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Abstract

Black holes are exceptional laboratories where the apparent incompatibility
between gravity and quantum mechanics can be sharpened. In this thesis,
quantum features of black holes are probed using the holographic principle, with
tools from quantum information and algebraic quantum field theory.

Operator algebras provide a natural framework for studying gravity as an
emergent phenomenon, and we identify sufficient conditions for the emergence of
gravitational dynamics. Going in the opposite direction, quantum gravity effects
in an eternal black hole can be modelled by adding certain non-perturbative
quantum corrections to its semiclassical operator algebra. This leads to an
approximate type I von Neumann algebra whose dimension is equal to the
exponential of the Bekenstein-Hawking entropy with logarithmic corrections.

Non-perturbative corrections also lead to the late-time saturation of holo-
graphic complexity, defined as the volume of a codimension-one extremal surface
passing through the black hole interior. A second law associated with this
complexity is used to establish a black hole singularity theorem.

Non-perturbative corrections may become important during gravitational
collapse. Black shells, which have been proposed as an alternative endpoint
of collapse in string theory, are studied from a thermodynamic perspective
and shown to be thermodynamically favoured over black holes for a range of
temperatures.
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Agrip

Svarthol eru fraedilegar rannsoknarstofur sem veita einstaka innsyn i ésam-
reemid sem virdist vera milli byngdarfraedi og skammtafreedi. I ritgerdinni eru
skammtafraedilegir eiginleikar svarthola kannadir med visun til pyngdarfraedi-
legrar heilmyndunar og adferdum skammtaupplysingafreedi og algebrulegrar
skammtasvidsfraeoi.

Virkjaalgebrur eru dkjésanlegur freedilegur vettvangur til a0 utskyra timarim
og byngdarshrif sem tilkomin tr gangverki undirliggjandi skammtakerfis. I
ritgerdinni eru sett fram naudsynleg skilyrdi sem slikt skammtakerfi parf ad
uppfylla. Einnig er synt hvernig lysa megi dhrifum pyngdarskammtafreedi 4
timartm sisteeds svarthols med pvi ad innleida tilteknar skammtaleioréttingar 1
halfskammtada virkjaalgebru kerfisins. Nidurstéduna ma nalga med von Neu-
mann algebru af gerd I sem hefur vidd { samraemi vid Bekenstein-Hawking 6reidu
svartholsins med lograleidréttingum.

Sambearilegar skammtaleidréttingar leida einnig til mettunar skammtafraeoi-
legs flaekjustigs svarthols me0 tima pegar fleekjustigio er skilgreint utfra riummali
akvedins snios 1 gegnum timaram svartholsins. Hlidstaeda vid annad 16gmél
varmafraedinnar, sem gildir um flaekjustigid, er notud til a0 leida Gt nyja sérgild-
issetningu fyrir svarthol.

Skammtaleidréttingar gegna mogulega lykilhlutverki i freedilegri lysingu &
pyngdarhruni. T pvi samhengi geeti svonefnd svartskel, sem kemur ar strengja-
fraedi, verid endastéd pyngdarhruns { stad svarthols. I ritgerdinni er borin saman
varmafraeoi svartskelja og svarthola og synt ad i kérsafni eru svartskeljar radandi
& akvednu hitastigsbili.
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1 Introduction

In 1916, Einstein proposed the theory of general relativity, geometrizing gravity
as the curvature of spacetime [1]. Over the following century, the extraordinary
predictions of the theory, ranging from solar system phenomena such as the
precession of Mercury’s perihelion to the large-scale structure of the universe,
have been tested extensively and found to agree with observations across an
enormous range of length scales [2]. Almost in parallel, the 1920s witnessed the
foundations of quantum mechanics being laid. What began as a framework for
explaining the spectral properties of atoms gradually evolved into a systematic
procedure for quantizing fields. Quantum electrodynamics, and later the full
Standard Model of particle physics, demonstrated the remarkable success of this
framework, producing predictions that agree with experiment to astonishing
precision.

The obvious next step was to apply the same quantization procedure to
gravity and thereby arrive at a theory of quantum gravity. This programme,
however, encounters severe difficulties. Canonically quantizing the gravitational
field in the same spirit as the other field theories leads to a non-renormalizable
theory. Ultraviolet divergences proliferate at every loop order and cannot be
absorbed into a finite set of counterterms (see, for example, [3]). General
relativity and quantum mechanics, each individually extraordinarily successful
in their own domain, appear fundamentally incompatible when combined.

These tensions become particularly sharp in the study of black holes. Black
holes are highly compact classical solutions of Einstein’s field equations formed
at the end of gravitational collapse. When quantum effects are incorporated,
black holes radiate, evaporate, and apparently destroy information, leading
to the black hole information paradox [4]. Black holes, therefore, provide a
natural laboratory for probing the incompatibility between general relativity and
quantum mechanics. What was missing, however, was a systematic framework
for incorporating quantum gravitational corrections in a fully controlled manner.

A major breakthrough came in 1996, when Maldacena discovered the AdS/CFT
correspondence [5, 6, 7]. Often referred to as the holographic principle, the dual-
ity posits that a theory of quantum gravity in an asymptotically anti-de Sitter
(AdS) spacetime is equivalent to a conformal field theory (CFT) living on its
boundary. Since the boundary CFT is an ordinary quantum field theory without
gravity, the correspondence provides a fully non-perturbative and ultraviolet-
complete definition of bulk quantum gravity, something that had previously
been unavailable. This framework forms the backdrop of this thesis.

A central question in holography is identifying the appropriate tools in



1 Introduction

the boundary theory that probe geometric and dynamical features of the bulk
spacetime. Following the discovery of AdS/CFT, it was realized that quantum
information-theoretic quantities such as entanglement entropy admit elegant
geometric dual descriptions in the bulk [8], despite the subtleties involved in
defining these quantities precisely in quantum field theory [9]. It was also
understood that the encoding of bulk gravitational information in the boundary
theory is closely related to quantum error correction [10]. These developments
established quantum information theory as a powerful framework for studying
holography.

In the first part of this thesis, we study one such quantity called complexity.
In Section 2, we review a notion of complexity in quantum systems and
discuss its holographic realisation in the bulk. In particular, we review the
Complexity=Volume (CV) prescription, in which the complexity of a black
hole is defined as the volume of a codimension-one extremal surface passing
through its interior. As an application, in Section 3, we show that a second law
associated with this holographic complexity can be used to arrive at a black hole
singularity theorem, demonstrating that black hole singularities are unavoidable
under generic physical conditions.

The complexity of a chaotic quantum system is expected to exhibit a charac-
teristic late-time behaviour. Since black holes are also expected to be maximally
chaotic systems [11], one may ask whether holographic complexity reproduces
this behaviour. However, the standard CV prescription fails to capture the
expected late-time behaviour. In Section 4, we show that for a large class of
black hole solutions, the expected behaviour can in fact be recovered once certain
non-perturbative quantum gravitational corrections arising from an emergent
random matrix theory description are included.

Another regime where non-perturbative quantum gravity effects may become
important is at the endpoint of gravitational collapse. If the collapse results in the
formation of a horizonless ultracompact object rather than a black hole, then the
information loss paradox may be avoided altogether. In Section 5, we review one
such proposal known as black shells. These objects admit constructions in string
theory and therefore provide a possible alternative endpoint to gravitational
collapse. Since no detailed dynamical mechanism for their formation is currently
known, we instead study their thermodynamics. We show that for certain
temperature ranges, black shells are thermodynamically favoured over black
holes, modifying the standard Hawking-Page phase transition [12].

In 1995, Jacobson showed that Einstein’s field equations can be derived as a
thermodynamic equation of state [13]. This observation suggests that gravity
may itself be an emergent phenomenon, potentially explaining why attempts
at a direct canonical quantization of gravity fail. In Section 6, we argue
that the language of algebraic quantum field theory, and in particular operator
algebras, provides a natural framework for understanding this emergence. We
identify specific structures in the operator algebra of the matter sector, in an
appropriate semiclassical limit, whose existence is sufficient for an emergent
gravitational description to exist. A remarkable feature of this characterization
is that it is independent of both the dimensionality and asymptotic structure of



the spacetime.

In Section 6, we further show that one can systematically encode quantum
gravitational corrections within the language of operator algebras starting from
a semiclassical low-energy effective field theory description. In the case of an
eternal black hole, we show that the resulting non-perturbatively corrected
algebra is approximately equal to a type I von Neumann algebra that acts on a
finite-dimensional Hilbert space whose dimension is given by the exponential of
the Bekenstein-Hawking entropy, together with the logarithmic correction in the
horizon area.

In Section 7, we conclude the thesis by outlining a few possible future
directions.

This thesis is based on the four publications:

1. V. Mohan, Black hole singularities from holographic complexity, JHEP 07
(2025) 275.

2. F.F. Gautason, V. Mohan and L. Thorlacius, Late-time saturation of black
hole complexity, JHEP 08 (2025) 056.

3. U. Danielsson, V. Mohan and L. Thorlacius, Black shell thermodynamics,
JHEP 09 (2025) 167.

4. V. Mohan and L. Thorlacius, Spacetime from Operator Algebras,
arXiv:2606.10924 [hep-th].






2 Holographic Complexity

In our universe, the grandest forms often arise from the simplest beginnings. It
is natural to ask what drives the growth of this complezrity and whether there
exist fundamental bounds on its rate of growth. In physics, such questions are
particularly important when studying the dynamics of quantum systems. In the
next subsection, we introduce and review the notion of Krylov complexity, which
quantifies the growth of operators under Hamiltonian evolution in quantum
systems.

2.1 Krylov Complexity

In theoretical computer science, one introduces a notion of computational
complexity to quantify how complicated a string of bits is. More precisely,
complexity may be defined as the minimal number of universal gates required
to obtain a given output string from some fixed reference string. This notion
naturally extends to quantum systems, where it gives rise to what is referred to
as circuit complexity. Consider a state |¥) in the Hilbert space of the theory. We
then ask what is the minimal number of unitary gates required to reconstruct
| ) from some reference state |¥),qr [14]. This notion of complexity appears in
the theory of quantum computation and provides an example of state complexity.
In this thesis, however, we will not work with this notion, but instead focus on
the concept of operator complexity.!

Developments in the study of quantum chaos and scrambling of information in
many-body quantum systems [16, 17] have led to the notion of Krylov complexity
(or K-complexity) [18]. We now define K-complexity and refer [19, 20, 21] for
recent detailed reviews. Interestingly, many of the mathematical tools underlying
this construction can be traced back to the work of Krylov [22] and Lanczos [23]
several decades earlier (see [24] for a detailed historical discussion).

Consider a quantum mechanical system with a time-independent Hamiltonian
H. The time evolution of an operator O is given by

o) = e HtOetH (1)

IThere is also an operational reason for shifting away from circuit complexity. To obtain a
finite circuit complexity, one must introduce a tolerance parameter [15]. In the quantum field
theories we are ultimately interested in studying, this parameter cannot be naturally identified
with the UV cutoff, obscuring its physical relevance in the situations of interest.



2 Holographic Complexity

where we have denoted O(0) by O. Introducing the Liouvillian super-operator
L= [H’ ] ) (2)

we may formally expand the operator evolution as
o =% " gy (3)

n!
n=0

The space of linear operators acting on a Hilbert space H also forms a Hilbert
space, which we denote by H. We therefore associate to every operator O a
state

0)eH. (4)

In this space, we can then introduce an inner product. A convenient choice is to
use the inner product inherited from H, or alternatively a physically relevant
inner product such as the thermal inner product (see [25] or [21] for further
details).

Now consider the vector space generated by repeated action of the Liouvillian:

This space is referred to as Krylov subspace. We now construct an orthonormal
basis |O,,) for the Krylov subspace using the Gram-Schmidt orthogonalization
procedure. We begin with

00) =10),  |01) =0b7'L|O), (6)

where by = (OL|L£O)'/2. The remaining basis elements are generated iteratively
through

‘An) :£|On—1) *bn—l|on—2)7 (7)
followed by normalization,
|On) = br_Ll|An)7 bn = (An|An)1/2~ (8)

The resulting states |0,,) form an orthonormal basis of the Krylov subspace.
The time-evolved operator can then be expanded in this basis as follows:

O1) =D i"en(t)|On) 9)

n

where the wavefunctions ¢, (t) satisfy the discrete Schrodinger equation

al@n(t) = bn‘ﬂn—l(t) - bn+190n+1(t) . (10)

This equation admits a simple physical interpretation as that of a particle
hopping on a semi-infinite chain labelled by the index n. Krylov complexity is
then defined as the average position of the particle on this chain:

Cr(t) = Y nlpn(t)2. (11)



2.2  Complexity=Volume

Therefore, Krylov complexity provides a reformulation of the time evolution of
an operator as a one-dimensional quantum mechanical problem.?

In a chaotic system, complexity is expected to display universal features that
are largely independent of microscopic details [27]. As a function of time, it first
grows exponentially, then transitions to a linear regime, with a rate proportional
to the number of degrees of freedom. This linear growth continues up to times
exponential order in the entropy of the system, after which the complexity
saturates to a constant. This exponential growth-ramp-plateau structure is
expected to be universal across chaotic systems.

2.2 Complexity=Volume

The study of Krylov complexity has attracted significant attention in recent
years, see for example its applications in conformal field theories [28, 29] and
open quantum systems [30, 31, 32]. Since Krylov complexity can be defined
in field theories with gravitational duals, it is natural to ask whether there
exists a corresponding bulk notion of complexity. Motivated by the growth of
codimension-two extremal surfaces studied by Hartman and Maldacena [33],
Susskind and Stanford conjectured that the complexity of a black hole is given
by the volume of boundary anchored extremal volumes passing through the
interior of the black hole [34, 35]. We now review this proposal.

Consider a static (d 4 1)-dimensional black hole with metric
dr? 9 19
) +rodQg_q, (12)
where f(r) denotes the blackening factor. Depending on the solution, the
spacetime may be asymptotically flat, AdS, or dS. The solution could even be
charged. The event horizon is located at r = r;,. It is convenient to introduce
Eddington-Finkelstein coordinates,

ds? = —f(r)dt® +

dr* 1
v=t+r", u=t—r", where TZZW (13)
Now consider a codimension-one surface passing through the black hole
interior (see Figure 2.1). Its volume is given by

V=Q41 /d/\ rd_lx/—f(r)iﬂ + 207, (14)

where the surface is parametrized by A through the embedding functions
(v(N\),r(N)). Here, Q41 denotes the volume of the unit (d — 1)-sphere. We
anchor the surface to a cutoff surface located in the asymptotic region at r = ryv,
with boundary times chosen as

-

2As an aside, one can also define a notion of state complexity on the Krylov subspace,
known as spread complezity [26].




2 Holographic Complexity

Figure 2.1. The Penrose diagram of a (d 4 1)-dimensional AdS-Schwarzschild black
hole. The codimension-one extremal volume surface is shown in blue. The turning
point of the surface, located at r = rmin, lies in the interior of the black hole. The
extremal surface is anchored at a cutoff surface located at r = ryy, with anchoring
times tg = —tr, = 7/2. The accumulation surface, located at r = r,, is indicated by
the black dashed curve.

We also denote the location of the turning point of the surface by r = ryiy,.
We now extremize the volume functional to obtain the extremal surfaces.
Choosing the parametrization

r /= fo? + 200 =1, (16)

the equations of motion become

p =7 (f(ryo -7,

(17)
F2(d=1):2 _ £(r) 4o 2d=1)2

Here, p is a conserved quantity associated with translations in v. The turning
point 7y, is determined by setting 7 = 0:
Tt (Pmin) +9° = 0. (18)

The holographic complexity, defined through Complexity=Volume (CV)
proposal, is then given by the volume of this extremal surface Voyy:

_ V;ext
n GNEO ’

Here, £y is a reference length scale. For an AdS-Schwarzschild black hole, g is
typically chosen to be the AdS radius, while for asymptotically flat Schwarzschild
black holes, it is usually taken to be the horizon radius r,. In charged black
holes, {q is identified with the outer horizon radius.

Cv

(19)
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Figure 2.2. The plot of the effective potential for a (d + 1)-dimensional eternal
AdS-Schwarzschild black hole. The extremal volume surface can be thought of as a
particle with fixed energy p? scattering off this potential.

The appearance of this additional length scale, whose definition depends on
the particular black hole solution under consideration, was one of the original
motivations for alternative proposals such as Complexity=Action (CA), where
no such scale appears explicitly [36]. Nevertheless, it was argued in [37] that a
universal prescription for £y may still exist.

Now, let us compute the growth rate of the holographic complexity. Using
the equations of motion (17), one can express the boundary time 7 as an integral
over the radial coordinate:

T + * /TUV d P + 1
a5 r — Tmin — r
2 % i LSOV FOEED 12 f()

(20)

Then, we can then arrive at the following expression [38]
dCV Qd*l d—1
—— = —— /[ ("min) Ty - 21

We now study the late-time behaviour of these extremal surfaces. There is a
useful reformulation of the equations of motion in terms of a particle scattering
problem. Performing the change of variables

dr 2d—9
ar ’ (22)

the equation of motion can be rewritten as
P+ Ve = p?, Veg = —r2472f(r). (23)

In this picture, the conserved quantity p? plays the role of the energy of the
particle.
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An interesting feature is that, for essentially all static black hole solutions,
including charged black holes, the effective potential exhibits the same qualitative
structure (see Figure 2.2). The potential vanishes at r = 0 and develops a
maximum at some radius r = r, located inside the event horizon. We refer to
the hypersurface at r = r, as the accumulation surface.

Let us now study how the extremal surface evolves as the boundary anchoring
time 7 is increased. When 7 = 0, the equations of motion imply that p = 0. As
T increases, the conserved quantity p increases monotonically. In the scattering
picture, this means that, at early times, the particle is scattering off the bottom
of the potential. As 7 increases, the turning point of the particle approaches the
top of the potential. Consequently, in the 7 — oo limit, the turning point rpy;iy,
can be very well approximated by the location of the accumulation surface at

3
T =Trg.
As a result, the late-time growth rate of holographic complexity is given by
dCyv Qa1 d1
—_— - . 24
= T o (24

Using the definitions of the black hole entropy .S and temperature 7', one can
further show that

dv x ST. (25)

dr

Thus, holographic complexity grows linearly at late times, with a growth rate
proportional to the number of degrees of freedom associated with the horizon
entropy. This reproduces the expected behaviour of a finite-dimensional chaotic
quantum system, sans the complexity plateau. The plateau does not appear
here because we have only performed a classical computation. As we will see in
the next subsection, the inclusion of quantum corrections restores the plateau
as well.

2.3 Quantum Complexity in JT gravity

In certain two-dimensional models of dilaton gravity, holographic complexity
can in fact be defined non-perturbatively using their matrix model duals. An
example is Jackiw-Teitelboim (JT) gravity [39, 40], whose action is given by

S:S()X(M)Jrl/ d?a:\/?g(RJr2)qb+1 dtvV—h(K —1),  (26)
2 /m 2 Jom

Here, x(M) denotes the Euler character of the manifold M, and we have set
the AdSs radius to unity. This theory can be obtained through the spherical
reduction of Einstein-Maxwell theory near the horizon of a four-dimensional
near-extremal black hole [41, 42]. In that context, the parameter Sy corresponds

3This accumulating behaviour is the reason we refer to the late-time limiting surface as the
accumulation surface.
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2.3  Quantum Complexity in JT gravity

T = esod)b

B

> T

Figure 2.3. The log-log plot of the average length ¢(7) as a function of 7 for 8 > ¢s.

to the extremal entropy of the higher-dimensional black hole. However, when
JT gravity is viewed as a standalone two-dimensional theory, we simply treat Sy
as a constant parameter.

JT gravity is argued to be dual to a one-cut Hermitian matrix model whose
leading disk density of states is [43]

po = €% sinh(27VE) . (27)

This matrix model completion allows us to probe non-perturbative quantum
gravity effects.

Since we are working in two dimensions, the holographic complexity, defined
through the CV prescription, is given by the length of a boundary anchored
spacelike geodesic [44]:

Cy = Sol (28)

The bulk gravitational theory is dual to a boundary Schwarzian theory, and
the average length of the spacelike geodesic admits a non-perturbative definition
in terms of matrix elements of an operator Oa with scaling dimension A [45]:

or) = dE\dEs p(E)p(E") efg(EﬁEﬂ@i”(ErEQ)MA (B1,E2) . (29)
0

The quantity Ma(E1, Es) is related to the matrix elements of the operator Oa
through

Ma(Ey, Ey) = — 1 E1|OA|E) | . (30)

—
A 5a K
The connected two-point function of the density of states is given by

sin? (mpo(E) (B~ ")) | - :
R

p(E)p(E") = po(E)po(E’)

11



2 Holographic Complexity

where E = (E + E')/2 is the average energy. The second term is usually referred
to as the sine-kernel in literature. This term encodes the level repulsion of the
random matrix theory (RMT), and it will play an important role both in the
present discussion and in later sections.

In Figure 2.3, the length ¢(7) is plotted as a function of 7. It is useful to
obtain closed-form expressions for the length in the early-time and late-time
limits. Substituting the explicit expressions into (29), one finds that the averaged

geodesic length behaves as [45]

. So
E(T)’RJ Cit+ ... T<<es¢b 7 (32)
Co—... T >e%,
where
o — 650¢b eﬁﬂz%/ﬁ 1+ 167r2¢b B 6727T2¢b/5
0 6772 5 )
(33)

[ erf ( 2”2¢b> 2
— 9,— 27 s/B P B Am" gy
(o 2e Wﬂ/? + - <1 + B .

Here, ¢, denotes the boundary value of the dilaton and sets the scale for the
breaking of the boundary time reparametrization symmetry [46]. Using the
definition (28), we obtain the holographic complexity. In the regime where the
inverse temperature 3 is much smaller than ¢y, the early-time growth reproduces
the same linear behaviour as in (25). At times of order e ¢y, the complexity
saturates, precisely as expected from general arguments.

It is important to emphasize that this saturation relies crucially on the sine-
kernel and Dirac delta contributions in the density-density correlator (31). If one
retained only the disconnected contribution pg(E)po(E’), then the complexity
would continue to grow linearly forever, reproducing the semiclassical behaviour
discussed earlier [47]. The non-perturbative corrections encoded in the sine
kernel are therefore directly responsible for the saturation of complexity.

The fact that bulk extremal volumes reproduce the behaviour of boundary
Krylov complexity strongly suggests that the two quantities are holographically
dual to one another. Indeed, in two-dimensional models such as JT gravity
[48, 49] and sine-dilaton gravity [50], one can explicitly demonstrate that the
complexity computed through the CV proposal equals the Krylov complexity of
the dual boundary theory, described in terms of double-scaled or triple-scaled
variants of the Sachdev-Ye-Kitaev model. This provides another entry in the
holographic dictionary and opens new avenues for probing quantum gravity in
the bulk through boundary dynamics.

12



3 Black Hole Singularities and Quantum
Complexity

Before 1965, there were already hints of catastrophic infinities appearing in gen-
eral relativity. A classic example is the singularity in the past of the Friedmann
closed universe [51]. Oppenheimer and Snyder later studied the time-reversed
situation and constructed an explicit solution to Einstein’s field equations de-
scribing the gravitational collapse of a massive star that had exhausted its
thermonuclear fuel [52].

At the time, however, these observations were either dismissed [53] or largely
forgotten by the community [54], owing to the highly symmetric nature of
the Schwarzschild solution and the belief that such situations were physically
unattainable in our universe.

In 1965, Penrose published his singularity theorem [55], which immediately
triggered a wave of activity in the community [56, 57, 58]. Penrose’s proof not
only established the inevitability of singularities in classical general relativity
under broad physically relevant assumptions, but also introduced powerful new
mathematical tools into the field.*

3.1 Penrose’s Singularity Theorem

Characterizing singularities in general relativity is a difficult problem. If one uses
the divergence of curvature tensors, or invariants constructed out of them, as the
definition of a singularity, then one immediately encounters several difficulties
([60] contains many examples). A way around this problem is to instead use
geodesic incompleteness as a sufficient condition for the existence of a singularity.
A critical limitation of this approach, however, is that geodesic incompleteness
does not necessarily imply the existence of a singularity. We will return to this
point at the end of this section.

Let us begin with some definitions. We will mostly follow the notation and
conventions of Hawking and Ellis [61]. Consider a point p on a manifold M. We
define its chronological future IT(p) as the set of all points on the manifold that
can be reached from p by a future-directed timelike curve. Similarly, one defines
the chronological past I~ (p) by replacing ‘future’ with ‘past’ and ‘4’ with ‘—’.
We define the causal future of p, denoted by JT(p), as the set of all points

4See [59] for a letter from Chandrasekhar to Hawking inquiring about a syllabus to learn
the mathematics behind the singularity theorems.
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3 Black Hole Singularities and Quantum Complexity

that can be reached from p by a non-spacelike curve. From the definition, it
follows that It (p) = J " (p).

A spacetime is said to be globally hyperbolic iff there are no closed timelike
curves and, for any two points p and ¢, the set, J*(p) N J~(q) is compact.

We now introduce the notion of a closed trapped surface. One of the central
ingredients in Penrose’s theorem is the existence of such surfaces. In [55], a
closed trapped surface is defined as a closed spacelike two-dimensional surface for
which the two families of orthogonal future-directed null rays initially converge.
Denoting the tangent vector fields of the two null congruences by k" and kb, we
require their corresponding expansions

012 = Vulc‘f,2 (34)
to satisfy
91)2 <0 (35)

at the trapped surface.
Using these definitions, we can now state Penrose’s theorem:

Theorem: A manifold M cannot be null geodesically complete if
o R, k*EY > 0 for all null vectors k*
o there is a closed trapped surface T

o the manifold is globally hyperbolic.

The complete proof of this theorem can be found in several standard references.
Here, we will only sketch the proof following [61], emphasizing the aspects that
will be relevant for later discussions.

Proof: Since the manifold is globally hyperbolic, the boundary of the causal
future 8J(T) is generated by null geodesics emerging orthogonally from 7.
The expansion 6 of these null geodesics, with tangent vector k*, obeys the
Raychaudhuri equation®

de 1

— = —R, k'E" — 207 — ~0? 36
ds " 7 2 (36)
where 02 = 00" > 0 is the squared shear of the congruence. Since R, k*k" >
0, the first two terms on the right-hand side are non-positive. Dropping them

gives the inequality

de 62
< 2

— . 37
ds = 2 (37)
Integrating the above expression, we get
o(s) < — > (38)
~ 55— (200) 1"

5For a timelike congruence, the factor in front of the square of the expansion will be -1/3.
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3.1 Penrose’s Singularity Theorem

where 6, is the expansion at 7. Since T is a trapped surface, we have 0y < 0
for both orthogonal null congruences. It then follows that there exists a finite
value of the affine parameter s at which the expansion diverges to —oo. The
corresponding point is referred to as a conjugate point.

Geometrically, the divergence of the expansion indicates that neighboring
geodesics intersect at the conjugate point. More importantly for our purposes,
any continuation of the null geodesic beyond the conjugate point necessarily
lies inside IT(T), rather than on its boundary (see Proposition 4.5.14 of [61]).
Therefore, every null curve generating dJ7(7T) would have an endpoint at or
before the conjugate point to 7.

Now suppose, for contradiction, that the spacetime is future null geodesically
complete. Then every null generator can be extended to an arbitrary affine
parameter. In particular, the conjugate point along each generator also lies
within the spacetime. As a result, 9J*(T) is closed.

Now consider the continuous map

BT x[0,b] x {1,2} = M (39)

defined by flowing a point p € T along one of its two orthogonal future-directed
null geodesics, labelled by 1 or 2, for an affine distance v € [0,b]. If b = by
is chosen sufficiently large so that both orthogonal null geodesics reach their
conjugate points before the affine parameter by, then every point of J7(T) lies
in the image of 8. Since T x [0,bp] X @ is compact and 8 is continuous, the
image of 8 is compact. As JT(T) is a closed subset in this compact set, it
follows that J*(7) is compact.

However, this is incompatible with the global hyperbolicity of the spacetime.
To see this, consider a non-compact Cauchy surface ¥, whose existence is
guaranteed by global hyperbolicity. Since J¥(7) is achronal, we can always
find a smooth timelike vector field that intersects both the Cauchy surface
¥ and J*(T) once. The integral curve of this field then defines a one-to-
one correspondence between points of JT(7T) and points on X. Since X is
non-compact, J7(7) cannot be compact. This contradiction shows that the
assumption of future null geodesic completeness is false. W

It is worth emphasizing that Penrose’s theorem only establishes null geodesic
incompleteness of the spacetime. In general, this does not necessarily mean
that the spacetime terminates at a singularity. In many situations, it instead
indicates the presence of a Cauchy horizon beyond which the spacetime may
admit a regular extension.

It is interesting to note that Penrose’s theorem, as well as many later
singularity theorems, share the same three basic ingredients [62]:

1. an energy condition,
2. an initial condition,

3. a causality condition.
Using Einstein’s equations, the condition

Ry kM >0 (40)
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3 Black Hole Singularities and Quantum Complexity

may be rewritten as the null energy condition (NEC),
T, k'K > 0,. (41)

Similarly, global hyperbolicity guarantees an appropriate notion of causal sim-
plicity [61]. One may therefore think of the singularity theorem as the statement
that, under suitable causality and energy conditions, the existence of certain
initial conditions necessarily leads to null geodesic incompleteness.

3.2 Generalized Entropy and Inclusion of
Quantum Corrections

Penrose’s theorem is a result of classical general relativity: The null energy
condition (NEC) is satisfied by all classical matter fields but is known to be
violated by quantum systems [63, 64, 65, 66]. It is therefore natural to ask
whether one can prove a singularity theorem when quantum corrections are
included.

To answer this question, consider the generalized entropy associated with a
codimension-two surface:

Sgen = % + Sout7 (42)
where A is the area of the entangling surface and Sy, is the von Neumann
entropy of the quantum fields outside the surface. The motivation for this
combination goes back to Bekenstein [67], who observed that identifying the
Bekenstein-Hawking area term alone with thermodynamic entropy leads to
apparent violations of the second law in processes such as black hole evaporation.
In semiclassical gravity, one can show that the generalized entropy associated
with a causal horizon is monotonically non-decreasing as the surface is evolved
toward the future along the horizon [68, 69, 70]. This statement is the generalized
second law (GSL). The key point to note here is that GSL holds even when the
classical NEC is violated.

With these ingredients in place, Wall [71] established a remarkable singularity
theorem. The first step is to replace the classical notion of a trapped surface with
a quantum trapped surface: a codimension-two surface on which the functional
derivative of the generalized entropy with respect to deformations along both
future-directed null normals is everywhere negative,

5Sen
o) |s

<0, A=1.2. (43)

This replaces the classical condition ¢4y < 0 on both null expansions. The GSL
then plays the role of the ‘energy condition’; ensuring that quantum trapped
surfaces cannot escape to future null infinity. Together with global hyperbolicity,
the ‘causality condition’, Wall showed that the existence of a quantum trapped
surface implies future null geodesic incompleteness [71].
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3.3 Second Law of Complexity and Black Hole Singularities

Figure 8.1. Extremal volume surfae anchored to a null sheet N = 91" (p). The point
p lies in the interior of the black hole.

Holographic complexity has also been proposed to satisfy a second law 72, 73].
This raises a natural question: if the GSL is sufficient to arrive at a singularity
theorem, can an analogous result be derived using complexity and its second law
as the guiding principle? This question is the central motivation of [74], which
we briefly review in the following subsection.

3.3 Second Law of Complexity and Black Hole
Singularities

We start by defining a notion of a causal horizon, following Jacobson and
Parentani [75]. Consider a timelike worldline W that is future-infinite, meaning
that the proper time runs all the way to infinity. We then define the future
causal horizon associated with W as the boundary of its chronological past,

Hpyy = ali(w) : (44)

This definition includes standard black hole horizons as well as observer-dependent
horizons such as Rindler and de Sitter horizons.

