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Abstract

It is possible to solve unbounded convex vector optimization problems (CVOPs) in two
phases: (1) computing or approximating the recession cone of the upper image and (2)
solving the equivalent bounded CVOP where the ordering cone is extended based on the
first phase. In this paper, we consider unbounded CVOPs and propose an alternative solution
methodology to compute or approximate the recession cone of the upper image. In particular,
we relate the dual of the recession cone with the Lagrange dual of weighted sum scalarization
problems whenever the dual problem can be written explicitly. Computing this set requires
solving a convex (or polyhedral) projection problem. We show that this methodology can
be applied to semidefinite, quadratic, and linear vector optimization problems and provide
some numerical examples.

Keywords Convex vector optimization - Linear vector optimization - Unbounded vector
optimization - Recession cone - Convex projection
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1 Introduction

Multiobjective optimization, in which there are multiple conflicting objective functions to be
minimized simultaneously, has been studied extensively in the literature as application areas
range from engineering to natural sciences. Vector optimization is a generalization, where
values of the objective function might not be compared in an element-wise fashion. Stated in
technical terms, the order relation on the objective space is determined by an ordering cone,
which may differ from the positive orthant. Vector optimization plays an important role in
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application areas such as financial mathematics [13, 15], economics [25], and game theory
[14], where the ordering cone of the problem is naturally different than the positive orthant.

There are various solution concepts and approaches regarding vector optimization prob-
lems in the literature, see for instance [16, 22]. In contrast to single-objective optimization,
there is usually no unique optimal objective value. Instead, one is interested in Pareto opti-
mal solutions whose objective values are minimal with respect to the order relation of the
problem. The set of objective values of all Pareto optimal points is referred to as the Pareto
frontier. For technical reasons, we will instead work with the upper image, the image of the
feasible set of the problem plus the ordering cone. Crucially, the Pareto frontier is contained
in the boundary of the upper image.

In this paper, we focus on convex vector optimization problems (CVOPs), where the
objective function and the feasible set are appropriately convex. Linear vector optimization
problems (LVOPs) form an important subclass of CVOPs. An important solution concept
for LVOPs (see [19]) motivated by set optimization aims to generate the Pareto frontier.
Since the upper image of an LVOP is known to be a polyhedron, it can be generated by
finitely many extreme points (vertices) and extreme directions. Methods and algorithms
exist for solving LVOPs in this sense; for more details see e.g., [2, 6, 15, 19, 27]. In the
case of a CVOP, the upper image is a convex set, but not necessarily polyhedral. Hence,
it is commonly infeasible to compute the exact Pareto frontier. Instead, there are solution
concepts that generate approximations to it.

Whether a CVOP is bounded or unbounded determines what solution concepts and what
solution methods are available. In vector optimization, a bounded problem is characterized
by its upper image (and its Pareto frontier) being a subset of a shifted ordering cone. In
the multiobjective case, this simplifies to each objective being bounded from below on the
feasible set. Note that unbounded problems are encountered for instance in the computations
of indifference prices under incomplete preferences [25] or in the implementation of the
set-valued Bellman principle [18].

Bounded problems comprise the less challenging class: the Pareto frontier of a bounded
LVOP can be generated by finding its extreme points. For a bounded CVOP, one aims to
find finitely many Pareto optimal elements that generate both inner and outer polyhedral
approximation of the Pareto frontier. There are solution algorithms such as [1, 8, 9, 20]
capable of solving bounded CVOPs in this sense.

Unbounded problems present an additional challenge — one also has to compute (or approx-
imate) the recession directions of the upper image. One of the solution methods for unbounded
LVOPs can be found in [19]. In the first phase, the recession cone of the upper image is com-
puted by solving a modified LVOP (the so-called homogeneous problem) which is of the same
dimension as the original problem but known to be bounded. In the second phase, the order-
ing cone is replaced by the found recession cone, which transforms the original unbounded
LVOP into an equivalent bounded LVOP. Recently, [30] proposed a solution concept and a
solution algorithm to solve unbounded CVOPs. The solution approach is similar to the linear
case and consists of two phases. In the first phase, an outer approximation of the recession
cone is algorithmically computed. This outer approximation is then used to transform the
problem into a bounded one so that existing algorithms can be applied in the second phase.

In this paper, we propose an alternative way of approximating the recession cone of the
upper image, that is, the first phase given in [30]. In [30], this is done by solving Pascoletti-
Serafini scalarizations (see [24]) and updating an approximation of the desired recession cone
in an iterative manner. In this paper, instead of computing an approximation of the recession
cone itself as in [30], we consider the dual cone of it. We use a characterization of the dual
cone from [29] given in terms of the well-known weighted sum scalarizations. We observe
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that for some classes of CVOPs, it is possible to write the dual of the recession cone explicitly.
Then, computing this set reduces to solving a bounded convex projection problem [18]. For
the special case of LVOPs, it is possible to compute the recession cone exactly by solving a
bounded polyhedral projection problem [21]. Moreover, in this case, it is possible to reduce
the dimension of the projection problem by one.

When the dimension of the objective space is two, the procedure simplifies further and
it reduces to solving two convex (or linear, if the corresponding problem is linear) scalar
optimization problems. Compared to applying the algorithm from [30] or solving a two-
dimensional LVOP as in [19], solving two convex or linear programs is simpler and more
efficient.

