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Theory of non-Markovian dynamics in Fluorescence spectra
Abhishek Kumar

December 2014

Abstract

Robust quantum coherence is an important prerequisite for any system
that may be used to perform quantum information processing tasks. For
systems that can be probed optically, the fluorescence spectrum may provi-
de indirect evidence of coherence times when supplemented with an app-
ropriate model of the decay process. A common approach is to assume a
Markovian system, resulting in exponential decay of correlation functions
and Lorentzian features in the associated spectrum.

For physical systems with strongly history-dependent (non-Markovian)
dynamics, there is currently limited systematic theoretical approach to
establish the associated spectrum.

In this thesis, we present a detailed theoretical method to obtain the fluor-
escence spectrum for a general system undergoing non-Markovian dynamics.
This procedure can be used to systematically account for features in flu-
orescence spectra due to genuine non-Markovian dynamics. We apply
this method to study the non-Markovian behaviour in the side peak of the
Mollow-triplet and absorption spectrum of coherent population trapping
systems.



Fraedileg athugun a 6-Markoévskum eiginleikum flirljémunar
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Utdrattur

Til ad nyta megi kerfi til skammtafraedilegra reikninga parf pad ad vid-
halda skammtafredilegri samfosun negjanlega lengi. Fyrir kerfi sem skod-
ud eru med 1j6si getur flurljémun veitt upplysingar um samfosunartima ef
tilheyrandi likan fyrir dempun kerfisins er til. HefObundna adferdin er ad
gera rad fyrir Markovskri hegdun kerfisins sem leidir til veldisvisislakk-
unar fylgnifalla og Lorentz-l6gunar tilheyrandi rofs.

[ kerfum par sem eiginleikar kerfis vid fyrri tima skiptir mali (6-Markévsk)
til ad lysa hreyfifradi eru til faar kerfisbundar adferdir til ad lysa tilheyr-
andi réfi. T pessari ritgerd er kynnt kennileg adferd til ad 1ysa kerfum sem
syna 6-Markdvska hegdun. Adferdin nytist til ad finna 4 kerfibundinn hatt
ahrif 6-Markovskra eiginleika i flurljomunarr6fum. Vid beitum pessari
adferd 4 hlidartoppa Mollow-pristigsins og einnig 4 isogsrof kerfa med
samfasa fjoldafestingu.
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Chapter 1
Introduction

In this thesis, we will discuss the non-Markovian dynamics of open quantum systems
and the influence of the non-Markovian dephasing on the fluorescence associated with
such a system. We will derive a general formula that can be used to study the fluores-
cence spectrum of a multi-level system interacting with an arbitrary quantum environ-
ment. To relate the fluorescence spectrum to system dynamics, we will be interested in
evaluating the dynamics of a system observable Og(t) in contact with an environment.
The observable Og could be, for example, the population or polarization of an atomic
state, the longitudinal or transverse component of spin of an electron, or the electric

and magnetic fields generated by the motion of spins or charges.

1.1 Two-level system

The laws of quantum mechanics allow for quantum computers, which are known to be
significantly more powerful than classical computers. In a quantum computer, infor-
mation is stored in quantum bits (qubits), rather than classical bits. Each bit represents
either a zero or a one. Similarly a single qubit represents a zero or a one and is a
two-level system with two energy levels which can be used to store and process the
information. An example of a two-level system, frequently used in quantum optics,
is composed of the ground and excited states of an atom. It is therefore important to
understand the dynamics of two-level systems and their interaction with an environ-

ment. In chapters 2 and 3 we will consider a two-level system formed, e.g., by the
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excited and ground states of a single atom to quantitatively study atomic dynamics
under spontaneous emission and dephasing. In chapter 4, we will discuss the coherent

population trapping absorption spectrum under the influence of dephasing.

1.1.1 Interaction of a two-level system with a classical monochro-

matic laser field

We consider a two-level system driven by a classical monochromatic laser field of
frequency w as shown in fig. (1.1). The two-level system is represented by an excited
state |a) and a ground state |b) where wy, = w, — wy is the transition frequency. The
Hamiltonian of the entire system can be written in terms of the free Hamiltonian H

and the interaction with the laser field Vj,se; (t) as
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I |a)
. w = Wgq — W
w. 0 ab a b
Y |b>

Two — level system

Figure 1.1: A two-level system, with a transition frequency w,;, driven by a classical

monochromatic laser field of frequency w with drive amplitude (2.

H(t) = HO + Viaser(t)
Ho = wala) (b] + w|B) () (L.1)

Vise£) = 5 (a0 + 1) (al) (e + ¢ (1.2
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where (2 is the amplitude of the drive and we have chosen i = 1 for the simplicity of

units. The wave function of the two-level system at any time ¢ > 0 is
[U(#) = ca(®)a)e™ " + cy(t)[b)e"" (1.3)
and satisfies the time-depedent Schrodinger equation

(1)) = —iH(t)[v(t)). (1.4)

Substituting for H(t) and |¢(¢)) in the above equation we obtain coupled equations

for the probability amplitudes c,(t) and ¢,(t),

Q. .
Calt) = —iE(eZ(“’“”_“)t + eilwartlty ey (1) (1.5)

Q ) )
é(t) = —z’g(eﬂ(wﬂb*w)t + e~ @art@)ty e (1), (1.6)

In the rotating wave approximation (RWA), we neglect the counter-rotating terms, ~
e wart9)t wwhich are rapidly oscillating compared to the terms ~ e <= when
Wap + W > we — w. We write the above coupled equations in terms of the detuning

A = w, — w as

Calt) = —i%emtcb(zﬁ) (1.7)
é(t) = —i%e_mtca(t). (1.8)

We assume that the atom is initially in the ground state |b), giving ¢,(0) = 0 and
c(0) = 1. Solving the above equation by Laplace transform, which is defined through
f(s) = J;" dte ' f(t), we obtain

ca(8) = —i%cb(s —iA) (1.9

ap(s) = 1(1 — i%ca(s + ZA)) (1.10)

S
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Here, we have used the Laplace transform of the derivative f(t) — sf(s) — f(0).

Solving for ¢,(s) and ¢;(s) and going back to the time domain, we then have

cao(t) = e it {_Q—Z}? sin(%t)} (1.11)
op(t) = izt [cos (%t) — % Sin(%t)] : (1.12)

where () is the generalized Rabi frequency, given by
Qr = VQ2+ A2 (1.13)

The populations are given by the expressions

2 _ Q ’ s 2 Qg
lea(B)|* = (Q_R) sin (71&) (1.14)

2
lep(t)[* = cos? (%t) + (QAR) sin? (%t). (1.15)

Defining the inversion W (t) = |cp(t)]?> — |ca(t)|* and looking at the driving fre-
quency exactly at resonance, i.e., when A = 0, we obtain the expression for the

inversion
W (t) = cos(Qt) (1.16)

which oscillates between -1 and 1 with frequency 2, see fig. (1.2).
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1.0

0.5

W(t) 0.0
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-1.0

o 5 10 15 20
Ot

Figure 1.2: Oscillation of the inversion W (t) at zero detuning given by Eq. (1.16) as a

function of time .

The two-level system oscillates between the upper level |a) and lower level |b) with
Rabi frequency (2 due to the interaction of a classical monochromatic laser field anal-
ogous to the Rabi spin—% problem [1] under the influence of an oscillating transverse

magnetic field.

1.1.2 Two-level cavity-QED system

Cavity quantum electrodynamics (cavity-QED) is the study of the emission properties
of atoms, embedded inside a reflective cavity, due to interaction of the atoms with the

electric-field modes of the cavity.

In the previous section, we discussed the interaction of a two-level system with a clas-
sical monochromatic laser field which gives rise to Rabi oscillations in the two-level
system. In this section we will discuss spontaneous emission, giving rise to a transition
from the atomic excited to ground state due to interaction of the two-level system with
the radiation modes of free space. Moreover, it has been shown that the spontaneous

emission rate can be enhanced [2] if the two-level atom is embedded inside a resonant
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cavity, i.e., when w,, = w,., where w, is the center frequency of a cavity coupling to

the atom.

) |a'>

Wab — Wq — Wh

D(wi)lg(wr)*  Cavity DOS
A

Y |b>

Two — level system

C~—

We

Figure 1.3: A cavity coupled to a two-level system, with a transition frequency wgp.
The central frequency of the cavity modes w, 1s resonant with the transition frequency
of the two-level atom. The cavity mode couples to a broad continuum, resulting in

a Lorentzian spectrum of radiation modes, described by an effective density of states
D(wk)

The Hamiltonian of the cavity-coupled two-level system can be written in the form
of the standard Jaynes-Cummings Hamiltonian, within the RWA and after neglecting

energy non-conserving terms, as

_ Wap

H = =>(la)(al = ) (b)) + Y wrajar + Y ge(la) (blar + [D){ala}). — (1.17)
k k

Here, radiation modes of the cavity are represented by a bosonic field of frequency wy,

with annihilation and creation field operators a; and az, respectively. The coupling to

the radiation modes is given by the coupling constant g; to a mode of frequency wy

and is related to the electric-dipole transition matrix element |p,;| through [3],

_ |pavles

9k 5 (1.18)

The system operators are denoted by 0;; = |i) (j| where ¢, j € {a,b} and 0, = 04,—0w

and the quantity g, = 4/ 21‘;”‘“/ is the electric field per photon and V is the effective

volume of a cubic cavity resonator.
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We assume that at time ¢ = 0 the atom is in the excited state |a) and the radiation
modes are in the vacuum state |0;). The state vector of the entire system at a later time
t > 0 is then

(1)) = ca(t)]a, 0) + > cpr(t)[b, L)e ™, (1.19)
k

where the initial conditions are given as ¢,(0) = 1 and ¢, ;(0) = 0. We solve for the

probability amplitude ¢, (t) using the time-dependent Schrodinger equation

(1)) = —iH|p(t)). (1.20)

Within the standard Wigner-Weiskoff theory and assuming a continuum of modes
where >, — [ dw D(w) and g, — g(wy), we obtain an expression for the excited-
state population as

lca(t)]? = 7T (1.21)

where the decay rate I is given by
' = 27 D(wap)|g(wap) |- (1.22)

Here, D(w,p) is the density of states at the atomic transition frequency w,, and is
assumed to be given by the Lorentzian
1 g°T.

2 _ .
Dyl = S (123

where I'.. is half of the cavity bandwidth, as shown in fig. (1.3). The density of states
for the cavity is different from the mode density of free space. The spontaneous emis-
sion rate in the presence of the cavity is significantly modified and enhanced relative
to the spontaneous emission rate in free space [2]. When a two-level system is embed-
ded in a cavity, its energy levels are broadened when the cavity is resonant with the
two-level transition frequency, hence there is an increase in the spontaneous emission

rate.
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1.2 Coherent population trapping

Coherent population trapping (CPT) [4] refers to the trapping of population in a co-
herent superposition of two ground states which are coupled by optical fields to an
intermediate state in a three-level system. This is a so-called lambda configuration
shown in fig. (1.4). We consider a lambda system driven by two classical laser fields
of frequencies w; and wy. The Hamiltonian of the entire system within the usual rotat-

ing wave approximation (RWA), for A = 1, is

H(t) =wala){al + wy|b)(b] + wele)(c| + %(|a><b|e—iw1t b (]
Qg@i(b
+

5 (la){cle™" + |} {ale™"), (1.24)

@)

wa, QQ

pump

b)
)

Figure 1.4: A driven lambda system where the two low energy states |b) and |c) are
coupled to an intermediate state |a). The lambda system is driven by two classical
monochromatic laser fields of frequencies w; and wy and with amplitudes 2; and €25,
respectively. The transitions frequencies of the levels |a) and |b) and between levels |a)
and |c) are resonant with the laser probe and pump frequencies w; and w,, respectively,
i.e. Wey = wy and w,. = wo. We have assumed that the transition between |b) — |c) is

not dipole allowed.



10

Theory of non-Markovian dynamics in Fluorescence spectra

where §2; and (2, are assumed real. The wave function of the lambda system at any

time ¢ > 0 is given by
[W(t)) = co(t)|a)e™ ™t + cy(t)|b)e™ ™! + c.(t)|c)e ™, (1.25)
and satisfies the time-dependent Schrodinger equation
(1)) = —iH (B (1)). (1.26)

After substituting the expressions for H(¢) and |¢)(¢)) in the above equation we obtain
the coupled equations-of-motions for the probability amplitudes c,(t), ¢;(t) and c.(t),

for the resonant conditions w; = wyp, and wy = wy,, given as

éo(t) = %(Qlcb(t) + Queie(t)) (1.27)

éy(t) = i%cc(t) (1.28)
i

Gult) = 19226 calt). (1.29)

We solve for the probability amplitude ¢, (¢) by going into Laplace space and using the

initial condition ¢,(0) = 0. This gives the expression for ¢,(s),

_z Qle(O) + Qgei(bCC(O)
2 s2 4 (07 + €2903)

Cals) = . (1.30)
It can be seen from the above expression that we have population trapped in the lower

states for the condition
Q1c3(0) = —Qpe™c,(0). (1.31)

Under this condition the population is trapped in the lower states and the system is
transparent to the incident fields and therefore there is no absorption. Following the

notation given in Ref. [5], the dark state is given as a superposition of states |b) and

[ .
B Q26?|b) — Q|c)

and it implies that when the atom is in this dark state the atom will stay in this state

|D) (1.32)

indefinitely. This phenomenon is known as coherent population trapping (CPT).
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1.3 Pure dephasing

Due to coupling of a quantum system to the environment degrees of freedom, the sys-
tem and environment become entangled, giving rise to a rapid decay of the off-diagonal
element of the reduced density matrix of the system, when the diagonal elements of
the density matrix are preserved, this phenomenon is called pure dephasing. Pure de-
phasing is a process that destroys quantum coherence for any two-level system that

may represent a qubit.

It is therefore important to understand the mechanism behind pure-dephasing due to
the interaction of quantum system with its environment. Several excellent experi-
mental [6, 7, 8] and theoretical studies [9, 10] have been performed to understand
pure-dephasing mechanisms in cavity-QED systems. In this thesis, we will mainly
focus on understanding pure dephasing in a two-level cavity-QED system and the in-
fluence of pure dephasing on an associated fluorescence spectrum. Furthermore, we
will discuss the pure-dephasing mechanism in a CPT lambda-system and the effect of

pure-dephasing on its absorption spectrum.

1.4 Outline

This thesis is structured as follows: Chapter 2 discusses a general formula for the
fluorescence spectrum, accounting for non-Markovian effects, of a multi level sys-
tem interacting with radiation modes of the electromagnetic field which gives rise to
spontaneous emission. Chapter 3 presents a detailed analysis of phonon-induced non-
Markovian dephasing in a driven two-level cavity-QED system. Chapter 4 describes
coherent population trapping in a so-called lambda system and the effect of phonon-

induced non-Markovian dephasing on its absorption spectrum.

11
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Chapter 2

Non-Markovian Fluorescence

Spectrum

2.1 Introduction

In this chapter we derive a general formula for the non-Markovian fluorescence spec-
trum of a multi-level system interacting with a bosonic environment. To this end, we
apply linear-response theory [11] to describe the dynamics of a detector monitoring
the emission spectrum following the method used in Ref. [3]. The associated emis-
sion spectrum can be directly related to a correlation function for system observables,
which we evaluate beyond the Markov approximation using a Nakajima-Zwanzig Gen-
eralized Master Equation (GME).