Using this notion of a causal horizon, we state the second law of complexity
(SLC) as follows:

Second Law of Complexity: The volume of extremal surfaces anchored
to a causal horizon Hy, always increases as the anchor point is moved toward
the future along the horizon.

Unlike the generalized second law, we currently do not have a proof of
the SLC. Instead, its validity is motivated by several explicit computations
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3 Black Hole Singularities and Quantum Complexity

in different gravitational settings that consistently exhibit this behaviour. In
this section, we therefore assume the validity of the SLC. At face value, the
law provides a constraint on the growth of extremal volumes in spacetime and
therefore plays the role of an effective energy condition.

If the SLC provides the analogue of the energy condition, then the next
step is to identify the appropriate ‘initial condition’ that leads to geodesic
incompleteness. To motivate this, consider the eternal black hole discussed in
the CV review of Section 2.2. There, extremal volume surfaces were anchored
to a cutoff surface near the asymptotic boundary. Instead, let us now anchor
the extremal surfaces on an infalling null sheet

N =9I (p), (45)

where p is a point in the interior of the black hole (see Figure 3.1). We can then
ask the same question as before: how does the extremal volume change as the
anchor point is moved toward the future along N7

Two qualitatively distinct behaviours emerge. First, if the anchor points lie
outside the accumulation surface, then one reproduces the standard behaviour
discussed earlier: the extremal volume increases as the anchor point approaches
the accumulation surface.

However, once the anchor points cross the accumulation surface, the behaviour
changes dramatically. The extremal volumes now begin to decrease as the
anchor point is moved further toward the future. We refer to such surfaces
as trapped extremal surfaces: extremal surfaces whose volumes decrease under
future evolution of their anchor points. These surfaces play the role of trapped
surfaces in Penrose’s theorem. Since they occur only inside the accumulation
surface, the accumulation surface itself acts as a trapping surface.b

Let us now briefly explain how the existence of trapped extremal surfaces
together with the SLC leads to null geodesic incompleteness. Consider the null
sheet N = I (p) on which the trapped extremal surface is anchored. The null
sheet is generated by null geodesics. The affine parameter along these curves
cannot extend to infinity. Indeed, if the curves were future complete, then N
would itself define a causal horizon. But the SLC states that any extremal
volumes anchored on a causal horizon must increase toward the future. But by
definition, trapped extremal surfaces have decreasing volume. This contradiction
implies that the null curves generating N must have a future endpoint.

The remainder of the argument then follows Penrose’s proof. If the spacetime
were null geodesically complete, then N would contain its future endpoints, mak-
ing it closed. One can then define the same map [ used in the Penrose theorem
and show that IV is compact. However, the existence of such a compact null
hypersurface is incompatible with global hyperbolicity. We therefore conclude
that the spacetime is null geodesically incomplete.

61t is interesting to compare this behaviour with the standard trapped surface analysis,
where such objects can occur anywhere inside the black hole horizon. In contrast, trapped
extremal surfaces appear only behind the accumulation surface, which lies deeper in the black
hole interior.
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4 Late-time Behaviour of Holographic
Complexity

The principle of black hole complementarity puts forward the proposition that,
when viewed from afar, a black hole behaves as a quantum mechanical system
with a finite number of degrees of freedom accounting for the Bekenstein-Hawking
entropy [76]. The dynamics of such a quantum mechanical system is expected
to be chaotic in order to scramble information as efficiently as possible [11]. As
a result, the complexity of a quantum black hole should display the standard
behaviour of a generic finite-dimensional chaotic quantum system: an initial
scrambling regime followed by a ramp and eventually a late-time plateau.

However, we have seen that if one studies holographic complexity through the
Complexity=Volume (CV) proposal, one never observes such a late-time plateau
in a higher-dimensional black hole. In the case of JT gravity, the complexity
plateau arose from non-perturbative corrections that encode information about
the energy spectrum of the theory (see the discussion in Section 2.3). From this
perspective, it is not surprising that a classical gravitational computation fails
to capture these genuinely non-perturbative quantum effects.

A natural question is then whether there exists a systematic way to recover
such corrections starting from the classical computation itself. In [77], we showed
that this is indeed possible for a large class of static black hole solutions. We
now review the main ideas and results of this construction.

The central observation is that, at late times, the growth rate of extremal
volumes is dominated by the contribution from a region near the accumulation
surface. This follows from two related facts. First, the late-time growth rate (21)
depends only on the turning point of the extremal surface and not on the location
of the UV cutoff surface at r = ryy. The only requirement for obtaining the
same growth rate is that the volume computation includes a small neighborhood
around the turning point. This suggests that the dominant contribution to the
growth originates from this region.

Second, in the effective scattering picture discussed earlier, we saw that the
turning point approaches the accumulation surface at late times. Combining
these observations, we conclude that the late-time growth of extremal volumes
comes almost exclusively from a small region around the accumulation surface.

Since the accumulation surface lies at a fixed radial coordinate r, its transverse
area remains constant. The volume computation in a neighborhood of this surface
may therefore be approximated by a geodesic length computation in an auxiliary
two-dimensional geometry. Remarkably, one can show quite generally that this
auxiliary geometry is AdS, for all static black hole solutions. This result is
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4 Late-time Behaviour of Holographic Complexity

independent of both the spacetime dimension and the asymptotic structure of
the geometry; the black hole may even carry charge.

Furthermore, if one dimensionally reduces the Einstein-Hilbert action around
the accumulation surface and expand upto linear order, the resulting effective
theory is precisely JT gravity, with an extremal entropy Sy determined by the
area of the accumulation surface.

The upshot is therefore that, at late times, the extremal volume computation
in a (d + 1)-dimensional static black hole can be rewritten as a geodesic length
computation in an auxiliary AdSs spacetime governed by an emergent JT gravity
description.

In Section 2.3, we saw that geodesic lengths in JT gravity admit a non-
perturbative completion through the dual matrix model description. Performing
this completion and translating the result back into the variables of the higher-
dimensional theory, one finds that the holographic complexity saturates at
times of order e?(), where S is the Bekenstein-Hawking entropy of the higher-
dimensional black hole. This reproduces the expected behaviour from black hole
complementarity.

Since the parameters of the emergent JT gravity theory depend on the higher-
dimensional black hole solution, different black holes exhibit different saturation
timescales (see [77] for a table of results). An interesting consistency check
arises for near-extremal Reissner-Nordstrom black holes, where the saturation
timescale agrees precisely with that of the near-horizon JT gravity description.

Finally, it is worth emphasizing that the non-perturbative corrections arising
from the matrix model description of the emergent JT gravity kick in when
the extremal volume surfaces reach the vicinity of the accumulation surface.
This suggests the possibility that the classical volume computations break down
behind the accumulation surface as well, since we are only getting closer to
the black hole singularity. In [74], we showed that trapped extremal surfaces
appear precisely behind this surface. It is therefore natural to expect that these
pathological trapped extremal surfaces also receive non-perturbative corrections.
This raises the intriguing possibility that these effects may ultimately be related
to the resolution of black hole singularities.

A curious observation we make in [77] is that the average graph distance
traveled by a random walker from the origin of a high-dimensional hypercube
reproduces the expected behaviour of the complexity of a chaotic system. The
saturation of the complexity admits a neat geometric interpretation. Once the
random walker gets lost in the ‘bulk’ of the hypercube, the next step is equally
likely to increase or decrease the distance from the origin. This toy model acts
as a discretization of Nielsen’s complexity geometry [78] and can also be seen to
be related to Krylov complexity [79)].

20



5 Black Hole Mimickers

In the previous section, we saw that non-perturbative quantum gravity correc-
tions are necessary to obtain the late-time saturation of black hole complexity.
Another regime where such non-perturbative effects may be expected to play an
important role is at the endpoint of gravitational collapse. The production of a
black hole with a horizon leads to information loss, and one proposed resolution
is that black holes do not form in a UV-complete theory like string theory.
Instead, horizonless ultra-compact objects, collectively referred to as black hole
mimickers, replace them and avoid the information paradox altogether. In this
section, we review black shells constructed in [80] and check their thermodynamic
favourability when pitted against black holes (see [81] for further examples of
such objects).

5.1 Black Shells

In 2001, Mazur and Mottola proposed an alternative endpoint for gravitational
collapse called a gravastar, short for gravitational vacuum condensate star [82].
These are non-singular, horizonless compact objects consisting of a de Sitter
interior and an exterior Schwarzschild geometry. The two regions are separated
by a layer of stiff matter, with pressure p equal to the energy density p, confined
between two thin shells.

Visser and Wiltshire later replaced the two-shell construction with a single
thin shell and constructed a thin-shell gravastar [83]. They showed that these
configurations are stable under perturbations for certain physically reasonable
equations of state for the matter living on the shell.

In [80], Danielsson, Dibitetto, and Giri constructed black shells, in which
the de Sitter interior of a thin-shell gravastar is replaced by an AdS vacuum.
This modification is important because it allows a top-down construction in
string theory, as many examples of AdS vacuum solutions are known, whereas
the existence of controlled de Sitter vacua remains unclear. We now review this
construction in more detail.

Consider a spherical shell of radius ro with an AdSy interior and a Schwarzschild
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exterior. The metric of the spacetime is then given by

2 r 2 dr? 2102 :
dsZ = —( 5 +1)dtZ + ——— +r°dQ; if r <rg
4 (= +1)
2M dr? (46)
dsﬁ_——(l—r) dti+7(1_w) +T2dQ§ if r>rg

We set Newton’s constant to one. The time coordinates in the exterior and
interior regions are denoted by ¢4 and ¢_ respectively. The stress-energy tensor
of the matter on the shell is taken to be that of a perfect fluid at rest,

Sij = (p + p)uiu; + phij , (47)

where p is the pressure, p is the energy density, and u? is the three-velocity of the
fluid. Imposing the standard junction conditions [84, 85, 86] across the interface

then gives
- \/ ﬁ +1—4/1 M (48)
o 471'7’0 £2 To ’

1 _ M 1 + 27‘0
- . (49)

87‘('7“0 \/1 \/78 1

The first junction condition (48) can be rewritten as an energy conservation
equation:

2
47rr2p—r< 1—|—€f2 1>:E. (50)

The terms on the left can be understood as the sum of the energy of the shell
and the negative energy of AdS, while the energy on the right, defined as

E( M) 51)
To

corresponds to the energy of the exterior Schwarzschild geometry.
For a black shell configuration of energy F, the energy density is then given

by
_E 1 ([ 52)
Py = dmrg 4o ro |

Since we allow the black shell to be dynamical, its surface energy density py(r)
and surface pressure py(r) satisfy the stress-energy conservation equation

r dpe

D= g

(53)

=70
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5.2 Thermodynamics of Black Shells

Substituting the expression (52) for p,, we can then solve for the surface pressure:

2 2
1 2LL§+1_% 1+2LL20 (54)

Pv = > - = .
Smro \Jdr1-2 145

T0

The key observation in [80] is that the matter content appearing in the
junction conditions (48) and (49) can be realized explicitly in string theory.
First, we replace the thin shell with a spherical brane. Then consider DO-branes
in four dimensions. These D0-branes polarize and dissolve into the spherical
brane. The dissolved DO branes in turn support a gas of open strings stretching
between them. As a result, the stress-energy tensor on the brane receives
contributions from three sources:

1. the tension of the brane,
2. dissolved DO-branes behaving as stiff matter with equation of state ps; = ps,
3. a gas of open strings with equation of state py = py/2.

These contributions uniquely solve the junction conditions provided the black
shell satisfies the radiation equation of state [80]

1
Py = 5P (55)

Plugging in the expressions for the black shell surface energy density p, and
surface pressure py, we can immediately see that the radius of the shell gets
fixed at the Buchdahl radius

IM
To = T . (56)
It can also be shown that this black shell configuration is stable against small
radial perturbations, since various components are able to exchange energy and
stabilize the system.

5.2 Thermodynamics of Black Shells

The existence of black shells as solutions to Einstein’s equations, albeit with
matter content motivated by string theory, raises the possibility that such objects
could replace black holes as the endpoint of gravitational collapse. However, to
establish such a statement, one must show that the nucleation of black shells is
dynamically favoured over the formation of black holes.

An argument in favour of this process can be made by analogy with fuzzballs
[87]. The nucleation of a shell may be viewed as a tunneling process whose
amplitude is very small. However, black shells have a very large entropy,
exceeding that of black holes at the same energy. As a result, the suppression
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5 Black Hole Mimickers

from the small tunneling amplitude can be compensated by the large number of
available states, resulting in a total amplitude that is not exponentially small
and may even be favoured over black hole production.

Since a detailed dynamical computation of this process is currently unavail-
able, one may instead study the problem thermodynamically. This analysis was
carried out in [88], whose main results we now summarize.

To obtain a well-defined canonical ensemble, we consider an exterior AdS-
Schwarzschild geometry rather than the asymptotically flat Schwarzschild geome-
try discussed in the previous section. Operationally, this amounts to introducing
an AdS length scale L in the exterior region:

2 d 2
2
(57)
7'2 2M d’l"2 .
it == (1T )t Sy e e
L T

One can then repeat the same analysis as before. Imposing the radiation equation
of state for the shell (55) gives a relation between the shell radius and the mass,

2
4 1 3r02
MTO< tar ) (58)

9 \1+5%

When we take L — 0o, we obtain the Buchdahl radius of the previous subsection.
The temperature of the shell is determined by assuming that the open string
gas thermalizes to the Unruh temperature at the shell surface, giving

To— - (w410 (59)
3727r7“8 L2 )

The entropy can be obtained via the first law of thermodynamics,

ds 1

R 60
T (60)
and we find
2 3Lr}
S = §7rL2 (3 log (L? + 1) — 2log (L3 + 4TO>) . (61)
The free energy of the shell F is then given by
F=M-1TsS,
27 (2L% + 3r¢)
9L +p) (62)
15L%72 + 4L* + 9 3Lrk
- 3log (L* +rg) —2log ( L* + —2 )| .
2oy 2, |08 (L 7o) — 2o ( M
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5.2 Thermodynamics of Black Shells

Now we can compare this free energy with that of AdS-Schwarzschild black
holes and thermal AdS. To get a better understanding of the new phase transi-
tions, let us first recall the standard Hawking-Page transition:

Thermal AdS

Q ) T

T=0 Tip

For temperatures in the range 0 < T' < Typ, where Typ is the Hawking-Page
temperature, empty AdS has lower free energy and is therefore thermodynam-
ically preferred. When T > Typ, AdS black holes dominate the canonical
ensemble.

Now let us introduce black shells into this mix. This gives us the phase
diagram:

Thermal AdS Black Shell

¢ ) T

T=0 Tup

The black shell introduces more phase transitions. At low temperatures,
empty AdS remains the thermodynamically preferred phase. At a temperature
slightly lower than the Hawking-Page temperature, the black shell phase takes
over. Then at a temperature higher than Typ, black holes once again become
thermodynamically favoured.

These phase transitions have interesting implications for AdS/CFT. In the
temperature range where black shells dominate, the bulk dual of a thermal
state in the boundary theory would correspond to a black shell rather than a
black hole. Since most studies of the duality are performed in the planar limit,
where AdS black holes dominate, this observation does not immediately require
substantial modifications to the standard picture.

It is also straightforward to include charge in the analysis. Doing so leads
to a much richer phase structure, with additional transitions between different
phases depending on the value of the charge [88].

It is important to emphasize that this analysis only compares the thermo-
dynamic favourability of the various solutions through their free energies. To
determine whether black shells are genuinely preferred as the endpoint of gravita-
tional collapse, one would need a dynamical understanding of the collapse process
itself and of the mechanism selecting black shells over black holes. Exploring
this question further would be very interesting.
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6 Operator Algebras and Quantum
Gravity

The study of von Neumann algebras and the algebraic formulation of quantum
field theory has seen a revival of interest in recent years, driven in part by its
applications to quantum gravity. In this chapter, we introduce von Neumann
algebras and review some of the recent developments. We then turn to the
results of [89], where we argue that the language of operator algebras provides a
natural framework for addressing important questions in quantum gravity.

6.1 A Primer on von Neumann algebras and
Classification of Factors

Let us briefly review some basic facts about von Neumann algebras and their
classification. More detailed discussions can be found in the classic textbook of
Haag [90].

Consider a Hilbert space H. We can then define a norm on the space of
operators acting on H using the norm on the Hilbert space

llal| = sup [la¥]], (63)
lIw]i=1

where |¥) € H. The space of linear operators with finite operator norm is
denoted by B(H).
A x-algebra S is a subset of B(H) that satisfies the following conditions:

1. Va,be Sand o, € C, aa+ pBbe S and ab € S,
2. If a € S, then its adjoint a* € S.

On the space of bounded operators B(H), one may introduce the weak
operator topology. In this topology, a sequence of operators a,, € B(H) converges
weakly to an operator a € B(H) when

(V]an|®) — (V]a|®), V[¥),[P) € H. (64)

A von Neumann algebra is then defined as a weakly closed *-algebra containing
the identity operator. These objects will play an important role in our later
discussions. There is also an alternative characterization of von Neumann
algebras that makes their physical relevance more transparent.
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The commutant of an algebra S C B(H), denoted by 5’, is defined as the
set of all operators in B(#) that commute with every element of S. In terms
of the commutant, a von Neumann algebra may equivalently be defined as a
self-adjoint subset of B(H) satisfying the bicommutant condition

S=5". (65)

As an example, consider a massive free scalar field on D-dimensional Minkowski
spacetime. Given a bounded open region on the ¢ = 0 Cauchy slice, one can
associate with it an algebra of (smeared) field operators. However, this algebra
is in general not a von Neumann algebra as it does not satisfy the bicommutant
condition. If one instead works with operators in a causal diamond, the resulting
algebra is a von Neumann algebra. The fact that von Neumann algebras arise
precisely from causally complete regions reflects how the causal structure of
spacetime is encoded algebraically, making them the natural mathematical
language for local quantum field theory.

One could have, in principle, defined a uniform topology on B(H) by intro-
ducing e-neighborhoods around an operator a through the condition

lla =[] <e, (66)

and study the x-algebras closed under this topology. The resulting algebra is

called a C*-algebra. Crucially, C*-algebras miss some important properties of

von Neumann algebras. In particular, sequences of spectral projectors converge

weakly, but not uniformly (see [90] for more details). As a result, taking the

closure in the uniform topology excludes certain physically relevant operators.
A von Neumann algebra M is called a factor if its center C is trivial:

C=MnM' =ClI, (67)

where I is the identity operator. For von Neumann factors M, Murray and von
Neumann proposed a classification scheme, which we will discuss below.

A projector P is an operator in B(H) satisfying the condition P? = P. We
say that two projectors P; » in M are equivalent P; ~ P, when there exists an
operator V' € M such that

PL=V*'V; Py=VV* (68)

We say that P, > P, or P, < P; when there exists a subspace in P;’H whose
projector P;; ~ P,. We call P, a subprojector of P; if the inequality P» < P;
holds. Then we can show any two projectors P; 2 in M will satisfy precisely
only one of the following conditions [90]:

P < Py, P~ P, P> P. (69)

A projector P is called finite if every subprojector P; < P is inequivalent
to P. A non-zero projector P is called minimal if there exists no subprojector
P; < P in M. These definitions then allow us to classify von Neumann factors
as follows:
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e« Type I: Contains a minimal projector.
e Type II : Contains non-zero finite projectors but no minimal projectors.
e Type III : Contains no non-zero finite projectors.

Let us end this section with a brief review of Tomita-Takesaki. A vector
|w) € H is cyclic if for all @ € M, a|w) is dense in the Hilbert space. The
vector is separating if a|w) = 0 iff @ = 0. If |w) is cyclic and separating, then
Tomita-Takesaki theory can be used to construct two operators A and J [91].
The operators A and J are called modular operator and modular conjugation
respectively.

The modular operator generates a one-parameter family of evolutions in the
von Neumann algebra:

ATMA =M, VteR. (70)
We can also define a modular Hamiltonian h from the modular operator,
A=ch. (71)
The modular conjugation maps the algebra to its commutant:

JMJ =M. (72)

6.2 Large N Holography and von Neumann
Algebras

In AdS/CFT duality, a quantum gravity theory in AdS,41 spacetime is dual
to a CFTy living on the boundary R x Sy_1 [5, 6, 7]. The boundary theory is
characterized by a parameter N, which can then be identified with the bulk
Newton’s constant through the relation N2 ~ 1/Gx.

The duality can also be formulated elegantly in the language of von Neumann
algebras [92, 93, 94]. We now briefly review this perspective using the canonical
example of Type IIB string theory on AdS5 x S°, dual to N’ = 4 Super-Yang-Mills
(SYM) theory on R x S5 with gauge group SU(N).

Let us first consider the boundary theory. We assume that the system is
prepared in a thermofield double (TFD) state built from two copies of the CFT,
denoted by CFT r. We denote their corresponding Hamiltonians by Hy, .
With a choice of normalization, the action of the theory can be written as
NTr(L), where L is a gauge-invariant polynomial composed of the fields and
their derivative. Note that L does not contain any explicit factors of N. With
this normalization, the expectation value of a single-trace operator WV scales as
N, the connected two-point function scales as O(N?), while connected k-point
functions scale as N2~% [95].

Now consider the N — oo limit. To obtain a well-defined large N algebra,
we introduce subtracted single-trace operators W = W — (W). Then we can
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see that, in the N — oo limit, all higher connected correlators vanish, while the
two-point functions remain finite. The resulting theory therefore behaves as a
generalized free field (GFF) theory. Using bounded functions of these generalized
free fields, one can construct a von Neumann algebra, which we denote by Ag .
Similarly, one obtains an emergent GFF von Neumann algebra in the left CFT,
denoted by Ar 0.

In [92, 93], Leutheusser and Liu argued that the algebras Ag o and Af o are
both of type III. There are two ways to understand this result. Consider the
Wightman function of the GFFs in the thermofield double state. Its Fourier
transform takes the form

G lo,D) = TPl ), (73)

where (w, §) are the Fourier variables conjugate to the boundary coordinates
(t, &), and p(w, q) is the spectral function.

Below the Hawking-Page temperature, it can be shown that this spectral
function has support only at discrete points on the real w-axis. When the
temperature is higher than the Hawking-Page temperature, then the spectral
function is supported on the full real w-axis and has a complete spectrum. It can
then be shown that when generalized free fields acting on the thermofield double
state have a continuous spectrum, the corresponding von Neumann algebra is of
type 11T [96, 97].

There is an alternative way to understand the type of the emergent GFF
algebras [98]. Above the Hawking-Page temperature, the two-point functions of
the GFFs decay forever. This beahviour, called clustering in time, can also be
shown to be a diagnostic of a type III nature of the algebra.

Now let us bulk description. The N — oo limit corresponds to the Gy — 0
limit of the bulk string theory. In this limit, the theory reduces to a massive
scalar field living on a fixed eternal black hole background. Let us denote A;
and A, by the algebra of operators of this effective field theory description
in the left and right exterior wedges of the spacetime. Then we can write the
AdS/CFT duality in the language of operator algebras as

Aro=Aro, Aro= Ao (74)

6.3 Emergence of Horizons from Operator
Algebras

The emergence of a type III algebra in the large N limit has several interesting
consequences. Consider a type III von Neumann algebra M with a cyclic and
separating vector |€2). Tomita-Takesaki theory then allows us to construct the
associated modular operator A,s. Now suppose there exists a von Neumann
subalgebra N’ C M satisfying the following inclusion properties:

o |Q) is cyclic for all operators in N,
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o The subalgebra A is preserved under the half-sided modular flow:
AVINAY CN, t<0 (75)

Then there exists a unitary operator U(s) called half-sided modular translations,
satisfying the properties [99, 100, 101]

1. U(s) = e with G >0 and s € R,
2. U(s)/9) = 2,

3. UN(s)MU(s) T M, s<0

4. N =UT(-1)MU(1).

The positive operator GG can be constructed from the modular Hamiltonians of
M and N as follows:

hoq — hy = 270G (76)

These half-sided modular translations have played an important role in the proof
of the CPT theorem [99] and the construction of Poincaré group from wedge
algebras [102]. The crucial point for us is that, once we have a type III algebra
with an appropriate inclusion structure, an emergent “time evolution” naturally
arises in the system. As we will see, this evolution maps operators from the
exterior to the interior of Killing horizons and therefore encodes information
about the location of the horizon.

Traditionally, the operator U(s) is constructed by first specifying a sub-
algebra N satisfying the half-sided modular inclusion property. In [92, 93],
Leutheusser and Liu showed that for generalized free fields one can derive an
explicit expression for U(s) without specifying either N' or A. We will not
review the explicit construction here, since only its physical consequences will
be relevant for us.

Let us look at the Poincaré patch of AdS3 with the metric

ds? = Ziz (—datde™ +dz?) . (77)
This spacetime can be divided into four regions R, £, F and P corresponding
respectively to the sign choices (z%,27) = (+,—), (—, +), (+,+) and (—, —).
The conformal boundary lies at z = 0, and bulk operators are related to boundary
operators through the standard extrapolate dictionary.

Now consider a free massive scalar field supported only in the right Rindler
wedge R. We denote this field by ¢g(X), where X = (2,27, 2) is a bulk point
in R. The algebra generated by these operators forms a type III von Neumann
algebra, and one can construct the corresponding half-sided modular translations.
One then finds that there exists a threshold value s; such that [92, 93]

¢R(Xs)a s < 81,

or(Xs), s> s, (78)

U'(s) or(X) U(s) = {
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where
X, = (2t 27 +5,2), (79)

and ¢r(X;) denotes the scalar field evaulated at some point X in the future
Rindler wedge F. Therefore, when the modular translation parameter exceeds a
critical value, the evolved operator crosses the AdS-Rindler horizon. Since the
same evolution operator can be reconstructed in the dual boundary description
through (74), the same threshold also appears in the boundary theory. In this
sense, half-sided modular translations provide a precise boundary signature of
the bulk Killing horizon.

It is worth emphasizing that only type III algebras admit half-sided modular
translations. Since these operators encode the existence of horizons, this suggests
that bulk causal structure becomes sharply defined only in the strict large NV
limit of the boundary theory.

6.4 Perturbative 1/N? Corrections and Crossed
Product Algebras

In the previous subsections, we studied the strict N — oo limit of the boundary
theory and saw that there was an emergent type III algebra. These algebras
are pathological in the sense that we cannot define traces, density matrices and
entanglement entropy. In [95], Witten showed that these difficulties are resolved
once perturbative 1/N? corrections are included.

To understand this construction, consider the subtracted right CFT Hamil-
tonian

HYy= Hp — (Hp) . (80)

The operator Hf, /N has a well-defined large N limit [95]. In particular, for any
element a € Ag o, we have

[Hp/N,a] = —(i/N)dha. (81)

In the strict N — oo limit, the right side vanishes, so including Hy /N does not
introduce any additional dynamics. Away from the strict large N limit, however,
this commutator is non-zero and the operator must be incorporated into the
algebra. The resulting enlarged algebra, which we denote by Ag, is therefore
generated by Ap o together with the additional operator Hy/N.

This enlarged algebra Apg is isomporphic to what is known as a crossed product
algebra. To see this structure, let us note that we can formally decompose the
right CFT Hamiltonian as follows

! !
%:U—i—ﬁ%, WhereU:%. (82)
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H} is the subtracted left CFT Hamiltonian and h is the modular Hamiltonian
assocaited to the TFD state. Note that the operator U commutes with every
element of the right CFT algebra. As a result, the extended Hilbert space on
which Ag acts factorizes as

H = Hrpp @ L*(R), (83)

where Hrpp is the Gelfand-Naimark-Segal (GNS) Hilbert space formed by the
action of the GFFs on the TFD state and L?(R) is the Hilbert space where U
acts as a position operator. The crossed product algebra, denoted by

Ar = Aro xR, (84)
is defined by the span of operators of the form
a®1, and eths @ eiXs (85)
Here, a € Ar and the operator X is defined as follows
X =pNU. (86)

As a result, a general element of the crossed product algebra a is given by

a= /ds a(s)ems ® e Xs with a(s) € Agyo . (87)
Similarly, a general state in the extended Hilbert space can be written as

|®) = /dx g(x)|®) ® |z),  where |®) € Hrrp . (88)

where |z) are eigenstates of the operator X, and g(z) is a square-integrable
wavefunction.

The crucial point is that the crossed product algebra Apg is of type II,,. As
a result, density matrices and von Neumann entropies can now be defined for
states in the enlarged Hilbert space.

An especially important class of states is the semiclassical states, for which
the wavefunction g(x) in equation (88) varies slowly with . Such states may
be interpreted as states evolved by the boundary Hamiltonian for only a short
time. From our earlier discussion of operator complexity, we saw that long-time
evolution probes the discreteness of the spectrum. To remain semiclassical, the
state must therefore remain sharply localized around small boundary times.
For such states, one can show that the von Neumann entropy reproduces the
generalized entropy [103, 104]

Son(®) = + Sout(®) + ¢ = Sgen + ¢, (89)

4G N

where A is the area of the black hole horizon, Sy,(®) is the von Neumann
entropy of the state |®) in the GNS Hilbert space, and ¢ is a state-independent
constant.
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6.5 Emergence of Spacetime and the Construction
of a Type I factor

Einstein’s theory of general relativity achieved the remarkable feat of rewriting
gravity as the curvature of spacetime. Two ideas lie at the core of the framework.
The equivalence principle states that freely falling observers follow geodesics,
while Einstein’s field equations determine what those geodesics are.

The equivalence principle can trace its roots back to simple thought ex-
periments involving falling elevators, while the field equations, on the other
hand, were wrested from the mathematics by searching for the simplest set of
equations that reduce to Newtonian gravity in the weak-field limit. This search
was a formidable task, with several incorrect candidate equations being proposed
before arriving at the correct formulation [105].

It is natural to ask whether the field equations follow from a deeper principle.
A major breakthrough came in 1995, when Jacobson showed that Einstein’s
field equations can be understood as a thermodynamic equation of state [13].
Let us now look at the details of this computation. Around a point P on the
manifold, we can find a locally flat patch &. Consider an accelerating observer
in this patch, whose local Rindler horizons partition the region into four wedges.
Focusing on one of these horizons, Jacobson showed that Einstein’s equations
follow from a local equilibrium condition via a Clausius relation

5Q = TdS, (90)

where T is the temperature of the horizon, 6@ is the heat flux of the matter
fields through the horizon, and dS is the corresponding change in the area of
the horizon.

To see this, let the stress-energy tensor of the matter fields be T},,. Consider
the past Rindler horizon Hp associated with the point P. We denote the
approximate local boost Killing vector generating the horizon by x*. Then the
heat flux through the horizon is given by

0Q = TWX“dE” . (91)
Hp

Let us parametrize the past horizon by an affine parameter A that vanishes at P
and is negative to the past of P. If k# is the tangent vector to the horizon, then
we can rewrite

X" = —rAEH (92)
where k is the surface gravity. We also have
d¥¥ = k¥dM\dA, (93)

where dA is the area element on the cross-section of the local Rindler horizon.
This gives us

0Q=—k | AT, k"k’dAdA. (94)
Hp
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Now let us look at the right-hand side of the equilibrium condition (90).
Using the definition of the expansion parameter 6 for the null generators of the
horizon, we have

SA= [ 6drdA. (95)
Hp

We can rewrite the expansion in terms of the Ricci tensor using the Raychaudhuri
equation (36). Near P, the shear and quadratic expansion terms in (36) are
subleading and therefore do not contribute at leading order. Neglecting these
terms and integrating, we obtain

0 = — AR k'K . (96)

The temperature of the horizon is given by T' = x/2x. Note that we have
set 7 to one. If we assume the Bekenstein-Hawking area law S = A/4Gy, then
the equilibrium condition (90) gives us

87TGN/ AT, kM EYdAdA = AR, kP EYdAdA . (97)
HP ’Hp

This implies that
87TGNT;,LZI = Rp,u + fguu ) (98>

for some function f. Imposing conservation of the stress-energy tensor fixes f,
giving us the familiar Einstein field equations

1
R, — §R9W +Agu = 81GNT .y . (99)

Jacobson’s derivation of Einstein’s equations follows from the Clausius rela-
tion (90) and the existence of an underlying Lorentzian manifold. The derivation
carries an important implication. The derivation hints that gravity may be an
emergent phenomenon, much like thermodynamics. This perspective is partic-
ularly appealing because it bypasses many of the difficulties associated with
canonical quantization of gravity. Instead, one is led to search for theories in
which gravity emerges only in an appropriate semiclassical limit. AdS/CFT
correspondence provides an explicit realization of such an emergent description.