The structure of the paper is as follows. In Sect.2 we provide notation and preliminaries.
In Sect.3 we introduce the convex vector optimization problem and the relevant solution
concepts. Section4 introduces a method for approximating the recession cone of the upper
image based on its connection to the set of weights for which the weighted sum scalarization
is bounded. In Sect.5 we discuss particular problem classes for which this method yields
representation in the form of a convex projection problem. Section 6 provides examples.

2 Preliminaries

Letg € Nand R? be the g-dimensional Euclidean space. Throughout the paper, we primarily
1
use the £, norm ||y|| == llyll, = (37, |y,~|2)2 on R?. We will shortly remark on results
1

under the £, norm ||y||p = ( iq:l Iy,-Ip)E for p € [1,00) and the £o norm ||yl =
max;e(l,....q) 1yil. The (closed £5) ball centered at point ¢ € R? with radius r > 0 is denoted
by B(c,r) :={y eR7 | |ly —cll <r}.

The interior, closure, boundary, and convex hull of a set A € RY are denoted by
int A, cl A, bd A, and conv A, respectively. The (convex) conic hull of A,

n
cone A = {Z}»iai lneN,A,..., A, >0,a;...,a, € Ay,
i=1
is the set of all conic combinations of points from A. The recession cone of a set A is
Aw=1{deR?|a+rd €A Vae A >0}
For two sets A, B C R, their sum is understood as their Minkowski sum
A4+B:={a+beR?|acA, bcec B},

and their distance is measured via the Hausdorff distance

dH(A, B) := max {sup inf |la — b||, sup inf |la — b||} .
beB peB A€A

acAbE

If a different norm is considered, the Hausdorff distance can be defined analogously. We
denote by A — B,theset A+ (—1)-B={a—b|aec A, be B}

A set A € R? is a polyhedron if it can be identified through finitely many vertices
v, ..., 0%, € RY k, € Nand directions dy, ..., di, € R1\{0}, ks € NU {0} as

A =conv({vy,..., v} +cone{d, ..., dy,} (1)

A polyhedron can also be represented as a finite intersection of halfspaces.
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The dual cone of aset A CR7is AT :={w eRY |VaeA: wla > 0}. Acone C C RY
is nontrivial if {0} C C C RY. It is pointed if it does not contain any line through the origin.
A cone C C RY generates an order on R? given through

x<cy < ye{x}+C

for x, y € RY.If C is a nontrivial, pointed, convex ordering cone, then <¢ is a partial order.
A function f : R" — R? is C-convex if for all x, y € R", and all 1 € [0, 1] it holds

fOx+A=2)y) =c A fx)+ A =2 f().
Convex projection is a problem of the form
compute ¥ = {y e R” [ Ix e R" : (x, y) € S},

where S € R"” x R™ is a convex feasible set. If the feasible set S is a polyhedron, then
the problem is a polyhedral projection. Under solving a projection problem, we understand
computing the set Y (if polyhedral) or an approximation of it (otherwise) in the sense of
finding a representation as in (1). More details on polyhedral projections can be found in
[21], and on convex projection in [18, 28].

3 Problem description

In this section, we introduce a convex vector optimization problem (CVOP) and its upper
image. The main object of interest in this work is the recession cone of the upper image. Its
importance can be seen by the role it plays in the boundedness properties of CVOPs and the
appropriate solution concepts.

A convex vector optimization problem is

minimize f(x) withrespectto <¢ subjectto h(x) <0, P)

where C C RY is a nontrivial, pointed, convex ordering cone with a non-empty interior and
h:R" — R"™and f : R" — R? are continuous functions that are R- and C-convex,
respectively. We denote the feasible region by X := {x € R" | h(x) < 0} and its image by
f(X) :={f(x) | x € X}. The upper image of (P) is defined as

Pi=cl (f(X)+C).

Here we are particularly interested in the recession cone of the upper image, that is, Poo. We
encounter it within the boundedness notions for CVOPs recalled below.

Definition 3.1 [29, Definitions 4.2, 4.5] Problem (P) is called bounded if there is a point
p € R? such that P C {p} + C; and unbounded otherwise. Problem (P) is called self-
bounded if P # RY and there is a point p € RY such that P C {p} + Poo-

Note that for a bounded problem, it holds Ps, = cl C, see [18, Lemma 2.2]. A bounded
problem is, in particular, always self-bounded. However, an unbounded problem can be
self-bounded or not. An illustration is provided in Fig. 1. We refer readers to [29] for more
examples and more in-depth discussion.

An appropriate solution concept for a CVOP depends on whether the problem is bounded
or not. Solution concepts for bounded CVOPs are proposed in [1, 8, 20] and for self-bounded
problems in [29]. According to these, a solution consists of finitely many minimal elements on
the boundary of the upper image P which generate both an inner and an outer approximation
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Fig.1 The image f(X’) and the
upper image P for the problem
with f(x) = (x,x)T, X =R
and C = R? . The bold line
indicates bd P N f(X) and the 80t
light region shows {p} + C for
p = (—=8,0)7. The recession
cone of the upper image is R?‘_.
This problem is neither bounded
nor self-bounded
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of it. The self-bounded case, however, contains challenges: In general, it is difficult to check
if a CVOP is self-bounded. Moreover, the solution concept of [29] includes the recession
cone Ps,. However, computing P, exactly may not be possible if it is not polyhedral.