2.2 Model Hamiltonian

We start with the Hamiltonian of a general multi-level system interacting with radi-
ation modes of the electromagnetic field, which can be written as system (H), field
(HR), and interaction (Hgg) in terms of the standard Jaynes-Cummings model within

a rotating-wave approximation (see fig. 2.1):

H = Hy+ Hgsp 2.1

13
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Hy= Hg+ Hp (2.2)
HR = Z hwkaLak (23)
k
Hgp = Z hgr (o ar + O'_CLL), 2.4)
k
where o, = |a)(b| and o_ = |b)(a| are the raising and lowering operators between

a selected excited state |a) and ground state |b) in the Hilbert space of the system
and ay, az are the annihilation and creation operators in the Hilbert space of a set of
electromagnetic modes coupled to the system. The coupling to the radiation modes is
given by the coupling constant g, to a mode of frequency wy. The coupling constant g

is related to the electric-dipole transition matrix element |p,3| through Eq. (1.18).

2.3 Fluorescence spectra

We theoretically describe a realistic detector with the well-known gedanken spectrum
analyzer [3, 12] which measures the scattered fluorescence light from the emitting
system (see fig. 2.1).
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Spectrum Analyzer

Radiation modes, Hp

\ ‘ CL> - -
Hsr Detector, Hp

Detector atom with level |) and |3)
and natural frequency wag

|b) ————

System, Hg

Figure 2.1: Schematic diagram of a multi-level system coupled to the radiation modes
of the electromagnetic field. The coupling constant between the system and field mode
k is given by g, where field modes are represented by a bosonic field of frequency wy.
The selected two-level system is described by an excited state |a) and a ground state
|b) with energies w, and wy, respectively. The emission spectrum of light scattered
from this cavity-QED system is measured by a detector incorporated inside a spectrum

analyzer.

We assume that the radiation field emitted by the system is detected by a two-level

(detector) atom, with transition frequency w, — wg = wo.

The detector atom has sharp levels |a) and |3) separated by energy wy and is initially
prepared in the ground state |3) and is placed inside a shutter, that only opens during
a certain observation time 7', during which it receives the emitted radiation and may
be excited to the upper level |«v). The excitation rate of the detector sets the detector
response profile, centered at frequency wy with bandwidth Awg. The detector band-
width is assumed to be small compared to the typical feature size in the fluorescence

spectrum (see fig. (2.2)).
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Detector response profile

Intensity of scatteredlight from system

w
wo k

Figure 2.2: Incident light of frequency wy, is scattered by the system. The detector has

a response profile centered at frequency wy with decay time 7.q = -

The detector atom has a Hamiltonian of the form,
Hp = —= (|a)(a] = |8){B]) - (2.5)
The total Hamiltonian (for system, field and detector) has the form,
Hr=H + Hp + Hpg. (2.6)

The coupling between detector atom /H , and the radiation field, included in the Hamil-

tonian H, is given by the Hamiltonian

Hon =Y hgf (Jo)(Blas +18){alal + [a)(Bla} + ) (alar) . @)
k

where gP is the coupling of the detector to field mode & and the detector coupling
Hamiltonian Hpp, in the interaction picture with respect to the Hamiltonian H) =
H + Hp, is given by

Hpp(t) = ™" Hppe ™, 2.8)
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we adopt the rotating wave approximation which is equivalent to dropping the energy

non-conserving terms, to write

Hip(t) = Z hgP (0‘aﬁ ap(t) e + o, a,t(t) e_i“0t> : (2.9)
k

Here, 0,5 = |@) (5], 03a = |5) (| and ax(t) is in the interaction picture with H{, and
we assume that the electric field is linearly polarized along the x-axis. The positive-

frequency part of the electric field is defined by

ET(t) =) exax(t), (2.10)
k

the negative-frequency part of the electric field is £ (t) = [E*(t)]" and the detector

coupling g” is related to the electric-dipole transition matrix element |p’;5| through

[31, .
D _ |pa6|5k

9k A

. (2.11)

In the long-wavelength limit, we take the dipole element p,s ~ pF 5 (independent of

k). From Egs. (2.9) and (2.11), we find the detector coupling Hamiltonian
Hpp(t) = pas 0ap BT (8) €' + pag oga B (t) 7, (2.12)

where pas = e{alz|B8) = p,s-

2.4 Linear response theory

Linear response theory [11] states that the response to a weak external perturbation is
proportional to the perturbation, and therefore all we need to understand is the pro-
portionality constant. We consider that the detector is weakly coupled to the scattered
emitted field, which allows us to do the linear response on the detector coupling. With
this setup, the idea is to calculate the spectrum of light emitted by the system in the
presence of a detector coupled to the emitted field at some point in time ¢ > 0. This
spectrum is defined in terms of the probability to excite the detector atom, P(wy,t)

at time ¢. The probability of exciting the detector atom to excited level |«) is found

17
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by calculating the expectation value of the projection operator |«)(«|,which can be

evaluated as

Plwo, t) = (Yr(t)|a){elii(t)), (2.13)

where [¢(t)) is the interaction-picture state, and is given by

[¥:1(T)) = Ur(T)[41(0)) (2.14)

U;(T) is the time-evolution operator given by

T

Un(T) = Texp{—i | dtHL (1)} (2.15)

0

T 1 T T
:1—2'/ dtlH,éR(tl)—éT/ dtl/ dtoHb,p(t) Hp (L) + ...
0 0 0

We assume that the detector atom is initially in the ground state |3) and that the ini-
tial state of the system, radiation modes, and detector is given by the product state
|Ysr(0)) ® |5), where |1sr(0) is an eigenstate of the Hamiltonian H, including the
coupling between system and the radiation modes. Suppose now that at some time
t=0, an external perturbation is applied, driving the system out of equilibrium. The
perturbation is described by the term H} (t). Now we wish to find the expectation
value of the operator |«){c| at time 7" > 0. In order to do so, we must find the time
evolution of the state |¢);(T')) in the interaction picture with the interaction picture
Hamiltonian H} ,(¢). To linear order in HY,,, we obtain an expression for the state in

the interaction picture up to first order in the perturbation

) = 1= [ dnibyton] (o), @17

Going back to the Schrodinger picture, we have

(T)) = e {1 -if ' dtlHéRm)] bsa(0)). @.18)
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Therefore the excitation probability, in the Schrodinger picture, takes the form
P(wo, t = T) = ((0)|UN(T)e™7 ) (e TUL(T)[4(0))
= WO)|UF(T)]a)(a|Ur(T)[¥(0)). (2.19)

since [HY, |a)(a|] = 0.

By substituting the values of H},(¢;) and then |¢)(T')) in equations (2.17) and (2.13),
respectively, the resulting expression for the excitation probability in the interaction

picture is calculated as,

T T
P(wo, T) = |pasl® / dt, / dto(E~(t)ET (ty))e wolti=t2), (2.20)
0 0

Here, we have generalized to a mixed-state initial condition and the average (...) =
Tr{...p(0)}, where p(0) is the total density matrix of the scattering system plus detector

and the radiation field at time 7" = 0 is not a product state.

From Eq. (2.20), it follows that the excitation probability, P(wy,T"), of the detector

atom is proportional to the two-time correlation function of the field operators, i.e.,
(B~ () E™(t2)).

We write the probability of excitation in terms of observables of the emitting system.
We start with the Heisenberg equation of motion for a(t) with the Hamiltonian H

given by Eq. (2.1), i.e.,
dCLk(t)

dt

= —ila(t), H], 2.21)

we obtain an equation for a(?)
dk (t) = —1 (wkak (t) + gr0o — (t)) . (222)

After integrating the above equation starting from ttime ¢ = t; < 0, we obtain the

expression

t
ar(t) = ap(0)e “r — 2/ drgpo_(t)e @kt (2.23)
0

19
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We insert the above expression for ay () into the positive-frequency part of the electric

field operator, giving

¢
ET(t) = Z epap(0)e  rt — g Z Exgr X / dro_(r)e =), (2.24)
k k 0

Similarly, the negative frequency part of the electric field operator is

t
E~(t) = Z eral (0)e™rt 4 Z Ekgk X / dro(r)ert=), (2.25)
k k 0

Replacing equations (2.24) and (2.25) in eqn. (2.20), we get (neglecting terms ~

(akab, {(aro) and a_az)

T T t1 to
P(wo, T) = / dtl/ dts e‘iwo<t1_t2)x{/ dT’/ dTS*(tl—T')S(tQ—T)(0+(T’)0_(T)>},
0 0 0 0

(2.26)
where S(t — 7) is the detector response function
S(t—7) = grgle ) (2.27)
k
=a) gre ) (2.28)
k

D
here we have used g7 = |pasler and o = ‘[;ik is the ratio of the detector and system

coupling strengths.

The detector response function S(t) typically decays rapidly with a decay time 7.q,
which is given by the inverse of the detector bandwidth, Awg see Eq. (2.2)

1
TCd - Aw
B

(2.29)

whereas (o, (7')o_(7)) evolves on a typical time scale Ty, wWhere, by assumption,

Tiys > Tca. We apply change of variables in the Eq. (2.26) as 7/ = t; — 7’ and
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T =ty — T tO Wwrite

P(wo, T / dtl/ dty e~ wolti=t2) {/ dT/ drS*(t )<0+(t1—7')0(t2—7)>}.

(2.30)
When (0. (t; — 7')o_(ty — 7)) is a slow varying function where S(7) is finite, we
approximate: (o (t; —7')o_(to — 7)) = (04 (t1)o_(t2)) and extend the upper limit of

integrations to t; o — oo for ¢; o > 7.4, we obtain

P(wy, T |I|2/ dtl/ dty e~wolti=t2) {<0+(t1)0_(t2)>}, (2.31)

where -
I= / drS(71) o< g 9" Tea. (2.32)
0

Rewriting Eq. (2.31)

P(wo, T |]|2/ dtl/ dity e wolti—t2) {Tr{a_(tg—tl)p(t1)0+}}, (2.33)

here we have used the cyclic property of trace.

We apply change of variables in the above equation, x = ¢, — t1, to write

T—t1
P(wo, T |[|2/ dtl/ dx ™0 x {Tr{a (x)p (t1)0+}} (2.34)

Here, we will work in the regime where the observation time 7' is much larger than
the system evolution time 7gy. In this limit, we take 7" — ¢; — oo and —t; — —o0,

therefore

P(wo, T yf|2/ dtl/ dzewOﬂCTr{ ()p(t1)0+}. (2.35)

The contribution of the x-integration from the boundaries is small in the parameter

TTY — 0
_ oo ) T
P(wy,T) ~ \1]2/ dx eMOITr{J_(x)/ dtlp(t1)0+}
—00 0

:T|I|2/ dxei‘””Tr{a(x)pTa+}. (2.36)

[e.o]
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where the time-averaged density matrix is

1 T
pr=r / dtp(t). (2.37)
0

2.5 Fluorescence spectrum in the stationary regime

The fluorescence spectrum F'(wy) in terms of the two-time correlation function of sys-

tem observables and in the stationary limit has the form

1
F(wo) = lim ?P(wO,T)

T—o0
R > iw _

- 711_1)1010 T|I*|2/—oo dte OtTr{a_(t)Tpa+}

—1S(s = 0)2 / dt e (o (P)or,) (2.38)
where p = limy_,o, pr. Taking the complex conjugate of the expression F'(wp) to
obtain .

F*(wo) = |S(0) / dz e (o ()0 )1, (2.39)
where
(o_(z)o)" = (004 (x)), (2.40)
therefore, .
F*(wg) = |S(s = O)|2/ dr e ™" (o_o, (1)). (2.41)
Performing a change of variables z = —t and for stationary conditions, we have
F*(wy) = |S(s = 0)? / dt e {o_(t)o,). (2.42)

By comparing the equations (2.42) and (2.38) one can see that F™*(wy) = F'(wp), which

means that F'(wy) is a real function. The Fourier transform appearing in Eq. (2.38) can
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then be written as a Laplace transform

F(wo) = |S*(s = 0)]*2Re / dt ' Tr{o_(t)po }
0

= |S*(s = 0)|*2Re / dt e“'Tr{o_Q(t)}, (2.43)
0
where we used the cyclicity of trace in the last step, a factor of two comes from the
change in the interval of integration and the operator €)(¢) is given by the expres-
sion!
Q(t) = e Hpo et (2.44)

The above operator contains all the information needed for the fluorescence spectrum
but it is defined in the Hilbert space of the entire world, i.e. the system and the reservoir.
In a sense it contains too much information so we would like to find a new operator
defined only in the system Hilbert space. For this purpose, we introduce a projection

method which will be discussed in the next chapter.

2.6 Nakajima-Zwanzig generalized master equation

In order to compute the spectrum given by equation (2.43), we write the equation for
the dynamics of the operator €2(¢) and find its Laplace transform. Equation (2.43) is

analogous to the expression for the single time expectation value,

(o (1)) = Tr{o_p(1)}, (2.45)

with p(t) replaced by Q(t) [13]. Thus, we first write an equation of motion for the
dynamics of the reduced density matrix, then the equation for the dynamics of )(¢) can
be derived in the same way. The radiation field and system are decoupled for times
t < ty and are prepared independently in the states described by density matrices
pr(0) and pg(0), respectively. At time ¢ = ¢y, when the radiation field and system
are brought into contact, the state of the entire system is described by the full density

!'Since o, and o_ are operators in the system Hilbert space and [Hp, H] = 0, the evolution of (t)

is determined by the Hamiltonian of the emitting system and radiation field, H, in the absence of the
detector.

23
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matrix p(tp):
p(to) = ps(to) ® pr(to). (2.46)

To evaluate the dynamics of the reduced density operator, we introduce a projection
superoperator P, defined by its action on an arbitrary operator O: PO = pr(to)TrrO.

P is chosen to preserve all system expectation values:

(Os)(t) = Tr{Osp(t)}
— Te{OsPp(1)} (2.47)
= TrsTrr{Os @ 1r}pr(to) Trrp(t)
= TrsOsps(t)Trrlr ® pr(to)
— Trg{Osps(t)} (2.48)

and satisfies P? = P. For factorized initial conditions [Eq. (2.46)], Pp(ty) = p(to),

which is a sufficient condition to rewrite the von-Neumann equation
pt) = —ilH, p(t)] = —iLp(t) (2.49)

in the form of the exact Nakajima-Zwanzig generalized master equation (GME)[14],
where L is the full Liouvillian, defined as L,O = [H,,0O] and « = S, R,0, SR.
Multiplying equation (2.49) by P on both sides, we get

Pp(t) = —iPLp(t). (2.50)
Introducing the complement of P: () = 1 — P and using P + () = 1 we obtain
Pp(t) = —iPLPp(t) — iPLQp(t). (2.51)

To write the above equation in terms of Pp(t) alone, we multiply equation (2.49) by
Q, to get
Qp(t) = —iQLPp(t) — iQLQp(t). (2.52)

We solve the above equation for Qp(t) using the separation of variables method

Qp(t) +iQLQp(t) = —iQLPp(t). (2.53)
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Multiplying the above equation by ¢“** on both sides gives
eHQp(t) + e QLQp(t) = —ie" M QLPp(1)
d . )
—e Rl Qp(t) = —ie'?"QLPp(t). (2.54)

dt

After integrating the above equation and assuming Qp(ty) = 0, i.e., assuming that the

so-called irrelevant part of p(t¢) is zero, we obtain
t ‘ )
Qp(t) = —i / dt' e CHEIQLP(Y). (2.55)
to

Substituting equation (2.55) into equation (2.51), we obtain the standard form of the

Nakajima-Zwanzig generalized master equation [14]

t
Pp(t) = —iPLPp(t) —i / dt' 3(t — ") Pp(t'), (2.56)

to
N(t) = —iPLQ e "CMQLP, (2.57)
where 3(¢) is the self-energy superoperator.