This raises an interesting follow-up question: what is the appropriate language
for understanding the emergence of gravity? In [89], we argued that operator
algebras provide a natural framework for addressing this question. This proposal
is motivated by two observations. First, a foundational result in noncommutative
geometry is Connes’ reconstruction theorem, which shows that a Riemannian spin
manifold can be reconstructed from the algebra of commutative functions defined
on it [106]. Since operator algebras of quantum fields provide a generalized
notion of functions on spacetime, they offer a natural starting point for an
emergence program. Second, as we saw in Section 6.3, the large N von Neumann
algebra already contains enough structure to detect the emergence of Killing
horizons in the bulk spacetime.
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In [89], we push this idea further by studying a free massive scalar field
propagating on a fixed (d + 1)-dimensional spacetime. We show that the metric
and curvature tensors of the manifold can be reconstructed from the triple

(A, H, |w)), (100)

where A is the operator algebra of the quantized scalar field, H is the Hilbert
space on which the operators act, and |w) is some preferred state in this Hilbert
space, under the following assumptions:

1. The state |w) is Hadamard.

2. The algebra A contains a class of subalgebras W;, which we refer to as
local Rindler algebras.

3. The correlation functions of the quantized matter fields in |w) have a
well-defined large mass limit.

Before proceeding further, let us briefly explain the defining properties of
local Rindler algebras. Consider a locally flat patch on the manifold. As before,
one can define a local Rindler horizon that partitions the patch into four regions.
The local Rindler algebras W; are obtained by restricting the full algebra A to
one of these wedges, for different choices of local Rindler horizons within the
same patch. We then require the correlation functions of Wj; in the state w to
be well approximated by the vacuum correlation functions of a global Rindler
wedge algebra in an auxiliary Minkowski spacetime.

With this definition in hand, we can see that the first two assumptions (1)-(2)
together implement the equivalence principle in the language of operator algebras.
The equivalence principle is not merely the statement that every manifold admits
locally flat coordinate patches, since this is true for any smooth manifold. Rather,
it is the requirement that matter dynamics in these patches reduce locally to
their flat-space counterparts, up to tidal corrections. The Hadamard condition
implements a part of this requirement by forcing the short-distance structure of
correlation functions to match that of flat spacetime. The existence of the local
Rindler algebras W; further ensures that the operator algebraic structure, and
in particular its correlation functions, can be approximated by those of some
globally flat Rindler wedge algebras.

Although the conditions (1)-(3) were identified by studying a scalar field on a
curved spacetime, the final conditions themselves are formulated entirely in the
language of operator algebras and Hilbert spaces, without any direct geometric
input. This allows us to reverse the logic. Starting from some quantum theory,
one can identify a semiclassical regime in which the operator algebra and Hilbert
space of the matter sector develop precisely these properties. Whenever this
happens, a spacetime geometry can be reconstructed directly from the algebraic
data. The conditions (1)-(3) are therefore not merely diagnostic as they also
provide sufficient conditions for the emergence of spacetime.

What remains unclear, however, is whether this emergent geometry satisfies
Einstein’s equations. In [89], we show that if, for every local Rindler algebra
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Wj, there exists a state w; that is stationary under affine dilations along the
corresponding local Rindler horizon, then the emergent geometry satisfies the
full non-linear Einstein equations sourced by the scalar field. We refer to such
states as locally stationary states. The existence of these locally stationary states
plays the role of Jacobson’s Clausius relation (90) in the language of operator
algebras.

The conditions (1)-(3), together with the existence of locally stationary
states, thus characterize the emergence of Einstein gravity from an underlying
quantum theory in purely operator-algebraic terms, independent of the spacetime
dimension and asymptotic structure.

In practice, however, one often does not have access to the full microscopic
quantum theory. A more useful question is whether one can instead begin with
a low-energy effective field theory and systematically modify it so as to model
features expected from a full quantum theory of gravity. In [89], we argue that
operator algebras provide a natural framework for addressing this question as
well.

As we have already seen, the strict large N limit of the boundary theory
produces type III von Neumann algebras. Incorporating perturbative corrections
enlarges these to type II algebras. Although type II algebras are less pathological,
they still lack certain structures needed to address important questions such as
the counting of their microstates. To perform such computations, one requires
a type I factor. However, there is no canonical procedure for constructing a
type I algebra from a type II algebra. This is to be expected, since the large
N limit leads to a loss of information about the underlying quantum theory,
and one should not generally expect such information to be recoverable within
perturbation theory alone.

In [89], we show that, nevertheless, there is a way to construct an approximate
type I factor from the type II algebra. We obtain this type I factor by first
spectrally decomposing the right CF'T Hamiltonian as follows:

Hr = [ dEp(E)e™*|E)(E]. (101)

where po(E) is the large N continuous density of states of the CFT. We then
replace po(E) with the density of states of a random matrix ensemble satisfying

p(E) = po(E). (102)

The higher moments of the density of states are fixed by choosing a Gaussian
Unitary Ensemble (GUE) completion. In particular, the averaged two-point
function of the density of states contains the sine-kernel term, as in (31).

The introduction of level repulsion through the sine-kernel term emulates
the level spacing of the theory that was lost in the large N limit. We then
construct projectors whose support in the energy space precisely corresponds to
that prescribed by the level repulsion. When ensemble-averaged, these projectors
look like the minimal projectors of a single eigenstate of the theory.

For eternal black holes, we show that the dimension of the resulting type I
factor is equal to the exponential of the Bekenstein-Hawking entropy, including
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Figure 6.1. Blind Physicists and a Quantum Elephant. Physicists blinded by the
semiclassical limit will see a smooth horizon or a wormhole when probing different
regimes, while a physicist studying the full quantum black hole will instead see a

finite-dimensional quantum mechanical system. (Adapted from Sketchplanations).

the logarithmic correction in the horizon area. The existence of such a type I
factor has already appeared in earlier work, for example, in [107]. The goal of
our work is to fill in the missing algebraic steps by explicitly constructing the
minimal projectors of the factor.

When studying the corresponding black hole microstates, the breakdown
of the low-energy effective field theory can be related directly to the spectral
form factor (SFF) of the random matrix theory. More precisely, we find that
the onset of the ramp and plateau in the SFF coincides with the breakdown of
the low-energy effective field theory description. A natural way to reinterpret
these observations is through the notion of complexity. We have already seen
that the sine-kernel, which is responsible for the ramp and plateau in the SFF,
also governs the saturation of complexity [45]. From this perspective, when
spacetime is probed by operators whose complexity is of the exponential order in
the Bekenstein-Hawking entropy, the low-energy effective field theory description
breaks down completely (see [108, 109, 110] for related discussions).

This ‘observer’ dependence of the geometry, through the complexity of the
probe operator, lies at the heart of black hole complementarity [76]. When a
quantum black hole is probed with a “simple operator”, the resulting spacetime
looks like the classical geometry with a smooth event horizon. However, when
the black hole is probed with a “complex operator”, the effective field theory
description breaks down and one may encounter a wormhole or a baby universe
emission. The crucial point is that these different observable-dependent de-
scriptions are complementary. Each measurement probes a different operational
regime.

This feature is nicely captured by a retelling of an old parable (see Figure
6.1). A group of blind physicists, each probing only one part of a quantum
elephant, would naturally arrive at different conclusions. However, as long
as each physicist remains within their own regime of validity, these seemingly
contrasting descriptions are all equally valid accounts of the same underlying
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quantum elephant that, in reality, might be describable in terms of a collection
of qubits.
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7 Conclusions

In this thesis, we studied quantum aspects of black holes using tools from
quantum information theory and algebraic quantum field theory. Let us conclude
by briefly discussing some possible future directions.

An important open question concerns the geometric interpretation of the non-
perturbative corrections responsible for the saturation of holographic complexity
in black holes. We saw that the saturation is ultimately driven by the sine-kernel
contribution in the two-point function of the density of states. In JT gravity,
the sine-kernel can be obtained from the insertion of D-branes [43, 111, 112].
It would therefore be interesting to understand whether the effects of the
sine-kernel can be modeled directly as geometric corrections to the black hole
spacetime. Furthermore, the sine-kernel contribution to the spectral form factor
and matter correlation functions has been shown to admit a description in
terms of an infinite sum over constrained instantons [113]. A natural direction
is to investigate whether the saturation of holographic volume complexity can
similarly be reproduced through the inclusion of such constrained instantons. It
would also be interesting to relate these effects, if such a construction exists, to
the thin-shell microstates studied in [114], where a similar saturation of volume
complexity was argued to occur.

Although we studied the thermodynamic favourability of black shells relative
to black holes, it remains unclear whether black shells are dynamically favoured
as endpoints of gravitational collapse. In particular, it would be valuable to
make more precise the heuristic arguments often invoked in the black shell
literature, namely that the exponential suppression of the tunneling amplitude
may be compensated by the exponentially large number of available microstates.
Establishing such a mechanism explicitly, even within a simplified toy model,
would significantly strengthen the viability of black shells as alternatives to black
holes.

Another interesting direction is to further develop the emergence of gravity
programme using more realistic matter theories. In this thesis, we primarily
focused on scalar fields. It would be important to understand whether the
inclusion of fermions and gauge fields leads to qualitatively new structures or
whether the same algebraic mechanisms continue to govern the emergence of
gravitational dynamics.
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1 Introduction

Penrose proved that a globally hyperbolic, inextendible spacetime manifold M is null geodesi-
cally incomplete if it contains a trapped surface [1]. A surface is future-trapped if the
future-directed null geodesics orthogonal to the surface converge. The proof crucially assumes
the null energy condition, but there exist states in relativistic quantum field theories that
violate this condition [2]. Wall [3] showed that the energy condition can be given up in favour
of the generalized second law, which states that the generalized entropy always increases.
The generalized entropy of a codimension-two surface is defined as the following sum

Sgen = ﬁ + Sout s (11)
where A is the area of the surface and Soy¢ is the entanglement entropy of the quantum fields
in the exterior of the surface. The generalized second law reflects the thermal properties of
the black hole. Since no counterexamples to the generalized second law are known, Wall’s
proof puts the singularity theorem on a firmer footing. Significant advancements in the
last decade have further refined the singularity theorem, resulting in wider applicability
(see [4] and references therein).

The study of quantum complexity has also led us to another version of the second law
of black hole thermodynamics. The Second Law of Complexity (SLC) states that if the
complexity of a black hole is below its saturation value — which is of the exponential order
in the Bekenstein-Hawking entropy — it will always increase [5, 6]. The complexity of black
holes can be holographically realized through the “Complexity=Volume” (CV) prescription,
where complexity is defined as the volume of boundary-anchored extremal co-dimension one
surface passing through the interior of the black hole [7, 8]. Therefore, it is natural to ask
whether we can use the CV prescription in conjunction with the second law of complexity to
arrive at a singularity theorem. In this paper, we show that the answer is affirmative.
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Converging light rays

Figure 1. Extremal surfaces anchored to an infalling null sheet.

We begin by proposing a generalization of the second law of complexity: the volume of
extremal surfaces anchored to a causal horizon increases as the anchor points are pushed to
the future (see section 3 for more details). While we do not provide a proof, we take this
statement as an assumption, supported by various physically relevant examples. The second
law of complexity provides a powerful bulk condition that can be used to establish a singularity
theorem. The following heuristic picture explains the interplay between singularities and
SLC. Consider a sheet of future-directed null rays in the interior of a black hole. Let us look
at extremal volume surfaces confined to the region between these null rays. The volume of
these surfaces decreases as we move it toward the singularity, as shown below:

We refer to these extremal surfaces as trapped extremal surfaces. If the null rays were
infinitely extendable, they would form a causal horizon, and the SLC would then force the
volume of extremal surfaces to increase. However, focusing the light rays prevents this,
leading to geodesic incompleteness in the black hole interior.

An interesting consequence of this picture is the observation that there is no ‘space’ for
the extremal surfaces to grow at the singularity. As a result, the vanishing growth rate of
the volume serves as a robust probe for diagnosing the existence of the singularity. In the
case of a static uncharged spherically symmetric black hole, this translates to the statement
that the volume of spacelike extremal surfaces vanishes at the singularity. In section 4, we
show that the growth rate of timelike extremal surfaces, not their spacelike counterparts,
goes to zero at the singularity in Reissner-Nordstrom and Kerr black holes.

The remainder of the paper is organized as follows. In section 2, we study the volume
growth of extremal surfaces anchored to null surfaces. We introduce the notion of trapped
extremal surfaces and prove a singularity theorem in section 3. In section 4, we examine
the growth of extremal surfaces in Reissner-Nordstrom and Kerr black holes, identifying
novel timelike extremal surfaces whose growth rate vanishes at the singularities. In section 5,
we make the important observation that SLC implies null geodesic incompleteness, which
does not always correspond to the presence of a singularity. We explore this distinction by
studying complexity growth in AdS-Rindler, where incompleteness arises from the coordinate
chart’s failure to cover the entire Poincaré patch.
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Tmin

Figure 2. Extremal volume surfaces anchored to null surfaces are shown, with anchor surfaces
indicated by red dashed lines. We have displayed the extremal curves in the Penrose diagrams of an
eternal (left) and a single-sided black hole (right). In both cases, the location of the null surfaces and
the anchoring point can be conveniently specified by using Eddington-Finkelstein coordinates u,v.
The turning point of the surface is located at r = 0.

2 Growth of extremal surfaces

In this section, we calculate the growth rate of extremal surfaces anchored to null surfaces
inside a black hole (see figure 2). In the standard treatment, the extremal surfaces are
anchored to a constant radial surface in the asymptotic region (see [9] for a review). Our
discussion here differs from the conventional approach in our choice of boundary conditions.
In an eternal black hole, we anchor the extremal surface onto two symmetric null surfaces
in the interior of the black hole. In the case of a single-sided black hole, we instead use
the bridge-to-nowhere prescription [10] where the extremal surface ends at » = 0. Since
the anchor surface falls into the black hole, the growth rate of the extremal surfaces differs
from the standard behavior, as discussed below.
Consider an uncharged (d + 1)-dimensional static eternal black hole with the metric

dr?
ds? = —f(r)dt* + oM r?dQ3 (2.1)
where f(r) is the blackening factor. The black hole spacetime is allowed to asymptote to
AdS, dS, or flat space. The event horizon is located at r = r;. The Eddington-Finkelstein
coordinates u and v are defined as follows
dr* 1

v=t+r", u=t—r" whereng(r). (2.2)

We then specify the location of the null surfaces by choosing their corresponding Eddington-

Finkelstein coordinates to be a constant, which we will denote by wy.
The volume of a spherically symmetric codimension-one surface anchored onto these

V=i, /d)\ =1 f(r)o? + 207 (2.3)

null surfaces is given by
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Here, we have used X to parametrizes the surface as (v(\),r(\)). We have also denoted the
volume of a (d — 1)-dimensional unit sphere by Q4_;. We anchor the surface at symmetric
points by choosing the coordinates of their endpoints to be u;, = vgp = v (see figure 2).
Furthermore, we will use 7, to denote the value of the r coordinate at the anchor points.
The extremal volume surfaces are then obtained by extremizing the volume functional.
Since the volume integral is reparametrization invariant, we choose A by imposing the

PN = f02 4 20 =1, (2.4)

and this gives us the equations of motion

p=r"I(f(r)o —7),
P12 f () 4 p2d-D)p2

following condition,

(2.5)
Here, p is a conserved quantity along the extremal surface. The location of the turning point
rmin can be obtained by setting 7 to zero in the above expression

ot f(rmin) + 9> = 0. (2.6)

We choose A to increase from left to right in the Penrose diagram. Evaluating the equations
of motion at the turning point, we find that p is negative.
Performing a change of coordinates, we can recast the second equation in (2.5) as a

particle scattering off a Newtonian potential Veg = —r24=2f(r) [9, 11]:
. dr
72+ Vg =p®, where d_r = p2d-2, (2.7)
r

Here, p? plays the role of the total energy of the particle. The scattering picture is handy in
characterizing the extremal surfaces since we do not have explicit closed-form expressions.
The effective potential has a maximum at some r = r,, which we refer to as the accumulation
surface. The region around this surface plays a crucial role in the usual holographic volume
complexity computations [7-9, 11].

Now, let us read off the properties of the extremal curves using the effective potential.
Consider the case in which the anchor point is near the bifurcation surface of the black
hole, i.e., 7, is close to r,. The associated extremal surface is represented by curve 1 in
the left panel of figure 3. In the scattering picture, the surface corresponds to a particle
scattering off the right side of the potential (see curve 1 in the right panel of figure 3).
The particle starts at » = r,, reaches a turning point located at r, < ryin < 7y, and then
returns to the anchor surface.

As we move the anchor point along the null surface, v increases, and r, decreases. The
energy of the particle p? increases and the turning point approaches the top of the potential.
When r, = 14, the extremal surface becomes a constant-r surface. In the scattering picture,
this corresponds to a particle sitting at the top of the effective potential.

For any larger value of v, p? decreases. The extremal surfaces beyond this point correspond
to a particle scattering off the left side of the effective potential (see curve 2 in figure 3).
This ensures that 7 in equation (2.5) takes only real values.
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Verr(r)

Figure 3. (Left) Two extremal surfaces in the interior of a static spherically symmetric uncharged
black hole. (Right) The corresponding trajectories in the scattering picture. The red dashed lines are
the locations of the anchor surface.

Now, let us compute the volume of the corresponding surfaces. Since \ increases from left
to right in the Penrose diagram, we can use (2.4) to rewrite the volume integral (2.3) as follows:

Ar=ry) T dp
V=20, / dh =204, / @ (2.8)
A(r="min) Tmin
We have used the symmetry about the ¢ = 0 surface to simplify the expression. Using the

equations of motion, we get

Ty T.Z(dfl)
V= iQQd_l dr

rmin ) f(r)r2@-1) 4 p2 '

The choice of sign is determined by the sign of 7. When ryi, > 7,4, 7 is positive while it is

(2.9)

negative for the extremal surfaces with rni, < 74. This reverses the limits of integration. In
the scattering picture, this corresponds to choosing the opposite orientation of the particle.
Using (2.5), we can express v as another r integral:

T A p N 2.10
V= Thin /rm;n T[f(r) f(r)rQ(d—1)+p2+ (r)] (2.10)

Here 7}, is the location of the turning point in the tortoise coordinate. Since 7min is related
to p through (2.6), v depends only on p. Therefore, the anchoring point v fixes a value of
p, which in turn fixes the location of the turning point.

Now, let us calculate the growth rate of these surfaces. When 7yin > 74, we can use (2.9)
and (2.10) to arrive at the following expression [9]

il [—W L }—z»(v—r:;m). (2.11)

2041 e f(r) * m

min
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Taking a derivative of the above expression w.r.t. v, we find that

1 dy  dr, [ oV 42 p -
) :

2Q4-1 E B E f(rv) * f(rv (2'12)

We have used (2.10) to simplify the expression. Using r} = (v — up)/2, we get

ay -
T = (—p+ \V F(ry)r2@=b +p2> . (2.13)

Since p is negative, the extremal surfaces grow with v. This growth, however, ends when
the turning point reaches the accumulation surface. When ryi, < 74, we can follow the
same steps, and find that

% = Q41 <;v — )@Y +p2> . (2.14)
The growth rate is now negative, and the volume decreases when v increases.

When the anchor point reaches the singularity, the growth rate becomes zero. This is
because the corresponding extremal surface is just the r = 0 surface and p vanishes on it.
Since the growth rate vanishes only at the r = 0 surface, we can use it as an effective diagnostic
of the black hole singularity. An important consequence of this observation is that once the
anchor point passes the accumulation surface, extremal surfaces are inevitably ‘doomed’ to
fall into the singularity where their volume growth goes to zero. The accumulation surface,
therefore, acts as a trapping surface. We will use this crucial fact to prove a singularity
theorem in the next section.

3 Geodesic incompleteness from second law

The location of the anchor surfaces in the previous section can be generalized using the causal
structure of spacetime. Consider some point p on the spacetime manifold M. We define its
chronological future I (p) as the set of all points in M that can be reached by future-directed
timelike curves passing through p. Then, by definition, the boundary of I*(p), which we will
denote by I (p), is an achronal boundary [12]. Moreover, N = 9I*(p) is generated by null
geodesics emanating from p (see Theorem 8.1.2 in [13]). The extremal surfaces we studied in
the previous section can be understood as being anchored to N for some choice of p. In the
case of a static black hole, we chose p to be a point lying on the ¢t = 0 surface.

Now let us define a notion of a causal horizon. Consider a future-infinite timelike worldline
W. We define a future-causal horizon Hy, as the boundary of the past of the worldline, that
is, Hpy = O~ (W) [14]. It is important to emphasize that W is future-infinite; that is, the
proper time along the worldline runs all the way to infinity. This distinguishes Hy, from the
future boundary of the domain of dependence of arbitrary subregions. We can then quickly
verify that this definition of causal horizons includes black hole event horizons as well as
observer-dependent horizons, such as Rindler and cosmological horizons.

Using the definition of a causal horizon, we rephrase the second law in [5, 6] as follows:

Second Law of Complexity (SLC).The volume of extremal surfaces anchored
to a causal horizon Hp, always increases as we move the anchor point along
the surface.
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It is important to note that we do not have a proof of SLC. Explicit computations of
holographic complexity in various cases, for example, in static black holes [9], Rindler wedges,
rotating black holes [15], even non-static black holes [16, 17] all point towards the validity of
SLC.! We will not attempt to prove SLC here. Instead, we assume its validity.

The second law, as stated here, is coarse-grained in that we have ignored quantum
corrections to it. It is known that there are corrections non-perturbative in the exponential
of the Bekenstein-Hawking entropy, which will cause the saturation of the volume [11, 19, 20].
We ignore these corrections for now and revisit them in section 6.

Now, let us define a future trapped extremal surface as an extremal surface anchored
to N with the property that its volume decreases as the anchor point is moved into the
future. We see that the extremal surfaces in the previous section with ryi, < r, are trapped
extremal surfaces. An important point to note here is that the existence of these surfaces
does not violate SLC, as the anchoring surfaces are not causal horizons. Also, by definition,
trapped extremal surfaces are compact.

In this section, we restrict ourselves to globally hyperbolic spacetimes, where (a) there
are no closed timelike curves, and (b) for any two points p and ¢, J*(p) N J~(q) is compact,
where J*(p) is the causal future/past of p.

The statement of the SLC turns out to be extremely powerful because it provides a
bulk condition on the growth rate of volumes anchored to causal horizons. An immediate
implication of the SLC is that if there are trapped extremal surfaces somewhere in the
spacetime, then they cannot be anchored to a causal horizon. Now, let us use this fact
to arrive at a singularity theorem.

Theorem 1. Consider a globally hyperbolic spacetime M with a trapped extremal surface T'.
Then, the spacetime is null geodesically incomplete.

Proof. Let us assume the trapped extremal surface 7" is anchored to a null surface N = I+ (p),
for some point p € M. We will suppose for a contradiction that the affine parameter of every
null geodesic generating N can be extended infinitely into the future. This would then imply
that NV is a causal horizon. From SLC, the volume of the trapped surface would always
increase, contradicting the defining property of a trapped extremal surface. Therefore, the
affine parameter of the null geodesics on N must terminate at a finite value.

Now, we can complete the proof using the original Penrose theorem [1] (see [3, 12] for
more details). Suppose M were null geodesically complete. Then the null geodesic generators
of N could be extended to the future beyond N. An important point to note is that the
affine parameter on N = 9I*(p) is bounded, and any extension of the null generators to the
future would lie inside I (p), not on its boundary (see Proposition 4.5.14 and section 8.2
of [12] for a related discussion). Null geodesic completeness of M implies that the endpoints
of the null geodesic generators of N lie within the spacetime and therefore remain part of N,
ensuring that NN is closed.

'Readers familiar with holographic complexity computations might notice that the SLC used here differs
from standard definition, as the extremal surface is anchored to the horizon rather than to a cutoff surface
in the asymptotic region. However, we can quickly convince ourselves that the growth of these surfaces
comes from the turning point, which lies well inside the horizon, and that both formulations are classically
equivalent [9] (see also [8, 11, 18] for related discussions).
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We now argue that N is compact. Since the affine parameters are bounded, we can
rescale them to lie within the range [0,1]. Then N can be topologically written as T' x [0, 1],
which is a product of a compact space and a closed interval, making N compact.

This conclusion contradicts the assumption that the spacetime is globally hyperbolic. To
see this, consider a connected, non-compact Cauchy slice . We can always find a smooth
timelike vector field t# whose integral curves intersect ¥ exactly once. Because N = 91 (p)
is achronal, these integral curves intersect N at most once as well. This allows us to define
a one-to-one map between ¥ and N using the integral curves of t#. However, this leads to
a contradiction since the global hyperbolicity of the spacetime prohibits the evolution of a
non-compact slice ¥ into a compact surface N. Therefore, the assumption that M is null
geodesically complete, which was used to argue that N is compact, is incompatible with the
other assumptions. O

Before we conclude the discussion, a few comments are in order:

e Our theorem follows the same structure as other singularity theorems [21]. Specifically,
we impose a ‘causality condition’ by assuming global hyperbolicity of the spacetime,
which helps rule out important edge cases (see, e.g., [22]). The second law of com-
plexity replaces the usual ‘energy condition,” while trapped extremal surfaces provide
the ‘initial condition.

e In the standard CV prescription, complexity is assigned to the volume of a surface that
lies outside the accumulation surface. No such prescription exists for trapped extremal
surfaces located inside the accumulation surface. While it may be possible to define
a notion of complexity for these trapped surfaces, the proof does not rely on such a
definition. The SLC is carefully phrased to depend only on the volume of extremal
surfaces anchored to causal horizons. As a result, we avoid the need to interpret trapped
extremal surfaces in terms of complexity and do not rely on any non-standard notions
of holographic complexity.

4 To Cauchy horizons and beyond

In section 2, we studied the growth of extremal surfaces in static, uncharged black holes.
In this section, we will extend this discussion to the case of a charged black hole. Since
the metric of these black holes can also be brought to the static form in (2.1), similar
computations are expected to hold. However, the presence of a Cauchy horizon in the
interior brings in new surprises.

4.1 Reissner-Nordstrom black hole

Consider a Reissner-Nordstrom (RN) black hole in asymptotically flat spacetime. We will work
in 3 4+ 1-dimensions. The black hole has the metric (2.1), with the following blackening factor

fr) = <1 - ’%) <1 - %’) , (4.1)

where 74 are the location of the horizons with r1 > r_. The inner horizon is a Cauchy
horizon and signals the breakdown of global hyperbolicity [12]. The original Penrose theorem
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Verr(r)

Figure 4. (Left) Spacelike extremal surfaces in a Reissner-Nordstrom black hole. (Right) The
corresponding trajectories in the scattering picture. The anchor surface of curve 3 is located at
the singularity.

and its entropic reformulations do not apply to such black holes because of this breakdown
of global hyperbolicity.

Now let us study the growth rate of spacelike extremal volume surfaces. As in the
previous section, we will look at spherically symmetric extremal volume surfaces anchored
onto two symmetric null surfaces in the interior of the black hole. The equations of motion
for these surfaces are once again given by (2.5). The extremal volumes in the interior of
the Reissner-Nordstrom (RN) black hole were studied in [23], and we have illustrated a
few of these surfaces in figure 4.

In the scattering picture, these surfaces can be thought of as particles scattering off the
effective potential Veg (see right panel of figure 4). As we move the anchor point towards
the singularity, the volume of extremal surfaces initially increases but begins to decrease
once the anchor point crosses the accumulation surface. The volume growth rates are given
by (2.13) and (2.14). The crucial difference from the uncharged case is that p never goes
to zero, even when the anchoring point has reached the singularity.

To see this, consider (2.13) where the growth rate can be seen to be proportional to p.
From the first equation in (2.5), we observe that p vanishes if and only if f(r) =0 or ¢t =
constant along the extremal surface. Since the condition f(r) = 0 is never satisfied, the only
possibility is to consider null anchoring surfaces that reach the singularity at the ¢ = 0 slice
(depicted by the horizontal dotted line in the Penrose diagram in figure 4). For any other
general anchoring surface, the growth rate remains nonzero. Therefore, the fate of the trapped
extremal surfaces is not as doomed as in the previous case, as their volumes never shrink to
zero when the anchor point reaches the singularity. This is because the null anchoring surfaces
go off to timelike r = 0 slices in two different coordinate patches. This suggests that the
vanishing of the volume of extremal surfaces ceases to be a suitable probe of the singularity.

However, we can consider an alternate computation that fixes this problem. We do not
anchor both the endpoints of the extremal surface to the null surfaces. Instead, we will
anchor only the ‘right’ endpoint and let the ‘left’ one terminate at its turning point on the

61



Paper 1

Vesr(r)
i
X 2
P @
Ty r
r=0 \
i
21
P -@
L3

Figure 5. The teal curves correspond to spacelike extremal surfaces, while the orange curve is
timelike. The red dashed lines once again correspond to the locations of the anchor surface.

t = 0 line. Now, let us repeat the extremal surface computation. When r_ < r, < 14, we
obtain precisely half of the spacelike extremal surfaces (see curve 1 in figure 5). As discussed
earlier, the growth rate of the extremal surfaces is always positive.

When the anchor point crosses the inner horizon, we find new behaviour. There are now
two possible choices for the extremal surfaces. We have the usual spacelike surface (curve 2 in
figure 5). Additionally, we get a timelike surface that satisfies the same boundary conditions
(curve 3 in figure 5). The orientation of the scattering trajectory in figure 5 is chosen to
ensure that 7 remains real. The lack of a unique extremal surface is a consequence of the
breakdown of global hyperbolicity of the spacetime. The growth rate of these timelike surfaces
can be computed using the techniques in section 2. This time, we choose the parameter

P = 2 + 208 = —1, (42)

where the negative sign on the right-hand side comes from the fact that we are working

along the surface as follows:

with timelike surfaces. Denoting the conserved quantity along the surface by p, we arrive
at the following equations of motion

p=r"V(f(r)s — ),

4.3
P2A-052 - p(p) & p2d=1)2 (4.3)

Note that the equations of motion can also be obtained from (2.5) by the simple substitution
p — ip and A — iA. Choosing A to increase in the downward direction in the Penrose
diagram, we find that p > 0.

We can once again rewrite the equation involving the r coordinate as a particle scattering
of an effective potential V5. The new effective potential turns out to be the negative of
the spacelike effective potential Veg:

Vert(r) = —Veg(r) = 7272 f(r). (4.4)
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As in the case of spacelike surfaces, there is an accumulation surface whose location corresponds
to the maximum of f/eff, which is the same as the minimum of V.g. We will denote the location
of this surface by r = 7,. The orientation of the particle in the scattering picture depends
on its turning point w.r.t. to the new accumulation surface. When ry, > 74, the volume
of these timelike extremal surfaces is given by

Ty 2(d—1)
dr "

Vtimelike = iﬂd—l T
Tmin \ /_f(T)TZ(dfl) + p2

The volume is imaginary, which follows from our choice of metric signature. The limits of

(4.5)

integration reverse when 7y, < 7. The growth rate can then be found to be:

i T )
; ! (p - p2 - f(T‘U)T‘?,(d 1)> Tmin = Ta

chiime]ike _ o ) (4.6)
v Qg / _ N
(21 ! <7P + p2 - f(rv)rizl(d 1)> Tmin < Tq

As in the spacelike case, the growth rate changes its sign when the anchor point crosses

the accumulation surface. This prompts us to call the surfaces with ryi, < 7, timelike
trapped extremal surfaces.