Recently, a generalized solution concept was proposed in [30], which includes an approx-
imation of the recession cone P, of the upper image. This solution concept is tailored
for unbounded problems, but it is applicable for a CVOP regardless of whether it is (self-)
bounded or not. Similarly to the above, it also yields polyhedral approximations of the upper
image. We will provide this solution concept below explicitly as it illustrates the importance
of approximating the recession cone Puo.

First, we define approximations of a convex cone. Interested readers can also compare
this to the definition in [7] for convex sets.

Definition 3.2 Let K € RY be a convex cone. A finite set ) C RY is called a finite §—outer
approximation of K if K C cone Y and df (K N B(0, 1), cone ) N B(0, 1)) < §. Similarly,
a finite set Z C RY is called a finite é—inner approximation of K if K 2 cone Z and
d" (K N B(0, 1), cone Z N B(0, 1)) < 8.

Definition 3.2 differs slightly from [30, Definition 3.3]: Here the ¢> norm (and the cor-
responding Hausdorff distance) is used, while [30] applied the £; norm to measure distance.
The ¢; norm was chosen in [30] primarily for algorithmic reasons. Here we opt for the ¢»
norm for pragmatic reasons: Since we will work with dual cones, the £ norm has the advan-
tage of being self-dual. Alternatively, we could work with the pair of £; and £, norms, but
this would create a cumbersome terminology. When the choice of the norm(s) impacts the
results of the paper, we provide corresponding remarks.

Now we can define a solution of a CVOP, where ¢ € int C with ||c|| = 1 is a fixed element.
First, recall that a point x € X is called a minimizer for (P) if f(X) is a C-minimal element of
f (), thatis, if ({f(x)} —C\{0}) N f(X) = @. Similarly, X € X is called a weak minimizer
for (P)if f(x)is aweakly C-minimal elementof f(X), thatis,if ({ f(x)}—int C)Nf(X) = @.
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Definition 3.3 A pair (X, ) is a (weak) (g, 8)—solution of (P) if X # @ is a set of (weak)
minimizers for (P), ) is a §—outer approximation of Py, and it holds

P C conv f(X) + cone Y — g{c}.

A (weak) (g, 8)-solution (X, ) of (P) is a finite (weak) (¢, 8)—solution of (P) if the sets X, )
consist of finitely many elements.

An approach to compute a solution of a CVOP in the sense of Definition 3.3 is provided
in [30]. It was shown that once an outer approximation of Py, is available, the algorithms for
bounded CVOPs can be used to find a solution in the sense of Definition 3.3. This is done
by transforming the (unbounded) CVOP into a bounded one by replacing the ordering cone
with the outer approximation of P,. [30] also contains an algorithm for computing a finite
§-outer approximation of Puo.

In this paper, we provide an alternative approach to compute a polyhedral approximation
of Puo. We consider some special classes of CVOPs for which we can compute a finite §-outer
approximation ) of Py, by solving a particular convex projection problem. For example, we
will see that if we consider linear vector optimization problems, then we can compute the
exact P, by solving a polyhedral projection problem.

4 Approximating P via PL

Let us propose an approach to compute an approximation of P, by approximating its dual
PX. Tt is based on the known close connection between the dual of the recession cone P,
and the set of weights for which the weighted sum scalarization of the CVOP is a bounded
problem. The boundedness of a scalar (weighted sum scalarization) problem can be verified
through the feasibility of its dual problem, assuming strong duality. Expressing the cone
P, through a set of weights for which the dual problem is feasible can be interpreted
through the lens of a projection problem. This interpretation should become clearer for the
particular special cases considered in Sect.5. Solving this projection problem provides an
inner approximation of PJ,. We show that an inner approximation of PZ, yields an outer
approximation of P, with an appropriate tolerance.
Let us start by recalling the weighted sum scalarization of (P), which is given by

minimize w' f(x) subjectto h(x) <0 (Py)

for w € R? \ {0}. It is well known that if w € CT\{0}, then an optimal solution of (Py,) is
a weak minimizer of (P), see [16, Theorem 5.28]. On the other hand, for a weak minimizer
X € R”, there exists w € CT such that X is an optimal solution to (Py,), see [16, Theorem
5.13]. This shows us that for CVOPs one is interested in solving (P,,) for w € C*. However,
the weighted sum scalarization problem may be unbounded for some w € C* if (P) is not
bounded. The set of weights for which the weighted sum scalarization is bounded, denoted
by

W:={weCt|inf w'f(x)eR},
xeX

will play an important role. The following proposition gives a relationship between the dual
cone of Py, and W.
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Proposition 4.1 [29, Proposition 4.12 and Theorem 4.14] It holds true that P, = c1W. If
(P) is self-bounded, then PL = W. Furthermore, if {0} # PL = W, then the problem is
self-bounded.

Recall that f is a C-convex function. Then for all w € C*is w' f : R* — R a convex
function and hence (P,,) is a convex optimization problem. The Lagrangian £ : R" xR”™ — R
for (Py) is given by

L, v) =w' f(x)+ v h(x)

and the dual problem is
maximize g(v) subjectto v € R}, Dy)

where the dual objective function g : R” — R U {400} is defined as g(v) := inﬂ£ L(x,v).
xeR”?

We say that the dual problem is feasible if the feasible region R N dom g is nonempty, that
is, {v e R | g(v) > —oo} # . We know that the weak duality holds between the primal
and dual problems (Py,) and (D,,), that is,

p¥ = inf w' f(x) > sup g(v) =: d".
rex veR"

Moreover, we say that the strong duality holds if the value of primal and dual problems are
the same, that is, p” = d". From now on, we assume the following.

