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Abstract

This thesis explores quantum gravity through the lens of holography, with particular emphasis
on non-Lorentzian gravity and black hole thermodynamics. Its central aim is to understand
how ideas from relativistic holography and lower-dimensional gravity are modified when
one considers non-Lorentzian symmetry structures such as Carrollian, Galilean, and Lifshitz
symmetries. Rather than extending holographic models by adding new fields or extra dimen-
sions, the thesis explores how far one can go by relaxing the underlying relativistic symmetry
structure itself.

The core of the thesis consists of three research papers, each addressing a different aspect
of non-Lorentzian gravity. The first studies Carrollian string theory, examining how strings
may be described in the ultra-relativistic limit in which the speed of light tends to zero, a
regime naturally relevant near black hole horizons and at null infinity. The second investigates
quantum corrections to the thermodynamics of a two-dimensional dilaton gravity model
obtained by dimensional reduction of a Lifshitz black hole, with the aim of exploring how ideas
familiar from JT gravity and Schwarzian boundary dynamics extend beyond the relativistic
setting when one reduces, rather than enlarges, the symmetry algebra. The third studies
non-relativistic de Sitter space, focusing on the formulation of an action principle for a non-
relativistic analogue of Jackiw-Teitelboim gravity in terms of Newton-Cartan geometry and
on the associated implications for lower-dimensional gravity and cosmology.

In addition to the appended papers, the thesis contains an introductory chapter written for the
general reader, including reflections on why fundamental research matters, what practical
value it may have, and a short introduction to high energy physics as a subject. It also
includes a pedagogical chapter based on lectures attended during my PhD, which develops
the relativistic perspective on which the appended papers build.






Agrip

Ritgerdin fjallar um pyngdarskammtafradi. Hin kannar djipsted tengsl sem eru til stadar
milli pyngdarfradi eins og henni er lyst { almennu afstediskenningunni og hornrakinnar
skammtasvidsfredi { einni laegri rimvidd. Pessi samsvorun nefnist pyngdarfredileg heil-
myndun og hefur ymsar birtingarmyndir, en ein su einfaldasta felur 1 sér ad pyngdarfraedi
tvividu timarumi med fastan neikvedan krappa sé jafngild hornrekinni skammtasvidskenn-
ingu sem byr 4 jadri pess. I ritgerdinni er sidan rannsakad hvernig pessi samsvorun og skyldar
hugmyndir taka 4 sig nyja mynd pegar horfid er frd hefdbundnum afstedilegum samhverfum
yfir i dafstedilegar samhverfur, svo sem Galile6-, Carroll- og Lifshitz-samhverfur.

Meginuppistada ritgerdarinnar eru prjar rannséknagreinar sem fjalla um o6lika pztti 6afstedi-
legrar pyngdarfredi. Fyrsta greinin fjallar um Carroll-strengjafredi, par sem athugad er
hvernig lysa megi strengjum { markgildi par sem hradi j6ss stefnir 4 nill, sem er videigandi
lysing { grennd vid sjéndeild svarthola og 4 jadri timarimsins. Onnur greinin fjallar um
skammtafraedilega leidréttingarlidi vid varmafraedi tvivids pinilsvidslikans sem fest med
viddarlekkun 4 Lifshitz-svartholi. Par er markmidid ad varpa ljési & hvernig varmafradilegir
skammtaeiginleikar svarthola hegda sér pegar horfid er frd hefdbundnum afstedilegum sam-
hverfum. Pridja greinin fjallar um afstedilegt Galile6-de Sitter ram. Par er leitast vid ad
skilja betur 6afstedilega Newton-Cartan rimfredi og afleidingar hennar fyrir heimsfredi par
sem afstedilegar forsendur eru ekki lengur til stadar { sinni hefdbundnu mynd.

Auk greinanna priggja inniheldur meginmal ritgerdarinnar alpydlegan inngang. Par ma
finna hugleidingar um pad hvers vegna grunnrannsoknir eru mikilvegar fyrir mannkynid og
jafnframt stutta kynningu fyrir hinn almenna lesanda 4 pvi freedasvidi { haorkuedlisfredi sem
greinarnar leggja sitt af morkum til. Par ad auki fylgir fredilegur kafli sem byggdur er 4 r6d
fyrirlestra sem ég sétti 1 doktorsndminu minu. Sa kafli skyrir hid afstedilega sjonarmid sem
greinarnar sjalfar byggja 4.
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country ski; for encouraging me to place greater emphasis on science communication;
for giving me the courage to pursue interests beyond academia; and for reminding me
to bring others along on adventures and to maintain a social rhythm — that Fridays are
always reserved for friends, wherever they may be.

» Af Saevari Helga Bragasyni, fyrir ad minna mig 4 ad jafnvel bestu og ferustu umsak-
jendur, med verkefni sem koma einungis einu sinni 4 6ld, fa hatt { hundrad hafnanir 4
umsoknum sinum, en ad pratt fyrir pad, verdi madur bara ad halda adfram ad sakja um;
ad syna mér ad vinstri umhverfisstefna er samrymanleg hagri efnahagsstefnu, pvi pad
er 1 hag okkar allra ad vardveita pessa fallegu jord sem vid bium 4; ad minna mig 4 ad
manneskjan finnur oft mesta gledi i pvi ad skapa og byggja eitthvad raunverulegt; og ad
stundum sé betra ad lata verkin tala frekar en ordin, pvi alltof margir festist { foégrum
hugsunum sem aldrei verda ad veruleika.

* From Paolo Di Vecchia, that one can remain deeply engaged with science at any age;
that one should share meals with the younger generation, bring one’s own lunch, and
outlast even the most ambitious of them; that the danger of creating something powerful
(such as weapons) is that it will eventually be used; and that a true presence in physics
is felt everywhere — to the point that I sometimes wondered whether he could be in
several places at once.

* Af Birgi Gudjonssyni, ad g6d kennsla er lifsverk; ad setja krofur og standa vid per; og
ad vondud menntun hefur ahrif langt at fyrir kennslustofuna.
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Af Ragnheidi Gudmundsdéttur, ad med pvi ad standa fast 4 peim gildum sem madur
stendur fyrir pa geti madur ytt morkum samfélagsins afram.

Af Martin Jonasi Birni Swift fyrir ad hvetja mig til ad sinna visindamidlunarstarfi og
ad minna mig 4 ad pratt fyrir pad ad pad sé€ erfitt pa er pad samt sem adur gefandi og
verdugt verkefni. Tilgangur visindamidlunar er tvipattur, almenningur lerir eitthvad
um visindi, en ad 4hrifin 4 visindamidlaran sjalfan séu ekkert sidri.

Af Degi Ara Kristjanssyni og Ymi Braga Gislasyni, ad pad er mikilvaegt ad eiga
sinn eigin pridja stad { verdldinni; ad madur eigi alltaf ad fylgja 16gum og reglum —
sérstaklega pegar ad madur heldur ad enginn sjdi til.

Af Sigurdi Olafssyni, ad pad sé adddunarvert ad vera pusundpjalasmidur, bedi 4 svidi
verkgreina og raungreina; ad pad sé dyggd ad taka dhugamalin sin alvarlega, kafa djipt
i pau og mynda sér dkvednar skodanir & pvi hvernig best sé ad gera hlutina; og ad vera
ekki feiminn vid pad ad l@ra 4 ny verkferi (eins og prividdarprentara) ef pad pydir ad
madur geti métad heiminn 1 kringum sig eins og madur vill hafa hann.

Af Margréti Porvaldsdéttur, ad pad sé ekki til sa réttur 4 jardriki sem veri ekki betri
med smd fjallagrosum; ad meta betur pau islensku hraefni sem nattiran og Méadalurinn
hafa upp 4 ad bj6da; og ad sumt af pvi sem madur bakar fyrir heiminn sé 1 raun alltaf
@tlad kérnum, pvi enginn madur er eyland og madur lifir ekki adeins fyrir sina nanustu
heldur einnig fyrir pad samfélag sem madur tilheyrir.

Af Lif Magneudoéttur, ad ég get verid vinur félks pé ad stjérnmélaskodanir okkar
samramast ekki; ad vera alltaf spenntur fyrir ad leera nyja hluti og taka ad mér krefjandi
verkefni sérstaklega ef pad stangast 4 vid per forhugmyndir sem ad adrir hafa um mig.

Af Bjarnheiodi Kristinsdéttur ad kynna mig fyrir békum um pekkingarfradi og peim
menntavidhorfum sem peim fylgja; ad adstoda mig vid ad koma kennslufredilegum
hugmyndum minum { betri farveg.

Af Lineyju Hollu Kristinsdéttur, ad besta radid vid andvokunéttum sé einfaldlega
ad lesa par til madur sofnar. Annadhvort sofnar madur eda ad madur kldrar bokina — {
badum tilvikinu hefur néttin pvi verid nytsamleg.

Af Mjoll Snaesdéttur, ad manneskjan laerir best med pvi ad segja og heyra sogur; ad
sé frédleikur sem situr lengst { okkur métist af peim dulr@na sagnafrédleik sem vid
sonkum ad okkur yfir @vina; fyrir ad hafa verid ikveikjan ad pvi ad vid Edda férum til
Miklagards og sdum runaaletrunina Hdlfdan var hér 1 Agissif.

Af Magneu J. Matthiasdéttur, 6mmu minni, ad pad er erfidara ad skila doktorsrit-
gerd heldur en ad fa falkaorduna; og pd, 4 sama tima 1 annarri merkingu, ad pad sé
erfidara ad fa falkaorduna en ad skila doktorsritgerd; og fyrir pad ad hvetja mig til ad
sinna hugsjonarstarfi, ekki af pvi ad pad borgar vel, heldur af pvi ad pad veitir manni
lifsdnaegju; ad elska hid islenska tungumdl og paer sogur sem ad vid getum sagt 4 okkar
eigin méli; ad doktorsndm sé langhlaup en ekki spretthlaup.

Af Kristni Einarssyni, afa minum, ad reyna eftir fremsta megni ad fordast ad taka lan;
ad mikilvagasti kostur 1 starfi sé avallt sveigjanlegur vinnutimi; og ad besti timinn til
ad byrja { likamsrakt sé 4 eftirlaunaaldrinum, eda med 6drum ordum ad pad sé aldrei
of seint ad byrja 4 neinu.
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* Af Margréti Hallsdé6ttur, ad pad besta sem f6lk getur sagt um hana 4 afmealisdaginn
hennar sé ad hin sé ad heiman, pvi pd er huin sjalf Gti ad upplifa eitthvad og lenda {
@vintyrum; ad taka pennan l&rdém til min inn { eigid lif, ekki adeins sem leid til ad
sneida hjd gjofum og hullumhei heldur sem dminningu um hvad pad er { raun sem
madur lifir fyrir; og fyrir ad kenna mér 4 skidi fyrir 1ongu sidan.

* Fra Bodil Andersen og Josefine Birgit Andersen, at det at vaere kusiner ogsa er en
aftale om ikke at sige noget til Birte om de farlige “das ist rot” situationer vi oplever
sammen; for Bodils energi og erfaring, som fgrte os ud pa en rigtig vandretur og et &gte
eventyr pa Fimmvorduhals som vi kommer til med at huske for evigt; og for at Josefine
turde vade over Krossa sammen med mig, hvilket dengang fgltes ngdvendigt, da tiden
var knap, men i bakspejlet maske var en smule farligt.

o Af Soru Dogg Larudoéttur, fyrir ad hafa haldid fast i draum sinn um ad verda laeknir
pratt fyrir métleti og daglega barattu vid veikindi sem krefst badi styrks og prautseigju.

* Af Bjarka Baldurssyni Harksen, br6dur minum, ad kera sig ekki um pad sem
samfélaginu finnst merkilegt bara af pvi ad pvi finnst pad merkilegt; eins og pegar hann
vann ferd, gistingu og mida 4 Liverpool leikinn gegn Tottenham (5-2) frd& Dominos,
ekki vegna pess ad hann séttist sérstaklega eftir vinningnum heldur einfaldlega af pvi
a0 tilbodid var 6dyrara og 2L Coke fylgdi fritt med, og var sidan lengi vel ekki alveg
medvitadur um hversu eftirséttur slikur vinningur var, heldur vanmat hann um heila
sterdargradu.

* Fra Edith Harksen Madsen, min mormor, at samle svampe i skovene, fange rejer ved
stranden og dyrke have, bade blomster og nytteplanter, for der er noget sarligt ved det,
man selv frembringer med sine egne h&nder, som man ikke kan kgbe 1 butikkerne; at det
nogle gange er nemmere at skjule kaffen, nar Wilfried er pa besgg, end at fortalle ham
at man synes den tyske kaffe smager darligt; og for at have leert mig at sige Gesundheit,
nar andre nyser, saledes lever min mormors hellige and videre i mig for evigt.

 Fra Birte Harksen, min mor, at man skal have mod til at &ndre sine omst@ndigheder
og gribe chancerne, nar de byder sig, selv om det maske ikke altid gar pa den made,
man havde habet, for ellers sidder man bare tilbage med tanken: hvad nu hvis? Og at
der altid kommer momentum i benene, nar man fgrst har faet gjort det forste pa listen
feerdigt, for sa far man pludselig energi til alle de andre ting pa listen; at man skal vere
lidt skgr og pip-gok-paskeplim for at folk legger merke til én og hvordan man har
tenkt sig at @ndre verden; og for at have lart mig, hvordan man laver surdejsbrgd.

* Af Baldri Arnvidi Kristinssyni, fodur minum, fyrir pad goéfuga hugarfar ad for-
gangsrada hlutunum pannig ad madur geti alltaf verid til stadar fyrir sina ndnustu svo ad
draumar peirra fai ad skina sem skarast, p6 pad kosti mann sjalfan stundum dkvedinn
fornarkostnad; fyrir ad hafa kennt mér ad tefla, en samt med peim heatti ad neyda mig
aldrei til ad stunda neitt af einskarri forredishyggju; ad hafa kennt mér ad reyna dvallt
ad sja hlutina frd sjénarhorni annarra, pvi med pvi ad hugleida hvers vegna félk bregst
vid eins og pad gerir skilur madur best hvernig madur 4 sjalfur ad bregdast vid 4 moti;
ad s®kja ekki i einfaldan skaldskap sér til degrastyttingar, heldur leita { baekur sem
veita manni dypri skilning 4 nattirunni, mankyninu og pvi hvad pad merkir yfir h6fud
ad vera til; en mest af 6llu fyrir ad vera mér fordemi 1 frédleiksfysn og pekkingarleit.
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1 Introduction

This introductory chapter is intended for the general reader and thus follows the well-known
rule of thumb, often attributed to Stephen Hawking’s anonymous editor, that each equation in
the text halves the audience. It is therefore deliberately written in a popular style and kept
as non-technical as possible. Calculations and technical details can be found in subsequent
chapters; in this one, we will instead be concerned with stories, folklore, and the broader
ideas that motivate the subject, although I will of course also be adding a few words about my
own research in general outline.

A large part of my motivation for writing this introduction comes from a panel discussion
during Eurostrings 2025, titled The Role of Science in Times of Geopolitical Uncertainties,
which featured Mikael Fogelstrom, director of Nordita, Ronald de Bruin, director of COST
and Robbert Dijkgraaf, former director of the Institute for Advanced Study in Princeton and
former Minister of Education in the Netherlands. During the discussion, Dijkgraaf described
the cartoon below, which he said captured his own transition from academia to public service.
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NIEUWWE MIN{STER VAN ONDERWUS, CULTUUR & WETENSCHAP

Figure 1.1. Robbert Dijkgraaf, former director of Princeton’s Institute for Advanced Study,
descends into the black hole of Dutch politics upon becoming Minister of Education in the
Netherlands. We thank the artist of the cartoon, Bas van der Schot, for kindly granting
permission to reproduce it in this thesis.



To me, this cartoon of Dijkgraaf has a symbolic significance. It represents the growing
divide between academia and society. We physicists often like to think that we are simply
misunderstood by society, but I believe that we, too, may have lost touch with it.

In his talk, Dijkgraaf emphasized that science has, in many ways, been one of the most
successful collective projects in human history. Time and again, it has delivered far more
than anyone could reasonably have expected. And yet, he argued, we may now be entering a
different phase. For the first time in decades, there are visible signs of growing skepticism
toward science. The trust it once enjoyed almost by default can no longer be taken for granted.
Its value, though embedded everywhere in modern society, is no longer always perceived as
self evident.

For decades, science benefited from a kind of quiet legitimacy. Its usefulness was so apparent
that it rarely had to justify itself explicitly. But if that assumption is now being eroded the
scientific community must learn not only to explain what it does, but also to defend why it
matters. This raises a deeper question: how should one advocate for science in a world where
its value is no longer taken for granted as a shared interest?

As a response to these concerns, I will, in the following sections, tell four short stories. I do
so partly because I believe that large ideas are often easier to grasp when seen through small
and concrete human episodes. Each of these stories, in its own way, points toward what |
believe to be a central nugget of truth about the role of science in society.

The first is the story of Abraham Flexner, and what it reveals about the unpredictable power
of curiosity-driven research. The most transformative ideas are rarely pursued for their
immediate usefulness, but they often prove valuable in ways no one could have anticipated.

The second is the story of Erwin Finlay Freundlich, and what it reveals about the real strength
of the scientific method. Science does not advance because everyone agrees from the outset,
but because ideas are exposed to criticism, measurement, and revision until the evidence
begins to point more clearly in one direction.

The third is a story told by Kip Thorne about the Teller-Ulam thermonuclear design. It is a
story about what happens when knowledge is prevented from circulating freely. Scientific
progress depends not only on brilliant ideas, but on the ability of those ideas to move and to
be developed freely. When knowledge is enclosed, whether by military secrecy or by private
control, it ceases to function fully as a public good.

The final story was told to me by Léarus Thorlacius on the first day of my PhD, and it addresses
the question why we choose to do research at all. At its heart, it is also a story about why we
choose to guide others along the same path. Science is sustained not only by discovery, but by
mentorship and the decision to guide others into a life of curiosity.

Through these stories, I hope to bring the scientific and the human a little closer together, and
to say something about why science matters in a time of rising skepticism towards science.

1.1 Which scientist has done the most for humanity?

In his 1939 essay The Usefulness of Useless Knowledge [1], Abraham Flexner, founding
director of the Institute for Advanced Study in Princeton, recalls a conversation he had with



the industrialist and major philanthropist George Eastman (founder of Kodak). Eastman had
approached Flexner with the intention of donating a vast fortune but with a clear condition.
The money, Eastman said, should be used for the promotion of research in useful subjects.

Flexner then proceeded to ask whom Eastman considered to be the most useful scientist in
the world. Eastman replied instantaneously that this would be Marconi, to whom we owe the
existence of radio and wireless communication. Eastman was then taken aback when Flexner
responded:

“Mr. Eastman, Marconi was inevitable. Whatever pleasure we derive from the radio, or
however wireless, Marconi’s share was practically negligible. The real credit for everything
that has been done in the field of wireless belongs, as far as such fundamental credit can be
definitely assigned to anyone, to Professor Clerk Maxwell, who in 1865 carried out certain
abstruse calculations in the field of magnetism and electricity. Maxwell reproduced his
abstract equations in a treatise published in 1873. Fifteen years later, in 1888, Heinrich
Hertz detected for the first time the electromagnetic waves which are the carriers of wireless
signals. Neither Maxwell nor Hertz had any concern about the utility of their work; they had
no practical objective. In fact, Hertz is supposed to have remarked, ‘I do not think that the
wireless waves I have discovered will have any practical application.” The inventor in the
legal sense was, of course, Marconi — but what did Marconi invent? Merely the last technical
detail, mainly the now obsolete receiving device called the coherer.”

The most transformative discoveries in science have rarely been driven by the desire to be
useful. They have emerged instead from a more fragile and more powerful impulse: curiosity.
The search for understanding carried out with curiosity repeatedly proves to be the deepest
source of practical progress. In an age increasingly preoccupied with measurable outcomes
and immediate returns, this lesson seems to be forgotten. Funding tends to favor short term
utility, identifiable deliverables and urgent problems. Yet history suggests that the opposite
strategy is often wiser. The chain of utility begins with ideas that once appeared entirely
useless and whose usefulness only emerges much later.

Another such example is Einstein’s formulation of the general theory of relativity in 1915.
He was driven by his curiosity to understand gravity at a fundamental level. Within the
successful Newtonian framework he saw conceptual tensions which he wanted to resolve.
Guided by a series of gedanken experiments, he was led to the equivalence principle and the
conclusion that time itself must depend on the gravitational field: clocks placed higher in a
weaker gravitational field run faster than clocks on Earth.

Remarkably, this effect is now part of our everyday technological infrastructure. The GPS
system relies on atomic clocks aboard satellites. Due to the difference in the gravitational
field these clocks tick faster than identical clocks on the surface of the Earth. Over the course
of a year, the difference between these clocks grows to roughly 14 milliseconds. Without
correcting for this relativistic effect, positional errors would accumulate to several kilometers
within a single day. Perhaps engineers would eventually have discovered this once satellites
were already in orbit. What is remarkable, however, is that the effect was calculated decades
before the technology existed to make practical use of it, and it is difficult to imagine that
Einstein could have anticipated such an application when he wrote down his theory of general
relativity.

Sometimes the significance of an idea is not recognized within the lifetime of the person who



proposes it. Vincent van Gogh sold almost no paintings while he lived and descended into
mental illness in his later years. Something similar can be said of Ludwig Boltzmann. He
proposed an atomic interpretation of thermodynamics at a time when many physicists of the
late nineteenth century regarded atoms as mathematical conveniences rather than measurable
physical entities (not unlike how dark matter or string theory are sometimes viewed today).
Boltzmann insisted that entropy and thermodynamic behavior could only be understood
statistically, in terms of microscopic quantities. His position met serious resistance, and the
atomic hypothesis was not universally accepted during his lifetime.

In one of his annus mirabilis papers of 1905, Albert Einstein showed through his study
of Brownian motion that there existed a concrete experimental method for verifying the
existence of atoms. Yet Boltzmann had taken his own life only a few years before decisive
experimental confirmation was established. Decades later, Richard Feynman would open his
famous Lectures on Physics by claiming that if only one sentence of scientific knowledge
could be preserved, it should be the atomic hypothesis: that all things are made of atoms.
What had once been dismissed as metaphysical speculation now forms the most important
conceptual foundation of physics, chemistry, molecular biology, and modern medicine.

In order to abide by Hinchliffe’s rule, which states that if a research paper’s title is posed as a
yes—no question, the answer is almost certainly “no”, we must give an inconclusive answer to
the question posed at the start. The scientist who has done the most for humanity may well be
someone who had no intention of doing so — and we may not yet know who that person is.
But, in one thing I am certain: they were not motivated by thoughts of immediate utility.

1.2 An ode to Finlay-Freundlich

On August 21, 1914, a total solar eclipse was to provide one of the earliest real opportunities
to test Einstein’s prediction that gravity bends light. Erwin Finlay-Freundlich had organized
an expedition for precisely this purpose. He was among the first astronomers to take Einstein’s
ideas seriously as an observational challenge, and Einstein himself followed the preparations
closely, even contributing money from his own savings to secure the necessary instruments
and photographic plates.

But history intervened. Before the eclipse could be observed, the First World War broke
out. Freundlich and his collaborators were detained in Odessa for many weeks as foreigners
under suspicion of espionage, their instruments were confiscated, and the expedition collapsed
before any measurements could be carried out.

What followed is one of the most revealing stories about how science actually works. When
Freundlich was finally allowed to return to Berlin in September 1914, his enthusiasm for
testing relativity had not diminished. Nor did he give up after Eddington’s celebrated 1919
expedition. He continued, joining further eclipse expeditions in 1922, 1925-26, and 1929,
repeatedly trying to measure the deflection of starlight near the Sun. Twice the weather
defeated him. Cloudy skies made the observations impossible in 1922 on Christmas Island
and again during a later attempt in Sumatra. Only in 1929, more than fifteen years after his
first attempt, did he finally obtain photographic plates of sufficient quality. Even then the
story did not end cleanly, since his first calculations appeared to suggest a value larger than
Einstein’s prediction, before later reanalyses brought the result much closer to it [2].



As Subrahmanyan Chandrasekhar later mused, one cannot help wonder how the course of
physics might have unfolded had the 1914 eclipse actually been observed. At that time
Einstein had not yet arrived at the full prediction of general relativity. Because of an error in
his earlier calculations, the value he expected for the deflection was only half the value he
would obtain after completing the theory in 1915, and in fact coincided with the Newtonian
result. Had Freundlich succeeded in 1914 and found the larger value, Einstein might well
have seemed merely to be revising his theory after the fact. The deflection of light would then
have lost much of its force as a genuine prediction [3].

One of the great failures of popular narratives about science is the tendency to portray theories
either as triumphant truths or as embarrassing mistakes. The real process is slower, messier,
and more interesting. To an outside observer, science can sometimes appear oddly unsettled.
Specialists debate small differences between competing models, rule out alternatives one
by one, and often seem reluctant to speak with a single voice too early. Yet this is not a
weakness of the method but one of its strengths. Theories are formulated, their consequences
are worked out, and they are confronted with the world. Some fail, others survive refined
through scrutiny, and over time a clearer picture emerges. Consensus is produced by the
repeated success of certain ideas in describing Nature better than their rivals.

This is the real strength of the scientific method. From an epistemological perspective, this
should also be reflected in education. The world is not a collection of immutable facts handed
down from above. It is an ongoing attempt to uncover the rules of a game whose pieces we did
not design. Theories are provisional structures, beautiful and powerful within their domains,
yet always subject to revision in the face of new insight. The strength of physics lies not in
claiming certainty, but in its willingness to refine, replace, and sometimes even overturn its
own constructions.

1.3 The Teller-Ulam design (So Zeldovich really knew?)

During the conference dinner of Eurostrings in 2025, a story was retold from the book Black
Holes and Time Warps [4]. The story is a narrative told by nobel laureate Kip Thorne, who
received the Nobel prize in 2017 for decisive contributions to the LIGO detector and the
observation of gravitational waves. The episode takes place during the Cold War. Thorne was
worrying about whether gas falling onto a neutron star, held back by intense X-ray radiation,
might develop Rayleigh-Taylor instabilities. On Earth, when a dense fluid is supported by a
lighter one, it tends to form unstable tongues. Thorne wondered whether something similar
would happen for black holes.

Thorne first posed the question to the Soviet physicist Yakov Zeldovich. The answer was
immediate and confident: the flow is stable, the gas does not develop tongues into the X-rays.
When Thorne asked for details, however, Zeldovich became evasive and simply stated that
this had been shown, but he could not provide any sources for this derivation when pressed
by Thorne. Nothing had been published in any journals on these results. A few months later,
hiking in the Sierra Nevada with the American physicist Stirling Colgate, Thorne asked the
same question. Colgate gave precisely the same answer. The flow is stable. It has been shown.
But again, he could give no references. When Thorne mentioned that Zeldovich had said the
same thing, Colgate paused and reflected:



“Oh, that is fascinating. So Zeldovich really knew?”

Although Kip Thorne was asking and thinking about black hole physics, incidentally, these
are also the same equations that govern the creation of the hydrogen bomb. The fact that
Colgate learned that Zeldovich knew the answer to the question simply meant that he also in
turn knew that the Russians had succeeded in creating the hydrogen bomb since these came
up in classified nuclear weapons research. The astrophysics community was therefore forced
to rediscover, more slowly and independently, something that was already known behind
closed doors. When knowledge cannot circulate openly, it cannot be criticized, developed, or
built upon in the usual way.

Today, we face a structurally similar challenge, though in a different form and it can be argued
not in this line of research. A handful of technology companies now command research
budgets that rival or exceed those of entire public national research programs. The issue is not
that companies invest in research. On the contrary, such investment reflects a recognition that
knowledge is the main driving force for prosperity. The deeper question is whether knowledge
should primarily serve private accumulation or the shared advancement of humanity.