More importantly, we observe that p vanishes when r, = 0. In this case, the extremal
surface simplifies and becomes the constant r = 0 slice, and the right-hand side of the first
equation of motion (4.3) vanishes identically. Consequently, the growth rate of the extremal
surface drops to zero. Since the singularity is the only region where the growth rate vanishes,
this behavior can be used as a robust signature of the black hole singularity.

While it is perhaps not surprising that timelike extremal surfaces are sensitive to timelike
singularities, their dual interpretation remains unclear. In particular, the meaning of the
volume of a timelike extremal surface in the boundary theory is not immediately evident.
Nonetheless, it is tempting to speculate that this may hint at a notion of “timelike complexity”
in the dual description. Interestingly, timelike entanglement entropy has been proposed as a
method for computing what is referred to as pseudo-entropy in the boundary theory [24-27].
It is natural to expect a corresponding dictionary to exist in the case of complexity. We
leave this for future work.

4.2 Kerr black hole

The vanishing of the growth rate of timelike extremal surfaces at the black hole singularity
is not limited to spherically symmetric black holes. We can see this by studying a 3 + 1-
dimensional Kerr black hole of mass M and angular momentum aM. The metric in Boyer-
Lindquist coordinates is given by

A sin? 6

02

[(7"2 + a2> do — adt]2 + pdeZ + p?d6?, (4.7)

2 _
ds® = A

(dt — gsin? 0d¢)2 +

where
A=72—2GMr+a®> and p? =12+ a’cos?h. (4.8)
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The black hole horizons are located at ry. The ring singularity sits at » = 0 and 0 = 7/2.
We can also define an Eddington-Finkelstein coordinate v = ¢ + r*, where

_rP+a?
A
As in the RN case, we consider extremal surfaces anchored at a null surface inside the black

dr*

dr. (4.9)

hole. However, we now focus on axially symmetric configurations, as the black hole is rotating.
We anchor the ‘right’ endpoint of the extremal surfaces at the null surface. The other endpoint
is chosen to lie at its turning point. The spacetime is not globally hyperbolic, and as a result,
when the anchor point crosses the inner horizon, there are new timelike extremal surfaces.
In particular, as the anchor point approaches the singularity, the timelike extremal surfaces
approach the singularity. Let us see how this works out.

Consider a general axisymmetric hypersurface in the interior of the black hole. The r
coordinate can be parametrized by r(t,6) and the line element of this three-manifold can
be computed by substituting dr = rdt + r 9df into to the metric (4.7). Once we have the
metric, we can compute the volume by integrating over the variables ¢, 6, and ¢. The full
expression is given in [23], although we will not need it explicitly here since we are only
focusing on surfaces near the ring singularity.

We therefore restrict ourselves to the case where r is just a function of . We will
also assume that the surface is t-independent. In this case, the three-metric computation
simplifies significantly, and we obtain [15, 28]

Ay =/ p? (|A| 71"’20) sinfdt Ad Ado A do. (4.10)

The extremal hypersurfaces are given by extremizing this integral over the volume element.
If » = constant, the Euler-Lagrange equation is given by the simple expression

% <p2A> =0. (4.11)

We can see that this is trivially satisfied by the ring singularity at » = 0 and § = /2. Therefore,
the singularity is an extremal volume surface. Moreover, it is a timelike extremal surface.

Now, let us compute the growth rate of the timelike surfaces as they approach the
singularity. Since dv = dt on a constant r slice, we can use the volume element (4.10) to obtain

%:/Msinﬁ d6Ado. (4.12)

At the singularity, the integrand vanishes, and the growth of timelike extremal surfaces goes
to zero. This suggests that the growth rate of timelike or spacelike extremal surfaces can
serve as a useful probe of black hole singularities in various cases.

5 Incompleteness in Rindler wedge

Incompleteness of null geodesics does not necessarily imply the presence of a singularity where
the geodesics terminate [12]. In this section, we explore the alternative possibility by studying
complexity growth in AdS-Rindler wedges. In global coordinates, AdSs has the metric

ds? = (—d72 + dp? + sin® pd92) . (5.1)

cos?p
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Figure 6. The Poincaré patch of AdS3;. The global coordinates cover the entire cylinder. The
Poincaré coordinates cover only the solid region shown in the figure, which can be further divided into
four Rindler wedges.

We have set the AdS length scale to one for convenience. Using the coordinate transformations,

_ sinT
"~ cosT +sinpcosf’
sin 6 si
= nusme (5.2)
cos T + sin p cos 6
cosp

cosT +sinpcosf’
we can rewrite the metric in the Poincaré coordinates as follows:

_ dz? —dztda—

ds?
22

, where 2t =t + 1. (5.3)
The region z > 0 and z* € (—00, 00) defines the Poincaré patch of the spacetime. We can
divide the patch into four Rindler regions depending on the signs of (z*,27). We label
these regions R, £, F, and P when the signs are (+, -), (-, +), (+, +), and (-, -) respectively
(see figure 6). The relevance of the boundary of these wedges in the context of AdS/CFT
correspondence can be found in [29].
It turns out that we can also cover these Rindler regions using a set of BTZ coordinates
(t,r,¢) given by
9 _ 2t 2 2 o 2 —ata
e = —, =22 gty P="—2 " (5.4)
x z
The metric in these coordinates takes the form

ds? = — ('r2 - 1) e — +r2dg. (5.5)

dr?
=1
The crucial difference between the BTZ metric and the AdS-Rindler metric in BTZ coor-
dinates (5.5) is that ¢ is non-compact in the latter case.
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Figure 7. (Left) The patch F is divided into two regions, F; and F>. The BTZ coordinates cover
only Fi. (Right) The mapping of various Rindler regions to the corresponding BTZ “black hole.”.

The AdS-Rindler horizon is at » = 1. The Rindler regions R, £ are mapped to the left
and right exterior wedges of the BTZ “black hole.” In contrast, the Rindler regions F,P
are mapped to the future and past interiors, respectively. Now, let us look at the growth
of extremal surfaces in this coordinate system. We will study surfaces that are symmetric
in the ¢ coordinate. Since this direction is non-compact, we will regularize the volume
by choosing appropriate constant-¢ cutoff surfaces. The metric (5.5) has the same form
as (2.1). This allows us to port the uncharged static black hole computations. A trapped
extremal surface exists in the interior of the “black hole,” our singularity theorem tells us
that null geodesics are incomplete.

The theorem is signaling the existence of the r = 0 surface. Clearly, this surface is
not a singularity in the full AdS spacetime. Nevertheless, it appears problematic from the
perspective of the BTZ coordinate system. To understand the significance of the r = 0 surface,
we must look at the relationship between the Poincaré coordinates and the BTZ coordinates.

It turns out that the BTZ coordinates do not cover the entire Rindler region F [29]. The
BTZ coordinates cover only a part of F, which we will denote by F; (see figure 7).

In the region F», we must use a different set of coordinates (the coordinate transformations
can be found in [29]). The surface r = 0 corresponds to the boundary between F; and F».
Therefore, the geodesic incompleteness stemming from SLC indicates the inability of the
coordinate patch to cover the entirety of the Poincaré patch.

We will end this discussion with an important note. The inability to conclusively identify
the terminus of null geodesics as a singularity is a general feature of all singularity theorems,
not merely a limitation of our own.

6 Discussion

Our proof of geodesic incompleteness is structurally similar to that of Wall [3]. However, it
is important to highlight the differences. The generalized entropy defined in (1.1) consists
of a classical area term and a quantum entanglement entropy term. The inclusion of both
terms is essential for obtaining a second law [30].
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In contrast, holographic complexity involves the computation of a classical volume.
Quantum corrections become important only when the complexity is of exponential order
in the Bekenstein-Hawking entropy. This is explicitly evident in 2d models of quantum
gravity [19, 31]. The absence of a quantum term significantly simplifies the computations. It
is well known in the literature that the entanglement entropy term complicates the comparison
of arbitrary shape deformations of generalized entropy (see [4] for more details). Our volume
calculations sidestep this technical challenge by remaining purely classical.

The growth rate of extremal surfaces has been very useful in signaling the existence of
a singularity inside the black hole. A natural question is: what does this object mean in a
quantum theory, for instance, in the language of operator growth [32]? Since we are computing
the volume of a subregion inside the black hole, a natural guess would be to compute the
complexity of a subsystem. This notion of subsystem complexity should be distinguished
from existing ideas in the literature, such as the one in [33], where the volume enclosed
by the Ryu-Takayanagi (RT) surface is used to define a notion of subregion complexity in
the boundary theory. In contrast, the bulk subregion considered here lies within the black
hole interior. It is therefore natural to expect that the associated subregion complexity
computes the complexity of boundary operators that are dual to interior degrees of freedom.
These operators are inherently non-local in the boundary theory and can, for example, be
constructed using the Papadodimas-Raju proposal [34-36].

If one can make this notion of subregion complexity more precise, we can use these ideas
to diagnose the existence of singularities in their holographic duals. Recent developments in
the study of operator algebras suggest that the emergence of a Killing horizon in the bulk
can be attributed to a particular notion of chaos in the boundary theory [37, 38]. Complexity
might provide a natural framework for understanding the emergence of black hole singularities
and the interior (see, e.g., [39, 40]). Operator complexity, for example, has been very useful in
describing aspects of the exterior geometry of the black hole [41-44]. Therefore, it is natural
to expect complexity to teach us something about the emergence of the black hole interior.

An important takeaway from our calculations and that of Wall [3] is that the black hole
singularity is deeply tied to the thermodynamic irreversibility of the second law of thermody-
namics. It will be interesting to see if we can use an appropriate notion of thermodynamic
irreversibility to directly motivate a boundary diagnostic of black hole singularities.

In this paper, we have ignored quantum corrections to the volume calculation. It is known
that non-perturbative effects play an important role in the computation of complexity [11, 19].
These corrections are expected to appear at the semiclassical level as bulk ‘wormholes’ and
are believed to account for the finiteness of the black hole Hilbert space [20]. Including such
effects would modify the growth rate calculations and may offer a path toward resolving
the singularity.
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ABSTRACT: The holographic complexity of a static spherically symmetric black hole, defined
as the volume of an extremal surface, grows linearly with time at late times in general
relativity. The growth comes from a region at a constant transverse area inside the black
hole and continues forever in the classical theory. In this region the volume complexity of
any spherically symmetric black hole in d + 1 spacetime dimensions reduces to a geodesic
length in an effective two-dimensional JT-gravity theory. The length in JT-gravity has
been argued to saturate at very late times via non-perturbative corrections obtained from
a random matrix description of the gravity theory. The same argument, applied to our
effective JT-gravity description of the volume complexity, leads to complexity saturation
at times of exponential order in the Bekenstein-Hawking entropy of a d + 1-dimensional
black hole. Along the way, we explore a simple toy model for complexity growth, based on
a discretisation of Nielsen complexity geometry, that can be analytically shown to exhibit
the expected late-time complexity saturation.

KeEYwORDS: Black Holes, 2D Gravity, Nonperturbative Effects

ARXI1v EPRINT: 2502.17179

72



Paper 11

Contents
1 Introduction 1
2 A toy model for complexity 3
2.1 Random walk on a hypercube 4
3 Growth of extremal volume surfaces 7
4 Complexity = length 8
5 Emergent JT gravity description 13
5.1 A late-time JT limit 13
5.2 Emergent JT action 16
6 Saturation of black hole complexity 18
6.1 Length of geodesics in JT gravity 19
6.2 Late time behavior of black hole complexity 20
7 Discussion 22
A Examples from asymptotically AdS, dS, and flat spacetime 23
A.1 (AdS-)Schwarschild black hole 23
A.2 de Sitter-Schwarzschild black hole 25
A.3 Reissner-Nordstrom black hole 26

1 Introduction

In this paper, we consider the very late time behaviour of the holographic complexity of
black holes in d +1 > 2 spacetime dimensions. Our starting point is the well-known
Complexity=Volume (CV) prescription [1, 2] for a static spherically symmetric black hole,
where the complexity is defined to be proportional to the extremal volume of spacelike
slices that pass through the black hole interior and are anchored at fixed area spherical
surfaces outside the black hole.

According to the principle of black hole complementarity [3], a black hole appears to
distant observers as a quantum system with a finite number of degrees of freedom that account
for the Bekenstein-Hawking entropy of the black hole. The associated quantum dynamics,
which must be sufficiently chaotic to scramble quantum information on a relatively short
timescale, then provides a holographic dual representation of the spacetime geometry and
matter inside the black hole. In particular, the holographic complexity is a geometric feature
of the bulk gravity that corresponds to quantum computational complexity in a quantum
circuit description of the black hole dynamics (see [4] for a review).

The quantum computational complexity of a chaotic system exhibits universal features
that are independent of the exact details of the system. In particular, complexity grows
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linearly for an extended time for any macroscopic system, following an initial period of
scrambling. The growth rate is proportional to the number of degrees of freedom of the
system. Moreover, complexity saturates at very late times of the order of exponential of the
entropy [5-10]. This ramp-plateau structure is expected to be a universal behaviour of all
finite-dimensional chaotic systems including black holes. The volume of extremal surfaces,
however, grows forever and never saturates and it is not a priori clear that a semiclassical
prescription can reproduce the very late time plateau. We will explore this question and show
that complexity, defined through the CV prescription, saturates at the expected time scales
in any static, spherically symmetric black hole in any number of dimensions.

Our main argument for the saturation of holographic black hole complexity follows from
the following observations. Susskind and Stanford [2] noted that the volume of extremal
surfaces can be expressed as a geodesic length in an auxiliary two-dimensional metric.
Additionally, at late times, the growth of the extremal volume comes almost exclusively from
a region inside the black hole where the transverse area remains constant. We refer to the
limiting constant area slice at infinite time as the accumulation surface. In the spacetime
region near the accumulation surface, the auxiliary two-dimensional metric is negatively
curved, and since the accumulation surface sits at a constant radial coordinate, it will have a
fixed negative curvature in this region. Consequently, we can rephrase the late-time growth
of the extremal volume as the growth of geodesic length in a Jackiw-Teitelboim (JT) gravity
theory [11, 12] with an AdSy length scale derived from the higher-dimensional theory.

The length of geodesics in classical JT gravity was considered in [13] and found to grow
linearly for perpetuity at the expected rate. Subsequently, a quantum representation of
geodesic length was defined and studied in [14-17] and it was shown that the quantum length
in fact saturates at very late times. We argue that one can use the quantum description of
geodesic length in JT-gravity to arrive at a non-perturbative description of the complexity
of a d + 1-dimensional black hole at late times. This is because quantum corrections to the
classical volume are exponentially suppressed by the area of the transverse (d — 1)-sphere
in Planck units. Since the transverse area is macroscopic for the entire extremal volume
surface, it would seem that quantum corrections do not play a role at all. However, the strong
suppression is eventually compensated by the growing span of the Einstein-Rosen bridge
and quantum corrections cannot be neglected at sufficiently late times. The crucial point
is that the dominant contribution to the volume increase, that comes from the region near
the accumulation surface, is captured by the emergent JT description. On the other hand,
the contribution to the extremal volume from regions away from the accumulation surface
does not grow with time and furthermore the transverse area is even larger in those regions,
leading to even stronger suppression of quantum corrections. Translating the JT-gravity
results back to higher dimensions, we find that complexity saturates at times of the order
¢ where S is the entropy of the higher-dimensional black hole (refer to table 1 below for
explicit expressions). Such a time scale is expected from general arguments [18].

The rest of the paper is organized as follows. To provide a simple, intuitive picture of
the saturation of quantum computational complexity, we begin in section 2 by considering a
toy model that can be viewed as a discretisation of Nielsen complexity geometry [19] as a
high-dimensional hypercube. The evolution of the quantum state is modelled by a random
walk on the hypercube, where the walker starts from an arbitrarily chosen origin and can
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advance to a nearest neighbor at each time step. The average graph distance of the walker
from the origin will then exhibit the expected behaviour of complexity. After a long period
of linear growth, the distance saturates as the walker reaches the “bulk” of the hypercube,
where the total distance from the origin is equally likely to increase or decrease with the next
step. Section 3 briefly reviews the Complexity=Volume prescription. In section 4, we reduce
the volume calculation to a geodesic length calculation in an effective two-dimensional metric,
following [2] and in section 5, we show how the emergent two-dimensional metric on the
relevant part of the extremal slice reduces to that of JT-gravity at late times. In section 6, we
use JT-gravity results to obtain the time scales at which the complexity saturates. We close
with a brief discussion in section 7 and some explicit examples are worked out in appendix A.

2 A toy model for complexity

Before embarking on explorations in holographic complexity, which composes the bulk of this
paper, we discuss some general features of quantum computational complexity by studying
a simplified toy model. Recall that circuit complexity of an operator is a measure of how
many ‘simple’ operations are required to build that target operator from a given reference
operator. As such, complexity depends on the precise definition of the ‘simple’ operations
(usually called gate set), the reference, and the tolerance by which we allow the constructed
operator to deviate from the target under consideration. Our interest will be in the growth
of complexity with time under Hamiltonian evolution of some initial state and in particular
its late time behaviour. It turns out, that different detailed definitions of complexity lead
to broadly speaking the same behaviour on long time scales. In particular, complexity is
expected to grow linearly for a long time, at a rate proportional to the number of degrees of
freedom that participate in the quantum dynamics, and then eventually saturate.

Relative complexity of two operators defines a distance on the set of all unitary operators
acting on the Hilbert space, which inspired Nielsen to define complexity geometry [19-21]
which involves a choice of a metric on the group manifold of all unitary transformations.
Complexity is then defined to be the shortest geodesic distance between two points on the
manifold as measured by the complexity metric. Once again, different choices of metric will
assign different values to the complexity but a broad class of metrics is expected to lead to
the generic behaviour of the complexity discussed above.

In [22] Lin introduced a simplified notion of complexity which involves choosing a large
but finite subgroup G of the unitary group that has a generating set S. Such a finite group
has a natural graph structure called a Cayley graph, where each element g € G is assigned
a vertex and for every g € G and s € S there is a (directed) edge between the vertices g
and gs. If the generating set S is closed under inversion the graph is undirected. Relative
complexity between two group elements is the shortest graph distance between them, i.e. the
minimal number of edges that connect the two corresponding vertices in the Cayley graph.
Replacing the continuous Nielsen geometry by a discrete Cayley graph can be visualized
as picking a particularly large tolerance ¢ where we are not so concerned with constructing
precisely the target operator but are content with reaching its approximate neighbourhood
(as measured by the inner product).
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Figure 1. Graph representation of a ten-dimensional cube.

2.1 Random walk on a hypercube
A particularly simple choice of a finite group is Z¥ with the generating set
S:{(170707)7(071107)7} (21)

The resulting Cayley graph is a high-dimension hypercube where each corner of the cube labels
an operator and each edge connected to a given corner represents one of D simple operations
in this model. We will model the time evolution by a random walk on the hypercube starting
from some reference vertex. We are interested in studying the graph distance between the
current location of the walker and its initial position as a proxy for the complexity growth.
This is a classic problem that has been studied for instance in [23], which we follow. The
position of the walker can be parametrized by a D-dimensional vector where each entry takes
the values 0 or 1. For simplicity, we take the reference state and the start point of the random
walk to be at the origin x = 0. The random walk we consider is such that the walker takes one
step to one of its nearest neighbours or stays put with equal probability P = 1/(D + 1). This
means that at each time step the position vector x either stays unchanged or one of its entries
is switched from 0 to 1 or vice versa. The graph distance is given by |x| = z1 +z2+ 23+ -.

As explained in [23], in the continuum version of the random walk, each entry in the
position vector independently satisfies

Pla; =1] = %(1 —e7/P), (2.2)

where 7 is the time variable that counts the time steps. This can be understood as follows;
for large D the variable x; can be thought of as counting the times that entry has been
changed modulo 2. So it counts the occurrences of the random jump to that entry. Since each
occurrence is rare and is independent of the previous ones it follows a Poisson distribution
with the expectation A = 7/(D + 1) ~ 7/D. The probability of k occurrences is \fe™/k!
and the probability for our variable x; to change an odd number of times is given by the sum

00 )\2k+1 Y e
Plz; =1] = ,; me =e “sinh \, (2.3)

which agrees with (2.2).
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The result (2.2) shows that on long time scales the uniform distribution is reached
Plz; = 1] = 1/2. That means we are equally likely to find the random walker on any vertex
of the cube. In other words the walker has completely forgotten its initial location. For
the uniform distribution it is simple to compute the expected distance to the origin and
all higher moments. These are defined as

D
(@) = 2% > (f) a, (2.4)
=1

where we use the graph distance (here denoted by simply z) to perform the expectation value.
The moments can be computed using the exponential generating function,

oo d D D
_ awyt 1 D . [(1+¢Y
GD(ZJ):;@ >E—2T;Z <z>(ey) = ( 5 ; (2.5)
=0 =1
by taking y-derivatives and setting y to zero at the end. In this way we compute
D DD +1 D*(D +3)
m=1, @=2 @) PO

and the standard deviation is A = /(z2) — (z)2 = VD/2.
Let us now return to the time-dependent problem. Using the result (2.2), we can
compute the expected distance as a function of time

() = alr)) = 5 (1-e727/7). (2.1

which saturates at late times to the expected distance D/2. This saturation can be estimated
to happen when (z(7)) is one standard deviation from the mean, i.e. when

m%m=§f§? (2.8)

or 1
Ratiiil)logl). (29)

After the saturation time is reached, the random walker explores the cube according to
the uniform distribution. Randomly it will come back to its original starting position with
probability 277, The expected time between visiting the same point twice is therefore
7p ~ 2P This serves as the Poncére recurrence time in our model.

In order to make a connection to holographic complexity, we will take the dimensionality
of our hypercube to be of exponential order in the black hole entropy D = e*® where « is a
constant. Since it is mainly the exponential dependence on S that is important, we set a = 1 to
keep the notation simple. Notice that the function C(7) in (2.7) grows linearly at early times,

C(r)y=1+ (9(7’2) , (2.10)

just like the volume of the Einstein-Rosen bridge does. However, as discussed at the end
of section 3, the growth rate of the volume complexity of a black hole is proportional to
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Figure 2. The black curve shows the distance of a simulated random walker on a D = 20000
dimensional cube from its starting point — the origin. In blue we show the expected distance (2.7).
We also display the saturation value at D/2 and shade in the standard deviation.

the black hole entropy S in dimensionless Rindler-like time units. Indeed the choice of the
time coordinate has been somewhat arbitrary so far, where each time step represents a
step of the random walk. To match with black hole complexity we choose ¢ = 7/S as our
dimensionless time coordinate.! Then

c(t) = ;(1 - e—me‘s) . (2.11)

The two important time-scales in these variables are the saturation time and Poincaré
recurrence time, given by

1
toat = ZeS, tp~52¢° (2.12)

In figure 2 we display a sample simulation of a random walk and show that it follows the
expected distance (2.7) quite closely.

Note that the random walker has reached approximately half the maximal graph distance
from the origin on the hypercube at the saturation time. From then on the graph distance
is equally likely to increase or decrease in a given step. We expect similar behaviour in
a more realistic description of quantum complexity, i.e. that saturation occurs well before
the complexity reaches its maximal possible value and that complexity equilibrium can be
explored by studying a uniform distribution on the Hilbert space. Decreasing complexity
has been linked to opaqueness of a black hole horizon [5] and in our simple model such a
complexity ‘firewall’ occurs with probability one-half after the complexity has saturated.
This matches recent results in JT gravity [16, 24], where the probability of a firewall is also
found to be one-half at late times.

'For notational simplicity, we have set another dimensionless constant to one in our definition of the
Rindler time.
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Figure 3. Penrose diagram of an eternal AdS-Schwarzschild black hole in (d + 1) dimensions with a
spacelike extremal volume surface anchored to fixed area cutoff surfaces at boundary times ¢ . The
turning point, p = ppin, is in the black hole interior.

3 Growth of extremal volume surfaces

Let us briefly review the Complexity=Volume proposal [1, 2]. Consider a static, spherically
symmetric, black hole solution in d + 1 dimensions, whose metric is given by
2 2 dp? 2102
ds® = —f(p)dt” + 70 +p7dQG (3.1)

where ng_l is the line element of a d — 1-dimensional unit sphere. The event horizon is
located at the outermost radius p = pj, at which f(py) = 0. Now consider a spherically
symmetric codimension-1 surface anchored to a cutoff surface in the asymptotic region (shown
in figure 3 for a two-sided AdS-Schwarzschild black hole). We will consider the symmetric
case where the surface is anchored at boundary times tg = t;, = 7. The volume of the
surface can be expressed as the following integral,

V=04, / A g1 = ()2 + 12/ (o), (3.2)

where 41 is the volume of the d — 1-dimensional unit sphere and {t()), p(\)} parametrises
the longitudinal coordinates of the surface. The derivatives in (3.2) are with respect to .
Up to constant multiplicative factors, the holographic volume complexity of the black hole at
boundary time 7 is obtained by extremizing the volume functional in (3.2) [2],
_ Vext (T)

~ Ganlo

Here, Ly is a characteristic length scale of the black hole and G441 is Newton’s constant in
d + 1 dimensions. In the case of an static black hole in AdS, we choose Lg to be the AdS
curvature scale L while for a Schwarzschild or Reissner-Nordstrom black hole in asymptotically

Cy(7) (3-3)

flat spacetime we would instead use the radial coordinate at the event horizon.
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The extremal surface has a turning point at p = puyin in the interior of the black hole.
A straightforward calculation yields the following expression for the growth rate of the
complexity (see e.g. [25] and section 4 below),

dCV QQd71 d—1
_ = (pmin) 0L 3.4
dr Gd+1L0 f(p n l)pmm ( )

At late times, the extremal volume surfaces approach a constant radius slice in the interior of

the black hole. We will refer to this limiting surface as the accumulation surface. The radial
location of the accumulation surface, which we will denote by p,, is given by [2, 25, 26],

d

& (Fp*2)| _ =o0. (35)

p=pa

This gives us a constant late-time growth rate [2, 25],

A0y 2001 o aa
dr - Gd+1L0 j(pa)pa ) (36)

and in classical gravity this growth persists forever. Furthermore, if the characteristic length

scale Ly in the definition of Cy in equation (3.3) is chosen so as to be consistent with the more
refined Complexity=Action proposal [27], then the late-time rate of growth of the holographic
complexity (in units of Rindler time) of a generic spherically symmetric static black hole is
found to be proportional to the number of degrees of freedom carried by the black hole [28],

1dCy

where S and T are the black hole entropy and temperature.

4 Complexity = length

The volume problem of the previous section reduces in a natural way to finding an extremal
length in an auxiliary two-dimensional spacetime. This way of phrasing the problem, which
was already noticed in [2], will be particularly useful when discussing the saturation of
complexity. To see this, we perform a spherical reduction of the d + 1-dimensional metric
to two dimensions,

s34y = B 2gapda®da’ + STTLA0, (4.1)

where £, is the Planck length of the higher-dimensional theory, rescaled by a power of {41
to simplify some formulas below,

gd—l — Gd+1 (42)

L O

The dynamical variables of the reduced theory, i.e. the two-dimensional metric g,s and
the dilaton field ®, are assumed to only depend on the two-dimensional coordinates x®.
In (4.1) we have chosen a Weyl frame for the two-dimensional metric so that the volume
measured in the d + 1-dimensional metric is equivalent to a geodesic length measured in
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the 2-dimensional metric. Indeed, by expressing the black hole background in (3.1) in terms
of the two-dimensional variables,

dp? _ _ _
_ 2, F 2 a 1.8 d—1 _ d—1
f(p)dt +f(p) D gopda® da’”, P DL, (4.3)

and inserting into the volume integral (3.2) we obtain
V=010 0, (4.4)

where £ is the geodesic length computed using the two-dimensional metric,

(= / A/ gagiad? . (4.5)

The computation of the holographic volume complexity thus reduces to finding an extremal
length in the two-dimensional geometry specified by (4.1),

Vext _ I ext

Cy = e
VT GanLo Lo

(4.6)

and in this Weyl frame there is no explicit dependence on the dilaton field.
To proceed further, we identify two-dimensional coordinate time with its higher-dimensional
counterpart and adopt a static ansatz for the two-dimensional metric and dilaton field,

Gapda®da? = —£(r) dt® + 2(—7;3 , ®=d(r). (4.7)

A static black hole metric of the form (3.1) translates into,

2(d-1) d—1
£(r>:(%)) F(o(r)) <1>(r>:<§—;")) , (4.8)

dp ) —2(d—1)
5:@ | (19)

We can now follow a standard route to obtain the proper length of a spacelike geodesic

where

(see [25] for the corresponding computation in d+ 1 dimensions before dimensional reduction).
The first step is to switch to infalling Eddington-Finkelstein coordinates,

ds® = —&(r)dv? + 2drdo where dv =dt+ g(l—r)dr, (4.10)

and parametrize the spacelike geodesic z#(\) so as to have unit tangent vector everywhere,
ut = gH, u-u=1. (4.11)
Since 0, is a Killing vector we have a conserved quantity,

p=—uy,=E&(r)0—7, (4.12)
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Figure 4. One-dimensional effective potential Veg = —&(r) for an AdS-Schwarzschild black hole.

which can be combined with the tangent vector normalization in (4.11) to obtain
i —&(r) =p", (4.13)

where the dot denotes a derivative with respect to .

At this point it is useful to introduce a simple classical mechanics analogy where equa-
tion (4.13) expresses energy conservation for a massive particle moving in one dimension with
the affine parameter A playing the role of time and r(\) the particle location. The effective
potential is given by Vg = —£(r) and p? is the total energy. Figure 4 shows the effective
potential obtained by applying the spherical reduction (4.1) to a higher-dimensional eternal
AdS-Schwarzschild black hole (see appendix A for explicit formulas). The effective potential
vanishes at the event horizon and has a smooth maximum at » = r, inside the black hole
region. As we will see below, the behaviour of extremal volume surfaces at late boundary
times in the original higher-dimensional theory is controlled by the effective potential near
its maximum. In particular, r = r, is the radial location of the accumulation surface.

These features are not unique to AdS-Schwarzschild black holes. In fact, every spherically
symmetric static black hole solution in d > 2 that we have considered gives rise to an effective
potential that vanishes at the event horizon and has a positive maximum inside the black hole.
Several examples are worked out in appendix A, including AdS-Schwarzschild, Schwarzschild,
dS-Schwarzschild, and Reissner-Nordstrom black holes. In the charged black hole case, the
accumulation surface is located in the region between the outer and inner horizons.