Assumption 4.2 The problem (P) is feasible and it satisfies a constraint qualification such
that the strong duality holds for the pair of (P,,) and (D,,) for any w € C™.

This assumption is satisfied, for example, if the problem has only affine constraints, or if
the (generalized) Slater’s condition holds, that is, there exists x € ri X’ such that h(x) < 0.
Strong duality gives us the following result.

Theorem 4.3 Suppose Assumption 4.2 holds. It holds true that
W = {w e CT | (Dy) is feasible).

Proof Since (P) is feasible, (P,,) for any w € C™ is also a feasible problem. Then, p¥ < co
holds and the weak duality implies that the dual problem (D,,) is not unbounded. On the
other hand, the strong duality implies that (P,,) is bounded if and only if (D,,) is feasible. O

For some classes of convex optimization problems, it is possible to write the constraints
of the dual problem (D,,) explicitly. In the following section, we will consider these classes,
for which we will express P explicitly. This will provide a way to compute PL or an
approximation of it.

Recall that the initial aim was to compute Py, or its outer approximation. If P is deter-
mined by finitely many generators, it is easy to compute (the finitely many generators of) Px.
What if its (inner) approximation is available instead? Will a dual cone of an approximation
of PJ, be an approximation of P, ? The following proposition provides an answer.

Proposition 4.4 Let Z C RY be a finite §-inner approximation of P, and Y be a finite set

of generating vectors of (cone Z)%, that is, (cone Z)* = cone Y. Then, Y is a finite §—outer
approximation of Pc.
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Proof Since cone Z C Pjo, we have cone ) = (cone Z)T D Py. Let y € cone Y N B(0, 1)
and assume for contradiction that ({y} + B(0, 5)) N (P N B(0, 1)) = @.

First, we show that ({y}+ B (0, §))N(PxxNB(0, 1)) = Aimplies ({y}+B(0, §)) NP = 0.
Assume, also by contradiction, that this is not the case, therefore there exists b € B(0, §)
such that y + b € P \ B(0, 1). Since P is a cone, it holds A(y + b) € P, forall A > 0.
Consider the convex quadratic optimization problem

min [A(y +5) — yI> = min{A* |y + b1 — 223" (v + b) + [IyII°}. ©)
2>0 2=0
Th . : x _ Y O+D) e T * _
e quadratic problem (2) is solved by A* = A if y'(y +b) > 0and by A* =0
otherwise. First, consider the case of y'(y + b) < 0, where we have |y| < [|b]] < 8

T
by monotonicity of the quadratic objective function for ['V”;i;‘bz) , 00). Therefore, the vector

0 € ({y} + B(0,9)) N (Psx N B(0, 1)) provides the desired contradiction for the case of
yT(y + b) < 0. Second, consider the case A* > 0, where the Cauchy-Schwarz inequality
yields y'(y +b) > 0(y + b) € B(0, 1) as

L _YO+b) _lyllly+bl 1
Iy +012 = lly+56I2 = Iy +ol

Since A* is an optimal solution of (2), we also obtain ||A*(y +b) — y|| < ||(y + b) — y|| =
I1b]] < 8. Therefore, vector A*(y + b) € ({y} + B(0,8)) N (Psx N B(0, 1)) provides the
desired contradiction for the case of yT (y + b) = 0, and the implication is proven.

Second, we use ({y} + B(0,8)) N Px = @ to show that the initial assumption cannot
hold. By separation arguments, there exists w € R? \ {0} such that w'(y — b) < w" p for
allb € B(0,6), p € Pxo. In particular, w € Pjo and w'(y — b) < 0 for all b € B(0,5).
Without loss of generality, we may assume ||w| = 1. The choice of b = —8w shows that
it holds wTy < w'h = —§. On the other hand, since w € P;’O N B(0, 1), there exists
z € cone Z N B(0, 1) such that |[w — z|| < 4. Since z € cone Z,y € cone), we have
yTz > 0. Then, using the Cauchy-Schwarz inequality, we obtain

0=<yz=y"c—w +yw=lyllz—wl+yw=<0,
which is a contradiction. O

Let us now address the issue of the norm used. The above proposition holds for the (self-
dual) £, norm. Do we get a similar result for other (dual pairs of) norms? For computational
purposes, the pair of £1 and £, norms with polyhedral unit balls are particularly important.
The following remark shows that, in the general case, the tolerance is increased, but by less
than a factor of two.

Remark 4.5 Let p,r € [1, oo] satisfy 1y % = 1 and consider the dual pair of £, and ¢,
norms alongside an appropriately adapted Definition 3.2 of an approximation of a cone. The
following can be shown: If Z C RY is a finite §-inner approximation of P in Lpand Y is
a finite set of generating vectors of (cone Z)*, then Y is a finite %—outer approximation
of Poo in&.

