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A B S T R A C T

In this paper we propose three novel feature ranking methods for supervised feature selection in the context
of classification which are based on possibility theory. All three methods – nonspecificity, strife and total
uncertainty – are tested on eight artificial data sets and ten medical real-world data sets and benchmarked
against ReliefF, the Fisher score, the fuzzy entropy and similarity (FES), the Fuzzy similarity and entropy (FSAE)
filter, symmetrical uncertainty as well as using no feature selection. The feature ranking methods were applied
following two approaches: (1) using a fixed threshold for the number of highest-ranking features selected and
(2) using a hybrid feature selection approach with a classifier (k-nearest neighbor classifier, decision tree,
similarity classifier, SVM) to select the optimal number of features to select. The results indicate that strife
and the Fisher score are the two feature ranking methods that for both approaches are on average ranked the
highest in terms of the test set accuracy on the real-world data sets. Besides that, for the hybrid approach, strife
uses most of the time a considerably smaller number of features than nonspecificity and total uncertainty. In
terms of stability, which was measured with the adjusted stability measure (ASM), the Fisher score and strife
were among the most stable feature ranking methods in this study. Additionally, strife’s feature subsets were
diverse compared to those of the remaining feature selection methods, making it a good candidate to be
included in a feature selection ensemble.
. Introduction

In the era of information and big data where a ‘wealth’ of infor-
ation can be obtained e.g. via the internet, the dimensionality of
ata and the handling of it has attracted a growing interest. At first
lance, having more features (=variables) may appear advantageous
or researchers and practitioners alike that aim to build models such as
lassification models based on high-dimensional data. However, such
situation also poses challenges, which are usually not covered in

imple text book examples (Caruana and Freitag, 1994a). It is common
ense that only those features that are relevant for a specific problem
hould be used to build a model so that it can identify the patterns
n the data and generalize well to new observations to make accurate
redictions. Since it may not be known in advance which features are
ctually relevant, there is an incentive to include numerous features
nto the training data for a model to avoid excluding any relevant
eature (Almuallim and Dietterich, 1991). However, including a large
umber of features is often associated with the inclusion of irrelevant
r redundant features, which can act as noise and may interfere with
he remaining features and, hence, be detrimental to learning the
ctual generalizable patterns in the data (Caruana and Freitag, 1994a;
essì and Pes, 2015). In addition to this potential negative impact on

he model accuracy, including irrelevant or redundant features will
ncrease the computational complexity by having higher dimensional
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data to model with Dessì and Pes (2015). Hence, researchers and
practitioners that do not know which features are relevant may face
a dilemma: if relevant features are excluded, the model may not be
able to find the patterns in the data, whereas if irrelevant or redundant
features are included, the model may overfit and not generalize well.
Especially if a task is high-dimensional and complex, focusing on the
relevant features becomes pivotal (Blum and Langley, 1997). Dimen-
sionality reduction techniques aim to address this problem by reducing
the number of features in the data while attempting to retain as much
information contained in the data as possible. Dimensionality reduction
techniques are commonly divided into feature extraction (e.g. principal
component analysis) and feature selection (Liu and Motoda, 2001; Li
et al., 2017). The focus in this research work is on feature selection,
meaning the selection of a subset of the original features in the data
that are deemed relevant according to some criterion (Liu and Setiono,
1996; Bins and Draper, 2001; Liu and Yu, 2005). Feature selection can
be implemented following three forms: filter, wrapper, and embedded
methods (Liu and Yu, 2005; Chandrashekar and Sahin, 2014). Filter
methods are used for pre-processing the data and do not include a
learning algorithm to rank features and/or select a feature subset (Blum
and Langley, 1997; John et al., 1994). In contrast to that, wrapper
and embedded methods use a learning algorithm for the feature subset
selection. The former uses the performance (e.g. classification accuracy)
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as the evaluation criterion for the generated feature subsets (Liu and
Yu, 2005; Saeys et al., 2007), whereas the later includes the feature
selection as part of the training of the learning algorithm itself (Guyon
and Elisseeff, 2003).

Filter methods can be differentiated into (1) those evaluating sub-
sets of features (subset evaluation) and returning a feature subset
directly and (2) feature ranking methods (individual evaluation) that
rank features according to their relevance and require a decision on
how many of the highest-ranking features to select in order to obtain
a feature subset (Bolón-Canedo et al., 2013; Yu and Liu, 2004). The
focus of this work will be on feature ranking methods for classifica-
tion (supervised learning). Filter methods, especially feature ranking
approaches, offer the advantage that they are often computationally
inexpensive, fast and are independent of any classifier since they do
not include a classifier to determine a feature ranking or subset (Liu and
Setiono, 1996; Saeys et al., 2007). They represent a tradeoff since many
feature ranking methods are univariate and, hence, evaluate features
separately, which reduces the computational complexity but does not
account for potential feature interactions (Kohavi and John, 1997).

Information theory is widely deployed in feature ranking methods,
especially mutual information is frequently applied (Vergara and Es-
tévez, 2014). Methods using Shannon’s information entropy (Shannon,
1948) are common, but also fuzzy entropy based methods (Lohrmann
et al., 2018; Luukka, 2011) can be found in the literature. In this
paper, we approach this subject from a nonspecificity, strife and total
uncertainty point of view from possibility theory (Klir and Yuan, 1995),
which is an extension of our work on nonspecificity from information
theory (Luukka and Lohrmann, 2019) and, to our knowledge, has not
been done before. Moreover, in our proposed feature selection methods
we connect similarity measures and ideal vectors of classes with non-
specificity, strife and total uncertainty for the first time. It is noteworthy
that there is no single best feature selection method that performs
superiorly with all learning algorithms and data sets (Bolón-Canedo and
Alonso-Betanzos, 2018). This can be easily explained by the fact that
the goodness of a feature subset is specific to the evaluation function
used in the feature selection method (Liu and Yu, 2005; Dash and Liu,
2003, 1997) and that the performance (e.g. accuracy) also depends on
how useful a feature subset is for the learning algorithm it is supplied
to Kohavi and John (1997) and Caruana and Freitag (1994b). Thus,
researchers often aim to find a feature selection method that works
well for a specific data set and learning algorithm (Bolón-Canedo and
Alonso-Betanzos, 2018) and the introduction of new methods can be
useful for certain applications. Apart from that, a recent trend in feature
selection is the implementation of ensemble feature selection. These
ensembles combine multiple feature selection methods and aggregate
their subsets or rankings to obtain more stable and, thus, reliable
feature subsets (Bolón-Canedo and Alonso-Betanzos, 2018; Hilario and
Kalousis, 2008; Bolón-Canedo et al., 2014a; Lazar et al., 2012; Yang
et al., 2010). It is intuitive that using an ensemble with multiple
methods instead of just applying a single method alone will only
be useful when these methods are accurate but disagree at least in
some cases (Opitz, 1999). Thus, in order to be of use for the learning
algorithm, the different feature selection methods in the ensemble are
supposed to provide diverse subsets of relevant features (Bolón-Canedo
and Alonso-Betanzos, 2019). Therefore, introducing feature selection
methods such as strife that generate subsets of relevant features which
differ from those generated by existing methods, is desirable.

2. Mathematical background

2.1. Nonspecificity, strife and total uncertainty

Nonspecificity is a type of uncertainty which is connected to the
sizes (cardinalities) of relevant sets of alternatives. It was first con-
ceived in terms of classical set theory and was defined using the
function

𝑈 𝐴 = 𝑐 × 𝑙𝑜𝑔 (𝐶𝑎𝑟𝑑(𝐴)) (1)
( ) 𝑏

2

where Card(A) denotes the cardinality of a finite nonempty set A,
hereas b and c are positive constants. If c is equal to 1 and b is set

o 2, uncertainty is measured in bits and the corresponding function
s called a Hartley function (Hartley, 1928). This uncertainty assumes
hat larger sets, so sets with a larger cardinality, are less specific than
maller sets, with the most specific set being a set containing only a
ingle element (Klir and Yuan, 1995). A generalization of the Hartley
unction to measure nonspecificity was introduced in the context of
ossibility theory, termed the U-uncertainty (Klir and Yuan, 1995).
ithin possibility theory, ordered possibility distributions are used that

epresent fuzzy sets and are denoted by 𝑟 =
(

𝑟1, 𝑟2,… , 𝑟𝑛
)

where 1 =
𝑟1 ≥ 𝑟2 ≥ ⋯ ≥ 𝑟𝑛 so that each element in r is larger than or equal
to its successor (Klir and Yuan, 1995). The U-uncertainty of r is then
calculated as

𝑈 (𝑟) =
𝑛
∑

𝑖=2

(

𝑟𝑖 − 𝑟𝑖+1
)

× log2 𝑖 (2)

where n is the number of elements in the set. The summation runs
until 𝑖 = 𝑛 and in this case, according to convention, 𝑟𝑛+1 is set to
0 (Klir and Yuan, 1995), highlighting that no other outcome than those
considered is possible. This formula calculates the differences between
successive possibility values and weights them using log2 𝑖 which is a
monotonically increasing weight. Thus, the differences between possi-
bility values that are later in the sequence of the ordered possibility
distribution have a higher weight. In case the differences between
the ordered possibility values are large, the U-uncertainty will take
a large value as well. In particular, the smallest possibility values in
the distribution, which could be considered the tail of the ordered
possibility distribution, have the largest weights and, hence, a larger
contribution to the U -uncertainty. Also, since nonspecificity focuses on
the sizes of the set (cardinalities), larger sets tend to have larger U-
uncertainty values given that more values are summed, and the weights
are monotonically increasing. The minimum of the U-uncertainty is
reached with a set of a single tuple so that 𝑈 (𝑟) = 0, indicating the
absence of any uncertainty.