Our auxiliary two-dimensional spacetime inherits the Penrose diagram in figure 3 (with
the relabelling pmin — ™min). We are interested in spacelike geodesics that extend between
timelike anchor curves in the left and right quadrants. In the classical mechanics analogy,
such a geodesic corresponds to a particle with total energy in the range 0 < p? < —&(rq)
that travels inwards from r = ryy until it comes to a turning point inside the black hole
at r = ryin > e, where p? = —&(rmin), and then returns to 7 = ryy. At the turning point
we have v = 7 = 0 but u” = © # 0 and it follows that the return journey of the particle
corresponds to continuing the spacelike geodesic through the black hole interior to emerge on
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the opposite side of the Penrose diagram.? The proper length of the spacelike geodesic is given
by the total time it takes the particle to make the return trip from ryy to the turning point
and back again, which in turn depends on the particle energy p?. As the energy approaches
the maximum of the effective potential, the particle spends more and more time moving
very slowly near its turning point, and in the limit p?> — —£(r,) the geodesic length diverges.
A particle with energy p? > —£(r,) corresponds to a spacelike geodesic that runs into the
singularity at » = 0 and does not connect the two asymptotic regions.
Using equation (4.13) the geodesic length can be expressed as a radial integral,

(= [arn=2 [ & 4.14

[o=2] e .
The factor of two reflects the fact that the return leg of the particle trajectory takes the same
amount of time as the infall. Placing the anchor curves at a finite radial distance regulates
the otherwise divergent integral. The precise value of ryy is not important as we are usually
only interested in the derivative of the geodesic length with respect to the boundary time 7.
The integral in (4.14) depends on the boundary time via the conserved charge p and also
through ryin, the location of the turning point, which enters both in the integrand and as
the lower limit of integration. The integrand diverges as r — ryin, and so some intermediate
steps are in order before taking the 7 derivative. The infalling Eddington-Finkelstein time
interval along the geodesic, from the turning point to where it intersects the anchor curve,
can be written as another radial integral,

TUV 1 P
VUV — Umin = dr — |14+ —— | , 4.15
w i Tmin 6(7‘) < V P2 + 6(7')> ( )
where we have used equations (4.12), (4.13) and parametrised the geodesic left-to-right in
figure 3 so that p < 0. This expression can be combined with (4.14) to obtain

e 2plovy —umn) =2 [ dr s (e ) (4.16)

Here the integrand is well defined as r — rpyj, and, since we have p < 0, the integrand is
also well behaved across the horizon at r» = 7. Differentiating the terms in (4.16) with
respect to 7 results in

L (dvuv B dvmm) _ _6(217 dTmin, (4.17)

dr dr dr Tmin) dT

where we have used (4.15) to cancel the terms that involve a factor of j—f. The Eddington-
Finkelstein time v is related to Schwarzschild time 7 through v = 7+r*, where r* = [ dr/&(r),
and since the radial position of the anchor curve r = ryy is independent of 7, it follows that

d
oy _ g

e (4.18)

2The sign of the conserved charge p in (4.12) determines whether the geodesic is parametrised left-to-right
or right-to-left in figure 3.
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ds
dr
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Figure 5. Rate of growth of the proper length of a spacelike geodesic anchored symmetrically in the
two asymptotic regions as a function of the boundary anchor time 7. The growth rate increases from
zero at 7 = 0 until it saturates as the energy of the corresponding classical particle approaches the
critical point of the effective potential.

Furthermore, for the geodesics that we consider, the interior Schwarzschild time at the
turning point is 7, = 0 for all 7 and we obtain
Amin  driy, 1 drmpin

dr ~ ar :f(rmin) dr (4.19)

Inserting (4.18) and (4.19) into (4.17) immediately leads to the following rather compact
expression for the rate of growth of the geodesic length,

% = —2p(7), (4.20)

in agreement with [25]. The 7 dependence of p, which is implicitly determined via (4.14)
and (4.15), can only be solved for numerically in general but key features (sketched in figure 5)
are easily inferred from the classical mechanics analogy. First of all, at 7 = 0 the spacelike
geodesic is a straight horizontal line that intersects the horizon at the bifurcation point
in the Penrose diagram in figure 3. The corresponding classical particle turns around at
rmin = 75 and from the effective potential in figure 4 we read off p(0) = 0. Then, as 7 is
increased from zero, the turning point moves into the black hole interior and the particle
energy p? is a monotonically growing function of 7. At late boundary times, the energy
approaches the local maximum of the effective potential at » = r,. This leads to a constant
growth rate for the geodesic length,

% - 2\/%, (4.21)

which in turn translates into equation (3.4) for the late-time rate of growth of the volume
complexity in the original higher-dimensional variables.

In this section, we have shown how to map the holographic volume complexity of a
spherically symmetric black hole in any number of spacetime dimensions onto the problem
of determining the proper length of spacelike geodesics in a two-dimensional geometry. In
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Figure 6. The region shaded in blue is bounded by the accumulation surface r = r, and another
constant radial surface defined by r = 7, > r, in the interior of the black hole. The parts of the
spacelike geodesic that lie outside this region have constant length at late boundary anchor times.

the following section, we will see how the two-dimensional problem simplifies at late times
to the calculation of geodesic length in JT gravity, which has been extensively studied in
the literature (see e.g. [13-17]).

5 Emergent JT gravity description

In the previous section, we re-expressed holographic volume complexity in terms of the proper
length of spacelike geodesics in a two-dimensional dimensional auxiliary spacetime. In this
section, we begin with a simple but important observation about the length of these geodesics.

5.1 A late-time JT limit

Consider a fixed radial curve defined by r = r},, with r, < r, < 7, in the region of the auxiliary
spacetime that corresponds to the interior of the black hole, as in figure 6. At sufficiently
late times, our boundary-anchored spacelike geodesic crosses this curve, i.e. 74 < Tmin < 7.
We can then write the length (4.14) of the spacelike geodesic as a sum of two terms coming

from ‘inside’ and ‘outside’ the r = r;, curve,

6:2/” dr +2/TUV dr
Tmin V f - g(rxmn) Th V 5 - é(Tmin) (51)

~ TUV dr
E£+2/ !
Th

V £ — g(rmin) ’

where we have defined 7 as the length of the section of the geodesic that is inside r = ry.

Taking a derivative with respect to 7, we get

d<l*2) d&(rmin) [TUV dr
& dr / (€ = E(rmin))*? 62)
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At late times, the turning point approaches the constant radial location of the accumulation

surface so that %‘T‘““) — 0. Since r, > 74, the integral in (5.2) remains finite in the limit and

this implies that the right hand side vanishes as ryi, — r,. Integrating at late time thus gives
Z(T) ~ 2(T) + éO ’ (53)

where £y is a time independent constant. In other words, the late-time growth of the geodesic
length comes from the region near the accumulation surface (shaded in blue in figure 6).
This approximation becomes better and better as time passes.

A second observation is that the auxiliary two-dimensional spacetime has negative
curvature at the accumulation surface,

Rlr=r, = =€"(ra) < 0. (5.4)

This is immediately apparent from the shape of the effective potential in figure 4. Since we are
interested only in the late-time growth rate of the geodesic length, we can restrict our attention
to the region near the accumulation surface. Introducing a new radial coordinate 7, defined by

r=r,+n, (5.5)

with n < rq, and expanding in powers of 7 leads to

5//(7,,(1)

£(r) = &(ra) + & (ra)n + >="0" + O(n*).. (5.6)

Since 7, is a critical point &, the linear term in the 7 expansion vanishes. Truncating the
expression at the quadratic order, and plugging it back into the metric, leads to

2 §"(ra) 2\ 4,0 dn?
as? = = (elra) + 502 ) o * (s ) (5.7)

The accumulation surface lies inside the horizon and hence £(r,) < 0. Therefore, we can
identify (5.7) with an AdSy black hole metric,

2 d 2
ds? = — <%—u> dt2+7]2L7 (5.8)
)
where Lo is an emergent AdSy length scale and p a mass parameter,
-2 =
2 = m, = —E(ra)- (5.9)
The horizon of this emergent black hole is located at 7, = |/liL2 and its temperature is given by

Mh 1

T = =—. 5.10
2rL3 B (5.10)

If the » = 7, curve in figure 6 is placed near the accumulation surface, i.e.
Ty —Ta K Tq, (511)
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Figure 7. Penrose diagram for the AdS, black hole (5.7). The length of the geodesic inside the
region enclosed by the n = n, and 7 = 0 curves (shaded in blue) is denoted by ¢;7 in the main text,
while the length of the full geodesic anchored to a constant 7 surface in the asymptotic AdS, region is

denoted by £yr.

then the AdS; black hole metric (5.8) is valid over the entire spacetime region where the
late-time complexity growth takes place.?

The Penrose diagram for the AdSs black hole is shown in figure 7. The shaded region,
between the n = 0 and n = n, = r, — 1, curves, corresponds to the similarly shaded region in
figure 6. The condition (5.11) ensures that the curve n = 1, lies well inside the horizon of the
AdSs black hole. We are interested in spacelike geodesics that are symmetrically anchored
in the asymptotic AdSsy region at boundary times t; = tg = 7. Such geodesics are straight
horizontal curves of constant global time in the AdSs Penrose diagram [13] and at sufficiently
late boundary times they will intersect the shaded region in figure 7.

The analysis of spacelike geodesics in section 4, including the classical mechanics analogy,
can be applied to the emergent AdSs metric (5.8). The resulting effective potential takes

a particularly simple form,
_ n
Vet(n) = — =5 (5.12)

with Ly and p defined in (5.9). This corresponds to zooming in on the critical point of the
effective potential at r = r, in figure 4 and expanding to quadratic order in n = r —r,. At late
boundary times, our spacelike geodesics can be divided into a part that passes through the
shaded region inside the curve n = 1, in figure 7 and external parts that attach onto the anchor

3The fact that we find an emergent AdS> geometry when expanding around the accumulation surface is
perhaps not surprising. Any two-dimensional metric with a timelike Killing symmetry can be brought to the

form (4.7) and an expansion to quadratic order always leads to a spacetime metric with constant curvature.
What is important about the expansion around the accumulation surface is that it leads to a spacetime metric
with constant negative curvature and that the late-time growth of the volume complexity exclusively comes

from the region where this expansion is valid.
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curves in the asymptotic AdSs regions. Accordingly, the geodesic length consists of two terms,
Lyp(T) = EJT(T) + (?T s (5.13)

where the JT subscript indicates that this is in fact the length of a boundary anchored
spacelike geodesic in an emergent two-dimensional Jackiw-Teitelboim dilaton gravity theory
that we will elaborate on below.

The same line of reasoning that led to (5.3) implies that the outside length Z?T approaches
a time independent constant at late times. Since the emergent AdSs metric only applies near
the accumulation surface, and the location of the AdSy anchor curve differs from the original
anchor curve, the full geodesic length at a given late boundary time will differ between (5.3)
and (5.13). However, if r;, (or equivalently ;) is chosen so that the shaded region in figure 6
is well described by the emergent AdSy metric, then the time dependent part of the geodesic
length is the same in both descriptions at late times,

(r) = ly(7). (5.14)
It follows that the late-time volume complexity can be expressed as
l
Oy (7) ~ Co + —JE(T) : (5.15)
0

where Cj is a time independent constant. The problem of determining the late-time growth
of volume complexity of a spherically symmetric black hole in any number of spacetime
dimensions thus maps onto the problem of determining the late-time growth of geodesic
length in a two-dimensional geometry of constant negative curvature, i.e. two-dimensional
locally anti-de Sitter spacetime. This rather general result is one of the main conclusions of
this paper. The characteristic length scale in (5.9) of the JT gravity theory in question is
inherited from the higher-dimensional, static, spherically symmetric, black hole solution that
we start with (see appendix A for some examples). In the following subsection we show how
the action of two-dimensional JT gravity arises from spherical reduction in this context.

5.2 Emergent JT action

Applying the spherical reduction ansatz (4.1) to d + 1-dimensional Einstein gravity yields
a two-dimensional dilaton-gravity theory,

d (VD)2
i—1 @

5 = % /d%\/——g <<1>R - ¥ W(cb)) , (5.16)

that has been analysed extensively in the past by numerous authors (see e.g. [29] for a review).
The form of the dilaton potential W (®) depends on details of the higher-dimensional theory,
such as the value of the d 4+ 1-dimensional cosmological constant for instance. The equations
of motion that follow from (5.16) can be expressed as

1
0=V, (@777, ®) — SV (BTTVP),

0=V —-W(d), (5.17)

d Vo (VD)? ,
S AL

0=R+
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The first equation can be interpreted as Killing’s equation for
d
KV =®a1eMV, @, (5.18)

and the value of the dilaton is preserved along the Killing vector Lx® = 0 [30]. Our starting
point is some static black hole solution of the higher-dimensional theory, which suggests we
take K* to be timelike. A two-dimensional metric with a time-like Killing vector can always
be put into the form of (4.7) with a time-independent dilaton field.

Plugging the ansatz (4.7) into the equations of motion (5.17), we obtain simple ODEs
that can be explicitly solved for arbitrary dilaton potential [29],

0,0 = gt

) (5.19)
£(®) = P eTTw(9),
where the function w(®) is an integral involving the dilaton potential
@ ~ ~ ~
w(®) = wy +/ dd W(d) a1 (5.20)

and Qo, wo are constants of integration whose values are determined by the higher-dimensional
black hole solution via (4.8).

The accumulation surface inside the higher-dimensional black hole corresponds to a
spacelike curve of constant dilaton field ® = ®, = ®(r,) in the two-dimensional spacetime of
the dilaton gravity theory. In order to zoom in on the spacetime region near the accumulation
surface, we want to expand the dilaton field around ®, while also keeping track of the
background value of V#®. Operationally, this can be achieved by introducing an auxiliary
field, which, when evaluated on-shell, reproduces the original action (5.16) and its associated
equations of motion. Concretely, we introduce a new vector field A, through the action

S = %/dQ:c\/—_g<<I>R+W(<I>)+ (dfl)

Varying this action with respect to ® and \,, we get the following equations of motion,

(A2® — 2,\Hvﬂ<1>)> . (5.21)

d
R+W'(®) + 7 (A2 +2V,04) =0, (5.22)
i
N V;’ —0 (5.23)

Substituting (5.23) in (5.21) and (5.22), we get back the original action (5.16) and its
dilaton field equation in (5.17). Therefore, the theories described by (5.21) and (5.16) are
classically equivalent.

Now let us expand the fields ® and A, around some constant values,

b =P+ o, A=A+, (5.24)
and evaluate the action (5.21) to linear order in the fluctuations, dropping total derivatives,
to obtain

1 d
T /de\/_—g <<I>0R+ W (@) + = 1)A2<1>0)
7(1 d (5.25)
— [ d*zv/—g W' (® —(A? 2<I>A5\“>.
+ 167 [ v (R+ W/ @0)6+ 55 (0% + 2004,3)
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For a static solution, the only non-vanishing component of the field \* is given by

_oe

—2d+1

= e QP TIT £(D) = U(D), (5.26)

)\7‘

where we have used equations (5.23) and (5.19). Inserting the expansions (5.24) on both
sides, we obtain

A"+ A" =U(Dg) + U' (D), (5.27)
which allows us to identify
A" =U(®) and N =U'(D)é. (5.28)

Similarly, we find that the background vector with the index lowered is given by

—2d+1

A, =e Do, (5.29)

Substituting these expressions into the action in (5.25) leads to

d
(d-1)

1 d
+ E/de\/_—g <R+ W’((I)o) + ﬁ(AQ +2ATU/(<I)O)(I)O)) ¢>+O(¢2) )

5= 16% /d%\/—fg (<1>OR ¥ A2 + W(<I>0)>

(5.30)

Finally, if the background @ is chosen to have the value of the dilaton at the accumulation
surface, @9 = P,, the second and third term in the first line of (5.30) cancel each other
out, and the action reduces to a simple form,

‘I;jT [ @av=gr+ L [eev=g (R + L%) 6+0(8). (5.31)

5=1 167
As expected, the action (5.31) governing the dynamics near the accumulation surface, takes
the form of JT gravity [11, 12] with the same AdS; length scale Ly that we encountered in
the JT black hole metric in (5.8). The coefficient in front of the topological term in (5.31)
is given by the area of the transverse d — 1-sphere at the accumulation surface inside the
higher-dimensional black hole rather than its horizon area but the two areas only differ
by an order-one multiplicative constant that depends on the higher-dimensional black hole
under consideration.

6 Saturation of black hole complexity

In section 5, we saw how the calculation of the classical volume of extremal surfaces at

late times in various static black hole solutions reduces to calculating a geodesic length in
an emergent two-dimensional JT gravity theory. With this equivalence in hand, we can
take advantage of an existing quantum mechanical description of JT gravity to arrive at a
non-perturbative definition of complexity for static spherically symmetric black holes in any
number of spacetime dimensions. Building on earlier work relating the partition function of
JT gravity to matrix integrals [31, 32], a quantum mechanical definition of geodesic length
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in JT gravity was given in [14] and demonstrated to saturate on extremely long time scales.
If we adopt the same quantum definition of geodesic length in our emergent JT gravity
description of black hole complexity in higher-dimensional gravity, then it immediately follows
that holographic volume complexity saturates on extremely long time scales in the higher-
dimensional case as well. In our setup, the parameters of the JT gravity theory are inherited
from the higher-dimensional black hole under consideration, and thus the two-dimensional
results of [14] can be adapted to predict the time-scale on which the higher-dimensional
black hole complexity saturates. In the remainder of this section, we summarise the results
of [13, 14] that are relevant to the present paper and then translate those results into saturation
time-scales for higher-dimensional black hole complexity via the emergent JT description.

6.1 Length of geodesics in JT gravity

In a two-dimensional theory, there is only one spatial dimension. The volume complexity
of a JT black hole is therefore given by the length of a spacelike geodesic (divided by a
fixed characteristic length scale), with the spacelike geodesic anchored to timelike boundary
curves in the asymptotic AdSs regions on either side of the two-dimensional Penrose diagram
in figure 7. This problem was considered in [13], where the geodesic length was found
to grow linearly with the boundary anchor time, giving the expected growth rate for JT
black hole complexity,
% xST. (6.1)
Here S and T are the Bekenstein-Hawking entropy and temperature of the 3 + 1-dimensional
near-extremal Reissner-Nordstrém black hole, whose near-horizon region is described by the
effective JT gravity theory in [13]. At the classical level, this linear growth of complexity
continues forever, which is in line with extremal volume calculations in higher-dimensional
gravity theories, but in contrast with the expected saturation of quantum complexity at
very late times. However, since JT gravity is more amenable to quantisation than its higher-
dimensional cousins, one can envisage a quantum representation of geodesic length as in [14].
We will not repeat their detailed arguments here but simply state some of the main results.
The starting point is the action (5.31) for two-dimensional JT gravity (supplemented by
the usual boundary terms). Following [33, 34], we impose boundary conditions,
s _ L3 5 P
ds* = —=du®, ¢="—, (6.2)
€ €
where u is the boundary time. Here ¢ has the dimensions of length and characterises the
scale of time reparametrisation symmetry breaking. The boundary has a fixed proper length
@, where [ is the inverse temperature of the black hole.
The length of spacelike geodesics anchored onto the asymptotic boundaries can be
non-perturbativley defined in JT gravity using its matrix model description [14, 15], via

() = [ AR, (p (B1) p () e 3P T E ity (8, ) (69
JO
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where p(FE) is the density of states. The quantity Ma(E1, E2) is related to the matrix
elements of a boundary operator Ox,

Ma(Br, B) = — lim =% [(Er|OalEa) (6.4)

where A is the scaling dimension of Oa. Heuristically, this amounts to defining the quantum
mechanical length in terms of a two-point correlation function of scaling operators in the
boundary dual theory, that are inserted at the boundary anchor time of the geodesic. The
classical geodesic length is then reproduced in a semi-classical limit where the correlation
function can be evaluated in a geodesic approximation.

Now we can use the fact that JT gravity is dual to a matrix model [31], and that the
two-point function of the density of states has a universal form when E; — Es [32, 35],

sin? (7po(E) (E — E' _

(p(E)p(E")) = po(E)po(E")

where we have defined 2F = E + E’. Here py = 't sinh(27V/E) is the disk contribution
to the density of states, with ®, the parameter multiplying the topological term in the JT
gravity action in (5.31). The second term in the above expression is non-perturbative in e%a,
and it is usually referred to as the sine kernel in the matrix model literature. Plugging in the
explicit expressions of po(E) and Ma(E1, E3), one can evaluate the integral to obtain [14],

®q

CiT+... 7T<Ke2 ¢y
(U(r)) = o (6.6)

Co—... T>eig

where .
_et o | ex2g8 16760\ _ x5
Co = 672 [e b B ‘ '

(6.7)

Oy = 2e=2m s, | % +erf(” ") 14 A0
! mB/2 m )

The linear growth at early times can be traced back to the leading disconnected piece in (6.5),
but at very late times, this contribution is cancelled by another contribution that comes from
the sine kernel, resulting in the saturation of the length.

6.2 Late time behavior of black hole complexity

The length calculations in [14] were performed in units where ¢y, is set to 1. To obtain the
late-time behaviour of holographic complexity in our formalism, it is necessary to obtain
an explicit expression for ¢;,. Expanding the dilaton solution (5.19) around its value at the

accumulation surface, we find that
6= (d=1) @1
(2d—1) ry ~

The boundary conditions in JT gravity are usually specified in the Poincaré coordinate z,

(6.8)

defined via the relation

12 2 .9
21 " Th (6.9)

2 2
z L3
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AdS-Schwarzschild Schwarzschild Near-Extremal RN

a1
Saturation Time (7g) || exp (2(1%)5 +-- ) 5—: exp ((ﬁ) ECIE ) pn | exp(S+--)ps

d—1
Saturation Value (Cp) exp (2(¥)S + - ) exp ((ﬁ) 2GS ) gﬁ exp (S+---)

Table 1. The table lists the saturation time 7 and the saturation value Cy for the volume complexity
of various d + 1-dimensional black holes. Here S is the Bekenstein-Hawking entropy of the black hole.
The dots correspond to logarithmically subleading terms.

Choosing the cutoff surface to be at z = ¢, we can use (6.2) to determine the boundary
value of the dilaton as follows
(d—1) ®,L3

%= 201y 1,

(6.10)

Now we can use (5.15) and (6.6) to obtain the late-time behaviour of holographic complexity

Y4 Cit+... 7L
70_4_ 1 S

Cy(r)~ . (6.11)
LO Co — ... T>TS
The saturation time 7g can be calculated using (6.10) and we find that
Fa (d—=1) [®L3\
= =_— . 6.12
Tg=e1 Py (2d—1)< - e ( )

Finally, we can work out 75 and Co; for different black hole solutions by using the explicit
expressions in appendix A (see table 1). To reproduce the classical growth rates in appendix A,
we have rescaled the boundary time 7.

For all static spherically symmetric black holes, we find that the complexity saturates at
times of exponential order in S, the Bekenstein-Hawking entropy of the higher-dimensional
black hole, that is,

g = %Oy (6.13)

where 7 is some characteristic timescale associated to the black hole. This is precisely the
expected behaviour of operator complexity in a chaotic system [18].

The coefficient of S in the exponent of (6.13) depends on the higher-dimensional black
hole and its spacetime dimensions (see table 1). Indeed, the relevant higher-dimensional area
is that of the transverse two-sphere at the accumulation surface, which is smaller than the
horizon area of the black hole by an order-one numerical coefficient that depends on the
black hole solution in question. In the case of a near-extremal Reissner-Nordstrom (RN)
black hole, this coefficientis in fact equal to one and complexity saturates at times of the
order 5. As a simple consistency check, we note that the same timescale is obtained if
we instead use the usual effective JT gravity description in the near-horizon region of a
near-extremal RN black hole to compute 7g directly.
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7 Discussion

In this paper we have shown that the linear growth of volume complexity for any static
spherically symmetric black hole at late times can be understood as the linear growth of a
geodesic length in an effective AdSy geometry. This is true for black holes in dimensions d > 2
and follows from a dimensional reduction of the extremal volume problem to two dimensions
along with a judicious choice of a Weyl frame which transforms it to the calculation of
a geodesic.

Since the black hole Hilbert space is expected to be finite dimensional, any quantity (like
complexity) that evolves for a long time should eventually saturate. The fact that volume
complexity of black holes does not saturate in classical gravity suggests that some quantum
gravity effects should take over and lead to the expected saturation. As was discussed in
section 6 above, the matrix model description of JT gravity provides an appealing resolution
of this issue for the complexity of two-dimensional JT black holes, and by extension for generic
spherically symmetric black holes via the universal nature of complexity growth observed in
the present paper. Whether such an effect can be modelled directly in higher-dimensional
quantum gravity, e.g. via some non-perturbative corrections to the gravitational path integral,
remains an open question (see for example [16, 36-39]).

It is intriguing that, even without a detailed understanding of the saturation mechanism
in higher-dimensional gravity, we can still make progress by utilising the impressive recent
progress for JT gravity. Indeed, we have argued in the case of complexity saturation, that
the results for JT gravity can be directly translated to other higher dimensional black
holes. The computation of non-perturbative corrections in JT gravity involves the inclusion
of certain fixed energy boundary conditions, which can be reinterpreted as a worldsheet
boundary ending on a D-brane [31, 32, 40]. We can similarly speculate that D-branes reprise
their role in the saturation of higher dimensional holographic complexity. The existence
of such non-perturbative structures in the black hole spacetime would alter its interior, as
expected by the breakdown of bulk reconstruction of interior operators at the saturation
of the complexity bound [41, 42].

We note that the saturation of holographic complexity argued for, both in this paper and
in the earlier papers on JT gravity, represents an interesting breakdown of semi-classical gravity
through infrared effects. Usually, violations of semi-classical gravity are associated with short
distance physics and strong spacetime curvature, but in this problem the accumulation surface,
where the bulk of the complexity growth takes place, remains well separated from the black
hole singularity and the deviation from (semi-)classical physics is instead due to the enormous
volume of the extremal surface at very late times. Another example of the breakdown of
semiclassical gravity computations due to infrared effects is seen in the evaporation of a
large near-extremal charged black hole [43, 44]. In this case, the corrections that invalidate
semi-classical calculations at extremely low temperatures come from Schwarzian modes in
the emergent JT gravity description of the near-horizon geometry, i.e. from a region which
lies far from the singularity of the black hole.
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A Examples from asymptotically AdS, dS, and flat spacetime

Our general argument in the main text, that the evaluation of holographic volume complexity
at late times reduces to a calculation of geodesic length in a two-dimensional JT-gravity theory,
applies to all static spherically symmetric black holes in d+ 1-dimensional Einstein gravity, for
any d > 2. In particular, it does not rely on the presence or absence of a cosmological constant
in the higher-dimensional spacetime, and it also goes through for charged Reissner-Nordstrém
black holes. In this appendix we work out specific examples in more detail.

A.1 (AdS-)Schwarschild black hole
Consider the line element of an eternal AdS black hole in d + 1-dimensions,
dp2 p2 16w M ¢d—1
ds? = — dt* + —— 4 p?dQ3_,, =1+5 - — 2
f(p) 7o) TP f(p) 2 d-D?

where we have absorbed Newton’s constant into the definition of ¢, as in (4.2). The horizon

(A1)

of the black hole py, is related to the black hole mass through the relation
16mMed—t 2
p __ d-2(Ph

Here L is the d + 1-dimensional AdS length scale. The entropy and the temperature of
the black hole are given by

o_L(m\T ,_1of
RYA ’ T 4mdp

1 ( d ,

- —ph+<d—2>). (A3)
p=pn  Ampn \L?

To obtain the explicit form of the corresponding dilaton potential in (5.16) we start from

the Einstein-Hilbert action,

_ 1 d+1 _ (d+1)< (d+1) d(d_ )>
I= 167G /d x\/—g R + 2 . (A.4)

Performing a spherical reduction in the Weyl frame defined by (4.1), we end up with a
two-dimensional dilaton gravity theory of the form (5.16) with

dd—1) 51 (d=1)d=2) g

2 2
L ?

W (®) = (A.5)

The two-dimensional metric in (4.8), corresponding to a d + 1-dimensional AdS-Schwarzschild
black hole, takes a simple form when expressed in terms of the dilaton,

2, 6 =5 P&
é‘(?") =o° + ﬁ(b( D - ————0-D ) (AG)
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and the dilaton profile is given by

d—1 SN (a2 R
o(r) = (%"))< . ((2a- 1)22) @y (A7)
where we have integrated (4.9) to obtain the relation between r and p.

Holographic complexity of the higher-dimensional AdS-Schwarzschild black hole reduces
to a geodesic length in this two-dimensional metric. As explained in section 4, the geodesic
computation can be rephrased as a particle scattering off an effective potential Vog(r) = —&(r).
Plotting the explicit expression, the potential has a local maximum inside the black hole which
corresponds to the radial location of the accumulation surface (see figure 4). At the maximum
of the potential, the two-dimensional curvature scalar is negative, R = —£"(r,) = VJi(ra) <0,
and it follows that near the accumulation surface the two-dimensional metric reduces to
that of a locally AdSs spacetime with an emergent AdSy length scale that can be obtained
from a straightforward analysis of (A.6). To obtain closed-form expressions, we will work
in two limits of the metric:

Large AdS black hole (pp > L). In this limit, the accumulation surface sits at

. 2d—1
Ta = m <%> by, with pg =~ 27, (A-8)
P

Here p, and pj, are the radial locations of the accumulation surface and the black hole horizon,

respectively, in the higher dimensional black hole coordinates. The late-time rate of growth

of the complexity, given by (4.21), reduces to
dCy - 160 M
dr — (d—-1)

Expanding the two-dimensional metric as in section 5.1, we obtain an AdSy black hole with

x ST. (A.9)

a characteristic length scale Ly and mass parameter ju, with

gt (B) e wa = (2)(2) @

Up to a d dependent constant, the emergent AdSy length scale is given by the Weyl trans-
formation of the higher-dimensional AdS length scale.

Small AdS black hole (pp, < L). In this limit, the higher dimensional black hole reduces
to an asymptotically flat Schwarzschild black hole and the accumulation surface is located at

2d—1 2d—1
_ 1 d a—2 Ph
"t 2d—1) (2(d - 1)) <Z> b (A1)

As before, the volume complexity is proportional to the length of a geodesic in an emergent
two-dimensional theory. This time around, since the AdS length L is effectively infinite in the
small black hole limit, the characteristic length scale Ly of the higher-dimensional problem is
given by the Schwarzschild radius pp, and equation (4.6) becomes

L

Cy=—. A2
v Ph ( )
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The late-time growth rate turns out to be

(d—1)

dCy d—2 d T2 pi2
= =\ T (m> Z?)—_l x ST. (A.13)

With these conventions, the growth rate of the volume complexity (in Rindler units) is once
again proportional to the number of degrees of freedom of the black hole.

As in section 5.1, we expand the two-dimensional metric near the accumulation surface.
This leads to an AdSy black hole metric with an emergent length scale given by

d
_ 2 /d=1(rn
() a

which is again equal to the Weyl transform of the characteristic higher dimensional length
scale, up to a d dependent constant.

A.2 de Sitter-Schwarzschild black hole

Now consider the d + 1-dimensional Schwarzschild-de Sitter (SdS) spacetime, whose metric

is given by
ds® = —f(p)dt* + dpt + p2d02 flp)=1- 2 2 (A.15)
7o) N A
We choose the mass parameter ;o to lie between 0 and py, where
d—2
ey (L (a16)

corresponds to the Nariai limit. For a mass parameter in this range, there is a black hole
horizon at p = pp, and a cosmological horizon at p = p. > pj [45, 46]. The SdS metric (A.15)
is a solution of the equations of motion of d+1-dimensional Einstein gravity with positive
cosmological constant,

_ 1 a1 [ i) [ @+ _ dd—-1)
I= 167G, /d z\/—g R 2 . (A.17)

A spherical reduction using the ansatz (4.1), leads to a two-dimensional theory of the
form (5.16) with the dilaton potential

W(®) = —d(dLg D14 (= %d — gt (A.18)

The d + 1-dimensional de Sitter length provides a reference length scale for the volume

complexity,
L
Cy=—. A.19
v=1 (A.19)
The geodesic length ¢ is calculated using the following two-dimensional metric,
2 5 2/ d 2d—1 (Zd — 1)7"
—p? - Ppi1_ E paq Ha-1 =" "/ A.20
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B W
1

Figure 8. Effective potential for spacelike geodesics in SdS spacetime. Here, r = 7, . corresponds to

the location of the black hole and cosmological horizons. The geodesic is symmetrically anchored to
cutoff surfaces at » = ¢ in the static patches on either side of the two-sided black hole.

where the dilaton profile given by (A.7). Since our goal is to understand the complexity of
the black hole, we will consider extremal volume surfaces that pass through the interior of
the black hole and are symmetrically anchored at cutoff surfaces in static patches on either
side.* The effective potential for the corresponding classical particle has a maximum inside
the black hole region, as shown in figure 8. The turning point of the geodesic approaches
this maximum at late times and in the neighbourhood of the critical point one again finds
an AdSy black hole metric with an emergent AdSy length scale that descends from the
higher-dimensional black hole. Since closed-form expressions are unavailable, we do not
present the emergent AdSs length scale here.