We sketch the proof of this claim. Let B, and B, denote the closed balls with respect
to the £, and ¢, norms. Let y € coneY N B, (0, 1). First, we prove by contradiction that

({(y}+ B-(0, 22)) N (P N B, (0, 1)) = @ implies ({y} + B, (0, §)) N Puy = ¥: Assume that

* 148
y+b € Poo\B:(0, 1) for some b € B,-(0, §) and consider the convex optimization problem
min [[A(y +b) — yll, . &)
A=0
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Since a coercive function attains a minimum over a closed set, there exists an optimal
solution A* satisfying [|A*(y +b) — yl, < [bl, < 8. Hence, [IA*(y +b)ll, < IIyl, +

[A*(y 4+ b) = yll, < 1+ 8. The point 151*(y + b) € Poo N B,(0, 1) provides the desired

contradiction since ]lﬂk* (y +b) € {y} + B (0, 1+5) follows from

)
+

5
MG +b 0y < 22
H o +b) - e Pl = i

=)
Second, we show that ({y}+ B, (0, §)) NP = @ leads to a contradiction: By a separation
argument, there exists w € 73;5 \ {0} such that w'(y + b) < 0 for all b € B,.(0, §) and,
therefore, wTy < —4. Since we can without loss of generality assume w € P;') N B,(0, 1),
there must exist z € cone ZN B, (0, 1) such that [|[w — z]||,, < 4. Since (cone Z)t =cone),
we get a contradiction

2y +b) =y, +

0<z'y<yG—w+yw=lyll lz—wl,+yw<1-6-86=0.

Remark 4.6 1In[31], aslightly different Hausdorff distance for closed convex cones K1, K» €
R? is defined as

dV (K1, K») := max{ sup inf |k —kall, sup inf |k — k2l ,},
kieKiNB,(0,1) k2€K> kaeK2nB,(0,1) k1€K1
where p € [1, oo]. If this Hausdorff distance is used to define §-inner and -outer approxima-
tions of cones in Definition 3.2, then Proposition 4.4 holds, that is, the approximation tolerance
is preserved, for any dual pairs of norms by [31, Theorem 1]. However, this result cannot be
applied to our case since the two distance measures do not coincide in general. To see this,
consider K; = cone {(0.2,0.8)T}and K5 = cone {(0.4, 0.6)T} € R2.If we use the £; norm in
both measures, we obtain d" (K, K2) = 1, while d# (K1 N By (0, 1), KN By (0, 1)) = 0.4.

Proposition 4.4 suggests that by computing a §-inner approximation of P, we can gen-
erate a §-outer approximation of P, which can be used to compute a finite (€, §)-solution to
problem (P). Note that it is sufficient to consider the set W since this set corresponds, up to
the closure, to the cone P2 of interest by Proposition 4.1. What about the closure? Set W can
be computed exactly if it is polyhedral (so closed). Otherwise, it needs to be approximated,
in which case an approximation of W is also an approximation of its closure.

From a practical point of view, instead of computing or approximating the cone W, we
will compute or approximate the bounded convex set

We=Wn{weR | we=<1)} )

for a fixed ¢ € intC with ||c|| = 1. The next proposition shows that the set W can be
approximated through an approximation of W,.

Proposition 4.7 Let W, be as defined in (4) for some ¢ € int C with ||c|| = 1 andlet§ € (0, 1)
be a tolerance. Assume that W is a finite 8-inner approximation of W, in the sense that it
holds

W S W, and d" (W, conv W) < 6.

Then, W is also a finite 8-inner approximation of the cone W.

Proof Consider an element w € W N B(0, 1). Note that the Cauchy-Schwarz inequality
implies W N B(0, 1) € W,, therefore, there exists w € conv W with ||w — w| < §. Our

proof would be finished if ||w]| < 1. We proceed with the case ||w] > 1 where we show

that the orthogonal projection lf’Tww provides the desired bound: Firstly, since w'w =
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—52) > 0 we know that ¥ e Y € cone W. Secondly,
.

H wlol < Jwllol < g And thirdly, for 22 =

d)H < |lw — w| < §, which proves the claim. ]

L(lwli? + o l? = flw — w]?)

>
Wi e B(0, 1) holds since ”5

Sl g Nl=
5' & vl
S

S
o
£

\_n
t:l

arg min ||w — aw|| it holds Hw —
acR
In light of Remark 4.5, let us again address different norms in the context of Proposition
4.7. Keep in mind that the ¢; and £, norms are relevant for computational purposes.

Remark 4.8 Let p,r € [1, co] satisfy % + % = 1 and use ¢ € int C with ||c||, = 1 to define
the set W,.. The following can be shown: If W is a finite 8-inner approximation of W, in £ P
then W is a finite %—inner approximation of the cone W in £ .

We sketch the proof again. Let w € W N B, (0, 1). Since the Cauchy-Schwarz inequality
implies w € W,, there exists w € conv w satisfying ||lw — wll, < §. Consider the convex
optimization problem

min |lw —aw]||, . 5
min | I, )

Since a coercive function attains its minimum over a closed set, there exists an optimal solution
o satistying [lw — e*wll, < |lw —wl|, < dand la*w|, < [lwll,+lle*w — wl, < 1+34.
The claim follows from ﬁa*uﬁ € cone W N B, (0, 1) satisfying

1

_ )
Hw—a*wH < ——|wl
P

N 1 F) 5
146 1436 148

— * 7 [ [
lw=omal, = 75+ 5

A cone is determined by its base, such as W N {w € R? | w'e¢ = 1}. However, a
full-dimensional set W, is preferable for computational purposes. Alternatively, one could
aim to replace the base with a (¢ — 1)-dimensional set generating it. Assume without loss
of generality that ¢; # 0. Let c—4 € R9~! denote the first ¢ — 1 components of ¢ and
w: RI™! — RY be defined as

1—2Teo
w() = 0F, 0T
€q
so that ¢'w()) = 1 holds for all . € R9~!. Then for the bounded set
A:={\e R7! | w(h) € CT, (D) is feasible for w = w())}, (6)

we have W = cone {w (1) € R? | A € A} by construction.
In particular, for the ¢ = 2 case, the set A is a bounded interval and it suffices to solve
two scalar problems to compute the bounds

inf{A e R | w() € Ct, (D) is feasible for w = w(}X)}

and
supfr e R | w(r) € C*, (D) is feasible for w = w(X)}.