There is also a broader civilizational point here. Support for fundamental research does not
merely produce knowledge. It helps determine the kinds of activities to which intellectual
effort is directed. A society that sustains open inquiry creates space for its most talented
minds to work on understanding Nature rather than the technologies of war. In that sense, the
defense of basic research is not only a defense of knowledge, but also of the conditions under
which knowledge may serve human flourishing rather than organized destruction.

1.4 Just around the next corner!

The following story was told to me by Larus Thorlacius on my first day as a PhD student. I
might get some of the exact details wrong, but I hope, nonetheless, that I manage to capture
the message of the story.

During his first postdoc, Larus was working closely with Leonard Susskind, more than twenty
years his senior and already a famous name by then. They would frequently discuss physics
while running. Susskind had been a track runner in his youth, though by then he was far
removed from his days of chasing the four minute mile. Larus was in the prime of his youth,
although recurring ankle injuries had recently forced him to give up basketball.

One day, Larus asked whether he could join Susskind and Robert Wagoner for a lunch run in
the blistering California sun. What he had in mind was presumably an ordinary lunch run.
But while tying their shoes, Susskind and Wagoner briefly discussed how far they should run,
and settled, rather casually, on ten miles: five miles out, and then five miles back.

Once they had turned around at the five mile mark, Larus felt that he was already close to
giving up. The heat was overwhelming, and he had already begun running from shade to
shade, trying to make use of every patch of cover he could find. More importantly, however,
he did not know the way back on his own, and so he felt that he had to keep up with them
for as long as possible. Only once he knew that he could make it home again did he allow
himself to stop. He stopped, while Susskind and Wagoner kept going. I imagine that Larus
thought to himself: How can I ever look Susskind in the eye again? I would have to give up



my entire physics career. Perhaps it was this very thought that gave him the strength to get up,
intending to chase after Susskind to catch up with him. However, once he made it past the
next corner, he saw that Susskind was himself there, having also slowed to a walk. He had
not made it any further than the next corner.

For me, this story captures the essence of why we do research at all and why we mentor other
people. The only way we know to help others achieve more than they thought possible is to
set them an example, to raise the bar of what they believe they can live up to, and in doing so
to go a little further than they themselves feel they can. Susskind himself was probably also
close to giving up, but in setting this example I think Larus was set on a trajectory toward
achieving great things, both in his career as a physicist and beyond. Within the decade, Larus
would become a national marathon champion of Iceland, and perhaps he thought back to this
run several times.

1.5 Where does this thesis fit into the framework?

I hope that the preceding subsections have provided a philosophical motivation for why we
do fundamental research in physics, and that the stories I have told have, to some extent,
helped narrow the widening gap between academia and society. I now turn to the more
specifically academic motivation behind the line of research pursued in this thesis. I will
begin by describing the field of high energy physics and its broader motivation for seeking a
theory of quantum gravity, how the subject has developed over the last decades, and what a
lay reader should know about this field in order to appreciate the context. Within this broader
framework, I will then focus on the non-Lorentzian aspects and explain why my own research
is primarily situated in that sector of high energy physics. This will form the basis of the
discussion that follows.

1.5.1 The terrestrial meets the celestial

Some of the most important advances in our understanding of Nature have come when two
principles, each deeply convincing in its own domain, begin to clash. For the Greeks, the
heavens and the Earth belonged to two different worlds. The celestial realm was associated
with perfection: stars and planets moved in regular patterns across the sky, as if governed by
a more pristine and harmonious set of laws. The terrestrial realm, by contrast, was messy.
Stones fell to the ground, carts slowed down.

Then there was a rock. Galileo realized that this distinction between the celestial and the
terrestrial could not be fundamental. If one throws a stone high enough, it does not somehow
cease to be earthly matter and become a celestial object. Rather, the same object participates
in both descriptions. The implication was profound: there must be a single framework capable
of describing both the falling stone and the motion of the planets. In this sense, Galileo’s rock
became the bridge between two seemingly separate realms of Nature.

Modern physics finds itself in a strikingly similar situation. On the one hand, we have quantum
mechanics, which governs the microscopic world with extraordinary precision. It describes
atoms, electrons, quarks and the probabilistic structure of matter at the smallest scales. On
the other hand, we have general relativity, Einstein’s theory of gravity, which describes the
large scale structure of spacetime and the dynamics of stars, galaxies, and the Universe. Each



theory is enormously successful within its own regime.

Black holes are Galileo’s rock for modern physics. Black holes are not merely classical
gravitational objects they also emit thermal radiation due to quantum fluctuations. In them,
gravity, quantum theory, and thermodynamics coincide, and for this reason they demand a
unified description.

1.5.2 From invisible stars to black holes

Long before general relativity, Michell and Laplace had already entertained the possibility
of “dark stars”, objects so massive that even light could not escape from them. It is worth
stressing, however, that these Newtonian dark stars differ in an important conceptual way
from the modern black hole. In the Newtonian picture, a light ray emitted from the surface
does not necessarily fail to leave it altogether. Rather, it may travel outward for some finite
distance before being pulled back. In that sense, the light does not reach asymptotic infinity,
but it can still escape part of the way. Thus an observer located sufficiently close to the object
could, at least in principle, still receive such light signals and then escape again. A Newtonian
dark star is therefore not hidden behind an absolute horizon in the relativistic sense.

The formulation of black hole physics, and our understanding of its implications, changed
profoundly with the advent of general relativity. The story begins in 1915, only months
after Einstein published the theory, when Schwarzschild found the first exact solution to the
Einstein equations. This solution seemed to contain singularities, and Einstein himself was
deeply uncomfortable with such singularities, suspecting that they reflected a failure either of
the theory or of its physical interpretation.

As it turned out, the Schwarzschild solution contains two very different kinds of singular
behaviour. The first kind is an artefact of the coordinate system being used, much like the
way a Mercator projection distorts the globe and fails to describe its poles. The second,
however, is a genuine coordinate-independent singularity. It is this former which appears at
the Schwarzschild radius and is now understood as the event horizon of a black hole. Once
this horizon is crossed, no signal can escape back out, and every future directed path leads
inward. In finite proper time, the infalling observer reaches the true singularity. It is this
remarkable structure that opened the door to the modern physical and philosophical questions
surrounding black holes, and to the question of what it really means to fall into one.

1.5.3 The golden age of black hole physics

Many pursuits in gravitational physics were halted during the wartime efforts and also in
the years that followed during the Cold War, both because theoretical physicists found work
connected to wartime research and because scientific priorities were redirected elsewhere.
There was, however, a certain rejuvenation of these questions starting in the 1960s with
the clarifications laid out by Roger Penrose, who, using ideas from differential topology,
formulated a much more mathematically rigorous understanding of the singularities appearing
in general relativity [5].

This was a remarkable development, because the ingredients of the argument went beyond
standard differential geometry alone by adding something simple but essential, namely the
implications of the Einstein equations themselves: that matter tells geometry how to curve and
geometry tells matter how to move. There had been many arguments that such singularities



might be evaded if the collapsing matter were not perfectly symmetric to begin with. One
could hope that the singular behaviour seen in the highly idealized solutions was only a
consequence of too much symmetry, and that more realistic asymmetries might avoid it.
Penrose’s work changed that discussion dramatically by demonstrating that singularities arise
even in the presence of such asymmetries.

This era of physics is usually referred to as the golden age of black hole physics, and it
culminated in a series of important developments, many of them associated with Hawking
and others working in the years that followed. Hawking himself had risen to prominence in
part by being an early adopter of Penrose’s ideas, and by formulating similar arguments in
a cosmological setting [6]. In this way, the same kind of reasoning that had been applied
to black hole singularities could also be used to argue that spacetime itself might be traced
back to a point in the past beyond which it could not be extended further. This became
the mathematical formulation of what has since then come to be known as the Big Bang
singularity.

There have by now been many classical tests of general relativity, and many tests of black
holes themselves. Gravitational waves have perhaps provided the most striking examples,
with Kip Thorne, later awarded the 2017 Nobel Prize in Physics, offering some of the most
illuminating descriptions of mergers of objects that are at least compact enough to satisfy the
expected conditions of black holes. Likewise, measurements of the supermassive compact
object at the center of our galaxy by Reinhard Genzel and Andrea Ghez, recognized together
with Roger Penrose in the 2020 Nobel Prize in Physics, have given very strong support to the
black hole picture.

Yet it is worth keeping in mind what these observations do, and do not, establish. They
provide strong evidence for extremely compact objects with horizons, or at least with external
properties very close to those expected of black holes, but they do not amount to a direct
observation of a singularity at the center. For this reason, many discussions in high energy
physics still treat the singularity not as something that should necessarily be taken literally,
but rather as a sign that classical general relativity has reached the limits of its domain of
validity. In that sense, even when certain ideas have entered the lore of physics, people
still return to the earlier reasoning, rethink the assumptions that led to that lore, and ask
whether those assumptions still hold once more data has been explored, or whether they might
be modified in ways that reveal other interesting possibilities. Along these lines, one may
consider horizonless ultra compact objects that mimic the external behaviour of black holes
and can, in certain regimes, be thermodynamically favoured over more traditional singular
solutions. Such proposals are often referred to as black hole mimickers.

1.5.4 Black hole thermodynamics and the world as a hologram

Next to the scene was Jacob Bekenstein, who suggested that the black hole horizon area
should be understood as playing the role of entropy, noting the striking similarity that both
tend to increase irreversibly over time [7]. In this analogy, the surface gravity plays the role
of temperature, the mass plays the role of energy, and, most intriguingly of all, the area of the
horizon plays the role of entropy.

At first, this may have looked like merely a suggestive formal analogy. But Hawking then took
the idea seriously and showed that black holes are not merely analogous to thermodynamic
systems but that they truly have a temperature and that they radiate as thermal objects [8, 9]. In



his original calculation, one considers a quantum field in the classical spacetime background of
a black hole formed in gravitational collapse. Treating the matter field quantum mechanically,
Hawking found that the black hole emits particles with a thermal spectrum. Black holes, in
other words, have a temperature.

In order to illustrate this, Hawking presented a somewhat naive argument, which he himself
admitted was nothing more than a crude analogy but which nevertheless has become something
of a standard explanation of the phenomenon. The argument goes something like this: Due
to quantum fluctuations governed by Heisenberg’s uncertainty principle, there can be brief
moments where a burst of energy comes into the world as a pair production of a particle
and its corresponding antiparticle. This can happen at the boundary of the black hole such
that one particle is created just inside the black hole horizon while the other is created just
outside it, and subsequently in some cases manages to escape. Over a long time, this means
that the black hole loses a bit of its mass and slowly "evaporates". On closer inspection, this
analogy is a bit strange, for even in two-dimensional settings, it is not how Hawking radiation
actually works. Nevertheless, it can still serve as a useful intuitive first step toward the actual
phenomenon.

This was a remarkable moment, because it suggested that black holes provide a unique window
into quantum phenomena in gravitational physics. Classical general relativity alone would
never have led one to expect that a black hole could radiate. On the contrary, Hawking’s area
theorem suggests that, under classical evolution and suitable energy conditions, the area of a
black hole horizon can never decrease [10]. And yet once quantum field theory is brought
into the story, the picture changes completely. The result is what is now collectively referred
to as black hole thermodynamics.

A closely related idea appears in the Unruh effect. There, a uniformly accelerated observer in
flat spacetime is predicted to detect thermal radiation, even though an inertial observer would
describe the same state as empty space. Again, temperature appears in a setting where one
might not have expected it, and again it seems to be tied very deeply to horizons, observers,
and the structure of spacetime itself.

The most mysterious part of Hawking’s result was perhaps not that black holes have a
temperature, but that their entropy is proportional to the area of the horizon. This is a very
strange scaling. In most ordinary systems, one expects the number of degrees of freedom to
scale roughly with volume. Here, instead, the relevant quantity seemed to live on a surface.
This observation became one of the central clues in later attempts to understand quantum
gravity. A major step in this direction came from string theory, where Strominger and Vafa
famously showed that for certain supersymmetric black holes one can account microscopically
for the Bekenstein-Hawking entropy by counting underlying quantum states [11].

It was precisely this feature that inspired a radically new way of thinking about the structure
of spacetime. In independent work by 't Hooft [12] and Susskind [13], an idea emerged that
perhaps a gravitational system can in some sense be fully described by degrees of freedom
living on a lower dimensional boundary. This became known as the holographic principle.

This idea was soon followed by Maldacena’s 1997 conjecture in “The Large N Limit of
Superconformal Field Theories and Supergravity”, now usually referred to as AdS/CFT [14].
In its original form, it states that type IIB string theory on AdSs x S is dual to .4” = 4 super
Yang—Mills theory living on the boundary. In other words, a gravitational theory in the bulk
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may be exactly equivalent to a quantum theory without gravity in one lower dimension. This
marked a profound shift in the way high energy physicists think about quantum gravity. Rather
than trying to force gravity into quantum mechanics in the most direct possible way, one was
led to the possibility that gravity and quantum theory may already be two complementary
descriptions of the same system.

1.5.5 The Kitaev lectures: A simple model of quantum holography

In 2015, Alexei Kitaev held a series of blackboard lectures in which he explained to an
enthusiastic audience a striking new development in the study of quantum gravity [15]. The
central realization, later developed more systematically in the influential work of Maldacena
and Stanford [16], was that the Sachdev-Ye-Kitaev model [17, 15], a quantum mechanical
model with random couplings, admits a simple universal description at low energies in
terms of the Schwarzian theory. Remarkably, the same Schwarzian action also arises in the
boundary description of nearly AdS, gravity [18], most elegantly formulated in terms of
Jackiw-Teitelboim gravity [19, 20].

Why did this generate so much excitement? Because it provided perhaps the simplest tractable
setting in which ideas of holography could be studied in detail. One had analytical control
over both sides of the duality: on the one hand a quantum mechanical many body system, and
on the other a two dimensional theory of gravity. In this sense, the SYK/JT duality offered a
concrete way to answer questions about black holes, entropy, quantum chaos, and holography
which could now be explored with an unusual degree of precision.

The excitement surrounding this development did not come only from the fact that one had
found a particularly simple model of holography. It also came from the realization that a
concrete bridge had emerged between condensed matter physics and black hole physics.
Questions that appear difficult on the quantum mechanical side may become more tractable
when translated into gravitational language, while gravitational questions about entropy, chaos
and low-energy dynamics may be illuminated in the boundary description. In this sense, the
duality is not merely a formal correspondence but also a practical tool, allowing difficult
problems to be viewed from the angle in which they become simplest. It also sharpened an
old conceptual question that often appears in discussions of holography: whether the bulk
gravitational description or the lower-dimensional quantum theory should be regarded as more
fundamental, or whether the duality instead teaches us that this distinction is itself misleading.

This lower-dimensional perspective forms much of the conceptual background for the work in
this thesis. My own research has focused primarily on lower-dimensional gravitational models
and on theories with non-Lorentzian symmetry. In the next two subsections, I will therefore
explain why these two themes, lower-dimensional gravity and non-Lorentzian physics, have
become central to the line of research pursued here.

1.5.6 Why lower dimensional holography?

One may ask why so much attention is devoted to lower-dimensional gravity, given that the
physical world is four-dimensional. There are at least two reasons. First, lower-dimensional
models are more tractable, and this simplicity often makes conceptual structures visible
that would otherwise remain hidden in the full higher-dimensional problem. In particular,
they allow one to study backreaction, quantum effects, and effective boundary dynamics in a
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controlled setting [21]. Second, they are not merely toy models. In many important cases, they
arise as effective descriptions of higher-dimensional systems. A well-known example is the
appearance of Jackiw—Teitelboim gravity in the near-horizon throat of near-extremal Reissner—
Nordstrom black holes, which we review in section (2.7). In this sense, two-dimensional
dilaton gravity captures universal infrared features that are already present in more realistic
gravitational settings.

A common feature of many two-dimensional gravity models is the appearance of an additional
dilaton field. This field does not arise as an independent component of the two-dimensional
metric, but instead encodes information that remains from the higher-dimensional geometry
after dimensional reduction [22]. Another well-studied example is Callan-Giddings—Harvey—
Strominger gravity (CGHS) [23], which has likewise been used for exploring conceptual
issues in black hole physics and quantum gravity. In the second paper of this thesis [24], we
explore the implications of a two-dimensional dilaton gravity model that interpolates between
JT and CGHS. The interpolation is governed by a parameter that can be traced back to the
dynamical scaling of the higher-dimensional Lifshitz black hole from which the model is
obtained by dimensional reduction.

1.5.7 Why non-Lorentzian holography?

The success of relativistic holography naturally raises the question of whether similar ideas
can be extended beyond the Lorentzian setting. There are at least two reasons to expect
that they should. The first comes from condensed matter physics. While the JT/SYK
correspondence provides a particularly elegant bridge between black hole physics and quantum
many body systems, many systems realized in the laboratory do not exhibit relativistic
conformal symmetry near criticality. Instead, they often display anisotropic scaling between
time and space, of the kind associated with Lifshitz symmetry. In such systems, time and
space no longer enter on equal footing, and one is led away from Lorentz invariance toward a
broader non-Lorentzian framework.

A second motivation comes from gravity itself. Non-Lorentzian structures are not merely
artificial deformations of relativistic physics, but arise naturally within it. Galilean geometry
appears in non-relativistic limits of general relativity and provides the geometric framework
underlying Newton-Cartan theory. The Carrollian limit corresponds to the ultra-relativistic
limit ¢ — 0. This structure appears naturally on null hypersurfaces, in particular at null
infinity and on black hole horizons. The term “Carrollian” was inspired by Lewis Carroll,
more specifically by the peculiar causal intuition associated with the world of Through the
Looking-Glass. See the following figure for a playful visual reference.
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Well, in our country, you'd
generally get to somewhere
else — if you run very fast
for a long time, as we've
been doing.

A slow sort of country!

Now, here, you see, it takes
all the running you can do,
to keep in the same place.

If you want to get somewhere
else, you must run at least
twice as fast as that!

Figure 1.2. From Lewis Carroll’s Red Queen’s Race. We thank the artist, Alfheidur Edda
Sigurdardottir, for granting us permission to reproduce the figure in the thesis.

Lifshitz symmetry occupies a somewhat different role. Rather than being defined as a con-
traction of the relativistic symmetry group, it characterizes theories with anisotropic scaling
between time and space, and for that reason is especially relevant in holographic descriptions
of condensed matter theories. More broadly, non-Lorentzian physics may be viewed as an
umbrella term that includes Galilean, Lifshitz and Carrollian structures. Galilean symme-
try is the natural symmetry of non-relativistic spacetime, Lifshitz symmetry characterizes
theories with anisotropic scaling between time and space, and Carrollian symmetry governs
the opposite ultra-relativistic limit in which the speed of light is effectively taken to zero.
These structures can be understood systematically through contractions and deformations of
relativistic symmetry algebras [25, 26, 27].

The present thesis is motivated by the idea that some of the conceptual lessons of relativistic
holography should persist in these non-Lorentzian regimes. In particular, the work explores
how lower-dimensional gravitational models with non-Lorentzian symmetry capture aspects
of black hole thermodynamics and boundary dynamics. In the first paper [24], we study
Carrollian string theory and its extended symmetry structure. In the second paper [28], we
investigate a two-dimensional dilaton gravity model related to Lifshitz holography, which
in certain respects interpolates between JT and CGHS. The third paper then turns to non-
relativistic de Sitter space and its associated Newton-Cartan geometry. Taken together, these
works explore several corners of the non-Lorentzian landscape in which holography and
gravitational thermodynamics can be extended beyond the purely relativistic setting.

1.5.8 Future directions

Let us conclude with a few remarks on possible future directions suggested by the work in
this thesis. Each of the three papers points toward natural extensions, and in several cases the
questions that remain open are at least as interesting as those that have already been addressed.

For the Carroll string model studied in the first paper [24], a natural next step would be to
develop its quantization in more detail. Since the appearance of our work, a number of closely
related developments have appeared in the literature [29, 30, 31, 32], suggesting that this
line of research is both timely and structurally rich. In particular, it would be interesting to
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understand more precisely how our magnetic model is related to the actions analysed in these
later works, and whether this relationship can be made exact through a suitable rewriting of
the theory. From my perspective, the most interesting open question is whether the chiral
version of the model can also be quantized by similar methods.

The Lifshitz dilaton model explored in the second paper [28] also opens several promising
directions. One of the main motivations behind that work was to understand how the familiar
lessons of JT gravity are modified once one moves into a non-Lorentzian setting. Our
derivation of a Schwarzian-like boundary theory relied on the wiggling boundary construction,
which proved to be a useful method in this context. It would be very interesting to compare
this approach with the more recent program in which logarithmic corrections are extracted
directly from bulk fluctuation operators, through the Lichnerowicz operator. A key question
is how the quantum corrections can be recovered from the bulk point of view. More broadly,
this model seems to provide a particularly clean arena in which to study quantum corrections
to black hole thermodynamics away from the relativistic JT limit.

Finally, the most recent paper [33] suggests what may be a broader geometric reformulation
of low-dimensional gravity itself. There we found a Newton-Cartan formulation for Jackiw-
Teitelboim gravity derived directly from an action principle. If this perspective can be
developed further, it may provide a new bridge between relativistic dilaton gravity and non-
Lorentzian geometry. It would then be natural to ask how far this correspondence extends. In
that sense, the result may open the door not only to a new way of viewing JT gravity, but also
to a broader non-Lorentzian reformulation of familiar holographic models.
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2 Quantum Corrections to Charged Black Hole
Thermodynamics

There is a saying in mathematics that proofs found in research rarely resemble the polished
versions presented in textbooks. Over time they are simplified and refined, much like stones
in a river which are gradually smoothened by the current of the river over many generations.
The ideas presented in this chapter are not new, rather, they represent concepts that have been
shaped and refined through decades of work. The purpose of this chapter is therefore not to
present new results, but to revisit and clarify a set of ideas that have become central to our
modern understanding of black hole thermodynamics. Whether my writing can reflect the
current of the river is then another matter but I hope that in paving this way, that at least I will
be wiser about these connections!

Parts of this chapter are based on the lecture series Black Hole Thermodynamics given by
Larus Thorlacius at the GGI LACES school in Florence in 2025, as well as the lectures Aspects
of Low-Dimensional Quantum Gravity given by Alejandra Castro at NBI in Copenhagen
in the summer of 2024 in the summer school Frontiers in gravity organized by Troels
Harmark and Niels Obers. Additional material is drawn from Grumiller’s and Sheikh-
Jabbari’s excellent book Black Hole Physics: From Collapse to Evaporation and from the
review article by Mertens and Turiaci, Solvable Models of Quantum Black Holes: A Review on
Jackiw-Teitelboim Gravity. We also draw on several recent research papers, which are cited
where relevant throughout the discussion. Parts of the presentation is also based on informal
notes and calculations carried out with Diego Hidalgo, in particular concerning the first order
formulation of gravity and its BF theory description. Some of the material furthermore grew
out of a series of lectures given by my advisor, Watse Sybesma, to Davide Astesiano and
myself in the late summer of 2023. More broadly, the perspective presented here was shaped
by informal back-and-forth notes and many discussions with Watse over the course of my
PhD, concerning various aspects of Jackiw—Teitelboim gravity and related structures.

We begin by reviewing the classical thermodynamic description of charged Reissner—Nordstrom
black holes. We deviate slightly from the intended subject, and show some classical subtleties
around the charged de Sitter solutions, summarizing them in the shark fin diagram. We then
show that, at low temperatures and in the near-horizon limit of near-extremal solutions, the
geometry factorizes into AdS, x S2. The throat geometry admits a particularly elegant de-
scription since when integrating out the spherical part of the geometry one may dimensionally
reduce the four-dimensional gravitational system to the two-dimensional Jackiw—Teitelboim
model, where the additional degrees of freedom of the spherical geometry are captured by a
so-called dilaton field. Finally, using the Schwarzian description of Jackiw—Teitelboim gravity,
we review recent results showing how quantum gravitational effects modify the Hawking
emission spectrum of near-extremal Reissner—Nordstrom black holes, leading to important
corrections to the semiclassical prediction.
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2.1 Classical Reissner—Nordstrom black holes

We begin with the four-dimensional Einstein-Maxwell action including a cosmological
constant which will determine the asymptotic behaviour of the spacetime

4 4 v
SEM = 167'L'G / d*x/—g(R—2A) — / d’x\/—gFuvF (D)
&y —h(K —Kp). 2
837G /8/// yV—h(K ~Ko) @

Here g is the determinant of the spacetime metric, R denotes the Ricci scalar, Gy is Newton’s
constant. The field strength is defined as F,y = dyAy — dvAy, where Ay = (¢,X) is the
gauge potential, and e is the associated gauge coupling of the U (1) Maxwell field. The final
boundary term is the Gibbons—Hawking—York boundary term which renders the variational
problem well defined and it is supplemented with the counterterm Kj which ensures that the
on shell action remains finite. The quantity . denotes the determinant of the induced metric
on the boundary d.#, typically evaluated at a large radial cutoff surface r = ry with ry — oo,

In four dimensions it is convenient to parameterize the cosmological constant as

0 asymptotically flat (Minkowski),
3
A= 12 asymptotically Anti-de Sitter (AdS), (3)

3

7 asymptotically de Sitter (dS).
We denote the AdS length scale by L and the de Sitter length scale by ¢. Although these
parameters play analogous roles, they are related by the analytic continuation L = i¢. Taking
L — oo reproduces the asymptotically flat limit.

Varying the Einstein-Maxwell action with respect to the metric and the gauge field, g,y —
guv+0guv and Ay — Ay + 8A, one obtains the Einstein-Maxwell equations
81 GN (

1
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The Einstein-Maxwell equations admit the Reissner—Nordstrom family of black hole solutions.
For a purely electric configuration the solution takes the form
dr? 2GNM | GNQ* A,
ds* = dt* 2dQ3, =1- - = 6
© = )+ S A9 () NELDE 22 ©

e 0
N (u - 7) dt. (7)

Here dQ% = d6? + sin® 0 d9? denotes the metric of the unit two sphere. The constant 1
will later be identified with the chemical potential of the black hole. For now, let us simply
note that regularity of the gauge potential at the horizon requires A;(r) = 0, which fixes the
chemical potential to be

A=

p=-=. (8)

F+
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The symmetries of the spacetime are generated by four Killing vectors. These are the same as
for the Schwarzschild solution, since both spacetimes are static and spherically symmetric.
The Killing vectors are

=0, L.=0dy, Ly=cos¢dg—cotOsingdy, L,=singdg-+cospcotfdy. (9)
These satisfy the algebra
[lW7Ly]:ZIQ7 Uﬁwl%]::lwa U&alw]::lw7 (10)

while the time translation Killing vector & commutes with all the rotational generators. We
recognize this as the Lie algebra of SO(3) x U(1) where the U (1) factor corresponds to time
translations.

Finally, let us mention that a second solution to the Einstein—Maxwell equations exists
corresponding to a purely magnetic charge. In this case the Maxwell field is constrained on
the two sphere and the solution takes the form

dr? 2GNM GNPE A
dszz—f(r>d[2+m+r2d9%’ f(r):l— . + r2 _5’,.27 (11)
P
A=—_ cos6do. (12)

2Vm

The electric and magnetic solutions may be combined to form the general dyonic Reissner—
Nordstrom solution with charge parameters Q and P, in which case the metric depends only
on the total electromagnetic charge Q” 4 P?.

We highlight this since when deriving Jackiw—Teitelboim gravity it will be convenient to
consider the purely magnetic solution. The reason for doing so is that in this case the magnetic
flux lies entirely on the two sphere and does not depend on the radial coordinate, which greatly
simplifies the dimensional reduction.

