) in section 2. In order to generalise our previous
result, we first make the observation that, since the flat torus as well as the cut torus
are compact manifolds, the spectrum of AF is just given by the set of A\¥, where X is an
eigenvalue of A as in (C.2) or (C.21) in the case of the d-torus or the cut d-torus respectively.
In particular, the spectral ¢-function corresponding to A is given by

/ —S
Crls. k)= (W) = Gr(ks), (C.29)
A
where we write schematically T for either T ill,... r, or [0,L] X T]ff;l 1, and A for the
corresponding eigenvalues (C.2) or (C.21) respectively. This leads to the simple result for
the determinants [89]

k _
log det ATfl """" Lo klog det ATE 7777 Ly (C.30a)
log det A[o xTit T = klogdet A[o UXTE (C.30b)

where the critical case is found by setting k = d/2.
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D The winding sector for the d-torus

The goal of this appendix is to compute the winding sector contribution (3.37) that orig-
inates from cutting the d-torus, as discussed in section 3. In order to do so, we first need
to solve the classical equations of motions for the n — 1 classical fields, (2.12), obeying the
boundary conditions (3.29) as well as (3.35). As discussed in section 3, the n-th classical
field is reabsorbed into the constrained partition functions to create a free one, cf (3.32),
thus here we are only concerned with n — 1 classical fields.

To facilitate reading, we list here again equations of motion and explicit conditions
which the n — 1 classical fields have to fulfill. The equations of motion are given by

AF2g =0 i=1,...,n—1. (D.1)

We solve these equations on the flat torus given by [—Lp, La] X [0, La] X ... X [0, Lg] with
the ends of each of the intervals identified and place the cuts 'y at 1 = 0and 'y at 1 = Ly
(and thus x; = —Lp). With this, the boundary conditions along the z; direction (3.29)
fori=1,...,n — 1 can be rewritten as

#'Ir, (x) = 68(0,9) =0, (D.2a)
_§1|F2 (l‘) =2mR.w; = gggl(LA,y) = ?Egl(*Lva) =21 R. w;, (D'2b)
where we denote z = (z1,y) = (x1,22,...24) and w; := (M,_1);;w; throughout this

section. Notice that the above conditions (D.2a)—(D.2b) have to hold for all the coordinates
y in the d—1-dimensional torus, i.e. y € [0,L2] X ... X [0, Lg]. Along the d—1-toroidal
directions we have the periodicity conditions

o (z1,y) = 6 (er,y+8),  B:=(La...,La). (D.3)

The standard way of solving such a partial differential equation is by separation of variables,
and here it suffices to separate only the first variable x; from the remaining orthogonal
d — 1 directions y, as e.g.

The boundary condition (D.2b) shows that g¢;(y) can only be a constant for all
i=1,...,n—1, and from now on we set g;(y) = 1 and work only with the functions f;(x1).
Hence, the equations of motion and boundary conditions expressed on f; (i =1,...,n—1)
are simply
A*2G @, y) =0 = 9; filx1) =0, (D.5a)
6§(0,9) =0 = fi(0)=0, (D.5b)
5N (La,y) = 68 (—Lp,y) = 27 R = fi(La) = fi(—Lp) =2xR.@;. (D.5c)

Notice that the last condition above has to be imposed either at 1 = L4 or at 1 =
—Lp, or, in other words, we solve for classical fields in the region A and in the region B
separately and then we glue the solutions at the boundary. As we discussed in section 3,
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these conditions (D.5b)—(D.5¢) are not sufficient to specify a solution of the equation of
motion (D.5a), which is in general a polynomial of degree z — 1, expressed in terms of z
coefficients. A choice of supplementary boundary conditions are given by (3.35), which

now imply
ARG =0 k:O,...,§—2,
= 921£(0) =0, 6:1,...,3—1, (D.6a)
ARG =0 k:O,...,§—2,

= O fi(La) =2 fi(—Lp) =0, (=1,...,

xr1

z
——1. D.6b
' (D.6b)

We then solve the equations respectively in A and B, and glue the solutions at the two
cuts, that is the whole solution is given by

fi, x1), x1 €10, L4,
fiB(x1), x1 € [-Lp,0],
where
e =2 (o (D)7 T (22)) s
i 1) =2nR. ;| a,_ + a . .8
AR ' Lap) k=1 * L

While the explicit value of the coefficients is quite complicated, their ¢« dependence is simple.
For instance, for the first few values of z, the functions f; 4 read

fia(z1) =

\QWRCLDZ'<—%<%)7+%(%> —%(%)4—%%(%)2), z =28,
and the same for the functions f; p after the replacement L, — Lp. Notice that the
functions f; are continuous everywhere on AU B, but they are not differentiable at the cuts
I'1, T2, even though the left and right derivatives exist and are finite. This is not unusual,
and it is true already in d = 2, see for example the cylindric case in [26, 27].

