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Abstract

The minimum- degree Greedy algorithm, or Greedy

for short, is one of the ~implest, most efficient, and most

thoroughly studied methods for finding independent

sets in graphs. We show that it surprisingly achieves a

performance ratio of (A+ 2)/3 for approximating inde-

pendent sets in graphs with degree bounded by A. The

analysis directs us towards a simple parallel and dis-

tributed algorithm with identical performance, which

on constant-degree graphs runs in O(log” n) time us-

ing linear number of processors. We also analyze the

Greedy algorithm when run in combination with a frac-

tional relaxation technique of Nemhauser and Trotter,

and obtain an improved (2Z + 3)/5 performance ratio

on graphs with average degree ~.

Finally, we introduce a generally applicable technique

for improving the approximation ratios of independent

set algorithms, and illustrate it by improving the per-

formance ratio of Greedy for large A.

1 Introduction

An independent set in a graph is a collection of ver-

tices that are mutually non-adjacent. The problem of

finding an independent set of maximum cardinality is

one of the fundamental combinatorial problems. Un-
fortunately, it is known to be NP-complete, even for

bounded-degree graphs, and therefore no efficient algo-

rithms are in sight.

Given the hardness of exact computation, we are in-

terested in approximation algorithms for the indepen-

dent set problem in bounded-degree graphs. In par-
ticular, we seek an algorithm with a good performance
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ratio, which is a bound on the maximum ratio between

the optimal solution size (i.e. the independence number)

and the size of the solution found by the heuristic. The

study of such algorithm has become increasingly more

prevalent.

One of the most ubiquitous heuristic methods for this

problem is the greedy algorithm. It iteratively selects a

vertex of minimum degree and deletes that vertex and

all of its neighbors from the graph, until the graph be-

comes empty. As a delightfully simple and efficient al-

gorithm, the Greedy method deserves a particularly de-

tailed analysis. It is already known to possess several

important properties: attaining the Turin bound, and

its generalization in terms of degree seq~uences [7]; al-

most always obtaining a solution at least half the size

of an optimal solution in a general ranclom graph [2];

yielding a non-trivial graph coloring approximation [12]

when applied iteratively; and finding optimal indepen-

dent sets in forests, series-parallel graphs, and cographs.

While Greedy has been frequently studied before, the

true extent of its performance ratio has apparently not

been determined previously. The best ratio previously

claimed was A – 1 on graphs with maximum degree A

[20] and ~+ 1 on graphs of average degree ~.

Our main result is that Greedy is surprisingly much

better than previously expected. We obtain a tight per-

formance ratio of (A + 2)/3 in terms of maximum de-

gree,andanasymptotically optimal bound of (z + 2)/2

in terms of average degree. It comes as a considerable

surprise that this simple, linear time method performs

as well as it does. In the process, we give a natural ex-

tension of Tur6n’s bound that incorporates the actual

independence number of the graph, and give a general,

tight expression of the size of the solution found as a

function of the independence number and the number

of vertices. Section 2 contains the detained analysis of

Greedy.

We further analyze Greedy in combination with a

fractional relaxation technique of Nemhauser and Trot-
ter [15, 11], in subsections 2.5 and 2.6. we use it to
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improve the best performance ratio known in terms of

average degree to (27+3)/5, but show it to be of limited

use in terms of maximum degree.

To further improve the performance of Greedy, we

introduce in section 3 a new technique that involves

removing small dense subgraphs. This technique is a

general schema that can potentially be applied to any

approximation algorithm for this and related problems.

By removing all cliques of fixed size from the graph, we

can either find a larger solution or obtain a better up-

per bound on the size of the optimal solution. Using

triangles, the performance ratio of Greedy can be im-

proved to A/3.5 plus some constant independent of A.

Removing larger cliques gives gradual improvement to

asymptotically A/3.76. An improved performance ratio

for the vertex cover problem in bounded degree graphs

also follows.

Finally, in section 4 we show that the performance

ratios proved for Greedy in bounded-degree graphs can

also be obtained by a simple parallel algorithm. Our

analysis of Greedy suggests that globally minimum de-

gree is not required, in fact, any vertex satisfying the

locally evaluated property “degree of vertex is at most

the average of its neighbors’ degrees” can be selected,

This is a simple ZOCUZrule that can be implemented ef-

ficiently both in parallel and distributed.

1.1 Related results

Until very recently, the best ratio claimed for any ap-

proximation algorithm for independent sets in bounded

degree graphs was A/2 [11]. Suddenly, several develop-

ments took place.