2.2 The horizon structure of the blackening factor

Since the theory contains a large parameter space spanned by (M, Q, A), it is useful to first
examine several representative limits. We will briefly discuss a few characteristic corners of
this parameter space and later summarize their relations in the so called “shark fin” diagram
for the Reissner—Nordstrom—de Sitter solution.

It is instructive to begin with the case where the charge vanishes, Q = 0. In this limit the
solutions reduce to the Schwarzschild family, whose qualitative behaviour depends on the
value of the cosmological constant. The different possibilities are illustrated schematically in
the diagram below.

A=0 A>0 A<O
Schwarzschild dS-Schwarzschild AdS-Schwarzschild

Figure 2.1. Schematic form of the blackening factor f(r) for vanishing charge.

17



Note that in the absence of charge the asymptotically flat solution admits a single horizon
located at r;, = 2GnM. For A < 0 (the asymptotically AdS case) the function f(r) is mono-
tonically increasing for » > 0, and therefore admits a single real root corresponding to the
black hole horizon. For A > 0 (the de Sitter case) the function f(r) develops a maximum,
which allows the cubic equation to admit three real roots. One of these is always negative and
therefore unphysical, while the remaining two correspond to the black hole and cosmological
horizons respectively.

1/3
For the dS—Schwarzschild solution the maximum of f(r) occurs at rmax = <3GTNM> A

necessary condition for the existence of horizons is therefore

1
AL ———. 13
o (3GNM )2 (13)
The point where the two horizons coincide is known as the Nariai solution and it is simple to
derive by demanding that A = m and rj, = rmax 1n which case one finds
A ) 1 1
fariai (7) 3r(r )" (r+2ry), T'n \//—\7 GN 3\/[—\ (14)

We now turn to the charged case. The corresponding possibilities are illustrated schematically
in the diagram below.

A=0
Reissner—Nordstrom

Figure 2.2. Schematic form of the blackening factor f(r) for non-vanishing charge.

Note that when the charge is nonzero the qualitative behaviour of the blackening factor
depends on the sign of the cosmological constant.

For A = 0 (Reissner-Nordstrom) the function f(r) admits two positive roots corresponding
to the inner Cauchy horizon, r_, and the outer event horizon, r, given by

ry =GNM £ \/GI%IMZ—GNQZ. (15)

For A < 0 (AdS-RN) the function again admits two positive roots corresponding to the inner
Cauchy horizon r_ and the outer black hole horizon r. For A > 0 (dS-RN) the function can
admit three positive roots, corresponding to the Cauchy horizon r_, the black hole horizon r.
and the cosmological horizon r.

Let us finally derive the so-called ultracold solution for dS—RN black holes', corresponding to
the case where the three horizons coincide, r— = r, = r.. Equivalently, the blackening factor
must develop a triple root at r = r, i.e. f(ry) = f'(ry) = f"(ry) =0.

'We thank Larus Thorlacius for explaining an elegant form of this derivation to us.
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2
Hence starting from the blackening factor f(r) =1 — ZGrNM + % 3 A2 we note that using
0, we may eliminate the mass parameter:
(16)

the horizon condition f(ry)
G A
2GNM =ry (1+ NO” r+).
r’ 1 3
Substituting this back into f(r) gives
— 3GN0O?
flr)= =) AP+ AR + (AP —3)r 4 280 (17)
3r2 ri
A double root at r = r requires the cubic factor to vanish at r = r, which gives
GNQ* =ri —ArY. (18)

The blackening factor then becomes f(r) = — =51 ”) (Ar? +2Ar r+3Ar% — 3) To obtain
a triple root, the quadratic factor must also vanish at r = r, which requires 6Ar2 “—3=0and
hence r} = T Substituting this back in, one concludes that the ultracold solution is

A(r—ry)? 1 , 1 2

- T/ 3 =—— G =— GwWM=—"—.
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We summarize the resulting parameter space in the following figure
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Figure 2.3. The shark fin diagram for dS—RN black holes for Gy = A =1

The boundaries of the shaded region can be obtained parametrically for (|Q],M) using
which yields

equations (16) and (18). Requiring the charge to be real implies 0 < r; < f’
2 2
Iy Ary ry )
M, = —(1+—=);/=—(1—-A , 0<r, <—. 20
o100 = [ 5o (1457 )/ o (1-42) s )
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2.3 Classical black hole thermodynamics

We now briefly summarize the basic laws of classical black hole thermodynamics. A central
quantity is the surface gravity k, which is associated with the Killing horizon generated by a
Killing vector £#. On the horizon this vector becomes null, &, = 0, and the surface gravity
may be defined invariantly by

£yt =k k. 1)

There is also a useful equivalent expression for the surface gravity,

© = 2 (Vudy) (V4E") @2)

r=r4

For static black holes the Killing vector generating the horizon coincides with the time transla-
tion symmetry, &= 8;, which is null at the horizon. For static, spherically symmetric metrics,

—f(r )dt2 ( ) + r2dQ? this general expression for the surface gravity simplifies to

>
K= 3f) (23)

To determine the temperature associated with the horizon we Wick rotate the time coordinate
t — —i7 and study the geometry near the horizon. Introducing a new near-horizon coordinate
r=ry+% p?, the metric takes the form

ds* = dp* + k*p?dt* +r2dQ3. (24)

The (p, 7) part of the metric is therefore locally flat space written in polar coordinates with
angular variable 6 = k7. Regularity of the geometry at p = 0 requires the absence of a
conical singularity, which implies that 8 must have period 2. Consequently the Euclidean
time coordinate must be periodic, T ~ T+ 3, with f = 27” Identifying the period B with the
inverse temperature yields the Hawking temperature

K

=~

. (25)

Now consider a process in which the black hole absorbs a charged particle with mass 6M < M
and charge §Q < Q. This means that the event horizon will now move to r — r + dr and
we may find that to first order in the variations

d d d
0:fM+5M,Q+5Q(”++5r+) :fM,Q(F+) ];<é+)5Q—i— J;(A’;;)SM—F g(:r)Su. (26)
Since by assumption fys o(r+) = 0, solving for 6M gives
f(rs) _
oM 5Q—|— 26n riory = o GN (27)

Here we recognised the chemical potential from equation (8) and the surface gravity from
equation (23), using that Ay = 87r, 8r. This is the first law of black hole thermodynamics
for a static charged black hole.
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The argument presented above is intentionally kept quite general and applies to static, spheri-
cally symmetric black holes in a wide class of theories. The final expression resembles the
first law of ordinary thermodynamics,

OE =udQ+ToS. (28)
Since we have already identified the temperature, this comparison allows us to define the
Bekenstein—Hawking entropy of the black hole. Comparing the two expressions % O0Ay
and Ty 6 Sy, we see that the Bekenstein—Hawking entropy of the black hole must be
= 10n
Here Ag denotes the area of the black hole horizon. In the next section we will derive the
entropy in a more formal way by evaluating the on-shell gravitational action.

SBH (29)

The entropy also admits a natural thermodynamic interpretation. In the canonical ensemble,
where the charge is held fixed, the free energy is defined such that

F =M — Ty Sy - (30)

One may also consider the grand canonical ensemble, where the chemical potential u is held
fixed. In the following we will mainly work in the canonical ensemble. Thermodynamic
stability is then determined by the heat capacity

dM
C=—, 31
T €1y
which measures the response of the black hole mass to changes in the temperature. A positive
heat capacity indicates thermodynamic stability, while a negative heat capacity signals an

instability.

In what remains of this section, we explore some of the thermodynamic behaviour of the
Reissner—Nordstrom family in different regimes of the cosmological constant. As a warm
up, it is useful to first consider the uncharged case, namely the cosmological Schwarzschild
solutions. These already display several important qualitative features that will reappear in
the charged case.

For O = 0, the Hawking temperature is given in terms of ry, as

1 A
— . 2
Amr,  4m G2

TH(rh) =

Here the mass parameter has been eliminated using the horizon condition f(r;) = 0. Depend-
ing on the sign of A, the Hawking temperature exhibits qualitatively different behaviours

Schwarzschild (A = 0) dS-Schwarzschild (A = 2) AdS-Schwarzschild (A = — %)
Ty Tu

1 3r h

Ty = —
" dmry,  Awl?
Tup
Thin : :TH _ 1 3Th
1 1 4drry,  AmwL?
Th . Th i ['/ Th
V3 V3

Figure 2.4. Hawking temperature as a function of the horizon radius for Q = 0.
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For asymptotically flat Schwarzschild, the temperature decreases monotonically with increas-
ing horizon radius. For dS Schwarzschild, the temperature also decreases, now vanishing at
the maximal black hole radius. For AdS Schwarzschild, however, the temperature develops
a minimum, so that for sufficiently large temperatures there are two black hole branches.

%. Hence, for T < Tj,i, there exists no AdS
Schwarzschild black hole, while for T > T,,;, there are two branches: a small black hole
branch and a large black hole branch. To determine which configuration is thermodynamically

preferred, one studies the free energy,

The minimum occurs at rj, = % with Tiin =

F . . ry l’%
(l’h) =M — THSBH = m - ] - (33)

We note that the free energy changes sign at r;, = L which corresponds to the Hawking—Page
temperature

1
Typ = —.
HP =
For T < Typ, thermal AdS is thermodynamically preferred, whereas for 7 > Typ, the large
AdS black hole dominates. This is the Hawking—Page phase transition [34].

(34)

F

Tmin \ T

Figure 2.5. Hawking—Page transition for AdS-Schwarzschild black holes.

Where in order to draw the diagram we have used the parametric form (7'; F)

1 3ry, T r,zl
T' F = . 1_ .
(T;F) (Mrh o 20n ( 2 ) rp >0 (35)

The thermodynamic stability can be analyzed from the heat capacity C = dM /dT. Since both
M and T are functions of ry, it is convenient to write

_dM dM/dr, 27y L*+3r;
4T  dT/dr,  Gx L2-3r}’

C(rn) (36)
The heat capacity diverges at r;, = L/+/3, corresponding to the minimum temperature Tjp;y,.
Thus the small black hole branch (r;, < L/ v/3) has negative heat capacity and is thermo-
dynamically unstable, whereas the large black hole branch (r, > L/ v/3) has positive heat
capacity.
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Next we turn to the charged case, namely the Reissner—Nordstrom family. The Hawking

Tu(ry)

1

AI"_|_

temperature, free energy and heat capacity are expressed in terms of the horizon radius as

GQ?

- 47TI”+

_ -,
4 dmry

(37)
1 A
F(r+):m<ri—§ri+3GQ2) y (38)
2712 GQ2 —r2 AP
C(ry) = + - -

G —3GQ>+ri+Art

(39)
In contrast to the uncharged case, the temperature now vanishes at an extremal radius rext,
where the inner Cauchy horizon and the outer horizon coincide, rext = r— = ry. For ri > rext

the black hole has nonzero temperature and several thermodynamic branches may appear
depending on the value of the cosmological constant. In the de Sitter case there exists an
additional radius ry where the temperature vanishes, corresponding to the Nariai limit where
the black hole horizon and cosmological horizon coincide. The qualitative behaviour of the

Hawking temperature as a function of the horizon radius is shown in the following figures
Reissner—Nordstrom (A = 0)
Ty

AdS-RN (A =

Ty

~77)

Text

T+

Text

T+
N Text

T+
Figure 2.6. Hawking temperature as a function of horizon radius for charged black holes.

To determine which configuration is thermodynamically preferred one studies the free energy

as a function of the temperature. For Reissner—Nordstrom and dS RN black holes the free
energy remains positive and we find the following diagrams:

dS-RN (A = %)
F
unstable branch Ene

[y
[y
Y
Y s,
[}
[y
[}
[}
Y
[}
[}
[y
[y
[y

S
[}
Fext'

[y
LY
[y
[y
v

-

stable branch

/Tnmx T

T‘max T
Figure 2.7. Free energy as a function of temperature for RN and dS-RN black holes
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The situation is qualitatively different in anti—de Sitter space. For AdS—RN black holes the
free energy can become negative for sufficiently large horizon radius, leading to a phase
transition between small and large black holes. This general feature holds irrespective of the
charge. For sufficiently small charge the free energy develops a characteristic swallowtail
structure (for further discussion see [35]).

AN @< AdS-RN, @* > Q2
F
" F, ext
small BH \_}l_nstable
F ext I \ . —
’I'max ’I'min T T

smooth branch
large BH

Figure 2.8. Free energy phase diagram for AdS—RN black holes.

The structure of the phase diagram depends on the charge. As the charge increases the
swallowtail shrinks and eventually disappears at a critical value Q.. This occurs when the
local maximum and minimum of the temperature merge, which happens at [36]

L 0.— L o V6
B " 6yGx’ ¢ 3nL’
For a more detailed analysis see [36], where the cosmological constant is interpreted as a
thermodynamic pressure and the resulting phase structure is shown to be analogous to that of
the Van der Waals system.

(40)

2.4 The Euclidean on-shell action

In this section we formalize the derivation of the black hole entropy from the perspective of
semiclassical gravity. The central object is the Euclidean gravitational path integral, which
defines the thermal partition function of the theory. Following the approach of Gibbons and
Hawking [37], we derive the black hole entropy by evaluating the Euclidean action on shell.
The full gravitational path integral consists of doing the functional integral over Euclidean
metrics with periodic Euclidean time of period J3,

ZIB) = [(2g)e 5l @1)

Strictly speaking the Euclidean gravitational path integral is not well defined since conformal
transformations can make the action arbitrarily negative [38]. Nevertheless, in the semiclassi-
cal limit one may formally evaluate it by expanding around the classical saddle points. The
partition function then takes the schematic form

ZIBl~ Y exp (—11(°)+1<‘> +r® +> : (42)
saddles h

24



where 1(°) denotes the classical (tree level) contribution, which in the present case is simply
the Euclidean action evaluated on the classical saddle,

10 = Sg[g,]. (43)

The quantities / (1) and 1 correspond to the one loop and two loop quantum corrections
respectively. In the classical limit 7 — O the dominant contribution comes from the classical
saddle, g, and the partition function reduces to

ZIB) ~ e SEl, (44)

Our task, in this section, is therefore to evaluate the Euclidean action

1 1
SE = Spulk + SF + Spdry = — 672G //// d4x\/§(R —2A)+ 12 / d4x\/§Fu\,F“V (45)
1
871'GN

/ d*yWh(K —Kp) . (46)
o.M

which we have decomposed into a bulk contribution Spyik, the Maxwell term Sg, and the bound-
ary term Spqry, Which contains both the Gibbons—Hawking—York term and the counterterm Kj.
The latter will be chosen so that the on-shell action is finite.

For concreteness we carry out the following derivation in the AdS case, with A = —%. The
corresponding Reissner—Nordstrom solution (6) is therefore characterized by the blackening
factor and gauge field

flr)=1- (47)

2GNM GNQ* P e 0
— A= — = |dt
r * r2 * L’ 2T =
so that the only non-vanishing component of the Maxwell field strength is F,; = % In this
case the Euclidean geometry extends from the outer horizon r to a large cutoff ry, which
is eventually sent to infinity. The asymptotically flat result is recovered in the limit L — oo,
Evaluating the boundary contribution on a constant radial slice r = ry, one finds?

2 2f('”) _4f'(r) Q0

== 7 2 2 _
R— . —f(r), +/g=r-sinb, F RErE (48)
K= 2vr 2 f( ), Vh=rsin0+/f(ro). (49)
0

Inserting all of these expressions into the action and evaluating the spherical integrals we find

Sbulk = 167IGN/r+dr/ dT/ d@ d¢sm6(2 2f — 4I’f ”Zf//—ZArZ) (50)
T B .3 3

r(l)ﬁw{87CGNL2/ dr/ dT/ a0 d(Pr Sme}_r})@w{m(i‘o—q) )

(51)

2For the metric ds®> = f(r)dt> + J'il{rz) + rde%, the induced metric on the hypersurface r = ry is given by

hapdydy? = f(ro)d7? +r3dQ3. The outward-pointing unit normal is n = /f(r) J,. The trace of the extrinsic
curvature is defined by K = V;n#, where V, is the covariant derivative with respect to g, .
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For the Maxwell field we find

2 2 2 2
0 OB (1 1\ _ 0B
F 46 / dr/ d'r/ d9 d(])r Slne 7[7'4 rglgnoo{T(Z_r_O>}__2r+ .
(52)

For the boundary GHY and counter term we find

dery:rolglw{ T N/ dr/ de | d¢r0sm9 (#Orouéf’(m)—lﬁ) f(ro))}
(53)

_ ﬂL 3 }”3 4\ ry 1
= im o (ra-7) (-om) + (0-7) 30 (3)}- oY

Where in the second line we have expanded the boundary term for large ry. To cancel the
divergences we must make a suitable choice for the counter term,

2 L

Ko = i3 2%[] (55)

where we defined Z[h] = r% which is the Ricci scalar of the induced boundary metric

0
hapdy®dy” = f(ro)dT? + r%dQ%. With this choice the linear divergence vanishes, and the cubic
divergence in Spqry cancels exactly against the corresponding term in Spyk. The remaining
finite contribution yields the on-shell action

2 2 2
Pry (GM+ GO r*) Bif’(m)- (56)

SE(8+] = Sbuik + SF + Sbdry =

2G ri L?
Using the relations § = =%, k = 5 1f/(r+) and Ay = 47r2, this expression may be written
equivalently as Sg[g,] = 4G. The semiclassical partition function therefore takes the form
Z(B) ~ e SEle. (57)

The partition function is related to the free energy through Z[8] = ¢ ¥ . Comparing this with
the expression in (57) we therefore identify

F:—SEl[sg*]: ”f( +) = 461 (ri—%riHGQZ), (58)

which agrees with the free energy obtained previously in (38). Finally the entropy follows
from the thermodynamic identity F = M — T'S. Solving for the entropy yields

Al
Spu=pM—-F)=— 59
BH = B( ) G’ (39)
which is precisely the Bekenstein—Hawking entropy that we used in the previous section.
Equivalently, using F = —~'logZ, and Spy = ﬁz the entropy may be written as
Spr = (1 —Bdg)logZ(B). (60)
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2.5 Near-Extremal Reissnher-Nordstrom Black Holes

We now focus on the magnetically charged Reissner—Nordstréom solution with vanishing
cosmological constant, A = 0, and work in units where Gy = 1. As seen in Figure 2.6, the
Hawking temperature vanishes at a particular value of the horizon radius where the inner
and outer horizons coincide, rexy = r— = ry. This corresponds to an extremal black hole
with Hawking temperature T3 = 0. For later convenience, we consider the purely magnetic
solution. In this case the electromagnetic flux is supported entirely on the two-sphere and
does not depend on the radial coordinate, which simplifies the dimensional reduction leading
to Jackiw—Teitelboim gravity.

To remind the reader, the corresponding spherically symmetric solution with magnetic charge
P > 0, mass M, and A = 0 in Schwarzschild gauge takes the form from equation (11), namely

f)=1-""4, A:—zifﬁcosedq). 61)

It is often convenient to express the blackening factor as

f=(1-=)(1-%). (62)

r r

where r and r_ denote the outer and inner horizons,

1
re =M+\VM?*—P2 ie. M= E(m_—I—r_), and P=/rir_. (63)

The extremal limit corresponds to the coincidence of the two horizons, r4 = r_ = ry which
occurs when M? = P?. At extremality, the Hawking temperature

ry —r—

Iy = 64
i 47rr%L (64)

vanishes, while the Bekenstein—Hawking entropy remains finite,
So=7rj. (65)

Note that a non-zero entropy at zero temperature normally indicates a degenerate ground
state. Indeed, if entropy is interpreted as a measure of the number of available states, a finite
extremal entropy means that the black hole possesses a large number of microstates already at
zero temperature. This is closely related to the fact that near-extremal excitations are separated
from the extremal ground state by an effective mass gap, as will become more precise from
the low-temperature expansion below.

For an extremal black hole one may further consider the near-horizon decoupling limit

A T
r:ro(l—i——), t=ro-, (66)
Z
where A is a scaling parameter. In the limit A — 0, the metric reduces to

—d 2 d 2
ds* =1} (—T e )+r(2)d§2%. (67)
<
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Thus the geometry becomes AdS, x S? in the decoupling limit. This is the Robinson—Bertotti
solution [39, 40], which is an exact solution of the Einstein—-Maxwell equations of motion.
In particular, the AdS; factor and the two-sphere have the same radius ry. This near-horizon
region is often depicted schematically as a long throat connecting the asymptotically flat
region to the deep AdS, x S? region.

black hole horizon

/

Linroat !

AdS, x §? asymptotically flat region

Figure 2.9. Schematic throat geometry of a near-extremal Reissner—Nordstrom black hole.

Far from the horizon the spacetime is asymptotically flat, while near the horizon it develops a
long throat that is increasingly well approximated by AdS, x S2. In the extremal limit this
throat becomes infinitely long. In the following, Jackiw—Teitelboim gravity will arise as an
effective description of this throat region when one considers small deviations away from the
extremal geometry.

There is also a natural temperature dependent version of the near horizon limit for a near
extremal Reissner—Nordstrom black hole. Instead of imposing extremality from the outset,
one keeps the Hawking temperature fixed but small and expands the geometry around the
extremal throat [41, 42, 43]. For a Reissner—Nordstrom black hole close to extremality we
therefore take Ty =T < ﬁ while keeping the charge fixed at its extremal value, P = ry
(canonical ensemble). We then expand the outer and inner horizon radii as a power series in
the temperature,

r+(T):ao—l—a1T+a2T2—|—a3T3—|—..., (68)
r (T)=bo+bT+byT*+b3T>+.... (69)

These coefficients are determined by expanding the relations

_ (1) —r(T)

P=ro= T)r_(T T = 70
ro r+< )r ( )7 47'CI"+(T)2 ’ ( )
for small temperature. One then finds
r(T) = ro+2mrdT + 108°r3T? + 647 rdT> + . .., (71)
r (T) =ro—2mrdT — 6m*rdT> = 3213, T3 + ... . (72)
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The corresponding mass is therefore

M(T) = %(r+(T)+r(T)) =g+ 21 T* 4 O(T3). (73)

Subtracting the extremal mass Mex¢ = 1y, we obtain the energy above extremality,
Egy = M(T) — Moy = 28 13T? + O(T3). (74)

This quadratic scaling has an important consequence. Since Hawking radiation is thermal, the
characteristic energy of an emitted quantum is set by the peak of the blackbody spectrum. By
Wien’s displacement law this is proportional to the temperature, so

EHawking ~T (75)

These two scales are compared schematically in the following figure.

E(T)

A

gap

Extremal Black Hole

T=0 semiclassical
description breaks down Tgap

Figure 2.10. Comparison between the energy above extremality, Egy ~ T2, and the charac-
teristic energy of a Hawking quantum, Eyawking ~ T. Their intersection defines the scale Tgyp
below which the semiclassical description breaks down.

The semiclassical description therefore breaks down when the energy of a typical Hawking
quantum becomes comparable to the total energy above extremality [44, 45, 46]. This defines
the scale Tgap, given by

1
Tew = 2023 (7o)
At this temperature the corresponding energy scale is
1
Eoap = Egi(Toap) = ——= - (77)
gap gap 27[2’.(3)
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Below this scale the semiclassical approximation breaks down, and the discrete structure
of the spectrum becomes important. In the following sections we will see that logarithmic
corrections to the entropy modify the thermodynamics precisely in this regime.

Let us also highlight that in this description there is a large ground state degeneracy and an
apparent mass gap. Using Egy(T) = T?/Egap, the first law dE = T dS immediately gives

2 T+ 6(1?). (78)

S(T) =So+
1) =5 Egap

To characterize the spectrum, it is convenient to introduce the density of states p (E), defined
through the Euclidean partition function

Z(B) = /0 TdE p(E) e PE. (79)

Equivalently, the density of states may be recovered from the inverse Laplace transform

p(E) = /YW 2B 7(8)eP". (80)

In the previous section, we found in equation (57) that
nr? S oy
Z(P) = ™'+ = e 0etenb (81)

Therefore, the classical density of states is

pa(E) = % [S(E) +y/ 225 (2 gng)} . (82)
Here 6(E) is the Dirac delta function, reflecting the large ground state degeneracy at E = 0,
while I is the modified Bessel function of the first kind. It is also useful to introduce the
integrated density of states

E
N(E) = [ dE'p(E), (83)

which counts the number of states with energy less than E. This gives

Na(E) = &% [—1 +O(E) +1o (2\/%)] . (84)

Here O(E) is the Heaviside step function. We will return later to the physical interpretation of
these expressions once we have obtained the quantum corrections and can compare the two.

Let us conclude this section with a brief remark on the decoupling limit of the near-extremal
geometry. Even away from exact extremality, one may still zoom into the near-horizon region
while keeping a finite excitation above extremality. This is achieved by taking a temperature-
dependent scaling limit in which the four-dimensional Hawking temperature is sent to zero
while the near-horizon black hole patch remains finite.

nt
[—>27'L'_T7 r—>r+(T)—|-

27tr(2)T

(r_y“)7 (85)
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and take the limit 7 — O with u held fixed. In this limit the metric reduces to

72—

dr?
ds® = guydxdx’ =1} (—(r2 — p?)di® + —uz) +15dQ3. (86)

The resulting geometry corresponds to the black hole patch of AdS,. The corresponding
background gauge field is given by A = — ;\r/oﬁ cos 0 d¢. Strictly speaking, the term decoupling
limit is sometimes reserved for situations in which the near-horizon region also becomes
infinitely long in a proper-distance sense, so that it genuinely separates from the asymptotically
flat region. This is indeed what happens for near-extremal Reissner—Nordstrom black holes.
Note that the parameter u should therefore not be identified with the original four-dimensional
Hawking temperature 7', but rather with the temperature of the decoupled AdS; black hole,
or equivalently with the finite excitation above extremality that remains in the throat after
the limit is taken. It is in this sense that Jackiw—Teitelboim gravity should be understood
as an effective description of the near-horizon throat. One may furthermore retain the first

subleading correction in the four-dimensional temperature, so that the metric takes the form

Suv Zguv-FTSguv‘Fﬁ(Tz)» 87)

with

T 6guvdxtdx’ =

2.2 dr? ) 2}
H1gap [(H—Z[J) ((r pydr (r4up)? Frdta). (59
Retaining this subleading correction in temperature is essential for a well-defined semiclassical
analysis. In the strict extremal limit, the AdS, throat exhibits an infinite set of zero modes
associated with its enhanced symmetry, leading to infrared divergences in the one-loop
partition function. Including the leading temperature correction lifts this degeneracy, rendering
the path integral finite and giving rise to logarithmic corrections to the entropy [43].

2.6 The generalized Lichnerowicz operator

Before carrying out the dimensional reduction to Jackiw—Teitelboim gravity, let us return
to the near-horizon geometry obtained in the previous section in the near extremal regime
T < Tgap. In the strict extremal limit, the metric g,y in (86) develops an enhanced AdS;
symmetry, and with it an infinite tower of metric zero modes. These are precisely the modes
responsible for the infrared divergence of the extremal one-loop path integral, and they are
lifted once the leading temperature correction 7 §gy in (87) is included.

From the four-dimensional point of view, these modes arise as large diffeomorphisms of the
extremal throat geometry. Once the theory is reduced to the Jackiw—Teitelboim description,
much of this higher dimensional geometric structure is no longer manifest. It is therefore
useful at this stage to make precise the notion of the generalized Lichnerowicz operator and
the associated metric zero modes in the parent theory.

The discussion in this section is based on the distinction between small and large diffeomor-
phisms. Its main purpose is to clarify the origin of the tensor zero modes of the generalized
Lichnerowicz operator that appear repeatedly in the recent literature.’

