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The 3Q state arises due to the superposition of three symmetry equivalent spin spirals stabilized by
higher-order exchange interactions. It has been predicted more than 20 years ago but was only
recently discovered in a Mn monolayer on the Re(0001) surface. To date little is known about the
thermodynamic properties of this intriguing non-coplanar spin state. Here, we reveal a low-
temperature phase transition between the 3Q and the row-wise antiferromagnetic state in this system
via Monte Carlo simulations based on an atomistic spin model parametrized by density functional
theory. By modeling the free energy landscape in terms of thermal excitations we derive an analytical
expression of the partition function, which allows us to prove that the phase transition is driven by
entropy. The predicted phase transition is not unique to Mn/Re(0001) but appears for a wide range of
magnetic interaction parameters and is expected to occur also for other multi-Q states.

Antiferromagnetic materials have been proposed to play an important role
in the future development of spintronic devices'. Compared to established
ferromagnetic systems, antiferromagnets come with many benefits,
including a large robustness against external magnetic fields, absence of
internal stray fields, and ultrafast spin dynamics. Recently, non-collinear
antiferromagnets have moved into the research focus due to their excep-
tional topological and dynamical properties’. A promising material class are
chiral antiferromagnets such as the compounds Mn;Sn and Mn;Pt.
Recently, it has been demonstrated that their coplanar spin state can be used
for room temperature all-antiferromagnetic tunnel junctions™ and that it
can be switched by electrical currents via spin-orbit torque’. Further, non-
coplanar spin alignments are possible in antiferromagnets such as multi-Q
states” which are linear combinations of spin spiral (1Q) states. Among
these, especially the superposition of three row-wise antiferromagnetic
(RW-AFM) states, which we here refer to as the 3Q state’, has recently
gained increasing attention due to its topological properties® . In this spin
state, the magnetic moments point along the principle axes of a regular
tetrahedron, leading to the presence of topological orbital moments despite
a vanishing net spin moment'"'” even in the absence of spin-orbit coupling.
Therefore, the 3Q state exhibits intriguing transport properties in the form
of a spontaneous topological Hall effect’"""* and can induce topological
superconductivity in magnet-superconductor-hybrid systems'"".
Recently, the 3Q state was discovered in a Mn monolayer on the
Re(0001) surface using spin-polarized scanning tunneling microscopy
experiments’. After this initial finding two further ultrathin film systems -

Pd/Mn and Rh/Mn bilayers on Re(0001)'° - and also the bulk material
Co,,5TaS,”" have been experimentally verified to host this intriguing
magnetic ground state. Even more recently, it has also been observed in
magnetic Mn bilayers on Ir(111)". The 3Q state is stabilized in anti-
ferromagnetic films by higher-order exchange interactions such as the
biquadratic or the four-spin interactions as has been explained based on
density functional theory (DFT) calculations and spin models”*'*'*". It has
further been demonstrated that the 3Q state can be distorted due to
magneto-crystalline anisotropy or topological chiral interactions'>".

While many more complex magnetic ground states, which are stabi-
lized by higher-order exchange interactions, have been experimentally
observed at low temperatures in ultrathin transition-metal films*~® and
have also been predicted for two-dimensional van der Waals magnets” >,
not much is known about the thermal properties of these typically non-
collinear magnetic states. It has been previously shown via Monte Carlo
(MC) simulations that the introduction of higher-order exchange interac-
tions into a spin model can cause a non-trivial behavior at low temperatures
for a system with a ferrimagnetic ground state. However, Monte Carlo
simulations including higher-order exchange interactions have so far not
been applied to non-collinear antiferromagnets in two-dimensional
systems.

Here, we reveal the occurrence of a non-trivial phase transition
between the 3Q ground state and the corresponding single-Q state, i.e. the
row-wise antiferromagnet, at low temperatures via Monte Carlo simulations
based on an atomistic spin model including higher-order interactions. We
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demonstrate that this low-temperature phase transition is driven by entropy
and predict that it can be observed in Mn/Re(0001) at temperatures of about
30 K based on using interaction parameters obtained from density func-
tional theory calculations. By varying the interaction constants starting from
the DFT values we show that the phase transition is a robust result.