Berman and Furer [3] obtained significantly im-

proved performance ratios of (A + 3)/5 + ~ and (A +

3.25)/5 + ~ for even and odd degrees respectively. Their

method is a type of a local improvement method.

It’s drawback is the astoundingly huge complexity of

n32A4’<, wh~;oh for typical solution quality means on the

order of n2 . While some improvements in the com-

plexity are possible [10], even a n50 complexity appears

out of reach. Khanna et al. [13] considered a very sim-

ple (and fast) local improvement method. Using their

analysis, it is easy to show that the performance of that

algorithm when complemented with Nemhauser-Trotter

is (A + 2)/3, same as Greedy.

We have since been able to obtain several improved

ratios [10]. With the subgraph removal techniques of

this paper, we have obtained an asymptotic improve-

ments for large values of A to a performance ratio of

O(A/ log log A), and a A/6(1 + o(l)) ratio for interme-

diate values of A. Also, using the local improvement

method of [3], but using only jn(A) . n time, we can

obtain a (A + 3)/4 ratio.

In spite of these related results, we believe the re-

sults on Greedy reported here hold their own, given the

algorithm’s simplicity, superior complexity, and general

applicability.

In sparse graphs, the only result we are aware of is a

(~+ 1)/2 performance ratio of Greedy with Nemhauser

and Trotter’s method [Ii]. No previous parallel approx-

imation algorithms were known to us, except the A and

6+1 ratios that can be obtained from parallel implemen-

tations of Brooks’ (see [16] for references) and Turan’s

theorems [9], respectively.

1.2 Not at ion

We use fairly standard graph notation and terminol-

ogy. For the graph in question, usually denoted by G, n

denotes the number of vertices, A the maximum degree,

~ the average degree, a the independence number (the

size of the largest independent set), and ~ the indepen-

dence fraction (i.e. a/n). For a vertex v, d(v) denotes

the degree of v, and IV(v) the set of neighbors of v.

For an independent set algorithm A, the performance

ratio of A is defined by

CY(G)
PA = mG~ ~

where A(G) is the size of the solution obtained by al-

gorithm A on graph G. We particularly consider two

algorithms: Greedy, for short Gr, and the combination

of Greedy and Nemhauser-Trotter, denoted by Gr+NT.

Gr is also a shorthand for G~eedy(G).

2 Analysis of Greedy

The Minimum-Degree Greedy algorithm, or Greedy

for short, operates as follows. It executes a sequence of

reductions, each of which corresponds to an iteration,

where a vertex is selected and added to the solution,

and then it and its neighborhood are removed from the

graph. It stops when the graph has been exhausted and

outputs the set of selected vertices.

Greedy(G)

1-0

while G # 0 do

Choose v such that d(v) = ~:+~) d(w)

I+ IU{V}
G- G–{v}u N(v)

od

output 1

end

The algorithm can be implemented in time linear in

the number of edges and vertices, independent of de-

gree. This involves maintaining a multiset of small non-

negative integers (the degrees of the vertices), along
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with the associated vertex number, under the opera-

tions of unit decrease, deletion, and finding the mini-

mum. This could be implemented by an array of linked

lists, one for each degree value, along with an appropri-

ate array structure to provide for direct referencing.

We use the following notation for the operation of

Greedy. Let t be the number of reductions performed

by Greedy and let dl, dz, ,.., dt be the degrees of the

vertices selected. The number of vertices removed in

the i-th reduction is thus d, + 1, The main property

of the algorithm that we use in our analysis is that the

sum of the degrees of the vertices removed in the i-th

reduction must be at least di (di + 1). This allows us to

lower bound the number of edges removed in each step.

2.1 Previous results on Greedy

The size of any maximal independent set is at least

n/(A + I), since for each vertex added to the solution at

most A others are removed, for a performance ratio of

A + 1. In fact, a performance ratio of A holds, because

out of the vertices deleted in each iteration (reduction)

at most A can belong to the optimal solution.

This can be improved somewhat further by rudimen-

tary arguments. First, observe that Greedy handles iso-

lated and degree one vertices optimally, and that the

independence number of a graph with minimum degree

two is at most nA/(A + 2). Second, if a connected com-

ponent contains a vertex of degree less than A, then

Greedy will never remove more than A vertices in any

step. This then yields a ratio of A2/(A + 2) < A – 1.

If, however, each vertex is of degree A, then the inde-

pendence number can be seen to be at most n/2. That

implies a ratio of (A + 1)/2, which is at most A – 1 for

all A ~ 3. The above argument is what may have been

alluded to in [20, p.306].