Strife is another measure from possibility theory that relies on
ordered possibility distributions. In contrast to nonspecificity, which
measures to what extent a set of alternatives is not specific, strife
expresses conflict or disagreement among alternatives (Klir and Yuan,
1995). It can be regarded as a generalization of the Shannon Entropy
and can be expressed with the help of the possibilistic nonspecificity
(U-uncertainty) 𝑈 (𝑟) as Klir and Yuan (1995):

𝑆 (𝑟) = 𝑈 (𝑟) −
𝑛
∑

𝑖=2

(

𝑟𝑖 − 𝑟𝑖+1
)

× log2
𝑖

∑

𝑗=1
𝑟𝑗 (3)

This can be rewritten as

𝑆 (𝑟) =
𝑛
∑

𝑖=2

(

𝑟𝑖 − 𝑟𝑖+1
)

× log2
𝑖

∑𝑖
𝑗=1 𝑟𝑗

(4)

It is apparent that 𝑆(𝑟) in this compact written form also utilizes the
differences between the ordered possibility values to determine the
uncertainty in a fuzzy set. However, the weight of the differences is
different since the factor log2 𝑖 as used for 𝑈 (𝑟) is replaced by the log2
of the quotient of i to the sum of the possibility values.

The last measure to discuss in this context is total uncertainty, which
is a combination of the two types of uncertainty: nonspecificity and
strife (Klir and Yuan, 1995). The total uncertainty NS can be obtained
by the addition of the nonspecificity measure and the strife measure
as 𝑁𝑆 (𝑟) = 𝑈 (𝑟) + 𝑆(𝑟). In possibility theory, this measure can be
expressed as

𝑁𝑆 (𝑟) =
𝑛
∑

𝑖=2

(

𝑟𝑖 − 𝑟𝑖+1
)

× log2
𝑖2

∑𝑖
𝑗=1 𝑟𝑗

(5)

where the difference in the equation for total uncertainty 𝑁𝑆 (𝑟) to
strife 𝑆 (𝑟) lies in the square of i in the weights for the differences in
the possibility values. As with nonspecificity and with strife, the range
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of values total uncertainty can take lies within
[

0, log2 |𝑋|

]

, where |𝑋|

enotes the cardinality of set X (Klir and Yuan, 1995). It is noteworthy
hat the weights for nonspecificity and total uncertainty tend to be con-
iderably higher than those of strife (see Fig. A.1 in the appendix), also
ndicating that nonspecificity as the first component of total uncertainty
as a larger impact on total uncertainty than its second component
trife. For all three approaches the weights are monotonically increas-
ng but nonspecificity and total uncertainty appear to assign relatively
ow weights to the first possibility values in the ordered possibility
istribution, thus placing a stronger emphasis on the middle and tail of
he possibility distribution. In contrast, the weights for strife appear to
ncrease close to linear and do not dedicate such relatively low weights
o the initial possibility values. Given that the weights associated with
he difference in the possibility values constitute the only difference
etween these approaches, this is a distinguishing characteristic of
trife. Finally, the weights of nonspecificity are the only ones that are
ndependent of the actual possibility values since they only contain the
ndex of the possibility values but not the possibility values themselves.

All three measures can be used to compare different ordered pos-
ibility distributions and determine the level of uncertainty they rep-
esent and order them accordingly to make conclusions on which
istribution contains a higher level of uncertainty. This idea will be
sed in the following in the context of supervised feature selection.

.2. Similarity

In data handling, many procedures begin with a mutual comparison
f the observations in the data. In the simple case, the comparison en-
ompasses obtaining a relation 𝜇𝑅 ∶R ×R → [0, 1]. Initially, a mapping
f the elements into the unit interval is required and, subsequently,
imilarity measures conduct a mapping 𝑠∶ [0, 1]× [0, 1] → [0, 1]. Several

different similarity measures exist (Bandemer and Näther, 1992), but in
this work the similarity introduced in Lukasiewicz (1970) is deployed.
Hence, the similarity of two elements can be defined as

𝑠 (𝑥, 𝑦) = 1 − |𝑥 − 𝑦| (6)

Where 𝑥, 𝑦 ∈ [0, 1]. This can be extended by following the generalized
Łukasiewicz structure as Luukka et al. (2001):

𝑠 (𝑥, 𝑦) = (1 − |𝑥𝑝 − 𝑦𝑝|)
1
𝑝 (7)

here parameter 𝑝 ∈ R+ can be used to adjust the strength of the sim-
larity for the data at hand. The similarity value 𝑠 (𝑥, 𝑦) is within [0, 1]
here a value close to ‘0’ indicates that x and y are very dissimilar, a
alue close to ‘1’ that x and y are very similar and a value of close to
0.5’ indicates ambivalence, meaning that it is not clear whether x is

ore similar or more dissimilar to y.

. Feature selection using nonspecificity, strife and total uncer-
ainty

Let us assume a data set X, which contains n observations and has D
eatures (= variables). Each observation belongs to one out of N classes
𝑖 = 1, 2,… , 𝑁). The number of observations contained in a class i is
enoted by 𝑛𝑖.

irst Step: Normalize each feature d in the data set separately into the
nit interval so that 𝑋𝐷 → [0, 1]𝐷, where D denotes the number of
eatures in the data set.

econd Step: For each class i in the data set compute a so-called ideal
ector that represents that class. The ideal vector for a class i is denoted
y 𝑣𝑖, where 𝑣𝑖 = (𝑣𝑖,1, 𝑣𝑖,2,… .𝑣𝑖,𝐷) contains for each feature in the class
scalar value that represents the values that the feature takes within

hat class. In this work the arithmetic mean is used for the calculation
f the ideal vector using only observations contained in the training
ata.

𝑖,𝑑 =

(

1
𝑛

∑

𝑥𝑑

)

, 𝑑 = 1, 2,… , 𝐷, 𝑖 = 1, 2,… , 𝑁 (8)

𝑖 𝑥∈𝑋𝑖

3

here 𝑣𝑖,𝑑 denotes the arithmetic mean of the dth feature for ob-
ervations belonging to class i. Other functions can also be used to
alculate the ideal vector elements, such as the generalized mean,
he Bonferroni mean (Bonferroni, 1950) or ordered weighted average
OWA) operators (Yager, 1988).

hird Step: For each feature of each observation, the similarity to the
deal vector element for that feature in each class is calculated. For an
bservation 𝑥𝑗 the similarity of its dth feature to the dth element of the
deal vector of class i can be calculated as
(

𝑥𝑗,𝑑 , 𝑣𝑖,𝑑
)

=
(

1 − |

|

|

𝑥𝑝𝑗,𝑑 − 𝑣𝑝𝑖,𝑑
|

|

|

)
1
𝑝 (9)

The simple intuition of the formula being that if the value for the dth
feature for observation 𝑥𝑗 is close to the value of this feature in the
ideal vector 𝑣𝑖 of class i, then these values are very similar. In other
words, the observation is similar to class i in terms of the dth feature.
n contrast to that, if these two values differ considerably, then the
imilarity value will be low, indicating that they are dissimilar. This
alculation is conducted for each observation 𝑗 = 1, 2… .𝑛 for each

feature 𝑑 = 1, 2,… , 𝐷 for all classes 𝑖 = 1, 2,… , 𝑁 .

Fourth Step: This step concerns the calculation of the nonspecificity,
strife or total uncertainty measure for a feature d and a class i. Hence
this step exclusively considers observations of each class and not all
observations for the calculation of the uncertainty measure. For the
ordered possibility, the ordered similarity value distribution for each
class is used that includes the similarities calculated in the third step.
The ordered similarity distribution for class i and feature d can be
denoted as 𝑠𝑖,𝑑 = (𝑠1,𝑖,𝑑 , 𝑠2,𝑖,𝑑 ,… , 𝑠𝑛𝑖 ,𝑖,𝑑 ) where 𝑛𝑖 denotes the number
of observations in class i and 𝑠1,𝑖,𝑑 ≥ 𝑠2,𝑖,𝑑 ≥ ⋯ ≥ 𝑠𝑛𝑖 ,𝑖,𝑑 highlights the
ordering. It should be remarked that the first number in the subscript
of the ordered similarity values refers to the position in the ordered
sequence and not to the original number of the observation.