Now we are ready to evaluate the winding sector contribution (3.37), that is the
function

Wn)=> e S SIeE
5!

The action is given by the bulk term Sy (2.5) and the boundary part Sy (2.10), and it is

clear that only the latter will contribute to W (n). As it turns out, evaluating Sp[#$] results
in the following rather simple closed expression (notice that only the highest derivative term
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contributes to the action (2.10)),

Tep o 2p2 o (=1)7/22! La N Ly Ly
Slp5| = gm°RZ ;- @ (1= 929)B. 1+ s 7@1_1 , (D.9)

where the B, are Bernoulli numbers. Notice that only the case z = d gives a scale invariant
winding sector contribution as expected from a critical theory. With this result, we can
use the analytic continuation found in appendix F of [27] to write

W(n) = Z exp(—7r A.(La,Lp,Ly,...,Lg) w! - Tn,lw) (D.10)

wezZn—1
n—1
Zexp(—;wg—Qh/;kw)] , (D.11)
WEZ Z Z

n—1 oo
— \/HA 3 / dk k2

—00 ﬁe
z z—17z2—1
(1-29)B. L15'L;

where T,,_1 : = Mg_an,l and

A(La,Lp,Lo,...,Lg) := g7 R?

Ly Ly. (D.12)

The derivative with respect to n at 1 is finally given by

—~W'(1) =log /A, — L /00 ﬁe_k2 log (Z e>(p(—7rw2 —2i Wkw)). (D.13)

In order to make comparison in a more transparent way it is useful to rewrite A, in
terms of the aspect ratios of the d-torus. Introducing the dimensionless parameters 7, as
well as u the parameter controlling the cut, as follows

L L
1 k=1,...,d—1, u=-2 (D.14)

Tk =1 s
L4

and noticing that Ly = L1 — L4, we can write

—1)%/22! 1
A, = WRz(i w4 (1 — )7 D.15
97 R 5o, | =)™ (D-15)
In particular, for d = 2 and z = 2, we obtain
1 1
Ao =14 A D.1
2= T (D40

In the semi-infinite limit, that is when || > 1, the integral in W' (1) (D.13) is exponentially
suppressed, hence at the leading order in As we have

— 1 1 1 1
~W'(1) = 5108 (4m g R?) — S log(u(l —w)) = Slog|m| = 5 + ... (D.17)
and for u = % this reduces to
-W (1):510g(167rch)—§10g]7'1]—i—i—... . (D.18)

14 As we discussed the classical fields are not differentiable at the cuts, however left and right derivatives
exist and they are finite, so here the integrals are evaluated using left and right limits, exactly as in d = 2
dimensions.
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E Useful formulae

Here we collect some useful formulae and definitions of special functions used in the paper.
The integral representation of the Gamma function immediately leads to

—-s __ 1 > s—1 —/0t
14 _F(s)/o at "= e . (E.1)

The Poisson summation formula is given by
o oo
_an2 o 1 1 T ™ _n27r2
S __2+2\/;+\£ze =3 (£2)
n=1 n=1
(0.9} o

_n2 1 2 a2 o
§ : e A+2mnAs _ eTrAs § : e~ Am 2’L7TTTLS.

VA

n=—oo m=—0oQ

The integral representation of a modified Bessel function is

1 o0 z 1 1
K,(z)= 2/0 du e~ 3(ut3) - , (E.3)
and the explicit expression for the special case v = —% is

K_i(2) = \/56\;5 (E.4)

The Dedekind function is defined as follows
m .
n(r) =g/ [[0-¢"), q=€"". (E.5)
n=1

Its expansion for small imaginary argument is given by

. e 12|7]
n(i|7]) ~ W, as 7| — 07, (E.6)
T
while for large imaginary argument we have
n(ir) ~e 2 as 7] = 0. (E.7)
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