In terms of average degree, the celebrated theorem

of Turin [21] yields a tight bound on the size of the

Greedy solution as well as the independence number.

We include here its proof since the proofs of our central

results build directly upon it.

Theorem 1 (!E’urAn) GT z &.
d+l

Proof. We count the number of vertices and edges

deleted in each reduction of the execution of Greedy.

The removal of vertices in each reduction partitions

the vertex set, yielding

~(d~ + 1) = n. (1)

i=l

Since Greedy always picks a vertex of minimum de-
gree, the sum of the degrees of the vertices deleted in

step z is at least dt (di + 1), and thus the number of edges

deleted is at least half that amount. Summing over all

the reductions,

(2)

We now add (1) and twice (2), and obta,in

Using the Cauchy-Schwarz inequality and (l), we get

@+ l)n ~ n2/t.

Rearranging the inequality, we obtain the desired bound

on t,which is precisely the number of vertices found by

Greedy. B

2.2 Relative size of Greedy solutions

We start by generalizing the constructive version of

Tur&n’s theorem by pushing the independence ratio into

the expression.

Theorem 2 Gr > .
1+T2 ~

d+l+T “

Proof

Our proof follows that of Turzin’s bc)und, counting

the number of vertices and edges deleted in each of the

t reductions. This time, we additionally count the num-

ber of vertices deleted that belong to some maximum

cardinality independent set.

Fix a maximum independent set andl let k, be the

number of vertices among the di + 1 vertices deleted in

reduction z that are also contained in thi~t independent

set. Then,
t

E
k% = Cl. (3)

i=l

Since Greedy always picks a vertex of minimum de-

gree, the sum of the degrees of the vertices deleted in

step i is at least di (di + 1). Note that no edge can have

both its end points in the maximum independent set.

Then, it can be shown that the number of edges deleted

in step z is at least (d’~l) + (~). Hence,

We now add (1), (3) and twice (4), and apply the

Cauchy-Schwarz inequality to obtain

(~+ 1-1- T)~ 2 ~(di + 1)2 + k; > (1+ T2)7’L2/t.

i=l
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Rearranging the inequality, we obtain the desired bound

on t. m

We now turn our attention to bounded-degree

graphs, using techniques similar to the preceding proof

to obtain bounds parametrized by the maximum degree

A.

Theorem 3 CT >
l–T(l– T)

(l-~) A+ln”

Proof. The proof follows the proof of the preceding

theorem with some extensions. In the i-th step di + 1

vertices and all edges incident on them are deleted. Of

these edges, let z, have only one end in these di + 1

vertices; the remaining edges have both ends among the

d, + 1 vertices: of these, let yi of these have one end in

the independent set and one outside, and xi have both

ends outside. Then we have

~i + 2(~i + ~i) > di(di + l), (5)

Yi < ~i(di + 1- ~i), (6)

Multiply (6) by – 1 (reversing the inequality) and add

it to (5) to obtain

al+yi+2~Z ~ di(di+l)e ki(di+l–ki)

2 (v+(d2n-ki(di+l-ki)
=(v+(:)+r+j-ki)

Since the number of edges deleted in the i-th step is

precisely ~i + yi + -zi, we have the following extension of

(4):

1~1 2 5(d’;l)+(:) +~+;-’i)-zi. (7)
?=1

We also count the total degree of vertices outside the

maximum independent set, which entails counting edges

incident on the independent set vertices once but those

fully outside the independent set twice.

Now add twice (7) and twice (8) to obtain

t
Z(n-a)fl z ~d?(d,+l)tki(kt-l)t(dt+l–kz)(di–kt).

To simplify the right hand side, we add ~~=1 d, + ki -I-

(di - ki) and compensate for this by adding 2n to the

left hand side (invoking (l)). Then,

2A(n–a)+2n > ~(di+l)2+k~ +(di+l–kZ)2. (9)

i=l

Using (l), (3) and the Cauchy-Schwarz inequality, we

obtain

(2A(1 -~)+ 2~)n > [1 +72+(1 - ~)2]n2/t.

The claim follows from this. n

2.3 Performance guarantee

The following bound on the performance of Greedy

on sparse graphs follows immediately since the ratio of

the independence number m to the bound in thin. 2 is

maximized when T = 1.

For bounded-degree graphs, the general expression

obtained in thin. 3 almost – but not quite – yields our

main claim about the performance ratio of Greedy. We

now proceed to analyze the performance of Greedy using

a finer scalpel.