The theoretical framework applied in our work to model the film
systems in the relevant temperature regime and to explain the results from
Monte Carlo simulations is based on the expansion of the energy landscape
around a local energy minimum in the Hessian eigenbasis of the Hamil-
tonian, which is successfully used in harmonic transition state theory’"*”.
Using this approach, we can explicitly calculate thermodynamical state
functions such as the free energy and the entropy which are typically not
accessible via Monte Carlo simulations. This method also allows to obtain
phase boundaries at a significantly lower computational cost compared to
the computationally intense Monte Carlo simulations. An extension of this
method is developed here to include unstable eigenmodes, which further
widens its applicability and also improves the agreement between the phase
diagrams obtained via the theoretical model and the Monte Carlo simula-
tions for the investigated two-dimensional systems.

Results

Atomistic spin model

Understanding the emergence of the 3Q state requires to go beyond the
Heisenberg model of pair-wise exchange. In particular, one needs to include
higher-order exchange interactions'®. The strengths of these terms are
usually small compared to the pair-wise exchange and are therefore often
neglected in the theoretical description. However, they can drastically alter
the magnetic ground state of certain material systems by breaking the energy
degeneracy of single-Q and multi-Q states. In the past, various experiments
have already been conducted which reveal the emergence of such non-trivial
magnetic ground states®'****"**, Due to the large number of atoms involved
to properly model the experimentally observed behavior of such systems, a
purely quantum mechanical treatment is not feasible to date. Therefore, we
employ an atomistic spin model, which contains interactions between the
magnetic moments derived from a quantum mechanical treatment'® with
interaction parameters obtained from underlying DFT calculations. In this
work the system is described within the atomistic spin model using the
classical extended Heisenberg Hamiltonian
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where my; is a unit vector representing the direction of the magnetic moment
at lattice site i. The included interactions are the bilinear exchange (J;;), the
magneto-crystalline anisotropy energy (K;), the biquadratic exchange (B;)
as well as the four-spin three-site (Y;3) and the four-spin four-site (Fj)
exchange. The interaction constants were taken from previous DFT
calculations® for a Mn monolayer in fcc stacking on the Re(0001) surface,
denoted as fcc-Mn/Re(0001) in the following (see “Methods” and
Supplementary Table 1 for details). We neglect dipole-dipole interactions
as they are usually small energy contributions on the order of 0.1 meV/atom
and can be effectively included into the magnetocrystalline anisotropy
energy (MAE) for film systems™*.

For simplicity the Dzyaloshinskii-Moriya interaction (DMI) is not
taken into account since it does not affect the 3Q state as it is a superposition
of three collinear row-wise antiferromagnetic states. The bilinear exchange
as well as DMI energies are linear under superposition, thus the contribution
to the ideal 3Q state must vanish as well. This can even be generalized
further, as this argument holds for every state along the 2Q-3Q-1Q path

which represent distorted 3Q states'”. Such a distorted 3Q state occurs as the
ground state in this system at finite MAE (see Supplementary Note 1 for
details). The presence of the DMI in the system can lead to a modulation of
the multi-Q ground state, but does not qualitatively affect the observed low
temperature phase transition (see Supplementary Note 2).

Monte Carlo simulations

In the case of a Mn monolayer in fcc stacking on the Re(0001) surface the
DFT calculations reveal a small energy difference of only Esq — Erw-apm =
— 0.7 meV/Mn atom between the 3Q and the RW-AFM state®. Due to this
flat energy landscape, we first verify that the magnetic ground states are
consistent between the atomistic spin model and the DFT total energy
calculations. The ground state within the atomistic spin model is deter-
mined using classical Monte Carlo simulations (see “Methods" for details).
Distinguishing the presence of a 3Q state from the RW-AFM in the obtained
data is not trivial, as both show a vanishing net magnetization. While
quantities such as the scalar-spin chirality defined by x,; = m, - (m; xmy)
can be used to distinguish non-coplanar from coplanar states, it fails to also
identify the disordered paramagnetic phase. In this work the so-called spin
structure factor (SSF) of a magnetic configuration M, defined as
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is used as a general antiferromagnetic order parameter”. Here, N is the
number of atoms present in the simulation box. This quantity shows the
contributions of the spin spiral states with wave vector q to the magnetic
state and corresponds to the intensity measured in inelastic neutron scat-
tering experiments™. Its components at the reciprocal lattice vectors g;, (i =
1, 2, 3), located at the three M-points of the first Brillouin zone (BZ),
measure the presence of each of the three symmetry-equivalent RW-AFM
states in a given state. This makes it a suitable order parameter for the
distinctions between the RW-AFM (single-Q) state, showing only one
prominent peak on one of the M-points, the 3Q state, which shows peaks at
all three distinct M-points with reduced intensity (Fig. la-d), and the
paramagnetic phase with nearly vanishing components®.