The nonspecificity w.r.t a class i and a feature d using ordered
similarity values of class i can be obtained with the help of Eq. (2) as
follows:

𝑢1,𝑖,𝑑 =
𝑛𝑖−1
∑

𝑘=2

(

𝑠𝑘,𝑖,𝑑 − 𝑠𝑘+1,𝑖,𝑑
)

× log2 𝑘 (10)

Where 𝑛𝑖 denotes the number of observations in class i, and 𝑠𝑘,𝑖,𝑑 and
𝑠𝑘+1,𝑖,𝑑 two successive similarity values (meaning it is the closest smaller
or equal similarity value to 𝑠𝑘,𝑖,𝑑) of the ordered similarity distribution
for observations in class i. In addition, the subscript 1 in 𝑢1,𝑖,𝑑 highlights
that this nonspecificity is specific to the class. It is noteworthy that the
calculation only includes the summation until 𝑛𝑖 − 1, so that the last
value in the ordered similarity distribution is 𝑠𝑛𝑖 ,𝑖,𝑑 and not 𝑠𝑛𝑖+1,𝑖,𝑑 . In
other words, it does not follow the convention mentioned in Section 2.1
that the last value considered is zero at the end of the ordered sequence
(referred to as 𝑟𝑛+1 previously). The reason for this is simple: it is
conceptually intuitive for an ordered possibility distribution to assume
that the next value outside the set takes a value of zero, meaning that
any value not specified in the possibility distribution is not obtainable.
However, the same logic does not apply for ordered similarity values.
In addition, following this convention can increase the value of the
uncertainty measure manifold just based on the difference between the
last actually measured smallest similarity and a hypothetical similarity
of zero — as also practical examples conducted by the authors of this
article have indicated.

A similar calculation as presented in Eq. (10) is required in case
the strife measure or the total uncertainty measure is used. The strife
measure w.r.t a class i and a feature d using ordered similarity values
of class i can be computed as

𝑢1,𝑖,𝑑 =
𝑛𝑖−1
∑

(

𝑠𝑘,𝑖,𝑑 − 𝑠𝑘+1,𝑖,𝑑
)

× log2
𝑘

∑𝑘 (11)

𝑘=2 𝑙=1 𝑠𝑙,𝑖,𝑑
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And for total uncertainty in the same context as

𝑢1,𝑖,𝑑 =
𝑛𝑖−1
∑

𝑘=2

(

𝑠𝑘,𝑖,𝑑 − 𝑠𝑘+1,𝑖,𝑑
)

× log2
𝑘2

∑𝑘
𝑙=1 𝑠𝑙,𝑖,𝑑

(12)

epending on the selected uncertainty measure, either Eq. (10) for
onspecificity, Eq. (11) for strife or Eq. (12) for total uncertainty should
e used. This step is repeated for each of the N classes and each of the
features.

ifth Step: This step concerns the calculation of the nonspecificity,
trife or total uncertainty measure for a feature d for all observations
n the data. This is clearly distinct from the fourth step where for
ach measure only the observations within a specific class where in-
orporated into the calculation. Hence, this step concerns the ordered
imilarity distribution of the similarity values of all observations for
eature d with respect to the ideal vector of a class i. The formula for
onspecificity, strife and total uncertainty can be represented as

2,𝑖,𝑑 =
𝑛−1
∑

𝑘=2

(

𝑠𝑘,𝑖,𝑑 − 𝑠𝑘+1,𝑖,𝑑
)

× log2 𝑘 (13)

2,𝑖,𝑑 =
𝑛−1
∑

𝑘=2

(

𝑠𝑘,𝑖,𝑑 − 𝑠𝑘+1,𝑖,𝑑
)

× log2
𝑘

∑𝑘
𝑙=1 𝑠𝑙,𝑖,𝑑

(14)

𝑢2,𝑖,𝑑 =
𝑛−1
∑

𝑘=2

(

𝑠𝑘,𝑖,𝑑 − 𝑠𝑘+1,𝑖,𝑑
)

× log2
𝑘2

∑𝑘
𝑙=1 𝑠𝑙,𝑖,𝑑

(15)

Where the summation of the weighted differences in the similarity
values is implemented over all observations in the data and not, as in
Eq. (10)–(12), only over the observations in a specific class. The sub-
script 2 in 𝑢2,𝑖,𝑑 highlights that this nonspecificity covers the similarity
values of all observations in the data.

It is obvious, that the choice of uncertainty measure (nonspecificity,
strife, total uncertainty) in the fifth step is supposed to correspond to
the selection of the uncertainty measure in the fourth step. This step is
repeated for each of the N classes and each of the D features.

Sixth Step: This step contains the calculation of the information trans-
mission value 𝑇𝑑 for the dth feature. This step incorporates the non-
specificity, strife or total uncertainty values calculated in the previous
fourth and fifth step. In particular, the information transmission for a
feature is measured as the difference between the uncertainty of the
feature values of all observations to each class’s ideal vector element
and the uncertainty of the feature values for observations in a class to
the corresponding class’s ideal vector element. This can be formulated
as follows

𝑇𝑑 =
𝑁
∑

𝑖=1
𝑢2,𝑖,𝑑 − 𝑢1,𝑖,𝑑 (16)

where 𝑢2,𝑖,𝑑 denotes the uncertainty for the dth feature in the entire
data set using the ideal vector of class i and 𝑢1,𝑖,𝑑 the uncertainty for
he dth feature only within class i. The information transmission 𝑇𝑑 is

then the sum of the differences in uncertainty between the feature in
the entire data set and that in each of the N classes. This step is repeated
for each of the D features and results in D feature-specific information
transmission values. A high information transmission value for a feature
is essentially indicative of the ideal vector element for a class being
considerably better at representing the observations in that class than
at representing all observations.

Seventh Step: The features can be ranked according to their feature-
specific information transmission value in descending order. A feature
is relevant for classification if the knowledge of the class label reduces
the uncertainty for the values the feature takes. This is represented by a
large difference between the uncertainty in the entire data compared to
the uncertainty in each of the classes, which means a high information
transmission value obtained from Eq. (16).

Finally, a certain number of the highest-ranking features, meaning

with the largest information transmission values, needs to be selected.

4

There are two common forms how feature ranking methods are used
to generate feature subsets. The first is selecting a fixed subset of
the highest-ranking features using a threshold value for the feature
importance or selecting a user-specified number 𝑘 < 𝐷 of the highest-
ranking features (Bolón-Canedo et al., 2013; Das, 2001). In the second
approach, the feature ranking is followed by a wrapper approach
where the number of highest-ranking features to select is decided
using cross-validation (Liu and Yu, 2005; Duch, 2006), which can
be referred to as a hybrid feature selection approach since it com-
bines two feature selection methods (feature ranking and a wrapper)
sequentially (Bolón-Canedo et al., 2014b).

Both approaches to using a feature ranking will result in selecting
a feature subset and discarding the remaining features to reduce the
dimensionality of the data set for the subsequent learning algorithm.

4. Data and cross-validation procedure

There are overall 18 data sets used as part of this study: eight
artificial data sets and ten real-world data sets. The details for each
data set are depicted in Table 1 (the majority class(es) for each data
set is highlighted in bold).

Five artificial cases are based on three artificial examples and two
extensions of them. These first three examples are two-dimensional and
displayed in Fig. 1.

The first example contains two classes, which each have a single
decision region and two independent features. The second example
is an extension of the first example with two decision regions for
each class and a different level of variance of the data points for
the point clusters. The third example is a three-class problem with
a single decision region per class and different covariance matrices
and sample sizes. For details on the distribution and specifications,
please see Table A.1 in the Appendix. A detailed description how
nonspecificity, strife and total uncertainty work on these three artificial
cases is provided in the appendix.

The fourth artificial example is an extension of the second artificial
example with 100 additional random uniform features, whereas the
fifth artificial example is an extension of the third artificial example
with 100 additional random uniform features. The remaining three
artificial data sets are the three MONK’s problems data sets (Thrun,
1992) from the UCI Machine Learning Repository (Dua and Graff,
2019). In contrast to the previous five data sets, the features in the
MONK’s problems are discrete, integer-valued and the target concept
is based on logical rules. There are seven features in the data set (𝑎1
to 𝑎7) and for MONK-1 the target concept is (𝑎1 = 𝑎2) or (𝑎5 = 1), for
MONK-2 exactly two out of the first six features need to be 1, and for
MONK-3 either (𝑎5 = 3 & 𝑎4 = 1) or (𝑎5 ≠ 4 & 𝑎2 ≠ 3) with 5% of class
noise (Thrun, 1992).

The real-world data sets that are utilized in this paper are also
taken from the UCI Machine Learning Repository (Dua and Graff, 2019)
and from the GitHub repository (Primekangkang, 2019). The authors
selected 10 medical data sets that differ considerably in the number
of observations, features, classes as well as the ratio of observations
per feature. So-called microarray data sets which are commonly found
in the medical context (especially gene selection) are characterized
by a small number of observations and a considerably larger number
of features. These characteristics make them challenging data sets for
learning that often require some form of dimensionality reduction,
which is the reason they were selected for this study. In contrast, the
remaining medical data sets possess more observations and are con-
siderably lower-dimensional, increasing the variety and characteristics
of data sets used in this study. The six data sets obtained from the
UCI Machine learning repository are: the cryotherapy data (Khozeimeh
et al., 2018), the diabetic retinopathy Debrecen data (Antal and Hajdu,
2014), the cardiotocography data as a ten-class and as a three-class
problem (Marques de SÃ et al., 2010), the chronic kidney disease

data (Soundarapandian and Rubini, 2015) and the dermatology data
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Table 1
Summary of the data sets
Fig. 1. First three artificial examples.
et (Ilter and Guvenir, 1998). The four data sets obtained from GitHub
ontain: the small-round-blue-cell tumor (SRBCT), the leukemia1, the
iffuse large B-cell lymphoma (DLBCL), and the prostate cancer data
et.