We can derive an equation of motion for (2(¢) analogous to the equation for p(¢) [Eq.
(2.56)]. However, an additional term appears because Q€2(0) = Qpo, # 0, see Eq.
(2.55). The resulting GME for P§)(t) is then

PQ(t) = —iPLPQ(t) — i / t dt’ S(t — Q') —iPLQe "M Q0N (0),  (2.58)
0

where ¥(¢) is defined in Eq. (2.57) and the last term in the above equation contains
Q2(0), i.e. the irrelevant part of 2(0) is non-zero. This last term accounts for con-
ditions that accumulate between the system and radiation modes in the time interval

t € [to, 0] for ty < 0. The long-time average value, is defined as

R .
p= Tlgrolof/o dtp(t) = ll_r)r(l) sp(s). (2.59)

25
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Here, the Laplace transform is defined as F'(s) = ftzo dt e f(t). Inserting this defi-

nition into Eq. (2.55), we find (assuming that m exists),
Q5= —i— Yt oLPs (2.60)
=—f— : :
=0 +igre "’

Here, 07 is a positive infinitesimal. We want to write QQ(0) = Qpo, in terms of

Ppo . . To this end, substituting for ()p in equation (2.58), we have

1

(2.61)
The above equation is identical to equation (2.56) except for the last part, the so-called

irrelevant part, which is expressed as

1

- _ —QLt ( 4+
®(t) = —PLQe t(0++iQL

) QLPpo,. (2.62)
The expression for the fluorescence spectrum given in equation (2.43) is written in

terms of the trace of the system operator o_ as Tr{o_(¢)}.

Using the properties of the projection superoperator, we have
Tr{o_Q(t)} = Tr{o_PQ(t)} = Trs{c_Qs(t)}, (2.63)
where in the last step we have defined
Qs(t) = Trr{Q(t)}. (2.64)

Therefore, the expression for the fluorescence spectrum given in Eq. (2.43) takes the
form -
F(wy) = 2|S*(0)]*Re / dt "' Trg{o_Qg(t)}. (2.65)

0
For completeness, we substitute the expression for the Laplace transform P)(s) in
the equation for the fluorescence spectrum to obtain an expression for the fluorescence

spectrum

Flu) = 2/5*(0)[2Re {Tr{a_ — Z_PL; S L ) Ppa+H

S=—1wo

(2.66)
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where the Laplace transforms of the self-energy and the irrelevant part are given, re-
spectively, below
3( W) PLQ L QLP (2.67)
5= —lwp) = —1 T E— .
0 —iwo +iQL

®(s = —iwg) = —PLQ ( L ) ( ! ) QLP, (2.68)

“iwo +iQL) \ 0 +i0L

1
5= li Pp(to). 2.69
= ey ) (2.69)

2.7 Fluorescence spectrum of a driven two-level sys-

tem

We have derived a formula which is valid for studying the fluorescence spectrum of a
general system undergoing non-Markovian dynamics. In this section, as an example,
we shall apply this theory to study the Markovian resonance fluorescence spectrum
of a laser-driven two-level atom and recover the well-known Mollow triplet spectrum.
Figure (2.3) describes a laser-driven two-level system which is kept inside a cavity and

interacts with the radiation modes of the cavity.

27
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Detector

D
9 Wk

D(wi)lg(wr)l?

Cavity DOS

Two level system

Figure 2.3: A two-level system inside a cavity with natural frequency w,; is driven by
a laser pump frequency w and the detuning A = w,;, — w, is detuning of the transition
frequency from the laser. The role of the spectrum analyser is to admit frequencies
which are resonant with the transition frequency of the detector. The photonic density
of states of the cavity is described by a Lorentzian density of states, where w, is the

central frequency of the cavity mode and I'. is half of the cavity bandwidth.

2.8 Fluorescence spectrum

We consider a two-level system with ground state |b) and excited state |a), separated
by an energy difference w,,. The two-level system is placed inside a cavity and driven
by an external monochromatic classical laser field of frequency w and the two-level
system-laser coupling is given by the Rabi frequency €2. The two-level system interacts
with the radiation field of the cavity, which is represented by a collection of modes with
frequencies wy. It is assumed here that the vacuum state, defined by |0y), is the initial

state of the radiation modes at a time ¢, < 0 in the distant past, see Fig. (2.3).
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2.8.1 Hamiltonian

The Hamiltonian for the total system described above can be written as

W, 0 . »
H ZTbaz + E(O'ab + 03 (€™ + e7)

+ 3 wiafar + Y gi(0aw + o) (ax + af). (2.70)
k k

Here, o;; = |i)(j| are the system operators in the bare state basis {|a), |b)} and 0, =

Oaa — Obb-

2.8.2 Rotating frame

In order to evaluate the dynamics of the operator €2(¢), we want to write an equation
of motion for (t) in the form of the Nakajima-Zwanzig GME, which is derived for
a time-independent Hamiltonian. Hence, we would like to remove the explicit time
dependence from the above Hamiltonian, Eq. (2.70). This is achieved by transforming

the above Hamiltonian to a rotating frame

€i§t<H _ g)e—iﬁt
_éaz + %(Uabem + opge ) (e 4 e
+ ) Asafar + Y gk(0we™ + ome ) (are” ™ + afe™)
A ’“
2

Q
o, + E(O'ab + 0pa) + Z gr(oapay + abaa};) + Z Aka,tak
k k

Q W W
+ (Eaabez b4 zk: GrOapal et + h.c.) (2.71)

where { = S0, + ), walak. In the rotating wave approximation (RWA) the energy
non-conserving terms, i.e., the terms with explicit time dependence, are neglected [12],

resulting in

NIk

- A
H = EUZ + —(0ap + Oba) + Z Aka]tak + Z 9k (Oapar + Ubaalt), (2.72)
k k
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where, are detunings of the transition frequency w,;, and the radiation mode frequency

wy, from the laser frequency w,

A=wy—w (2.73)
Ak =W — W (274)

Following the above discussion, we want to write the von-Neumann equation of mo-
tion for Q(¢) in the form of the Nakajima-Zwanzig GME with a time-independent
Hamiltonian. To this end, we introduce Q(t) = e®'Q(t)e~*! to obtain an equation of

motion in the rotating frame,
t) = —i[H,(t)], (275)

where H is given by equation (2.72). After finding Q(t) in the rotating frame the

operator in the lab frame can be obtained using the relation
Q(t) = e %1Q0(t)e', (2.76)

this relation also holds for any other operator that needs to be transformed back to the

lab frame.

2.8.3 Fluorescence spectrum in the rotating frame

After transforming the operators in Eq. (2.43) according to the relation given by equa-

tion (2.76), the fluorescence spectrum becomes

F(wo) = |S(0)]” 2Re / dt Tr{opee " S1Q(t) e F et (2.77)
0

We use the cyclic property of the trace and the relation e®!gy,e %! = gy,e 7" to write

the fluorescence spectrum in the rotated frame, in the Laplace domain, as
F(Ao) = |S*(0)|22Re [Tr{abafl(—iAo)} , (2.78)

where Ay = wy—w, which is simply a frequency shift resulting from the rotating-wave

approximation.
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2.8.4 Dressed states

The Hamiltonian given in equation (2.72) can be written in terms of unperturbed and

perturbed parts as

H = Hy+ Hgp (2.79)
Hy = Hg + Hp (2.80)
- A 0

Hg = EUZ + E(Uab + Uba) (281)

Hp=> Aalay (2.82)
k

Hsp =Y gr(0apti + Opaa}). (2.83)
k

The above Hamiltonian is written in the bare-state basis {|a), |b)}. Due to the strong
laser-field interaction, the levels |a) and |b) are strongly coupled. The free Hamilto-
nian, Hg, is no longer diagonal in the bare basis. By introducing the dressed states
|+) and |—), which are the eigenstates of the Hamiltonian Hyg, the free Hamiltonian

becomes diagonal. The dressed states are defined in terms of the bare states as

|[+) = cosB|a) + sin 6]b) (2.84)
|—) = —sinfl|a) + cos 6]b), (2.85)
where the mixing angles are
Qr+ A
cosf) = |2 JR (2.86)
Qr—A
sin ) = ;’“ o (2.87)

and the eigenvalue equation for dressed states is
~ 1
Hs|£) = £50z[£), (2.88)

where Qr = V22 + A? is the dressed Rabi frequency.
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The relation between the dressed atomic operators and the bare atomic operators is the

following:
Oap = €082 0o, _ —sin®Ho_, + cosfsinfoy (2.89)
Opa = —sin? o, _ + cos? Oo_ + cosfsinfog (2.90)
0. = (cos®§ — sin®0)oy — 2cosfsinb(oy_ +o_), (2.91)
and 0;; = |i)(j| are the system operators in the dressed state basis {|+),|—)} and

03 = o0, —o__ as used in Ref. [15].

Therefore, the Hamiltonian in the dressed state basis can be written in terms of unper-

turbed and perturbed parts as

H = Hy+ Hy (2.92)

Hy=Hg+ Hp+ H, (2.93)
~ 9)

Hs = 7"’”03 (2.94)

Hp =) Apajax (2.95)
k

H, = sin 0 cos fo; Z gr(ar + az) (2.96)

k

Hy = Z T {(cos2 fay — sin?fal o + (cos®fal — sin®fap)o_ (|,  (2.97)

k

The unperturbed part of the Hamiltonian, H,, consists of three terms: the two-level
Hamiltonian Hg the free-field Hamiltonian Hy, and the pure-dephasing Hamiltonian
flx. In contrast, the perturbed part of the Hamiltonian, HV, gives rise to relaxation in

the system due to coupling to the cavity photons.

2.8.5 Fluorescence spectrum in the dressed-state basis

The expression for the fluorescence spectrum given previously given in equation (2.78)

18

F(Ag) = 2|57(0)"Re Trg{onQs(—il)} (2.98)
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where the reduced operator Qg(—iAg) = Trr{Q(—iA)}. Using the completeness

relation |+)(+| + |—)(—| = 1, the quantity under the brace can be written as

Trs{opaf2s(—i0)} =(+|Qs(=i20)[+) {al+) {(+]b) + (~[s(~ido)|=){al-){~|b)

+ (= 1Q2s(=iA0) [+){al+) ([0} + (+[€2s(—i20) =) (al =) {+]b)
(2.99)

We use the relations between dressed state operators and bare state operators and

substitute the above expression in the expression for the fluorescence spectrum to

write
F(Ag) =[5*(0)[> 2Re |cos Osin 6 Q. (—iA)
+ cos? 0 Qy_(—iAg) —sin® 0 Q_, (—il) |, (2.100)
where
Q.(—ido) = Oy (—ilo) — Q0 (—ilo) (2.101)

and we have also used the identity Q;;(Ag) = Trs{|s)(i|Qs(t)} = (i|Qs(t)[4). In
addition, the steady-state density matrix is given by analogy to Eq. (2.59),

B to+T
ps = Jim / dtps(t), (2.102)

T—o00 t
0

ps and o, can be written in the dressed-state representation as

ps = Par|H)(H 4 A—— =) (=1 + A [ )= + P [ =) (+] (2.103)
Oap = €08 0sin O|+) (4| — cos O sin O] —)(—| + cos? O]+ ) (—| — sin? | —) (+|,
(2.104)
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respectively. The initial value of the operator {4 (%) can be written in the dressed-state

T epresentation as

Qs(0) = psoay = (COS Osin6 p, . — sin’ 95+—) [+) (+]
+ (— cos fsinf p__ + cos® 95+> |—) (-]
+ (cos2 0 p,y — cosfsin 6ﬁ+) |+) (]

+ <— sin? @ 5__ + cos fsin 9,3_+> =) (+]. (2.105)

To evaluate the dynamics of the reduced operator Qs(t), we derive the Nakajima-
Zwanzig generalized master equation, analogous to Eq. (2.61), for PQ(t) using the
dressed-state Hamiltonian H = H, + Hy given by Eq. (2.92)

PO(t) = —iPLPO(1) — i / dt’ $(t — t)Q(t") — iPLQe P QQ(0).  (2.106)
0

Here, the tilde denotes that the operators are in the rotating frame, the self-energy
superoperator ¥(—iA\) is expressed as

1

QLP, (2.107)

and L = Lo + Ly is the full Liouvillian superoperator, where L, (m = 0,5, R, z, V)
is defined by its action on an arbitrary operator as L,,O = [f[m, O). The irrelevant part
QQ(t) can be written as

QQ(to) = Qpoay = poay — P(poa)
= (p — pr(to)ps)Tab- (2.108)

We have assumed as before, that the system and radiation modes are initially in a
product state, QQ(ty) = 0. If we neglect the term QQ(%,), then Eq. (2.106), in the
Laplace domain, takes the form

- 1 -
PQ(—ilg) = PQ(ty). 2.1
(i) —ig +iPLP +i%(—iA,) (fo) (2109
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The projection superoperator P obeys the following important identities:

PLP = LgP, (2.110)
PLyP =0. (2.111)

We apply the identities in (2.110) and (2.111), and perform the trace in equation

(2.109) over the radiation modes and use

PLQ = P(L, + Ly), (2.112)
QPL = (L, + Ly)P. (2.113)
(2.114)
We then obtain the expressions
Qg(—io) ! Qg (to) (2.115)
_Z p— 5 .
SRV LA + Ls + i5g(—idg)
1

Ys(—1Ay) = —iTrg(Ly + Ly) ———= (L, + L 2.11

s(=i8o) = =iTrr(Le + Lv) s (Lo + Lv) o (2.116)

where LgO = [Hg, O] and ¥g(—iA) is the reduced self-energy superoperator. Qg(—iAg) =
Trr{Q(—iAg)} is the system reduced operator Qg(t) = ps0ap, and pg is the station-
ary density matrix. After using the identities (2.110) and (2.111) and performing the
trace over equation (2.59) over the variables of radiation modes
: 1

= li ps(o). 2.117

Defining
IM(Ao)] = —ilo ® 1+ i[Ls] + i[Ss(—ilo)]. (2.118)

here square brackets represents a matrix and the equation (2.115) can be written as

M (—iD)Qs(—iAg) = Qs (to). (2.119)

The self-energy superoperator can be expanded in terms of the perturbation Liouvillian
Ly = Lsr + Lsp,

Sg(—ilAg) = B9 (—iAg) + W (—iAg) + ... (2.120)
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since only even powers of Ly contribute in the final trace over the radiation modes.
In the Born approximation, the self-energy superoperator is replaced by its lowest
order Yg(—iA¢) — Eg) (—iAp) (see Appendix A for detail). Similarly, the stationary

density matrix and the propagator M (A) in Born approximation take the form

ps(to) (2.121)

= : 1
ps ~ lim s
50 s 4 iLg + iy (s)

[M(—ilo)] &~ —ilg @ 1+ i[Lg] + i[5 (—iAy)). (2.122)

The matrix for Lg (see Appendix A), in the {+, —} basis, takes the form

ot —— 4— —+
++ 0 0 0 0
_ 0 0 0 0
[Ls] =
+— 0 0 Qr 0
—+ 0 0 0 —Qg

Similarly, the Matrix for the reduced self-energy superoperator Eg)(—iAO), in the
{+, —} basis, takes the form

++ —— +— —+

++ (2P (ing) SPL_(—ing) 3P, (—ine) BT (—idy)
SOCing= S L (=ing) B (—ing) S (—ing) BP_(—ily)
5 | 2@ L (—ing) B (=i SP L (—idy) S L (—ily)
(—ilo) (—ido) (—ilo) (—ilo)

2.8.6 Markov approximation

In the secular approximation, [12] the equations for the populations Qz(t) and coher-

ences 2, _(t) are decoupled and take the form
t ~
Q.(t) = N.(t) —i / dt'S@ (t — tHYQ(t), (2.123)
0

where N, (s) = —4 (Zfl,++(3) + Zf}r’__(s)) and

s

t
Qu_(t) = —iQpQy_(t)—1i / dt's? (-1 (1), (2.124)

0
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t
O (1) = iR (1) — i / S (t— ) (1), (2.125)
0

The reduced self-energy superoperator matrix elements which couple populations Q. (1)
and the coherence ) _ (t) are separated by an energy difference given by the Rabi fre-
quency (2g. Since 2 is one of the largest frequencies in the problem, the terms which
couple 2. (t) and Q. _(t) are weakly coupled or suppressed by Qz compared to the
other terms in the equation-of-motion. Following the discussion given in Ref. [12],
in the secular approximation we neglect the terms which couple populations and the

coherences in the equation-of-motion.