For the moment, we assume a vanishing MAE (K = 0) in order to
obtain the ideal 3Q state and to avoid the complication of a distorted 3Q
state that occurs at finite MAE. However, a finite value of the MAE does not
change the character of the phase transition as will be shown in the fol-
lowing. With the DFT interaction parameters from ref. 8 and setting K = 0,
the equilibrium state at =1 K (Fig. le) indeed shows tetrahedron angles of
neighboring spins, characteristic for the ideal 3Q state. The average com-
ponents of the spin structure factor (Fig. 1f) also show prominent peaks on
all three M-points, with small thermal noise visible. The state was obtained
using a simulated annealing approach. For a 60 x 60 simulation box the
simulations start from a uniform random spin configuration at T'= 1500 K.
Using 10° single spin updates for the equilibration process at each tem-
perature, the system is annealed to T'= 1 K using a total of 150 linearly spaced
temperature steps. The obtained state at T = 1 K is assumed to be in the
vicinity of the ground state and is then minimized with respect to its energy
using the L-BFGS algorithm™*® to remove thermal fluctuations, which
indeed results in the ideal 3Q alignment.

For the simulation at finite temperatures, the temperature dependence
of the SSF at the three distinct M-points in the first Brillouin zone is shown
in Fig. 2a. The data were obtained from 20 independent Monte Carlo
simulations starting at T = 52 K from a previously equilibrated state. The
system was annealed to T = 32 K using a total of 200 linearly spaced
temperature steps. For each temperature, 4.32 x 107 single spin updates were
performed for the equilibration. After that, 2.5 x 10* samples across 1.8 x 10°
single spin updates were taken for the computation of the averages. The
averaged data of each individual simulation was then averaged again across
the 20 independent simulations. For low temperatures T < 43 K the M-point
components of the SSF are of roughly equal magnitude, indicating the
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Fig. 1 | Representations of RW-AFM and 3Q state in real and reciprocal space.
Schematic real space representation of a the RW-AFM on a hexagonal lattice. This
single-Q state shows only one prominent component in its spin-structure factor at
one of the M-points in the first Brillouin zone (see b). ¢ Non-coplanar ideal 3Q state
on the hexagonal 2D atomic lattice and a 3D view of the spin state illustrating the
tetrahedral angles between adjacent spins on the lattice. d The spin structure factor of
the 3Q state shows equally prominent components at all three M-points. In e, f the
equilibrium state at T = 1 K obtained via MC simulations as described in the main
text and the averaged spin structure factor at this temperature are shown. For the
components of the spin structure factor across the first Brillouin zone (b, d, f) their
color as well as the respective marker size depend on their magnitude.

presence of the 3Q state. Due to the averaging, this could have also been
caused by the presence of three RW-AFM domains or the switching from
one RW-AFM orientation to another during the simulation. However, the
real space representation of exemplary states at different temperatures
shows the presence of the 3Q state (Fig. 2b,c) in accordance with the
determined ground state. Across the temperature range 43 K < T'< 46 K, the
system undergoes a phase transition between a 3Q phase present at lower
temperatures and the corresponding single-Q (RW-AFM) state present at
higher temperatures (Fig. 2d,e). This transition shows the complex and non-
trivial effects that higher-order exchange interactions can have on the free
energy landscape of the magnetic configurations in Mn/Re(0001).

For the case of a vanishing MAE considered in this section, the
Hamiltonian in Eq. (1) is O(3) symmetric. Therefore, one would not expect
long-range magnetic order in the thermodynamic limit according to the
Mermin-Wagner theorem®’. However, due to the chirality of the 3Q state,
the discrete time reversal symmetry is spontaneously broken, allowing for
long range order of the scalar spin chirality at finite temperatures®. Simi-
larly, the collinear RW-AFM state, which does not possess a chirality, breaks
the C; symmetry of the lattice. Due to the finite size of the simulation box,
which limits the spin-spin correlation length and introduces an effective
magnon gap, even the long-range magnetic order is preserved at finite
temperatures. The opening of the magnon gap also happens at finite MAE
which is the general case further considered in the following. For a detailed
discussion of the finite size effect, see Supplementary Note 3.