In terms of features, the smallest real-world data set is with only
ix features the cryotherapy data set, whereas the largest data set is
he prostate cancer data with more than 10’000 features. The number
f observations also differ considerably between the data sets with
he leukemia1 data set encompassing only 72 observations with a
onsiderable number of features, while the cardiotocography data sets
ontain more than 2000 observations with only 22 features. This also
ighlights that this selection of data sets contains data with a high
umber of observations to the number of features as well as data such
s the prostate cancer data that have considerably more features than
bservations — which makes the model fitting on this type of data

ore susceptible to overfitting (curse of dimensionality). The number

5

of classes range from two, such as for the diabetic retinopathy data
set, up to ten classes for one of the cardiotocography data sets. With
respect to the class balance, meaning how equally the observations are
distributed among classes, the prostate cancer data set reflects the best
balance of all data sets with a division that is close to 50–50, whereas
the cardiotocography data sets belong to the most imbalanced ones
with the minority classes being up to 10 times smaller than the largest
class in the respective data set. Overall, the varying characteristics of
these data sets support the investigation whether the feature ranking
methods suggested in this paper can perform well on different types of
data sets.

4.1. Cross-validation

Several authors pointed out that using the entire data set for feature

selection and, subsequently, deploying a cross-validation procedure for
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the classifier training leads to a bias with respect to the accuracy
on the test set (= 1 - generalization error). This bias, which is the
difference between the true generalization error and the estimated
generalization error, is often referred to as ‘feature selection bias’ or
‘selection bias’ (Miller, 2002; Singhi and Liu, 2006). The reason for
a too optimistic estimate of the generalization error is the fact that
the selection of the feature subset includes data that was later used
for the calculation of the error on the supposedly independent test
set (Ambroise and McLachlan, 2002). This bias may be large for data
sets with a small set of observations and a large number of features, as
is the case for microarray data for gene analysis (Singhi and Liu, 2006;
Krawczuk and Łukaszuk, 2016).

Hence, Ambroise and McLachlan (2002) conclude that the test
set should not be part of the feature selection process. Such external
cross-validation, meaning that the test set is independent of the feature
selection process, is required to obtain unbiased results on the test
set (Ambroise and McLachlan, 2002; Krawczuk and Łukaszuk, 2016).
However, it is pivotal to stress that a single external cross-validation
may not be sufficient for additional parameter tuning/ optimization of a
classifier together with feature selection. Similar to Wood et al. (2007),
this study will deploy a two-level external cross-validation to address
the ‘optimization bias’, which is sometimes also termed ‘parameter
selection bias’ (Varma and Simon, 2006), as well as the ‘selection bias’.

The first external cross-validation is implemented using 10-fold
cross-validation, as recommended by Ambroise and McLachlan (2002),
and the second external cross-validation (termed ‘‘nested CV’’) is based
on a simple holdout data split (80% training set, 20% validation set).
Each of the two cross-validations serve a different purpose. The outer
external CV is used to set aside an independent test set to measure the
generalization error of the final model with data that has not been
used for feature selection, parameter selection and model training.
The second external CV is deployed for model selection, meaning
feature selection (and parameter selection) for the learning algorithm
(e.g. classifier).

In this study, we use the two-level CV and follow two different
approaches to conduct feature selection based on a feature ranking: (1)
using a fixed number of the highest-ranking features and (2) using a
hybrid approach where the feature ranking is inputted to a wrapper
method to cross-validate the number of highest-ranking features to
select.

For the first approach, the simple rules applied in the study of
Bolón-Canedo et al. (2013) are used which state that depending on
the number of features D, the following percentage of highest-ranking
features can be selected: if 𝐷 < 10 then 75%, if 10 ≤ 𝐷 < 75 then
40%, if 75 ≤ 𝐷 < 100 then 10%, and if 100 ≤ 𝐷 then 3%. The
only exceptions in our study are the five artificial cases for which
only one feature is relevant and, thus, only the highest-ranking feature
is selected. Thus, following this first approach, for each data set the
number of highest-ranking features selected is fixed and is the same
for all filter methods used. The two-level cross-validation used with a
fixed number of highest-ranking features is illustrated in Fig. 2, the
first and second data split are highlighted in blue and green, and the
step in which the feature subset is selected is highlighted in gray.

The feature ranking methods are applied to the (internal) training
set and a fixed number of the highest-ranking features is selected for
each method. The learning algorithm (here: classification algorithm) is
trained on the same (internal) training data multiple times — each time
with a different parameter value. Subsequently, the best parameter(s) is
selected based on the highest validation performance (model selection).
The (external) training data is used to train the learning algorithm
with the previously obtained feature subsets and the corresponding best
model parameter(s), and the final model obtained after training is then
tested on the independent test set (model evaluation) to estimate the
generalization error.

For the second approach, the number of highest-ranking features is

selected using the validation data set. In particular, the feature ranking

6

is used as a starting point and the lowest-ranking feature is removed
from the set of features in each iteration of the wrapper method (=
backward elimination). Finally, the highest classification accuracy of
the learning algorithm (in the wrapper) on the validation data set
is used to select the best number of the highest-ranking features.
The cross-validation procedure for this hybrid approach is presented
in Fig. 3 and the steps in which the feature subset is selected are
highlighted in gray.

The essential difference of this second approach to the first one is
that the validation data is not only deployed to determine the optimal
parameters (for a learning algorithm on a feature subset of fixed size)
but simultaneously to select the best number of highest-ranking features
for the subset as well. After the optimal combination of the feature
subset and parameter set is determined based on the highest validation
set accuracy in the nested CV, this combination is utilized to train
the model on the training set of the outer external CV and test the
generalization performance on the independent test set (external CV).
The result obtained from each loop of the outer external CV can then be
averaged over all 10 folds to obtain an estimate of the generalization
error of the feature selection process together with the specific training
algorithm used.

The classifiers applied in this study are a k-nearest neighbor (KNN)
classifier (Cover and Hart, 1967), a binary decision tree (Breiman et al.,
1984), a similarity classifier (Luukka et al., 2001), and a support vector
machine (SVM) (Cortes and Vapnik, 1995). Due to the computational
complexity of using two-level external cross-validation and training
the classification models for each feature subset size for each fold
in case of the hybrid feature selection approach, only a linear SVM
was used and the similarity classifier is deployed solely with standard
parameters (𝑝 = 1, 𝑚 = 1). For the k-nearest neighbor classifier the
number of neighbors k and for the decision tree the minimum leaf size
are tuneable parameters for the parameter selection in this study. The
average classification accuracies accomplished on the test set (external
CV) for each feature selection method are compared in terms of the
significance of the results against using no feature selection by using a
one-sided Welch’s test.

4.2. Stability of a feature selection algorithm

Using an external cross-validation procedure for feature selection
can lead to different feature rankings and subsets since different par-
titions of the same data set are used in each iteration to determine
the feature subsets (Ambroise and McLachlan, 2002; Krawczuk and
Łukaszuk, 2016). However, it is clearly desirable that a feature selection
method gives the same or a comparable feature subset when applying
it to different partitions of the same data set. Hence, the stability of
a feature selection algorithm, meaning its ability to generate similar
feature subsets from large samples of the same data set, is a crucial
aspect of feature selection (Krawczuk and Łukaszuk, 2016). Similar to
Krawczuk and Łukaszuk (2016), this study uses the adjusted stability
measure (ASM) conceptualized by Lustgarten et al. (2009) to evaluate
the stability of a feature selection algorithm based on the feature
subsets obtained from the nested external cross-validation. The ASM
can be calculated as follows (Lustgarten et al., 2009):

𝐴𝑆𝑀 = 2
𝑐 ∗ (𝑐 − 1)

𝑐−1
∑

𝑖=1

𝑐
∑

𝑗=𝑖+1
𝑆𝐴(𝑓𝑠𝑖, 𝑓𝑠𝑗 ) (17)

here c denotes the number of feature subsets (here equal to the num-
er of folds) and 𝑆𝐴 the similarity measure between two feature subsets
𝑠𝑖 and 𝑓𝑠𝑗 . The double sum is used to sum up the similarity measure

or all combinations of feature subsets, not considering permutations
f them (e.g. feature subset one is compared with feature subset two,
ut, subsequently, feature subset two does not need to be compared to
eature subset one again). The multiplication of the sum with the term

2
𝑐∗(𝑐−1) averages the summed similarity measures with the number of
similarity measures in the sum. For instance, if 𝑐 = 10, meaning there
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Fig. 2. Two-level cross-validation for parameter selection with a fixed feature subset of the highest-ranking features.
Fig. 3. Two-level cross-validation for feature subset and parameter selection using a hybrid feature selection approach.
a

𝑊

re 10 feature subsets, technically 𝑐 ∗ 𝑐 feature subset comparisons
are possible if every subset is compared with every subset. However,
if the comparisons of each feature subset with itself is excluded, this
number reduces to 𝑐 ∗ (𝑐 − 1). If permutations are excluded, only
𝑐∗(𝑐−1)

2 combinations remain, which is the exact number the sum of the
imilarity measures is divided by. Hence, the ASM is an average of the
imilarity between all combinations of the feature subsets.

