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It is demonstrated by means of the optimal control theory that the energy cost of the spin-orbit
torque induced reversal of a nanomagnet with perpendicular anisotropy can be strongly reduced
by proper shaping of both in-plane components of the current pulse. The time dependence of
the optimal switching pulse that minimizes the energy cost associated with joule heating is derived
analytically in terms of the required reversal time and material properties. The optimal reversal time
providing a tradeoff between the switching speed and energy efficiency is obtained. A sweet-spot
balance between the fieldlike and dampinglike components of the spin-orbit torque is discovered;
it permits for a particularly efficient switching by a down-chirped rotating current pulse whose
duration does not need to be adjusted precisely.

I. INTRODUCTION

The discovery of spin-orbit torque (SOT) is a no-
table milestone in the development of spintronics as it
has made it possible to boost the efficiency of electri-
cal manipulation of magnetism compared to conventional
spin transfer torques [1–3]. Magnetization switching
by current-induced fieldlike (FL) and dampinglike (DL)
components of SOT is a particularly important appli-
cation providing a basis for low-power bit operations in
nonvolatile technologies [4, 5].

Typically, a SOT-induced magnetization reversal is re-
alized by applying an in-plane current in a heavy-metal
(HM) layer on which a switchable ferromagnetic (FM)
element is placed. Elements with perpendicular mag-
netic anisotropy (PMA) are under a special focus due to
their technological relevance. In a conventional protocol
involving a one-dimensional direct current, the determin-
istic reversal of the PMA element relies only on the DL
SOT [6, 7]. As a result, the switching current density
and thereby the energy cost of switching are not as low
as they could possibly be if the FL SOT was also used [8].
FL SOT-induced switching can also be realized, but this
requires a precise control over the current pulse duration
so as to avoid back-switching [9]. Moreover, to achieve
definite switching of the PMA element, some symmetry
breaking needs to be established either by applying an ex-
ternal magnetic field [2, 3, 10], which can be mimicked by
exchange coupling with an additional magnetic layer [11–
14], or by introducing lateral asymmetry [15, 16] or tilted
anisotropy [17, 18]. Out-of-plane torque for field-free
switching can also be generated due to the low-symmetry
point groups at the HM/FM interfaces [19] or thanks to
the out-of-plane polarization of spin currents generated
in an additional magnetic layer [20].

Note that the complications associated with the con-
ventional SOT-induced magnetization reversal originate
from use of one-dimensional direct current. Such a simple
switching pulse provides a limited control over switching
and makes it hard to realize the full potential of SOT.

The issues arising in SOT-induced switching can be

solved by proper shaping of the current pulse. Pulse op-
timization has been studied extensively in the past in the
context of magnetization reversal by means of applied
magnetic field [21–29] and spin-transfer torque [30, 31].
For SOT-induced reversals, this approach remains unex-
plored, although its potential has recently been demon-
strated by Zhang et al. [32] who proposed to use both
in-plane components of the current to realize field-free
switching of a PMA element; assuming a fixed magni-
tude but variable direction of the current, they obtained a
strong reduction in the switching current density and de-
rived a pulse yielding the shortest switching time. How-
ever, constraints imposed on the current pulse prevented
previous studies from identifying the theoretical mini-
mum of the energy cost of SOT-induced switching. Op-
timization of the switching protocols with respect to ma-
terials properties and identification of the right balance
between switching speed and energy efficiency have also
been missing so far despite the great fundamental and
technological importance of this analysis. Moreover, it
is still unclear whether the protocols involving 2D cur-
rents are stable enough against thermal fluctuations to
be realized in practice.

In this article, we identify energy-efficient switching
pulses by applying a systematic approach based on the
optimal control theory. To make the most of the pulse op-
timization, we do not apply any constraints on the pulse
shape and consider independent variations of both in-
plane components of the current. We obtain a complete
analytical solution for optimal control paths (OCPs) of
field-free magnetization switching, i.e. the reversal tra-
jectories minimizing the energy cost associated with joule
heating, and derive optimal switching pulses from the ob-
tained OCPs.