Free energy computation

In order to theoretically describe the behavior at finite temperatures of Mn/
Re(0001) and to quantify it in terms of the relevant thermodynamic state
functions, which here are the (Helmholtz) free energy F, the entropy S and
the internal energy I{, an analytical expression for the partition function Z
of an ensemble of magnetic configurations is needed. This can be achieved
within the framework of the harmonic approximation (HA) of the energy
landscape around some local energy minimum state. Here, we will give a
brief outline of this framework, which is described in detail in ref. 41. In a
second order approximation to the Hamiltonian (Eq. (1)) magnetic exci-
tations can be expressed in the eigenbasis of its Hessian, which contains the
second derivatives of the energy with respect to variations of the magnetic
configuration. It has to be noted, that this basis resembles an orthonormal
basis in spin space and thus is a computational affordable choice of a
coordinate system for the computation of ensemble averages, needed for
estimations of free energy. The eigenvectors thus do not resemble physical
excitations of the magnetic texture, such as magnons. The corresponding
eigenvectors are commonly divided into harmonic modes and zero modes,
which are characterized by their respective eigenvalue A > 0 or A = 0. The
harmonic modes are modeled by a quadratic energy dispersion along their
normal coordinate p, while the zero modes — corresponding to symmetries
of the Hamiltonian - explicitly contribute with their entire configuration
space volume (. This leads to the approximate expression of the partition
function for an ensemble of configurations M in the subspace ¥, around a
local energy minimum with energy E,, which reads

ZHA:/ e PEM) M 3)
¥

P

IIa){ 10

€K o n€K um

/ B2 dp, |e P (4)

27 _
=( L&) II (/5 )™ ©)
€K e €K, B,
= Zzero : Zharm4 ! eﬂBEO (6)

with the usual = 1/kgT.Here K, and K, are the index sets of the zero
and harmonic modes, respectively. Using the harmonic approximation, we
are therefore able to give quantitative entropy differences between the
involved RW-AFM and 3Q states. Surprisingly, computing the eigenvalues
of the Hessian of the RW-AFM state reveals the presence of unstable
eigenmodes, characterized by negative eigenvalues A,, < 0. Thus, the state is
not a local energy minimum, even though it appears as the thermal
equilibrium state at finite temperatures.

We can further extend the partition function to describe general sta-
tionary points with some number of negative eigenvalues in its Hessian
instead of only local energy minima (cf. Fig. 3). Using numerical mode
following algorithms*** we can identify two different kinds of unstable
modes present in the system. The first kind belonging to the lowest eigen-
values of the Hessian are unstable periodic modes, which are modeled by the
dispersion

E(p) = —2¢; sin’ <%p m) (7)

€r

with the corresponding eigenvalue A < 0 and the absolute inflection point
energy ¢ > 0 of the dispersion. This energy is defined with respect to E(p = 0)
= 0. It is determined using the mode following algorithms as the energy of
the state along the normal coordinate, at which the corresponding eigen-
value A vanishes. The second kind of unstable mode is modeled using the
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Fig. 2 | Phase transition from the 3Q to the RW-AFM state. a Temperature

dependence of the SSF contributions at the three different M-points in the first BZ.
The colored data points are averaged across 20 independent simulations neglecting
MAE, while the gray data points show the results of each individual simulation. For
the lower temperatures (blue background) the three SSF contributions are of nearly
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equal magnitude, while for higher temperatures (orange background) there is only a
single prominent component visible. b, d Exemplary equilibrium states at T = 32 K
and T = 49 K showing a 3Q and a RW-AFM structure, respectively. ¢, e Averaged

components of the SSF across the entire first BZ at T=32 K and T'=49 K respectively.
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Again, the different modes are assumed to be independent of one another, so
that we can write the partition function in the extended harmonic
approximation (EHA) as a product of integrals over the Boltzmann dis-
tribution of the corresponding energy dispersions as

ZEHA _ H ( / e—ﬁEmode(p)dp> e PEo 9)
modes period

= Zzero ' Zharm. " Z " Z ~PEa :

per. quart. * € (10)
Zero and unstable periodic modes have a finite period, over which the
integration is performed, while the harmonic and quartic modes are
assumed to be non-periodic, thus the integration is performed over the
interval (—o0, 00). For the modeling of the individual modes and their
contributions to the partition function see “Methods”. This expression for
the partition function lets us derive the free energy F = —In(Z)/p, the
internal energy U = —dgln Z and the entropy &= (U — F)/T (for
explicit formulas see Supplementary Note 4) of different initial configura-
tions such as the RW-AFM and the 3Q state.