We carry out the Markov approximation on equation (2.123). To do this, we change
variables, replacing ¢’ by ¢t —t’ in the integrand, and changing the interval of integration

accordingly, which results in
o t ~
Q.(t) = N.(t) —i / 'SP (), (t — 1), (2.126)
0

Next, we approximate €0 (t — ') by Q.(t) and extend the upper limit of integration up

to infinity, to obtain
O.(t) ~ NL(t) — i / dt'S P (Y (t). (2.127)
0

This approximation (the Markov approximation) is justified when the typical time
scale for evolution of €2, (t — ') is large compared to the decay time of the self-energy

matrix element ) (¢'). In the Laplace domain

Q.(s) = % (2.128)

where Relx] is the spontaneous emission rate, given explicitly by the expression
z

k=1 / Atz P (t) =ix® (s = 0). (2.129)
0

When N, (s) can be neglected, the condition for the validity of the Markov approxima-

tion carried out in order to write equation (2.128) is given by [14]

k|7 << 1, (2.130)



38

Theory of non-Markovian dynamics in Fluorescence spectra

where 1 e
7. = —/ W (2)] dt (2.131)
%] Jo
Y(t) =i / h »@ ("t (2.132)
t

Using the above relations, the condition for the validity of the Markov approximation

/ (]z/ 2g2>(t’)dt’|) dt << 1, (2.133)
0 t

which leads to the condition, in terms of the parameters involved in the problem

is

I 1 (2.134)

I'e

Here, we take g ~ g to give the typical system coupling and I'. is the half of cavity
bandwidth, (see Fig. 1.3). We now introduce

QL _(t) =R, (1), (2.135)

or

Q,_(t) = e 8, _(1). (2.136)

We take the derivative of the above equation to write the equation of motion for
(1)

t
Vo (t)=—i / dt' et @) (Y (1), (2.137)
0
Following the same argument given above, we carry out the Markov approximation to

write the equation for (¥, _(¢)
V() ~ —i /0 dt' et s (1 (1), (2.138)

The integral kernel eiQRt'Zf)_7 +_ (') in the above equation is complex valued, therefore

the integral can be decomposed into real and imaginary parts as

Aw =T [i [ars$) (@], (2.139)

I =Re [z e drs? ,Jr,(t)eiQRt} , (2.140)
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where Aw is the Lamb shift and I is the decay rate. In the Laplace domain,

_ 1 _
0. (s) = 0
() s+iQp—idwt T

_(0). (2.141)

Similarly, the condition for the validity of the Markov approximation carried out to
write equation (2.141) is [14]

i / 2P () e at |7, << 1. (2.142)
0

From the definition of 7., the above inequality can be written as

o7 (15 o) e di

i 722 () eontdr|

<< 1. (2.143)

This leads to the same condition for the validity of the Markov approximation,

LRSSt (2.144)

L.
We substitute the expressions for 2. (s) and €, _(s) from equation (2.128) and equa-
tion (2.141), respectively into equation (2.100), to obtain the fluorescence spectrum in
the Markov limit

cos? 0sin® O(py + p—_)
A
icos 0sin® 0(pys —p ) (EF) 1y (—ido) + 7] __(<idy))
—iAg (—iAo + K)
cos*Op, sin*6p__
—iNg +1Qr —iAw+T  —iAg—iQp +iAw+T |

Foar(Ag) =|S*(s = 0)[2 2Re

(2.145)

This spectrum is demonstrated by three peaks at Ag = 0, )z and describes the well-
known Mollow-triplet.

2.8.7 Properties of the three-peak fluorescence spectrum

In this section we will discuss and determine the widths of the three lines [16] of the

fluorescence spectrum, given by equation (2.145). The spontaneous emission rate is

39
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given by
k=12,(s =0), (2.146)

where
S 52 2@ 2.147
2(s) o+ (s) T+ -—(8). (2.147)

The matrix elements of the reduced self-energy are expressed as (see Appendix A.3
for details),

1 1
Zfzr,++(3> = —icos’ fg’ (8 —i(A. — Qg) + T * s+ (A — Qg) + FC) ’
(2.148)
1 1
S iAot QR) F T | s i(A Q)+ T

2P __(s) = isin’ fg? ( ) . (2.149)
here, A, = w. — w is the detuning of the central frequency of the cavity from the
laser pump frequency. Using the above expression, the spontaneous emission rate, x,

is calculated as

cos* 0 sin? @
= 2¢°T. . 2.150
(A ) G
The frequency shift, Aw, is expressed as
Aw = —Im [i2f17+,(3)]
= —Im [{25% | _(s) +i%%5_, _(s)], (2.151)
where matrix elements of the reduced self-energy are given by
40 sin? 6
nSR = —ig? [ —— 2.152
+==(5) t9 <s—iAc+Fc+s+iAc+Fc ( )
1 1
@ 92 242
¥, (s) = —2isin”0cos” Oy (S AT, + sTiA T FC) . (2.153)
Using the above expressions, we have
Y0(A+Q in*g(A. — Q
Aw = —g? (L5 0Bt Qr) _ sin” 6 DAY (2.154)
2+ (A +Qr)2 I+ (A, —Qgr)?
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The decay rate, I', is
I = Re [iz(fl (i)
= Re [i25F | _(—iQg) +i%%_ _(—iQp)] (2.155)
19 sin* @ 4 8in? 0 cos?
— T, o8 . (2156
g <F§+(AC+QR)2 TG0 T Tt A (2130

In order to discuss the spectrum in the Markov approximation ,we consider a sim-
ple case when the laser frequency is exactly on resonance with the system’s natural

frequency and central frequency, i.e.,
A=A.=0. (2.157)
Therefore, the second term in equation (2.145) on resonance is

2 1 1
++,++(S>+ ++7——(S>|f Ao Z4(S+ZQ+FC+S—ZQ+FC

1 N .
s —iQ+ T, s+iQ I,/ ==
(2.158)

Atresonance, the fluorescence spectrum given in equation (2.145) takes the form

a’gt K Loy Ip__
Fmar Ay) = .
(Bo) = 5 (A3+/<;2 T o0t AwpEaT (A0+Q—Aw)2+F2)
2.159)

We can rewrite the above equation as

41

p g 2 (( B e B )2),

200\ ()7 + (3) ()T (5 (e

(2.160)
The spontaneous emission rate in the Markov approximation, when I'. > 2, and on

" (23 2 ~ I c ‘ ‘
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Similarly, the frequency shift is given by

2 2
g Q Q —g°Q2
Aw=—L ~ 9 2.162
Y=y <Fg+92+rg+§z2> 212 (2.162)

and the decay rate is
g°T. g’T. _ 3¢°

r— ~ 39 2.163
2T2+ %) | T2 ar, (2.163)

Therefore, the fluorescence spectrum on resonance and in the Markov approximation

takes the form,

K (Pt +5--)
gt ((2552) | (@) ()
2002\ (3)7+ () (Se2) 4 (3)° (2T ()
(2.164)

Fmar(AO) =

2

: — g%
with Kk = -

The stationary density matrix is expressed as
P+ = limspi i (s) (2.165)
s—0

where the matrix element p,  (s) of the density matrix can be found using equation-

of-motion given by equation (2.56)

. 2P (s)
R N P , . 2.166
pa+(s) s+ %P (s) <p++( 2 s(s +159(s)) | )

Exactly on resonance, we find

~(2)
) —ix? _(0) 1

Poy = ——b )~ (2.167)
o P (0) 2

and .
ﬁ__ - 1 — ﬁ++ - 5 (2.168)
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. .. .. . 2
Therefore, in the strong driving limit, {2 is much greater than A = wy, —w and k = £,

the fluorescence spectrum reduces to the expression

(5 (36 )

+
(5 (oo=52)"+ (38)" (o= + ()

~—~
Q=
SN—

a294

Finar(80) = 361 ((Ao)2
e \ (%

+

The physical interpretation of the above expression can be explained in the dressed-
state representation, see Figure (2.4). The above expression corresponds to the sum
of three Lorentzian lines centered at Ay + €2 — Aw, Ag and Ay — Q + Aw. These
lines arise from the transition between upper |—) to the lower |+ ) state, from the upper

|+) state to the lower |+) state and from the upper |+) state to the lower |—) state,

respectively.
[+) = cosfla,n + 1) + sin6|b,n + 2)
|—) = —sinfla,n + 1) + cosf|b, n + 2)
Rotating frame w.r.t. w Dressed states )
A A
[b,n +2)
Bare states — Q
—_—an) A= |we— w‘{ R
A — A
la,n + 1) \
S
A
w .
3 Wab w A-Qp A+ Qp
Laser
A
Y Yl .
y [b,n+ 1) /
\
—_—b,n) A= |we — W { ‘F Qr
la,n) \ Y 1% ‘ >

|+) = cosfla,n) + sinflb,n + 1)
|=) = —sinfla,n) + cosBlb,n + 1)

Figure 2.4: Allowed transitions between dressed states in the strong-coupling limit.
As an alternative explanation, we will explain the allowed transitions between the

dressed-states fig. (2.4) using the Floquet quasi-energy levels, since the two-level

problem is no longer the standard Jaynes-Cummings problem. The Hamiltonian for
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the laser-driven two-level system,

H(t) = %(I@ (al = [6){0]) + %(6“‘” +e7™)(la) (b] + [b){al) (2.170)

where w is the frequency of a drive laser with amplitude €2 and the wave function for

the two-level system is at any time ¢:
(1)) = ca(t)e™ ™ |a) + cp(t)e " ""|b). (2.171)

We have quasi-energy states which are an infinite number of resonant and off-resonant

states coupled through the interaction part of the Hamiltonian.

Introducing
Vo(t) = e D, (1), (2.172)

where ®,,(t) = ®,(t + 2X) is periodic and determined by

(H(t) - i%) Do () = 0Py (t), (2.173)

also

Do(t) = Y Dopen. (2.174)

n=—oo
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n+2

|[+) = cosfla,n + 1) + sin|b,n + 2)
|—) = —sinfla,n + 1) + cos0]b,n + 2)

) ] I+)
/ Qn
\

A

] -

A—=Qr| A+Qp

+)
/ Qr
AN

(

|[+) = cosfla,n) +sinf|b,n + 1)
|—) = —sinf|a,n) + cos O|b,n + 1)

[b)

Figure 2.5: The allowed transitions in dressed states explained as floquet quasistates

representation.

We will explain the allowed transitions in the dressed state Fig. (2.5) using the Flo-
quet quasienergy levels. The laser interaction part of the Hamiltonian H couples pairs
of quasi-energy states ®,,(¢). In Fig. (2.5), the state |a,n + 1) is coupled to the
state |b,n + 2) through the interaction part of the Hamiltonian. Similarly, the state
|a, n) is coupled by the interaction Hamiltonian to the state |b, n + 1). The interaction
Hamiltonian also introduces non-resonant couplings, which are separated by energy
difference +2w and larger. These transitions are ignored in the rotating wave approxi-

mation.

The result obtained in equation (2.169) demonstrates the basic physical properties of

Mollow-triplet spectrum, like heights, widths etc.
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20

15

Fmar (AO)

a?g* 10
(2Qr02)

2 -1 0o 1 2
Ao

Figure 2.6: Fluorescence spectrum of a two-level atom inside a cavity, given by equa-

tion (2.169), in the units of g;iq; for 2 = 20k.

The widths of the peaks in Fig. (2.6), centered at Ay = —(Q — Aw), Ag = 0 and
Ay = (Q — Aw) are %, % and %, respectively. The relative heights of the three
peaks in the limit, when ['. > €2, is in the ratio 1 : 3 : 1 and the integrated intensities

in the peaks are in the ratioof 1 : 2 : 1.
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4
3
Frar (Do) — Q=k
( a2g4 ) > Q=2k
ZQI_C2 Q=4K

Ao
Q

Figure 2.7: Fluorescence spectrum of a two-level atom inside a cavity F'(Ag), given

by equation (2.169), in the units of % for different values of Rabi frequency (2.

Fig. (2.7) shows the fluorescence spectrum F},,.(A) in the units of %, given by

equation (2.169), for different values of the Rabi frequency €2 = k, 2 = 2k and
Q = 4k.
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Chapter 3

Non-Markovian Phonon-induced
Dephasing in a Cavity-QED System

3.1 Introduction

In this chapter, we present a detailed theoretical analysis of a non-Markovian pure-
dephasing process in a two-level cavity-QED system and its effect on the correspond-
ing fluorescence spectrum. In particular, we will discuss the properties of one of the
side bands of the Mollow-triplet spectrum. A number of experimental [6, 7, 8] and
theoretical studies [9, 10] have been performed to understand pure-dephasing mecha-
nisms in cavity-QED systems. In recent experiments [6] a distinct narrowing of one of
the triplet sidebands has been observed with increasing detuning of a drive laser from
an atomic transition frequency. This behaviour appears unexpected experimentally and
does not agree with the recent theoretical model presented in [10] where broadening of
the sideband is predicted as a result of excitation induced dephasing (EID) when either

the drive power or detuning are increased.

In chapter 2, we have derived a formula to study the fluorescence spectrum of a gen-
eral system undergoing non-Markovian dynamics. We shall apply this theory to the
fluorescence spectrum of a two-level system interacting with radiation modes of a cav-
ity, where the two-level system is driven by a classical monochromatic laser field. We
consider a two-level system with an excited state |a), representing, e.g., a single ex-

citon, and ground state |b), which represents, e.g., the absence of an exciton. The
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excited state |a) is coupled to a phonon reservoir and can be modelled with the usual
independent boson model (IBM) [17].