The similarity measure 𝑆𝐴 for two feature subsets 𝑓𝑠𝑖 and 𝑓𝑠𝑗 ,
hich originated in the idea by Kuncheva (2007) to account for the
ffect of chance, is calculated as

𝐴(𝑓𝑠𝑖, 𝑓𝑠𝑗 ) =
𝑟 − 𝑘𝑖∗𝑘𝑗

𝐷

min
(

𝑘𝑖, 𝑘𝑗
)

− max
(

0, 𝑘𝑖 + 𝑘𝑗 −𝐷
) (18)

In this formula r is the cardinality of the intersection of the two
feature sets 𝑓𝑠𝑖 and 𝑓𝑠𝑗 , meaning how many features they have in
common. The quotient subtracted from r in the numerator represents
the expected value for r, meaning the number of features two subsets
𝑓𝑠𝑖 and 𝑓𝑠𝑗 with cardinality 𝑘𝑖 and 𝑘𝑗 for a data set with D features
are expected to have in common (Lustgarten et al., 2009). Hence, the
numerator is the difference between the actual number of features two
subsets have in common minus the number of features these two sub-
sets are expected to have in common. The denominator represents the
range of values these two subsets can have in common. In particular,
the first term represents the largest number of features the two subsets
can have in common, whereas the second term, that is subtracted from
it, embodies the smallest possible number of mutual features in these
two subsets. The similarity measure 𝑆𝐴 can take values within the range
(−1, 1] (Krawczuk and Łukaszuk, 2016) and since 𝐴𝑆𝑀 is an average
of all similarity values, it has the same range. For further details, please
see Lustgarten et al. (2009).

4.3. Benchmark feature selection methods

The classification performance of the three proposed supervised
filter methods are compared to five other supervised filter methods
7

as well as to no feature selection, meaning to simply use the entire
feature set for classification. The five feature selection methods are the
well-known ReliefF algorithm, the fuzzy entropy and similarity (FES)
filter (Luukka, 2011), the fuzzy similarity and entropy (FSAE) filter,
the Fisher score, and symmetrical uncertainty.

ReliefF is an extension of Relief, a supervised filter for feature selection
introduced by Kira and Rendell (1992a), that also works on incomplete
and noisy data (Kononenko et al., 1997). It determines the relevance of
a feature by using the k Near-hit and Near-miss observations, meaning
the closest observations from the same and other classes to each con-
sidered observation (Kononenko et al., 1997; Kira and Rendell, 1992b).
In particular, the weights for a feature are initialized at zero and are
adjusted based on the average difference of particular observations to
the corresponding k Near-hit and Near-miss instances (Robnik-Šikonja
nd Kononenko, 2003):

𝑑,𝑛𝑒𝑤 = 𝑊𝑑,𝑜𝑙𝑑 −
𝑘
∑

𝑗=1

𝑑𝑖𝑓𝑓
(

𝑑, 𝑥𝑖, ℎ𝑗
)

𝑚 ∗ 𝑘

+
𝑛−1
∑

𝐶
𝑓𝑜𝑟𝐶≠𝑐𝑙𝑎𝑠𝑠(𝑥𝑖 )

[

𝑃 (𝐶)
1−𝑃 (𝑐𝑙𝑎𝑠𝑠(𝑥𝑖))

∑𝑘
𝑗=1 𝑑𝑖𝑓𝑓

(

𝑑, 𝑥𝑖, 𝑚𝑗 (𝐶)
)

]

𝑚 ∗ 𝑘
(19)

Where 𝑊𝑑 denotes the weight for feature d, m is the number of observa-
tions considered, 𝑃 (𝑐𝑙𝑎𝑠𝑠

(

𝑥𝑖
)

) denotes the probability of an observation
to be in the class that also 𝑥𝑖 belongs to, whereas 𝑃 (𝐶) is the probabil-
ity of each different class C. In addition, 𝑑𝑖𝑓𝑓

(

𝑑, 𝑥𝑖, ℎ𝑗
)

denotes the
difference between observation 𝑥𝑖 and the Near-hit ℎ𝑗 in terms of the
dth feature, and 𝑑𝑖𝑓𝑓

(

𝑑, 𝑥𝑖, 𝑚𝑗 (𝐶)
)

represents the difference between
observation 𝑥𝑖 and the Near-miss 𝑚𝑗 (𝐶) in terms of the dth feature from
a different class C. For numerical features, this difference is calculated
as

𝑑𝑖𝑓𝑓
(

𝑑, 𝑥𝑖, 𝑥𝑗
)

=
|

|

|

𝑥𝑖,𝑑 − 𝑥𝑗,𝑑
|

|

|

( ) (20)

max 𝑥𝑑 − min(𝑥𝑑 )
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Whereas for categorical features, it can be determined as

𝑑𝑖𝑓𝑓
(

𝑑, 𝑥𝑖, 𝑥𝑗
)

=

{

0 𝑖𝑓 𝑥𝑖,𝑑 = 𝑥𝑗,𝑑
1 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒

(21)

The diff function is also used to find the Near-hit and Near-miss
instances, by summing up the diff values for each instance over all
features (Manhattan distance) (Robnik-Šikonja and Kononenko, 2003).
The weight 𝑊𝑑 𝜖 [−1, 1] that is obtained for each feature represents the
feature relevance, so that the features can be ranked according to this
weight in descending order and a number of user specified features can
be selected (Kira and Rendell, 1992b; Souza et al., 2006). In this work,
ReliefF will be deployed with 10 Near-hits and Near-misses, which
is a common choice (Kononenko et al., 1997; Kononenko, 1994). In
addition, this study uses the modification introduced by Robnik-Šikonja
& Kononenko (Robnik-Šikonja and Kononenko, 2003) with 70 Near-hit
and Near-miss instances and a new decay parameter 𝜎 = 20.

Fuzzy entropy and similarity (FES), was in previous works referred
to as ‘‘Feature selection by Luukka (2011)’’ (Lohrmann et al., 2018),
is a filter method that uses similarity and fuzzy entropy measures to
determine the relevance for each feature. The approach first calculates
for each class i an ideal vector 𝑣𝑖 using, for instance, a generalized
mean (Luukka, 2011). Subsequently, for each observation the similarity
of the observation’s feature value with each class ideal vector element
is determined. For the value of feature d for observation j, denoted 𝑥𝑗,𝑑 ,
the similarity with the corresponding element of the ideal vector of
class i, denoted 𝑣𝑖,𝑑 , can be calculated as

𝑆
(

𝑥𝑗,𝑑 , 𝑣𝑖,𝑑
)

= 𝑝

√

(

1 − |

|

|

𝑥𝑝𝑗,𝑑 − 𝑣𝑝𝑖,𝑑
|

|

|

)

(22)

Where p comes from the generalized Łukasiewicz structure (Luukka
et al., 2001). Subsequently, to determine the summed entropy value for
each feature, the similarity values for each feature are summed over all
observations n and all classes N.

𝐻𝑑 =
𝑁
∑

𝑖=1

𝑛
∑

𝑗=1
𝐻

(

𝑆
(

𝑥𝑗,𝑑 , 𝑣𝑖,𝑑
))

(23)

The features can be ranked according to the summed entropy values
in ascending order so, for instance, a user-specified number of features
with the lowest entropy values can be selected.

Fuzzy similarity and entropy (FSAE) feature selection is a modifica-
tion of the filter feature selection approach FES introduced by Luukka
(2011). As in FES, ideal vectors are calculated for each class and the
similarity is measured for each feature for each observation with each
corresponding class ideal vector element. In contrast to Eq. (23), the
similarity values for a given feature in the FSAE are only summed over
all observations but not over all classes (Lohrmann et al., 2018):

𝐻𝑖,𝑑 =
𝑛
∑

𝑗=1
𝐻

(

𝑆
(

𝑥𝑗,𝑑 , 𝑣𝑖,𝑑
))

(24)

In addition to this feature- and class-specific summed entropy 𝐻𝑖,𝑑 ,
a scaling factor is calculated in order to account for the difference
between ideal vector elements of different classes.