Let td,k be the number of reductions performed by

Greedy where a vertex of degree d was chosen and ex-

actly k vertices of the independent set were removed.

More precisely, for d = O, 1,... ,A and k = 0,1,.. . ,d,

we define td,h = I{i : d, = d and ki = k}l. With this

notation, we may rewrite the constraints (l), (3) and

(9) as

~(d+ l)b,~ = n,

d,k

d.k

(lo)

(11)

~[(d+ 1)2+k2 + (d+ 1- k)2]ti,k
d,k

S 2n(A + 1) - 2Aa. (12)

We wish to extract from these constraints the best pos-

sible lower bound for t = ~d!k td,k. For this we use

the method of multipliers described in Chvi.tal [6, page

54] (see Chviital [5] for an elegant application of this

method to analyze the greedy heuristic for the set cov-

ering problem.)

Theorem 5 /@. < (A+ 2)/3.

Proof. We ncxd to coniiider two cams baaed on the

value of A.

Case A = 0,1 (mod 3) [i.e. A+ 1 s +1 (mod 3)]. We

construct a linear combination of constraints (10) and

(12), with multipliers 2(A + 1) and -1 respectively:

~C(d,k)td,k > 2Aa

d,k

442



where

C(d, k) = 2(d+l)(A +l)–((d+ l)2+k2+(d+l–k)2).

VVe show below that

~~C(d,k) = 2A(A + 2)/3. (13)

Hence.

that is,
A+2
—t > a,

3

as required.

It remains to establish (13). Let ~0 : 3? + R and

jl : $? ~ ?R be defined by

fcI(x) = 22(A + 1) - jz’, ~l(x) = ~O(Z) - ~.

It can be easily verified that

mpx C’(d, k) =
{

jo(d+ 1) if d is odd

~l(d+ 1) if d is even

Now, j:(z), j;(z) = O iff x = 2(A + 1)/3, and

.f((~), .f~’(z) = –3. Thus, both j. and fl are con-

cave functions that achieve their unique maximum at

~ = 2(A + 1)/3. Since .fO and ~1 are polynomials of de-

gree2in z, ~o(~+e) = ~o(~–e) and ~l(~+e) = .fl(i-~),

for all ~. Thus, to establish the claim, it is enough to

verify that j. at the nearest even integer to i and tl at

the nearest odd integer to 2 are at most 2A(A + 2)/3.

Let A+l=3m+ r,wherer=+l (since A+l=

+1 (mod 3)). The nearest even integer to 2 is 2m and

the nearest odd integer to 2 is 2m + r. Plugging in, we

find that

fo(zm) = fl(2m + r) = 6m2 + 4mr = ~A(A + 2)

establishing the claim.

Case A s –1 (mod 3). This time, we construct a

linear combination of the constraints (10), (11) and (12),

with multipliers 2(A + 1), 2 and – 1, respectively:

~C(d,k)td,~ ~ 2(A + l)a,

d,k

where

C(d, k) = 2(d + 1)(A + 1) +/3(d, k)

and

~(d, k)=2k(d+ l)2-k2+ (d+l-k)2= 2k(d+ 2-k).

Note that

mpx~(d, k) = ~(d+ 2)2.

We want an upper bound only in terms of A of the

function j : $? -+ 3?, defined by

~(z) = 2(2+ 1)(A - z)+ ;(z + 2)2,
L

for z integral. Indeed, f’(z) = O iff x = 2A/3 and

~“(z) = –3; thus j has its unique maximum at ii =

2A/3. Since f is a polynomial of degree 2 in x, it is

enough to establish the bound at the integer nearest to

i, namely 2(A + 1)/3. By inspection we find that

C(d, k) < f(
2(A + 1)

3 ) = :(A+l)(A +2)

from which the claim follows. n

2.4 Limitations

The performance ratios proved above cannot be im-

proved.

A+2
Theorem 6 /@r > ~ – 0( A2/n), for A >3.

Proof. We give a detailed construe tion for A =

1 (mod 3). We construct a graph, pararnetrized by in-

teger 1 >2, that consists of a chain of repetitions of a

pair of subgraphs: a clique on 1 vertices followed by an

independent set on 1 vertices. The two subgraphs are

completely connected, while the connections between

the independent set and the clique of the following pair

miss only a single matching (i.e. each vertex is of degree

1 – 1). The chain ends with one additional clique.

An instance of this graph with 1 = 3 is shown in fig. 1,

with the vertices picked by Greedy shown in black and

the maximum independent set vertices in grey.