Detector

D
gk; y Wk
Phonon

Ag > Wy

Laser Wy Cavity DOS
oT |
)
Two — level system > Wk

Figure 3.1: Schematic diagram of a cavity coupled to a two-level system driven by
a classical monochromatic laser field of frequency w and amplitude €).The two-level
system couples to radiation mode k with strength g;. The two-level system is described
by an excited state |a) and a ground state |b) with energies w, and wj, respectively.
A phonon reservoir is coupled to the excited state of the two level system with the
coupling constant A\, to the phonon mode with wavevector ¢ and is represented by
a bosonic field of frequency w,. The emission spectrum of light scattered from this
cavity-QED system is measured by a detector placed behind a spectrum analyzer.

3.2 Model Hamiltonian

We consider a driven two-level cavity-QED system interacting with cavity photons and

a phonon reservoir which is coupled to the excited state of the two-level system. The



Abhishek Kumar 51

Hamiltonian for the total system reads,

Wa Q W —iw
H(t) :71702 + E(Uab + Ope) (€™ + e + zk:wkazak + zk: 9r(Tap + b)) (ar, + aL)
) weblby + D Ag Oaalby + b)) (3.1)
k q

where w,,;, is the transition frequency of the two-level system and w is the frequency
of the laser field. The photon (phonon) modes are represented by bosonic fields with
frequencies wy, (w,) with creation and annihilation operators aL (bg) and ay, (b,), respec-
tively. The system-photon (system-phonon) coupling strength is given by g, (A\,;) and
() is the coupling between the two-level system and laser field. The system operators
are denoted by o;; = [i)(j| where i,j € {a,b} and 0, = 0,, — op,. This physical
model is illustrated schematically in Fig. (3.1).

3.2.1 Rotating frame

The explicit time dependence in H can be removed by going to a rotating frame and
applying a rotating-wave approximation as discussed in Section 2.8.2. The Hamilto-

nian in the rotating frame is then

e (H — &)e ™ —@az UZ + Z wkakak —w Z aay

+ qub b + Z)\ Uaa b + bT) E(Uabelwt + O,baefzwt)(ezwt + efzwt)

+ ng O_abezwt + O_bae—zwt)(ak —iwt -f-CLT zwt) (32)
k

where £ = Y0, +w Y, alay.

We now perform the rotating-wave approximation (RWA) on both the driving term and
the system-photon coupling term, in which we neglect the rapidly-oscillating terms,

keeping only the time-independent part of Eq. (3.2). The Hamiltonian, within the
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range of validity of the RWA, is then

- A Q
H %EO'Z + 5(0{117 + Opa) + zk: Akalak

+ Z gr(oapar + UbaaL)

k
+ ) weblbg + > AgOaalby + b)) (3.3)
k k

where A = w,, — w and A, = wy, — w are the detunings of the atomic and cavity
frequencies from the laser pump frequency w. The RWA adopted here is justified
when the detuning A and Rabi frequency (2 are small compared to the laser frequency
w, 1.€.

jwl > [A], €2]. 3.4

In general, an operator in the rest frame is transformed to the rotating frame according

to:
O(t) = et O(t)e . (3.5)

Thus, the fluorescence spectrum derived in Chapter 2 [Eq. (2.43)] can be written

(transforming to the interaction picture) as
F(Ag) = [S*(0)|*2Re |Trs{omQs(—iAg)} | (3.6)

where Ay = wy — w and wy is the probe frequency.

3.2.2 Dressed states

We write the RWA Hamiltonian, H, in a simpler form by transforming to basis of
dressed states in the presence of the intense laser field. In terms of the bare atomic

basis, the dressed states are

|+) = cos f|a) + sin |b) (3.7)
|—) = —sinf|a) + cos 0|b) (3.8)
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where Qr = /2 + A2 is the dressed Rabi frequency and the mixing angle 6 is given

by
Qr+ A
cost) =/ 20 (3.9)

sinf = 20 (3.10)
The dressed states |+) and |—) are eigenstates of Hamiltonian
~ A Q
HSZEUz‘{’E(Uab“‘Uba) (3.11)

with energy eigenvalues [/ = i%Q r- The Hamiltonian, in terms of the dressed-state

basis, is then

~ Qg .
H :703 + cosfsin 6 Xk: gr(ag + aL) + zk: Akazak + zq: wqb;bq

+ Z o [(0082 fay — sinfa))o,_ + (cos? fal. — sin® Gak)a,+]
k

1 .
+3 (1 + (cos® 6 — sin” 0)o3) Z Aq(bg + b))
q
—sinf cosd Z M(oy— +o_y)(by+ bg) (3.12)
q
where 0;; = [4)(j], 4,7 € {+, =} and o3 = |[+){(+| — | =) (—|.

Following the discussion in Section 2.8.5, the expression for the fluorescence spectrum
in the basis of dressed states [Eq. (2.100)] can be written as

F(Ag) =[5*(0)> 2Re |cos Osin O Q. (—iA)
+ cos? 0 Qy_(—iAg) —sin® 0 Q_, (—il) |, (3.13)

where
O.(—ido) = Qg (—id) — Q__(—il). (3.14)
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3.2.3 Polaron transformation

We write the RWA Hamiltonian in the polaron frame by using a canonical transforma-
tion
H' =e’He ™ (3.15)

where S = 1® 3", 2—2(1)2 — b,) and ST = —S. The result of the transformation is
to shift the phonon ladder operators b, — b, + 2—3, and the Hamiltonian H' resulting

from the polaron transformation, is then

H' = H} + Hy (3.16)
Hy= Hg+ H, + Hp + H, + Hp (3.17)
H, = Hyp + Hip. (3.18)

The individual terms appearing in Egs. (3.17) and (3.18) are the unperturbed two-level

system, cavity and phonon Hamiltonians

Qp — A

HY = (%) o3 (3.19)

Hp =Y Apajax (3.20)
k

Hp = wyblib, (3.21)
q

where Ap = > ‘ 2—3 is the polaron shift and coupling terms describing pure dephasing

due to cavity and phonons, respectively,

H! = cosfsinf Z gros(ay + aL) (3.22)
k

cos? 6 — sin? 0
H) = (f) > Aos(by + b)) (3.23)
q
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and finally two terms that account for transitions due to the cavity, and due to phonons,

respectively

Hip = Z Ik |:(COSQ fay — sin®fal o, + (cos? fal, — sin? Qak)a_+] (3.24)
k

Hyp = —sinf cosb Z Ag(0s— 401 )(bg + b)) (3.25)

q

and Hy, = Hgp + Hgp. The separation into pure-dephasing and transition terms is
determined by the form of the system coupling, i.e. the dephasing terms contain o3 and

the transition terms contain o, _ and o_ .

3.2.4 Fluorescence Spectrum in the polaron frame

We recall the expression for the fluorescence spectrum, equation (3.6)

F(Ag) = |S*(0)]*2Re / dte™™ Tr{o,, Q(t)}. (3.26)
0
The operator Q(t) = —ift PO et describes the dynamics of the system in the RWA.

Inserting this into the above equation

F(Ag) = |S*(0)[22Re / dte™ Tr{ope 1t foy €11} (3.27)
0
After performing the polaron transformation on the Hamiltonian the accompanying
transformation needs to be done on the operators. Using the relation H = ¢ 5 H'e®,
we can write

i io—S 11,8 _ STl
eZHt — 67,6 H'e t__ e SeZH tes (328)

the expression for the fluorescence spectrum takes the form

F(Ay) = |S5*(0)]*2Re / dte'™" Tr{oy, e ""e poge® e}, (3.29)

0 ~~
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S

where we have used that e®oy,e ™ = 03, and the fluorescence spectrum can therefore

be described in terms of dynamics in the polaron frame

F(Ag) = [S*(0)]*2Re Tr{op, Y (Ao)} (3.30)
= |57(0)|*2Re Trs{u.Qs(A0) } (3.31)

where (2(Af) = Trg Trp{Y'(Af)} and here the prime denotes that operators are in

the polaron frame with a modified initial condition
Q'(0) = e”poge ™, (3.32)

which we will discuss in Appendix A.4.2.

3.3 Fluorescence Spectrum within the Secular Approx-

imation

In this section, the matrix elements, 2, (¢) = ', | (£)—Q"__(¢) and Q' _(¢), of the oper-
ator {2 (t) will be evaluated in the polaron frame. Primes, however, will be omitted for
convenience from the expectation values. We introduce the projection superoperator

P, defined by its action on an operator O

PO = pR<t0)pp(t0)TrR TI'PO (333)

where pr(to) and pp(ty) are the initial density matrices for radiation and phonon
modes and Tri and Trp are the partial traces over radiation and phonon modes, re-
spectively. The generalized master equation for the operator () is, similar to Eq.

(2.58) and assuming a vanishing irrelevant part,
. t
PQ(t) = iPLPQ(t) — i / dt'S(t — ) PQ(t) (3.34)
0

The radiation modes are assumed to be initially in the vacuum state given by the den-

sity matrix pr(to) = [[, |0x)(0x| and the phonon modes density matrix is given by

pp(te) = % and 8 = kBLT When the initial radiation modes and phonon modes
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are of the form described above, P obeys the following important identities

PLP = LgP (3.35)
PLyP =0 (3.36)

where L = Ly + Ly is the full Liouvillian superoperator associated with the Hamilto-
nians given in Egs. (3.19)-(3.25), and is defined by its action on an arbitrary operator as
LO = [H', O]. Using the above identities, we obtain a similar equation to Eq. (2.115)
for the reduced operator Qg(Ag) as

M(AO)QS(—iAo) = QS(0)> (3.37)
where
Qs(—1Ag) = Trgp Trp{Q2(—iAy)}. (3.38)
The initial condition is
Qg(0) = Trg Trp{Q2(0)}, (3.39)

and ps = Trg Trp{p} is the stationary reduced system density matrix given by expres-
sion Eq.(2.59)
ps = lim spg(s), (3.40)
s—0

and the reduced density matrix in Laplace space, is

1

Ps(s) = o7 iLg+ izs(s)ﬁS(“)‘ (341)

The propagator, M (A), is defined as [Eq. (2.118)]

1

-1 _
1
Ys(s) = Trg Trp LQ- 0 LQLpR(tO)eSpp(to)e’S : (3.43)

The self-energy superoperator can be expanded in powers of the transition part of the
perturbation Liouvillian Ly = Lgr + Lgp but to all orders in the dephasing part of the
perturbation Liouvillian (See Appendix A for detail)

Se(Ag) = S (Ag) + 28 (Ag) + ... (3.44)
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since only even powers of Ly contribute in the final trace over the radiation/phonon
modes. In the Born approximation, we replace the relaxation part of the self-energy su-
peroperator by its lowest order in terms of Lgg, Lgsp (X5(Ag) — Eg) (Ap)), but treat
dephasing exactly. In Born approximation, the stationary density matrix and propaga-

tor are

1
ps = lim s ps(0) (3.45)

20 s+ ilg+ Z'Z(SQ)(S)
1

MRl ~ =7 +ilLs] + 25 (—ido)]

(3.46)

The matrix for Lg is

Lebosos = To{ )02} 61 3.47)
where o, ,yand 0 € {+, —},
++ —= - —+
++ 0 0 0 0
—— 0 0 0 0
[Ls] =
+—| 0 0 (Qr—Ap) 0
—+\ 0 0 0 —(Qr — Ap)
‘We now set
AL = Ay — (Qr — Ap), (3.48)

where |Aj| < Qg and Ay = Aj+(2r —Ap). Substituting for A in equation (2.118),

we obtain

1
Ci[AL+ (Q — Ap) @ 1+ i[Ls] +i[E2 (A

[M'(AG)] " = (3.49)

Within the secular approximation, |z — Ap| > |Zig(2)(A6) |, we neglect off-diagonal

corrections to the propagator, giving

1

—i[A)+ (Qr — Ap)] +i(Qr — Ap) +i[2P,_(A))]

1
= @ . (3.50)
—iAy + 0547 1 (AD)

[M,(AE))];l—,Jr— =
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From equations (3.37) and (3.50), within the secular approximation, the equation for
the matrix element {2, _(A{) takes the form
1

Q, (AL ~ : Q. _(0). (3.51)
+ ( 0) —iA6+iE4E2_)’+_(A6) + ()

The reduced self-energy matrix element, E/f_)#_ (A}), consists of four terms
(2 Ty / / ’
S (A = ST (A + S (A + PR (A + 3T, (A)) (352)

where the first two terms

1

s+i(Ls+ Lp+ L)
, 1

»Y AN = —iTrpLt Lt pp(0 3.54
) v Ys+i(Ls+ Lp+ L) yPr(0) (3.54)

L} pr(0) (3.53)

ST (A = —iTrgLf

in the above equation give rise to the pure dephasing (75 process) due to system-photon
coupling and system-phonon couplings, respectively, where L:(y)(’) ={H ;(y), O} and

braces indicate the anti-commutator. Whereas the last two terms

, 1

YR (AN = —iTrpl L 0 3.55
S (AY) iTrg SR ¥ i(Lg + Ln + LT) srPr(0) (3.55)
, 1

P (AN = —iTrpL L 0 3.56
RGN VAY) iTrp Sps—l—i(L5+Lp+L7j) sppp(0) (3.56)

in the above equation give rise to the relaxation (77 process) due to system-photon

coupling and system-phonon couplings, respectively.

We neglect the contributions 9% (A}), S5 _(A{), giving rise to relaxation, ar-
guing that they are small relative to the dephasing parts of self-energy since they are

suppressed by a large frequency (2 — Ap, Eq. (3.51) takes the form
1

Oy (A)) ~ : 0, (0). 3.57
+=(B0) Ny ST (A ST (D) ©) 37
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3.4 Simplified Fluorescence Spectrum

As shown in Chapter 2, the fluorescence spectrum for a strongly-driven two-level sys-
tem generally leads to three peaks, describing the Mollow triplet. Here, we will derive
a simplified expression for one of the side-peaks in the Mollow triplet spectrum. We
will analyze the lineshape and frequency shift of this side-peak in both the conven-
tional Markovian regime as well as the non-Markovian regime. The expression for
the three-peak (Mollow-triplet) spectrum is given by Eq. (3.13), in terms of matrix
elements of Qg(Ay)

F(Ap) =|5*(0)]* 2Re |cos O sin 0 Q. (—il)
+cos?0Qy (—ilAg) —sin? 0 Q_ | (—il)]. (3.58)

Setting
Ay =Ag— (2 — Ap), (3.59)

the above expression can be written as
F'(AL) =|S*(0)]* 2Re |cos 0 sin 0 Q2 (—iA})
+ cos? O QY _(—iAy) — sin® Q' (—iAy) (3.60)

where F'(A)) = F(A) + Qg — Ap).