Our analytical solution provides a theoretical limit for
energy-efficient control of SOT-induced magnetization
switching and reveals noteworthy exact results connect-
ing the minimum energy cost, optimal switching current
and switching time with relevant materials properties.
We uncover a previously overlooked sweet-spot ratio of
the FL and DL torques for which a particularly appealing
switching protocol is possible. It is robust, corresponds
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to the lowest energy cost and shortest switching time, and
involves a quite simple switching pulse that can likely be
realized in the laboratory.

Figure 1. Energy-efficient switching of a PMA nanoelement
(cylinder) by an optimal 2D electric current pulse ~jm flowing
in the heavy-metal substrate (cross). The calculated optimal
control path for the switching for α = 0.1 and ξD = 3.56ξF
is shown with the green line. The direction of the normalized
magnetic moment ~s of the element (optimal current ~jm) is
shown with the blue (red) arrow. The inset shows the time

dependence of x and y components of ~jm and z component of
~s.

II. MODEL

Figure 1 shows the simulated PMA element whose
magnetic moment is reversed by an in-plane current via
SOT. The element is assumed small enough to be treated
essentially as a single-domain particle at any time of the
reversal process. The energy E of the system is defined
by the anisotropy along the z axis,

E = −Ks2z, (1)

where sz is a z component of the normalized magnetic
moment ~s and K > 0 is the anisotropy constant. The
task is to identify the optimal current pulse that reverses
the magnetic moment from sz = 1 at t = 0 to sz = −1 at
t = T , with T being the switching time. Both the ampli-
tude and the direction of the current ~j in the heavy-metal
layer are allowed to vary in time. This can be realized in
the cross-type geometry permitting independent control
of both in-plane components of the current; see Fig. 1.
The efficiency of the reversal is naturally defined by the
amount of joule heating generated in the resistive cir-
cuit during the switching process [31]. In particular, the
optimal reversal is achieved when the cost functional

Φ =

∫ T

0

|~j|2dt, (2)

is minimized. This optimal control problem is subject to
a constraint imposed by the zero-temperature Landau-

Lifshitz-Gilbert (LLG) equation describing the dynamics
of the magnetic moment under SOT [33]:

~̇s =− γ~s×~b+ α~s× ~̇s
+ γξF~s× (~j × ~ez) + γξD~s×

[
~s× (~j × ~ez)

]
. (3)

Here, γ is the gyromagnetic ratio, α is the damping pa-

rameter, ~ez is the unit vector along the z axis, and ~b is

the anisotropy field: ~b ≡ −µ−1∂E/∂~s, with µ being the
magnitude of the magnetic moment. The third and the
fourth terms on the rhs of Eq. (3) represent FL and DL
components of the SOT, respectively. The coefficients
ξF and ξD are defined by the spin Hall angle, saturation
magnetization, and thickness of the FM element, as well
as by dimensionless factors – efficiencies – characterizing
the weights of the SOT components [34].

III. RESULTS

To find the optimal switching current ~jm(t) that makes
Φ minimum, we follow the paradigm we applied earlier to
the magnetization reversal induced by applied magnetic
field [35]: the energy cost is first expressed in terms of the
switching trajectory and then minimized so as to find the
OCPs for the switching process; after that, the optimal
switching pulse ~jm(t) is derived from the OCPs. Qualita-
tive difference between the field torque and SOT makes
these calculations significantly more involved compared
to Ref. [35]. Here, we only sketch briefly the derivations,
but a complete analytical solution to this nonlinear prob-
lem is available at [36].

1. Optimal control path for magnetization switching

We start by expressing the amplitude of ~j in terms of
the dynamical trajectory using Eq. (3):

j =
2K

µ

(1 + α2)τ0θ̇ + α sin θ cos θ

(αξD − ξF) cosϕ′ − (αξF + ξD) cos θ sinϕ′
. (4)

Here, τ0 = µ(2Kγ)−1 defines the timescale of Larmor
precession, θ and ϕ are the polar and azimuthal angles
of ~s, respectively, and ϕ′ ≡ ϕ − ψ, with ψ being the an-
gular coordinate of the current (see Fig. 1). It is clear
from Eq. (4) that for a given magnitude of the current-
generated torque, overall increase in the SOT coupling
coefficients leads to a proportional decrease in the switch-
ing current, and thereby the energy cost. To elucidate a
nontrivial effect of the SOT parameters, we introduce a
variable β characterizing the balance between the SOT
components, via the following parametrization:

ξF = ξ cosβ, ξD = ξ sinβ, (5)

where ξ is the magnitude of the total SOT coupling, i.e.
ξ ≡

√
ξ2D + ξ2F.
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On substituting Eq. (4) into Eq. (2), the energy cost
of the reversal becomes a functional of the switching tra-
jectory. Taking into account Eq. (5) and minimizing Φ
with respect to ϕ′, we obtain an optimal value of ϕ with
respect to ψ (see also Ref. [32]):

ϕ′ = ϕ− ψ = arctan [tan(β + η) cos θ] , (6)

where η ≡ arctan(α). After eliminating the ϕ′ depen-
dence of Φ with the use of Eq. (6), the Euler-Lagrange
equation for θ can be derived [36]. Its solution satisfying
the boundary conditions θ(0) = 0, θ(T ) = π is expressed
in terms of Jacobi elliptic functions [36] (see Appendix A
for the definition of the elliptic integrals and functions).
Finally, optimal ϕ(t) is obtained from optimal θ(t) using
the equation of motion [see Eq. (3)], where ψ is elimi-
nated using Eq. (6). In this way, the OCP describing
the switching trajectory that minimizes the energy cost
is completely defined. It corresponds to the magnetic
moment rotating steadily from the initial state minimum
to the final one and at the same time precessing around
the anisotropy axis. Depending on whether the sign of
tan(β+ η) is negative or positive, the sense of precession
changes before or after the system crosses the energy bar-
rier, respectively. However, the barrier crossing happens
exactly at t = T/2, which results from a general symme-
try of the solution θm(t): θm(T/2+t′) = π−θm(T/2−t′),
0 ≤ t′ ≤ T/2. The OCP for α = 0.1, ξD = 3.56ξF , and
T = T0 [see Eq. (12)] is shown in Fig. 1.

2. Optimal switching pulse

Optimal control ~jm(t) can be derived from the OCP
using Eqs. (4) and (6). It corresponds to a rotating cur-
rent whose sense of rotation changes together with that of
the magnetic moment precession around the anisotropy
axis. Although the form of ~jm(t) is rather complex in a
general case (see the inset in Fig. 1), the following prop-
erties hold exactly. For finite damping, the amplitude
of the optimal current is modulated such that it reaches
a maximum value exactly at t = T/4 and a minimum
value at t = 3T/4, with the difference between the ex-
tremal values given by

∆jm =
4αj0√

1 + α2 (| cos(β + η)|+ 1)
, (7)

where j0 = K(µξ)−1. Equation (7) particularly signifies
that the current amplitude is constant for zero damping.
The average current amplitude can also be expressed an-
alytically:

〈jm〉 =
4j0τ0

√
1 + α2K

[
sin2(β + η)

]
T

, (8)

where K[.] is the complete elliptic integral of the first
kind (see Appendix A). Notably, the average current

does not depend on the height of the energy barrier de-
fined by the magnetic anisotropy. Additionally, the fol-
lowing symmetry holds in general: jm(0) = jm(T/2) =
jm(T ).

3. Minimum energy cost of magnetization switching

The minimum energy cost Φm is a monotonically de-
creasing function of the switching time exhibiting two
asymptotic regimes (see Fig. 2). For fast switching,
Φm(T ) scales inversely with T and does not depend on
the magnetic potential:

Φm ≈
4(1 + α2)K2

(
sin2(β + η)

)
Tγ2ξ2

, T � (α+ 1/α)τ0.

(9)
At infinitely long switching time, Φm approaches the
lower limit:

Φm →
4αK log

[
1 + tan2(β + η)

]
µγξ2 sin2(β + η)

, T →∞. (10)

Intersection of the asymptotics gives a characteristic
switching time providing a tradeoff between the switch-
ing speed and energy efficiency. For a given T, the en-
ergy cost corresponding to the constant-amplitude pulse
derived in [32] always exceeds Φm(T ) and even diverges
at T →∞ (see Fig. 2).