The drawback of considering the (¢ — 1)-dimensional set A arises if the set cannot be
computed exactly, but has to be approximated: Approximation error for the set A is not
preserved for the cone W and bound on the tolerance depends on the particular choice of
vector c. Nevertheless, we consider the approach through the set A useful at least in two
cases: (1) If the set A can be computed exactly. (2) In the ¢ = 2 case when the interval A is
approximated through two scalar problems, since solvers for scalar problems can in practice
usually handle significantly lower precision than multi-objective problems or algorithms for
projection problems.

@ Springer



Journal of Global Optimization (2024) 89:975-994 985

5 Computations for special cases

The solution approach presented in Sect.4 is applicable for the problems where Assump-
tion 4.2 holds and the set

W = {w e CT | (Dy) is feasible}

can be expressed explicitly through the constraints of the dual problem. In this section, we
will discuss three cases for which we can write the dual problem, hence the set W, explicitly.

We start with a relatively wide class of semidefinite problems, which is well-studied for
the single objective case and has many application areas, see for instance the review paper
[3]. There are also some studies that consider the class of semidefinite vector optimization
problems in the literature, see [11, 12, 32]. Similar to the single objective case, the arguments
of [3] can be straightforwardly extended to show that linear vector optimization and quadratic
convex vector optimization problems with polyhedral ordering cones are special cases of
semidefinite vector problems. Nevertheless, we also address linear and quadratic problems
individually and provide further observations.

For the problems we consider below, the set of weights W, and consequently also the sets
W, of (4) and A of (6), have a form of a convex (or polyhedral) projection. Methods for solving
convex (or polyhedral) projections can, therefore, be used to approximate (or compute) the
set W, (or the set A). In the light of Proposition 4.7, we obtain an approximation of PZ.
Finally, a dual cone of this approximation provides the desired approximation of the recession
cone P of the upper images as Proposition 4.4 shows.

An outer approximation of the recession cone is needed to solve a CVOP in the sense of
Definition 3.3. The method proposed in this paper can be used to replace the first phase of
the algorithm proposed in [30]. Keep in mind that if the problem is self-bounded, then the
recession cone itself can also be used to solve the problem. If this is not the case, however,
an outer approximation of it is needed even if it is possible to compute P, exactly. In the
light of Proposition 4.1, unless the set W is known to be closed, we need to look for its inner
approximation.

5.1 Semidefinite problems

The first class of problems we consider are the semidefinite problems. In the following, S¥
denotes the set of symmetric k x k matrices and Si denotes the set of symmetric, positive
semidefinite k x k matrices. Consider a semidefinite vector program in inequality form,

minimize P'x with respectto <c (SDVP)
subjectto x1F1+...+x,F, +G <0,
for some P € R"™4 Fy,....F,,G € Sk, k > 2. The weighted sum scalarization for a
weight w € C is the scalar semidefinite program
minimize w'P"

subjectto x1F1+...4+x,F, +G <0

X

and its Lagrange dual is
maximize tr(GZ) subjectto tr(F;Z)+ eiTPw =0,ief{l,....,n},Z>=0.

We refer a reader interested in the derivation of the dual problem to [4, Example 5.11].
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Assumption 4.2 on constraint qualification is satisfied if there exists x € R” such that
X1F1+...+x,F, + G < 0, consider [4, Equation 5.27]. Then the strong duality yields the
set W of the convex projection form

W={weC"|3Z>0: (FZ)+e Pw=0,i=1,...,n},

which can be computed by the method presented in [18].
In the following subsections, we consider two special cases of semidefinite problems for
which further simplification and/or observation can be made.

5.2 Linear problems

The class of linear vector optimization problems is the most studied vector optimization
problem class; many solution approaches are available and some of them are already men-
tioned in Sect. 1. Many existing methods are designed to solve bounded problems. Possibly
unbounded LVOPs are considered for instance in [19, 26]. It has been shown that the reces-
sion cone can be computed via the homogeneous problem, which is again a g-dimensional
LVOP, see [19, Section 4.6]. The parametric simplex method from [26] is a decision space
algorithm and provides the recession directions of the upper image at the final stage of the
algorithm together with its vertices.

In this section, we show that to compute the recession directions of an LVOP, it is sufficient
to solve a polyhedral projection problem where the dimension of the problem can be decreased
from g to g — 1. Note that the proposed method is an alternative to computing the recession
cone via the homogeneous problem from [19] as both methods form the first phase of the
solution approach considered in this paper.

Given matrices P € R"*7, A € R™*" avector b € R", and a polyhedral ordering cone
C, we consider the linear vector optimization problem

minimize PTx  with respectto <c subjectto Ax < b. (LVP)

For a weight vector w € C™, the Lagrange dual (D) of the weighted sum scalarization
problem (P,,) is given by

maximize — bTy subject to ATy =—Pw, y=>0.
Applying Proposition 4.1 and Theorem 4.3, we obtain
PL=W={weCt[3y>0:—Pw=ATy. @)

The problem of computing the set (7) is a polyhedral projection problem. Closure is not
needed on the right-hand side of (7) since the set is a polyhedron. The polyhedral dual cone
PL can be computed exactly, rather than approximated, which is appropriate since the linear
problem is self-bounded per Proposition 4.1.