Figure 1: Greedy performance lower bound example

The essential property of the graph is that the degree

of the independent set vertices equals the degree of the

vertices of the first clique of the chain. We can therefore

assume that Greedy will pick one of the vertices from

the first clique and remove the remaining vertices from

the pair, reducing the graph to an identical chain with

one fewer pairs. Thus, Greedy selects one vertex from

each pair, plus one from the final clique, for a total of
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(n - 2)/21 + 1. The optimal solution contains all the

independent set vertices for a total of (n – /)/2. This

yields a ratio of

To relate that to the degree measures, we have that

A=31–2, and

Z<2
(() )

; +12+1(1–1) /21

51–3— — .—
2

Thus,
A+2

PG. ? 0( A2/n),
3–

(14)

and

22+3
PG. > —

5
– 0(72/n), (15)

even when T < lfz.

For values of A s 0,2 (mod 3) we need chains of more

complicated groups of six subgraphs. For O (mod 3), the

groups are of the form

In all cases, a clique is completely connected to the fol-

lowing independent set, while connections from the in-

dependent set to the next clique miss a single matching.

In addition, 1 – 1 edges from the second subgraph (the

first independent set) go towards the first subgraph in

the next group in the chain rather than to the next sub-

graph in the current group. The chain is finished with

an additional clique as before.

An example for 1 = 3 is given in fig. 2.

,——————————__— —____

L————————————————————— J

Figure 2; Hard graph for Greedy when A = 6

The graph is carefully designed so that at each point

in time the minimum degree will be 21 – 2, namely the

degree of the left-most remaining clique. Hence, we

may assume that Greedy will pick exactly one vertex

per clique, or 3 nodes per group, while the number of

vertices deleted from the largest independent is 31 – 1

and the maximum degree is 31 – 3. Hence, ignoring

the end of the chain, the performance ratio attained is

1- 1/3= (A+ 2)/3.

The case of A R 2 (mod 3) is similar, with each group

of the form

K1_l – – K1+l–– Kz–– KK1– K1–– ~

and edges going from the second to the fifth subgraph.

We leave the details to the curious reader. m

We can also show that the bound on the perfor-

mance ratio in terms of ~verage degree (Corollary 4)

approaches optimality as d gets larger.

The graph for which this ratio is attained consists of

a chain of pairs of subgraphs as in the previous example,

with each clique reduced to a single vertex adjacent to

several of the following single-vertex cliques. We omit

the detailed proof.

Variations of the above constructions show that the

bounds of thins. 2 and 3 are tight for a range of values of

T. This involves varying the size of the cliques relative to

the size of the independent sets, possibly by connecting

each independent set to several subsequent cliques. We

omit the details.

2.5 Nemhauser-Trotter

A method of Nemhauser and Trotter [15] for the frac-

tional vertex cover problem has been used successfully

to obtain better approximations for both the vertex

cover and the independent set problems on bounded-

degree graphs. The time complexity of this method is

O(nslz + p!).
Their method yields an optimal solution to the linear

relaxation of the integer problem where each variable,

representing whether a node is in the independent set

or the vertex cover, has vaJue from {O, 1, 1/2}. This

corresponds to partitioning the vertices into three sets

R, P, and Q with the following important properties:

1. Some maximum independent set of G contains all

the vertices of R and none of the vertices in P.

2. The independence fraction of the subgraph H in-

duced by Q is at most 1/2.

This in effect means that the method can be used aa

a preprocessor for approximation algorithms; since the

portions R and P are solved optimally, it suffices to

focus our attention on the graph H where the indepen-

dence number is guaranteed to be small.

This immediately implies, for instance, that the

n/(A + 1) lower bound on the size of the Greedy so-

lution along with the above upper bound on the inde-

pendence number yields a (A + 1)/2 performance ratio



for the combination of Greedy and Nemhauser-Trotter

methods. A stronger bound follows immediately from

thin. 3.

A+2
Corollary 8 pG.+NT < ~.

It follows from (14) that this ratio is essentially tight

for A = 1 (mod 3). That is, if the only property used

about the Nemhauser-Trotter method is that it allows

us to assume that the independence fraction is at most

half, then we can do no better than we have shown. As

we have not analyzed the method in detail, it is possible

however that it will have other properties that inhibit

examples where Greedy has poor performance.