Figure 2. Minimum energy cost of magnetization switching
(blue line) as a function of the inverse of the switching time
for α = 0.1 and ξD = 3.56ξF . Red line shows the energy cost
corresponding to the constant-amplitude pulse derived in [32]
for the same set of parameters. Dashed and dotted lines show
short and infinite switching time asymptotics, respectively.

Φm as a function of β is shown in Fig. 3. Φm diverges
when αξD = ξF signifying no switching for this ratio
of the SOT coefficients, which was also pointed out in
Ref. [32]. The divergence originates from the vanishing
torque in the direction of increasing θ at the equator. To
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Figure 3. Minimum energy cost of magnetization switching in
units of j20τ0 as a function of β for α = 0.1 and several values
of the switching time. Green solid line indicates the ideal ratio
of the SOT coefficients; red dashed line marks the ratio that
prohibits switching. The green (magenta) cross indicates ideal
(nonideal) parameter values for which the optimal current
pulse is shown in Fig. 4(a) (inset of Fig. 1).

realize switching in this case, an additional force such
as external magnetic field needs to be applied to the sys-
tem, similar to what is done in conventional SOT-induced
switching [13].

On the other hand, Φm(β) has minima at β = β∗, with
β∗ defined by tan(β∗ + η) = 0. The minima correspond
to an ideal ratio between the SOT coefficients,

ξD = −αξF, (11)

for which the switching is particularly efficient. For this
ratio, the torque generated by ~jm is invested entirely into
the increase in θ, i.e. only into the motion which is rel-
evant for switching. Such a rational use of an external
stimulus can always be achieved for the optimal magne-
tization reversal induced by applied magnetic field [35]
via the adjustment of all three components of the field.
For SOT-induced switching, realization of the SOT ex-
clusively in the direction of increasing θ is only possible
for the ideal balance between ξD and ξF due to the con-
finement of the switching current to xy plane.

The characteristic switching time defined by crossing
of the asymptotics of Φm [see Eqs. (9) and (10)] also
approaches the minimum value (with respect to the vari-
ation of β) T0 for the ideal ratio of the SOT coefficients:

T0 =
(1 + α2)π2

2α
τ0. (12)

For α = 0.1, T0 corresponds to just a few oscillations of
the magnetic moment. Upon substituting β = β∗ and
T = T0 into Eq. (8), the average switching current be-
comes (here and below, an asterisk signifies a quantity
corresponding to the ideal ratio between the SOT coeffi-
cients):

〈j∗m〉 =
4αj0

π
√

1 + α2
. (13)

Noteworthy, this characteristic current scales with α in
the low damping regime making it significantly smaller
than the critical current for conventional SOT-induced
switching of a PMA element [6].

4. Switching protocol for the sweet-spot ratio of the SOT
coefficients

Together with the shortest switching time and im-
proved energy efficiency, the ideal ratio of the SOT co-
efficients provides particularly simple switching protocol.
Indeed, the Euler-Lagrange equation describing the OCP
simplifies significantly and becomes identical to that de-
rived for the magnetic field-induced switching [35]. The
optimal switching pulse gets simpler as well. Its rotation
frequency becomes equal to the resonant frequency of the
system:

f∗m ≡
1

2π
ψ̇∗m =

cos(θ∗m)

2πτ0(1 + α2)
. (14)

The frequency decreases monotonically with time and
exhibits a symmetry, f∗m(T/2 + t′) = −f∗m(T/2 − t′),
0 ≤ t′ ≤ T/2, signifying the sign change exactly at
t = T/2. Time dependence for the switching current
and its frequency for α = 0.1, T = T0, and ξD = −αξF
is shown in Fig. 4. Overall, the switching current for the
ideal balance between the SOT coefficients resembles a
down-chirped pulse whose rotation reverses at the instant
of the barrier crossing and amplitude is fairly constant in
the low damping regime [see Eq. (7)].