The matrix elements of the operator {25(¢) are given by [Eq. (2.123)-(2.124)]. These
equations are written in the time domain. We now perform a Laplace transform on
Egs. (2.123)-(2.124) and evaluate at s = —i/A\j, to obtain

.(0) + N=(Ap)

QL(A)) = - (3.61)
O AL +i(Qp — Ap) + XD (A
1
(A = : . (0 (3.62)
+ ( 0) —iAg—i—iE_f_ﬂ_,__(Ag) + ()
/ / 1 /
O (A)) = QO (0). (3.63)

—iA) +2i(Qp — Ap) + 50 L (A))
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We note that €2, (0), €2, _(0), and Q2" (0) are matrix elements of {2(¢) evaluated at t =
0. It can be seen above that the expressions for {2, (Af) and Q2 (Af) are suppressed,
in the limit |[A{| << |Qr — Ap|, by relatively large frequencies (2z — Ap) and
2(Qr — Ap), respectively compared to the expression for €', _(A{). We argue that, in
the limit when

(Qr = Ap)| > [Z@(A)], 52 _ (A, (3.64)

and for |A}| << |Q2r — Ap| the three-peak spectrum in Eq. (3.60) reduces to a single-

peak spectrum centered at A = 0 and takes the form

F'(Af) =~ 2[S*(0)]* Re [cos® 0 €, _(Af)] (3.65)
SO = =28 3.66

where |S*(0)|? is the detector response function discussed in Appendix A.

Substituting for €, _(A{) from equation (3.57) into equation (3.65), we obtain

1
—iAy ST (A + IS (AY)

F'(A}) =~ 2|5*(0)]* Re | cos® 6 Q+_(O)]

(3.67)
The system-phonon coupling reduced self-energy matrix element can be calculated ex-

actly to all orders in L;", while the system-photon coupling reduced self-energy matrix

element can be calculated within Born approximation (to second order in L;}).

The contribution from photon coupling, Ef_7 +_(Ag), is expressed as (refer to Ap-
pendix A for detail)

/ 1 1
DI A}) = —2ig*sin® 0 cos? 0 .
4= (Bo) 19 BT oS —iA) —iA.+ T, * —iAy + 1A+ T
(3.68)
We recall that A, = w,. —w is the detuning of the cavity from the laser pump frequency.
Equation (3.63) can be written in terms of a dimensionless decay rate I'g(A() and

dimensionless frequency shift Awgr(Aj), each scaled by a common frequency scale
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VYR:
Ef 4 (A,) = —Z’}/RFR(AB) + ’}/RAWR(AE)), (369)
2 Q%{ _ AQ
= (M) e

where I'g(Af) and Awgr(Aj]) are the detuning-dependent decay and frequency-shift,

respectively, due to photon coupling, and are given explicitly as

T'r(Ay) = ! + ! (3.71)

2 2
AL+A, AL—A,
() w1 (%) +
A/O+Ac Aé*Ac
, T. T.
Awpr(Af) = IR + A2 . (3.72)
< OFC C> +1 ( ()Fc c> +1
In a similar fashion, the contribution due to phonon coupling can be expressed as (refer
to Appendix A for detail)

P2 Awp(A)) (3.73)

where ap = \?K3 and T'p(A}) and Awp(A}) are the frequency-dependent decay rate

and frequency-shift, respectively due to phonon coupling and are given as

A —1ap1
p(A)) = ]A’|3coth( o T) = (3.74)
_lel
1 o |e]* coth <2k T) e
Awp(Ay) = §P/Oo de A : (3.75)

Here, "P’ indicates a principal-value integral.

From Egq. (2.105), the initial condition for €/, _(0) = cos® 85+ —sin® . _ and noting

that )
p+-(s) = ; p+-(0) (3.76)
! s+i(Qr—Ap)+iX P, (5)
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and for the condition |(Qr — Ap)| > |E/J£2_),+_ (s)| the matrix element p _(s) does not

have a pole at s = 0, therefore taking the stationary limit gives
py_ = limsp,_(s) = 0. (3.77)
s—0
And the initial condition is then
., _(0) = cos® 0p4+, (3.78)

where the matrix element of the stationary density matrix j is given as (refer to
Appendix B)

5++ = ll_{% Sﬂl++<5)

(Qr—A)?
_ [2+(Qr—Ap+Ac)?
- (Qr+A)? + (Qr=A)2 (3.79)
I2+(Qr—-Ap—Ac)? T2+ (Qr—Ap+Ac)?
(3.80)
and the mixing angle is
1
Qr+A\2
0= . 3.81

CoS ( 50 ) ( )

Substituting for cos? 6/, , and Z/f_, +_(A() from equation (3.73) in the final expres-

sion for the one-peak spectrum takes the form

Pa(&)) + S5 Tp(A)
F(8) = X O e

8 Awp(A) — 2222 Aun(AD)) + (Tr(AL) + 22227, (An))
Vi WR\S0) T 5 paz S9P S0 RAZ0) T yp0g = P70
(3.82)
where X = cos?fp'_ is the A — independent prefactor having dimensions of fre-

quency. This prefactor can be expressed in terms of other parameters as

a2<4l>4 (0}-A2)2
Y ) TR QL2+ (Qr—AptAd)?]
N (Qr—A)?

o (T2+az (Qr+A)? +
7z FZ+(Qr—Ap—Ac)? ' TZ+(Qr-Ap+Ac)?

(3.83)
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3.4.1 Side-peak spectrum for finite detuning: non-Markov versus
Markov

Equation (3.82) is non-Markovian in both photon and phonon terms. We can perform a
Markov approximation with respect to the system-photon coupling only. This approx-
imation is justified when the time-dependent self-energy matrix element, Z/jf_7 (1)
decays rapidly compared to the timescale of evolution for the observable €, _(¢). This
condition is satisfied for vz << I'., in which case we can approximate the fluorescence

spectrum by

[r(Aw) + 228-Tp(A)

F'(Ap) ~ X ~ e 2 e 2
(58 - Awn(Aw) - 225 Awp(8))) + (Ta(Aw) + 225275 (A))
(3.84)
where Aw is given implicitly by the equation
A2
Aw — Awp(Aw) — L= Awp(Aw) = 0. (3.85)
/VRQR

Equation (3.84) is Markovian in photon terms but non-Markovian in phonon terms.
We want to discuss the spectrum in a regime where spontaneous emission can be
treated within a Markov approximation while the phonon-induced dephasing term de-
scribes non-Markov dynamics. In order to see the distinction between Markovian and
non-Markovian phonon-induced dephasing, we carry out the Markov approximation
on equation (3.82) in terms of the phonon coupling to write the spectrum within the
Markov approximation for both photon and phonon couplings

T r(Aw) + :;@; T'p(Aw)

Al apA2 2 A2
(8 — Awn(Aw) — 2282 Awp(Aw)) + (Ta(Aw) + 2EETH(Aw) )
(3.86)
where Aw is given implicitly by the Eq. (3.85). Equation ( 3.86) is Markovian in terms

F'(A) =~ X

2

of both photon and phonon couplings and the Markov approximation carried out here
is justified when the self-energy matrix element Z/fr’_’ +_(t) decays rapidly on the time

scale of evolution of the observable €, _ ().
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From the expression given in Eq. (3.86), we can discuss the regime of validity of the
Markov approximation, i.e. we can determine when the one-peak spectrum will exhibit

a pure Lorentzian or non-Lorentzian lineshape.

For the elevated temperature k57" > €. the width of side peak is set by A{, ~ ¢, and
for large ap, the condition for the validity of the Markov approximation in terms of

phonon coupling can be given by the condition

”YRQ%

_ER 87
A2e2f T (3.:87)

ap <
It is worth noting that for an exact resonance condition A = 0, the phonon decay
term vanishes and we obtain a Lorentzian lineshape of width given by vz, which is
a consequence of vanishing phonon density of states at A = 0 in the dressed state
representation. In other words, the phonon coupling is zero for zero detuning and

brings a non-Lorentzian feature in the lineshape for a non-zero detuning.

In Figs. (3.2) and (3.3) we discuss the one side-peak spectra given by Eqgs. (3.84) (red
curve) and (3.86) (blue curve) for different parameter values in both the Markovian
and the non-Markovian regimes. For the condition given by Eq. (3.87), the two curves
(red and blue) fall on the top of each other. In other words, in this limit the decay
is dominated by the spontaneous decay rate while in the opposite regime the decay
is dominated by the frequency-dependent decay and curves deviate from each other.
We observe a dip in the red curve at A = 0, and it can be understood in terms of
vanishing phonon density of states at Aj; = 0. Noting that the frequency-dependent

decay I'p(A[) is identically zero at zero probe frequency i.e. Aj = 0.
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One peak spectrum: Markov vs non-Markov

05 — Markov

----- non-Markov

0.4 ve=t,
1 R_Vr
aP=R(eCZkBTA2)
Aw=0
03 A=Ac=10 yp
I.=100000yRr
€Ec=Vr

0.2 kT=100ygp

0.1

Fluorescence spectra in the units of X

0.0

-10 -5 0 5 10

Figure 3.2: non-Markovian and Markovian fluorescence spectra: The red curve repre-
sents the non-Markovian spectrum given by Eq. (3.84) and the blue curve represents
the Markovian spectrum given by Eq. (3.86). In the Markovian limit given by Eq.
(3.87) both curves, non-Markovian (red) and Markovian (blue), fall on the top of each
other.
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_One peak spectrum: Markov vs non-Markov.
— Markov

----- non-Markov

0.15

Yr=1
QRZ Yr
0.10 a”_z(sczks 1)
Aw=-1.85
A=Ac=10 yg
[.=100000 yr
€Ec=Vr

005 | T-100ys

Fluorescence spectra in the units of X

0.00 o | | T e
30 -20 -10 0 10 20 30

Figure 3.3: Full non-Markovian fluorescence spectrum alongside the Markovian flu-
orescence spectrum: The red curve represents the non-Markovian spectrum given by
Eq. (3.84) and the blue curve represents the Markovian spectrum given by Eq. (3.86).
In the non-Markovian limit both curves, non-Markovian (red) and Markovian (blue),

deviate from each other and a dip is observed in the red curve at A = 0.
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3.5 Conclusion

In this chapter, we discussed the fluorescence spectrum of a two-level cavity-QED sys-
tem with phonon-induced non-Markovian dephasing. We have illustrated the phonon-
induced dephasing in the dressed state representation accounting for an off-resonant
drive laser. We have derived a simplified formula for the Mollow-triplet spectrum,
which clearly describes the phonon-induced dephasing in the side-peak spectrum. We
have shown the differences between the Markovian and non-Markovian spectrum with
phonon-induced non-Markovian dephasing. By changing the phonon parameters like
ap and KT we can switch from Markov regime to non-Markov regime in terms of
phonons. In the fully non-Markovian regime we see a deviation in the lineshape which
is a signature of the non-Markovian effects due to phonon coupling. In the fully non-
Markov regime with a non-zero detuning between the two-level atomic frequency and
laser drive, we observe a dip in the side-peak spectrum at A, = 0. This dip is a result

of vanishing density of states of phonons at A = 0.



Chapter 4

Coherent population trapping and the
influence of phonon-induced
dephasing on the absorption spectrum

of a lambda system

4.1 Introduction

Coherent population trapping (CPT) [4] refers to the trapping of population in a co-
herent superposition of two ground states which are coupled by optical fields to an
intermediate state in a three-level system. This is a so-called lambda configuration as
shown in fig. (4.2). The laws of quantum mechanics allow for powerful computational
tasks to be performed with quantum systems through, e.g., a quantum computer. In
quantum computers, the information is stored and processed in qubits rather than clas-
sical bits. Storage and processing of quantum information requires long-lived quantum
states. As discussed in chapter 1, an interesting demonstration of quantum coherence
is achieved through the creation of a long-lived dark state through coherent population
trapping. Due to a coupling to uncontrolled environmental degrees of freedom, a quan-
tum system may undergo pure dephasing, resulting in the loss of quantum coherence.
To this end, it is necessary to understand the interaction of a quantum system with its

environment which gives rise to dephasing in the system.
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Recently, a number of experimental studies [18, 19] have been performed to realise and
understand the coherent population trapping in nitrogen vacancy centers in diamond
and semiconductor quantum dots. The decoherence process due to the interaction
between a quantum system and a quantum environment is typically non-Markovian
in nature for, e.g., an electron spin interacting with a nuclear spin environment [20].
However, the experimental results presented in refs. [18, 19] have been analyzed as-

suming a purely Markovian environment.

In this chapter, we present a preliminary analysis of the absorption spectrum of a
lambda system undergoing a non-Markovian dephasing process due to coupling to
a phonon reservoir. In chapter 3, we developed a method to treat the phonon-induced
pure dephasing self-energy matrix element exactly. We shall apply this method to
study a pure-dephasing mechanism in the absorption spectrum of a lambda system in
the regime where it exhibits CPT. We consider a three-level system in the lambda con-
figuration with two ground-state levels, |b) and |c), coupled to a common level |a).
One of the ground states |c) is coupled to a phonon reservoir and can be modelled with
the usual independent boson model (IBM) [17].

4.2 Theory

We consider a three-level lambda system driven by two laser fields of frequencies
wy and ws with amplitudes given by Rabi frequencies (2; and €2,. In this lambda
configuration the two lower levels |b) and |c) are coupled to a single upper level |a).
The splittings between states |a) and |b) and between |a) and |c) are given by the
frequencies wg, and w,.. The detunings of the transition frequencies wg, and w,. from
the laser frequencies w; and wy are defined by Ay = wy, — wyand Ay = wye — wo
respectively. We have assumed that only transitions |a) — |b) and |a) — |c) are dipole

allowed, i.e. there is no direct coupling between |b) and |c).



Abhishek Kumar 71

Radiation modes

w2, QZ

Phonons
Ag » Wq

)

Figure 4.1: Schematic representation of a driven lambda system. The two ground

states |b) and |c) are coupled by two laser fields of frequencies w; and w, to a common

upper state |a) and a phonon reservoir is coupled to one of the ground states |c).