We can improve on this bound slightly to (A + 2)/3 -

l/(3A + 2) when A s O, 2 (mod 3). For instance, we

have a tight ratio of 3/2 when A = 3. Also, for A = 5

we get a ratio of 16/7 x 2.286, down from 2.33, while

there is a graph that forces a ratio of 2.27, We omit the

details.

2.6 Average degree

Once Nemhauser-Trotter has been applied, the aver-

age degree may have changed for the worse and we can-

not immediately apply the bounds proved on Greedy.

Nevertheless, a closer look shows that the bounds will

complement each other as hoped for. Hochbaum [11],

showed that the Tur&n bound on Greedy can be comple-

mented with the r < 1/2 promise of Nemhauser-Trotter

to yield a performance ratio of (~+ 1)/2.

Our bound on Greedy, when complemented by

Nemhauser-Trotter, yields a considerably performance

ratio, The proof is similar to that of Hochbaum and is

omitted.

Proof. The proof follows Hochbaum. Let ~’, r’, n’

denote the average degree, independence fraction, and

number of vertices of H, respectively. We also denote

the size of the vertex sets R and P simply by their

names.

We shall be needing two properties. The first is that

R > P, as otherwise G itself will have the desired prop-

erties. The second is that the number of edges in G are

at least ~n’ + R + P, since we may assume that G is a

connected graph. Combined, this means that

~ > ~’n’ + 2R

– n’+2R”

The size of the greedy solution will be R+ ~~~1~~, n’,

where n’ and ~’ are the number of vertices and average

degree of H, respectively. The size of the optimal so-

lution is R + in’. The claim now reduces to showing

that

R+n’/2 < ~2’n’ + 2R
–+:.

R + ~?~l~~,nj – ~ n’+ 2&!

It can be easily observed that, as before, the left hand

side is maximized when -r’ is at its maximum. Hence,

we plug # = 1/2, merge the two terms on the right

hand side, cross-multiply, and simplify to obtain

5 +22+3
2<——,

2Z’ + 3 5

which is true since a/b + b/a is always at least 2. ~

This again is tight for A -1 (mod 3), from (15).

3 Subgraph Removal

We present a generally applicable method for im-

proving the performance ratio of independent set ap-

proximation algorithms. Any algorithm whose perfor-

mance ratio decreases as the independence fraction of

the graph decreases, can be enhanced using this ap-

proach, with greater improvements as the maximum de-

gree gets larger.

The idea comes from the observation that graphs

without dense subgraphs, particularly cliques, contain

provably larger independent sets than graphs do in gen-

eral, and moreover these larger solutions can be found

effectively. We remove all cliques of certain size from the

input graph and apply the improved algorithms on the

remaining graph. This will be advantageous as long as

the input graph contains few disjoint cliques; if it con-

tains many disjoint cliques, the independence number

must be low and our performance ratio will improve in
either case. This idea was previously used to approxi-

mate the Independent Set problem in general graphs [4].

This schema uses as subroutine twc) types of algo-

rithms: an approximation algorithm for general graphs,

and algorithms that find large independent sets in k-

clique free graphs with possibly difierent algorithms for

different values of k. Except for the case of triangle-

free graphs, we consider here only the case of Greedy.

Better algorithms of either type translate immediately

to better performance ratios. In fact, we have recently

improved the best performance ratios known for mod-

erate to large values of A [10] using better algorithms

for clique-free graphs.

We first illustrate this technique in its simplest form,

when removing disjoint 2-cliques (i.e. a matching). The

next step is to consider removing triangles, where we

can use an effecti~e algorithm of Shearer. We then

present the general schema, and prove improved ratios

for Greedy in the context of this scheme.
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Removing edges The following simple idea has also

been considered in [17] and [3]. We use it to get a linear

time algorithm with a good performance ratio in terms

of average degree.

Find an independent in two ways, and retain the

larger one. One way is to find a maximal matching

with m edges, and use the complement – the vertices

not appearing in the matching – as an independent set

approximation. The size of this set is n — 2m which is

at least 2a — n, since the independence number a is at

most n — m. Hence, the performance ratio is at most

~. The other way is to use the Greedy algorithm,
—

with a performance guarantee of ‘d~~~~)~ (see thin. 4).

Observe that the former ratio is monotone decreas-

ing with ~ (-r > 1/2), while the latter one is monotone

increasing. A close study shows that the value of T for

which the ratios agree is at most ~ + ~. If we plug

that into the higher ratio, that of the maximal match-

ing, this yields a performance ratio of %. Hence, in

fully linear time we come within an additive 0.3 of the

(2~+ 3)/5 bound in sec. 2.6 that requires fi?(n3i2) time.