3Representative formulas include eq. (2.27) of [47], eq. (3.7) of [43], eq. (2.38) of [48], eq. (4.11) of [49],
eq. (3.8) of [41], eq. (A.6) of [50], eq. (4.1) of [51], and in a mathematical setting, eq. (2.117) of [52].
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Following the elegant formulation of [49], the near-horizon geometry takes the form of a
direct product ., x S2 where ./, denotes in our case the AdS, black hole patch in (86). This
factorization allows one to organize fluctuations according to their transformation properties
on 2, writing

ds® = gupdx“dx” + g jdxidxj , A=A;dx', (89)
where the indices a, b label coordinates on .#>, while i, j label coordinates on S2. Accordingly,
one may distinguish three classes of fluctuations:

* Tensor modes, corresponding to diffeomorphisms along .#> acting on g,
* Vector modes, arising from mixed components g,;,
 Gauge modes, associated with U (1) transformations of A;.

In this subsection we focus exclusively on the tensor sector. The relevant fluctuations are pure
diffeomorphisms of the extremal background,

hap = ZLe&ab » (90)

where Z denotes the Lie-derivative with respect to the vector field &9, Our first restriction on
& is that the resulting metric perturbation &, satisfies the transverse traceless gauge conditions

g%ha, =0, Vg, =0. 91)

In two dimensions it is convenient to parametrize the generating vector in terms of a scalar
potential P,

E9=e"V,d, (92)

where g, is the Levi-Civita tensor on .#,. With this parametrization, the traceless condition
is automatically satisfied, while the transverse condition reduces to

(O +R) @ =0. (93)

In practice, it is often more convenient to solve the transverse traceless gauge conditions
directly at the level of components, rather than working with the scalar equation above.* The
corresponding metric perturbations,

hap = g& 8ab (94)

therefore define the tensor zero modes of the extremal throat geometry. To make this explicit,
we now solve these differential equations for the Euclidean geometry obtained in (86), namely
for

dr?

Zapdx®dx? = (» —1)d7® + 7]

(95)

Assuming & = e [f,,(r) d; + g,(r) 9;] the traceless condition g*°h,;, = 0 implies

in fu(r)+g,(r) =0. (96)

“We thank Watse Sybesma and Matthew J. Blacker for helpful discussions regarding this approach.
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Hence f;(r) = L g/,(r). Substituting this into the transverse condition V%h,, = 0, one finds

that g, (r) obeys

" 4r n? p 2n’r

- =0 97

2r 2 —n?—2r2
1 /
gn+r2_1gn+ 21 gn=0. (98)

The former equation can be obtained by differentiating the latter, and it is therefore sufficient
to solve the second-order equation. Requiring the generating vector field to be regular at
the Euclidean horizon and to produce a normalizable metric perturbation at the asymptotic
boundary selects the solution

||

—1\ 2z
gn(r) = A, (r+ |n)) (;+1) , (99)

For |n| > 2, the corresponding vector field takes the form

o (r—1 7 ir?4|njr4+n*—1
g_A elnT( ) {_
- n

T dr+ (113 (100)

n r2—1
and thus we conclude that 4., = .,2”5 &ap 18 given by

[n|

2 5 .
aj.b __ (I’l - 1) r—1\?2 in 2 2 21|I’l| dr
I <r+1) e | (P = 1)d7? + = N drdr+

2

} . (101)

The tensor zero modes of the extremal throat are therefore labeled by integers satisfying
|n| > 2. The modes with n = 0,+1 are excluded, since they generate the SL(2,R) isometries of
the extremal AdS,; throat and hence correspond to trivial metric perturbations, or equivalently
to local rather than large diffeomorphisms. The zero modes hg;) are orthonormal with respect
to the inner product

4 2 27'L'd ood = h(") T—aC—bdh(m) — §mn 102
7170 1’-] r\/g(ab)gg cd . ( )

where the factor of 472 arises from integrating over the transverse two-sphere, the Euclidean
time has period 27, and the radial coordinate ranges over the exterior region r € [1,0).
Evaluating this inner product fixes the normalization constant to

A, = v . (103)
WA —1

We now turn to the crucial point. The infinite degeneracy of the extremal throat is lifted once
one includes the leading near-extremal correction T & guv in (88). To make this precise, one
studies the quadratic fluctuation operator governing metric perturbations about the Reissner—
Nordstrom background. Expanding the Euclidean action to second order, the metric sector
takes the schematic form

1% = / NN (104)
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where Agﬁ MV s the generalized Lichnerowicz operator [53, 48, 51, 49]. For Einstein—

Maxwell theory without scalar fields, this operator reduces to (up to the normalization
conventions of the Maxwell sector)

af.uv _ 1 ap,uv af,uv
AP = - (AZHY — 24784 (105)
where the Einstein—Hilbert and gauge-field contributions are respectively given by [53, 48,
51, 49]

1 _ ., gv= 1 _,5_1v= = _ By =B ol By B B
AEEH = 2g PO — Zg P g O PV RomghY — RoBghy — B gonghvy Rgeb gy,
(106)
1- = _ o o
Agﬁnuv — _ ngGFPO' (2ga,ug_BV _g—aﬁg_ﬂv> _’_FaﬂFﬁV _’_ZFC(YFu,yg_BV _F(X'J/Fﬁyg_ﬂv’
(107)

We will not evaluate this generalized Lichnerowicz operator explicitly here. Instead, we
quote the results of the recent analyses of near-extremal black holes in [48, 51, 49], where
the generalized Lichnerowicz operator is evaluated on the near-extremal background (87)-
(88). The main point is that the near-extremal correction lifts the tensor zero modes of the
extremal throat, rendering the one-loop determinant finite and giving rise to the corresponding
logarithmic correction to the entropy. We will return to this issue later in the simpler setting
of Jackiw—Teitelboim gravity. There, we will carry out the analogous analysis explicitly and
compute the corresponding Lichnerowicz operator directly in the JT background. To our
knowledge, this explicit evaluation has not appeared in the literature.

2.7 Dimensional reduction to Jackiw-Teitelboim gravity

In this section we dimensionally reduce four-dimensional Einstein—-Maxwell theory to an
effective two-dimensional dilaton gravity theory. Although our eventual interest is the
asymptotically flat Reissner—Nordstrom black hole, the derivation below establishes a more
general point: the near-extremal throat of a spherically symmetric Einstein—-Maxwell black
hole is described by Jackiw—Teitelboim gravity [19, 20] irrespective of the value of the
four-dimensional cosmological constant. In this sense, the Jackiw—Teitelboim description is
universal within this class of solutions.

To demonstrate this, we keep the cosmological constant throughout the reduction and first
derive the effective two-dimensional theory for the magnetically charged AdS—Reissner—
Nordstrom black hole. The asymptotically flat Reissner—Nordstrom case relevant for the
subsequent discussion is then obtained by taking the flat space limit L — oo at the end.

We take the standard spherically symmetric ansatz [54]

|
ds? = —— ¢ gxaqxb 1 2GNDdO2, (108)

/2@ ab

where x* = (t,r) and ® = ®(x%) is the dilaton field controlling the area of the transverse
two-sphere. At this stage it becomes clear why it is convenient to work with the magnetically
charged black hole solution. In the magnetic frame the only non-vanishing component of

34



the gauge potential is Ay = f cos 0 so that the corresponding field strength has support
only on the transverse sphere. After integrating out the angular coordinates 0 < 8 < 7 and
0 < ¢ < 2m, and focusing only on the bulk contribution, we find that the reduced action takes
the form

3VP P? 1
I :—/dtd _g2d) | R @ +
2 : [2 V2L 42GND32 | 226G D2
= / dtdro, ( <2d> “babcp) (109)

The second line is a total derivative term which we discard in the bulk analysis. We therefore
conclude that the effective two-dimensional description is captured by

1
by = —E/dzx [V=8PR+V(P)], (110)
with dilaton potential

3V P? N 1
V2I2 426D 2V/2GNDY/2
This is the effective two-dimensional description of magnetically charged AdS—Reissner—

Nordstrom black holes. To derive Jackiw—Teitelboim gravity, we look for a constant dilaton
value @ such that

V(@) = (11

V(®p) = 0. (112)

Solving this equation we find

L? 12GNP? P? 1
Py = —1 1 =— 40— ). 11
0= 126x ( 1+ =7 > 7+ (LZ) (113)

We now consider small fluctuations around the extremal background by writing

P=>D)+9¢. (114)
Expanding the potential to linear order around &, we have
V(@ +9) =V(Po) +V'(Po)¢ =V'(Po)9, (115)

(
where we used that V(®() = 0. Evaluating the derivative at @y, we find

(o 6v6/Gx (L2 +12GyP* ~ L2+ 12GyP?) (1
V(@) = - + (-) (116)

5/2 3 2

[L (—L+ \/L2+12GNP2)} / GNP L

Substituting this into the reduced action and keeping only terms linear in ¢, we arrive at
Jackiw—Teitelboim gravity, namely

1 1
I = 5% / dx/~gR— 5 / e/ =30 (R+V'(Dy)). (117)
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The first term is topological and retains the classical entropy of the extremal higher-dimensional
black hole, while the second term describes the fluctuations of the near-extremal throat ge-
ometry. We have therefore shown that the near-extremal throat of a spherically symmetric
Einstein—-Maxwell black hole is universally described by Jackiw—Teitelboim gravity, indepen-
dently of the value of the four-dimensional cosmological constant.

For the remainder of this discussion, we specialize to the asymptotically flat case L — oo,
which is the one relevant for the near-extremal Reissner—Nordstrom black hole discussed
above. In this limit,

D —P—2+ﬁ 1 V/(CIJ)—;Jrﬁ 1 (118)
772 2) 07 GnP? 2)

The reduced action therefore becomes

P2, 1 [, 1
IJT——Z/d x«/_—gR—E/d g9 (R+GNP3). (119)

Moreover, with our ansatz the radius of the transverse two-sphere is determined by
15 = 2GnDy, (120)
so that in the flat-space limit we recover
5 = GNP, ro=+/GNP. (121)

Thus the constant dilaton background selected by V(®y) = 0 is precisely the extremal
Reissner—Nordstrom throat, around which the Jackiw—Teitelboim description emerges.

2.8 Classical aspects of Jackiw-Teitelboim gravity

Having shown how Jackiw—Teitelboim gravity arises as an effective description of the throat
geometry of near-extremal Reissner—Nordstrom black holes, we now turn to the classical
Jackiw—Teitelboim model itself. For general reviews and further background on Jackiw—
Teitelboim gravity and its role in AdS; holography, see [55, 56]. As we saw in the previous
subsection, the dimensional reduction also produces a topological term, which accounts for
the classical entropy of the extremal higher-dimensional black hole. In the present subsection,
however, we focus only on the dynamical Jackiw—Teitelboim sector. Denoting the AdS;
radius of the effective two-dimensional theory by Ly, we write the action as

1 ) 2 1
Sils, 0= —5 [ o (R+L%T) | avho <K LJT) . a2
Here Gn denotes Newton’s constant, ¢ is the dilaton field, R is the Ricci scalar of the metric
guv. and g denotes its determinant. The cosmological constant is therefore A = —1/ L%T.
Furthermore, .# denotes the two-dimensional spacetime manifold, y is a coordinate along the
boundary d.#, K is the trace of the extrinsic curvature, and 4 is the determinant of the induced
metric on the boundary. In the asymptotically flat Reissner—Nordstrom case discussed above,
comparison with the reduced action shows that L%T = GNP? /2. For notational simplicity, we
drop the subscript in the remainder of this subsection and write L = Ljr.
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Varying the action with respect to ¢ and gy, one obtains the equations of motion

2
R+E =0, (123)

1
ViV — (V2¢ - E‘P) guv=0. (124)

To begin with we will start by considering the static solution, given by

dr?
ds* = L7 {(rz—r,%)dr%rz_r%] : O =opr. (125)
The boundary is approached as r — oo. The isometries of the AdS, metric are generated by

the Killing vectors

1
H= maf, (126)

2 __ 142
reos(HT) 5 L VIR G ) a), (127)

P=
Lu/rP—pu? * L

_ rsin(uT) (5
B= _M/TTaT—'_ r-—u COS(‘U,T) ar. (128)

These generators satisfy the s0(2, 1) commutation relations

BH =P, [BP|=H, [HP=—5. (129)

L2

This algebra will later provide the foundation for the BF formulation of Jackiw—Teitelboim
gravity, where the theory is constructed directly from the underlying symmetry algebra. Let
us also note that, although these vector fields are isometries of the AdS, metric, the full
background configuration is not invariant under all of them, since -2z ¢ = 0 but Zz¢ # 0 and
Zp¢ # 0. Thus the non-trivial dilaton profile breaks the full SL(2,R) isometry of the AdS,
metric down to a U (1) subgroup [57, 18]. It is in this sense that the resulting background is
referred to as nearly-AdS,, or NAdS;.

As in subsection 2.3, we may again study the classical thermodynamic behaviour of the model
by computing the Hawking temperature from the regularity of the Euclidean cigar geometry.

Requiring smoothness at the horizon r = u fixes the Euclidean periodicity to be f = Zu_ﬂ and
hence the associated Hawking temperature is
Ty = -1 (130)
2

It is worth emphasizing that in AdS, this temperature is associated with the chosen black hole
patch and its Euclidean periodicity. Evaluating the on-shell action with the same methods as
in section 2.4 one finds

271'2(]);9

IC] = ﬁ 9

(131)
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so that the classical partition function is

2 2
Zo = e o — exp( nﬁ‘l)b) ) (132)
The corresponding entropy is therefore
4 2
S = (1—ﬁ8ﬁ)logzc1=”T%- (133)

Notably, one may also compute the free energy, energy above extremality and heat capacity,
which are given by

1 27? 272 dE  4m?

B B B dlu B
Here we are considering only the dynamical Jackiw—Teitelboim sector. Including the topo-
logical term discussed in the previous subsection would simply shift the logarithm of the
partition function by the extremal entropy So, so that the full entropy becomes e.g.

E=F+TyS=

(134)

4-7'(?2 (Pb
ﬁ .

Having discussed the classical thermodynamics of Jackiw—Teitelboim gravity, let us now turn
to a coordinate system in which the underlying SL(2,R) symmetry is more manifest. For this
purpose it is convenient to introduce Poincaré coordinates. One may pass between the black
hole coordinates in (125) and the Poincaré patch by the transformation

) N sm< 5
r—ﬂcos(zk”), /7 —rhcos<

In these coordinates the metric take the form

Syt =S80+ (135)

Z(r7) = > (136)
B

12 dT?+dz?

2 _
ds” = 7 ,

(137)

with T € (—oo, ), and where the asymptotic boundary is approached as Z — 0. The isometries
of this metric are generated by

H=0dr, D=Tor+Z2d;, K=(T*-Z7%)0r+2TZ0;. (138)
These generators satisfy the s[(2,R) algebra
[HD|=H, |[K,D|=-K, [H,K|=2D. (139)

They correspond respectively to translations, dilations, and special conformal transformations.
This relativistic seed algebra will later provide the foundation for the first order BF formulation
of Jackiw—Teitelboim gravity, where the theory is constructed directly from the underlying
symmetry algebra.
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2.9 Three ways to skin a cat: The Schwarzian action

In this section we present three complementary derivations of the Schwarzian action, which
governs the boundary dynamics of Jackiw—Teitelboim gravity. Each derivation highlights a
different aspect of the same low energy degree of freedom. First, following [58], we show
how the Schwarzian arises from asymptotic boundary reparametrizations in a holographic
renormalization approach. We then turn to the geometric wiggling boundary construction
[18]. Finally, we discuss the BF theoretic perspective, in which the Schwarzian appears as the
action of the would-be gauge mode [59, 60].

2.9.1 The holographic renormalization method

Following the logic of [58], we seek residual bulk diffeomorphisms that implement a bound-
ary reparametrization while preserving the asymptotic form of the metric. We begin with
Euclidean AdS, in Poincaré coordinates,

,  dt*+dZ?

ds 3 ,

(140)
Z

with Euclidean time identified as 7 ~ 7+ 3. We would like to implement a boundary
reparametrization T — f(7) by means of a bulk diffeomorphism that preserves the gauge
conditions

1

gTzzoa gZZ: Z27 (141)
so that the metric remains in of the form,
dz>
ds* = - +g02(1,2)dT°. (142)

Since the Euclidean time circle is periodic, the reparametrization must satisfy

fle+B)=f(1)+B, (143)

and we further require f/(7) > 0 so that the map is smooth and orientation preserving. The
problem is therefore to determine the finite bulk diffeomorphism that realizes such a boundary
reparametrization while maintaining the chosen gauge. An explicit finite transformation with
these properties is

£z’
21 ()2 27 (T
T fo)— ;/,((T)) ( ff“)r? 5, ¢ ST ;ﬁ(); . (144)
Z Z
1+ (5) 1+ (475)
Acting with this diffeomorphism on the AdS, metric yields
2 2 2 2 5.2
dSZZMHdL+ 1_122 Sch(f,7) di7 (145)
22 22 2 z
where
1) 3 (f”(f))z
Sch(f, 1) = _Z (146)
D= 2P
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is the Schwarzian derivative. Thus the Schwarzian appears as the universal subleading term
generated by boundary reparametrizations that preserve the asymptotic AdS, gauge. To obtain
the corresponding boundary action in Jackiw—Teitelboim gravity, we must also transform the
dilaton. The same bulk diffeomorphism gives

11 2
o — D s O [1+<f (T)Z) ] (147)

Tz ()2 2f'(7)

One may verify that the transformed pair (gyv,¢) continues to satisfy the JT equations of
motion (123). We now evaluate the on-shell action. Since the bulk term in (122) vanishes on
shell, only the boundary contribution remains. For a constant-z hypersurface, the induced
metric and extrinsic curvature transform as

11 14 1Sch(f, 1)z
Vhis = —2Sch(f,1)z, Ky — 2o (f,1) 2 (148)
z 2 —§Sch(f,r)z2
Moreover, the boundary measure transforms as
1 <§”$T)Z>2 |
dt— f'(1)dr S/ (1 ZSch(f,7) zz) . (149)

]

Substituting the transformed metric, dilaton, and measure into the Euclidean JT boundary
term, we obtain

2
IJT:_/OBdf\/Eq) (K—%) r—>—/0ﬁd*L'Sch(f,”c %(1—%Sch(ﬂr)zz)

f"(7)z
7w
(150)
Taking the boundary limit z — 0, we find the Schwarzian action
B
Tseh = —%/ d7 Sch(f, 7). (151)
0

2.9.2 The wiggling boundary method

We now present a second derivation of the Schwarzian action, following the geometric
wiggling boundary approach [56, 18].

Consider a cutoff surface embedded in Euclidean AdS,, parametrized by a curve (#(u),z(u))
in Poincaré coordinates,

_di?+d7?

2
ds 5

(152)
<
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ny, = (2 (u), —t'(u))
normal covector

tangent vector

L= (' (u), 2 (u))

wiggling boundary

Figure 2.11. A wiggling boundary diagram with a reference to the Dutch artist Escher.

Here u is an arbitrary parameter along the boundary curve. Define the vielbein e, = 9,x so
that ¢!, = ' (u) and % = 7/ (u) which coincides with the tangent vector T* = ¢l . Note that this

means that the pullback of the metric becomes on the wiggling boundary

t'(u)? +7 (u)?

2 2
hyy = eﬁexguv = t/(u) 8t +Z/(M) 8zz = Z(M)2 )

Since the boundary is one-dimensional, the inverse metric is simply A" = (/)"

extrinsic scalar curvature can be computed in the following manner
K =g"Kyy = h"elle})Vyuny = h* [e) dyny — el el Thynp]
where the outwards pointing unit normal vector is given by
Z/ t/
and non-vanishing Christoffel-symbols are in this case given by:

1
F?t = _Fiz - _Féz = Z

Therefore we conclude that

2t’z’ Z/2 . t/2 t (t/2 —|-Z/2 ‘|‘ZZ”) _ ZZ/l‘//
K =h"|t'oun, +7 dun, + ny + n;| =
u'tt u'tz 7 t 7 Z (t/2—|—Z/2)3/2

We now impose the wiggling boundary condition, which fixes the induced metric to

This constraint is solved by

(153)

. The

(154)

(155)

(156)

(157)

(158)

(159)
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Substituting this into the expression for K and expanding for small €, we obtain

K = 1+¢&>Sch(r,u) + O(e*). (160)

From this we conclude that

1
Ir = /d”%@w— = /duget?(bu) (~1+ 1+ e’Sch(ru) +0(e%)  (16D)

= q)b/du Sch(z,u). (162)

To express the action in a more standard form , one uses the transformation property of the
Schwarzian derivative under inversion [60],

Sch(t,u) = —t'(u)? Sch(u,1), (163)

we find after changing variables in the integral via dt = ¢’ (u) du, that the action becomes
B
I = —q)b/ di Sch(u, 1), (164)
0

2.9.3 BF-theory: The would-be gauge mode method

We now present an alternative derivation of the Schwarzian action based on the dynamics of
would-be gauge modes in a BF formulation of two-dimensional JT gravity. This approach,
together with closely related particle-on-a-group and edge-mode formulations, has been
studied extensively in the literature [61, 62, 63, 64, 65]. As this framework requires somewhat
more background than the preceding formulations, we keep this subsection brief in order
to emphasise the different mechanisms by which the Schwarzian action emerges. For the
derivation presented here, we follow closely [66, 67]. Our starting point is the SL(2,R)
algebra, previously obtained from the isometries of the JT metric solution (139),

[HD|=H, [K,D|=-K, [HK]=2D. (165)

A convenient matrix representation is given by

0 1 0 0 1/-1 0
H:<o 0>’ K:<—1 0)’ DZE(O 1)' (166)

We assume that g admits a non-degenerate invariant bilinear form (-, - ) which satisfies the
following relation ([X,Y],Z) = (X,[Y,Z]). This can be viewed as a natural notion of an
inner product on the space of generators that is compatible with the algebraic structure. For
semi-simple Lie algebras, such a form is unique up to normalization and is given by the
Killing—Cartan form. With respect to the present representation, we may represent the bilinear
form with the simple trace formula for the generators, namely

(X,Y) =Tr(XY), (167)
A general group element can then be written as

g = ePWH YK DD (168)
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A central ingredient in the BF formulation is the left-invariant Maurer—Cartan form 6 = g~ !dg,
which evaluates to

0= [e7p'H + (/ +2yp) D+ e (¥ +y2p)K | dr. (169)

the boundary action therefore is given by

1
Iy = ¢b/dt (6,6;) = q)b/dt Eu'z +2y (u’p'+p")} : (170)

where 0 = 6,dt and we have integrated by parts to make explicit that y appears linearly and
hence acts as a Lagrange multiplier. The action depends only on the pullback along the
boundary, and thus describes the dynamics of the would-be gauge modes, which become
physical in the presence of the boundary. Eliminating the auxiliary field y via its equation of
motion,

"

/ P

U =——
] ?
o)

and substituting back into the action, we obtain the Schwarzian action (up to a total derivative)
for the boundary reparametrization mode,

(171)

Lt = —¢b/dl SCh(p,Z‘). (172)

The BF formulation, while technically more involved, provides the most direct route to the
Schwarzian action, as it is determined entirely by the underlying Lie algebra of the isometry
group. This is particularly powerful in the non-relativistic setting, where the symmetry
structure is well understood while an action principle is often less clear. Indeed, recent
works have shown that non-relativistic versions of the Schwarzian action can be constructed
precisely from this algebraic perspective [66, 68]. In this sense, the BF formulation offers the
most natural route to a non-relativistic Schwarzian.

2.10 Ostrogradsky momenta and conserved charges

At this point, the Schwarzian action has been derived in several complementary ways, but
one ingredient is still missing. If this boundary theory is to serve as the effective low energy
description of Jackiw—Teitelboim gravity, one would like to understand not only its form
as an action, but also its canonical structure and the charges associated with its symmetries.
For higher derivative actions such as the Schwarzian, this is most naturally done using the
Ostrogradsky formalism [69]. The purpose of the present subsection is therefore to introduce
the generalized canonical momenta and to show how the conserved charges arise from them.

Consider a higher derivative action of the form

S = /er(f’,f”,f’”) . (173)
Consider an infinitesimal variation f — f + € 8 f from which we find that
aL aL dL
asz/dr {a—flaf#af,,éf”+af,,,5f’” : (174)
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Integrating by parts, this may be written in the standard form

65 = [ dTE(r)5f +1OGA] (175)
where the equations of motion, are given by

d oL d* oL d° OL

Wheras the boundary term is given by

2
@wfﬁz(m; d oL d 8L)5f+(8L ci&L)aﬂ+<8L>6fk

a_f/_Eaf//_{—deafm a_f//_%m of"
(177)
Now define the generalized Ostragradsky momenta such that
L d JL d* JL L d JL JL
Pl:a_f’_Eaf”—i_dTZ&f’”’ Pz:&f”_ﬁaf”/’ P3:af///' (178)
Then
OSf) =P Sf+PSf +P5f". (179)

If the variation is a total derivative such that L = %K then the conserved charge is given by

Q6f]=PSf+PS6f +P6f —K. (180)

Let us now apply this general formalism to the Schwarzian action

Isap = C/a’rSch(f, 1), (181)

11! /! 2
where Sch(f,7) = % — % (%) . The Ostrogradsky canonical momenta are defined as

9L d AL &AL C[f" (Y
“_Jﬁ_%aﬂ+dﬂww_?<7’(7)>’ e

L d L 2Cf"

P = 97 dr =— Iz (183)
R 1 (184)

From the previous section it follows that the conserved charges are given by
Olf|=Pi6f+P8f +PSf"—K (185)

To identify the conserved charges explicitly, we must now determine the infinitesimal trans-
formations under which the Schwarzian action is invariant. In the present context, the relevant
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symmetry is the residual global SL(2,R) symmetry acting on f by Mobius transformations.
Infinitesimally, these are generated by transformations of the form

f—=8(f)=f+en(f) (186)
Under which we find that the Schwarzian action changes by
SL=fn"(f) (187)

which in this case implies that () = a+bf +cf? and it is for these three values (a,b,c)
which we shall find the conserved charges to be given by

111 17\ 2
Q_=0[l]=P = f’ J;—,— (%) ] ; (188)
Qo=0lfl=Pf+Pf +Pf"=— |-f"+f ﬂ—<f—”>2 (189)
f/ f/ f/ ?
0, =0l =Pif +P2ff + P (2f*+2ff") (190)
f/// f// y
— -2 2 191
f,f I (f/)] ff+f (191)

These three charges generate the residual SL(2,R) symmetry of the Schwarzian theory. Equiv-
alently, they are the Noether charges associated with the infinitesimal Mobius transformations
generated by n(f) = 1, n(f) = f, and n(f) = f2. Computing their Poisson brackets, one
finds that they close into the expected s[(2,IR) algebra, up to conventional choices of sign and
normalization.

2.11 Ostrogradsky symplectic form

Having identified the conserved charges of the Schwarzian theory, the next natural step is
to understand the corresponding phase space structure. In the present context, this means
determining the symplectic form associated with the Schwarzian mode. This is important for
two related reasons. First, it clarifies the geometry of the space of boundary reparametrizations
around the classical saddle. Second, in the quantum theory, the symplectic form determines
the local measure on field space and therefore enters directly into the one loop path integral.