The Hamiltonian for the entire system consists of a lambda system plus radiation
modes, phonon modes, and a diagonal pure dephasing part all included in the un-
perturbed Hamiltonian, Hy, the laser part Hi.s(t), and the coupling to the radiation
modes part Hy Hamiltonians. Here and in what follows we take A~ = 1. Within the

rotating-wave approximation (RWA), in which counter-rotating terms are neglected,
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the Hamiltonian is:

H(t) - HO +Hlaser(t) +HV
HOZHS+HR+HP+Hdp

Hg = wyla)(a| + wy|b) (b] + we|c){c| 4.1)
HR = Z wka,tak + Z wk/a,t,akr (42)
k k'
Hp = wgbib, (4.3)
k
Hap = |c)(c| Z Aq(bg + bj;) (4.4)
q
_ Ql —tw1t w1t Q2 —iwat twat
Hiaser (t) = =~ (@) (0™ + [b){ale™"") + = (Ja){c]e™* + [c){ale™)  (4.5)

Hy - ;gz(\axb\ak +alol) + > (1) + lealal, )~ 46

We assume states |b) and |c) are separated in energy by more than the radiative linewidth.
Under this condition, we adopt a model in which |b) and |c) are coupled separately to
independent sets of radiation modes, labelled by k and &', respectively. In order to re-
move the explicit time dependence from the above Hamiltonian we follow the method
given in Ref. [21]. Namely, we go to a rotating frame with respect to the laser frequen-

cies to obtain

() = O =5 (A1 + Ba)la)al — 8B~ [e}e) + 3 Aol

k€ kqp
+ Z Ak’alfak" + qubzbq +[e)(c| Z)‘q(bq +b$)
k'€ kqe q q
Q Q
+ )b+ 1) al) + 22(1a) el + [
S gz<|a><b|ak+|b><a|az) s gz,(|a><c|ak/+|c><a|aL),
k€ kqp k'€ kac

4.7)

here, the sum over £ is a sum over radiation modes around the transition frequency wy;,
for the |a) — |b) transition, and &’ runs over modes around the transition frequency

Wqc for the |a) — [c) transition with k,, = “2¢ and k,. = #2¢. The detunings are

C




Abhishek Kumar
defined as 6 = Al — A2, Ak = WL — W1, Ak/ = Wk — Wy and
1 1
€ =[on - 580+ a0 [l tel + [+ (80 - 20| o
1
+ {wc — §(A1 - Ag)] le) (| + wy Z azak + wo Z a,i,ak/. 4.8)

k€ kap k'€ kac

The time-independent Hamiltonian in terms of a diagonal part, the laser part and the

coupling part can be written as

]:—I = ]:—IO + ]:Ilaser + FIV (49)
Hy= Hg+ Hg + Hp + Hy, (4.10)
. 1 0
Hs = S(A1+ Ao)la)(a] = (18 (0] = [e)(el) (4.11)
Hp= > Aafar+ Y Apalap (4.12)
kC kqp k'€ kap
. N Qs
Hiaser = =~ () (0] + [b){a]) + = (la){c] + [c){al) (4.13)
Hy =) gZ(\a)(b\ak + |b><a|a,1> + Y g <|a)(c\akr + \c><aya;,> (4.14)
k€ kap k'€ kap

where H p = Hp and [:Idp = Hgy,. The expectation value of an operator Og(t) in the

system Hilbert space is given by

(0s(1)) = TH{Osp(t)}, (4.15)
and the operators in the lab frame and rotating frame are related by

Og(t) = e 1 Og(t)e'!. (4.16)

Using the relation (4.16), we obtain an expression for the expectation value of Og(t)

in the rotating frame

(Os(t)) = Tr{Ose ' p(t)e™'}
= Tr{e®"Oge ' j(1)}. (4.17)
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4.3 Generalized master equation

The lambda system, radiation modes, and phonon modes are decoupled for times ¢ < 0
and prepared separately in the states described by the density matrices pg(0), pr(0) and
pp(0), respectively. At time ¢t = 0, the lambda system, radiation modes, and phonon
modes are brought into contact and the state of the entire system is described by the

total density matrix p(0) at time ¢ = 0, which is given by

p(0) = ps(0) ® pr(0) @ pp(0). (4.18)

In order to evaluate the dynamics of the reduced density matrix pg(t) = Trg Trp{p(t)},
where Trg and Trp are partial traces over the radiation and phonon modes, respec-
tively, we introduce a projection superoperator P defined by its action on an arbitrary

operator O as

The product-state initial condition given in Eq. (4.18) satisfies Pp(0) = p(0), which is

a sufficient condition to write the von-Neumann equation of motion
p(t) = —i[H, p(t)] (4.20)
in form of Nakajima-Zwanzig generalized master equation
. t
Pp(t) = —iPLPp(t) — z/ dt'S(t —t")Pp(t)
0
Y(t) = —iPLQe "M QLP (4.21)

where () is the self-energy superoperator, () = 1 — P is the complement of P and
L = Lo+ Ly is the full Louvillian superoperator, where L, (o« = 0,V S, laser, dp, R, P)
is defined as L,O = [H,, O].

If we assume the radiation modes are initially described by a vacuum:

pr(0) = [ [10x) (0| (4.22)
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and the phonon modes density matrix is assumed to describe thermal equilibrium
0) = ——— 4.23
where § = kBLT P then obeys the following important identities
PLP = LgP + Ly P (4.24)
PLyP =0. (4.25)

Applying the above identities and performing the traces on Eq. (4.21) over radiation

modes and phonon modes, we obtain

t

ps(t) = —iLyps(t) —i / dt'Ss(t —t")ps(t') (4.26)
0

Yg(t) = —iTrg Trp{(Ldp + Ly)e @M (L, + Ly) pR(O)pp(O)} (4.27)

Ly = Lg + Liaser and Xg(t) is the reduced self-energy superoperator.

The self-energy superoperator in Laplace space

1
23(8) = —iTrR Tl"p{(Ldp + LV)S—

ior e T LV)pR(O)pP(O)} (4.28)

can be expanded in powers of the perturbation Louivillian Ly by iterating the Dyson

identity,

1 1 _ 1 b
s+iQL Zk: s+iQLyg <_2QLVS + z’QLO) ' (4.29)

In Born approximation, the reduced self-energy superoperator is replaced by the form
obtained from the lowest-order self-energy, i.e., Y5(s) — Eg)(s), where the super-
script indicates the number of occurrences of Ly, but we include all orders in the
dephasing part, Lg,. Therefore, at lowest order in Ly but keeping the dephasing Louiv-

illian L4, exactly, the reduced self-energy takes the form

1
EFS'Z) (5) = —iTI‘R Trp { (Ldp + Lv)—s -

il (Lap + LV)PR(O)PP(O)} (4.30)
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In order to find the elements of the reduced density matrix of the system we need to

find the matrices for the superopertors - J; 7. and Lgp, Ly

We recall the GME in Eq. (4.26)

t
ps(t) = —iLlps(t) —i / AP (t — ) ps(t) 4.31)

0

ignoring the coupling to the environment for the moment and omitting the second term

on the right hand side of the above equation, we write

ps(t) = —iLyps(t). (4.32)

The matrix elements of L{ are defined by

[Lolag.ys = Tr{|6) (v Lola) (51} (4.33)
where a, 5,7 € {a, b, c}
aa bb cc ab ba ac ca be
aa [ 0 0 0 2 2 L — L 0
b 0o 0 0 —& & 0 0 0
ccl 0 0 0 0 0 % % 0
ab| & L g Authedd 0 0 0 0
(L= ba | =% 2 0 0 =(81+8549) 0 0 9
ac| & 0 - 0 0 St d 0 —&
Q Q —(A1+A2)44
cal -2 0 2 0 0 0 Y
bel 0 0 0 0 =) —4 0 5
b\ 0 0 0 —& 0 0 & 0

The equations-of-motion for the diagonal elements of the reduced density matrix (the

populations) take the form

) = 1) — ) + 12 clt) — alt)) 434)
Po(t) = z‘%(ﬁab@) — fra(t)) (4.35)
2,

Pec(t) = =i (Pac(t) = Pealt)) (4.36)

—

M|§OOO

ovR o o
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and the coherences are given by
3 |1 1.]. [ N Ly _
Pab(t) = —i {i(Al + Ag) + 55} Pab(t) — 271 (paa<t) - pbb(t)) + prcb(ﬂ
(4.37)
L s RV RO
pev(t) = —idpe(t) + zgpa,,(t) —~ zépca(t) (4.38)
2 |1 1.]. Sy (. _ RV
o) = =i 580+ 80) = 58] 3u®) = 552 (a®) = 5a®)) 155 0
(4.39)

We assume that the atom is initially in the ground state |b) which gives the initial

condition
ﬁbb(o) - 17 ﬁaa(o) = ﬁcc(o) = ﬁac(o) =0. (440)

The levels |a) and |b) are coupled to a weak probe laser field of amplitude €2;, therefore
we are interested in the absorption between levels |a) and |b) which is given in terms
of the coherence () [3] and want to find the coherence to the first order in §2;. We
solve for pup(t) and pg(t) by Laplace transform to the leading order in €2, we obtain

the coupled set of equations

1 1 0 Q
[s i (§<A1 FA)+ 55)} k) = hal0) T i) @A)
Q
(s +10)pes(s) = pes(0) + ifﬁab(s). (4.42)

The decay rates of the off-diagonal density matrix elements, j,,(s) and p(s), will
be included in the above expressions in terms of reduced self-energy matrix elements

from the second term on the right hand side of the Eq. (4.31).
We recall the expression for the reduced self-energy superoperator 2(52) (s) given in Eq.

(4.30) and write it in terms of pure-dephasing and transition parts as

29 (5) = B2 (s) + D (s) (4.43)
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where Egh (s) gives rise to the pure-dephasing and X%%¢(s) gives rise to system-phonon

and system-photon couplings, respectively, and are given by the expressions

1
h .
Eg (S) = —ZTI'R Trp{ LdmedppR(O)pP(O)}

Zgad(s) = —iTrg TYP{ Ly LVpR(O)IOP(O)} (4.44)

s+ ilg
Because Ly, acts only on the operators in the phonon mode while Ly acts in the oper-
ators acting in the radiation modes, the cross terms in Eq. (4.30) will not contribute to
the final trace in the expression for the reduced self-energy. To the leading order in the
probe amplitude €2, evolution under L, is closed in the space of pu;(s) and pey(s). We
therefore focus on evolution in this subspace accounting for pure-dephasing through
Lqp. We want to find the matrices for Lg, and ﬁ in the basis of outer products
{]a){b|, |c){(b|}. The matrix for Lyp

ab c¢b

ab{ 0O O
Lgy) = .
Lal= ( 0 Xﬁ,)
where the superoperator for left-multiplication, X5, is defined as

XpOp =" Ag(bg + b])Op (4.45)

q

and Op is an operator acting on the phonon modes. The form of the phonon coupling
is such that the only non-zero matrix element in the present subspace {|a) (b, |c)(b|}
arising from the phonons is Eg’)cb(s), which can be directly added to the equation of
motion in Eq. (4.42). The radiation modes are assumed to be fully Markovian and
can thus be replaced by effective rates. Relevant matrix elements of the reduced self-
energy matrix element due to phonons are expressed as

Stnals) = —iTrg Trp{ Xﬁ»[ XépR<o>pP<o>} (4.46)

5+ iLo} ch,ch

The above reduced self-energy matrix element will be responsible for the non-Markovian

behaviour in the CPT absorption spectrum. We solve the set of equations given by
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equations (4.41) and (4.42) by writing them in terms of a 2x2 matrix.
M () peon(5) = peon(0) + A (4.47)
where
(LA + A2) +20) + 7, 2
M@ = [ TR S @ . (4.48)
it 8+ 90 + Yeb + 154 (8)-
- Oab(S
pon(s) = 7)) (4.49)
pcb(s)
and

—1{)
A= 2 4.50
() -

and we have used that Efli?cb(s) = E((:i?ab(s) = 0 in Eq. (4.48) and the radiative decay
rates for the off-diagonal density matrix elements j,;(s) and pe,(s) are given by v,

and v, respectively.

In order to clarify the CPT absorption we put Zg?cb(s) = 0 for the moment, we solve

for puy(s) to obtain

- 1
Pab< ) = o X
(s + (2 (A1 + Ag) + 18] + %b) (s +id + %b) + 2
(s 410 + . . _ Q
{z 15 2Zs V) + (s + 90 + Yep) Pan(0) — zEpcb(O)} , 4.51)

We are interested in the absorption between the levels |a) and |b) which are coupled
by a weak probe field of amplitude €2;. Following the discussion in Ref. [3], the
absorption is given in the terms of the imaginary part of the complex susceptibility x”,

in the long time limit as

1 T
" . ~ 1 ~
X" o lim T/o dt Im|[pgs(t)] = Sh_r)r%] Im[spap(s)], (4.52)

T—00
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The imaginary part of the complex susceptibility can then be written as

Q1 (
2166 4+ ..
X// o Im{ 2 ( 7 b) :|
2
(i[%(Al + Ag) + 50] + ’Yab) (25 + ”ch) + 3
(4.53)
1.0
0.8
5 0.6
N
E 0.4
0.2
0.0
-4 -2 0 2 4
Ay
Yab

Figure 4.2: Imaginary part of the complex susceptibility versus probe detuning A,
given by Eq. (4.54) in the units of 7,;. The dip in the absorption spectrum results from

coherent population trapping.

The imaginary part of the complex susceptibility in Eq. (4.52) can then be expressed

in the terms of the probe detuning, for A, = 0, as

QQ
" x & A%(Vab + fycb) - f)/cb(A% — YabYeb — Tz)

(4.54)
2
2 (AT — YapYeb — %)2 + AT (Vap + Veb)?

The above equations describe an absorption peak of width ~,, along with a dip at
A1 = 0 due to the coherent superposition of the ground states and the width of the dip
is determined by €2, [3]. It can be noted that at A; = 0 the absorption is proportional
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to 7., where v, is the decay rate between the levels which we have assumed dipole

forbidden and is small compared to the decay rate 7,;, between |a) and |b).

It can be seen from the Eq. (4.54) that, for (7ap7e) < 23, the coherence pq (A1) has

2 2
a maxima at points satisfying A2 = %. We expect that at these points A? = % the

dephasing reduced self-energy matrix element Egi?cb(s)

Sil(s) = Trr TTP{X}{ ] X épR(O)pP(O)} (4.55)
cb,chb

S+ ZLO
will affect the absorption spectrum significantly and we expect non-Markovian effects
to manifest themselves around these points in the spectrum. Furthermore, in order to
see a significant non-Markovian effect in the CPT absorption the dephasing self-energy
should be large or comparable to the radiative decay rate 7., i.€. Vo << |Z£12),)cb(8>| ~
Yab- The dephsing reduced self-energy matrix element Eg?cb(s) in Eq. (4.55) can be
calculated exactly using the equation-of-motion method discussed in the chapter 3 and

Appendix A.4.2 and remains a work in progress.
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Chapter 5
Summary

The main goal of this thesis is to study decoherence in the open quantum systems un-
dergoing non-Markovian dynamics. Decoherence in semiconductor quantum dots due
to coupling to the environment degrees of freedom has been of prime interest in the
field of quantum information technology [22, 23, 24] . In quantum information pro-
cessing, information is stored and processed in quantum bits (qubits) where a single
qubit can be represented as a two-level system with two energy levels which can be
used to store and process the information [25]. In order to store and process data in the
form qubits it is required to create long-lived quantum states and it is necessary to un-

derstand decoherence process of these states due to coupling to its environment.

The thesis starts with discussing the dynamics of a two-level system in chapter 1.
We discuss the Rabi problem for a two-level atom interacting with a single mode of
a classical monochromatic laser field. We further discuss the spontaneous emission
mechanism in a cavity-coupled two-level system using Wigner-Weiskoff approxima-
tion. In following sections we discuss the coherent population trapping a so-called
lambda system. We discuss the formation of dark state as a superposition of the two
ground states in the driven lambda system using the pump-probe technique. In the end
of chapter 1, we discuss the pure dephasing mechanism which gives rise to the decay
of the off-diagonal elements of the reduced density matrix which reflects the loss of

quantum coherence, i.e. dephasing.

In chapter 2, we derive a general formula to study the fluorescence spectrum of a

multi-level system coupled to radiation modes of the electromagnetic field. We apply
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linear response theory to describe the well known gedanken spectrum analyzer [3,
12] model which theoretically describes the dynamics of a detector monitoring the
fluorescence spectrum. As an example, we use this general formula to recover the
well known Mollow-triplet spectrum of a two-level system and its properties for a

Markovian interaction with the radiation modes of the cavity.