A.3 Reissner-Nordstrom black hole
The Reissner-Nordstrom (RN) black hole in (d 4 1)-dimensions has the metric

16mMe Q6"
(d—1)pi—2 p2(d=2)

ds® = — f(p)dt? A 2402 —1-
p)dt +f(p)+pd d—1> flp)=1

We denote the location of the outer and inner black hole horizons by p = p+, with p4 > p_.

(A.21)

The metric is a solution to the equations of motion of Einstein-Maxwell theory

1
T=—— [ qd+lg/—gla+)) [RE+D _ p  puv A.22
e [ A [ W] | (A.22)

where we have absorbed the coupling constant 1/4¢> into the definition of the electromagnetic
field strength. Spherical reduction using (4.1) yields a two-dimensional dilaton gravity theory
coupled to a two-dimensional Maxwell field,

_ 1 2 d_(Ve)? (d-1)(d=2) a5
Sbulk—wﬂ/dx«/_—g<<I>R—dil Rt B

4Holographic complexity associated with the cosmological horizon was studied in [47].
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To bring the action to the form (5.16), we proceed as in [13] and integrate out the electro-
magnetic field strength. We find that

Vo (2PF) =0 = Fas= D 3eys, (A.24)

Q [d-1@-2)
0, 2

where €,3 is the 2d Levi-Civita tensor. We have chosen the constants in the above solution
so that the solutions of the resulting 2d theory match the dimensional reduction of (A.21).
After introducing an appropriate boundary term, following [13], we substitute the on-shell
expression for Fg to obtain (5.16) with the following dilaton potential

W)= 17D =2) %d “ Vit Q-2 _[12)(d “Vgs, (A.25)

Once again, the holographic volume complexity can be expressed in terms of a two-dimensional
geodesic length,

Cv(r) = @, (A.26)

P+
where we have chosen the radial location of the outer horizon p; as the reference length
scale. The turning points of the geodesics approach an accumulation surface located between
the two horizons, where the corresponding classical particle effective potential reaches a
maximum (see figure 9). As in the previous cases, the late-time complexity growth comes
from an emergent AdSy spacetime near the accumulation surface and can be expressed
in terms of geodesic length in a two-dimensional JT gravity theory. This is true for any
Reissner-Nordstrom black hole. In particular, it does not require the black hole to be near
extremal. It is, however, interesting to consider the near-extremal limit, on the one hand
because it leads to a closed-form expression for the late-time complexity growth, and on
the other hand because the effective low-energy gravitational dynamics in the near-horizon
region of near-extremal RN black hole is well known to be governed by a two-dimensional
JT gravity theory [13, 48, 49]. It is natural to ask whether our JT-gravity prescription for
computing volume complexity, when applied to a near-extremal RN black hole, differs from
the standard near-horizon JT-gravity theory.
To proceed, let us choose d = 3, and work in the near-extremal limit where

Pt —p—=0p <L py. (A.27)

The accumulation surface is determined by the critical point of the effective potential,

5 4
~Pe (P A2
T‘l—5g;1) <€g>2. (A.28)

Expanding the two-dimensional theory near the accumulation surface as in section 5, we
obtain an AdSs metric with an emergent length scale,

Pl
Ly~ g, (A.29)
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Figure 9. Effective potential for spacelike geodesics in Reissner-Nordstrom spacetime. Here, r = ry
corresponds to the two black hole horizons and the geodesics are symmetrically anchored to cutoff
surfaces in asymptotic regions on opposite sides of the black hole in a Penrose diagram.

and the late-time growth rate of complexity is given by

dCy  dp
s (A.30)
Using
% nd 5= (A.31)
= n = — .
4mp? Gy’

we once again find the growth rate to be proportional to the number of degrees of freedom
of the black hole

dCy
— x ST'. A.32
dr x ( )
In the near-extremal limit, the location of the accumulation surface in the higher dimensional
black hole coordinates is pg, ~ p4 — %3. This falls inside the near-horizon region governed by
‘standard’ JT-gravity theory and, by comparing the Weyl frames and emergent length scales
of the two JT gravity theories, one finds that they are indeed equivalent in this limit.
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ABSTRACT: Black shells have been proposed as black hole mimickers, i.e. horizonless ultra-
compact objects that replace black holes. In this paper, we assume the existence of black
shells and consider their thermodynamic properties, but remain agnostic about their wider
role in gravitational physics. An ambient negative cosmological constant is introduced in order
to have a well-defined canonical ensemble, leading to a rich phase structure. In particular, the
Hawking-Page transition between thermal AdS vacuum and large AdS black holes is split in
two, with an intermediate black shell phase, which may play a role in gauge/gravity duality at
finite volume. Similarly, for non-vanishing electric charge below a critical value, a black shell
phase separates two black hole phases at low and high temperatures. Above the critical charge,
there are no phase transitions and large AdS black holes always have the lowest free energy.
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1 Introduction

Various ultra-compact horizonless objects, collectively referred to as black hole mimickers,
have been proposed as alternatives to black holes. The main motivation is theoretical, to
sidestep thorny issues connected with curvature singularities and event horizons in classical
and semiclassical gravity. The study of black hole mimickers is also driven by astrophysical
observations, to identify potential signatures that can distinguish non-singular compact
objects from true black holes. See [1] for a recent status report of the field.

In the present paper, we focus on so-called black shells, which are a particular form of
black hole mimickers motivated by string theory [2]. The main assumption of the black shell
proposal is that the vacuum is unstable against the formation of a bubble of AdS spacetime,
contained within a dynamical shell formed by string theory 0O-branes dissolved in a 2-brane.
Open strings ending on the branes, carry a large number of degrees of freedom with entropy
comparable to that of a black hole of the same mass.

The area of a static black shell is determined by the Israel-Lanczos junction conditions [3,
4], supplemented by the condition that the matter on the shell, separating the exterior
geometry from the interior empty AdS spacetime, should have the equation of state of
massless radiation [2]. For a Schwarzschild exterior, the shell is located at the so-called
Buchdahl radius, 9/8 times the Schwarzschild radius. The matching procedure is easily
adapted to static black shells with electric charge and a Reissner-Nordstrom exterior [2],
while spinning black shells have been considered in [5].

If black shells are to succeed as black hole mimickers, replacing black holes in Nature,
then they have to be the natural endpoint of gravitational collapse rather than black holes.
In this case, when matter is on the verge of collapse into a black hole, a bubble of the true
vacuum nucleates and the collapsing matter is converted into a black shell with an area that
exceeds that of the would-be event horizon. A priori, such a nucleation, which is non-local
and involves quantum tunneling on a macroscopic scale, may seem unlikely but the enormous
available phase space associated with the large number of degrees of freedom of the black
shell makes it more plausible. A similar argument for fuzzball formation is discussed in [6].

Without the right dynamical ingredients, such a black shell is unstable and either expands,
which would spell disaster for the universe, or collapses into a black hole. As shown in [7, 8], it
is possible to stabilize the shell against small radial perturbations by introducing a mechanism
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Tup

Thermal AdS Black Hole

Q

Figure 1. The plot indicates the configuration with the lowest free energy for any given values of
temperature and charge. The red line segment along @ = 0 corresponds to the thermal AdS solution.
Tup denotes the Hawking-Page transition temperature.

that transfers energy between the tension of the 2-brane the radiation carried by the brane.
A detailed string-theoretic derivation of such a mechanism is still lacking but see [5] for
suggestive speculations.

In the following, we consider the thermodynamics of black shells in the canonical ensemble
at fixed temperature and compare to black hole thermodynamics. As long as our goal is
restricted to equilibrium thermodynamics, we do not need to address the issue of dynamical
black shell formation in gravitational collapse, nor argue for or against black shells replacing
black holes. In thermal equilibrium, the existence of black shell configurations, independent
of any hypothetical stabilization mechanism, is sufficient in order to compare to black holes.

We work in Euclidean signature throughout and embed the system into an external AdS-
spacetime in order to have a well-defined canonical ensemble. A small negative cosmological
constant can be viewed as a regulator if the system of interest is a black shell in asymptotically
flat spacetime. Alternatively, an asymptotically AdS black shell is a candidate gravitational
dual to a thermal state in a strongly coupled boundary theory.

Our results are summarized in figure 1. We find a rich structure, with phase transitions
between black holes, black shells and the thermal vacuum in the canonical ensemble. In
section 2, we obtain the free energy of an electrically neutral black shell. We find that
the well-known Hawking-Page phase transition between thermal AdS spacetime and AdS-
Schwarzschild black holes [9] is split in two. There is a phase transition from thermal AdS
spacetime to a phase dominated by black shells at a temperature of order the AdS scale
but below the Hawking-Page temperature. Then there is a second phase transition from
the black-shell phase to a more conventional black-hole phase at a temperature somewhat
higher than the Hawking-Page temperature.

The situation is more involved when we allow the black shells to carry electric charge.
Under gauge/gravity duality, this amounts to turning on a conserved global U(1) charge in
the boundary gauge theory. At fixed non-vanishing charge, below a certain critical value,
there are phase transitions from black holes to black shells, and back again to black holes,
as the temperature is increased. Above the critical charge, however, black holes dominate
the ensemble at all temperatures.
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The remainder of the paper is organized as follows. We begin in section 2 with a brief
review of the original black shell construction of [2]. We then obtain a closed form expression
for the free energy of an electrically neutral black shell that can be compared to the free
energy of an AdS-Schwarzschild black hole. In section 3 we repeat the matching procedure
for black shells with non-vanishing electric charge and numerically evaluate the resulting free
energy as a function of charge and temperature in the canonical ensemble. In section 4 we
conclude with a brief discussion of our results and their possible relevance to the suggested
role of black shells as black hole mimickers.

2 Black shells in asymptotically AdS;,; spacetime

We begin with a brief review of the black shell construction of [2] with the added twist
of a small negative cosmological constant outside the shell in order to have a finite free
energy in the canonical ensemble. In this case, the spacetime is asymptotically AdS rather
than asymptotically flat as in [2].

Consider a spherically symmetric shell of radius ¢ in 3+1 spacetime dimensions. Inside
the shell, the spacetime is taken to be AdS with a characteristic length scale ¢, while outside
the shell, it is described by an AdS-Schwarzschild geometry with mass M and AdS length
scale L > (. The metric is then given by:

2 d2
ds? = — <%2+1> dt2,+72r +r2d03 ifr<rg
(}Z+1) 2.)
r? 2M dr? '
d33:7<f2+17— dt2 + o + 720} ifr>ro
L r (5 +1-21)

We work in units where Newton’s constant Gy is set to 1 and denote the time coordinates
outside and inside the shell by ¢, and ¢_, respectively. We use the area of the two-transverse
sphere to label the radial position, via A = 4772, both outside and inside the shell. The solu-
tion with Minkowski space inside the shell, along with its thermodynamics, was studied in [10].

The parameters of the metric are constrained by the usual junction conditions [3, 4, 11]:

e The induced metric is continuous across the shell

+_p
hh = hy;. (2.2)

o The discontinuity in the extrinsic curvature is related to the stress-energy tensor on the
shell:

1
K — K, = -8 (51-,- - 5hijh"ls,c,> ) (2.3)
Using the definition of the induced metric,

o ox'
dot Ood’

hij = gkl (2.4)
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and identifying the time coordinate 6© on the shell with the exterior AdS-Schwarzschild time
t4, the first junction condition relates the time coordinates across the shell,

(2.5)

To proceed further, we take the stress-energy tensor on the shell to be that of a perfect
fluid at rest,

Sij = (p + p)uivj + phij , (2.6)

where p and p are, respectively, the energy density and pressure of the fluid, and the
components of the fluid 3-velocity,

ut=—— = =yl =0, (2.7)
2
1=

satisfy u - u = —1. This gives us
o 2m 2 2 .2 ki
Si=p L2+1*E . Seop=pry, Sep =prosin®0, hVSu=-—p+2p. (2.8)

The second junction condition (2.3) relates the shell pressure and energy density. For a
metric of the form

ds? = N%(r)dr? 4 hijda’da? (2.9)
the extrinsic curvature Kj;; of a constant r surface is given by 2}\, d(};f This gives us
Kif = PO LB Y S L 2.10
= 72t B 00 =70\ 72 T o (2.10)
_ ro [z +1-3F _ r3
Ktt = —ﬁ ('r) ) K09:7"0 Z%+1 (21].)
Vi +1

We now plug these expressions into the junction condition (2.3), and solve for the energy
density and pressure,

1 r(% 1"5 2M
= —+1—y—=+1-— 2.12
4mrg ( 2 + L2 + rog |’ (2.12)
1 2T0+1,7 1+270

(2.13)

:87rr |
0 \/%‘l’l*% Vi +1

Formula (2.12) for the energy density can be rearranged as follows,

2M
4mrdp — 1o <”Z2+1H1+L2> =7y (\/L2+1— L2+17"0) . (2.14)
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The terms on the left hand side can be interpreted as the energy of the shell and a negative
energy of the AdS bubble inside the shell. These contributions add up to the total energy of
the AdS-Schwarzschild geometry (with respect to empty AdS spacetime) on the right,

r3 r2 2M

The total energy of the shell configuration includes gravitational self-interaction and satisfies

r2 E?
M=E|-%+1-—— 2.1
L2 + 27‘()7 ( 6)

from which it is easily checked that 0 < £ < M for any M > 0.
The energy density of a black shell of energy E and radius ry is then

E 1 2 2 2M
o= ( - 7"0+1—). (2.17)

the relation,

= 4mr? = 4o L?

For a dynamical shell of radius r, the surface energy density p,(r) combines with a surface
pressure py(r) in a shell stress-energy tensor of the form (2.6). The relation

(2.18)

follows from the conservation of the stress-energy tensor on the shell. Substituting the
expression (2.17) for p;, then leads to the following expression for the surface pressure,

2r2 y 2
1| B2 a4
m= g ! - - (2.19)
Hr1- Vit
Furthermore, if we take the equation of state on the shell to be that of radiation,
po = 2pp, (2.20)
then we find that the radius of the shell is given by the simple expression
3r2
4 1+ 57%
M= % 2L (2.21)
1+

When L > rg, we reproduce the Buchdahl radius in [2]. When L < 7, we find that ro = %M .

We note that the radiation equation of state in (2.20) is not derived from first principles,
but it is motivated by string theory, by viewing the shell as a collection of DO-particles dissolved
in a spherical D2-brane, with a gas of massless open strings ending on the D-branes [2].
Having dynamical matter on the shell is crucial to its stability against small perturbations
and also provides a mechanism for exchanging energy with a thermal environment.
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—— Black Shell
—— AdS-Schwarzschild

M

Figure 2. The temperature of black holes and black shells versus their mass.

We are interested in the thermodynamics of these black shell configurations. Let us start
by calculating the temperature of the system. The gas of open strings on the shell is not
in free fall and accordingly it will equilibrate at the local Unruh temperature (2, 12]. If a
is the proper acceleration of an observer sitting at a constant ry surface, the corresponding
local Unruh temperature is given by

3
Ty=—=—p——— L2 (2.22)

Stripping off the redshift factor, we obtain the following shell temperature

To— - (418 (2.23)
S_Qm'% L)’ '

shown in figure 2, where we have included the Hawking temperature of an AdS-Schwarzschild
black hole of the same mass, for comparison. We note that in both cases there is a minimum
temperature, of order the AdS length scale, that separates two branches, i.e. small and large
black objects. Small black holes and small black shells have negative specific heat while
their large counterparts have positive specific heat and can therefore be thermodynamically
stable. In remainder of this section, we investigate the question of thermodynamic stability by
evaluating and comparing the free energy of black holes and black holes at fixed temperature.
The entropy can be obtained via the thermodynamic relation

s 1

m —_ T . (2.24)
For an AdS-Schwarzschild black hole we have
1 3r? ry [ 13
Tgu=— 1+ Mpy = — (-2 +1 2.2
BH 47r1"h< * L2> ’ BT <L2+ ’ (225)
which gives expected result,
Th 1 dMgu 9
= dr —— = . 2.2
SBH ./0 r Ton dr i, (2.26)
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—— Black Shell
—— AdS-Schwarzschild

Figure 3. Free energies of black holes and black shells as functions of temperature. Thermal AdS
spacetime has zero free energy and therefore corresponds to the horizontal axis. The two first order
phase transitions are marked by black dots.

For a black shell, we instead use (2.21) and (2.23) for the mass and temperature, respectively,
and obtain

2 5 3Lr¢
S = §7rL2 (3 log <L2 + rg) —2log (L3 + Z{%)) . (2.27)

When L > r, the leading contribution to the entropy is the standard area term

4
2 "o
S ~7rg+ 0 (ﬁ) . (2.28)
In [2], the large entropy of a string-theoretic black shell configuration is attributed to
brane/anti-brane pairs supporting a gas of massless open strings but, so far, a detailed
enumeration of black shell microstates is lacking.

The black shell free energy is then given by the following expression,

F=M-TsS,
2 2 2.2 4 4 2 2.29
_ 27«(2L2 +32r0) _ I5L*r3 +4L* 4 9r§ 310g<L2+T8) Coleg [P + 3Lrg\ | (2.29)
9 (L2 +13) 2713 + 27L2%rg 4

In figure 3, we plot the free energy as a function of temperature, and for comparison, we
also include the free energy of an AdS-Schwarzschild black hole, which is given by

2
Th Ty
Fpy = 1 ( — —2> . (2.30)

The plot reveals interesting phase structure. In the absence of black shells the canonical
ensemble is dominated by thermal AdS spacetime (with F' = 0) at low temperature and
undergoes the well-known Hawking-Page transition to a phase dominated by large black
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holes at a temperature of order the AdS length scale. If the black shell solutions considered
here are indeed allowed configurations in the thermal ensamble then the Hawking-Page
transition to black holes is preempted by a first-order transition to a black-shell phase
at a temperature below the Hawking-Page temperature (but still of order the AdS scale).
The system then has another first-order phase transition to a large black hole phase at a
temperature higher than the usual Hawking-Page temperature. The two phase transitions
are indicated by black dots in figure 3.

The existence of black shells has immediate implications for holographic duality at finite
volume in that there is a range of temperatures for which the gravitational dual description
of a thermal state is given by a black shell rather than a black hole. This curious fact merits
further study but it does not appear to require any major revision of existing results. This
is because most applications of gauge/gravity duality to strongly coupled quantum critical
systems involve taking a planar limit on the gravitational side of the duality, for which planar
AdS black holes still dominate the ensemble.

3 Electrically charged black shells

It is straightforward to generalize our considerations to black shells carrying electric charge.
As in the previous section, we will denote the radius of the shell by rg. Inside the shell, the
spacetime is AdS with a length scale ¢, while outside the shell, we have an AdS-RN black
hole with AdS length scale L > ¢. This gives us the metric:

2 r? 2 dr? 2702
ds® = — ﬁ—l—l dt,+T+TdQZ when r < rg
(% +1) (3.1)
2 y  dr? 2302
ds+:—f(r)dt++%+r dQ; when r < 7o
where ) )
r 2M Q
=—=+1—-—+=. 2
f(r) 2t L) (3.2)
Using the junction conditions (2.2) and (2.3), we find that
1 3 3 2M Q2
= Oy L1 - == 3.3
P 47rr0< €2+ L2Jr o +r2 ’ (3.3)
and
2 y 2
1 H+1-X 1+ %8

(3.4)

p

:87rr 2 ; T
VR -mee Vi

Once again, we can rewrite the junction condition involving p as in (2.14). This gives us
the following expression for the total energy,

r2 r2 2M 2
E:rg\/1+L—027r0 L—%+17K+%E4ﬂ7‘gpb. (3.5)
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Figure 4. (Left) Free energy of a charged black hole as a function of temperature for two different
values of the charge. (Right) Temperature of the black hole as a function of the event horizon radius
for the same charge values. In both plots, three branches of black holes are visible below the critical
charge Q < QBH.

Using the conservation equation (2.18), we find that the pressure on the shell is given by

1 21— M 1+ 2%

87T
o - 2 %2 \/14_?%

Dy = (3.6)

As before, we impose a radiation equation of state p, = 2p;, on the shell. Then the shell
radius is related to the mass M via the relation

1(3r% +2L2 2 i
= §((7‘(02)+7L2)) (TU + [?2 (TO +L2)) + 3QT()7 (37)

giving a family of charged black shell solutions that reduce to the uncharged case, considered
above, in the @ — 0 limit.

Before computing the free energy of the black shell, it is instructive to study the black
hole case first. Working in the fixed charge ensemble, we find that

rd o 3Q? 1 (32 Q?
FBH:—f-i- @ + Tey = J—Q*‘f'l (38)
+ 7'+

402 4ry 4

Let us first examine the behaviour of the black hole temperature Tpy. Figure 4 plots the
temperature as a function of 4 for two different charge values. The blue curve corresponds
to a charge below a critical value, denoted by Q?H. For a range of temperatures, a line of
constant 7" will intersect the plot at three different values of r. These branches correspond
to small, intermediate, and large black holes. For black hole charge above the critical value,
Q > QPH, only a single branch remains. For Q > QFH, this branch corresponds to the
large black hole solutions.

Next, let us look at the free energy of the black hole as a function of temperature. When
Q < QPH we find classic swallowtail behaviour. Each segment of the swallowtail corresponds
to the branches we identified in the temperature plot (see figure 4). Only small black holes
exist at low temperature. As we increase T', we find a range of temperatures where all three
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Figure 5. Temperature of a black shell as function of its radius. When @ < Qif‘fm three branches
appear, corresponding to small, intermediate, and large black shells. When Q > Q%" the branches dis-
appear.

black hole branches coexist. Inside this range there is a critical temperature where a first-order
phase transition (indicated by a black dot in figure 4) occurs from the low-temperature small
black hole phase to a high-temperature large black hole phase. When @ > QCBH, there is
no phase transition as there is only a single branch.

The value of the critical charge Q?H is easily determined by requiring that the local

maximum and local minimum of Ty merge at a single value of r, giving

L
Q== (3.9)

6
Now, we turn our attention to the charged black shell configuration and compute its
temperature and free energy. The proper acceleration in the rest frame of the shell surface

at r = 7y gives the shell temperature,

1 s Q
Tg=——> [M+-2 -2 |. 3.10
o 2113 ( * L? 7"0> ( )

As in the black hole case, there is a critical value of the charge, Q = Qz‘f‘le”, below which

there are three branches which we refer to as small, intermediate, and large black shells (see
figure 5). Above the critical charge, Q > Qif‘f“, there is only a single branch. We find that
Qf},‘fu is always larger than the corresponding black hole critical charge, Q]EH.

Since we work in a fixed charge ensemble, the first law, dM = T'dS + pd@Q, reduces
to (2.24). This allows us to find S as a function of 7. We can also compute the free energy
using the relation F' = M — T'S. Unfortunately, closed-form expressions are not available for
these quantities, but they are easily evaluated numerically. In figure 6 we plot the resulting
free energy as a function of the shell temperature for various values of the charge. In each
case, the free energy of a black hole with the same charge is included for comparison.

Let us analyze these plots in some detail. First of all, in the limit of zero temperature,
black holes and black shells have the same free energy and can therefore coexist. This holds
for any non-vanishing value of the charge. The zero temperature limit corresponds to the
extremal limit of the charged black hole. By comparing free energies at finite temperature,
we uncover a rich phase structure that depends on the value of the electric charge carried
by the compact object.
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Figure 6. Comparison of free energies of black shells and black holes at various charges. First-order

phase transitions are indicated by black dots.
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At small charge, @ < Q?H < Qiflfu, the free energies of black shells and black holes both
display swallowtail behaviour, where each segment corresponds to the small, intermediate or
large branch of black shells and black holes, respectively. At low temperature, the black hole
free energy is lower than that of black shells, making small black holes thermodynamically
favored in this temperature regime. As we increase the temperature we reach a critical point
where the system undergoes a first order phase transition to a phase dominated by large
black shells. This phase persists until we reach a second critical temperature, where there is
another first order phase transition to a large black hole phase. For all temperatures above
this point, large black holes dominate with the lowest free energy.

Next, let us consider a low-to-intermediate charge case, where Q?H <Q< Qif‘f“. We
observe the same phase transition structure as in the previous case. The only difference is
that the black hole free energy no longer exhibits swallowtail behaviour.

Finally, we consider the case where the charge is above both critical values, Q?H <
ij‘f“ < @ and the swallowtail structure in the black shell free energy plot has also disappeared.
In this regime, a new scale emerges, which we denote by Qf},‘f“. For QBH < @3t < Q < Qil_‘fu,
the same phase transition structure persists. However, when @ > QZ{“;IH the phase transitions
disappear and black holes always have the lowest free energy. The only temperature at which
black holes and black shells can co-exist in this regime is at the extremal limit of the black hole.

4 Interpreting the results

Black shells have been proposed as black hole mimickers that replace black holes. An
important motivation is to provide a resolution to the black hole information paradox. For
that to work, black shells have to be overwhelmingly favored over black holes as the endpoint
of gravitational collapse of matter.! We do not address this crucial dynamical question here,
but our results on the equilibrium thermodynamics of black shells versus black holes can be
viewed as indirect evidence for black shells being favored in a certain range of parameters.

For the purposes of this paper, we have assumed the possible coexistence of black shells
and black holes, and investigated thermodynamical transitions between the two types of
objects. We have uncovered a rather rich structure in the phase diagram. For instance, as
illustrated in figure 1, we find that the Hawking-Page transition between the thermal AdS
vacuum and neutral AdS-Schwarzschild black holes is split across a black shell phase. For
non-vanishing charge, below a certain critical value, the phase transition between small and
large black holes is similarly split, revealing an intermediate black shell phase.

If we want to say something about the information paradox, the most interesting black
holes are those with negative specific heat, which evaporate in the absence of a heat bath
and potentially lead to a paradox. In figure 7 we highlight in purple the region where black
holes have negative specific heat. In the same diagram, we also indicate in yellow the values
of M and @ for which the entropy of a black shell is higher than for the corresponding black
hole. According to the black shell proposal any black hole that threatens to form in this
region, would instead transit into a black shell of the same mass due to its higher entropy.
We observe that all AdS-Schwarzschild black holes with negative specific heat are inside the

Strictly speaking, the issue of information loss persists as a formal theoretical problem as long as the
probability to form a true black hole in gravitational collapse is non-vanishing.
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Figure 7. The region shaded in yellow corresponds to the values of M and @ for which the black
shell entropy is greater than the black hole entropy at a given mass. The purple region indicates
where black holes have negative specific heat Cpy.

yellow region The same is true for most charged black holes with negative specific heat as
well. Still, there is a narrow strip of purple outside of the yellow region in figure 7, that
contains charged black holes with a negative specific heat where the black hole entropy is
higher than the one of a black shell. However, in view of the weak gravity conjecture, such
charged black holes are expected to discharge themselves through emission of particles with
more charge than mass. This brings the system into the yellow region in figure 7, where,
according to the black shell proposal, the black hole can safely nucleate into a non-singular
black shell before continuing to evaporate.

Our results on black shell thermodynamics thus appear to be consistent with the black
shell proposal of [2] but they do not offer any direct insight into the key dynamical questions
concerning the production and stability of black shells. Gaining a better theoretical handle
on quantum tunneling into high-entropy final states is an important goal, with implications
for a wide range of theoretical problems, and not limited to the area of black hole mimickers.

More specific to black shells, is the issue of their stability against small radial perturbations.
While the considerations in [7, 8] are suggestive, a top-down derivation from string theory
of a mechanism to support their stability would settle the matter. Subject to this caveat,
black shells appear to be valid solutions of string theory and as such they feature in any
thermodynamic ensembles involving gravity. Regardless of whether they can serve as black
hole mimickers, we find our results on black shell thermodynamics intriguing.
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Abstract

Under suitable assumptions, geometric objects such as the spacetime metric and
curvature tensor can be reconstructed from the algebra of operators of quantized
matter fields in the limit of vanishing Newton’s constant. In this framework, the full
non-linear Einstein equations can be expressed in the language of operator algebras,
extending Jacobson’s derivation without invoking the area law for Bekenstein-
Hawking entropy. These assumptions can then be used as a criterion for determining
whether the semiclassical limit of a given quantum theory admits an emergent
gravitational description. Going in the other direction, the discrete spectrum of
a holographic theory at finite N can be modelled by adding non-perturbative
corrections to semiclassical operator algebras. The type III von Neumann algebra
that arises in the vanishing Newton’s constant limit can be enlarged by adjoining
its modular Hamiltonian. A random matrix theory completion of this enlarged
algebra, followed by ensemble averaging, results in a type I von Neumann algebra
whose minimal projectors approximate those of the underlying microstates. In
the case of an eternal black hole, the dimension of the type I algebra equals the
Bekenstein-Hawking entropy with universal logarithmic corrections. The complexity
of probe operators in the boundary theory provides a diagnostic of the validity of
the corresponding bulk semiclassical effective field theory.
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1 Introduction

A profound realization of the past few decades is that gravity may be an emergent phenomenon

arising from non-gravitational degrees of freedom [1-5] (see [6] for a more comprehensive list

of references). From this perspective, the technical difficulties associated with the canonical

quantization of gravity can be avoided. The AdS/CFT correspondence [7-9] provides a concrete

realization of this idea, in which a theory of gravity emerges in the semiclassical limit of a

non-gravitational quantum field theory. This naturally raises a fundamental question: what is

the appropriate language for understanding the emergence of gravity?

An important clue comes from the reconstruction theorem of Connes [10, 11]. Let M be a

compact, oriented Riemannian spin manifold. Connes’ reconstruction theorem states that such

123



Paper IV

a manifold can be recovered from the commutative spectral triple
(C*=(M),H,D), (1.1)

where C*°(M) is the algebra of smooth complex-valued functions on M, H = L*(M,S) is the
Hilbert space of square-integrable sections of the spinor bundle S — M, and D is the self-adjoint
Dirac operator associated with the Levi-Civita connection. The algebra C*(M) acts on H by
pointwise multiplication, and under suitable regularity conditions [10], the spectrum of the
algebra recovers the underlying topological space, while the metric is reconstructed via Connes’
distance formula. This reformulation of geometry follows a standard mathematical strategy
where one replaces a complicated geometric object with the vector space of functions defined
on it, and then uses linear algebra to study its properties (see [12] for further examples). In
physics, this idea of reconstructing the geometry from its spectral properties is often referred to
as the problem of “hearing the shape of a drum” [13].

When the goal is to understand the emergence of gravity from an underlying quantum
theory, a natural extension of Connes’ strategy is to study the algebra of operators acting on
the Hilbert space of the theory itself. One would then like spacetime geometry and gravitational
dynamics to emerge from this algebraic structure in an appropriate semiclassical limit. An
indication that this is the correct framework comes from the Gy — 0 limit of AdS/CFT, which
corresponds to sending both g, and o//L% 5 to zero. When a holographic dual exists, the
corresponding boundary limit is given by N, A — oo, where \ is the 't Hooft coupling. In this
regime, the bulk theory reduces to free fields propagating on a fixed background geometry.
Remarkably, geometric structures such as Killing horizons can already be seen to emerge
purely from the operator algebra of the quantized matter fields [14-16], bolstering the intuition
that operator algebras provide an appropriate framework for understanding the emergence of

spacetime geometry.

In Section 2, we extend these results by showing that the operator algebra of the quantized
matter fields encodes all the local geometric information of the spacetime, not just that of
the Killing horizons. In particular, we consider the Gy — 0 limit, where the bulk description
consists of free fields on some D = d + 1-dimensional fixed curved manifold. For simplicity, we
restrict the matter sector to a free massive scalar field. Such a description naturally arise in
large N holographic theories, for example in the bulk dual of N = 4 super Yang-Mills theory
(14, 15, 17]. Then, we show that the geometric data of the spacetime, such as the metric and

curvature tensors, can be systematically extracted from the triple
(A H, w)), (1.2)

where A is the operator algebra of the quantized scalar field, H is the Hilbert space on which
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these operators act, and |w) is some preferred ‘vacuum’ vector in this Hilbert space, provided
the following conditions are satisfied:

(1) |w) satisfies the Hadamard condition.