𝑆𝐹 𝑖,𝑑 = 1 −

(

∑

𝑖≠𝑗
|

|

|

𝑣𝑖,𝑑 − 𝑣𝑗,𝑑
|

|

|

𝑙
)

1
𝑙

𝑁 − 1
(25)

he summed entropy values are then multiplied with the corresponding
eature- and class-specific scaling factor and summed over all N classes:

𝐸𝑑 =
𝑁
∑

𝑖=1

(

𝐻𝑖,𝑑 ∗ 𝑆𝐹 𝑖,𝑑
)

(26)

s with the entropy values obtained by the approach of Luukka, the
caled entropy values for the FSAE are ordered in ascending order and,
 a

8

or instance, a user-specified number of features with the lowest scaled
ntropy values is selected.

ymmetrical uncertainty is another measure that is rooted in informa-
ion theory, that was introduced by Press et al. (1988) and essentially
mbodies a normalized version of mutual information (Sosa-Cabrera
t al., 2019). For a categorical random feature x that can take I possible
alues

{

𝑥1, 𝑥2,… , 𝑥𝐼
}

, the entropy as a measure of uncertainty can be
xpressed as

(𝑥) = −
𝐼
∑

𝑖
𝑃
(

𝑥𝑖
)

log2(𝑃
(

𝑥𝑖
)

) (27)

Where 𝑥𝑖 represents one specific value the feature x can take and 𝑃
(

𝑥𝑖
)

he prior probability that x takes the value 𝑥𝑖. In addition to the entropy
or a single feature x, the conditional entropy of a feature x given
nother feature y with possible values

{

𝑦1, 𝑦2,… , 𝑦𝐽
}

can be expressed
s

(𝑥|𝑦) = −
𝐽
∑

𝑗

(

𝑃 (𝑦𝑗 )
𝐼
∑

𝑖
𝑃
(

𝑥𝑖|𝑦𝑗
)

log2
(

𝑃
(

𝑥𝑖|𝑦𝑗
))

)

(28)

here 𝑃
(

𝑥𝑖|𝑦𝑗
)

is the posterior probability of observing value 𝑥𝑖 for
eature x given that feature y has a value of 𝑦𝑗 . Combining the entropy
f x with the conditional entropy of x given y allows to measure the
eduction in uncertainty of the values feature x takes if the value of y
s known (Sosa-Cabrera et al., 2019). This quantity is referred to as the
utual information and is calculated as

𝐼 (𝑥|𝑦) = 𝐻 (𝑥) −𝐻 (𝑥|𝑦) (29)

he symmetrical uncertainty is the mutual information normalized by
he entropy values of feature x and feature y in order not to be biased
owards features with many categories (Sosa-Cabrera et al., 2019).

𝑈 (𝑥, 𝑦) = 2
(

𝑀𝐼 (𝑥|𝑦)
𝐻 (𝑥) +𝐻 (𝑦)

)

(30)

he symmetrical uncertainty 𝜖 [0, 1] represents the association between
wo features. In case the symmetrical uncertainty is used to quantify the
ncertainty between the dependent variable (= class labels) and each
f the features, these values can be ordered in descending order and,
or instance, a user-specified number of the features with the highest
ymmetrical uncertainty values can be selected.

isher Score is a similarity-based filter method for supervised feature
election (Duda et al., 2012). It is based on the distance between the
lass means of a feature to the mean of the feature, standardized by the
bservation-weighted standard deviation for that feature in the classes.
t can be defined as:

𝑖𝑠ℎ𝑒𝑟𝑆𝑐𝑜𝑟𝑒𝑑 =
∑𝑁

𝑖=1 𝑛𝑖
(

𝑥𝑖,𝑑 − 𝑥𝑑
)2

∑𝑁
𝑖=1 𝑛𝑖𝜎𝑖,𝑑

(31)

Where d is a feature, 𝑥𝑖,𝑑 is the mean of feature d in class i, 𝑥𝑑 is the
mean of feature d, 𝜎𝑖,𝑑 is the standard deviation of feature d in class i,
N is the number of classes and 𝑛𝑖 is the number of observations in class
i. The Fisher score is calculated for each feature and then ordered in
descending order. Subsequently, for instance, a user-specified number
of features with the largest Fisher score can be selected for the feature
subset (Li et al., 2017).

All feature selection methods and calculations were implemented
with MATLAB™ - software (version 2020a). The code for the symmet-
ical uncertainty was obtained from the ‘‘Feature Selection Library’’
rom the MathWorks file exchange (Roffo et al., 2017). The code files
or the feature ranking methods proposed in this study and for the
rtificial cases are freely available at the GitHub repository (Lohrmann
nd Luukka, 2020).
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5. Experimental results and analysis

The results of the filter feature selection algorithms discussed in
the previous section and obtained using a k-nearest neighbor (KNN)
classifier, a decision tree for classification, a similarity classifier and a
linear support vector machine (SVM) are depicted below.

The results with each classifier using the feature ranking with a
fixed number of features selected are presented in Tables 2 to 5 (the
best results per classifier are highlighted in gray; ‘.’, ‘*’, ‘**’, and ‘***’,
refer to the 10%, 5%, 1% and 0.1% significance level corresponding
to Welch’s test of a filter method versus using no feature selection,
respectively). It is apparent that for the first simple artificial example
all feature selection methods consistently find the single most relevant
feature in the data set. For the KNN classifier (Table 2) the second
9

artificial case and its extension, the fourth artificial case, can only
consistently produce perfect accuracies using the ReliefF setups and
symmetrical uncertainty. However, it is noteworthy that strife, non-
specificity and total uncertainty only offer a slightly worse performance
whereas the Fisher score, FSAE and FES provide a roughly 10%-points
lower accuracy. In contrast to that, for the third artificial case and its
extension, the fifth artificial case, the three approaches proposed in
this paper (strife, nonspecificity and total uncertainty) as well as the
Fisher score and symmetrical uncertainty consistently rank the most
relevant feature first. It is worth mentioning that the KNN classifier
as a distance-based classifier is very susceptible to many additional
irrelevant features as can be seen by the deterioration of the clas-
sification accuracy without feature selection in the fourth and fifth
artificial example case. On the MONK’s data sets the performance of
Table 2
Average test set accuracy and standard deviation for the KNN classifier with fixed feature subset (Filter).
Table 3
Average test set accuracy and standard deviation for the decision tree classifier with fixed feature subset (Filter)
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Table 4
Average test set accuracy and standard deviation for the similarity classifier with fixed feature subset (Filter).
Table 5
Average test set accuracy and standard deviation for the support vector machine with fixed feature subset (Filter)
nonspecificity and total uncertainty is often considerably better than
that of strife, which seems to have difficulty with the unusual, logical
target concepts. The performance on the MONK 1 data set is still
comparable with the Fisher score, but the target concept for the MONK
3 data set is clearly not captured using strife. On the real-world data
sets, the KNN classifier appears to perform best with the Fisher score,
resulting for four out of the ten data sets in the best test accuracy.
Strife is often showing a comparable performance to the Fisher score
and is for the CTG-1 (79.4%) data set and the Leukemia1 (95.9%) data
set the best performing feature ranking method. With exception of the
Cryotherapy data set, strife is more accurate on all real-world data
sets than nonspecificity and total uncertainty. Overall, feature selection
appears to be beneficial for the accuracy of the KNN classifier. For eight
out of ten data sets the performance with at least one feature selection
10
method is higher than the one using no feature selection, and in five
of these cases the result is significantly higher than that of no feature
selection.

The results using the decision tree (Table 3) are largely comparable
to those obtained using the KNN classifier, especially on the artificial
example cases. Both strife and FES achieve the best test accuracy of
91.1% of any feature selection method and classifier combination on
the cryotherapy data set. The two ReliefF setups seem to perform very
well with the decision tree, resulting for three data sets in the highest
test set accuracies and for the remaining data sets in very competitive
results compared to the remaining filter methods. It is noteworthy
that in six out of the ten real-world data sets, at least one feature
selection method resulted in a higher average test set accuracy and in
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Table 6
Diversity of feature ranking methods on all real-world data sets.
Table 7
Average test set accuracy and standard deviation for the KNN classifier using a hybrid approach.
Table 8
Average test set accuracy and standard deviation for the decision tree classifier using a hybrid approach.
11
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Table 9
Average test set accuracy and standard deviation for the similarity classifier using a hybrid approach.
Table 10
Average test set accuracy and standard deviation for the support vector machine using a hybrid approach.
two out of these cases the test accuracy was even significantly higher
than that without feature selection. This is of interest since decision
trees are embedded feature selection methods that select features to
build the decision tree (forward selection) (Blum and Langley, 1997;
Duch, 2006). However, the results highlight that using feature selection
prior to the decision tree can still in some cases improve the accuracy
significantly.

The results for the similarity classifier (Table 4) are mixed and show
very low test set accuracies for the CTG-1 and CTG-2 data sets with
all feature ranking methods. However, at the same type, this classifier
leads to high test accuracies on the microarray data sets (SRBCT,
Leukemia1, DLBCL and Prostate), indicating that this simple classifier
performs very well on this types of data sets, especially using ReliefF
12
for feature ranking. The Fisher score and strife provide very high test
accuracies for most data sets and lead to the best test set accuracies for
three and two of the real-world data sets, respectively. ReliefF appears
to perform particularly well on the microarray data sets and provides
in up to three data sets the highest test set accuracy. With exception of
the dermatology data set, the test accuracies for most feature ranking
methods exceed that of using no feature selection. For nine out of the
ten real-world data sets at least one feature ranking method improves
the test accuracy significantly. As in the KNN classifier, the similarity
classifier includes all features in the classification model, making it
susceptible to irrelevant and noisy features. Thus, the fact that feature
selection in most cases improves the accuracy of this classifier is
intuitive.
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Table 11
Average rank of classifier performance, feature number and ASM on the real-world data sets.
f
d
a
c

The support vector machine (SVM) with linear kernel (Table 5)
erforms poorly on most artificial data sets due to its simple kernel
nd the fact that it can neither handle multiple decision regions for
ach class (artificial case two and four) nor use the actually most
elevant feature to construct two hyperplanes to divide the feature
pace perfectly according to the classes. However, the SVM performs ex-
raordinarily well on the SRBCT, DLBCL and Prostate data sets for many
f the feature ranking methods including ReliefF, Fisher score, strife
nd symmetrical uncertainty. ReliefF (70,20) and strife both result for
wo data sets in the highest test accuracies and strife’s performance is in
ost cases comparable with that of the Fisher score. Overall, the linear

VM’s test set accuracies are in most cases (seven out of ten data sets)
he highest when using no feature selection. Out of the three cases in
hich using feature selection leads to higher test accuracies than using
o feature selection, only two times the test set accuracy is significantly
igher (Prostate data set with ReliefF).