Treating the different kinds of modes in the extended harmonic
approximation allows us to quantitatively compute the thermodynamic
state functions of the 3Q and the RW-AFM state (Fig. 4). At low tem-
peratures, the 3Q state exhibits a lower free energy than the RW-AFM state
(Fig. 4a), thus making it the thermodynamically preferred state. However, at
TEHA = 32.7 K the two curves cross and the RW-AFM becomes favorable
compared to the 3Q state, albeit its larger energy (Fig. 4b). Due to the small
energy difference between the two states, this transition happens at a tem-
perature well below the transition temperature to the paramagnet, which has
been determined to be Tpy = 115K (see Supplementary Note 5 and

4
7
¥
1
]
[l
1
\)
LY

Fig. 3 | Energy landscape around the 3Q and the RW-AFM state. Illustration of the
energy landscape using different kinds of Hessian eigenmodes around a local energy
minimum (white) or a general stationary point with a negative eigenvalue (red). In
the case of fcc-Mn/Re(0001) these correspond to the 3Q and the RW-AFM state.

Supplementary Fig. 7). Comparing the predicted internal energy ¢/ with the
one sampled during the Monte Carlo simulations (Fig. 4b) shows a very
good agreement for the 3Q as well as the RW-AFM phase with the extended
harmonic approximation. For low temperatures, the internal energy in both
cases has a nearly linear dependence on the temperature as expected from
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Fig. 4 | Thermodynamic state functions across the phase transition. Temperature
dependence of a the free energy F, b internal energy U and c¢ (temperature scaled)
entropy S for the 3Q state and RW-AFM in fcc-Mn/Re(0001) computed within the
extended harmonic approximation. The blue (green) curves show the thermo-
dynamic state functions for the 3Q (RW-AFM state). The vertical lines indicate the
transition temperatures obtained within the extended harmonic approximation
(gray, T?HA = 32.7 K) and the MC simulations (red, TEAC = 44.0 K). Additionally,
data of the internal energy U obtained from the Monte Carlo simulations is shown
for exemplary temperatures in the 3Q as well as a RW-AFM phase. In ¢ the (tem-
perature scaled) entropy difference T - (Sgw_apv — S3q) is shown in purple.

o

the equipartition theorem. Computing the entropy of the two states (Fig. 4c)
shows the RW-AFM being entropically favored.

This finding is consistent with a previous theoretical study** showing
single-Q states being favored compared to multi-Q states in the presence of
thermal fluctuations. In our case, however, due to the presence of higher-
order exchange interactions, there is an energetic difference between the 3Q
state and RW-AFM, making the former the equilibrium state at sufficiently
low temperatures. The entropy difference at TXH* = 32.7 K between the
two states is calculated tobe AS = 1.92 - 1072 meV - K~! /atom. Note, that
for both states the entropies diverge for T — 0, apparently violating the third
law of thermodynamics, which is due to the harmonic approximation not
being defined at absolute zero. However, the entropic energy contribution
TS has a finite limit, which is zero if only harmonic modes are present.

So far, we have focused on the magnetic interaction parameters
obtained via DFT for a Mn monolayer in fcc stacking on Re(0001)
neglecting the magneto-crystalline anisotropy. However, the observed
phase transition is stable across a wide range of interaction parameters and
allowing critical temperatures of up to 100 K as we have found by varying the
interaction strengths in our Monte Carlo simulations (Fig. 5). In particular,
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Fig. 5 | Phase diagrams vs. magnetic interaction strengths. Phase diagrams
showing the maximum component of the SSF (see color bar) for varied interaction
parameters of a the MAE and b the four-spin four-site exchange. All other inter-
action constants have been chosen according to the DFT values given in Supple-
mentary Table 1 for fcc-Mn/Re(0001)". The horizontal gray line in panel a and

b indicates the value of the MAE and four-spin four-site interaction constant,
respectively, obtained via DFT for fcc-Mn/Re(0001). The black lines show the phase
boundaries obtained in the Monte Carlo simulations. The purple (red) phase
boundaries between the RW-AFM and 3Q state are obtained within the (extended)
harmonic approximation, excluding (including) unstable degrees of freedom.