Consider therefore the Schwarzian action:

//2
2/ dt(qyz ) (192)
The field ¢(7) is taken to satisfy the quasi periodic boundary condition
¢(1+pB)=9¢(r)+2m, (193)

which ensures that ¢ defines a reparametrization of the thermal circle of period 27w. We
furthermore require the fluctuation 8¢ to be periodic with period 3, so that

0p(t+PB)=09(t). (194)
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Let us now expand the action around a general configuration ¢ by writing ¢ — ¢ +6¢. To
quadratic order, one finds

1 B (P//Z
0) _ 2
B d 1 (])I// ¢//2
(1) — Sl [ SR SI2S 1
i /odt6¢dr<¢’(¢' o7 9 )) (150
p Lo\ (89)°  (89")
(2) _ o an
s /O dt [(Sch((p,t) 20 ) T g 1 . (197)
From S(!) we may read off the equations of motion for ¢ which give that
d 1 ¢/// ¢//2 n
Sl I A, S =0. 1
ilv (5—5)] -0 s
This can be written more suggestively as
d ¢
ESCh (tan E,t) =0. (199)

so that the classical solutions are precisely those quasi periodic functions ¢ for which
AP
Sch tanz,t =a, (200)

with a constant. A simple particular solution of Sch(f,t) = a is

Jo(t) = tan(\/gt) : (201)

Af(t)+B

Since the Schwarzian derivative is invariant under Mobius transformations f (t) — CfD+D 7 t) %

the most general solution can be written as

Atan(,/5t)+B
(1) = <\/; ) , AD —BC =1. (202)

C tan(\/g t) +D
This freedom corresponds to the global SL(2,R) symmetry of the Schwarzian action. When
evaluating the path integral, the three zero modes associated with this symmetry are removed

by fixing the SL(2,R) gauge, for instance by an equivalent choice of parameters such as
A=D=1,B=C=0.

Imposing the quasi-periodic boundary condition ¢ (1 + ) = @ (¢) + 27 then fixes the remaining
constant a. Since tan(x + ) = tanux, this requires

\/é B=nr, nel (203)

Choosing the minimal winding n = 1 gives a = 2[3%2 With this choice and the above gauge

fixing, we find the classical saddle

Oa(t) = —1t. (204)
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In the subsequent one-loop computation we expand ¢ = @.; + 6 ¢ and remove the three
SL(2, R) zero modes. We can now evaluate the on-shell action .#(© (0)[¢e). With
O (t) = —t we have ¢/,(1) = and ¢/(t) =0, so

//2 2
1 (B [2n 27
=—— [ dt =——. 205
=3 ) o (Gr-o8) =3 (5) =7 209
Let us note that including the constants A, B,C, D would lead to a more complicated expression,
but the value of the on-shell action is unchanged since all such configurations are related by

the global SL(2,R) symmetry. By choice we find that S(!)[¢,] = 0. Now let us turn to the
quadratic fluctuation term, NG ), here we find that

B AV 2
2)[¢c1+6¢]=/0 dt {(Sch(@;l,t)—%q&éf) (5?2) + (89" ] (206)

”
cl 2 cl

-1 [ [<5¢> (£) oy

The corresponding symplectic form can be computed using the Ostrogradsky prescription for
higher-derivative Lagrangians, which amounts to first finding the conjugate momenta. From
the quadratic Lagrangian density

(207)

10—~ son- (L) ey (208)
) 27 7
we obtain
oL?) d oL? / B 2 "
Pao =3(89") (a(&p")) mor (ZH) o0 e
oL ﬁ 2 "
Pss = 50507 ~ <ﬁ) 00" 21

The symplectic form is then obtained by
@_ [
Q :/ dt [dprd(aM @11)
0

B 2 p
- /O dtd(6¢’)/\d(5¢)—<2%) /0 did(50") Nd(59). 212)

Integrating the last term by parts we find

2 P ﬁ 2 " / /
Q® :/ dr | (5 ) d(89")nd(80") —d(8¢") Nd(89) |- (213)
0
Since the function 8¢ is B-periodic, we go to Fourier space and expand the fluctuation as
=Y 59,7, (214)
nez
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Let us note at this stage that later we will make use of the following identity which relates the
real and imaginary parts. Writing

89, = 594" +i59,", (215)
the reality condition on 8¢ means that 6¢* = 6¢ and thus
j2an
50 =Z<5¢,§ — i8¢, ) Z(&p i5¢£’,2>e il 216)
from which we read off the constraint
5ol =500, s0!) =501, (217)

The implication of this is the following two relationships

2 2
50,50, — (5¢,$R)> +(6¢,§’)> . A8 NS, = —2idS0P nase .  (218)

The quadratic action becomes

(2)__1 B AV Ez 11\2
s =1 /0 d [<6¢> (M) <6¢>] @19)
/ dtZ nm - 1Pm?) 80,6 Gme' . (220)
B Z —n)*] 89,50, (221)

B Zn {(5% )’ (6@%’))1 (222)
Zn {(6% ) (6¢£’>)2}, (223)

n>2

21 (n+m)
where in the third step we used fOB dte” B = B 6,-4m 0, in the second to last step we used

(218) and in the last step we used (217). From this we see that when n = 0, £1 the contribution
of $@ vanishes. This is a direct manifestation of the underlying SL(2,R) symmetry of the
Schwarzian theory. In the path integral, one removes these three modes to obtain a finite one-
loop contribution. In the gravitational picture, these three boundary zero modes correspond to
the bulk Killing vectors of Euclidean AdS,.

Evaluating the symplectic form (213) with the Fourier modes (214), we find

B 2
Q® — /O di [(2%) A(56") N d(50") —d(80") Ad(59) (224)
—z—/ dtZ Pmn)e B A8 6y AdSd (225)
=21y (0’ —n)dS¢, NdSP_, (226)
- 47r£ (n* —n)d56® naso\ (227)
=8 22 (n* —n)dso\® nase, (228)
nz>
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271'(n+m

);
where in the third step we used ff dte’ B ' = B8, tmo, in the second to last step we
used (218) and in the last step we used (217). Where notably we know from the action that
n # 0,+£1. Having collected these results, i.e.

2
Ol 501 =25, sPigu+50)= 2 X w1002+ (50177,
n>2
(229)
— 87 Y (i —n)d89\" nasg", (230)
n>2

the quadratic path integral thus becomes a Gaussian integral in each Fourier mode. The
symplectic form determines the local measure on field space as

289 = []Pi{e] d69Fase" = [ 8an(n* —1)ds¢\" as¢\". (231)

n>2 n>2

We may now evaluate the one-loop partition function,
= / DpeS (232)
s / 285957 (233)

o2

T x?
_ = H (87;;1 2 1) /d5¢n d&[)n — 482 (n? 1)[(5¢,5R))2+(5¢,51))2]) (234)
n>2

=e 3 H87rn n —1)W (235)

212 1 2n?

w20
— B —_—= — ﬁ
Where in the second step we approximated the full path-integral with the 1-loop contribution,
in the third step we performed two Gaussian integrals and finally we used zeta-function
regularization, which relies on the analytic continuation of the Riemann zeta function defined
by {(s) = ¥ n—*, with derivative {'(s) = — ¥ n~*logn. Applying this we find
n>1 n>1

(236)

12 —ew [z (log(2B) —1ogn)] = exp[log(2B)(£(0) ~ 1)+ £'(0)]  (237)

n>2 n n>2

: 1
— (28)5(0)-1,8'(0) _
=(2B) = g (238)

where we used the regularized values {(0) = —3 and {'(0) = —3log(27).

It is worth emphasizing that the Schwarzian path integral is in fact one loop exact. Although
we have organized the discussion here as an expansion around the classical saddle up to
quadratic order, the exact result is already captured by this Gaussian analysis. Indeed,
the fluctuation exhibits a simple pattern: all terms S with n > 3 can be written as total
derivatives, and therefore do not contribute for periodic fluctuations satisfying the boundary
conditions imposed above.
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2.12 A Lichnerowicz operator for JT-gravity

So far, the one loop structure has been derived from the boundary Schwarzian description. In
this section we check whether one can obtain it in terms of quadratic Lichnerowicz operators.

Following the prescription in [38] we will expand the Jackiw-Teitelboim action for g = go+ A
and ® = @y + ¢ to second order such that

IJT[g7(D] - 10[g07 ¢0] +11 [hv (PO] +11 [g()v (p] +12[h7 (P] +12[g07 (p] +12[h7 ¢0] . (239)

Where we will choose to expand around
(80)apdx“dx" = dp* +sinh?(p)dt*, @y = cosh(p). (240)

Which solve the equations of motion of JT gravity. We start with

Iplg, @] = / dx\/gP(R+2). (241)

Then we expand around the dilaton solution ¢y and the AdS; background g to find that I
vanishes identically since R = —2 for gg. The next to leading order is given by

1
I = | d*x/g00(R+2)+ | d*x\/g0¢0 |h — Ruph™ + =Rh—V?h+ VoV, h2| . (242)
(p 2 a

Using the fact that for 2d metrics we have R, = %Rgab we find that the two corresponding
equations of motion are

R+2=0, (243)

[ +9v? — g92] gy = 0. (244)

where the first corresponds to the ¢ variation and the second to the A, variation. These are of
course the JT equations of motion. At the next order we find however that

L=2 / Px /39 [g“b 4 veyh gabvﬂ hy (245)
+ / d*x\/8 heqA Uy, (246)
where
. . . 1 : : 1
Aabcd — ¢0 (gabgcd o 2gacgbd . gacvbvd . 5gabgchZ + gcdvavb + Egacgbdv2> (247)
3 . . 1

+ gacvb¢ovd . 5g61cg17dve¢()ve . gabvd¢ovc + ngcvd¢ova . EgabngVeﬁbOVe . gabvc¢ovd ]
We then find that

n
eogayhl) = — Ly (248)

Aabcd
2

where

_2idtdp  dp?

249
sinh(p) sinh2 p ( )

W dxdx? = 2iA,"" tanh” (g) nl(n* 1) {d a

50



whereas
(g +vev? —gv2) nly) <0, (250)
Thus we take a linear combination of these metrics

hay = Y ety (251)

(n)

with the measure given by [Zg] = [],,dc, since we have already apropriately normalized 7,
so that they are orthogonal in the sense that

T
This means that we find
/[@h] (2¢)] e~ lrlg+h.¢o+¢] (253)
“I1 / de,, e~ Il o)+ xyBha A hey (254)
n
= S [ doyel VALl AT L] (255)
n
=e T] / de, eZnmenem | Pxy/ghy) (=5 )iy (256)
n
o ol smn
n
Foo In] 2 2
S famerEees 1 E s o

The bulk Gaussian integral organized by the generalized Lichnerowicz operator reproduces
the same one loop structure that was previously obtained from the boundary reparametrization
mode.

2.13 Quantum corrected black hole thermodynamics

We are now in a position to return to the thermodynamic interpretation of the one loop
results derived above. The Schwarzian partition function captures the temperature dependent
contribution above extremality, while the full black hole partition function also includes the
extremal entropy factor e%. It is therefore convenient to write

1 S +E Ky +&
Z =————¢%"B Z =0 F . 2

Q(B) ZﬁﬁS/ze ) C](ﬁ) e ( 59)
Here Sy denotes the extremal entropy, while the remaining 3 dependent factor describes the
excitations above extremality. The corresponding density of states is obtained by inverse
Laplace transform. One finds

&5 ) ;
Zﬂzﬂsmh(zﬂ\/ﬁ) . pa(E)=¢" |8(E)+ \/\/_Fﬂ

po(E) = L(2mV2E)| .  (260)
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The crucial difference between these two expressions is that the one loop prefactor removes
the degenerate classical ground state structure. In this sense, the logarithmic correction is not
merely a small quantitative modification, but changes the qualitative near extremal behavior
of the theory. This is illustrated in the following figure:

p(E)

N
?

E

Figure 2.12. Comparison between classical (dashed) and quantum (full) density of states.

The thermodynamics are correspondingly modified. Using the relation E(f) = —dglogZ(),
one finds for the energy above extremality

3
Eo(T) =2m°T* + 5T Ea(T) = 27T, (261)

Likewise, the entropy follows from S = (1 — Bdg)logZ. One therefore finds

3 3
So(T) = So+4m°T + S logT — log(2v/7) + > Sall) =S +47°T. (262)

Thus the leading quantum correction to the entropy is logarithmic, exactly as expected from
the one loop determinant. This may be understood from a counting argument in which each
generator of the underlying asymptotic symmetry algebra contributes a factor of % to the one
loop measure. The effect on the near extremal energy is summarized in the following figure.

E(T)
(Energy above extremality)
Egn ~ 5T +1T° Egy ~ T?
quantum correction
EHawking ~T
Egap .......................................
SL(2,R)
3 Killing vectors
1 3 .
S(T) = So+ =T + 35log(T)
—— v
classical entropy log correction
Extremal Black Hole T
T=0 semiclassical
TE""P

description breaks down

Figure 2.13. Comparison between classical and quantum energy above extremality.
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Note that classically the energy above extremality scales as Egy ~ T2, while the characteristic
Hawking quantum scales as Epawking ~ 7. Their intersection defines the gap scale below
which the semiclassical description breaks down, as previously illustrated in figure 2.10. After
including the one loop correction, however, the black hole energy is shifted to Egy ~ %T + 72,
so that in the near extremal regime it remains above the Hawking scale, thereby resolving the
puzzle discussed in [44].

Finally, let us mention that these results also have direct implications for black hole evapora-
tion. In particular, [70] used this quantum corrected near extremal thermodynamics to derive
a prediction for the corrected Hawking emission rate of near extremal charged black holes.
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1 Introduction

String theory provides a robust framework for investigating quantum gravity in various
decoupling limits. In this regard, non-relativistic limits of string theories [1-3] form a
self-contained sector within string theory governed by a relativistic worldsheet metric with
Galilean global symmetries on the target spacetime. We refer the interested readers to [4]
for a recent review of non-relativistic string theory. In this note, we consider bosonic string
theory in another non-Lorentzian target space limit called the Carroll limit [5-7]. A pictorial
way to highlight the contrasting extremes of these limits is that rather than opening up the
light cone, as happens in the Galilean limit, the lightcone collapses to a line in the Carroll
limit. As a result, timelike particles are confined to the temporal axis. Tachyons still move
in the Carroll limit but have no rest frame. Furthermore, Carroll boost symmetry requires
energy flux to vanish. Particles that move are thus forced to have vanishing energy while
particles at rest can have non-vanishing energy [8, 9]. Particle properties in the Carroll limit
were further studied in [10-14], where it was demonstrated that non-trivial dynamics can
arise for coupled Carroll particles. Our primary motivation for developing a Carroll limit of
string theory is to see if Carroll string dynamics is less constraining than Carroll particle
dynamics. Carroll strings with worldsheet Carroll symmetry were studied in [15-19], whereas
target space Carroll symmetry was studied in [18, 20-22]. As we proceed, we will comment
on similarities and differences between our work and these earlier papers.

We study two inequivalent Carroll limits in the target space of bosonic string theory by
introducing different sets of auxiliary worldsheet fields into the Polyakov action. One of these

limits corresponds to what is known throughout the literature as a magnetic limit [9, 23-25].
Our other Carroll limit breaks worldsheet chirality via a novel auxiliary field configuration.
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In parallel with the non-relativistic string [1], the Carroll symmetry appears as a global
symmetry of the target spacetime, while the worldsheet remains relativistic. The magnetic
limit reproduces an action that is invariant under the string Carroll algebra previously derived
by Cardona, Gomis, and Pons (CGP) by considering a Carroll limit of the canonical form
of the Nambu-Goto action [20].

The worldsheet dynamics of our magnetic Carroll string model is similar to the CGP
model in that no motion is allowed in the transverse directions. The transverse target
space momentum is unconstrained, but does not enter into the magnetic Carroll string
dispersion relation. This is reminiscent of the behaviour of Carroll particles [9, 10, 13]. The
chiral Carroll model also has unconstrained transverse momentum and a simple dispersion
relation, where energy does not depend on transverse momentum. Unlike the magnetic model,
transverse motion is allowed in the chiral model via arbitrary left-moving string excitations,
thus departing from the Carroll particle picture. The symmetry algebra of the chiral model
is an extension of the string Carroll algebra of the magnetic model. Furthermore, an infinite
dimensional symmetry extension is realised in both our models in a similar manner as for
strings with Galilean symmetry [26, 27].

The remainder of the paper is organised as follows. In section 2, we establish notation and
construct the magnetic Carroll limit by introducing suitable auxiliary fields in the Polyakov
action. The symmetry algebra of the magnetic Carroll model and its string dispersion relation
are derived. In section 3 we present the chiral Carroll model and its extended Carroll string
algebra. We then show how to extend the symmetry to an infinite dimensional algebra for
both the chiral and magnetic models. In section 4 we summarise our results and discuss
some future directions.

2 Magnetic Carroll string model

This section introduces the first of two Carroll limits for strings we consider. The Carroll
structure of the model is observed on the target space, while the worldsheet metric remains
relativistic. As we will see in section 2.1, the magnetic Carroll string arises from relativistic
string theory via an asymmetric scaling of the longitudinal and transverse target space
coordinate fields in the Polyakov action that renders the transverse sector ‘dominant’ over
the longitudinal sector. The naive divergence that appears when taking this Carroll limit can
be controlled by introducing auxiliary fields along the lines of the corresponding construction
for non-relativistic strings in [1]. The presence of the auxiliary fields severely constrains
the dynamics of the magnetic Carroll string model.

2.1 Relativistic origin of the magnetic Carroll model

Our starting point is the Polyakov action, given by

1
4rad

Sp=—

/ 2o/ A0, X1 X V1 2.1)
Here lowercase Latin indices run over the worldsheet coordinates a,b € {0, 7} and ¥* denotes

the inverse of the worldsheet metric. The flat D-dimensional target-space metric is denoted
by 7, with Lorentzian signature. The coupling constant « is related to the string tension
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T via T = 1/(2wa’). The worldsheet fields in (2.1) are labelled by hats in anticipation of
a rescaling to be carried out immediately below. We reserve a hat-free notation for the
rescaled fields that we work with in the Carroll limit.

We want to take a Carroll limit on the target space while allowing the worldsheet theory
to retain its relativistic and Weyl symmetries. In order to achieve this, we introduce an
effective coupling constant o’ and perform an asymmetric scaling of the worldsheet fields by
the dimensionless factor of o /alg, where longitudinal coordinates in target space, denoted
by uppercase Latin indices A, B = 0,1, are scaled differently from the transverse coordinates,

denoted by uppercase primed indices A’, B’ = 2,...,D — 1,
/ /
S it SR S o (2.2)

With this scaling, the Polyakov action (2.1) can be rewritten as

1 ! )
Sp =1 / d*o /=y (aaXAa,,XA + 29, xA 8;,XA,)
T g Qofr (23)

1 ’ / ’
: / o=y (8aXA8bXA LA g, X, — Leff A AbA,) .

- /
AT g o

In the second line we have introduced auxiliary fields )\f/, which can be integrated out to
recover the first line. Taking the o/ — oo limit, we obtain

1

Sm = —
!
AT g

/ o/ (0.X40,Xa + 20} X ) | (2.4)

which we refer to as the magnetic Carroll model.! Upon adopting a conformal gauge for
the worldsheet metric,

ds* = —dotdo™, ctf=71+0, 0y = % (0r £05) , (2.5)
we can write the magnetic action (2.4) as
Sy = 2Tog / @0 (9, XA0_XPyap + M0 Xu + X0, X 1) | (2.6)
where we have introduced the effective string tension Tog = 1/(27alg), and defined

Py % (M £ (2.7)

In conformal gauge, the field equations of the magnetic Carroll model are

0,0_XA=0, . X4 =0,

O_X4 =0, M o\ =0, (28)

A corresponding electric Carroll model is obtained by a different scaling, X4 = X4, X A /:‘,—'X A
eff

In this case, taking the o’ — oo limit leads to Sgp = —— f dQU\/ffy'y“bBQXA/BbXA/ , which corresponds to

4mal
eff
the Polyakov action for the transverse coordinate fields alone.
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supplemented by constraints of the form
s X401 X4+ 20002 X 0 = 0. (2.9)

It is immediately apparent that X4 is constant, i.e. there is no transverse motion in the
magnetic Carroll model, and the constraints reduce to

0+ X49.X,4=0. (2.10)
The dispersion relation of magnetic Carroll strings,
(P%)? = (P")?, (2.11)

follows from the worldsheet field equations and constraints in a straightforward way. To see
this we consider null combinations of the longitudinal coordinate fields, X* = %(X O+ X1,
and fix one of them by the usual lightcone gauge condition,

Xt =zt +algPr. (2.12)

This is manifestly a solution of the two-dimensional wave equation as required by (2.8). The
other longitudinal field is a solution of the wave equation and a periodic function of o, which
results in a general mode expansion of the form

!
- PR . Qg 1/ _ ine— o~ —inot
X =z 4+agP 741 T%E(anem +a,e " ) (2.13)
The longitudinal fields must also satisfy the constraints (2.10), which reduce to
P9 X~ =0, (2.14)

when the lightcone gauge condition (2.12) is satisfied. There are two cases to consider. If
P+ £ 0 then the constraints require X~ to be a constant, which implies P~ = 0. On the
other hand, if PT = 0 then X~ is unrestricted. In both cases the product of lightcone
momenta vanishes, PTP~ = 0, which is equivalent to (2.11).

We note that the energy of the magnetic Carroll string is independent of the transverse
momentum. The transverse momentum itself, however, remains unconstrained as it only
appears in

PA = Teﬁ/da/\;“’, (2.15)

where the zero mode of A4’ remains undetermined by the constraints.
Finally, if the spatial longitudinal coordinate is compactified on a circle of radius R,

X'~ X'y orR, (2.16)

then the energy takes discrete values P° = n/R.
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2.2 Canonical formulation

In this subsection, we present the first-order formulation of the magnetic model to facilitate

comparison with the Carroll string model found by Cardona, Gomis, and Pons (CGP) in [20].

The canonical momentum densities conjugate to the dynamical fields X4 and X A" of the
magnetic Carroll action (2.4) are given by

oLy
SXA

5L
—Toit /=900 XA, My = - = Tog /=97 Ao (2.17)

= SXA

where the dot denotes a partial derivative with respect to 7. The canonical conjugate
momenta of the worldsheet metric 74, and the auxiliary field A\, 4/ are identically zero and
thus correspond to the primary constraints of the model. The canonical Hamilton density
Hy = HHX # — Ly can be written as a sum of a longitudinal and transverse part,

1
1l =100, X4 + S Lot/ =7 X "X

S At (H A + T3 0, X 40, X 1) + 275 140, X4, (2.18)
2 chf Yoo Yoo
HJ' =110 X —|— Tofr/ —’Y’}/ab)\(?labXA/
TV g xA Dm0, x A (2.19)
0' ’YO'O'

We note that the longitudinal part has the standard form obtained from the Polyakov action.
It follows that the Hamilton equations for the magnetic Carroll model are given by

. oT T -
Iy — 8, (LHA 4 eV &,XA) =0, (2.20)
oo f)/o'o'
xA_TJorg xA_ V7T qpp4B =, (2.21)
Yoo Teff’Yoo
5 oT T Te -
Ty — 0y (LHA/+H— M)\UA/) =0, (2.22)
fYG'a ’YO'O'
XA = g, x4 = 0. (2.23)
Yoo

As expected, these equations reduce to (2.8) in the conformal gauge (2.5).
The action of the CGP Carroll string action in [20] is given by

Scap = /d20 (n X —pll- X' — g (HAHA + TfﬁE)UXAIE)UXA/)) , (2.24)

where IT- X = 40, XA + 1140, X4 and II - X' = 1149, X 4 + 1179, X 4. Here 1 and e are
Lagrange multipliers enforcing the primary constraints. The action of the magnetic Carroll
model (2.4) takes a similar form in first-order variables,

2 y Yor / A 2 1A 51 Al 1
/d [ X2 x 2Tvemw (mamm 4+ 73 (XX + 20 XA,))} , (2.25)

but there are significant differences between the two models. The longitudinal part of the
magnetic Carroll action retains the standard Polyakov form while for the CGP action the
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Carroll string XA =0 | A _ 0ol xA = OH | A — __0H

= Plia T XA = oI, TX
CGP [20] TaXA =114 |14 =0 X4 = 4 = T X"
Magnetic model | TogX4 =04 | II4 = T,g X4 | X4 = /.\;4/ = /\fTA/

Chiral model TegXA =T | T4 = Tog X4 | XA = XA | A =\

Table 1. Dynamical equations for three different Carroll string models in conformal gauge.

longitudinal part T X4 X ’, is absent and in the transverse fields of the magnetic Carroll
model are constrained by the auxiliary fields )\f,‘/. Notably, neither model has a term
quadratic in transverse momenta IT4TI 4.

The Hamilton equations governing the dynamics of the two models in a conformal gauge
are listed in table 1. For completeness, we also include the dynamical equations (also in a
conformal gauge) of the chiral Carroll model studied in section 3 below. The field equations
place strong restrictions on the dynamics in all three models. In particular, there is no
transverse motion at all allowed in the CGP and magnetic Carroll models. The chiral model
is less constrained in this respect and supports left-moving transverse modes. Longitudinal
momentum is constant in the CGP Carroll model but the magnetic and the chiral Carroll
models do not have that restriction.

2.3 Symmetries of the magnetic Carroll model

The magnetic Carroll action (2.4) is invariant under infinitesimal symmetry transformations
of the form

XA = KA+ My XY + A x5, (2.26a)
XA = KY + AV p X (2.26b)
A = —Ap ' AB — AN 9, XA (2.26¢)

where K4 and K%' denote longitudinal and transverse target space translations respectively,
Ap and AY 5 denote a longitudinal boost and a transverse rotation® respectively, and
A? 4 denotes a Carroll boost from the longitudinal sector to the transverse sector. The
corresponding Noether charges are

PA:/daHA, PA/:/daHAf,
MAB ZQ/dO'H[AXB], MA’B’ ZQ/dUH[A/XB/], (2.27)
CABI :/dO‘HAXBI.

The charges form a closed algebra with the non-vanishing commutators given by

[Par,Cap’] = —apPa, (2.28a)
[Map,Con] = 2nciB Caar s (2.28b)
2Here both parameters are skew-symmetric, i.e. Aap = —Apa and Aargr = —Aprar.
—6—
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[Marp,Cacr] = =20cria Claipy (2.28¢)
(Mg . Por] = 28¢5 Par . (2.284)
[Mag , Pc] = 2noipPay , (2.28¢)
[Map , Mcp)] = 477 cBMapy (2.28f)
[Mapr, Mcrpr] = 481crpr Manpry - (2.28g)

This algebra was proposed in [20], where it was obtained as a contraction of the Poincaré
algebra and referred to as the string Carroll algebra. We adopt the same terminology here.

The magnetic Carroll action (2.4) is also invariant under an infinitesimal dilatation with
scale parameter ¢ that acts only on the transverse sector,

XA =0 x”, SN = oA (2.29)
The corresponding Noether charge is
D= ﬁ /da M Xy = /da X, (2.30)
and the non-vanishing commutators with the rest of the symmetry generators are
[D, Pa] = Pu, [D, Canl = —Caar. (2.31)

This is reminiscent of the additional longitudinal dilatation symmetry found in non-relativistic
string theory [26], which gives rise to an additional gauge field in the gauging procedure for the
string Newton-Cartan algebra. Here, the transverse dilatation symmetry (2.29) is expected
to be associated with an extra gauge field when gauging the string Carroll algebra (2.28).

The non-relativistic string in flat spacetime admits an infinite dimensional symmetry
algebra, which contains the string Newton-Cartan algebra as a finite dimensional subalge-
bra [26, 27]. A similar story plays out in the CGP Carroll string model [20] and also in the
Carroll string models considered here. The magnetic and chiral Carroll models admit infinite
dimensional symmetries, which contain as finite dimensional subalgebras the string Carroll
algebra and the extended string Carroll algebra (defined in section 3.3 below), respectively.
As it turns out, the symmetries of the magnetic Carroll model are a subset of those of the
chiral Carroll model and therefore we postpone the discussion of the infinite dimensional
symmetries until we have introduced the chiral Carroll model in section 3.