In terms of stability, the adjusted stability measure (ASM) indicates
hat all feature ranking methods tend to lead to comparably stable
eature subsets with adjusted stabilities of 0.5 to 0.7 (see Table A.3
n the appendix). It is noteworthy that symmetrical uncertainty shows
he lowest stabilities on most of the microarray data sets which have a
arge number of features (in the thousands) and only a small number
f observations.

In this study, the ASM is also used as a diversity measure by com-
aring the stability of subsets generated by different feature selection
ethods in the same iterations of the cross-validation. If two feature

election methods generate considerably different feature subsets, the
SM will attribute a low score to them, indicating that the selected

eatures are not similar and, thus, diverse. The average ASM scores
omparing the feature selection methods with each other are displayed
n Table 6.

The results indicate that nonspecificity and total uncertainty lead to
ighly similar feature subsets. This is likely on account of the similar
ehavior of their weights (see Fig. A.1 in the appendix) and indicates
hat using both algorithms may be of limited use in the context of a
eature selection ensemble due to a lack of diversity. The same appears
o hold true for the two ReliefF setups and the FSAE compared to
ES. The average Spearman rank correlations calculated over the entire
eature rankings (not just the considerably smaller feature subsets) sup-
orts this finding (see Table A.4 in the appendix). In addition, both the
verage Spearman rank correlations and average ASM scores indicate
hat the feature subsets obtained from symmetrical uncertainty, strife
nd the Fisher score are not similar to those of the remaining feature
anking methods, indicating that they are diverse and also may be
uitable additions to feature selection ensembles to add diversity.
 u

13
The results using the hybrid feature selection approach where the
feature rankings are used as input to a wrapper to determine the best
number of highest-ranking features to select for the feature subset are
presented in Tables 7 to 10. The results for the KNN classifier using the
hybrid approach are displayed in Table 7 and show that in contrast to
the previous filter results, for the second and fourth artificial cases per-
fect test set accuracies can also be obtained using strife, nonspecificity
and total uncertainty. Thus, using a hybrid approach with the classifier
avoided removing the most relevant feature in all cases. As with the

feature ranking with a fixed threshold, the results obtained using
the Fisher score are the best for most data sets using the KNN classifier.
Strife generally results in competitive results to the Fisher score with
exception of the SRBCT and DLBCL data sets for which the Fisher
score clearly outperforms all other feature ranking methods. For the
KNN classifier, strife leads to the highest classification accuracy for the
Leukemia1 data set, which is significantly higher than using no feature
selection, and outperforms most approaches, including symmetrical
uncertainty and the ReliefF setups. For all ten real-world data sets at
least one approach is outperforming no feature selection in terms of
the test set accuracy, and for seven of these the test accuracy was
improved significantly. In terms of stability and feature subset size,
there is no method that is consistently more stable or consistently
generates smaller average feature subsets. Anyhow, the Fisher score
seems to be overall the most stable method with the KNN classifier (see
Table A.5).

The results for the decision tree classifier are displayed in Ta-
ble 8. Once again, for the second and fourth artificial cases using the
hybrid approach avoids for most approaches, including strife, non-
specificity, total uncertainty as well as the Fisher score the removal
of the most relevant feature. For the decision tree the three proposed
feature ranking methods all work well, and each method leads for two
data sets to the highest average test accuracy. It is noteworthy that
strife leads on the cryotherapy data set with the decision tree to the
highest accuracy of 91.11% of all classifiers, a result only achieved
otherwise with symmetrical uncertainty and the KNN classifier as well
as FES with the SVM. Compared to the results of the decision tree
using a fixed threshold, now in eight instead of six cases the best
test accuracy on the real-world data sets is achieved with a feature

1 Since the ideal vector element for each class is not representative of the
eature values of observations belonging to the opposing class, there is a steep
rop in the ordered similarity values for all observations, which translates into
peak for the weighted strife values (at around 600 observations). This in turn

ontributes to a higher strife value, which is indicative of a considerably higher
ncertainty within all data than within each class.



C. Lohrmann and P. Luukka Engineering Applications of Artificial Intelligence 109 (2022) 104628

v
e
t
s

t
r
o

selection algorithm but the result is again only significantly better
than no feature selection for two data sets (SRBCT, Retinopathy).
It is remarkable that all feature ranking methods seem to perform
considerably worse on the SRBCT data set when used in combination
with the decision tree classifier instead of the KNN, similarity or SVM
classifier. With the decision tree classifier, strife and the Fisher score
appear to generate on average the smallest and most stable feature
subsets (see Table A.6).

With the similarity classifier (Table 9) the Fisher score is performing
on average the best for only two data sets but is displaying competitive
results for most of the remaining data sets. It is worth mentioning that
for most data sets the similarity classifier with the best performing
filter methods is significantly or highly significantly more accurate than
using no feature selection. However, this may be since for many data
sets the test accuracy using this classifier without feature selection is
considerably lower than using any of the other classification algorithms
in this study. Nonspecificity and total uncertainty give the highest
test set accuracies on four of the real-world data sets, but strife is
competitive in performance in most of these cases. In contrast, for
those data sets that strife is performing best, these two feature ranking
methods perform considerably worse, being 5 to 20%-points lower
than strife’s performance. In terms of the average feature subset size
and the stability of the feature subsets, the Fisher score performs
best in conjunction with the similarity classifier (see Table A.7). Be-
sides that, strife leads for most data sets to competitive feature subset
stabilities.

The results for the SVM classifier are presented in Table 10. For
this classifier, there appears to be no filter method that tends to work
consistently better than the other feature selection methods on all the
data sets. Strife is for most data sets competitive to all remaining feature
selection methods, including nonspecificity and total uncertainty, and
in some cases clearly better than these two other proposed methods
(Kidney, Leukemia, DLBCL). For six out of the ten real-world data sets
at least one feature selection approach outperforms using no feature
selection but not in even a single case this higher test accuracy is
significantly larger. The Fisher score appears to generate the most
stable feature subsets for this classifier (with exception of a very
low ASM for the CTG-1 data set), but ReliefF and strife also show
good results in terms of stability and average feature subset size (see
Table A.8).

In terms of diversity, the results for the hybrid approach are similar
to those presented in Table 6 for the feature subsets of fixed size.
Even though the feature subsets generated by the hybrid approach are
not of fixed size and, thus, are classifier dependent, the finding that
nonspecificity and total uncertainty, the two ReliefF setups, as well
as FSAE and FES are pairs of feature selection methods that generate
similar subsets still holds true.

The average rank of the performance and stability on the real-world
data sets is illustrated in Table 11 (Top 3 methods for each category are
highlighted in gray). For the filter version where the feature ranking
is used together with a fixed threshold on the number of features, the
Fisher score, strife and ReliefF (70, 20) are the three methods that rank
the highest with almost equal average ranks. In terms of stability, the
Fisher score is the only of these three that also ranks within the top
three most stable methods, with ReliefF and strife being clearly lower
ranking in terms of stability when a fixed subset is used.

2 The partial overlap of the first feature is reflected in the ordered similarity
alues. Some values for each class are closer to the opposing class ideal vector
lement than some of the own class’s observations. In general, the larger
he overlap of the feature values for different classes, the more the ordered
imilarity values will also be mixed (= not clearly differentiated by class).

3 The drop in the ordered similarity values for both classes shows that
here is a set of observations that is much less well represented by the class
epresentative than the other observations in that class. Hence, it is indicative
f two distinct decision regions for each of the classes for that feature.
14
When using the hybrid approach where a classifier is used to
determine the number of highest-ranking features to retain, again strife
and the Fisher score are among the top three, whereas ReliefF is only
ranked fifth and sixth.

The high average rank for the test accuracies obtained with the
Fisher score and strife can be based on the fact that both methods
compare the feature values of all observations to those feature values
observed within the classes. The former does so by comparing the
overall average feature value with the average value within a class,
whereas strife compares the uncertainty of a feature value overall to
the uncertainty of the feature value within the classes. Nonspecificity
and total uncertainty indeed function in a similar manner, but the
weights they use are considerably different. In particular, the weights
for high similarity values, which belong to observations close to the
class representatives (ideal vector) are comparably low, placing a larger
emphasis on the middle and tail of the ordered similarity distribution.
Since this is the main difference to strife, and since nonspecificity
and total uncertainty often provide lower test accuracies, it can be
concluded that placing comparably low weights on observations that
are well represented by the class representative is the reason for the
difference in the test accuracies. This would imply that considering
observations that represent a class well in terms of the feature regarded
are important for determining whether a feature is relevant. However,
it is noteworthy that for the discrete MONK data sets that have a chal-
lenging logical target concepts, the opposite was true and nonspecificity
and total uncertainty were clearly more accurate than strife. This stands
in contrast to the results on the numerical artificial cases and real-world
data sets for which strife overall outperforms nonspecificity and total
uncertainty.