Motivated by this result, we further investigate
whether the substitution of the optimal control by a
simplified pulse represented by a rotating current with
constant amplitude and time-linear frequency sweep in-
deed leads to magnetization switching in the PMA ele-
ment. For this, we simulate the magnetization dynamics
induced by current ~js(t) given by the following ansatz:

~js(t) = js cos
[
Ω(t)

]
~ex + js sin

[
Ω(t)

]
~ey, (15)

where Ω(t) = 2πfmax

(
t− t2/T

)
. We additionally in-

clude thermal noise in the simulations to verify robust-
ness of the switching (see Appendix B for the details of
the magnetization dynamics simulations). We perform
the simulations for T = T0, α = 0.1, and the ideal ratio
of the SOT coefficients. We find that ~js(t) reliably in-
duces magnetization switching as long as its amplitude js
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Figure 4. (a) Time dependence of the optimal switching cur-
rent for the ideal ratio of the SOT coefficients [see Eq. (11)]
α = 0.1 and T = T0. Gray area in between the dashed lines in-
dicates the range of amplitudes used for the simplified current
pulse [see Eq. (15)]. (b) Time dependence of the frequency of
the optimal current pulse for the ideal (solid green line) and
nonideal (solid magenta line) ratio of the SOT coefficients.
Dashed black line shows the frequency variation for the sim-
plified pulse.

is large enough and its initial frequency fmax slightly ex-
ceeds the resonant frequency fr at the energy minimum,
fr ≡ [2πτ0(1 + α2)]−1. In particular, for fmax = 1.4fr
and a typical for a memory element thermal stability fac-
tor [37] of 60 the switching probability increases from 0.89
to 0.97 as js changes from 0.17j0 to 0.18j0, and becomes
practically unity for js = 0.2j0. As soon as the moment
roughly reverses its orientation at t ≈ T , the pulse can be
terminated, but extending the pulse duration beyond T
does not compromise switching, as confirmed by our sim-
ulations. The absence of unwanted instabilities such as
backswitching is expected since interaction of ~js(t) with
the magnetic moment becomes progressively less effective
for t > T where the pulse frequency exceeds the resonant
frequency of the system, and the moment stays locked in
the reversed position. The switching protocol produced
by the rotating current does not require fine-tuning of
the pulse duration and is therefore robust.

On the other hand, the simplified switching protocol
does require the ratio between the SOT coefficients to be
close enough to the ideal value. Otherwise, the optimal

switching pulse can be quite different from that described
by Eq. (15) [see the inset of Fig. 1 and Fig. 4(b)], and
no stable switching on the timescale of moment oscil-
lations can be obtained using the simplified pulse (see
Appendix B), although slower reversal involving multi-
ple precession motion can still be achieved regardless of
the ratio of the SOT coefficients [38] thanks to the au-
toresonant excitation [39–41]. It is however expected that
slow autoresonant switching is quite sensitive to thermal
fluctuations that tend to disturb the phase locking.

IV. CONCLUSIONS AND DISCUSSION

In this work, we have presented a theoretical limit for
the minimum energy cost of the SOT-induced magne-
tization reversal in the PMA nanoelement at zero ap-
plied magnetic field and derived the corresponding opti-
mal switching current pulse as a function of the reversal
time and relevant material properties. We have identi-
fied an ideal ratio of the SOT coefficients corresponding
to a particularly efficient, robust, and simple switching
protocol. The average switching current for the ideal
balance between the DL and FL torques scales with the
Gilbert damping parameter, which makes it significantly
lower than a critical current in conventional switching
protocols. Our results reveal a target for the design of
PMA systems for energy-efficient applications and inspire
experimental studies of pulse shaping for the optimiza-
tion of the current-induced magnetization dynamics and
switching.

Experimental realization of fast and energy-efficient
switching of PMA elements by means of chirped rotat-
ing current requires the SOT coefficients to have opposite
signs, with FL torque being significantly larger than DL
torque [see Eq. (11)]. Several systems where this sce-
nario is realized have been reported; see, e.g., Refs. [42–
44] and Table II in [45]. Moreover, the torques can be
tuned by inducing piezoelectric strain [46] or generating
orbital currents [47].