3 Chiral Carroll string model

In this section, we consider a novel Carroll limit on target space. The construction involves
the same asymmetric scaling of longitudinal and transverse coordinates as in the magnetic
Carroll model but this time around an extra set of auxiliary fields is introduced that allows
us to impose a worldsheet chirality on the transverse coordinate fields. The resulting model
realises a non-trivial extension of string Carroll symmetry and the transverse dynamics turn
out to be less constrained than in the magnetic Carroll model.
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3.1 Relativistic origin of the chiral Carroll model

Our starting point is once again the Polyakov action (2.1) with a rescaling of the coordinate
fields as in (2.2) but now we use two sets of auxiliary fields A, 4 and g4 to rewrite the action,?

Sp = /d20\/_'yab {a XA, X 4 + —a x4 a,,XA,]
47Taeff eff

- / dPoy/= { B XX + 2T PN 00X (3.1)
47rozeﬁ»

20/ ’ O[, 2
+ —Ojﬂ T 0 X4 —2 <aL,ff) YN Xpar
where we have introduced the chiral projection operators
Fab _ l (,yab + 6ab) (3 2)
2 ’ '
with € the Levi-Civita tensor. We employ the conventions e = E“b/ V=5 €ab = €/,
where €% denotes the Levi-Civita symbol, €' = +1 = —€'0. We can now readily take the

limit o/ — oo to obtain a chiral Carroll string model,

Sc =—

/ P/ (10, X0 XA + 2TUNY DX ) (3.3)

47raeﬁ

Upon adopting the conformal gauge (2.5) the chiral Carroll action reduces to

So = o (0: X0 X4+ X0 Xa) . (3.4)

T
Compared to the magnetic model (2.6) we have effectively projected out one worldsheet
chirality of the transverse fields X4 and Agar.* The new auxiliary fields y,4/ do not appear
in the final action in the o/ — oo limit but they nevertheless play an important role in
implementing the projection onto a single worldsheet chirality. In conformal gauge the
equations of motion obtained from the chiral Carroll action reduce to

940-XA =9\ =9_X" =0. (3.5)

This is a subset of the field equations of the magnetic model (2.8) and therefore the dynamics
is now less restrictive than before. In particular, the transverse fields X A" can have non-trivial
dependence on the T direction in the chiral model, in contrast to the magnetic model

3The equations of motion for 2 and xf/ implied by (3.1) are covariantly given by:

’ o 2 " ’ ’ o " ’
XaA = < 7 ’Yabl—‘z— 8(3XA ) Ac? = 7 ’Yabl—‘b_ 8(3XA -
Doy Aoy

“We have chosen to retain the left-moving fields A, 4. We could of course just as well have projected onto
the other chirality.
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where the transverse fields are only allowed to take constant values. The energy momentum
tensor constraints are now given by

0=0; X0, X4+ M0, Xu,

0=0_-X"0_X4. (36)
By implementing the lightcone gauge condition
Xt =2 +algPtr, (3.7)
and inserting it into the constraints we find that
R P P O (3.8)
0_-X~ = 0.

From the latter it follows that X~ is also chiral and hence the mode expansion for X~
can be written in the following form

1
X (07, 0") = X[ (o) =2 + golgP 0" +i eﬁz e (3.9)
n;éO

However, since X~ is periodic in ¢ this then implies that P~ = 0 i.e. that E' = P;. Therefore,

although we have transverse excitations, they do not contribute to the energy. Now consider
the transverse fields which are left-moving and periodic in o,

’ ]_ ’ +
XA (0_+) _ eff Z A —ma
n;éO
(3.10)
/ .
M (0%) = | [FE Y AL e,

where we note in particular that the transverse momenta P4 are related to the zero modes
of the auxiliary fields A\ via

! 27\' !/
pA = doTl? =

0 \/ 2aeff

As usual, the longitudinal ¢, are obtained by inserting the mode expansions into the
constraint in (3.8). We find that for n 7é 0 we have

A (3.11)

/

ap = ————=> Mol S, (3.12)

PﬂL,/QozﬂC m

where we have additionally defined ozgv = 0 and oy = 0 for notational convenience. The
zero mode of the constraint then implies that

Z)\ﬁ/a?;&A/B/ = 07 (313)

which says the total left-moving excitation level must be zero after all.
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In order to have non-zero string excitations one needs to compactify a transverse direction,
say A’ = D — 1, such that

XP=Yo 4 27) = XP (o) 4 27w, (3.14)

where w is the winding number. We now have a zero mode and a quantised momentum

2 n

D—1 D—1

= . —wR P = — 3.15
@ \/ agﬁw ’ R’ ( )

and the two constraint equations in (3.8) become

in the compact direction,

E=P, Y XaP sy =-wn, (3.16)
n>0

where we can interpret the second equation as a level matching condition that determines
the left-moving excitation level in terms of the winding number.

3.2 Canonical formulation

The canonical conjugate momenta for the longitudinal and transverse worldsheet fields of
the chiral Carroll action (3.3) are given by

_ 9Lc _
S 6XA

oL
~Tog /=77 0a X4, Iy = 5Xj' = —Teg/—7 F(_f)\aA/ . (3.17)

A

The canonical Hamilton density Hy = H”X # — Ly can be written as a sum of a longitudinal
and transverse part,

1
1 =110, X4 + §Teff,/——wlbaaxf“abe

e A 2 A Yor A
= ——— (IIAII T 0s X 40, X — M0, X, 3.18
2Teﬁ”70‘o‘ ( A + off A ) * Yoo A ( )
Hé‘ = HA/a-,—XA, + Tof/ —yy“bAjj‘labXA/
_Oorteor) g g x4 (3.19)
rYO'G'

The longitudinal part is given by the same Polyakov expression as we found for the magnetic
model in (2.18). The transverse part differs from the magnetic model in that it does not
involve the auxiliary fields at all and incorporates chirality through the anti-symmetric
Levi-Civita tensor €,,. The Hamilton equations for the chiral model are

. T /=
Iy — 8, (EHA etV agXA) ~0, (3.20)
xA_Jorg xA - VT B — g, (3.21)

Yoo Teﬁ’YJU
HA' -9, (M HA') =0, (3.22)
sa Qo téor) yuw . (3.23)

Yoo

~10 —
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In the conformal gauge (2.5), these Hamilton equations reproduce (3.5) and they are also
listed in table 1 above for comparison with the CGP and magnetic Carroll models. The
field equations of the chiral Carroll model only require the transverse fields X4 and their
conjugate momenta to be constant along the ¢~ worldsheet direction. Therefore, unlike
the CGP and magnetic Carroll models, the chiral model allows for transverse excitations
moving in one direction along the string.

3.3 Symmetries of the chiral Carroll model

The chiral Carroll action (3.3) is invariant under infinitesimal symmetry transformations
on the target space of the form

XA = A XY 4 AMpXP 4 KA,
XA =AYy XA + K (3.24)
Saar = =A% pdap — A 40X 4,

where { K4, K A AN A g AA A} denote respectively longitudinal and transverse transla-

tions, longitudinal and transverse rotations, and Carroll string boosts. The corresponding
Noether charges are given by

PA:/do—HA, PA/:/daHA/,
MAB:Q/dJH[AXB], MA/B/:2/daH[A/XB/], (3.25)
Cap = /dU (IaXp — Ter Xa0:Xp1)
where we note that the extra term in the Carroll string boosts C4pr compared with (2.27)

arises from a total derivative in the symmetry invariance of the action. The non-vanishing
commutators are

[Zapr, Por] = 20ciia Zp) (3.26a)
[Marpr, Zer) = 20¢i a4 Z gy, (3.26b)
[Marpr, Zerpr] = 46(crjar ZB D) (3.26¢)
[Mag, Pc| = 2ncipPa), (3.26d)
[Capr, Po] = —ncaZp, (3.26¢)
[Capr, Por] = dcrprPa, (3.26f)
[Marpr, Por]l = —20¢r a0 Ppy, (3.26g)
[Mag, Mcp] = 4njciaMp)p) (3.26h)
[Mapr, Mcrpr] = 40(crar Mpnpry (3.26i)
[Mag,Cop] = —2nc1aCBprs (3.26j)
[MA’B/ CCD'] —2C¢ A"SB’]D’, (3.26k)
[CapsCop] =ncaZppr, (3.261)
11 -
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where we have defined additional charges,
ZA/ = Teﬁ‘ /da 80XAI 5 ZA’B’ = Z[A’B’] = 2Teﬁ” /da X[A/ 6UXB/] . (327)

With these extensions included, we have a closed algebra that we refer to as the extended
string Carroll algebra. This algebra can also be derived from an Inénii-Wigner contraction of
the coadjoint Poincaré algebra as we will explicitly show in subsection 3.5 below.

Finally, we mention that the algebra (3.26) can be further enlarged by an emergent
scaling symmetry D as in (2.30). This adds the following non-vanishing commutators

[D,Py)|=Par, [D,Za]|=—-Za, [D,Can)=—-Caa, [D,Zap|=-2Zgp . (3.28)

In the next subsection, we will see how the scaling symmetry arises from an infinite dimensional
extension of (3.26).

3.4 Infinite dimensional symmetries of the chiral Carroll action

The chiral Carroll action (3.3) is in fact invariant under an infinite dimensional symmetry,®

SXA = fAXY) + (XY XE, (3.29a)
XA =M (xPy, (3.29Db)
SAaar = —0a X404 [ — 0. X404 5XE — ApOae? (3.29¢)

where f4, Q45 and ¢4 are arbitrary functions that depend only on the transverse coordinates
XA and Q45 is anti-symmetric, Qa2 = —Qpa. In the specific case of

FAXY) = KA+ M0 XY, 04p(xP)=Ap, Y(XP)=KY + A5 XP | (3.30)

we recover the target space symmetries (3.24) discussed above. Note that under the in-
finitesimal transformation X4 = f4(X4") the action is quasi-symmetric since under such
a transformation we obtain a total derivative term,

55c = [ @00, (Tuarv=7 € 02 Xa0,X ") | (3.31)

which gives an additional contribution to the conserved charges associated with f4. Now
consider expanding the functions f4,Q45 and ¢4 in a Taylor series of the transverse

coordinates,
fA(XA,) = (IA + (IAAIXAI + aAA/BIXA,XBl +...= (IAA/IA/Q_..A%XA&AIZ“'A/", (3.32&)
QAB(XA/) B WABA/XA’ n WABA’B’XA/XB/ L= WABA’IA’Z-»-A;XA/lAé“'A/TH
(3.32b)
VX)) =M + oM B X+ oY g XP XY = o g g X (3.320)

5These symmetry transformations can be derived through the conservation of a generator of canonical
symmetry transformations G, given by

G= / do (gAHA + Ty + 2 Taar + Ame + m)

such that 6X* = {G, X4} = §A,6XAI = {G,XAI} = {AI, and 6)2 = {G, )\fl} =2’ where the functions
&, g*",w;", A, and + satisfy differential equations obtained from dG/dr = 0.

- 12 —
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where we have introduced the short hand notation X41424n = X 41 X42... X4%_ For each
of the functions f4, Q45 and ¢4’ there is an infinite tower of conserved charges given by

fAI : KX})A;A’QA; = /dO'HA/XAllA/z.,.A/n, (3.33a)
e e = /da (UAXa gy, — Ton Xa0s (Xapon)) . (3.33b)
W My = Q/daH[AXB]XA/lAé_..A/n. (3.33¢)

where the index n > 0 denotes the number of additional transverse indices. For instance,
we recover the charges in (3.25) as follows,

Py=KY, Pi=LY, Map=M}, Cap=LY}, Myp=2K)p (3.3

The infinite tower of charges in (3.33) satisfies an infinite dimensional Lie algebra,

(n) (m) _ (ntm—1)
[KA/AQ...A;” KB/BQ-A.B;H] B Z 6B'A;€KA/A/1“'A2_1AL+1"‘A%B’l---B;n
k=1
S (n+m-—1)
_ kz_:l (SA/B,/CKB/A/l.A-A%B’l..AB;cilB;chl“.B;n , (3.35a)
v, o = - (m+n—1)
[KA/A’I'»-A;N LBBQ...B;n] - Z 5,4:3;LBA/I...A;B;..BLIBLH_“B% , (3.35b)
k=1
9 b 3 (n+m—1)
n m —
(n) (m) _ (n,m)
B0y Py, ) = 18 25 iy, (3.35d)
(n) (m) _ (nt+m)
[LAAQWA,"’ MBCB{"‘B”L] = 2nasleyay..aypy-By, (3.35¢)
(n) (m) _ (nbm)
[MABAQH-A:J MCDB{mB’m] = 477[C[BMA]D]A’1...A;LB{u.B:% ) (3.35f)

where we have again introduced a set of extension generators,
(n,m) —
ZA&“'A%BQ“‘BLZ = Teﬁ‘/da' (XA/l‘_,A/nag (XB/IB;H) - XBll"‘BZa‘T (XAllA/m)) . (336)
In the specific case of
20D — 1 / dod, X a1, 70D = Ty / do X405 X ) (3.37)

we recover the extensions defined in (3.27). The only additional non-vanishing commutators
that arise from adding these extensions are given by

m
(n,m) (0) _ (m—=1,l+n)
[ZA’~A/nB;mB;n’KC/C{mCé —25013,; ZB;...B,; B} B, ClClA Al
k=1

17 —17k+1"
S (n—1,+m)
n—1,l+m
+ Z 5C’A;c ZAllA..A;cilA;+1.A.Ailci.A.C{Bi...B;n . (3'38)
k=1
- 13 -
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The magnetic Carroll model (2.4) also has an infinite dimensional symmetry algebra which is
simply the subalgebra of (3.35) obtained by setting the extensions (3.36) to zero.

The symmetry algebras of both the chiral and magnetic Carroll models include the
following generators,

D=5"PK(), = / do Ty X4, (3.39a)
Ka=2"KS), , — 6K = /do (20 X5 Xy — Ty X' Xpp) . (3.39D)

The former corresponds to spatial dilatations and the latter corresponds to spatial special
conformal transformations also found for the CGP Carroll string [20]. Furthermore, we can
construct a longitudinal conformal transformation generator

=5V LQ, ., = / do (TAXp XA = TeaX a0, (X' Xa1)) . (3.40)

The three generators in (3.39) and (3.40) are somewhat similar to the generators of the
conformal Carroll algebra given by [28, 29],

D= /da (HAXA + HA/XA/) , (3.41a)
Ky = /daXA’XA,HA, (3.41D)
RA’ = /dU (QXA/(XAHA + XB,HB/) — (XBIXB/)HA/) . (341C)

but there are important differences. In particular, the longitudinal parts of D and K 4 are
absent from our spatial special conformal transformations in equation (3.39) and we have an
additional term associated with the quasi-symmetry in comparing K4 with (3.40).

3.5 Extended Carroll algebra from the coadjoint Poincaré algebra

In this section, we derive the extended string Carroll algebra (3.26) through an Inonii-Wigner
contraction of the coadjoint Poincaré algebra. The procedure is as follows: Let us consider an
extension of the Poincaré algebra enlarged by the antisymmetric two-tensor Z v and the vector
Zu (see, for example, [30]), which consists of the following non-vanishing relativistic brackets®

[Ny, M| = 410,00, (3.42)
[Ny, By] = 2,15, (3.43)
[M,W, Zp] = 20,020, (3.44)
[MW, 7 U] = 400u 2o » (3.45)
[ZW,P] = 20,20 » (3.46)
along with the following vanishing brackets
[P B = 20, B = 2 2] = [Zuan 2] = |2y 2| = 0. (3.47)

5The hatted generators will be the ones associated to the relativistic algebra.

— 14 —
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In order to obtain the extended string Carroll algebra from the algebra above, we scale
the generators in the following manner

PA:U,}PA, ZAZUJZA, (348)

N w2 A
PA/:PA/—F?ZA/, Zpr =wdyr, (349)
MAB = Maup, ZAB =ZaB, (3.50)
My = Muyp, Zyp =wZyp (3.51)

2
N w N

Mup =wCap — 5 Zap Zap =wZap, (3.52)
where we introduced longitudinal indices A = 0,1 and transverse indices A’ = 2,..., D—1, and

w a dimensionless parameter. These scaling choices are inspired by Galilean results of ‘case 2b’
appearing in [30]. The contraction is carried out by taking the w — oo limit, and we obtain
the extended string Carroll algebra (3.26) supplemented with the following additional brackets

[Mag, Zc| = 2ncaZp [(Zap', Porl = —dcipiZa, (3.53)

[Mag, Zcp| = 4n1c1aZB)p) » (ZaB, Pc] = 2ncaZp) (3.54)

[Mag, Zcp'| = 2nc(aZB)Dr » [Cap's Zep) = —2na1cZ DB 5 (3.55)

[MA’B’a ZCD’] 2ZC[A/53/] / [MAB, ZCD’] = 277A[CZB] (356)
Therefore, the resulting algebra can be written as A & Z such that

(A, I] € T, [A, Al C A, [Z,I] < 7, (3.57)

where the subalgebra A and ideal Z are
A={Map,Muap,Cap, Pa,Par, Znr, Zyp'}y , and I ={Zap,Zap,Za} . (3.58)

Taking the quotient of A/Z we recover the extended string Carroll algebra (3.26).

4 Discussion

We have presented two inequivalent ways of taking a Carroll limit of the flat target space
of the Polyakov action, yielding two Carroll string models that we refer to as magnetic and
chiral. Both models make use of auxiliary fields that render the action finite in the Carroll
limit. In the chiral model a second set of auxiliary fields projects out one worldsheet chirality,
leaving only left-moving string excitations.

The magnetic model, described in section 2, has a global symmetry algebra on the target
space that coincides with the string Carroll algebra found for the CGP Carroll string model
of Cardona et al. in [20]. The magnetic model and the CGP model also share the feature
that the Carroll strings can carry arbitrary transverse momentum but do not move in the
transverse directions, reminiscent of Carroll particles.

The dynamics of the chiral model, described in section 3, is less constrained and allows
arbitrary left-moving transverse string excitations, which does not have a counterpart when

—15 —
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studying Carroll particles. The global symmetry of the chiral Carroll model is an extension
of the string Carroll algebra, enlarged by a vector generator Z4 and an anti-symmetric
generator Z p. We show how this extended string Carroll algebra can be obtained from
a contraction of the coadjoint Poincaré algebra.

We further show how the global symmetries of chiral Carroll string model are embedded in
an infinite dimensional symmetry algebra, which contains the infinite dimensional symmetry
of the magnetic Carroll string as a subalgebra. An analogous infinite dimensional symmetry
structure was found previously for strings with Galilean symmetry in [26, 27].

Here we have only considered closed strings and we required at least one of the transverse
directions to be compactified in order to have non-trivial (left-moving) transverse string
excitations in the chiral Carroll model. As a result, open strings will not have transverse
modes in the models and it remains an open question whether open Carroll strings can have
interesting dynamics via some other construction.

We considered a flat target space throughout. The authors of [31, 32] considered a series
expansion for a curved target space in the Galilean limit and were able to recover, amongst
others, the Gomis-Ooguri model. It would be curious to see if our Carroll string models
can be obtained in an analogous Carroll expansion and explore how the models couple to
curved spacetime. Finally, relaxing the relativistic symmetry on the worldsheet might lead to
interesting interplay between the target space and the worldsheet, yielding novel string spectra.
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1 Introduction

In the extremal limit of a Reissner-Nordstrém black hole the temperature vanishes while
the Bekenstein-Hawking entropy remains finite and exponentially large suggesting that an

extremal black hole has a large number of ground states compared to the degrees of freedom.

Phenomenologically this large entropy at zero temperature is already in tension with Nernst’s
third law of thermodynamics, which suggests that both the entropy at zero temperature as
well as the ground state degeneracy are expected to be small. Page suggested in [1] that
a way to resolve this tension was by showing that for extremal black holes all states are
non-degenerate while they are separated by exponentially tiny energy gaps.

There is a second puzzle referred to as the mass-gap puzzle which was pointed out
in [2] and further elaborated in [3]. Namely, as the black hole approaches extremality the
wavelength of an emitted quanta of Hawking radiation becomes large compared to the size
of the black hole. In fact for low values of the temperature the typical emitted quanta of
Hawking radiation, Epawking, €xceeds the thermodynamically accessible energy of the black
hole above extremality, FEpy,

EBH ~ T27 EHawking ~T. (11)

The intersection of the two curves Epy and Enawking, implies the presence of a conjectured
gap above extremality, Egap, below which the semi-classical thermodynamics no longer
applies (see Figure 1) since even emitting a single quanta of Hawking radiation would lead to
inconsistencies in the semi-classical analysis of the black hole thermodynamics.

Several different aspects of these two! puzzles have been studied throughout the years and

many resolutions have been proposed for determining the energy levels of a charged black hole.

Tt has been suggested from a random-matrix model prescription that a large gap will appear whenever
there is a mechanism producing a high degree of ground state degeneracy [5, 6].
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E(T) (Energy above extremality)

Egu ~ 3T+ T? Egy ~ T?

quantum correction

Eawking ~ T

Extremal Black Hole :
T=0 semiclassical Toap T

description breaks down

Figure 1. The thermodynamically accessible energy of the black hole above extremality scales with
temperature as Epy ~ T2, while according to Wien’s displacement law, a typical quanta of Hawking
radiation scales linearly with temperature, Egawking ~ 7. The semi-classical description breaks down
for T' < Tyap where (Tgap, Egap) marks the intersection of the two curves. The quantum logarithmic
correction (purple line) modifies the energy above extremality to Eppy ~ gT + T2, resolving the
thermodynamics at small temperatures [4].

Early work on microstate counting for supersymmetric extremal black holes by Strominger
and Vafa [7] showed that it was possible to reproduce the correct Bekenstein-Hawking entropy
from a microscopic prescription and seemed to imply that there indeed was a large ground
state degeneracy present at extremality. Furthermore Maldacena and Susskind [8] provided
D-brane constructions with gaps between extremal and near-extremal states. Maldacena
and Strominger [9] later provided a gravitational derivation of the proposed mass-gap scale
purely from supersymmetric Einstein-Maxwell gravity without retorting to string theory
arguments. The existence of mass-gap in the case of supersymmetric black holes which
preserve two supercharges or more is strongly supported by a vast gallery of examples, see
e.g. [10-14]. Notably, in the case of N' = 1 supersymmetric black holes do not exhibit a
gapped spectrum [15]. Deformations of A" = 2 SYK are also able to close the spectral gap [16].
Recently it has been argued that the existence of a mass-gap is an artefact of supersym-
metry rather than a generic feature of non-supersymmetric black holes [4, 17]. Logarithmic
corrections to the entropy of extremal black holes imply that by including quantum corrections
for the gravitational path integral the spectrum and dynamics of near-extremal black holes
is modified such that at the expected gap energy scale there is a continuous spectrum of
states [4, 10, 13, 18-21]. The techniques for carrying out these computations were developed
by Sen and collaborators in [22-25] for the application to supersymmetric black holes.
Alternatively, viewing the mass-gap as an artefact of supersymmetry is supported in
large part by the extensive work carried out in highlighting the relationship between near-
extremal Reissner-Nordstrom black holes and the Schwarzian theory, which we elaborate
on a bit further. In the near-extremal limit of a Reissner-Nordstrom black hole the metric
factorises into AdSy x S? and by dimensionally reducing the Einstein-Maxwell action on a
transverse two-sphere, an effective two-dimensional description is obtained which captures
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some of the dynamics of the four-dimensional black hole [26, 27]. In this case, this two-
dimensional effective theory turns out to be Jackiw-Teitelboim (JT) gravity [29, 30].% In the
full gravitational path integral for JT gravity the dilaton can be integrated out [33, 34] and
by imposing wiggling boundary conditions the path integral reduces to that of the Schwarzian
theory [35-37]. The path integral of the Schwarzian theory is one-loop exact and hence the
result represents the full gravitational path integral for JT gravity [38] and can be used to
compute log(T") corrections. Note that this two-dimensional description does not capture
all log(T') corrections that can arise in the four-dimensional partition function, as it ignores
modes that are related to the two-sphere and the gauge field. This Schwarzian theory also
arises in the low energy effective limit of SYK [39-42], which gives rise to a holographic
duality between JT gravity and the low energy dynamics of the SYK model, see e.g. [33].

The purpose of this paper is to consider the mass-gap puzzle for non-supersymmetric
Lifshitz black holes that arise in a low energy effective description of string theory and
compute the logarithmic corrections to the entropy. In Lifshitz theories the metric displays
an anisotropic scale invariance between the temporal and spatial coordinates in stark contrast
to the relativistic scale invariance [43, 44], reducing the number of possible isometries. We
aim to explicitly investigate the notion that the log(7") corrections to the black hole entropy
depend on the amount of symmetry emerging near the horizon in the small temperature
limit, as has been argued in, e.g., [4, 10]. In passing we derive a one-dimensional boundary
description of the effective two-dimensional theory of gravity that we will employ, which
explicitly breaks conformal symmetry and as such can be the starting point of studying
non-conformal incarnations of low-dimensional holography.

The rest of the paper is organised as follows. In section 2 we show the intricate connection
between a four-dimensional Lifshitz black hole and a one-dimensional Lifshitz-like boundary
action which shares similar features to that of the Schwarzian. This is done in the following
manner; in subsection 2.1 we introduce the four-dimensional Lifshitz black hole action and
study its near-horizon geometry. We show that the geometry factorises into Lify o x S2
where Lify , is a Lifshitz-like spacetime that is notably asymptotically AdSy for Lifshitz
parameter 0 < a < 1. We find that the thermodynamically accessible energy of the black
hole above extremality scales with temperature as Egy ~ T1+é. This leads to the same
mass-gap puzzle for these Lifshitz black holes as we highlighted previously in (1.1) for near-
extremal Reissner-Nordstrém black holes. In subsection 2.2 we dimensionally reduce the
four-dimensional model and study its two-dimensional counterpart. We summarise the main
features of the resulting semi-classical thermodynamics in subsection 2.3. In subsection 2.4 we
derive a Lifshitz-like boundary action which captures the same semi-classical thermodynamics
as the two-dimensional Lifshitz-like dilaton model. In section 3 we compute the quantum
corrected partition function and the corresponding density of states. We compute the 1-loop
approximation to the quantum corrected partition function with a saddle point approximation
in subsection 3.1 and derive the corresponding density of states in subsection 3.2 while
highlighting the implications of our findings for the mass-gap puzzle for non-supersymmetric
black holes which break conformal symmetries.

2For a nice review of this dimensional reduction we refer the reader to section 6 of [28].
3For a more detailed review of JT gravity we refer the reader to [31, 32].
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2 A Lifshitz-like dilaton gravity model

We start with considering the decoupling limit of the four-dimensional Lifshitz model un-
der consideration in subsection 2.1 and are interested in computing loop corrections. In
order to compute loop corrections in the decoupling limit, we turn to the effective two-
dimensional description that arises in the decoupling limit, of which we study the geometry
and thermodynamics in subsections 2.2 and 2.3, respectively. Finally, we derive a boundary
description for the two-dimensional Lifshitz-like model in subsection 2.4, which will allow
us to compute a loop correction.