2) The algebra A contains a family of subalgebras YW, which satisfy certain conditions that
( g ¥ g ) y

we will specify in Section 2. We refer to these as local Rindler algebras.

(3) The correlation functions of quantized scalar field in |w) has a well-defined large mass
limit.

Precise definitions are given in Section 2, but it is useful to briefly consider the physical
content of these assumptions. Taken together, the two conditions (1)-(2) provide an operator
algebraic realization of the equivalence principle, while condition (3) implements a semiclassical
limit. The equivalence principle is not merely the statement that locally flat coordinates exist,
since any Lorentzian manifold admits such coordinate patches by definition. Rather, the crucial
requirement is that one can pass to a local inertial frame in which non-gravitational physics
reduces to special relativity up to tidal corrections. The Hadamard condition ensures that the
short-distance behaviour of the scalar two-point function is universally governed by the flat
space singularity structure. Local Rindler algebras are obtained by restricting the scalar field
to Rindler wedges within local patches of the manifold. We then require that each such algebra
can be approximated by an exact Rindler algebra. In Section 2, we show that this assumption
can be used to identify the approximate local Poincaré generators of the spacetime. In this
sense, the matter fields “see” a flat spacetime in the neighbourhood of every point.

Although we arrive at the conditions (1)-(3) by working with a scalar field living on a
pre-existing geometry, the crucial point is that the conditions themselves are purely algebraic
and do not require geometric input. This opens the door to the inverse problem. Given
an abstract algebraic triple (A, H, |w)) arising as an appropriate semiclassical limit of some
quantum theory, one can ask directly whether the conditions (1)-(3) are satisfied in the operator
algebra, without assuming any background geometry. If they are, a spacetime geometry can be
systematically reconstructed from the algebraic data alone.

It remains unclear, however, whether the emergent geometry satisfies Einstein’s field
equations. In Section 2, we show that upon including perturbative Gy corrections around
the Gy — 0 limit, additional assumptions guarantee the validity of the Einstein equations.
In particular, we show that if, for every local Rindler wedge algebra W;, there exists a state
wj, which we refer to as a locally stationary state, then the emergent geometry satisfies the
full nonlinear Einstein equations sourced by the matter fields. There is a simple way to
understand this condition. Jacobson showed how the Einstein equations can be derived from
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a local equilibrium condition imposed on the local Rindler horizons of the theory [1]. In the
operator-algebraic approach, the existence of locally stationary states w; plays the role of
this local equilibrium. There is, however, a crucial difference between Jacobson’s argument
and our result. Jacobson’s derivation relies on the Bekenstein-Hawking entropy formula. In
our approach this input is replaced by the existence of locally stationary states and their
semiclassical coherent excitations, providing a novel perspective on the quantum origins of the

Einstein equations.

To summarize, the emergence of gravity can be reformulated in terms of an operator algebra,
and associated Hilbert space, satisfying conditions (1)-(3), together with the existence of the
locally stationary states w;. This characterization is independent of the spacetime dimension
and applies to spacetimes with arbitrary asymptotics.

In most cases, however, the full quantum theory of gravity is not known, and a more
useful question is whether one can instead work within the semiclassical theory and incorporate
non-perturbative quantum gravity effects to model features of the full theory.! In Section 3, we
show that operator algebras provide a natural setting to incorporate these effects. To make
concrete statements, we use holography. In particular, we study an eternal AdS black hole dual
to a thermofield double state. The Gy — 0 limit corresponds to the N, A — oo limit of the
boundary theory. In this large N limit, only single-trace operators survive, and the algebra
of bulk scalar fields is dual to the algebra generated by these operators. It turns out that the
algebra associated with a single boundary CFT is a type III von Neumann algebra [14, 15, 18].

This algebra is pathological in the sense that it admits neither density matrices nor a trace.

Including 1/N? perturbative corrections around the N — oo limit modifies the algebra to a
type I algebra [17], allowing one to define a trace and density matrices. However, it still does
not contain pure states. To access, for example, the microstates of the theory and count them,
we need pure states. These states are only available in an algebra of type I. Unfortunately,
there is no canonical way to obtain a type I algebra from a type III or type II algebra. This is
not surprising, since there is no a priori reason for the semiclassical limit of a theory to encode
information about the full quantum Hilbert space.

In Section 3.2, we show that there is nevertheless a natural way to obtain an approzimate
type I algebra starting from the type I, algebra. A convenient way to systematically incorporate
non-perturbative quantum gravity corrections is to treat the large N perturbative quantum
gravity limit as an effective random matrix theory (RMT) [19, 20]. Operationally, this amounts
to replacing the density of states in the spectral decomposition of the elements of the type 11,

!In this paper, we use the term semiclassical theory to refer to the perturbative quantum gravity regime,
in which we study the Gy — 0 limit, together with perturbative G corrections around it, but without
non-perturbative effects in G .
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algebra by the RMT density of states. We show that the resulting algebra can be ensemble
averaged to produce a type I algebra acting on a finite-dimensional Hilbert space. In the case
of an eternal black hole, the dimension of this Hilbert space is given by the exponential of the
Bekenstein-Hawking entropy together with the universal logarithmic correction in the black
hole area.

There are different ways to motivate this RMT construction, beyond the fact that it produces
the desired algebraic structure. In the large N limit, information about the discreteness of the
energy spectrum is lost, and this discreteness is crucial for isolating individual microstates. The
RMT construction introduces level repulsion, effectively emulating the spectral discreteness.

The RMT description makes the chaotic nature of black holes manifest. This point makes
it clear that the RMT construction is not intrinsically tied to gravity. The idea of using random
matrix theory to describe universal spectral properties of complex quantum systems goes back
to Wigner [21] and an emergent random matrix description in the semiclassical limit has been
used in systems such as a gas of hard spheres in a box to understand thermalization and chaos
(22, 23]. From this perspective, the averaging and randomness in our construction provides a
physically motivated approximation scheme for semiclassical theories, which is not specific to
gravity.

The finite-dimensional Hilbert space on which the type I algebra acts has recently been
obtained in the literature from bulk wormhole contributions, using Euclidean path integral
methods to construct approximate microstates [24-26]. Here, we sidestep the need for Euclidean
path integrals, and instead proceed in close parallel with the algebraic computation of the
generalized entropy of a black hole in [27].

The paper is organized as follows. In Section 2, we show how the metric and curvature
tensors can be extracted from operator algebras. In Section 3, we construct an approximate
type I algebra starting from the type II algebra obtained by adjoining the modular Hamiltonian
to the large N type III algebra.

2 Emergence of Gravity in the Semiclassical Limit

In this section, we work in the Gy — 0 limit, where the theory reduces to free fields propagating
on a fixed background. A key observation in [14, 15] is that in this strict Gy — 0 limit, one
already sees the emergence of Killing horizons from the algebra of the quantized scalar field.
Below, we push this picture further and explain how local geometric objects, including the

spacetime metric and curvature tensor, emerge in this limit.
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2.1 Construction of a Length Function

Consider a minimally coupled non-interacting massive scalar field ® of mass m living on a
D = d + 1-dimensional curved spacetime M. Let A be the algebra of operators built out of the
scalar field {®(x)} evaluated at points x € M, where ®(z) is understood as an operator-valued
distribution.” These operators act on a Fock space H. Let |w) be a vector in this Hilbert
space. Motivated by the reconstruction program of Connes [11], we will work with the triple

(A, H,|w)) and show that this encodes all the local information about the underlying geometry.

However, as we will see in the following, to get the geometry from these algebraic objects,
one also needs to impose additional constraints on |w) and the operators in the algebra. In
particular, we will assume that |w) satisfies the Hadamard condition. This requirement is very
physical, as it is an operator algebraic realisation of the equivalence principle. Additionally,
it can be shown that if we want the time derivative of the quantized fields to have finite
fluctuations, then |w) must be Hadamard [28]. Moreover, a theorem of Wald and Kay states
that whenever the background spacetime admits a Killing vector, one can always construct a
Hadamard state on its maximal extension [29].

In addition to this, we will also assume that the mass of the scalar field is known. In certain
spacetimes, all the generators of the symmetries can be constructed from the operator algebraic
data (see Appendix B for an example). In such cases, one can obtain the mass of the scalar field
from the action of these generators on the scalar field through the standard relations. When
the mass cannot be determined from the operator algebra, we simply assume that it is known.

With these algebraic inputs in hand, we now extract the relevant geometrical structures.
The algebra A is spanned by a family of operators O; obtained by evaluating the quantized
scalar field at some point x; € M. We will treat ¢ as a continuous index and set aside its
geometric origin. In this way, we regard each spacetime point as being associated with an
operator in the algebra.

Once we have a notion of spacetime points in terms of these operators, we can introduce a
notion of distance between them. Using the two-point functions (w]|©0;0;|w), we define a length

function by taking two limits. First, we take the large mass limit, and generically find that
(W]|O;0;|w) ~ e ™) x k| (2.1)

where £ is some constant. The subscript on the left-hand side indicates that we are keeping

only the leading order term in the large mass limit. Here ¢ is a distance function, which can

2The technically precise objects are the smeared operators ®(f) = [ dPa\/—g ®(z)f(z), for f € C(M).
Here, we work with pointwise ®(z) and revert to smeared operators only where precision is required.
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then be extracted by taking the second limit:

6.9) = - 1, (6707 OO ) (22)
We regularize the above expression by removing the 1/m divergent term before taking the limit.
Now let us briefly explain the origin of (2.2). The scalar field obeys the wave equation on the
curved spacetime. The large mass limit corresponds to the geometrical optics limit in which
the wave equation reduces to the geodesic equation (see Appendix A of [30] for an explicit
computation). Consequently, the two-point function is dominated by the contribution of a
particle propagating along the geodesic connecting the insertion points, allowing us to extract
the distance between them.?

If one were to start with some arbitrary triple (A, H,|w)), the length function ¢ can be
used to diagnose whether the emergent structure associated with the operator algebra admits a
genuine geometric interpretation. In particular, we expect the length function to satisfy the
following properties

0, 5) = 0(,5),  €(i,i)=0. (2.3)

In the case where |w) is a cyclic and separating vector with a geometric modular flow associated
to it (see Appendix A for definitions), we have more stringent constraints on the emergent
geometry. Note that geometric modular flows are present when the action of the modular

Hamiltonian A corresponds to a symmetry of the spacetime [32, 33]. Let us define
Oj = e—iﬁsloieil:lsl s Ok = 67“}5201'6“932 with 0 S S9 S S1, (24)

so that the corresponding spacetime points x; j; associated with the operator insertions are
timelike separated. The emergent length function is then required to satisfy the reverse triangle

inequality:
|€G@,9) = 16G, k)| + [e(k, 5)] - (2.5)

This provides an additional constraint on the length functions associated to the operator
algebras supported on a pseudo-Riemannian geometry. Also, if we keep i, j fixed and search for
all possible O that saturate the above inequality, then we can find the operators inserted along
the timelike geodesic connecting x; and x;. Therefore, the availability of a length function can

be used to extract various important geometrical objects (see [34] for more details).

3There is an important caveat here. When two points are sufficiently far apart, there need not exist a real
valued geodesic connecting them. In such cases, the two-point function instead encodes the lengths of complex
geodesics connecting the two points [31]. This issue does not arise here, as we are only concerned with local

geometric properties extracted from the coincidence limit of the distance function.
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Now, let us work out a few examples.
Example 1 : Scalar field in Flat Space

The Wightman function of a free scalar field in d + 1 Minkowski space can be explicitly
solved for,

(27‘r ’%l d—1

Wl0:0;lw) = g (ml) * Kaa (ml) (2.6)

where K, is the modified Bessel function and ¢ is the flat-space geodesic distance. In the large

mass limit, we have

M:.

(2m)~>

(W|0;0;|w)o ~ a1

(me)*z e (2.7)

Plugging this expression into (2.2), we can see that our definition reproduces the Minkowski
length function.

Example 2 : Scalar field in AdS,,;

The Wightman function in the Euclidean space is given by [35]:

(w|0;0;|w) = 2°CAE”F (% % + 1,A - g +1;¢ ) (2.8)
where
1 DA (A -4 - %)
£=—— Ca= d+1)/2 )
cosh ¢ (47r)( tD2L(2A —d +1) (2.9)
m’ =A(A—d)

Note that the characteristic AdS length scale is set to one. Taking the large mass limit by
using an asymptotic expansion of the Hypergeometric function [36, 37], followed by Stirling’s

appIOXIIna[lon we obtain
¢ ().C). ~m:e me 2.10
1] 0

where we have dropped an m independent overall constant. Therefore, (2.2) once again gives

us the correct length function.

2.2 Curvature from Local Flows

In order to specify a metric-compatible (pseudo-) Riemannian geometry, one needs to have
access to the metric and its derivatives at all points on the manifold. Once we have identified
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Coordinate Map

Figure 1. Consider a locally flat patch & on the manifold. In this patch, we can identify local Rindler
horizons that partition the patch into multiple partial Rindler wedges. We denote the algebra of
operators restricted to a causal diamond in one such partial wedge by W;. On the right, we have the
map of the patch to a globally flat spacetime. The partial Rindler wedge has a global extension in
this Minkowski space. The algebra of operators of a massive scalar field on the full Rindler wedge is
denoted by R;.

the length function on the manifold, it is straightforward to construct the metric tensor. First,
let us introduce a quantity o, often referred to as Synge’s world function [38],

o(i,j) = g (2.11)

with £(z, j) defined in (2.2). On a pseudo-Riemannian manifold the metric tensor can be
obtained from the world function via
2

lim WU(LI') = G s (2.12)
where z and 2’ are two points on the manifold [39]. Here, however, our “points” are merely labels
i, J, ... indexing operators, with no a priori geometric meaning attached to them. Therefore,
we can neither take derivatives nor coincident limits. To sidestep this difficulty, we use the
equivalence principle. For every point P on the manifold, one can find a sufficiently small
neighbourhood U in which a flat chart exists. Within this locally flat patch, we consider a
family of Rindler wedges whose bifurcation surfaces all pass through the point P. We denote
by W; the algebra of operators supported on these wedges. We will choose W; to be supported
in a causal diamond inside the Rindler wedge to make the algebra well-defined (see the left
panel of Figure 1). We then require these subalgebras to satisfy the following condition:

» For each W;, there exists a pair

(R, wtink) » (2.13)
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where R; is the operator algebra of a massive scalar field on an entire (d + 1)-dimensional
Rindler spacetime, such that the correlation functions of operators in W; in |w) are well
approximated by the vacuum expectation values of local operators in R;. In this sense,
every operator in W; can be approximated by a local operator in R;.

We will refer to the subalgebras W; as local Rindler algebras. There is a natural geometrical
way to understand each W; and its corresponding Rindler algebra R; (see Figure 1). The
locally flat patch ¢ can be divided into various Rindler wedges, and each W; corresponds to
the algebra of operators living in these wedges. The flat coordinates we introduce on U admit
a global Minkowski extension, and the Rindler wedges in U can similarly be extended to full
Rindler spacetimes using the same coordinate chart. The algebras R; are then precisely the
algebras of operators on these extended Rindler spacetimes. Note that, by construction, R; is
a much larger set than W;.

If one has access to algebras of operators in multiple Rindler wedges of a globally flat
Minkowski spacetime, then the entire Poincaré algebra of the spacetime can be reconstructed
purely from the operator algebras [40, 41]. We briefly outline the steps here but an explicit
example is worked out in Appendix B. By the Bisognano-Wichmann theorem [42, 43], one can
associate a modular operator A; to each wedge algebra, and these operators generate boosts
that preserve the respective wedges. The boost generators of the local Poincaré algebra are
then given by these modular operators. For each wedge, one can further construct subalgebras
with an inclusion structure, which leads to half-sided modular translations. These can, in turn,
be used to construct local translation generators. Combining the boost operators associated
with different wedges with these translation generators, one can reconstruct rotations and,
ultimately, the full Poincaré group.

This construction allows us to use the R; algebras to construct the Poincaré algebra
associated to the global Minkowski extension of the patch ¢. Since we assume the operators
in W; to be approximately equal to local operators in R;, these emergent generators act as
approximate symmetry generators on W;. Therefore, the assumption of local Rindler algebras
implies that matter effectively “sees” flat space locally, thereby realizing the equivalence principle
via operator algebras.

But most importantly, the emergence of these approximate symmetry generators allows us
to identify approximate Killing flows in the local patch U purely in the language of operator
algebras. Using these flows, we can then define derivatives and a coincident limit. As an
example, consider the boost generated by one of the modular operators A;, and let £# denote
the corresponding approximate Killing vector field.
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Now consider an operator aring € R;. Its modular evolution is given by
aRrind(s) = A;-S GRind A;is~ (2.14)

Since aring(s) is the image under the modular flow of an ezact Rindler spacetime, the evolution
corresponds to a geometric flow along the vector field £#, and hence defines a one-parameter
family of operators associated with points along this flow. The existence of a map from the
operators in W; to local operators in R; and vice versa automatically induces a one-parameter
family of operators O(s) for every O € W;. The important point to note here is that O(s) for

every value of s is a local operator in W;.

Therefore, the existence of a map to a true Rindler algebra allows us to associate a
pointwise flow within ;. The continuous parameter s labeling this flow then enables us
to define derivatives and, in particular, a coincident limit. Consider the following two-point

function
(w[Oi(51)Oi(s2)|w) = Glisy, is,) - (2.15)

Then by following the procedure in Section 2.1, we can compute o(is,,%s,). Since sy are
continuous parameters, we find that
82

0 G ) = 9 216
Therefore, we obtain the contraction of the metric with respect to one of the approximate
Killing vectors of the locally flat patch. Repeating the same computation for the other local
flows gives the contractions of the metric with respect to the remaining approximate Killing
vectors. Since this can be done for all the approximate symmetries of the local patch, we have

sufficient information to determine all components of the metric tensor.

Now, let us compute curvature tensors from the operator algebra. The idea is to use the fact
that curvature tensors appear in the subleading terms of the coincidence limit of the Wightman

function [44]. To see this, let us consider the two-point function
(wW]0;0;(s)|w) = G(i,1is), (2.17)

where the operator O;(s) is the family of operators corresponding to an operator insertion on
the curve generated by the action of a local Rindler boost. We can see that taking s — 0 then

gives us the coincidence limit of the two-point function.

In this limit, the two-point functions have the following universal Hadamard form [44],

(]0:0;|w) = % (# +V (i, 4) n[o (i, 5) + i) + W(i,j)) . (218)
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where « is a constant that depends only on the dimensions of the spacetime. Note that the
logarithmically divergent piece in (2.18) shows up only in even spacetime dimensions. Now let
us replace O; with the operator evolved by the local Rindler boost for some modular time s, as
in (2.17).

In the s — 0 limit, the coefficient U goes to 1 and the leading behaviour approaches the
propagator of a massless scalar field in Minkowski space:
j 1
Gliyi) = 2 (2.19)

2 [0 (iyiy) +ieP2

In particular, the number of spacetime dimensions D appears in the leading term.

Now let us look at the subleading behaviour of the two-point function. It turns out that
we can expand the function U in powers of o [44],

Ui, j) = A+ 0(0), (2.20)

where Ay is the van Vleck-Morette determinant, and this quantity in turn has the following
expansion [39],

1
Ay ~1+ ERWU“U", where ot &~ s¢t. (2.21)

Therefore, we can extract the Ricci tensor from the two-point functions as follows,

82 120.D/2—1
lim ————

Lo pew
I ia G(i,i5) = R,,8"€". (2.22)

There is a simple reason why the Ricci tensor can be extracted from the two-point functions
of the theory. The van Vleck-Morette determinant arises from the one-loop correction to
the semiclassical approximation of the propagator, which contains information about the
focusing/defocusing of geodesics. This, in turn, means it contains information about the Ricci
tensor through the Raychaudhuri equation [45].

Let us recap our results, so far. Under the conditions (1)-(3), the metric and curvature
tensors at every point on the manifold can be extracted entirely from algebraic data. The
derivation assumed the existence of an underlying geometry, in particular, a local Rindler
horizon structure. Yet the conditions (1)-(3) themselves are formulated purely in the language of
operator algebras and their associated Hilbert spaces. The absence of any geometrical input in
these conditions means that they can be read equally as criteria for the emergence of spacetime.
One may begin with an abstract triple (A, H, |w)) carrying no a priori geometric interpretation
and ask whether conditions (1)-(3) are satisfied. If they are, a spacetime geometry can be
systematically constructed from the algebraic data.
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Figure 2. Consider a Rindler horizon in a locally flat patch ¢ on the manifold. We can divide the
horizon into four null hyperplanes as shown in the figure. The bifurcation surface is denoted by B.

2.3 Einstein’s Equations from Locally Stationary States

In the previous subsection, we identified the conditions under which a spacetime geometry
emerges from the operator algebra and Hilbert space of a quantized massive scalar field. The
resulting geometry need not satisfy Einstein’s field equations. As we are in the strict Gy — 0
limit, there is, however, a simple check for the validity of Einstein’s equations. In this limit,

they reduce to the vacuum equations

2A
Ruu = mgw, . (2.23)
Using the expressions for the emergent metric (2.16) and Ricei tensor (2.22), the contraction of
Einstein’s equations with the approximate Killing vectors of a locally flat patch can be written
as

D—2 0 (i, ls,) - (2.24)

lim —
s—0 082 i«

0? 24UD/2‘1G i) 2A . 0?
_— is) = im ——
’ 51,5220 051059
Choosing different approximate Killing vectors results in a set of equations that, when satisfied

simultaneously, guarantee the validity of the vacuum Einstein equations.

We have arrived at an operator-algebraic diagnostic for Einstein’s field equations, but why
should they emerge in the first place? We now show that an additional operator-algebraic
condition is sufficient to derive them, provided we include perturbative Gy corrections around
the Gy — 0 limit so that the scalar field back-reacts on the geometry (see [46-48] for more

details on this limit).

A major breakthrough in understanding the origin of Einstein’s field equations came in
the seminal work of Jacobson [1]. We can always find a small neighbourhood of a spacetime
point P where a locally flat chart exists and consider an accelerating observer in this patch.
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In any such local Rindler frame, Einstein’s equations can be derived from a local equilibrium
condition via the Clausius relation [1],

5Q = TdS, (2.25)

where §@Q is the heat flux across the local Rindler horizon, 7" is the corresponding Unruh
temperature, and dS is the change in the horizon entropy. Jacobson’s argument clarifies the
emergent nature of gravity: gravity is a theory of local Rindler horizons and their associated

thermodynamics (see also [49]).

Our goal, is to identify an operator-algebraic analogue of Jacobson’s Clausius relation
(2.25). We start with the Weyl algebra W generated by bounded operators W (f) = e’®(/),
where f € C°(M). Now consider a locally flat patch ¢ in the emergent geometry. As in the
previous section, we find a local Rindler horizon in this patch composed of two null hypersurfaces
H* and a bifurcation surface B. Each hypersurface decomposes as the union of a left and
right hyperplane as H* = H{ U H3% (see Figure 2). Consider the von Neumann algebra Mz
associated to the right Rindler wedge of this local patch [50]. Let N C Mpg be the von
Neumann algebra of operators restricted to Hp.

Consider a state wy on W (see Appendix A for the definition of a state). We now assume
that wy is a quasifree’ Hadamard state stationary under the affine dilations along Hp. We refer
to such states as locally stationary states.

The restriction of the state wy to the horizon algebra N, which we denote by wy| N

satisfies the Kubo-Martin-Schwinger (KMS) condition at an inverse temperature 3
Wol s, (@rciriglaz]) = woly, (ufas]ar), ai2 € Npand t € R, (2.26)

where ay[a] is the flow of @ € Ny under affine dilations along Hz [52]. The inverse temperature
[ is given by 27’_’, where & is the surface gravity of Hy. Now consider the Gelfand-Naimark-Segal
(GNS) representation of (Ng, woly,,)- We denote the vector associated to woly.,, by [€0). The
KMS condition implies that the GNS vector |€)) is separating for Nz, so that Tomita-Takesaki
theory applies and the modular operator Ag, is well-defined. By the Bisognano-Wichmann
theorem as extended to Killing horizons [50, 52], Ag, acts as affine dilations along Hy. Finally,
let wy be a coherent excitation of wy. In the GNS Hilbert space, this state is represented by
1Q4) = €®@)|Qp), where ¢ is a smooth solution of the Klein-Gordon equation with support

only on Hp.

We now include perturbative Gy corrections around the Gy — 0 limit. In this perturbative
quantum gravity regime, observables are not fully diffeomorphism invariant, but are instead

4A quasifree, or Gaussian, state is one in which all odd n-point functions vanish, while the even n-point

functions are completely determined by Wick contractions (see [29, 51] for further details).
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invariant under the symmetries of the fixed background geometry. In our case, we require
observables to be invariant under the flow generated by Agq,. To construct such observables,
one must appropriately “dress” the operators with the charges associated with this flow (see
(46, 47] for details). We will not review this construction here, but note that the resulting
algebra is a crossed product algebra (see Section 3.2 for definitions), and is of type II. This

allows us to define density matrices, traces, and entropy for states in the algebra.

In this crossed product algebra, we can then define a state |Q¢> corresponding to the
coherent excitation [Q24) as follows:

106 = [ da f(2) 1) ®12) (227)

where f(r) € L*(R) and |x) denotes the generalized position basis of L?(R). We make this
state semiclassical by choosing the function f(z) to vary ‘slowly’ in . Then it follows that

5t (wp|w) = <&>Q¢ - % + Sex (w¢|%) — Sex (w0|HR) , (2.28)
where A is the ‘background area’ of the bifurcation surface [46]. The quantity on the left-hand
side is the relative entropy between the two states. The von Neumann entropy on the right-
hand side corresponds to the entanglement entropy of the states restricted to the past of the
bifurcation surface. A version of this equality was originally used in proving the generalized
second law for causal horizons [48] (see [47] for the derivation of this expression in the case of

operators restricted to a causal diamond).

There are two important technical points that we would like to emphasize before proceeding.
First, the relative entropy on the left-hand side of (2.28) is well defined, whereas the individual
terms appearing on the right-hand side are not separately well defined in the Gy — 0 limit.
The claim, however, is that the particular combination of these terms remains well defined even
in the Gy — 0 limit [53]. Second, our definition for the expectation value of the area operator
in (2.28) differs from [46]. There, it includes the background area A, along with a perturbative
correction from the inclusion of the charge associated with Ag,, as well as contributions from
the matter flux through the horizon. However, since the perturbative charge correction drops
out of the computation of the relative entropy, we omit this term in the definition of the
expectation value of the area for brevity.

Now let us look at the left-hand side of (2.28). For coherent excitations, the relative entropy
is given by

d )
rel — it
S™ (wollwe) = Za‘tzo <Q¢, | AQDSZ¢>. (2.29)
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In [54] it was shown that this expression can be rewritten as

S (wpllws) = —2 / U (: T, =) K"k dUdvols, (2.30)
Hp
where k* is the tangent vector to the horizon, (: T}, :) is the expectation value of the stress
energy tensor of the quantum field in the state w, and U corresponds to the null coordinate
along the horizon. The energy flux through the Rindler horizon is then given by [50, 54]
Srel
5 = 5 nllwe) (2.31)
8
In order to determine the right-hand side of (2.28), we observe that for coherent excitations of
the Minkowski vacuum, the entanglement entropy remains unchanged [55, 56]. Therefore the

difference in the von Neumann entropy of the states drops out, and we are left with

0A

grel =——. 2.32
(wollws) = e (232)
Using (2.31) and (2.32), we obtain Jacobson’s Clausius relation (2.25).
We complete the derivation of Einstein’s equation by noting that
0A 1
=— 0dUdvol 2.33
47FGN 4GN /HI; VO ( )

where 6 is the expansion parameter of the null congruence that forms the local Rindler horizon.
This gives us
1

- — . R A RZ
Ten /H _aUdvols = 2 /H U T ) R AUl (2.34)

Imposing conservation of the stress energy tensor and using the Raychaudhuri equation, we
arrive at the Einstein’s equation in standard form [1],

1
R#V - ERglw + Ag}w =81Gn <: T}W :> . (235)

3 Type I Algebras from Random Matrix Theory Corrections

In the previous section, we worked in the Gy — 0 limit and incorporated perturbative corrections
in Gy round this limit. When we instead turn on a small but finite G, non perturbative
quantum gravity corrections become important. In this section, we show how these corrections

can be systematically incorporated by using holography.
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3.1 Microstates from a Boundary Dual

In recent years, there have been several constructions of microstates of non-supersymmetric
black holes [19, 20, 24-26]. In this subsection, we briefly review the considerations of [19, 20],
where non-perturbative corrections, obtained via random matrix theory, are used to arrive at a
finite-dimensional Hilbert space of black hole microstates.

Consider a pair of CFTs in the thermofield double (TFD) state dual to an eternal AdS
black hole,

1 8
ZeiiEn|En>L‘En>Rv (3-1)

JZ(B) =

where |E,), g are the energy eigenstates of the left and the right CFT, and the partition

|TFD) =

function is given by
Z(B) = e P (3.2)

We can construct an infinite family of time-shifted TFD states by acting on the TFD state
only with the right CFT Hamiltonian,

ITFD(t)) = ¢! [TFD) = % 3 e $Ene B B, | By . (33)

These states are closely related to the thin-shell states studied in [25, 26], where instead of
acting with the right boundary Hamiltonian, one inserts a heavy operator. Time-evolved TFD
states were also used in the state-dependent reconstruction of interior operators of an eternal
black hole in [57]. Now consider the Hilbert space spanned by a discrete set of n time-shifted
TFD states,

H, = span{|TFD(¢t;)) : t; = jt; and j = 1,...n}, (3.4)

for a fixed time-step ¢; taken sufficiently large (a few times the inverse temperature 3) such
that all [¢; — t;| are well-separated [20]. To determine the dimension of this Hilbert space, we
study the Gram matrix,

Gy = (TFD(t;)|TFD(,) . (3.5)
The dimension of H,, is then given by
d, =n —ker(G), (3.6)

where ker(G) is the dimension of the kernel of the Gram matrix. In the N — oo limit of the
boundary CFT, G;; = d;; [19]. As a result, d,, = n, and the dimension diverges in the limit
n— 00.
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At finite N, however, the overlaps receive non-perturbative corrections and in principle one
needs control over the boundary theory at finite N to describe the physics. As it turns out,
finite N effects can be modelled within the N — oo limit itself by treating the large N theory
as a random matrix theory (RMT) [19, 20]. We implement this approximation in two steps.
We first assume that in the N — oo limit, the CFT admits a continuous density of states po(E).
Operationally, this amounts to making the following replacement:

3 o /dE p(E), and  |E) — |E). (3.7)
The density of states can be computed from the partition function through an inverse Laplace
transform,
1 y+ioco
EB)= Jim o [ dgF2(). 3.8
plE) = Jim o [T ap 29 (38)

We then substitute the density of states po(E) with the density of states p(E) of a random

matrix theory, satisfying p(E) = po(E). For now, we choose the higher point functions of the
RMT to follow a Poisson distribution [20],

p(E)p (E') = po(E)po (E') + po(E)0 (E — E') . (3.9)

We refer to the inclusion of RMT corrections via this procedure as an RMT completion of the
theory. An important consequence of the completion is the modification of the overlap of the
time-shifted TFD states. Consider

1 Z e BEn+Em) o—i(tj—ti)(Em—En) (3.10)

|Gi|* = [(TFD(t,)|TFD(t)))|* = Z(B)? &

The expression on the right-hand side is called the spectral form factor (SFF). Making the
replacement (3.7) and averaging, we get

1208 =it =) | Z(28)
Z(p)? 23

The first disconnected piece decays for large (¢; — t;) and produces the ‘dip’ in the SFF. The

|Gyl* = . (3.11)

second term is constant and gives rise to the ‘plateau’ in the SFF (see [58, 59] for more details).