the temperature dependence of the largest component of the SSF is shown
for varying interaction constants of the MAE (Fig. 5a) and the four-spin
four-site exchange (Fig. 5b). For the RW-AFM (single-Q) state this com-
ponent will be close to unity, while for the ideal 3Q state it is about 1/3. In the
disordered paramagnetic (PM) phase the component will be close to zero,
allowing for a clear visual difference between the three relevant phases. The
obtained phase boundaries from the Monte Carlo simulations are shown in
black. The simulation data shown in Fig. 5 has been obtained from a single
Monte Carlo simulation for each interaction constant. In order to ensure a
correct sampling of the phase boundaries, we also reversed the direction of
the temperature sweep, starting from the ground state configuration at =1
K and increasing the temperature. The resulting phase diagrams showed
effectively no difference to the ones shown in Fig. 5.

We find that the phase transition from the 3Q to the RW-AFM state at
low temperatures, which we found for vanishing MAE (Fig. 2), is robust
upon changing the value of the MAE (Fig. 5a). There is also a very good
agreement between the extended harmonic approximation (red), in which
the unstable modes in the RW-AFM phase are considered as described
above, and the Monte Carlo simulations for both easy-plane (K < 0) and
easy-axis (K > 0) anisotropies. Notable here is the varying magnitude of S in
the 3Q phase for different values of K. We find that the presence of the MAE
in this particular system leads to a large distortion of the ground state
towards a 2Q (1Q) state for easy-plane (easy-axis) anisotropies (see Sup-
plementary Note 1 and Supplementary Figs. 1-3). A similar effect, present
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here within the atomistic model of fcc-Mn/Re(0001), has been predicted by
DFT calculations to also occur in the hcp-Mn/Re(0001) system'’. However,
this distortion does not qualitatively affect the transition to the RW-AFM
phase. When ignoring the contribution from the unstable modes for the
RW-AFM state, the purple phase boundary is obtained. In the case of
varying MAE, the difference is effectively negligible. This is a result of the
small number of unstable modes, which is nearly independent of the value
of K.

For the four-spin four-site exchange (Fig. 5b) the extended harmonic
approximation captures not only the qualitative shape well, but also the
quantitative magnitude of the transition temperatures across various
parameter strengths and temperature ranges. In contrast to the MAE, lower
values of the four-spin four-site interaction strength F shift the transition
towards higher temperatures. This can be explained by an increased stability
of the 3Q state compared to the RW-AFM state, which manifests itself in the
increasing number of unstable modes present in the latter (see Supple-
mentary Note 6 and Supplementary Fig. 8). This is also visible in the phase
boundaries obtained within the HA. Neglecting the contribution of the
unstable modes (purple) for low values of Fleads to an overestimation of the
transition temperature, which might even surpass the transition tempera-
ture to the disordered paramagnetic phase.

A jagged shape of the purple phase boundary is visible at higher
strength of the four-spin four-site interaction (Fig. 5b), which is caused by
discontinuous jumps of the computed transition temperature. These are a
result of possibly degenerate eigenvalues of the Hessian of the RW-AFM
state abruptly changing their sign with decreasing F. This results in an
abrupt change in the number of considered harmonic modes for the purple
phase boundary. Comparing this behavior with the extended harmonic
approximation (red), which includes the contribution of unstable modes, a
much better agreement with the Monte Carlo simulations can be seen.
Although there are still notable fluctuations in the obtained transition
temperature, they are much less pronounced. These fluctuations as well as
the general discrepancy to the Monte Carlo simulations are a result of the
approximation of the energy landscape, which may deviate significantly
from the original at larger thermal energies. Due to the resulting distortions
the assumption of independent modes might also no longer be justified.
Further, a changing sign of some highly degenerate eigenvalues still leads to
a drastic change in the modeling of the respective modes. Nonetheless, the
harmonic approximation with the inclusion of unstable modes captures the
trend of the phase boundaries between the 3Q and the RW-AFM state very
well, especially in the low temperature regime T'< 50 K.