Removing triangles This idea of using a maximal

matching to upper bound the optimal solution can be

generalized naturally if we think of an edge as a clique

on 2 vertices. After removing a maximal collection of

disjoint 3-cliques, the remaining graph will not be inde-

pendent, yet will be more amenable to the discovery of

large independent subgraphs.

Based on a result of Ajtai, Kom16s, and Szemer6di

[1], Shearer [18, 19] gave an efficient algorithm that finds
——

an independent set of size Q(nlog d/d) z Q(n log A/A)

in a triangle-free graph. If a fixed constant fraction

of the input graph is triangle-free, Shearer’s algorithm

yields a performance ratio of O(A/ log A); otherwise,

the independence fraction must be close to one third, in

which case Greedy yields a performance ratio of A/3.5+

o(l).

The general schema We now present the general

clique removal schema. From the input graph, it pro-

duces graphs free of induced f-cliques, for all -t between

2 and the parameter k. On each of these graphs, includ-

ing the input graph, it runs the appropriate independent

set algorithm and outputs the largest of those solutions.

In the case considered here, Greedy is used as the

approximation algorithm on general graphs in the first

line, as well as the algorithm for f-clique-free graphs,

1>4, while Shearer is used for triangle-free graphs.

SubgraphRemoval( G,k)

X@ t Greedy(G)

for f = k downto 2 do

S + Maximal collection of disjoint 1 cliques in G

G+- G-s

case ! do

1 > 4: Xi ~ Greedy(G)

1 = 3: Xz - Shearer(G)

l=2:Xl+ V(G)

od

od

output Xi of maximum cardinality
end

The time complexity of the algorithm remains nearly

linear for constant-degree graphs. A maximal collection

of disjoint k-cliques can be found in time IE I (k~z) <

n (k!l), and the Greedy algorithm can be implemented

in linear time. Shearer’s algorithm runs in randomized

linear time, or in O(min(A2n, nlog n) + Il?l) otherwise.

Improving the performance of Greedy We shall

now analyze to some extent the performance of the al-

gorithm above for k >4. In the light of the improved

ratios recently obtained by replacing Greedy by other

methods, the following theorem is given primarily as a

“proof of concept”.

First, we observe that the lack of k-cliques does im-

prove the size of the solution output by Greedy.

Lemma 10 Let G be a graph containing no clique on

t ~ 4 vertices. For any subgraph H of G,

1 + T(H)2 + (1 – T(H))2/(1 – 3) n(H).
‘“(H) z A + I + T(H)+ 2(1 - T(If))/(~ - 3)

The proof is an easy modification of the proof of

Turi4n’s bound, where the lack of T – 1 cliques in the

neighborhood of the selected vertex allows us to declare

that at least d? – d?& edges are deleted in the i-th

reduction.

Theorem 11 The performance ratio of SubgraphRe-

mova I(4) is at most A/3.67 + c, whe?’e c is a constant

independent of A.

pTOOf. Let n4 denote the size of the 4-clique free

subgraph found. Note that the size of the 3-clique

free subgraph is o(n) as otherwise Shearer would yield

an asymptotically better solution. The independence

fraction of the 4-clique free subgraph is therefore 1/3.

Hence, Greedy on the that subgraph yields a solution

of asymptotically ( 14/9) /Lln4. Let p denote the coef-

ficient in front of A in the performance ratio obtained

by SubgraphRemoval( 4). Then, p < (9/14 )rn/n4, and

n4 < (9/14 )(~/p)n. Note that T < 1/4 + (1/12 )n4/n.

Combining the two, T < 1/4+ (3/56 )T/p, which simpli-

fies to T < 1/(4(1 – 3/(56 p))). If T is greater than

0.311 then p < 1/3.67. On the other hand, if T is

smaller, Greedy in the input graph yields the desired

performance ratio, by thin. 3. m
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The best ratio we have obtained with technique on

Greedy is approximately A/3.76 by removing 8-cliques.

The above performance ratio is an asymptotic value for

large degrees, but the Subgraph Removal method also

does help for small degree. In fact, it yields an improve-

ment over Greedy for every A > 6. In this case, we need

to replace Subgraph Removal(2) with the more effective

Nemhauser-Trotter procedure. For instance, for A = 6

it improves the performance ratio from 2.66 to 2.56.

Vertex Cover Approximation The combination of

Greedy and Nemhauser-Trotter can be used as an effec-

tive vertex cover approximation algorithm. Hochbaum

proved a bound of 2 – 2/(A + 1). Our results improve

this ratio to 2 – 3/(A + 2).