In terms of the average number of features selected, ReliefF together
with the Fisher score form the top three whereas strife is only ranked
fourth. It is noteworthy that the average rank of the feature subset
size of strife is considerably better than that of nonspecificity and total
uncertainty. In terms of stability for the hybrid approach, the top three
results appear to be classifier-dependent, with only the Fisher score
always being among the top three. With exception of the SVM, this
holds true for strife with all classifiers as well. The ReliefF setups are
also in several cases among the top three but seem on average not to
work very well with the decision tree (rank six and seven).

6. Conclusions

In this paper, three feature ranking methods for supervised fea-
ture selection in the context of classification were proposed that are
grounded in possibility theory. These methods, namely nonspecificity,
strife and total uncertainty, and their implementation for feature rank-
ing were depicted in detail. All three proposed methods were deployed
on eighteen data sets, which included eight artificial data sets and ten
medical real-world data sets. These data sets were selected so that they
have a wide variety of characteristics. In particular, the real-world data
sets possess between tens to thousands of observations, from few to
thousands of features, from two to ten classes and strongly varying
ratios of observations per feature. Two approaches were followed in this
study: the first using the feature ranking with a fixed threshold for the
number of highest-ranking features to select and the second following a
hybrid approach by deploying a wrapper method on the feature ranking
to select the number of features. Both approaches were included in a
two-level external cross-validation procedure that avoids the selection
bias and the parameter optimization bias. In order to benchmark and
evaluate the results obtained by the three proposed methods, five other
filter methods for feature selection (two ReliefF setups, Fisher score,
FES, FSAE, and symmetrical uncertainty) as well as simply retaining
the complete feature set (no feature selection), were included in the
comparison of methods.

The classifiers included in this study were a KNN classifier, a binary
decision tree, a similarity classifier as well as a linear SVM. In more gen-
eral terms, the results showed that feature selection in many cases can
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improve the classification accuracy, in a few cases even significantly,
or lead to a comparable test accuracy with less features. The benefit
appeared to be the largest for distance-based classifiers that include all
features for their assignment of a class label, but improvements were
also possible in some cases for the decision tree, which is an embedded
feature selection method. In addition, the results on the ten real-
world data sets demonstrated that strife and the Fisher score appear
to be the feature selection methods that overall performed the best for
both the filter and hybrid approach, with the two ReliefF setups and
nonspecificity and total uncertainty in several cases also offering very
good results. Besides that, strife uses most of the time a considerably
smaller number of features than nonspecificity and total uncertainty
while showing a comparable or better performance, indicating that it
is likely the most capable of the three new proposed methods overall.
This especially holds true in terms of numerical data, whereas the
challenging logical target concepts of the artificial MONKs data sets
were better addressed using nonspecificity and total uncertainty. In
terms of stability, which was measured with the adjusted stability
measure (ASM), the Fisher score and strife were the two most stable
methods using the hybrid approach whereas the results using a fixed
threshold were mixed. Apart from that, the proposed feature ranking
method strife, and to some degree nonspecificity (or total uncertainty),
shows low rank correlations and high diversity with the remaining
feature ranking methods in this study.

A limitation of this study is that only selected classifiers were used,
and that parameter tuning was only conducted for a single parameter
for KNN and the decision tree. The reason for this course of action
is the high computational complexity of using two-fold external cross-
validation and testing all feature subset sizes by training classification
models on each of them for the hybrid feature selection approach.
Furthermore, the proposed filter methods such as strife were introduced
as univariate filter methods that do not take into account conditional
dependency between features for conducting the feature ranking. Dif-
ferent approaches to extend the univariate form to a multivariate one
(e.g. using nearest neighbors as it is done for ReliefF) while keeping
the increase in computational complexity at a reasonable level, can be
analyzed in the future as well.
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4 The second class’s ideal vector element leads to the lowest uncertainty
or all observations (compared to the ideal vector elements for the first and
hird class) since the class is located closest to the center of the feature’s
ange. Anyhow, for all three classes it is apparent that the uncertainty for
ll observations is considerably higher than for each class separately.
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Appendix

Feature Ranking on the three artificial examples using nonspeci-
ficity, strife and total uncertainty

To illustrate the logic underlying the three proposed feature ranking
methods, the feature ranking and scores for the nonspecificity, strife
and total uncertainty filter on the three simple artificial examples (no
data split) are displayed in Table A.2 (the highest-ranking feature and
score is highlighted in gray). It is apparent that all three approaches
rank the features correctly and according to expectation. Moreover, it
is noteworthy that nonspecificity and total uncertainty are not only
comparable in magnitude, but also take very similar values, whereas
strife has values that are much lower in magnitude. This is based on
the fact that the weights for nonspecificity are in general much higher
than those of strife and, thus, for total uncertainty as well, which is the
combination of nonspecificity and strife (Fig. A.1).

For the first artificial example, for the first feature both classes are
well represented by their respective ideal vector element, whereas the
opposing class is not well represented by it. Hence, the similarity values
for observations of a class to their ideal vector element are high and
of similar magnitude, whereas the similarity of observations to the
opposing class’s ideal vector element is considerably smaller and varies
more (see Fig. A.2). For feature two the classes partially overlap and
have a higher variation, leading to similarity values of observations to
the own ideal vector that are on average not as high as for feature one.
However, to the opposing ideal vector element the similarity values
of observations are comparably higher than they were for feature one.
Due to the overlap, some observations of each class are more similar
to the opposing class’s ideal vector element than to their own class’s
ideal vector element (see Fig. A.3). Due to that, for feature two the
uncertainty within each class is higher, whereas the uncertainty for
all observations is smaller than for feature one, leading overall to a
lower difference in these two uncertainties. This holds true for all three
approaches and results in the first feature being ranked higher.

For the second artificial example, the situation is similar, with the
main difference being that the ideal vector elements for each class do
not represent that class well in either dimension. It is apparent that the
uncertainty within each class is higher than previously given that the
observations in each class are on average less similar to the class ideal
vector element and the similarity varies more (see Fig. A.4). For the
first feature, the uncertainty within each of the classes is higher than
for the second feature since the separate clusters (= groupings) in each
class are further from one another. However, also the uncertainty for
all observations is higher since the data is quite dispersed for the first
feature in general. For the second feature the uncertainty within the
class is comparably lower, but even more so is the uncertainty for all
observations since there is some overlap between the pairs of clusters
(see Fig. A.5). Since the first feature corresponds to a higher difference
between the uncertainty overall versus the uncertainty within the class
than the second feature, the first feature is ranked higher. This example
illustrates that it is not always necessary for the proposed feature
ranking methods that the ideal vector element represents the feature
values a class takes well, as long as it represents the observations for
that class better than it represents all observations.

The third artificial example is most similar to the first artificial
example in that regard that each class has a single grouping of ob-
servations. For the first feature which does not display any overlap,
the ideal vector element of each class represents the class well. The
sole exception is class three, which displays considerable variation for

feature one, which leads to a higher uncertainty for that feature in that
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Fig. A.1. Weights of nonspecificity, strife and total uncertainty for (A) decreasing, (B) constant, (C) increasing differences in the possibility distribution.
Fig. A.2. First artificial example strife components for feature 1.1
t
a
t
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lass. Since the variation in the class is much smaller than for the entire
ata, especially for class one and class two, the difference in these
ncertainties is quite high (see Fig. A.6). For the second feature, the
ariation for class three is considerably lower, leading to a markedly
ower uncertainty within the class but also a higher uncertainty for all
bservations since these are not well represented by class three’s ideal
ector element (see Fig. A.7). However, the larger difference in the
ncertainties for class three for the second feature is overcompensated
y the fact that the uncertainty within class two is considerably higher
 i

16
han for feature one, leading to higher uncertainty within the class
nd, thus, a lower difference in the uncertainties for all observations to
hose within the class. Hence, overall, all three feature ranking methods
onclude that the first feature should be ranked higher than the second
ne.

Overall, the three artificial examples highlighted how the three
roposed feature ranking methods work and that they can accomplish

ntuitive feature rankings.
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Fig. A.3. First artificial example strife components for feature 2.2
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Fig. A.4. Second artificial example strife components for feature 1.3
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Fig. A.5. Second artificial example strife components for feature 2.
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Fig. A.6. Third artificial example strife components for feature 1.4
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Fig. A.7. Third artificial example strife components for feature 2.
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Table A.1
Specifications of the normal distributions for the artificial examples (before standardization).
Table A.2
Ranking and scores for the artificial examples.
22
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Table A.3
Adjusted Stability Measure (ASM) for fixed feature subsets for all real-world data sets.
Table A.4
Average Spearman rank correlation over all real-world data sets.
Table A.5
Average feature subset size and Adjusted Stability Measure (ASM) for the KNN classifier using a hybrid approach.
23
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Table A.6
Average feature subset size and Adjusted Stability Measure (ASM) for the decision tree classifier using a hybrid approach.
Table A.7
Average feature subset size and Adjusted Stability Measure (ASM) for the similarity classifier using a hybrid approach.
Table A.8
Average feature subset size and Adjusted Stability Measure (ASM) for the support vector machine using a hybrid approach.
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