Discussion

Based on atomistic Monte Carlo simulations for the Mn monolayer on a
Re(0001) substrate using a spin model parameterized from DFT, we predict
the occurrence of a low-temperature phase transition between the 3Q
ground state and the RW-AFM state. This phase transition, which occurs in
addition to that to the paramagnetic phase at the Néel temperature, is
induced by the presence of higher-order exchange interactions, which leads
to a splitting of the energy degeneracies in the bilinear exchange interactions
between the RW-AFM and the 3Q state. Our results show the crucial
influence of these higher-order interactions in the finite temperature
behavior of Mn/Re(0001) in addition to causing a non-coplanar multi-Q
ground state. This highlights the importance of the consideration of these
higher-order interactions despite their small energy scale compared to the
bilinear exchange.

Modeling the energy landscape in the vicinity of the different spin
states, we are able to quantitatively compute all relevant thermodynamic
state functions, which are in general not accessible using standard Monte
Carlo techniques. The resulting phase boundaries are in very good agree-
ment with Monte Carlo simulations not only for the initial parameter set
obtained from DFT, but across a wide range of different interaction
strengths as well, while requiring only a small fraction of the computational
cost. This for one showcases the robustness of the predicted phase transition
against the initial parametrization, but also highlights the accuracy of our

theoretical model. By going beyond the harmonic approximation, we are
able to include states containing unstable Hessian eigenmodes, which still
play an important role in the thermodynamic behavior of this system, as
seen from the occurrence of the RW-AFM state as the equilibrium state at
finite temperatures. The extended harmonic approximation provides useful
insights to the finite temperature behavior of a system by allowing for a fast
comparison of the thermodynamic state functions of different relevant
states, which are usually already known from prior DFT studies. This model
can also be easily extended to include other kinds of interactions in the
Hamiltonian e.g. topological-chiral interactions'>*.

Based on our investigation, this first order phase transition between the
3Q ground state and the entropically favored RW-AFM state can occur, if
these two states are energetically close to each other, such that AU//AS < T,
with the critical temperature T, marking the transition to the disordered
paramagnetic phase. The 3Q state has also been experimentally observed in
aPd/Mn bilayer on Re(0001)". However, in this system, the condition is not
fulfilled since the energetic difference to the RW-AFM state obtained via
DFT" is by far too large for an additional phase transition to occur, as we
have confirmed by Monte Carlo simulations as well as the harmonic
approximation (see Supplementary Note 7 and Supplementary
Figs. 9 and 10).

Previously, a first-order phase transition has been reported from a
ferrimagnetic to a Néel state that can be induced in the presence of
higher-order interactions™ using DFT parameters obtained for a free-
standing (unsupported) V monolayer™. It was argued that an entropic
difference between the two states is the origin of the transition’,
however, without providing calculations of the free energy or the
entropy. Our work, on the other hand, is based on realistic magnetic
interaction strengths from an underlying DFT parametrization of an
already experimentally realized ultrathin film system with a non-
collinear magnetic ground state™”. Further, the entropy-driven
mechanism of the transition is explicitly demonstrated by the exten-
ded harmonic approximation. Note, that a similar phase transition as
predicted in our work for two-dimensional systems has recently been
observed experimentally in the bulk van-der-Waals material Co;,5TaS,
using transport and neutron scattering measurements™'’.

For the fcc-Mn/Re(0001) film system, there is a discrepancy in the
magnetic ground state between the DFT total energy calculations for the
pseudomorphic Mn monolayer and spin-polarized scanning tunneling
microscopy experiments, which show a row-wise antiferromagnetic ground
state®. Recently, it has been demonstrated that this difference is due to the
fact that the Mn monolayer actually exhibits a lateral shift with respect to the
surface* that had not been considered before. Upon taking this structural
effect into account in DFT calculations the RW-AFM state is energetically
lower than the 3Q state in agreement with experiments®.

On the other hand, the closely related hcp-Mn/Re(0001) film
system exhibits an experimentally verified 3Q ground state®. While the
DFT total energy calculations are consistent with this experimentally
observed ground state, the DFT parametrization of the atomistic spin
model (Eq. (1)) suffers from large frustration effects and a shallow
energy landscape in the explicit consideration of higher-order exchange
interactions. Therefore, in Monte Carlo simulations, we do not obtain
the 3Q state at the lowest temperature. Nevertheless, since the phase
transition from the 3Q to the RW-AFM state is robust against changes
in the parametrization of the spin model and hcp-Mn/Re(0001) pos-
sesses an even smaller total energy difference AU/ between the 3Q and
the RW-AFM state in the DFT calculations® than fcc-Mn/Re(0001), it is
a promising candidate to experimentally verify the intriguing non-
trivial behavior at low temperatures predicted here for ultrathin anti-
ferromagnetic films with a 3Q ground state, e.g. using spin-polarized
scanning tunneling microscopy at variable temperatures®.