While only the FL and DL torques are considered here,
the SOT can have additional angular dependence [48].
Optimization of the magnetization reversal for such an
extended SOT model is a challenging problem that goes
beyond the scope of the present study. From general ar-
guments it follows that further decrease in the energy
cost is conceivable in the extended model, but this re-
mains to be explored. Nevertheless, some arguments
on how the combination of the SOT coefficients in the
extended model affects the magnetization switching can
be provided without actually solving the optimal control
problem; see Appendix C.
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Appendix A: Elliptic integrals and functions

The elliptic integral of the first kind is defined as

F(ρ|k) =

∫ ρ

0

dr√
1− k sin2(r)

, (A1)

where k is the elliptic modulus. The complete elliptic
integral of the first kind is given by

K(k) = F
(π

2

∣∣∣k) . (A2)

The complete elliptic integral of the second kind is de-
fined as

E(k) =

∫ π
2

0

√
1− k sin2(r) dr. (A3)

The Jacobi amplitude am is defined as an inverse of the
elliptic integral of the first kind:

u = F(ρ|k), (A4)

ρ = am(u|k). (A5)

The Jacobi sn function is defined as

sn(u|k) = sin(am(u|k)). (A6)

The Jacobi dn function is defined as

dn(u|k) =
√

1− k sn2(u|k). (A7)

See Ref. [49] for further information about elliptic func-
tions and integrals.

Appendix B: Magnetization dynamics simulations

Magnetization dynamics simulations were performed
in order to verify stable switching of the perpendicu-
lar nanomagnet by a rotating current with constant am-
plitude and time-linear frequency sweep. The simula-
tions were carried out by integrating the LLG equation

[see Eq. (3)] equipped with the current pulse ~js(t) [see
Eq. (15)]. The LLG equation was integrated numeri-
cally using the semi-implicit scheme B as described in
Ref. [50]. Interaction of the magnetic system with the
heat bath was simulated by including a stochastic term
in the LLG equation.

Each simulation had three stages: (1) initial equili-
bration at zero applied current to establish Boltzmann
distribution; (2) switching where the current pulse is ap-
plied (note that thermal fluctuations were also included
during the switching stage); (3) final equilibration at zero
applied current. The duration of the switching stage, i.e.,
the switching time, was chosen to be T0 [see Eq. (12)]. At
the end of the third stage, we inspected the value of sz
(z component of the unit vector ~s in the direction of the
magnetic moment); we have taken the value sz = −0.5
as the threshold for the successful switching.

For each value of the amplitude js and initial frequency
fmax of the current pulse, we repeated simulations N =
10000 times in order to accumulate proper statistics. The
switching probability is defined as

p = Ns/N, (B1)

where Ns is the number of successful reversals.

For the ideal ratio of the SOT components [see
Eq. (11)] and any fixed amplitude of the switching cur-
rent, we find that the largest switching probability is
obtained when the frequency sweeping rate roughly co-
incides with that of the optimal pulse at t = T/2 [see
Fig. 4(b)]. This situation is achieved when the initial
frequency fmax is somewhat larger than the resonant fre-
quency fr at the energy minimum: fmax = 1.4fr. We
also confirm that extending the current pulse beyond T
does not affect the switching probability.

When the ratio of the SOT components deviates from
the ideal value, the reversal by the pulse ~js becomes pro-
gressively less stable. In particular, when the damping-
like torque exceeds the fieldlike torque by a factor of 3.56,
magnetization switching is realized only for a very narrow
range of the parameters js, fmax.

Appendix C: Extended SOT model

We start with the LLG equation including the ex-
tended model for SOT [48]:

~̇s =− γ~s×~b+ α~s× ~̇s+ γ~s× (~j × ~ez)
[
ξF + (~ez × ~s)2 ξ⊥2 + (~ez × ~s)4 ξ⊥4

]
− γ~s× (~ez × ~s)

(
~s ·~j

) [
ξ⊥2 + (~ez × ~s)2 ξ⊥4

]
+ γ~s×

[
~s× (~j × ~ez)

]
ξD − γ~ez × ~s

(
~s ·~j

) [
ξ
‖
2 + (~ez × ~s)2 ξ‖4

]
.