2.1 The four-dimensional model

In this subsection we consider the following four-dimensional action presented in [45, 46]
which was derived in from the low energy limit of a dimensional reduction of a ten-dimensional
heterotic supergravity theory using a suitable truncation of the spectrum in [47],

2
I= /d% —ge % {R +4(Vg)? - g(w)Q — F? - 203V p?| (2.1)

We will refer to ¢ as dilaton, ¢ as compacton, and F),, = V,A4, — V, A, the Maxwell field
strength, with ¢ a coupling constant. The equations of motion for the action presented
in (2.1) are given by

R+ 4V2¢ — 4(V¢)? — é(w)? —-F?=0, (2.2a)
V24 — 2VHGV ) + ge2<¢—%¢>F2 —0,  (2.2b)
Vel(e® e )] =0, (220)
1 2
Ryy = 5 R0 + 2,906 = 2V26 g + 2(V0) g = SVt

1 1
5 (V) g + 5(1 + 2080V P2y, —2(14 27 F, R =0, (22d)

where the first corresponds to varying the dilaton, the second with varying the compacton,
the third corresponds with varying the Maxwell-field A, and the last equation corresponds
to varying the metric. An exact magnetically charged black hole solution is given by [45, 46]

St —1 -1
d52z—<1—r—+) (1—r—‘) o dt2+(1—r—+) (1—7"—‘> dr® +r2d0?,
: " r r (2.3)

1 _ 3 1
o) = ~5ra i (1-5) . v0)= 2 |o0) —gma)]. A= Queostas,
where we defined o = %; > 0 and the two parameters r and r_ correspond to outer and
inner horizons respectively and can be related to the magnetic monopole charge @, and
the mass M of the black hole by the following relation
1 1 « 1ryr_

2
— Q== . 2.4
’ m 21 ( )

By investigating the Hawking temperature
1 r_\ Tta
T= 1—-— 2.5
dmry ( r+) ’ (2:5)
we conclude that rp = r; = r_ leads to an extremal black hole.
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Decoupling regime. Let us investigate the near-extremal decoupling limit for 0 < o < 1.
By fixing the charge to its extremal value

70
= — 2.6
@o 2(1+ ) (2.6)
The horizons r4(T) have the following small temperature expansion at lowest order
ra(T) =70 %0 (drroT) o 4. (2.7)

from which we find that the mass near extermality is given by the following expression to
the lowest order in temperature

T1+%
M(T) = My + , (2.8)
Mgap
where the extremal mass and the mass gap are respectively given by
14+ 2amrg 1 1 g 14l
M = — = i 4 @ 29
T T a2 Mgy Ttaa o) (29)

Let us now study the decoupling limit of the metric. On top of using the small temperature
expansion for ry and r_ from equation (2.7), to ensure Schwarzschild gauge at leading order
we introduce new coordinates £ and # such that

1

where the horizon location in the new radial coordinate is indicated by the value
- 2 1
h=2rg(14+—) . (2.11)
@
In the small-temperature regime, 7' < 1, the new radial coordinate satisfies % ~ ﬁ > 1,

consistent with the near-horizon approximation. In these coordinates, the metric reads®

=2
ds® = —F(7)di® + % +r2dQ2 + O(T a), (2.12)

where
1

-2 L 1L
T 'S «
<~—> - (_) } . (2.13)
Th Th
4Although not required for the analysis presented here, the next order correction is given by
ds? _ 20%7, 3<i)2,(i)17£,2(i)3+5 i
(47rr0T)1+% (1+a)? Th Th Th

5\ 1+1 <\ 2 s 1-1771 FENEE
o[- () @) - ()] e [aea(Z) e
2T0 2 Th Th Th Th
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Notice that we cannot turn off the black hole and its temperature is fixed at T = 1/(27),
which is to be expected for the rescaled time coordinate . When focussing on the 7 — ¢
plane the Ricci scalar R:_; reads

20 1 1—a /i e
R ;= 24+ = , (2.14)

1+af, a?

which implies that o = 1 yields a constant negatively valued Ricci scalar and the effective two-
dimensional theory is JT gravity. For 0 < o < 1 the Ricci scalar is running, but asymptotically
always a patch of AdSy. At extremality, we find the following factorisation of space

ds? = Lify o x S?, (2.15)

where S? refers to a two-sphere and Lif , represents a two-dimensional Lifshitz-like spacetime
with dynamical critical exponent «, which we will discuss in more details in the next section.
For now it is relevant to highlight the fact that away from o = 1 the Ricci scalar runs.

The low temperature puzzle. The available thermodynamic energy above extremality
is now given by Epu(T) = M(T) — My = @Tl“ﬁ. We therefore run into the same
mass-gap puzzle as highlighted in the introduction for Reissner-Nordstrom black holes [2].
For low enough values of the temperature the typical emitted quanta of Hawking radiation,
Eawking ~ T starts to exceed the available energy of the black hole above extremality, Fpp,

1
Eid vlack hole ~ T'% , Efawking ~ T (2.16)

When these energies become of comparable size, the amount of energy released through
Hawking radiation becomes significant compared to the energy available to the black hole.
As such the assumption of equilibrium is invalid and for low enough temperatures the saddle
should receive large semi-classical corrections.

It was in [25] where such corrections were computed through considering a set of
normalisable zero modes at extremality, composed of the asymptotic Killing vectors. The
resulting outcome is an extra term ~ log T that enters the free energy and modifies the low
energy behaviour, averting the above scenario. To apply the method of [25], we require the
computation of asymptotic Killing vectors for the Lify , spacetime we find at extremality. It
turns out that we are unable to do this, so instead we will compute the logarithmic correction
through the boundary description of the two-dimensional Lif; , theory.

2.2 The two-dimensional model

The effective two-dimensional description of the four-dimensional model presented in (2.1)
is obtained by performing a reduction over a constant two-sphere and integrating out the
Maxwell field [45]. Specifically, we insert the ansatz, (r) = %(ﬁ(r) — 23—q Log(2a), for the
compacton into the action and reduce over a sphere of constant radius ro = r4 = r_, which
corresponds to the extremal radius of the black hole. By factorizing the spacetime metric as

Guvdrldr’ = Gapdi®dz® 4 r2dQ3 (2.17)
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we obtain the intermediate two-dimensional action

1§°HL4(1—a)(W)2+32 —2(1—1—204)@—(2) , (2.18)

IZd = 47r7'(2]/d2x —g6_2¢ 1
o 7o

where ¢ is the dilaton, R is the two-dimensional Ricci-scalar and Qo = ro/y/2(1 + )
represents the extremal value of the magnetic monopole charge. By defining the energy scale

1
A= ————
2rovV1 + «

we can express the action in its final form (dropping the cumbersome tilde notation)

(2.19)

Icy = 47rr§/d2x —ge 2 [R +4(1 — a)(Ve)* + 4>\2] . (2.20)

While this 4773 prefactor naturally arises from the dimensional reduction process and reflects
the relationship between the 4D and 2D Newton’s constants (G4 and Gs), we will instead

use the form of the action introduced by Lemos and S4 [48], written as®

Ig = % /M dry/=g e [R+4(1 - a)(Vg)? + 4N . (2.22)

We will refer to this as the Lifshitz-like dilaton model, motivated by the relation between
entropy and temperature, S ~ T'/¢ which we will establish in (2.33). While in this paper
we derive this model from the dimensional reduction of (2.1), an alternative derivation
was presented in [50]. There, the model arises by considering the near-horizon region of a
Lifshitz black hole constructed using bottom-up methods by Taylor [51, 52], with a large
number of transverse dimensions. This connection with Lifshitz black hole models provides
another reason for referring to it as Lifshitz-like. Let us now describe the significance of the
dimensionless parameter «, which determines the asymptotics of the solutions:

o « = 1: the action reduces to the Jackiw-Teitelboim (JT) model [29, 30], which describes
asymptotically AdSy spacetimes and plays a central role in near-horizon black hole
physics and holography.

e a = 0: the action corresponds to the Callan-Giddings-Harvey-Strominger (CGHS)
model [53], which admits asymptotically flat solutions. These solutions are not the
focus of our study and will not be considered further.

e 0 < a < 1: the model admits asymptotically AdSy solutions but with modified scaling
properties, leading to a Lifshitz-like behavior. This range of « interpolates between the
JT and CGHS models and is the primary focus of our analysis.

2

®By introducing ® = e~2? and Weyl rescaling the metric g, — ®*~'gas we can eliminate the kinetic term

Tworit = %/ d*zy/=g (R® + 4\*0%) | (2.21)
M

This action has been studied in [49], but does not allow for the asymptotically AdS2 solutions we aim to study.
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Varying the action in (2.22) with respect to the metric and dilaton yields respectively

VuVyg —2aV 0V, ¢ — (V2¢ — (14 a)(Ve)® + /\2) g =0, (2.23a)
R+4(1—a)V%p—4(1—a)(Vo)? +4X2 = 0. (2.23b)

The general solution for 0 < a < 1 in Schwarzschild gauge is given by

dr? 1 1
2 2 2 1—1
_ _ _ . -1 2.24
4s? = —f()A 4 Lo, F) = (@) —b(ar)'TE o) = —gIn(ar), (220
where the constant a is just a convenient redefinition of A given by
2
a2 oy, (2.25)

Vi+a ™

and b is a free parameter which, from a higher-dimensional perspective, parametrizes the
departure of the solution from extremality [46]. In the context of the dimensional reduction,
the parameters a and b can be read off from (2.13) in terms of the extremal radius rg of the

& and b= (27"0)”%. For this section, however,

higher-dimensional black hole, where a = ET)
we will treat b as an unconstrained free parameter, reflecting the freedom inherent in the two-
dimensional dilaton model. Defining the horizon radius r;, implicitly for the two-dimensional
model by f(ry) = 0, we have additionally the following relation b = (arh)ljﬁ.

We can relate the free parameter b to the ADM mass M of the solution [46, 48, 54].

ab
M= —. 2.2
e (2.26)

Additionally it may be verified by using the equations of motion (2.23a) that
Eh = 'V, (729 (2.27)

is always a Killing vector of the metric which can be used to compute the aforementioned
ADM mass [55]. In Schwarzschild gauge this becomes £ = —ad;. The existence of this Killing
vector for a dynamical dilaton already indicates how the SL(2,R) isometries are broken down
to U(1) and hence from AdSs to nearly-AdSs; in the case of JT gravity [36].

The Ricci scalar of the metric for 0 < o < 1 is given by

R = —2a% — 2aM (1 — l) (ar)~(+3) . (2.28)
o

From this Ricci scalar we see that the solution for large radial values is asymptotically AdSs.
We may additionally defer from this that for b = 0, i.e., M = 0 the solution is pure AdS,.

An important difference to highlight between o = 1 (JT gravity) and 0 < a < 1 is how a
dynamical dilaton affects the isometries. For JT one can toggle exp ¢ = 0, independent of
the metric, such that the bulk reflects pure AdSs solutions. Turning on the dilaton breaks
down the SL(2,R) symmetry to U(1), so-called nearly AdSy [36].

To conclude this section we highlight the Lifshitz-like nature of this dilaton model. The
line element presented in (2.24) is invariant under the following Lifshitz scale transformation

t— L%, r—Lr, b— L'ab. (2.29)
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This anisotropic scale invariance between the temporal and spatial coordinates is in stark
contrast to the conformal scale invariance and is a general hallmark of Lifshitz theories [43, 44].
Furthermore, under the Lifshitz scale transformation the action (2.22) transforms as

1
Irie — Lo Iy, (2.30)

mainly as an artefact of the dilaton scaling as e™2? — Lae=2. For # 1 the action is
therefore not invariant but rather a similarity of the action [56]. This is also sometimes
referred to as a hyperscaling violation of the action [57, 58]. The hyperscaling violation
exponent é therefore naturally shows up in the thermodynamical analysis of the model. In
fact the Lifshitz scale tranformation in equation (2.29) implies that the inverse temperature
changes as 3 — L~!3. Therefore the temperature changes as T — LT according to (2.29)
and this in turn means that the entropy scales as S — LS. Since the entropy is a function
of the temperature we have shown by scaling arguments that entropy will be proportional
to S ~ Ta which we will formally derive in the next section.

2.3 Thermodynamics of the two-dimensional bulk theory

The thermodynamical properties of the solution given by (2.23a) have previously been
analysed in [46, 50, 54]. In this section we summarise succinctly these thermodynamical
properties. Let us first supplement the bulk action (2.22) with the corresponding Gibbons-
Hawking-York boundary term which is needed to make the gravitational variational problem
well-defined. Additionally we derive a counterterm that renders the Euclidean on-shell action
finite. Including both these boundary terms the action may be written as

1
Iy = —5/ d?z\/ge [R +4(1 — a)(Ve)? + 4)\2}
M

2\
— duvhe [Kf ],
/3/\4 “ Vit

where K denotes the trace of the extrinsic curvature and h = hy,, is the induced metric on

(2.31)

the boundary parameterised by the coordinate u. The free energy, F, is then given by

1
Tris 2mo Ta \ e 41

where § = % denotes the inverse of the Hawking temperature of the black hole and M denotes
the ADM mass (2.26). The entropy can then be computed from the relationship

1

sy =-2F _on (;%) "7 (2.33)

This equation highlights the Lifshitz-like nature of the model due to the scaling relation
between temperature and entropy.
For future reference we rewrite the entropy in terms of the ADM mass

_1; 1
S(M) =2 (%) M (2.34)
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Through the first law, F' = E — ST, we can now verify that indeed energy equals to the ADM
mass, ' = M. We are in particular able to verify the following identity

TS=(1+ao)E. (2.35)
which is a two-dimensional incarnation of the Smarr formula [59)].

2.4 Deriving the boundary description of the two-dimensional model

In this section we will compute the boundary description of the Lifshitz-like model that reflects
the U(1) symmetry this model has. We note that in o« = 1 case, the usual Schwarzian boundary
theory is modified by turning on an explicit source, breaking down the symmetries to U(1).

Let us review the idea behind the Schwarzian computation in JT gravity so that we
have a better grip on performing the equivalent computation for the Lifshitz-like model. The
Schwarzian description arises from considering a Euclidean disc of the AdS, vacuum and
studying the reparametrisation freedom of the disc. The SL(2,R) freedom of the Schwarzian
reflects the existence of a vacuum in which the metric equals AdSs, which is SL(2, R) invariant,
and where the dilaton is constant. If the constant dilaton were running, say dependent on the
radial coordinates, then SL(2,R) gets spontaneously broken to U(1). In the case of JT, all
metric solutions are always AdSs due to the Ricci scalar always equalling the same constant
on-shell. For that reason one can perform a coordinates transformation to go between the
AdS, vacuum patch and the ‘black hole’ patch once the Schwarzian is obtained. In the
Lifshitz-like model we have access to two distinct solutions, AdSs, and a black hole patch
where the Ricci scalar is running. The AdSs vacuum patch and black hole patch are only
related through a large diffeomorphism. Contrasting the JT case, even the AdS, vacuum has
to be supported by a running dilaton. As such, U(1) symmetry is the maximally attainable
symmetry in both cases. When performing the boundary computation we will start from
the black hole patch. Let us first rewrite the bulk as

Ty = f% /M PG (R+4(1 - a)(Vo)? +4)7)
_ _% /M dPr/Ge (8(1 - 0)(Ve)? — 4(1 - a)V20)
=2(1—a) /M d*z\/gV, (g‘wefwvu(ﬁ)

=2(1- a)/ dtvVhe >V .0,
oM

(2.36)

where to go to the second line we used the dilaton equation of motion and to go to the third
line we used 6_2¢VMVV¢ =V, (6_2¢V,,¢) + 26_2¢VH¢V,,¢. In the last line we introduced
the unit outward normal n* on dM. We flesh these manipulations out in great detail in order
to highlight that at no stage did we need to neglect any additional boundary terms. Finally,
let us additionally remark that the contribution from evaluating this bulk piece on the horizon
vanishes. With this in mind we may rewrite the entire action in the following boundary form

I =— /BM dtvhe 2 (—2(1 — )"V, 6+ K — g) _ (2.37)

~10 —
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We will now wick rotate the ¢ coordinate and consider an enclosed boundary parametrised
by some periodic coordinate u

U~ U+ Unaxs U+ Unax) = t(u) + . (2.38)

Note that when v # 3, where (3 is the inverse Hawking temperature, we have a conical
singularity. The metric induced on the boundary h,,, is given by
1(7))2

1
(r(w)” _ - (2.39)
flr(u) e
where |¢| < 1 and where we chose 1/¢? as we expect the leading order to coincide with AdSy
behaviour. With f we denote the emblackening factor presented in (2.24). It will turn out

hau(t(w), 7(w)) = f(r(u)(#' (u))? +

towards the end of the computation that we need to rescale t(u), v and the black hole mass
parameter b in order to retain a non-trivial solution for « # 1. From (2.39) we solve

r(u) = —

—_ e .
aet' (0) +0O(e%), (2.40)

where we point out that in f(r) for large radial values (ar)? will dominate b(ar)lfé since
0 < a < 1. Let us now turn to computing the extrinsic curvature as a function of u. For
a curve (t(u),r(u)) the normal is given by
1
Vi

Introducing the vielbein e/ = ('(u),'(u)) we can evaluate the extrinsic curvature as

(= (u), ¥ (w)). (2.41)

ny, =

1 1
K= huuKuu = huuegez(v,unl’) ) Fir = _F:T = _ian(T) ’ F:t = if(r)an(r) . (242)

We can now present

K:a+1{t,u}62+E(t'(u)e)1+é+0(e4), (2.43)
vh= 222 (t”((u))> %t ()7 ex +O(e%), (2.44)
~20 = (ar(u)) i < ) “ -4-(9(64—%) ; (2.45)

—2(1—a)nH —(1_ a—l_a () 262— —a) (' (u)e) = et
2(1-a) w-(a 1) (5] @-Ba-a)t@a' s +0(e), (240

2ac0 \ t'(u)
where we introduced the Schwarzian derivative
"(u) 3 (t"(u))?
= - = 2.4
(=5 =5 () (2.47)
and used the explicit on-shell solution of the dilaton ¢ in (2.24) to obtain an explicit expression

for n*V ¢ arising from the bulk term (2.36). Putting this all together we find that the
full action becomes

I = —/du (aEt'(u) + ' (a) {t u}a> O(e 3_3), (2.48)

1
o
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where we defined the deformed Schwarzian

wo= (505) ~5a (5) =t -3 (G0) () e

Note that for o« = 1 this coincides with the usual Schwarzian derivative. This deformed

Schwarzian retains shift symmetries and rescaling symmetries, but no inversion symmetry.

For 0 < e < 1 there is always a divergence present in equation (2.48) at order -3,
To remedy the divergence in (2.48), we need to rescale the black hole energy E and the
coordinate ¢ such that

E — ™ F, t(u) — € t(u), (2.50)

which is motivated by requiring the on-shell value of (2.48) when t(u) = u to be finite. In
combination with the above we choose umax and 7 introduced in (2.38) such that

u~u+ 3, tlu+pB)=tu)+48. (2.51)

With these rescalings we now obtain

K=a+ (%{t, u} + Et/(u)”i) 4+ 0(eh, (2.52)
Vh = % +O(e) (2.53)
- : L O(e%), (2.54)
t(u)a €
“2(1 - )V b = (% . 1) a—(1-a) (Et'(u)ué + ﬁ (’Z,/((Z)))Q) €+ O(eh). (2.55)

In this case the action is finite and taking the limit ¢ — 0 we obtain the following action
1 L 1—a (W) 1
Tisent] = —/d Et'(u)'ta — ( ) —{t, 2.56
dSCh[ ] ut/(u)% (CM (U) 200 t’(u) + a { ’LL} ( )
1 1
= —aE/t'(u)du— —/du—1 {t,u}, , (2.57)
a o

t(u)

which we will refer to as the deformed Schwarzian action (dSch). This boundary description
reproduces the thermodynamics of Ir;s when we take the saddle point approximation ¢(u) = u.
We will study its loop correction in the next section.

Let us touch upon the oz = 1 case and contrast it to the canonical JT result (see e.g. [36]),
to emphasise the influence of choosing boundary condition (2.45) rather than leaving it as

an unspecified source. For o = 1 we establish
_ — 1 — 1
Il = = [ au s [+ BC@P] L B = s @5)
where it is important to recall that we have already employed the black hole coordinate patch.
By adopting the coordinate transformation to go to the Poincaré disc

2
t=/ = arctan 7(u), (2.59)
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we recover

a T\U 2
158 =~ [ du ) {ru}, B = \/g % (2.60)

Let us now contrast this last results with the canonical JT outcome. We could alternatively
have started with & = 1 from the JT bulk (2.21) with corresponding Gibbons-Hawking-York
term and counter term. We could then go through the usual procedure of deriving a boundary
description, with this time requiring the boundary value e=2 ~ ¢,(u)/¢, where ¢, (u) will
play the role of a boundary source. If we adopt a Poincaré patch with time coordinate 7
we find the Schwarzian action

Ischwarzian ~ /du@(u){ﬂu}, (2'61)

where the equations of motion for 7 imply

« T\U T(U 2
R (2.62)

with «, 7, § integration constants. To obtain the more familiar form of the Schwarzian action
one can rescale u such that ¢,(u) can be chosen a constant and effectively drops out of the
action and the SL(2,R) symmetry remains intact. However, in order to obtain (2.60) we
have chosen the integration constants «, v, J such that ¢,(u) = ¢(u), which is turning on
a source that breaks the SL(2,R) symmetry.

3 Quantum black holes and density of states

Our goal is to use a saddle point approximation to estimate the partition function of the
Lifshitz-like dilaton model. After the approximation is implemented, some aspects of this
computation mirror computationally what happens in the determination of the JT gravity
partition function as a boundary Schwarzian, but we emphasise that we approzrimate the
path integral, whereas for the JT gravity it has been argued in [38] that the path integral
of the JT Schwarzian theory is one-loop exact. For this reason, let us posit the essence of
the JT gravity approach. We start with specifying a regulated Euclidean AdS; disc and
the boundary conditions for the fields at its edge, in particular for the dilaton. Performing
the path integral over the dilaton ¢ fixes the Ricci scalar to be a constant and reduces the
action purely to boundary terms described by the Schwarzian action, Sschwarzian[t]. Given the
correct boundary conditions for the dilaton, treating its boundary conditions as an external
source denoted by ¢,, the Schwarzian action retains SL(2,R) reparametrisation invariance
through the boundary mode ¢, which leaves an imprint on the path integral measure over
[Dt]. We can summarise the above words into

Zyr = / [Dgap][Dplerrl0a00] — / [Dt] e~ setmaszianltér] (3.1)
Diff(S1)/SL(2,R)

With the notation Diff(S')/SL(2,R) we mean that we integrate over full diffeomorphisms
on the circle modulo the SL(2,R) global symmetry of the Schwarzian, which reflect the
isometries of AdSs.
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For the Lifshitz-like theory we consider, integrating out the dilaton does not yield a
simple result. As such we consider a saddle approximation in which we take the on-shell
value for the dilaton and fix the Ricci scalar using equation of motion (2.23). Fixing only
the Ricci scalar allows us to study a boundary mode provided we use the on-shell value
of the dilaton the dilaton ¢ in (2.24) to obtain an expression for n*V,¢. For us this fixes
¢, which, contrasting the standard JT case, does not function as an external source but
has specified dependence on t’. As shown in the previous section, we obtain a deformed
Schwarzian action, which has U(1) global symmetry. We emphasise that within the approach
we adopt, we are neglecting any possible contribution from the fact that contrasting the
JT-setup, the dilaton cannot be integrated out exactly.

We summarise this approach as

Trie = /[Dgab] [D(b]e*[mf[gab#s] ~ [Dt]effdeformed Schwarzian [t:0r] (3.2)
Diff(51)/U(1)

To evaluate the saddle approximation above we first consider fluctuations around the saddle
point of the deformed Schwarzian action in subsection 3.1. In that section we also specify
the measure and evaluate the partition function. In subsection 3.2 we study the resulting
density of states and comment on these results.

3.1 Computing the partition function of a quantum black hole

In order to evaluate the saddle-point approximated path integral, we need to work out the
action and measure and evaluate the combination.

Perturbative expansion of the deformed Schwarzian action. The equations of motion
resulting from the action

Iysan[t] = —aE/t'(u)du — %/du 1

#(u)a

d [ {tiu}a | _
du (t'(u)”i) - o

A solution is then in particular ¢(u) = u, which satisfies the ranges (2.51), in which case we

{t,u}, , (3.3)

obtained in (2.56), are given by

find that the classical on-shell action gives the same free energy as expected from (2.32)
IdSch[t = ’U,] = —afM = BF. (35)

Let us now consider fluctuations around the saddle point of the deformed Schwarzian
action

t(u) =u+e(u), (3.6)

where €(u + ) = €(u). At quadratic order we then find the following

Lisen[t = u+ €(u)] = —aSM + % /Oﬁ du ((1 +2a)€” (u)? +2(1 + a)e’(u)e’”(u)) +0(e%)

1 ﬁ "
= —apM + 5 /0 dué’(u)? + O(P), (3.7)
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where we performed integration by parts. Following the approach of [33], let us now expand
e(u) in Fourier modes

() = 2 S e i (3.8)
2
n#0
where €, = E%R) + ieg). Demanding that e(u) is real therefore leads to the two following
conditions egbR) = e(fl) and eg) = —6921. Then we find that the action can be written as
2m 4 (B (R) 4 (D) (1)
Tasenlt =+ e(uw)] = —aBB(B) + 5 >t (el 4 D) . (3.9)

n#0

The corresponding propagator for this action can be computed by carefully treating the U(1)
zero mode corresponding to n = 0 and is given by

oa 7r2 7(4
(e(u)e(0)) = i—ﬂ (—i (u—m)*+ i m)?— %) : (3.10)

Obtaining the measure. In order to evaluate the one-loop correction to the saddle-point
approximation in (3.2) we first need to specify the measure [Dt];; which the path integral
will be computed with. Let us first recall the outlines of the calculation of the measure for
JT before specifying the form for our Lifshitz-like dilaton model.

Due to the fact that Jackiw-Teitelboim gravity is SL(2,R) invariant the measure [Dt]j
explicitly does not involve any modes which give rise to Killing vectors corresponding to the
SL(2,R) isometries of AdSs. The measure for JT has been computed by [34, 38] and is

Dty =[] ‘jt((;‘)) = [ 47n(n — 1)(n + 1)de{PdelD . (3.11)

u n>2

where we used the saddle point approximation ¢(u) = u+e¢(u) with €(u) given by equation (3.8).

Let us emphasise again that the product is taken for n > 2 sincen = —1,n =0 and n = +1
specifically correspond to removed zero modes due to the SL(2,R) isometries transformations
of the bulk solution. Due to the fact that in the Lifshitz-like model we consider, the
dynamical dilaton breaks the SL(2, R) symmetry down into U(1) where the only Killing vectors
corresponding to the U(1) isometries of AdSy we are lead to consider the following measure

[Dt)Lic = [] 4mnde(Pdel) . (3.12)

n>1

A few remarks are in order. Let us first note that the most drastic change in the evaluation
of the partition function now comes from the product also including the contribution from
the n = £1 modes, since the classical solution of the deformed Schwarzian only has one zero
mode that can be removed, corresponding to U(1) isometry. Let us also remark that the
exact power of n does not matter so much in the evaluation of the path integral since it only
changes the numerical constant in front of the partition function and not its thermodynamical
behaviour. Here we have chosen the lowest degree polynomial.
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Evaluating fluctuations around saddle points. Having stipulated the form of the
measure for the Lifshitz-like dilaton gravity model in equation (3.12) along with the quadratic
action in equation (3.9) we may now compute the one-loop saddle-point corrected partition
function of the Lifshitz-like dilaton models as follows

Zo@)~ |

/ 1 {t, u}a
Di(s1) /() [Dt] s exp(aE(B) / t(w)du + / dum) (3.13)

_2n%n? (€<R)6<R)+€<1>€<1>)
— ¢*PE(B) H 47rn/de£LR)deg)e Poa \7momo o (3.14)
n>1
2afa 1
_ LaBE(B) — aBEf) 3.15
¢ nl;[l n3 4773/2\/aa/56 (3.15)
where in the last step we used zeta function regularisation, namely that
2afa 1
= exp[lim 9. ((208a) (3¢€))] = 27— , 3.16
I =2 = vl 0 ((2060)° €3N = g7 7y (3.16)

where ((3¢) := ¥,5;n %
The quantum corrected free energy Fg reads

14+a 1
1 27 \ o /2a)\ «
— 4. .. C = — 3.17
8 af tee (1 +a) ( a ) ’ ( )

where the dots denote temperature independent constants. The logarithm is due to taking

c 1
—BFo =log Z(B) = ;T +51

into account the loop corrections. We note that the factor 1/2 reflects the single generator of
the symmetry group. In the SL(2,R) case, for example, this factor is 3/2, reflecting its three
generators. Furthermore, as we lower the temperature, from § ~ 1/a onwards we expect
quantum corrections to take over. In fact, solving Fo(8:) = 0 yields the temperature 8, > 0
at which one expect non-perturbative effects to the saddle point approximation to arise.