The ability to thermally switch between the chiral 3Q state and the
collinear row-wise antiferromagnetic (RW-AFM) state can also provide
improved control on adatom motion and growth of nanostructures on such
magnetic surfaces*®”’, which is potentially useful for the construction of
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nanoscale spintronic devices. Based on our work, we further expect that a
similar phase transition can occur in two-dimensional magnets from other
multi-Q states, e.g. the 11|| states’, to their corresponding single-Q
states.

Methods

Magnetic interaction constants of the spin model

For the interaction constants of the atomistic spin model given by
Eq. (1), we have chosen the parameters obtained via DFT calculations
for a Mn monolayer in fcc stacking on the Re(0001) surface (denoted as
fcc-Mn/Re(0001)) given in ref. 8 and summarized in Supplementary
Table 1. In these DFT calculations the 3Q state is found as the ener-
getically lowest state. Experimentally, the corresponding 1Q state, i.e.
the RW-AFM state, has been observed using spin-polarized scanning
tunneling microscopy’. This discrepancy between theory and experi-
ment has only recently been resolved®. It has been demonstrated that
there is a structural lateral shift of the Mn monolayer in the RW-AFM
state which lowers its energy below that of the 3Q state leading to a
consistent picture of theory and experiment.

For a Mn monolayer in hcp stacking on the Re(0001) surface (denoted
as hcp-Mn/Re(0001)) a 3Q state has been observed in the spin-polarized
scanning tunneling microscopy experiments of Spethmann et al.’. DFT
calculations for hcp-Mn/Re(0001) also obtain the 3Q state as energetically
lowest with respect to all 1Q (spin spiral) states’. However, based on the
atomistic spin model parameterized from these DFT calculations we could
not stabilize the 3Q state at low temperatures in Monte Carlo (see Supple-
mentary Note 8). We attribute this result to the strong frustration of higher-
order exchange interactions in this system which can be seen from the small
energy difference between the 3Q and 1Q state on the order of 1 meV/Mn
atom found in DFT®,

Monte Carlo simulations

In order to simulate the system at finite temperatures, we employ classical
Monte Carlo simulations using a single-spin updating scheme. For the spin
flip mechanism, an adaptive algorithm proposed in ref. 51 has been
employed, ensuring an acceptance probability of approximately 50% for
each temperature after equilibration. The acceptance probability A to
transition from a state M to the state M’ for each Monte Carlo step is that of
the Metropolis algorithm

AM — M) = min{1, ¢ FEM)-EM) 11)

The Monte Carlo simulations consist of an initial equilibration of the
system at each temperature step. After thermal equilibrium is reached, the
measured quantities are computed after every #1.yq. > N single spin updates
to reduce correlation between them, with N being the number of spins in the
simulation box. The mean of the obtained quantities is then taken as the
thermal average (...). For increased accuracy, a number of statistically
independent simulations differing in the seed value of the used Mersenne-
twister random-number-generator are performed. The thermal average is
then taken as the arithmetic mean of the averages obtained from each
individual simulation. All simulations are conducted using periodic
boundary conditions.

Harmonic approximation
The individual contributions of the periodic unstable modes can be com-
puted as

W/ eZﬂelsinz <%P BT‘) dp (12)
1 period
21y /L s 2 L AL
—w / VA g (/%) dp (13)
0

= ow, 2L / 2P’ (@) g (14)
Vias o
= 2w, /%ezﬁe'lf)(ﬁe,), (15)

with w being the number of periods until the initial spin configuration is
reached again and I(z) = e ™[ (z) is the exponentially scaled modified
Bessel function of first kind. Similarly, the contribution of one unstable
quartic mode evaluates to

/OO e@PZ _Slﬁ‘ﬂlzﬁ dp (16)
—00

3 e 38e, | re 9 (9
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For a comparison of the dispersions used in the extended harmonic
approximation with the ones explicitly computed using numerical mode
following and the contribution of the different kinds of modes, see Sup-
plementary Note 9.

Data availability
All relevant data are available from the corresponding authors upon rea-
sonable request.

Code availability
All relevant code is available from the corresponding authors upon rea-
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