The second term can be evaluated in a saddle point approximation, using
Z(B) = e-P+Son (3.12)
where M is the mass of the black hole. This gives us

|Gl?| = e = 7OV, (3.13)

c
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The rank of G can be computed from the connected component of these overlaps using resolvent
techniques and one finds that the dimension of the RMT-completed Hilbert space #H,, saturates
at d,, = min(n, e531) [19, 25, 60]. Now define

The dimension of Hpy is then given by d = e84, Therefore, RMT completion results in a

finite-dimensional Hilbert space carrying precisely the Bekenstein-Hawking entropy.

We have arrived at a finite-dimensional Hilbert space by including RMT corrections. In
the N — oo limit, information about the discreteness of the CFT energy spectrum is lost,

—O(N?)

since level spacings are suppressed as e . One is therefore forced to work with a smooth

density of states po(E), and it is this ‘information loss’ that leads to the orthogonality of the
time-shifted TFD states.” At any finite IV, however, the spectrum is discrete, and the spectral
form factor necessarily stops decaying and saturates [58, 59]. One role of the RMT completion

is to restore the discreteness of the spectrum at finite V.

One can alternatively motivate the introduction of an RMT description in the boundary
theory by appealing to chaos and thermalization. From the bulk perspective, this is quite
natural, since black holes are known to be maximally chaotic systems in the sense of fast
scrambling of quantum information [58, 62-65]. On the CFT side, the use of RMT dynamics
has gained prominence in recent years [66-72]. The emergence of an RMT description in the
semiclassical limit need not be tied specifically to gravity or black holes. Rather, RMT provides
a general framework for modeling chaotic dynamics in quantum systems. A classic example
is a gas of hard spheres in a box, which is an integrable quantum system but nevertheless
exhibits emergent RMT behaviour in the semiclassical limit [22, 23]. From this perspective, the

discussion in this and the following sub-sections extends to a broader class of chaotic systems.

With Hpy in hand, we turn to the algebra B(Hpn) of bounded operators acting on it.
The finite dimensionality of Hpy strongly suggests this algebra is of type I, as argued in [19],
via the discreteness of the spectrum. In the next subsection, we make this more explicit by

constructing the minimal projectors required for a type I algebra.

3.2 Crossed Product and the Construction of a type I; Algebra

The microstates of the previous section were generated by acting with Hg on the TFD state,
so a natural next step is to enlarge the large N operator algebra by adjoining Hpy to it. In the
large N limit of A" = 4 supersymmetric Yang-Mills theory, the relevant starting point is the

5The continuum spectrum is also at the root of Maldacena’s large N information problem [61].
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algebra of single-trace operators and adjoining Hp to it is made precise by the crossed product
construction [17].

Consider the boundary CFTs in the previous section and pick an energy eigenstate |Ejp)
with energy Ey = O(N?). Then a microcanonical version of the TFD state, centered around
|Ep), can be defined as follows [27],

ITFD) = ¢ Seu/2 Y ¢ AEE2 f (B, — By) |Ey), | i) - (3.15)

Here, f is a smooth, square-integrable function that can be chosen to be a Gaussian function
with standard deviation ¢ = O(N?) without loss of generality. We denote by Ag r the algebra
of single-trace operators in the right CFT. Working above the Hawking-Page temperature, this
algebra becomes type III; in the N — oo limit [14, 15, 18]. We then consider the renormalized
right CFT Hamiltonian,

hp=Hp— Ey. (3.16)

The action of kg on the microcanonical TFD state produces fluctuations that are O(N°) [27]. If
one were using the standard canonical TFD state, the fluctuations of the right CF'T Hamiltonian
would diverge in the large N limit. Therefore, working with the microcanonical TFD state is
advantageous as we can directly add hg to the single-trace algebra even in the strict N — oo
limit. We can formally decompose the right Hamiltonian as follows

hr=h+X, withX=h,=H,— FE,, (3.17)

where Hj, is the Hamiltonian of the left CFT and the operator h=H r — Hp, is the modular
Hamiltonian of the TFD state (rescaled by a factor of 1/3). The extended Hilbert space takes
the form H = Hrpp ® L*(R), where Hrpp is the GNS Hilbert space generated by the action
of single-trace operators on the TFD state. The appearance of this tensor product structure
follows from the fact that the renormalized left Hamiltonian h; commutes with all operators in
the right CFT. Consequently, its action furnishes an independent tensor factor. The algebra
acting on the extended Hilbert space is known in the literature as the crossed product algebra,

AR = .A[).R A Rh . (318)

It is generated by elements of the form a ® 1 with a € A g, together with unitary operators of
the form e”** ® e*X*. As a result, a general element of the algebra can be written as

a= / ds a(s)e“(mx) , a(s) € Aor, (3.19)
and a general state in the extended Hilbert space H has the form

) = [~ drg@I@)le),  |8) € Hap. (3.20)
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Here g(z) € L*(R) is a normalizable function and |z) are states on which the operator X acts

as a position operator. The microcanonical TFD state is then identified with
9 = [~ dz f@)W)l2), (3.21)

where |¥) is some element of the single-trace Hilbert space Hrrp.

The crucial point here is that the resulting enlarged algebra is a type Il factor, and as a
result, we can define density matrices and a trace on it. In particular, for any |<f>) € H, we can
define a density matrix pg € Ag that satisfies the property [17, 27]:

tr [pod) = e(d|ald), Vae Ag. (3.22)

Note that this trace is defined only up to a multiplicative constant. Using this trace, we can

then define a von Neumann entropy,

Sun(pg) = —([log pa|®) +c. (3.23)

Factors of type I; and type Il have a standard form, which we will quickly review here
(see [73] for more details). Let us first look at a type I, factor acting on a d-dimensional Hilbert
space H. By definition, a type I algebra has a non-zero minimal projector P. We can also
construct a family of pairwise orthogonal projectors {P;}, which are equivalent to P, satisfying
the identity >; P, = 1. Consider the Hilbert space H' spanned by vectors |P;) associated to
the projectors. Then the algebra can be mapped to the tensor product B(H') ® 1py by a
unitary conjugation [73]. Note that the Hilbert space H' has dimension d. One can think of this
decomposition in the following way. In a type I algebra, all minimal projectors are equivalent
to each other. So the algebra splits into the product of B(H') and a c-number multiple of the
identity operator acting in the subspace obtained by acting with some minimal projector 1py.

Now consider a type Il algebra A and let P be a non-zero projector. Since the algebra
is type II, the projector P will not be minimal but we can still find a set of projectors {P;}
equivalent to P that resolve the identity operator in the algebra. We identify the Hilbert
space ‘H' with the span of the projectors {P;}. The type Il algebra is then isomorphic to
B(H') @ PAP. The difference between a type I; and a type IL, algebra is twofold. First
of all, the Hilbert space H' is finite-dimensional in the case of a type I, algebra, while it is
infinite-dimensional in the case of the type II algebra. Moreover, PAP reduces to a multiple of
the identity operator in the case of a type I algebra since we have minimal projectors.

It turns out that RMT completion provides a natural construction of a type I; algebra

starting from the type Il crossed product algebra. As explained in the previous subsection,
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the elements of the large N enlarged algebra Ap can be expressed as an integral over the

density of states po(E),
o= / ds a(s)ens = / ds / dE a(s)elE-Es py (3.24)
where P is the projector of the right boundary Hamiltonian onto a sector of energy E,
Pg = po(E)|E)(E]. (3.25)

We have dropped the subscript R on the bras and kets for brevity. Note that Pg is a projector
onto a single energy eigenvalue and can be formally rewritten as §(Hr — E). Since this is an
unbounded operator, it is not an element of Ag. We can, however, construct a projector that

is an element of Ag as follows:

Pe.ae= [ dBpo(E)xe.a6(E) |E)(E, (3.26)

where x is the characteristic function,

1, E€[E;,—AE E;,+AE],
XE,ap(E) = (3.27)

0, E¢|E;,—AE,E;+AE].
The operator Pg, ap is a spectral projection of Hr onto a non-zero measure subset of the
spectrum, namely the interval [E; — AE, E;+AE]. By the spectral theorem, all such projections
are bounded operators. Since Ay is a von Neumann algebra, it is closed in the weak operator
topology, and therefore contains all such bounded spectral projections of its operators. It
follows that Pg, ap € Ar. We can see that the projector Pg, o is not a minimal projector as
we can always define another projector Pg, Aps with a spread in the energy AE’ < AE. This

absence of a minimal projector is what we expect from a type I algebra.
Now build a family of projectors { Pg, ar} by fixing
E = ! (3.28)
2po(Eo)’ '

and choosing a sequence of evenly spaced E; (with E = Fj included in the sequence) separated
by 2AFE, so that Y-, Pg, ap = 1. The resulting projectors are pairwise orthogonal. The Hilbert
space H' is then constructed by acting with these projectors on the TFD state,

H = {z a]»PEwAE@) | Va; € Cand E; = Ey + 2jAFE satisfying E; > 0} . (3.29)

JEL

Here |¥) is the state corresponding to the microcanonical TFD state in the crossed product
algebra (3.21).

144



Paper IV

The construction of such a family of non-zero projectors allows us to rewrite the enlarged

algebra Ag in its standard form:
Ap = B(H) @ PARP, (3.30)

where we have chosen P = Pg, op. Now, we can RMT complete this description by replacing

po(E) with the density of states p(E) of a random matrix theory with p(E) = po(E).° Below,

we will argue that
B(H') @ PARP = B(Hpu) ® 1577, (3.31)

up to small corrections suppressed by powers of exp (—Spn). Here Hpy is the RMT completed
finite-dimensional Hilbert space defined in (3.14). Therefore, the RMT completed cross product
algebra, after an ensemble averaging, reduces to a type I algebral

The result in (3.31) is obtained as follows: First, we have to show that the second tensor
factors agree on both sides of the equation, that is, PAgP = CP. Before RMT completion we

have
PP = ( [ dBpo(E)xsan(B) 1ENE) a ([ dE (B xman(E) IEXE]) . (332
where a € Ag. By using the general form of a (3.24), we find that
PaP = [ ds [ dEQE po(E)o(E) e a6 ()Xo an(E)e 5 (Ela(s) E') |E) (E']. (3:33)

This expression can then be RMT completed by replacing the density of states. Taking an
ensemble average of the resulting expression, we get

PaP = [ ds [ ABAE' pERE) xew ar(E)xe,an(E)EE 50 (Bla(s)| B) |E)E]. (3.34)

The presence of the characteristic functions restricts the energy values that contribute to the
integral to a narrow range centered on Ey. This means we have to go beyond the Poisson
approximation in (3.9) to evaluate the integral and instead we work with a Gaussian Unitary
Ensemble (GUE),

sin? (mpo(Eavg) (E — E'))
2 (E - E')°

p(E)p (E') = po(E)po (E') + po(E)0 (E — E') — » o (339)

where E,y, = (E+ E’)/2 is the average energy. The third term on the right hand side is referred
to as the sine-kernel and encodes the level repulsion of the RMT. This term is present in all

6See also [74], where the inclusion of a Poisson distribution in the context of operator algebras and third

quantization was discussed.
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Gaussian ensembles in the E — E’ limit [75], so the choice of a Gaussian unitary ensemble is

not restrictive.

Before we continue with the computation of (3.34), let us examine the sine kernel contri-
bution to the averaged two-point function (3.35). In particular, let us look at the case where
Eqwe > |E — E'|. This limit corresponds to Ey > AE, so it is precisely the range of energies
that contribute to the integral (3.34). In this case, we can approximate the sine-kernel with a
Gaussian function as follows:
7r2p0(Eavg)2 (£ - E/)2

3

B () = pofEue)? [1 o (f )} L (EY(E— ). (3.36)

The Gaussian approximation to the sine kernel is obtained by matching (3.35) and (3.36)
up to second order in a Taylor expansion in the parameter po(Eayg) (E — E’). Gaussian
approximations to sinc-type functions are widely used in optics and signal processing to
enable analytic treatment of diffraction and phase-matching problems [76]. In our case, this

approximation allows us to obtain closed-form expressions for integrals.

It is now easy to see how RMT corrections introduce level repulsion in the large N theory.
Let us ignore the delta function term in (3.36) for the moment. When the energy difference is
larger than po(Faye) !, the Gaussian term can be dropped, and the averaged two-point function
of the density of states is equal to the product of the density of states. Thus, for large energy
separations, the spectrum behaves as if it were uncorrelated. In contrast, when the energy
difference drops below py(Eayg) ™!, the averaged two-point function becomes parametrically

suppressed.

Now let us return to the computation of the integral in equation (3.34). Plugging in the

averaged two-point function, we get

. 2 2 _ 2
PaP = / ds /dEdE’ P0(Eavg)? {1 —exp (f p"(E"”g)S (E-F) )}

X0 8E(E)XEyap(E)e' 5 (Ela(s)|E') |E)(E|
+ O(po(Eo)™").

(3.37)

The O(po(Ep)~!) correction term in the above expression comes from the delta function term
in (3.36) and is exponentially suppressed in the Bekenstein-Hawking entropy of the black hole,
as will be clear from equation (3.53) below. This ‘contact’ term in the density of states is also

responsible for the exponentially suppressed plateau term in the spectral form factor.

It is convenient to change the integration variables from (E, E') to (Fug,w), where we
define w = F — E’. We now adopt a standard assumption from the RMT literature. Since
Ey > AFE, we assume that the matrix elements and the states depend only on the average
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energy E,.,. This diagonal approximation gives us

()| Eave)

IAE 2 2, 2
/ dw [1 —exp <_M)} | Eve) (Bave|

I Eot+AB 2_i(Eavg—FEo)s
PaP ~ [ ds A By po(FEavg)’e (Bavg

(3.38)
—2AE 3

where we have introduced a new quantity AE = AE— | Eavg — Eo| to express the above equation
compactly. Evaluating the w integral in closed form yields

. Eo+AE ]
pab = / ds/ 0 ABavg pO(EHVg)Zel(EaVrEMS (Eavgla(s)| Eavg)

Eo—AFE
- 27 AEpo(E,
\/%erf (—po( “"g)

3 (3.39)

) | Eave) (Bave

The functions po(Fayg) and (Fayg
we approximate them by their values at Ey and pull them out of the E,, integral to obtain

a(s)|Eavg) vary slowly over the narrow integration range, so

PaP ~ (AEQ/dS po(Eo) <E0|a($)|E0)) po(Eo)|Eo){Eo| - (3.40)

The same steps lead to the expression P = po(Ep)|Eo)(Eo| for the avaraged projector and
therefore, we have PArP ~ CP, as advertised.

We have shown that P acts as a minimal projector after RMT completion, but our final
result followed from approximating an integral by its value at a point in its domain of integration.
This suggests that another projector onto an even narrower energy window,

0= / AEp(E)xp,ap (E) |[EYE|, with AE' < AE (3.41)

will also give us QAzQ ~ CQ. Clearly Q < P, making P a non-minimal projector, but when
we RMT complete and average over the projectors, the situation is different. Let us first assume
that AE’ < AE, i.e. the new energy range is only a little bit narrower than before. In this

case, we can go through the same computations to find that
QaQ ~PaP — Q~P. (3.42)

When AE" < AE, however, the behaviour changes in an interesting way. In this case,
contributions from the two terms inside the square bracket in (3.38) cancel against each other,

leading to a parametric suppression in the final result,

N 2
QaQ ~ (ii?) PaP. (3.43)
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Therefore, we arrive at the statement

vQ < P, either Q~P or Q=0. (3.44)
In this sense, P behaves as a minimal projector, as any subprojection Q gives negligible matrix
elements or is approximately equal to P. This is a direct consequence of the level repulsion in
RMT. When the energy separation is below the characteristic scale of level repulsion in the

theory, the energy levels are effectively discrete.

Now we return to (3.31) and show that first tensor factors also match, i.e. B(H’) = B(Hgn)-
We can construct a projector from the discrete Fourier transform of elements of B(Hpn) as

follows:

k

Py, =21y e Bt gty g = gty (3.45)
j=1

The energy resolution of IBEZ. is of order 1/(kt;). Since Hpy is finite dimensional, with dimension

e and t; = O(f), this resolution matches that of the minimal projectors P, ap (we will

show this in (3.53)). Therefore, the projectors Pg, op can be reconstructed from operators in

B(Hgg). This establishes that B(H') C B(Hpn). Now let us look at the reverse inclusion. The

right Hamiltonian can be approximated as

]LR ~ Z(EZ - Eo) PEl,AE . (346)

k2
When we RMT complete the Hilbert spaces, we introduce an effective level spacing of AE
through level repulsion, and as a result, (3.46) becomes an excellent approximation. This gives

us B(H') C B(Hpn). Therefore, we have B(H') = B(Hgn), concluding the proof of (3.31).

Now let us revisit the computation of the dimensionality of the RMT-completed Hilbert
space Hpy outlined in Section 3.1. Our goal is to reformulate this calculation in the language of
operator algebras. We start with the microcanonical TFD state |¥) defined in equation (3.21).
We denote the density matrix associated to this state by pg. Then for every operator @ in the
crossed product algebra, the trace of the operator in the state |¥) is given by (3.22). Since
we are dealing with a type Il algebra, the trace is non-unique with the ambiguity encoded
in the constant ¢ in (3.22). In our case, however, there is a natural way to fix this constant.
The key point is that the trace on the crossed product algebra induces a trace on the factor
B(H'), which in turn defines an inner product on H'. We can therefore fix the normalization
by imposing the condition that the trace of the “minimal” projector P in the microcanonical
TFD state is unity,”

trlpg Pl =1. (3.47)

"The ambiguity in the definition of the trace arises because the decomposition of a type II., algebra into
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Using the definition (3.21) of the state |¥), we have

twlpg Pl = ¢ [~ do (£(2)*al(@|PIW)). (3.48)
We now express the projector P in terms of its Fourier representation,
= / ds b(s)eiX+Hh+Eo) (3.49)

where b(s) are the Fourier coefficients that implement the finite energy range of the characteristic

function x g, ap. Substituting this into the trace gives
tr[pg P) = €° / dz / ds b(s)(f(x))? (U|eisEHhrEo) gy (3.50)
Since h|¥) = 0, the matrix element simplifies, and we obtain

o P) = ¢ [~ do (F@)* [ ds b)) = ¢ [~ d (/@) xpganla + Eo) - (35D)

Here the integral over s is the Fourier transform of b(s), which reduces to the characteristic
function x. Since f(z) is slowly varying on the scale of AE, we can pull it out of the integral

and evaluate it at the center. We then obtain the normalization condition
po(Eo) = ¢“(f(0))*. (3.52)
The normalization of the density of states can also be read off from (3.15), giving
po(Eo) = %1 (£(0))*. (3.53)
Comparing these expressions, we find
c~ Spy . (3.54)
As in the previous subsection, we define time-shifted thermofield states by evolving with
the right Hamiltonian,
B (1) = M) (3.55)

We can associate density matrices P to these states. Using the definition (3.22) together

with the cyclicity of the trace, we find that

Py = ei};teiti‘ilefi}Qte—iXt' (3.56)

the standard form (3.30) is not unique (see Section 3.6 of [77]). In general, one may choose any non-minimal
projector P to obtain such a decomposition and then impose the condition (3.47) to fix the trace, leading to
multiple possible choices for the constant c¢. However, the RMT completion produces a minimal projector, which
in turn provides a canonical choice for c.
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Now consider the quantity

0 [P P - (3.57)

which equals the square of the overlap in equation (3.10). From the definition of the trace, we
find that

0 [Pa P | = € (Fle 74 py et i) (3.58)
Expanding the right Hamiltonian in terms of the density of states, we get
et pgetnts = [ABAE' po(B)po(E') €I EE(Blpg | B') |BYE].  (3.59)

Now, let us take an average of this quantity in the RMT completion. We can use the Poisson
distribution (3.9) to get the connected component

t [pae Py | = < (Flpol ) (3.60)
Then by the definition of the von Neumann entropy (3.23), we have
m‘c = ¢ Sw(Pa) | (3.61)
The von Neumann entropy can be shown to be equal to [17, 27]
Sex(py) = ¢ = (U|log|f (hr)|* |¥) = Spi + Siog (3.62)

where we have used (3.54) to fix the value of ¢ in the final step. The second term Sy is the
“fluctuation entropy,” which captures the universal logarithmic corrections to the black hole
entropy [78]. The dimensionality of the Hilbert space Hpy is given by d = ¢SBu+Sios,

Holographic duality allows us to carry out a similar construction in the bulk. In the case of
an eternal black hole, the right algebra corresponds to the algebra of a massive scalar field on
the right wedge of the spacetime. Instead of the thermofield state, we have the Hartle-Hawking
state. The modular Hamiltonian generates boosts inside the wedge. The analogue of the right
CFT Hamiltonian will be played by the right ADM Hamiltonian. Going through all the steps
above, we would arrive at a type I, algebra in the bulk.

3.3 Complexity as a Probe of the Emergent Geometry

Once the microstates of the theory have been constructed, it is natural to ask when the low-

energy semiclassical description breaks down. In the language of time-shifted TFD states, this
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corresponds to where the non-perturbative RMT corrections to the density of states dominate.
We note from (3.11) that the overlap of the time-shifted TFD states is the spectral form factor,

[{TFD(t:)|TFD(t))|* = SFF(|t; — 1, B) . (3.63)

The spectral form factor of RMT has a distinct behaviour [58]. Plotted as a function of time,
there is an initial dip, followed by a ramp and plateau. During the dip, the SFF decays for a

O(Sen) do the ramp and plateau become visible. The late-time

long time, and only when t ~ e
ramp and the plateau are a result of the sine-kernel and the Dirac delta terms dominating the
averaged two-point function of the density of states (3.35). At this exponential timescale the

semiclassical description breaks down.®

A natural way to reframe these observations is through the notion of complexity. In
particular, consider Krylov complexity [79], which assigns a “size” to an operator under
Hamiltonian evolution. In chaotic systems, operator complexity exhibits a generic pattern,
growing linearly with time for a long period, and saturating at times of exponential order in
the system’s entropy [80]. The ramp and plateau in the SFF are responsible for this saturation
of complexity (see [81] for details). From this perspective, the semiclassical description breaks
down if we probe the black hole spacetime with an operator whose complexity is of exponential
order in the Bekenstein-Hawking entropy. See [82-84] for related discussions. This idea can
be made very explicit by using the Complexity=Volume (CV) prescription [85, 86], where
bulk complexity is defined as the volume of a spacelike extremal codimension-one surface
passing through the interior of the black hole. In two-dimensional spacetimes, there are bulk
wormhole corrections to the semiclassical volume computations when the boundary anchoring
time of the surface reaches e©(>e#) [81], and this leads to the saturation of complexity. Similar
behaviour is found in higher dimensions [25, 87]. This breakdown of the semiclassical picture
has important consequences. The region where the semiclassical volume calculation fails is
precisely the region where certain trapped extremal surfaces appear [88]. These surfaces lead to
null geodesic incompleteness in the interior and signal the presence of the black hole singularity.
The corrections responsible for the saturation of holographic complexity must therefore also
modify the volume computation that gives rise to these pathological surfaces, hinting at a
possible resolution of black hole singularities.

A puzzling feature of the geometry probed by an operator is that it appears to be highly
observable dependent. At first glance, this may seem troubling but it lies at the heart of the
principle of black hole complementarity [89]. When a quantum black hole is probed with

8As emphasized in the Introduction, the semiclassical description is here taken to include perturbative
quantum gravity corrections but non-perturbative corrections are neglected. It is important to distinguish this
from the small but non-zero G'x limit of the full theory, where non-perturbative corrections are exponentially
suppressed but nevertheless always present.
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a “simple operator”; the resulting spacetime looks like the classical geometry. There is an
event horizon, and an infalling observer experiences a smooth infall. However, when the black
hole is probed with a “complex operator”, the semiclassical limit breaks down. One may
encounter a wormhole or a baby universe emission. The crucial point is that these different
observable-dependent descriptions are complementary — each measurement probes a different

operational regime.

4 Discussion

Operator algebras are useful for the study of quantum gravity and the emergence of spacetime
as these techniques eliminate the need for (Euclidean) path integrals and their saddle-point
approximations, and do not rely on formulating the theory in terms of a Lagrangian. In this
framework, Hilbert spaces emerge as representations of operator algebras. This perspective is
particularly useful, since treating Hilbert spaces as fundamental objects leads to conceptual

puzzles such as the factorisation problem (see, for example, [90, 91]).

A remarkable feature of general relativity is that gravity is encoded in the curvature
of spacetime through the equivalence principle and Einstein’s field equations. Our analysis
in Section 2 shows that both the equivalence principle and the field equations follow from
the existence of multiple local Rindler algebras and locally stationary states, along with
a well-defined large-mass limit for the matter field correlation functions. This provides a
characterization of gravity purely in terms of operator algebras, which are the natural building
blocks of quantum mechanics. The reformulation of geometry carries philosophical implications,
as gravity is no longer viewed as fundamental but instead emerges from the operator algebras
of matter fields. An important further step is to extend our analysis to more realistic matter
fields of the kind present in our universe and to understand how the constructions in this paper

generalize to that setting.

We would like to emphasize that, in Section 2, we have not assumed the existence of
a boundary dual. In particular, the existence of a smooth d-dimensional spacetime in the
boundary theory would significantly simplify the reconstruction of the bulk metric and curvature
tensors, since boundary points could then be used to localize bulk points as in, for example, [92].
One could then directly use the smooth differentiable structure of the boundary to extract the
metric and curvature tensors [93]. Our approach deliberately avoids making this assumption.

In Section 3, we showed how a type I algebra can be obtained from a type III algebra by a
random matrix theory completion of the crossed product algebra. There is mounting evidence

for randomness and the necessity of averaging in operator-algebraic descriptions of quantum
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gravity, see e.g. [94-96]. The RMT construction restores the discreteness of the spectrum
that is lost in the large N limit and naturally leads to chaos and thermalization. Once these
effects are incorporated, the completed algebra also captures non-perturbative contributions
from bulk wormholes. An important aspect of our RMT implementation is that it does not
call for a modification of the standard AdS/CFT correspondence, which has passed numerous
precision tests. We use the effective RMT description to capture the large N semiclassical limit
of the theory, which is a standard strategy for understanding generic chaotic systems and is not
restricted to gravity.
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A Basic Definitions and von Neumann Algebras

In this appendix, we provide a brief review of some key definitions and properties of von
Neumann algebras. We recommend [73, 97] for a more comprehensive treatment.

Consider a Hilbert space H. We will denote the algebra of all bounded local operators acting
on this Hilbert space by B(H). A x-subalgebra is a subalgebra of B(H) that is closed under
scalar multiplication, operator multiplication, operator addition, and adjoints. It also contains
the identity element. The commutant algebra M’ is the set of all operators in B(#) that
commute with every element of a subalgebra M. A von Neumann algebra M is a subalgebra
of B(H) that is equal to its own double commutant, that is, M = M”. A von Neumann
algebra M is a factor if the center Z = M N M’ is composed of scalar multiples of the identity

operator.
A function w from an algebra M to the complex numbers is called a state if it is
1. linear : w(aa + Bb) = aw(a) + Pw(b), for all a,b € M.
2. positive : w(a*a) >0, Ya € M.
3. normalized : w(1) = 1.

An orthogonal projector P, or simply a projector, is an element of a von Neumann algebra
M with the properties P = P? = P*, where P* is the adjoint operator. A pairwise orthogonal
set of projectors { P} satisfies P,P; = §;;P; for all 7, j.
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Two projectors P and @ are equivalent if and only if there exists an operator V' € M with
VV* = P and V*V = Q. We denote this relation by P ~ Q. We write P > @ if the projectors
P and @ are not equivalent and PH D QH. We then refer to @) as a proper subprojector of P.

A projector P is finite if every non-zero proper subprojector () < P is inequivalent to P.
A non-zero projector is minimal if PMP = CP. Using this definition, we can classify von

Neumann algebras into the following categories

1. Type I : contains a non-zero minimal projector P.
2. Type II : contains non-zero finite projectors, but no non-zero minimal projectors.

3. Type III : contains no non-zero finite projectors.

We call a vector |w) € H cyclic if the set of alw), for all @ € M, is dense in H. The vector
is separating if a|lw) = 0 iff @ = 0. If |w) is cyclic and separating, then Tomita-Takesaki theory
guarantees the existence of two operators A and J [98]. The first operator A is called the

modular operator while the second operator is called modular conjugation.

The modular operator generates modular flows in the von Neumann algebra:
APMA™ =M, VteR. (A1)
The modular Hamiltonian % is related to the modular operator through the relation
A=eh, (A.2)
The modular conjugation takes elements of the algebra to its commutant:
JMJ =M. (A.3)

The notion of half-sided modular inclusions was introduced by Wiesbrock [99]. Consider a
subalgebra N’ C M for a von Neumann algebra M with a common cyclic separating vector

|w). Let us also assume that the subalgebra is preserved under the modular flow of M:
ALNAGECN Yi<o. (A.4)
Half-sided modular inclusions are generated by a one-parameter family of operators given by
U(s) = e, (A.5)
where

2G = hpg — hy > 0. (A.6)

154



Paper IV

Figure 3. The figure on the left shows the entire right wedge algebra M. On the right are two
subalgebras N, N7 obtained by shifting the right wedge along the null directions.

Here I M are the modular Hamiltonians of the two algebras. Now we will study an example
to see how the boosts, along with the half-sided modular translations U(s), can be used to

obtain the generators of the spacetime.

Consider a 1+ 1-dimensional Minkowski spacetime written in null coordinates z*. Let us
take a massive scalar field whose support is restricted to the right Rindler wedge defined by
2t >0 and 2~ < 0, and denote the corresponding algebra of operators by M. Now introduce a
shifted wedge algebra N, consisting of operators supported in the region 2+ > 0 and 2= < —1
(see Figure 3). One can then show that the modular Hamiltonian associated with M generates
the Rindler boost K in the right wedge, while the half-sided modular translations associated
with the inclusion ' C M are given by [14]

Uy (s) = e ™", (A7)

where P* is the generator of translations along z*.

If we choose another subalgebra N’ composed of operators with support in the region
2t > 1 and 2= < 0 (see Figure 3), then we will end up with another half-sided modular

translation
U_(s) =e . (A.8)

The generators { K, P*} close to form the two-dimensional Poincaré algebra. In Appendix B,
we demonstrate that the operator algebraic construction of the Poincaré algebra generalizes to

higher dimensions.
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B Construction of the Poincaré Algebra

Let us show how the Poincaré generators of a globally flat spacetime can be constructed from
operators restricted to multiple Rindler wedges. Consider a massive scalar field living on a
d + 1-dimensional spacetime. We will use the Cartesian coordinates (¢, 1, s, ...) to label the

points on the spacetime.

Now let us look at the operators restricted to a Rindler wedge R; = {z; > |t|}. As reviewed
in Appendix A, we can construct the generators of the null translations ¢ +z; using the half-sided
modular translations Uy (s). This then gives us

e—isXO _ U+(S/2)U_(S/2) efist — U+(3/2)U_(_5/2), (B]-)

where X generates time translations, while X; generates translations along the spatial direction.
By repeating this construction with a different wedge algebra R;, we can similarly obtain a
generator along another spatial direction. In this way, we build a set of translation generators,
denoted by {X;}. From this set, we can select d mutually orthogonal spatial generators by
imposing the condition
2
Slggl)o mdjk(i517i32) = Ojk > (B.2)

where i (is,, is,) is the Synge world function extracted from the correlator
(W] (#1505 (52X 075255 ) |w) = Giling i) - (B.3)

Here O; is an operator that lies in both W; and W;. We have used (2.12) to arrive at the
orthogonality condition (B.2).

Next, let us denote by K; the boost operator associated with the wedges of each of these d
spatial translations. Together, the boosts K, the mutually orthogonal spatial translations X,
and the time translation generator Xy furnish the boosts and translations of the local Poincaré

algebra. Using the commutation relations
[Kj7 Kk] = 7i6jkl‘]l~, 5 (B4)
we can then obtain the rotation generators J, thereby recovering the full Poincaré algebra.
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