The method of Shearer improves on the previous

bounds given for triangle-free graphs and used by

Monien and Speckenmeyer 1141 to obtain better ver-

tex cover approximations in ~ornbination with triangle-

removal. If ~sh (A)n denotes the bound proved for

Shearer’s algorithm in [19], then the performance ra-

tio obtained is at most 2- ~s~(A). Given that ~Sh is

an asymptotic improvements over previous bounds, we

observe the following interesting corollary.

4 Parallel and Distributed Algorithm

The Greedy algorithm stipulates that in each step a

vertex of globally minimum degree be selected, added

to the solution, and removed from the graph along with

its neighbors. As such, it looks impossible to parallelize,

as well as offering little freedom for heuristic improve-

ments. Fortunately, this is one of the delightful cases

when the analysis guides us towards the design of bet-

ter and/or more general algorithms.

We observe that the selection of a vertex is prescribed

by a simple local rule and that a constant fraction of the

vertices in a bounded-degree graph satisfies this rule.

This has some interesting implications. For one, it opens

up the possibility of the de~lgn of heuristics using sec-

ondary selection rules that retain the performance ratios

of thins. 2 and 3. Another is a straightforward deriva-

tion of a parallel as well as a distributed approximation

algorithm attaining these performance ratios.

From the proofs of thins. 2 and 3, we find that a

sufficient criteria for the selected vertex v is that its

degree be less than the average of its neigbors’ degrees.

That is,

ZWCN(V) ~(w)
d(v) ~

d(v) “
(16)

A heuristic may choose any ordering that obeys the

above property. Vertices can be selected in parallel as

long as the selection of one doesn’t affect the above cri-

teria for the other. In particular, vertices with disjoint

and non-adjacent neighborhoods (i.e. of distance three

or greater) can be selected and processed concurrently.

This suggests a natural approach to a parallel algo-

rit hm:

1.

2.

3.

4.

5.

Find a set W’ of vertices satisfying (16).

Form a graph H on vertex set W, with edge be-

tween vertices that may interact wit h respect to the

Greedy reduction (i.e. of distance three or less).

Find a maximal independent set A41S in H.

Perform the Greedy reduction on these vertices in

parallel. Namely, add the vertices JMIS to the so-

lution, and delete them and their neighbors from

the graph.

Repeat from step 1 until the graph is empty.

The following lemma due to Alon and Szegedy (pri-

vate communication) shows that a sign~ificant fraction

of the vertices must have the above property simultane-

ously.

Lemma 13 In a graph on n vertices with maximum

degree A, at least &n vertices satisfy property (16).

Proof Let Do denote d(v)2 – ~weN(V) d(w). We shall

show that

which implies the lemma. As observed lby Shearer [18],

EV[DV] = O. The value of D. is bounded above by

d(v)(A – d(v)) ~ A2/4, and since it is integral, it must

differ from zero by at least one when negative. Thus,

-1(1 – Pr[DV ~ O]) + A2/4 . Pr[D,, > O] ~ O.

The claim now follows. 9

Theorem 14 There is an BREW parallel algo-

Tzthm that jinds an independent set of size and

performance satisfying theorems 3 and 5 in time

log* n min(poly(A) log n, AA) using n processors.

Proof. Each vertex added to the solution will satisfy

property (16) regardless of the order of removal of the

simultaneously chosen vertices. Hence, the results of

the theorems apply to this algorithm.

Let us now estimate the time complexity, starting

with the number of iterations. The first step reduces

the number of vertices by a factor of at most 0(A2 ), as

per the lemma above. The number of vertices deleted in

the fourth step, which are the selected vertices and their

neighbors, is at most another A2 factor smaller. Thus at
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least n/A4 vertices are removed from the graph in each

step, so the number of rounds is bounded by A4 log n.

Also notice that for any vertex in the graph, some vertex

of distance at most A gets eliminated in each round.

Hence the number of rounds is also bounded by A!

The only non-trivial step in each round is the compu-

tation of a maximal independent set (MIS) of the graph

H. An algorithm of Goldberg et al. [8] finds an MIS

in time 0( A(17) log A(iY)(A(Ii) + log* n)) using linear

number of processors. The combined time complexity

is therefore bounded by O(A7 log A(A3 + log” n) log n).

The processor count is linear in n,

total amount of work can probably

nomial of A smaller.

The algorithm given above also

of a distributed algorithm.

and considering the

be made some poly-

m

satisfies the criteria
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