In chapter 3, we focus on the pure dephasing mechanism in a cavity-QED two-level
system. We discuss the phonon induced non-Markovian pure dephasing the a cavity-
coupled two-level system. We study the effect of phonon-induced pure dephaisng on
one of the side-peaks of the Mollow-triplet spectrum. We observe a distinct behaviour
in the side-peak spectrum due to the non-Markovian effect from coupling to the phonon

reservoir, that leads to a splitting of the side-peak.

In the final chapter 4, we discuss the coherent population trapping in a lambda system.
We discuss non-Markovian decoherence in the coherent population trapping absorp-
tion spectrum due phonon coupling. We expect to see non-Markovian behaviour in the
CPT absorption spectrum due to phonon-induced decoherence which will change the

form of the absorption spectrum.
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Appendix A

Self-energy superoperator and its

matrix elements

In this section, we will calculate the reduced self-energy superoperator matrix elements
for both system-phonton and system-phonon couplings. The system-photon coupling
reduced self-energy matrix elements will be calculated within Born approximation by
expanding them in the powers of L} /Ly while the system-phonon coupling reduced

self-energy matrix elements will be calculated exactly.

A.1 Self-energy expansion

Reduced self-energy matrix in equation given in (2.118) reads

1

Yo(—iAg) = —iT PL,+PL PL,+PL _—
s(—il) 4 TE( + L+ Ly+ SP)—Z'AO—H'QL

(L$P+L5RP+LyP+LSPP) pE(O)
(A.1)

which can be expanded in powers of perturbation Ly = Lgr + Lsp

1 1 , 1 g
X T e O ) 4
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since only even powers of Ly, contribute in the final trace on variables of radiation/phonon

modes, we have

1 00 1 1 2k
T ———— | —iQLy——mF+—— | . A3
mrar = L aen O T ) A9

In Born approximation, the reduced self-energy is replaced by the forms obtained from
the lowest order self-energy, i.e., Xg(—ily) — Eg)(—iAo), where the superscript
indicates the number of occurrences of L. Therefore, in the lowest order reduced

self-energy takes the form

ZE;Q)(—ZAO) = —iTrg| Ly+Lsp+Ly+Lsp | ———— | Lua+Lsp+Ly+Lsp | pr(0).
—ZAO + ZLO
(A.4)
A.2 Matrix elements of superoperators
Recalling:
Hé‘ = <—QR - AP) 03
2
L0 = [Hy, O]
[Lslapns = Tr{|B){alLs|7) (o]} (A.5)
We find the matrix elements for L
, Qr— A
Lyl = (2155 ) o e A6)
s|+)(+] = 0. (A7)
Similarly,
sl=){=I=0. (A.8)

Lig[+){=| = [+){=|(2r — Ap). (A.9)
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L[ =) {(+| = =[=){(+|(Qr — Ap).

Thus, the matrix for L', in {+, —} basis, takes the form

00 0 0
) 00 0 0
[LS] =
0 0 (Qr—Ap) 0
00 0 —(Qr — Ap)

In same manner, recalling:

H;, = Z JkTkO3
k

Lo =[H,0).

LL+)(+|Or = [Y _ Gearos, [+)(+|Or],
k

L |4+)(+|Or = |4+)(+|Lx Ok,

where
LxOr =Y _ glar, Orl.
k
Similarly,
Ly |=)(=10r = =|=)(~|LxOr.
Ly|+){(~|0r = [4)(~|LXOF.
where

LxOp = Z Gk, Or}.
K

Ly|=){(+]0r = —[=)}(+|L% O&.

(A.10)

(A.11)

(A.12)

(A.13)

(A.14)

(A.15)

(A.16)

(A.17)

(A.18)

(A.19)
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Thus, the matrix for L/, in {4, —} basis, takes the form

Lx 0 0 0

0 —Ly 0 0
(L] = * . (A.20)
0o 0 Lt 0

0o 0 0 —-L%

Recalling Hgp:

Hgp =)(—| + XT|=)(+|
X = Z Jk <0032 Oa; — sin® 9@2)
k

Xt = Z Tk <0052 9@,1 — sin? Qak>
k

Ls0 = [Hg, O). (A21)

Srl+) (+1Or = [X|+) (] + XT|+)(—|, [+){+|O&]
= —|OrX + | + |-){(+|XTOR
= —XROg|+H)(—| + XTI Og| =) (+]. (A.22)

we introduce the superoperator for right and left multiplication
XrOp = Op Z gr(cos? fay, — sin® Qal) (A.23)
k

Xz(’)R = Z gr(cos® HCLL — sin® 0ag ) Og. (A.24)
ke

Lispl=)(—10r = [X|+){(=| + XT[=)(+],|-)(—|Ok]
= [+)(—|X O — |- ) (+|OrX"
= X, 0|+ (=] = XLOr| =) (+]. (A.25)
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X;Or = Z gr(cos? fay, — sin® QGL)OR (A.26)
k

X}0r = Or Y gi(cos” baf, — sin® fay,). (A.27)
k

LsplH){(—|0r = [X|+){—| + XT[=)(+], [+)(~|O&]
= |- ){(—|XTOr — |[+)(+|Or X"
= X} Ogl=){(—| — XLOr|+)(+]. (A.28)

Lisp|=)(+]Or = [X[+)(=| + XT|=)(+], [=)(+]O&]
= XOg — [-){—|OrX
= X1Og|+)(+| = XrOg|=){(-|. (A.29)

Matrix for L in {+, —} basis:

0 0 —XL X
0 0 X —Xj
~Xgp X, O 0
Xi =xL 0 0

[Lsg] = (A.30)
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A.3 Matrix elements of reduced self-energy for photon

coupling
Recalling:
Hy=Hg+ H, + Hp
, Q
Hg/c = ngﬂfkazz
k
Hy = Z Akazak
k
LyO = (Ls+ L, + LR)O
= [Hg + H, + Hp, O]
= [H},O]. (A.31)
Ly|+)(+|Or = [+){(+|(L's + Lx)Okg. (A.32)
Similarly,
Lo|=){=|Or = |=){~|(L — Lx)Ok. (A.33)
Lol +)(~|Or = [+)(~=[(LROr + Q& + Lx)Okg. (A.34)
Lo| =) (+|Or = |=)(+|(LzOr — Qg — L )Ok. (A.35)

. 1 . .
Thus, the matrix for ST in {+, —} basis, takes the form

1
sti(Lp+Lx) 0 0 0
1
{ 1 } B 0 il —Lx) 0 0
T | T 1
s +iLy 0 0 s+i(Ly+Qr+L%) 0
0 0 0 L

s+i(Lly—Qr—L%)

(A.36)
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1

Matrix for free propagator [m} is diagonal in dressed state basis and is given in

terms of 2 X 2 blocks by

1 G 0
_ A.37
[s—l—iL{)] ( 0o G ) ( :
where
+ 0
G — ( s-H(Lg-i-LX) ) ) (A.38)
S+i(L’R7Lx)
— 0
G — s+z(LR+OQR+LX) ) (A39)
s+i(L—Qr—LY%)
And for L'y
0 Vv
[Liss] = ( Voo > (A40)
where i
-X X
vz< b X ) (A41)
—-X X
X, —Xpg
Also,
Y 0
=1, ) (A5
L 0
Yy — ( X ) (A.44)
0 —Lx
LT 0
v — < X N ) (A.45)
0 —L%

The reduced self-energy can be written in two parts as

25 (s) = Th(s) + TR (s), (A.46)
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where
YGY 0
pIY = —'T 0 A.47
5(s) = —iTrg ( 0 VoY ) pr(0) (A.47)
VGV’ 0
YoR(s) = —iT 0). A.48
g (8)=—i rR< 0 viev ) pr(0) (A.48)

The matrix elements we want to calculate in order to compute the fluorescence spectra,

the transition reduced self-energy matrix elements

1 1

noR — —iTrp | XTI Xpor(0) + X
++,++(3) L TR[ Rs+z'(LjR+QR+L3}) rpr(0) + X1,

s+i(Ly —Qr — LY)

szR(O)}

X;F%IOR<O):|

(A.49)
ESR (S) = iT?”R X;r_z L XLPR(O) + XL !
e s+i(Ly+Qr+ LY) s+i(Lhy —Qr— L)
(A.50)
1 1
Dt = —iTrg | X X] X X] .
+*,+*(S> LLTR |: RS + /L(L/R + LX) RpR(O) + LS + Z(LIR _ LX) LpR(O)
(A.51)
and dephasing reduced self-energy matrix elements are given by
E++’++(S> = —ZTTR LXS—}—Z(L/R—}—LX)LXpR(O) (ASZ)
x N [ 1
X (s)=—iTrg _LXS i, = LX)LXpR(O)} (A.53)
[ 1
¥ (s)=—iTrg |L% : L pr(0 ] . (A.54)
+—,+ () R- XS—‘—Z(L/R“—QR“—L}) XpR()

We will calculate the matrix elements of reduced self-energy for our two level system
kept within a cavity. In order to calculate the matrix elements of reduced self-energy,
we have to perform sums appearing in above equations. We apply the continuum of
modes and for the case of two-level system kept inside a cavity, we replace sum by
integration Y, g7 — [ deD(e)|g(e)|* where D(e) is the photonic density states of the
cavity. The standard model for the photonic DOS is given by a Lorentzian

1 gL,
7 (e— A2+ T2

D(e)|g(e)]* = (A.55)
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where A. = w, — w is the detuning of cavity central frequency (w.) from laser fre-
quency (w) and quantity I'. is half of the cavity bandwidth.

A.3.1 Transition self-energy

We want to calculate the reduced self-energy matrix elements due to system-photon
coupling in the Born approximation after expanding then in powers of LY /Lx. As
discussed in previous section, we apply the continuum of modes to replace sum by
integration Y, g — [ deD(e)|g(€)|* and using Lorentzain DOS, we solve for reduced
self-energy matrix elements appearing in Eqs. (A.49)-(A.51), using contour integration

method to obtain

1 1

SR o A.

Tt (s) ig” cos™0 L +1(Qr — Ac) + 1. e i(Sr — Ac) + Fc] (A0
1 1

TSR — id%sint 0 A.57

+4,--(s) =1ig"sin s+i(Qr+ A + 1T " s —i(Qr+Ac) + T ( )
40 sin* @

ESR — 2 cos . A.58

T2 -(9) *9 L —1A+ T, * s+iA, + T, ( :

A.3.2 Dephasing self-energy

In the similar function, the dephasing reduced self-energy matrix elements in Egs.

(A.52)-(A.54) ,within Born approximation, take the form

27, (s)=0 (A.59)
¥ (s)=0 (A.60)
X (s) = —2i cos? 0 sin® 0 , 1 + : 1 .

’ s+i(Qr—A)+T.  s+i(Qr+ A+ T,

(A.61)
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A.4 Matrix elements of reduced self-energy for phonon
coupling
A.4.1 Transition self-energy

The reduced self-energy matrix elements which give rise to transition due to system-

phonon coupling are expressed as:

1 1
»or s) = —icos*@sin’ 6 )\2[ - + .
++,++() ; q S+Z<QR_AP_wq) 5—Z<QR—AP—wq)
(A.62)
_ ] 1
9P (s) = —icos® Osin?0 3 X2
++,--(8) = —icos"fsin zq: |5 i —Aptwy) 5 —i(Qn—Ap T an)
(A.63)
1 1
sp 22 2
¥7 L (s) = —icos” fsin 9%:)\q = + | (A.64)

A.4.2 Dephasing self-energy

The reduced self-energy matrix element which gives rise to pure-dephasing is given in

polaron frame as

1
—ig +i(Qr — Ap) +i(Lp + L)

4 (Ao)=—iTrp [e-sL; L;Eespp(())}
(A.65)

where S = 337, 2—‘;(172 — b,). We want to calculate the reduced self-energy matrix

element exactly without expanding it in the powers of Lj.. To this end, we set A, =

Ay — (g — Ap) to write

1
—iAy +i(Lp + LY)

SV (A = —iTrp [esL;S L;espp(())] (A.66)

which can be written in time domain as

SV ()= —iTrp [e75{Y (1), Y(0)}e5pp(0)] (A.67)

|
|
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where
Y (t) = e "V -LP)ty () (A.68)
cos 20
Y(0) = — D Agl(bg + b)), (A.69)
q

and braces indicate the anti-commutator. Solving the above equations for Y'(¢), we

obtain
cos 20 . , A2 2z _
Y — —iwgt T iwgt e g —iwgt iwgty | A.
(1) 5 E {)\q(bqe + bhe") + oy o (e +e )} (A.70)

q

We apply the polaron transform on Y (¢) and Y (0), to obtain

20 . 4 A2
eiSY@f)eS _ COS2 Z |:>\q(bq€lwqt 4 b;ewqt) + w_q] (A.71)
q q
20 2)2
¢S (0)eS = COZ Z {Aq(bq + b))+ w—q} . (A.72)
q

q

We replace for Y (¢) and Y'(0) in the expression for reduced self-energy matrix element

to obtain
"y . 2 —iwgt | 3t iwgt )‘3 —iwgt | 1t iwgt 2)‘?1
¥Y , (t) = —icos ZOZTrp Aq(bge™ " bl e )+w—7)\q(bqe T Hbyet )+w_ pr(0)|.
q q q
(A.73)

After solving the anti-commutator and applying the final trace, obtain
SV (1) = —icos20 S N2 coth (2 t A74
Y (t) = —icos g q coth{ == cos(wyt) (A.74)
We apply the continuum of limit to replace A2 — [ deD(e)|A(¢)[?, to obtain

Ef_7+_(t) = —icos? 29/deD(e)])\(e)]2 coth<%) cos(et). (A.75)

Here, we introduce an exponential cut-off at ¢ = €. for 3 — d longitudinal acoustic

phonons
el

D(e)|A(e)]? = N K|e|*e (A.76)
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defining aup = A2 K5 as the phonon coupling parameter has the dimension of frequency 2.
The pure dephasing self-energy matrix element E/ﬁ_, +_(A() can be written in the

terms of the decay and the frequency shift as

/ , apA? ;o apA? ,
SY (M) = —zg—%FP(A(]) + ;—%sz»(Ao) (A7)

where I'p(A[) and Awp(A]) are the frequency-dependent decay and the frequency-

shift, respectively due to phonon coupling and given as

/ T / A/ i’ol / /
Pp(Ap) = 1A coth (21{;;T> e <6(A0) - 9(—A0)> (A.78)

where H(Aj) is the unit step function and given as

1 :A{>0
0D =9
0 :A;<O
1  |e|® coth (ﬁ) e
Awp(Ay) = §P/ de N : (A.79)
—00 0

A.5 Detector response function for two-level system in

a cavity

In this section, we calculate the detector response function for our two level system

kept inside a cavity. Recalling detector response function given in equation (2.28),
S(t) =" grgle (A.80)
k

=« Z gﬁe_i”’“(t) (A.81)
k

taking the Laplace transform and applying the continuum of modes by replacing ) , —
[ deD(e) and gi — |g(€)|?, to obtain

1

s+ i€’

S(s) = a / deD(e)]g(e)|? (A.82)
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using equation (A.55), to get

1 g°’T’, 1
S(s) = de— . A.83
(s) 04/ Ew(e—wc)2+ng+ie (A.83)

Solving above equation using contour integration method to obtain,

O_/g2

=TT

(A.84)
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