As we suggested in Sect. 4, instead of computing the cone (7) in RY, we can compute the
(g — 1)-dimensional set

A= eRITw)eCt,3y=0 : —Pw®) = ATy},

which also corresponds to solving a polyhedral projection problem. Moreover, we know that
A is a closed interval if ¢ = 2. In this case, to obtain the bounds of this interval, it suffices
to solve the following two scalar linear problems
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minimize/maximize A
subjectto  w(X) € ct,
— Pw(n) = ATy,
reR,y>0.

5.3 Convex quadratic problems

The last special case that we consider is the class of convex quadratic problems, which is a
well-established area of mathematical programming in the scalar case. There are also recent
papers that consider this class of problems in the multiobjective setting in different contexts,
see [5, 10, 17, 23]. In this section, we show that if the convex quadratic vector optimization
problem contains at least one quadratic constraint, then the problem is bounded. Moreover,
below we identify several conditions under which it holds P¥, = C™.

We consider the following convex quadratic vector optimization problem

minimize f(x) withrespectto <c (QVP)
subject to xTij—i—c}x—i—erO, jell, ..., p},
Ax < b,

where Q; € S% \ {0},c; e R",r; e Rforj e (l,..., p}, A e R™" b e R", and the C-
convex objective function f = (f1, ..., fq)T :R" — RY is given by f;(x) = x" Pix + diTx
with P; € §",d; € R*fori =1, ..., g. Note that f is C-convex if and only if forallw € CT
isw' f convex, or equivalently Z?zl w; P; > 0. In particular, for C 2 R‘i a convexity of
each objective f1, ..., f; implies C-convexity of f. For C = ]Ri, the converse also holds.

Now let us look at what we can learn about the problem. The weighted sum scalarization
for a weight vector w € CT

T
q q
minimize x" (Z w; P,') X+ (Z w,'di) X
i=1 i=1
subject to xTij +c}x +r; <0, jefl,...,p},
Ax <b

yields a dual function
T
q p q P
g(v, n) =xien]1£" X ZwiP,» + Zvaj X+ Zwidi + Zvjcj + ATM X
i=1 j=1 i=1 j=1
+vTr — /LTb.

Keeping Theorem 4.3 in mind, we are interested in the weights w for which the dual problem
is feasible. Given the infimum term in the dual function, we have feasibility in two cases: if

the quadratic expression in x is convex, or if the quadratic expression in x is constant. This
yields the following form of set W,

@ Springer



988 Journal of Global Optimization (2024) 89:975-994

q P
W:{weC*|aueRi:0¢ZwiP,~+Zv,-Q,-zo U
i=1 j=1

q p q p
{weC*lﬂveRi,ueRﬁ’:: ZwiP,-—i—Zvaj :O,Zwidi—i-Zvjcj—i—ATp_:O .
i=l1 j=1 i=1 j=1

®

Using the structure of W given by (8), we show in the following two propositions that
either the set W itself or its closure is equal to CT in some standard cases.

Proposition 5.1 Consider problem (QVP). In each of the following cases, W = PE, = C*
holds, in particular, the problem is bounded.

(a) There is at least one nonlinear constraint, that is, p > 0.
(b) Pi,..., P, € §" are linearly independent.

Proof For each case, we will show W = C*. This implies W = P2, and by Proposition 4.1,
the problem is self-bounded. Indeed, it is bounded as we also have P;ro =Ct.

(a) By convexity, we have Q1,..., Q) > 0 and Z?Zl w; P; > 0 for arbitrary w € C*. If
Y1y wi Pi # 0, then the choice of v = 0 gives 0 # 1 wi Pi + >.7_ v, Q; = 0. 1f

Z?:] w; P; = 0, then the choice of vi = 1,12 = ..., v, =0 gives 0 # Z?:l w; P; +
>7_1vj Q) > 0. This shows that

q P
weC [WeR:0£Y wPi+) vQ; =0t =C".
i=1 j=1

Together with (8), this implies that W = C ™.
(b) By (a), itis sufficient to consider problems without nonlinear constraints, that is, p = 0.
In this case, the cone W given by (8) simplifies to

q q q
{wecﬂo;ézwip,-zo}u<wec+|zwip,-=o,m50: Zwidi—l—ATpL:O}‘
i=1 i=1 i=1

Since the C-convexity of the objective implies Z?:] w; P; = Oforallw € CT, we can
write W = (C*T\ W) U Wy, where

q
Wi = [wec+ | Zw,-P,- :o],
i=1

q q (9)
W, = [wecﬂauzo: > wip zo,Zw,-d,-—i—ATM:O}.

i=1 i=1

If the matrices Py, ..., P, are linearly independent, then W = {0}, since Z?:l w; P, =0
occurs only for w = 0. Since 0 € W, and W = (CT\W}) U W,, we conclude W = C*. O

Proposition 5.2 Consider problem (QVP) and assume that the problem is nonlinear, that is,
there is at least one nonlinear constraint or objective function. If C = R%, then PL = Rz_.
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Proof By Proposition 5.1 (a), it is sufficient to consider problems without nonlinear con-
straints, that is, p = 0. In this case, W = (CT\W;) U W,, where Wi, W, are as in (9). If
Wy = {0}, then 73;'0 = C™ follows since 73;'0 = cl W. Assume w € W;\{0}. Noting that
ct = Ri, w; > 0 forsome j € {1,..., q}. Consider the diagonal elements of the matrix
Z?: , wi Pi = 0. Since the matrices Py, P, ..., P, are positive semidefinite for C = RY,
all of their diagonal elements are nonnegative. Then, Zf[: L wi P; = 0 implies for w; > 0
that all the diagonal elements of matrix P; are zero and, therefore, P; is the zero matrix.