(C1)
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In this extended model, the current-generated torque is given by the following equation:

~T =
γ

1 + α2
~s× (~j × ~ez)

(
χF + χ⊥2 sin2 θ + χ⊥4 sin4 θ

)
− γ

1 + α2
~s× (~ez × ~s)

(
~s ·~j

) (
χ⊥2 + χ⊥4 sin2 θ

)
+

γ

1 + α2
~s×

[
~s× (~j × ~ez)

]
χD −

γ

1 + α2
~ez × ~s

(
~s ·~j

)(
χ
‖
2 + χ

‖
4 sin2 θ

)
,

(C2)

where the following notations are introduced:

χF = ξF − αξD, χD = αξF + ξD, χ
⊥
2 = ξ⊥2 − αξ

‖
2 , χ

‖
2 = αξ⊥2 + ξ

‖
2 , χ

⊥
4 = ξ⊥4 − αξ

‖
4 , χ

‖
4 = αξ⊥4 + ξ

‖
4 . (C3)

Projections of ~T on the directions of increasing θ and ϕ read:

Tθ =
γj

1 + α2

[
cos(ϕ− ψ)

(
χF + 2χ⊥2 sin2 θ + 2χ⊥4 sin4 θ

)
+ cos θ sin(ϕ− ψ)χD

]
, (C4)

Tϕ =
γj

1 + α2

[
− cos θ sin(ϕ− ψ)

(
χF + χ⊥2 sin2 θ + χ⊥4 sin4 θ

)
+ cos(ϕ− ψ)

(
χD + χ

‖
2 sin2 θ + χ

‖
4 sin4 θ

)]
. (C5)

No switching. Magnetization reversal is impossible if
there exists a value of θ for which the following equation
is satisfied:

cos(ϕ− ψ)
(
χF + 2χ⊥2 sin2 θ + 2χ⊥4 sin4 θ

)
+ cos θ sin(ϕ− ψ)χD = 0,

(C6)

signifying zero Tθ [see Eq. (C4)]. This happens when
either of the following cases is realized:

χF + 2χ⊥2 + 2χ⊥4 = 0, (C7)

{
χD = 0,

χF + 2χ⊥2 sin2 θ + 2χ⊥4 sin4 θ = 0.
(C8)

The latter case translates into the conditions on χF , χ⊥2 ,
χ⊥4 by demanding at least one of the roots of f(y) ≡
χF + 2χ⊥2 y + 2χ⊥4 y

2 lie in the range from 0 to 1.

Zero ϕ torque. The model given by Eq. (3) shows
that the optimal ratio of the SOT coefficients corresponds
to zero current-induced torque in the direction of increas-
ing ϕ. While it remains to be seen whether the same
result holds for the extended model, it is interesting to
see what ratio of the SOT coefficients ensures no current-
induced torque in the ϕ direction – the direction irrele-
vant for switching.

We start by finding the optimal current angle that pro-
vides the largest torque in the θ direction (∂Tθ/∂ψ = 0),

ψ = ϕ+ arctan

[
χD cos θ

χF + 2χ⊥2 sin2 θ + 2χ⊥4 sin4 θ

]
, (C9)

and substitute that in Eq. (C5). The expression for the
ϕ component of the SOT becomes

Tϕ =
sin2 θ

[
χD cos2 θ

(
χ⊥2 + χ⊥4 sin2 θ

)
+
(
χD − χ‖2 − χ

‖
4 sin2 θ

) (
χF + χ⊥2 sin2 θ + χ⊥4 sin4 θ

)]√
χ2
D cos2 θ +

[
χF + χ⊥2 sin2 θ + χ⊥4 sin4 θ

]2 . (C10)

It follows from Eq. (C10) that the current-induced torque
in the ϕ direction vanishes for all values of θ in any of
the four cases:

χ⊥2 = 0, χ
‖
2 = χD, χ⊥4 = 0, χ

‖
4 = 0, (C11)

2χ⊥2 = −χF , 2χ
‖
2 = χD, χ⊥4 = 0, χ

‖
4 = 0, (C12)

χD = 0, χ
‖
2 = 0, χ⊥4 = 0, χ

‖
4 = 0, (C13)

χF = 0, χ⊥2 = 0, χ⊥4 = 0, χ
‖
4 = 0. (C14)

However, only Eqs. (C11) and (C13) are relevant as the
other two represent special cases of the no-switching con-
dition [see Eq. (C7)].

∗ These authors contributed equally to this work † Corresponding author: bessarab@hi.is
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