Since the problem is not linear, there exists i € {1’: ..,q} with P; # 0. Then, for any
w € W we can construct a sequence of w® = w+ %e’ € ]R[_’F\Wl converging to w. Hence,
we conclude P =cl (R4 \W;) = RY. |

We see that the computation of PZ is only relevant if C # R%, (QVP) has only linear
constraints and Py, ..., P, are linearly dependent. In that case, it can be done via computing
sets Wy, Wy given by (9) and setting P, = ¢l ((CT \ W) U W,). As long as the ordering
cone is polyhedral, W, is in the form of a polyhedral projection, so P, can be obtained
through computations with polyhedra.

6 Numerical examples

In this section, we provide numerical examples to illustrate the proposed solution method-
ology. We consider a two-dimensional and a three-dimensional linear problem and two
semidefinite programming problems with different objective functions minimized over the
same feasible set.

Example 6.1 Consider the illustrative two-dimensional linear example

-4 -1 =5
-2 -1 -5

min <x1> wrt <gp» st | -1 —1 <x1> <|-4
20 ’ 1 2| W2 -5

1 4 5

As outlined in Sect. 5.2, to identify the recession cone of the upper image, it suffices to solve
two scalar linear problems,

L. .. . A 4 2 1 1 1
minimize / maximize A subject to (l_)\>20, y >0, (1 11 2 4)

()

These yield the optimal values Apin = 0.2 and Apmax = 0.8, which generate the dual cone

W = PL = cone { (8§> , (85)} and, consequently, the recession cone of upper image

Pso = cone { <—4 1) , <_41> } The dual cone of weights W, the recession cone Py, and
the upper image P are depicted in Fig. 2.
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N W OO N 0 ©

05 . . . -1
05 0 0.5 1 15

Fig. 2 Linear problem from Example 6.1. Left: Recession cone Py (dark purple) and the set of weights W
(lighter yellow). The depicted line wi + wp = 1 represents the choice of base of the cones, which is used
for the two scalar problems solved. Right: Upper image with highlighted recession direction. (Color figure
online)

0.8

0.4

0.6
0.4

0.2

Fig. 3 Linear problem from Example 6.2. Left: Recession cone Py (dark purple) and the set of weights W
(lighter yellow). The depicted plane w| + wy + w3 = 1 represents the choice of the base of cone W. Right:
The set A. (Color figure online)

Example 6.2 Consider the three-dimensional linear problem

-1 -1 -1 —16

-4 -1 -1 —16

X1 -1 —4 -1 X1 —16
min | xp | wrt. <¢ st. | -1 -1 —4 xnl|l<l|-16],

X3 -1 -1 0 X3 —10

-1 0 -1 —10

0 -1 -1 —10
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4 2 4 1 0 0
where the ordering cone is C = cone 21,141.,101,10).,111].,14 . We take
2 2 2 2 2 2

c=(1,1,D7 eintC, thatis, w : R? — R3is given by w(A) = (A1, A2, 1 — A1 — A2). As
explained in Sect.5.2, it is possible to compute the set A € R? by solving a bounded linear
projection problem. The sets W, P, and A are displayed in Fig. 3.

Example 6.3 We consider the semidefinite problem

minimize P'x  with respect to =R}

. -1 2 2 1 2 2
subjectto  xj > 4 + x2 1 —1 + x3 5 9 <0

for objectives given by matrices

o 0 -1 1 -1
Pb=|-1 1 O0)]JandP,=|-1 1 O
1 1 -1 0o 0 -1

015 0

0.5

0.5 .05
015 0 1

Fig. 4 Semidefinite problem from Example 6.3 with objective Pj solved for ¢ = 0.08 (top) and € = 0.01
(bottom). Displayed are inner and outer approximations of the set W (left) and the recession cone Pno (right)
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Fig.5 Recession cone of the semidefinite problem from Example 6.3 with objective P,. Compare the approx-
imations of P obtained via the set W, (left) and via the set A (right), both convex projections were solved
for tolerance € = 0.005

We find an approximation of the cone of recession directions
W={weR} |3Z>0: w(FZ)+e Pw=0, i=123)
through the convex projection problem of (approximately) computing the set
We={weR|[3Z>0: (FZ)+el Pw=0,i=1,2,3 w +w+w;s <3}

The convex projection yields both inner and outer approximations of the set W, which gener-
ate inner and outer approximations of cones of W and Py. All of them are displayed in Fig. 4
for the problem with objective Pj. Outer approximation of P4, for which approximation
tolerance is guaranteed by Propositions 4.4 and 4.7, is needed as a part of a solution.

In Fig.5 we use the problem with objective P, to compare approximations obtained via
the set W, and the set A. Recall that we only have tolerance guarantees for approach through
the set W,.
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