3.2 Density of states

The density of states classifies the energy spectrum of a system, such as the quantum black
hole we are studying. We can obtain the density of states through the partition function.
The partition function Z is related to the density of states p in the following manner

Z(B) = /OOO dE p(E)e PF | (3.18)

in other words, Z(3) is the Laplace transform of the density of states, p(E). Traditionally we
may compute the density of states from the partition function Z(8) by an inverse Laplace
transform
1 rc+100
pE) =5 [ z(@)e s, (3.19)
271 Je—ico

where the integral is performed along a vertical line in the complex plane and the constant
c € R is a sufficiently large so that we may enclose all poles of the partition function with a
semi-circle in the left half-plane. In practice this can often be evaluated with the Cauchy
residue theorem.

~16 —

94



Classical spectrum. To contrast the quantum spectrum, let us first study the classical
black hole spectrum by considering just the saddle point approximation:

1

Za(B) ~ e~Tawsicns — @BE(B) _ aCB™% | (3.20)

Here we have made use of the thermodynamical relationship from equation (2.32) and the

defintion of C in (3.17). By expanding the exponential function in equation (3.20) in a formal

series and taking the inverse Laplace transform of each term it follows that the classical
density of states is given by

pa(E) = 3(E) + — (3.21)

n=1
where notably the § function arises as the inverse Laplace transform of the first term in the
formal series. For general values of @ we are unable to simplify the formal series further.
However, for a« = 1 we find

PN E) =8(E) + @Il(Qx/aCE) , (3.22)

where I; denotes a modified Bessel function of the first kind, see e.g. [6] for a coinciding
result in the context of super symmetric Schwarzian theories.
To get some insights into the expression for p.(E) for general «, we will investigate the
large and small energy regimes. In the large energy approximation CE & > 1 we have
O

BT [2n(1+ 1)

pal(E) ~ (ra)cTHR BT | (S(E) (3.23)

where S(F) denotes the Bekenstein-Hawking entropy, as is expected for large enough black

holes. Let us now explore the small energy regime of (3.21). In the small energy approximation

CE« < 1 we find that

aCEa~1
(3]

[e3

pa(E) ~ §(E) + (3.24)

Despite the fact that the density of states appearing above blows up in the low energy limit
then this does not mean that it is pathological. What matters more is whether or not the
total concentration of available states in the system between any two energies E7 and FEos,
where Fi < E», is finite, i.e. whether

Es
N (B B2) = [ pa(B)dB < oo, (3.25)
1

which is the case for all values of 0 < a < 1. In the low energy approximation of the density
of states of the classical saddle (3.24), we furthermore point out that the power of E is always
positive. As such, away from « = 1, the behaviour of the density of states is such that there
is a fall-off as E — 0. Finally, it is significant that for 0 < o < 1

NYYEy =0,By —0) — 1, (3.26)

cl

because reinstating the extremal entropy Sp of the higher dimensional black hole reveals that
the ground state of the classical saddle has a large degeneracy of exp Sy. This is expected
to disappear when corrections are added, for non-super symmetric theories.
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Quantum corrected spectrum. Let us now contrast density of states of the classical saddle
with the one-loop corrected partition function. By taking the inverse Laplace transform of
the one-loop corrected partition function given by equation (3.15) we find

1
1 = (aCEa)”
E)= . 3.27
palB) 4732\ aaE =4 n! L[+ 2] (3:27)
For the case of @« = 1 we find the closed expression
— h2vVCE
PN (E) = P22 (3.28)
4dm2/aE

which we will discuss further in the next subsubsection and contrast this result with the
more usual JT result where the SL(2,R) remains intact. For general values of o we can gain
more insights into the density of states of the quantum black hole through approximations.
We consider the large energy approximation C'E > 1, for which we find that the quantum
effects are washed out and the classical saddle point answer is recovered:

1 e pTia
E)~ eUta)CFaETFe  , (E), 3.29
pq(E) INCECN/ (e pa(E) (3.29)

which reinforces that the quantum corrections do not influence the high energy regime.
To get a better idea of the quantum mechanical effects we now consider the small energy
regime. In the small energy limit for CFE & < 1 this means that

po(B) ~ (3.30)

1
42/ aoE
Contrasting the classical saddle point (3.24), the density of states in the quantum case rapidly
grows for small energies instead of tapering off towards zero. However, when integrating this
density we find that finite behaviour for small energies. In, fact we find

"Eo
N§Y (B, o) = /E pQ(E)dE, NEYE =0, —0) =0, (3.31)
1

for all 0 < a < 1. This means that even if we were te reinstate the extremal degeneracy exp Sy,
the ground state will have no degeneracy when quantum corrected (see Figure 2 and Figure 3).
The low energy behaviour of the dispersion relation can be reproduced from simple free
theories. Namely, let us consider a D-dimensional theory with a free Lifshitz-type dispersion
relation E ~ |k|?, where k is the momentum. The density of states then becomes
o(E) ::%N%, o z=2D-1), (3.32)
where we used that the total number of states contained in a sphere in momentum space
scales as Q(k) ~ |k|P~1. We find that this value of z satisfies D < z + 1, which for models of
Lifshitz models is reported to behave differently from D < z+1, see e.g. [60, 61]. We point out
that in particular the behaviour of the density of states matches that of a 1 + 1-dimensional
theory with a non-relativistic dispersion relation.
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(a) The quantum corrected density of states
po(E) for different values of a according to
equation (3.27). Note the small energy depen-
dence pg ~ ﬁ independent of a.

N(E)

E

(b) The number of states, N(E) below a cer-
tain energy E for different values of the param-
eter o according to equation (3.31). Note the
lack of an exponentially large ground state.

Figure 2. Highlighting the low energy behaviour of the quantum corrected density of states.

(a) Comparing the classical density of
states (3.20) to the quantum corrected (3.27)
for the specific value o = 1/2.

N(E)

1
e

(b) Comparing classical and quantum cor-
rected expressions for « = 1/2. Note the
absence of a degenerate ground state for the
quantum correction.

Figure 3. Comparing the classical and quantum corrected density of states.

Comparison with the usual JT gravity approach It is important to stress that a = 1
corresponds to a boundary description of JT gravity with a source turned on that breaks the
SL(2,R) down to U(1) for the classical saddle. This contrasts the usual approach in which
such a source is not considered and the classical saddle retains its SL(2, R) invariance. In the
usual approach the density of states of the quantum corrected saddle becomes proportional
to a hyperbolic sine of energy [33], which goes to zero as energy vanishes. The resulting
conclusion is that there is a very low degeneracy for these black holes at low energy. In
our case, for any «, the opposite is true, as for low energy the density of state grows with

the inverse square root of energy, see (3.30).
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Furthermore, let us summarize succinctly that for a = 1 we found that the partition
function and density of states were respectively given by

_ 1 1 _ cosh2vCFE
74=1 = ¢CP o=l(py = —— "~ 3.33
Q (ﬁ) 47T3/2 /—(1/36 ] pQ ( ) 471_2 /—CLE ( )

This result coincides with the trumpet result for JT in equation (126) of Saad-Shenker-
Stanford [33] where notably the SL(2,R) symmetry is also broken down to U(1). This same
form has also appeared in the context of N' = 1 supersymmetric JT gravity.°

4 Discussion and outlook

In this paper we have computed a one-loop correction to the partition function of 4d near-
extremal charged Lifshitz black holes that arise in low energy effective actions of string theory.
This has been accomplished by dimensionally reducing the four-dimensional black hole to
an effective two-dimensional dilaton theory of gravity which is asymptotically AdS, and
arises in the near-extremal charge limit of the Lifshitz black hole. By imposing wiggling
boundary conditions we derived a boundary action formulation that resembles the Schwarzian
action, with the key exception that our boundary action does not retain the SL(2,R), but
breaks it down to U(1). A key difference with the JT case is that we perform a saddle
point approximation of the dilaton to obtain the boundary description. We employed the
boundary action in order to compute the quantum corrected partition function of these
Lifshitz black holes. Our analysis shows that for small temperatures the quantum one-loop
corrected partition function is given by

Zgu(T) ~ VTe* + higher order terms in T, (4.1)

where Sy is the extremal entropy. This indicates that including quantum corrections to
the black hole entropy removes the exponential ground-state degeneracy observed in the
semiclassical analysis. This corresponds with the results reported for Reissner-Nordstrom and
Kerr-Newman black holes in recent work [13, 18-20], except that we find that the prefactor
is /T instead of T3/2. This difference in prefactor stems from the lack of symmetries present
at the horizon of these Lifshitz black holes, which merely retain U(1) symmetries instead
of the full SL(2,R) symmetries. There is an intricate connection between the amount of
symmetries present in the near-extremal region of the black hole and the prefactor of the
one-loop corrected partition function.

The one-loop corrected partition function Zgy(T'), which we computed vanishes in the
low temperature limit, indicating that the corresponding density of states approaches zero
as energy decreases, thereby removing the previously observed exponential ground-state
degeneracy. The expression that we obtained for the quantum one-loop corrected density of
states in equation (3.27) behaves as pg(E) ~ 1/V/E for small energies indicating that the
quantum corrected density of states blows up for small energies, i.e. p(E) — oo as E — 0. This
same low energy behaviour of the density of states is encountered in several non-relativistic
theories, the most elementary being the one-dimensional infinite potential well. Note that

5See e.g. equation (3.46) of [38], (6.4) of [62], (5.4)-(5.8) of [63], or (2.25) of [6].
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integrating over a small band of energy smoothes out this blowing up behaviour and the total
number of states does go to zero as £ — 0, as highlighted pictorially in Figure 3. In contrast
the classical spectrum clearly exhibits an exponentially large ground state degeneracy.

In our approach we of course do not capture the full four-dimensional near-extremal
one-loop corrections: we have ignored vector and gauge modes, which our two-dimensional
approach fails to capture (we only capture the tensor mode). It would be interesting to
see if we could capture those other contributions using the recently developed methods for
computing the logarithmic corrections to the black hole entropy in [13, 18-20, 22-25], which
rely on the fact that the normalised basis of zero mode deformations of AdSs is well known
and is utilised to simplify the computation of the logarithmic correction. We were unable to
perform the same feat for Lify due to the technical difficulty of obtaining the zero modes in
that spacetime, which we leave to future work. Another potential contribution to the path
integral that we neglected are possible bulk fluctuation contributions.

As a conclusion we note that it would be interesting to pursue whether there exists a
matrix model dual these Lifshitz-like dilaton theories, similar to JT gravity. This seems to
be a non-trivial task, as the action does not appear to be a deformation of JT gravity [64].
Finally, in the case of the boundary description of JT gravity it has been argued that
the partition function of double-scaled SYK for low energies agrees with the Schwarzian
result [33, 62, 65, 66]. It would be interesting to construct a quantum mechanical dual to our
constructed boundary description that breaks down SL(2,R) to U(1).
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ABSTRACT: We study a non-relativistic realisation of two-dimensional de Sitter gravity
both from its boundary and bulk description with the goal of learning about de Sitter space
and paving the way for extending the holographic duality into a non-relativistic direction.
On the boundary side, we analyse the Schwarzian-type boundary action associated with non-
relativistic de Sitter gravity and evaluate its one-loop partition function in order to compute
its quantum fluctuations. Rather than relying on the coadjoint-orbit construction, we derive
the path integral measure directly from the action using the Ostrogradsky formalism. We
find a temperature-dependent prefactor scaling as T2, of which the power agrees with the
counting of the four global symmetry generators present. On the bulk side, we construct the
corresponding torsionless Newton-Cartan geometry and show that it satisfies the equations
of motion of a non-relativistic JT-like action and uplift the geometry to a three-dimensional
Lorentzian geometry.
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1 Introduction

It is difficult to overstate the implications of the initial discovery of the Anti-de Sit-
ter/conformal field theory (AdS/CFT) duality on our understanding of physics, with a
central role being played by N' = 4 Super Yang-Mills, on one side of the duality, and
type II-B supergravity on an AdS background on the other side [1]. More recently, our
understanding of the duality has been significantly extended in the realm of two-dimensional
gravity, which can be considered the lowest-dimensional realisation of the AdS/CFT corre-
spondence and, in this manner, facilitates the study of quantum gravity due to its technical
manageability. In this context, the bulk gravity model containing an AdS background is
governed by Jackiw-Teitelboim (JT) gravity theory [2, 3], where the so-called near-AdSs
dynamics is controlled by a boundary action involving the Schwarzian derivative. It was
found that he same action also governs the low-energy regime of the (0 + 1)-dimensional
Sachdev-Ye-Kitaev (SYK) model [4-11]. Some features of the SYK model, such as the
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infrared “nearly” conformal invariance and chaotic behaviour, see e.g. [4], suggest the
possible existence of a gravitational dual model in AdSs spacetime.

Amid the intense efforts to extend the AAS/CFT duality to a more general notions of
holography that also encompasses different spacetimes, most of that effort has focused on
ensuring the relativistic symmetries in the bulk. Going beyond this relativistic bulk context,
there has been an emergence of explorations of non-Lorentzian geometries [12-16] and
non-Lorentzian string theories [17-22]. These research topics, initially fuelled by the desire
to learn about non-relativistic quantum field theories in the context of condensed matter,
see e.g. [23], grew into a field of its own graduating beyond its original scope. The term
non-Lorentzian here is used as an umbrella term for both the non-relativistic (“speed of light
to infinity”) and Carrollian (“speed of light to zero”) limits (see Figure 1). Particularly, the
non-relativistic limit can be complemented with the cosmological constant vanishing A — 0,
so that the dS or AdS algebra becomes the Newton-Hooke algebra [24-26], the analogue
of the Galilei algebra in the presence of a universal cosmological repulsion or attraction
constant, respectively. The idea of considering the non-relativistic version of de Sitter space
was explored for its possible application to non-relativistic cosmology in [24, 27] and it was
also considered in the context of M- or String theory where a modification of the matrix
model is obtained using the corresponding symmetry algebra [28]. In the present paper, we
will utilise an centrally extended version of the so-called Newton-Hooke symmetry algebra
that can be obtained with a central generator. This central generator can be thought of as
the analogue of the Bargmann generator, which allows for the representation of ‘massive’
states. In its two-dimensional incarnation will refer to it as the Extended de Sitter Galilean
(EdS-G) symmetry algebra following [29].

(Extended)dS-Carroll ¢ (Extended)dS e (Extended)dS-Galilei

Figure 1. The figure shows two kinematical contractions of de Sitter (dS) symmetry algebra. Here
¢ denotes the contraction parameter, which may be interpreted heuristically as the speed of light.
The extended version refers to the possibility of adding Abelian generators to the dS algebra, thereby
yielding extended versions of the non-Lorentzian algebras.

The present paper is devoted to investigating the EAS-G gravity, which allows us to
address holography in a controlled non-relativistic de Sitter setting as well as learning
about de Sitter space. We will explore both the boundary and bulk realisation of this
non-relativistic version of de Sitter gravity.

On the boundary side we will use the BF formalism in two dimensions, a first-order
gauge theory formulation of a gravity theory that realises EdS-G isometries, for which
a boundary formulation was derived in [30] — see also [29] for studies of non-Lorentzian
realisations of JT. It was shown that the asymptotic structure of this Galilean gravity
is governed by a so-called non-relativistic Schwarzian theory, which exhibits an infinite-
dimensional symmetry algebra given by the twisted Virasoro algebra. Inspired by the
computation of the one-loop contribution to the boundary description of the relativistic
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Schwarzian, see [31] for a comprehensive review, we compute the one-loop contribution
to the non-relativistic Schwarzian theory and find that it correctly reflects the number
of generators of EAS-G. On the bulk side we present a Newton-Cartan incarnation that
geometrises the EAS-G algebra and we show that its solves the equations of motion of a
non-relativistic version of JT.

The structure of the paper is as follows: We compute one-loop fluctuations to the
boundary theory governing the dynamics of a two-dimensional EAS-G gravity theory in
Section 2. We continue with a further presentation of a Newton-Cartan formulation of
the gravitational bulk in Section 3. In the last Section 4, we relate our computations with
recent developments in the fields and discuss future prospects.

2 The boundary description of non-relativistic de Sitter space

We study the Schwarzian-type effective boundary action associated to a non-relativistic
bulk theory whose symmetries are governed by the two-dimensional Galilean de Sitter
algebra. This action was derived in [30] using a first-order formulation in terms of BF
variables, and it was shown that this governs the boundary dynamics of an EAS-G gravity
theory. We begin by reviewing such a derivation. Because the Galilean de Sitter algebra is
isomorphic to the Carrollian Anti-de Sitter algebra, a similar boundary action also appears
in Carrollian settings of [29], although the bulk interpretation is different. This section is
organised in the following manner. We first introduce the action in section 2.1, we then
analyse the symmetries of the action in section 2.2, determine its classical saddle in section
2.3, and finally evaluate its one-loop contribution in section 2.4.

2.1 The Galilean de Sitter boundary action

Let us start by considering the two-dimensional de Sitter space symmetry algebra so(1, 2)
whose only non-vanishing commutation relations are

B,H]=P, [BP|=H, |[H P=-AB. (2.1)

Here B generates Lorentzian boosts, P spatial translations and H time translations. Here
A denotes the cosmological constant. The tilde differentiates with generators that we
introduce after contraction. Restricting to a positive value of A, one possible Inénii—-Wigner
contraction in which one morally takes the speed of light to infinity while simultaneously
rescaling A leads to the non-relativistic EdS-G algebra, which is sometimes referred to as
the Newton-Hooke? algebra [32], given by'

[G,H|=P, [G,P] =M, [H,P] =-AG, (2.2)

!Notice that despite of the absence of the speed of light ¢ in the symmetry algebra (2.1), a careful
incorporation of ¢ factors modifies the commutator between momenta as [f{ , 15] = ¢>* AB. Then, going
through the contraction process, it is necessary to take simultaneously ¢ — co and A — 0 limits; otherwise,
we would have to delete the boost B from the algebra. The origin of ¢ factors arises from an analysis of the
equations governing a non-relativistic cosmological model, based on geodesics in de Sitter space [33]. In this
paper we use units in which ¢ = 1.

107



where G denotes the Galilean boost, H an P spacetime translational generator, and M
a central generator. The EdS-G algebra is the analogue of the Bargmann algebra in the
presence of a universal cosmological repulsion or attraction A=1 /02. Here ¢ stands for the
characteristic scale. Given this algebra, we want to formulate a bulk and boundary theory
that realises the algebra. We will now focus on engineering the boundary theory.

Within this limit, we propose to formulate the gravity model. For later purposes, it is
convenient to introduce the conformal basis

D =(H, H=I(P+G, K=(P-aG, Z=(M. (2.3)
In this basis, the algebra (2.2) becomes
[H,D] =H, [K,D]=-K, [H,K] =2Z, (2.4)
with a non-degenerate invariant bilinear form, given by
(D,D) = ¢, (D, 2) =cy, (H,K) = —2¢; . (2.5)

Here ¢y and ¢; # 0 are two arbitrary constants. Notice that the algebra (2.4) is exactly
the extended two-dimensional version of the Poincaré algebra (also known as the Maxwell
algebra). The EdS-G algebra (2.2) was explicitly realised in [30], where both in BF formalism
and metric formalism an EdS-G gravity model was constructed along with the boundary
action. In the remainder of this subsection we recap results relevant to the current work.
In this context, the construction of the boundary action for a two-dimensional Galilean
gravity theory can be interpreted as the action principle for a particle moving on the group
manifold. The procedure goes as follows. Consider, the left-invariant Maurer-Cartan form
Q associated to the (2.2), which is built from the group element

U = esZefHevke? (2.6)

where {s, p,y,u} are coordinates of the group manifold. Then, we compute the associated
(left-invariant) Maurer—Cartan one-form given by

Q=U"'dU = (ds + 2y dp) Z + e“dpH + e “dy K + duD. (2.7)

Using the invariant bilinear form (2.5), we construct the action principle as

Ss, pyy,u] = /dt <Q, Q>* = /dt(co u? 4 ¢ (u's' +2yp — 2p’y')) . (2.8)

with prime derivative with respect to the worldline parameter ¢ of the particle, and %
denotes the pull-back action. This action principle depends on four dynamical fields. Like
in (2 4 1)-gravity theory with the reduction from WZNW model to Liouville theory [34],
here it is also possible to further reduce the number of dynamical fields by imposing the
following inverse Higgs constraints (IHC) [17, 35]

Qz =0, Qu =1, (2.9)
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from which it follows that y = —%e“s’ and p' = e7%. Then, the boundary action becomes
Ss,u] = /dt(cou'2 + (s + s”)) . (2.10)
At the same time, the reduced Maurer—Cartan form or gauge connection becomes
]' " /1 /
a:Q|IHC:H_§(S +su)YK+u'D. (2.11)

As an extra definition, it is convenient to perform the field redefinition u = v — log(v’), so
that the reduced action takes the form

S[s,v] = /dt [Co (v’Q — "+ <1;_’I’>2> +2¢1 (3” + s’(v' — Z—T))] . (2.12)

This one-dimensional action principle is invariant under the EdS-G (global) symmetries
(2.2), and governs the asymptotic dynamics of a two-dimensional EAS-G gravity model. As
we will see below, it also admits an invariance under the warped Virasoro algebra. In fact,
by considering the one-form gauge connection

a(t) = a(t) dt, a(t)=H+LEHKL+T(t)D, (2.13)

the infinite-dimensional symmetry appears from examining the gauge symmetries preserving
this structure for a. Here the functions £ and T are two arbitrary functions of ¢ only related
to the previous fields as follows

L(t) = —%(s” 4 (u _ f}—)) L Th=v-Y, (2.14)

These relations arise naturally from studying the boundary dynamics of the BF model
in a two-dimensional bulk. Concretely, the relations are supported through the equation
a = U'dU. We find that the gauge symmetry transformation laws that preserve the
structure of a, demand that

SL=0oL +2L0" +TxX +X", (2.15)
0T =d'T +0T —o”", (2.16)

with x and o two independent gauge parameters which are functions of t. These are
precisely the transformation laws underlying the warped Virasoro structure of the theory
[36]. Furthermore, the algebra of the canonical generators can be obtained from the identity
{Qec,, Qey} = 0¢,Qe, together with the transformation laws in (2.15). In this case, we have
two canonical generators associated with the two gauge symmetry parameters and their
equal-time Poisson brackets are given by

{ L, Lo} = (M —n)Longn +cn®nimo, (2.17a)

{ L, T} = —nTomin + ik mM*nimo, (2.17b)

{Tm T} =0, (2.17¢)
_ 5 _
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with the central charges ¢ = 2mc; and k = 4mcy. After the redefinitions 7, — Tn — ik0m
and Ly, — Ly, 4 §0m, We recognise this as the standard warped Virasoro algebra (see [37]
for an overview). Therefore, we have shown that the asymptotic structure of the EdS-G
gravity model is governed by the warped Virasoro algebra with two different central charges.
The global part of the symmetry algebra (2.17) corresponding to (2.2) is built on four
generators {Lo, L1, P, P_1} that preserve the classical vacuum configuration

L=0, and 7 = constant. (2.18)

Having made contact with the warped Schwarzian theory in [37], let us briefly explain in
which respects it differs from the present Galilean de Sitter boundary theory. On the one
hand, the warped Schwarzian theory is formulated in terms of coadjoint orbits of the warped
Virasoro group and the associated Kirillov—Kostant—Souriau symplectic form [38-40]. The
relation should, however, be understood at the level of asymptotic symmetry structure
rather than as an identification of the two boundary actions. In reference [37], the theory is
constructed directly from the coadjoint orbit, whereas here the boundary action arises from
a non-relativistic de Sitter bulk construction after imposing inverse Higgs constraints. Thus,
although the asymptotic symmetry algebra is the same, the bulk origin of the two theories
is different. We will also derive the symplectic form entering the path integral measure
directly from the effective action by introducing Ostrogradsky canonical momenta, see e.g.
[41]. To the best of our knowledge, this action-based derivation of the symplectic form has
not been emphasised in the literature. As a consistency check, Appendix A shows that
the same method reproduces the familiar reduced symplectic structure of the Schwarzian
theory. We then revisit the computation of [37] in Appendix B using our formalism. This
reproduces the corresponding one-loop result and clarifies in what sense the present Galilean
de Sitter boundary action is closely related to, but not identical to, the warped Schwarzian
theory.

2.2 Isometries of the Galilean de Sitter action

In order to understand the structure of the path integral and, in particular, the origin of zero
modes in the one-loop analysis, we first determine the global symmetries of the boundary
action. Having reviewed the derivation of the Galilean de Sitter action in equation (2.12),
we recall that it is given by

1n 2 "
Igas_¢ = /dt [co (v'2 - 20" + <Z—,> ) + 2¢4 <3” + 5 <v’ — 1;—/>>] . (2.19)

We now observe that the action is invariant under the finite transformations
s(t) — s(t) +a+ be @ v(t) = —log(c + de™®) (2.20)

where a, b, ¢, d are arbitrary constants. The corresponding infinitesimal isometries which
leave the action invariant are given by

§s = €4 + e "M , v =e,+ege’® , (2.21)
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where {eg, €, €c, €4} are infinitesimal parameters, which will be used to construct the
corresponding Noether charges. These four independent transformations generate the global
part of the warped Virasoro symmetry algebra (2.17) and will later be associated with the
non-Gaussian sector of the path integral. Because the action contains higher-derivative terms,
the corresponding Noether charges must be constructed using the generalised Ostrogradsky
formalism. We compute the generalised Ostrogradsky momenta as

pgv) — % — %(%) = 2c¢18" + 2cov’ + ; [018" + Co(iflj - %)} ) (2.23)
Pl = % — 9, (2.24)
pg’) = % = —% [cls/ + co <v' - 1;—///)] . (2.25)

From these, we may compute the four associated charges, obtaining
Qld = / dt[p}”) 55 + pi” ov + p§) 35 + p” v’ (2.26)

where §s and dv are the infinitesimal symmetry variations given in (2.21). Substituting
these variations into the charge formula yields

"
Qo = Q[ea] =2c¢ /dt (UI - %) ) (2.27)
— _ ’U_” —v(t)
Qv = Qlep] = —2c1 [ dt-5e™"7, (2.28)
72 "
Q. = Qe = 2/ % [cls” + co<% - ”v—ﬂ : (2.29)
dt v(t) "2 "
Qa = Qled] = 2/ z, {CISN +co (v” + :’7 - Z—,)} : (2.30)

Evaluating the Poisson brackets of the charges directly, we find that Q., @, Q., Qg realise
the conformal Galilean algebra in (2.4). More explicitly, the non-vanishing brackets are

{Qc, Qp} = —Q, {Q¢, Qa} = Qq, {Qa, Qv} = Qa. (2.31)

Identifying Q. = D, Qp = H, Qq = K, and Q, = 2Z, we recover the algebra (2.4). This
confirms that the conserved charges of the boundary theory realise the conformal Galilean
algebra in its global symmetries. As we will see in the next sections, these symmetries are
directly responsible for the presence of zero modes in the quadratic fluctuation analysis,
which in turn require a separate treatment in the path integral.

2.3 Equations of motion and saddle point

We now determine the classical saddle of the action and analyse quadratic fluctuations
around it, which will form the basis of the one-loop computation in the next section. To
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this end, we decompose the fields into background configurations and fluctuations
v="1+dv, s=35+0s, (2.32)

where the barred quantities denote the background fields and the quantities accompanied
by 0 denote the fluctuations. The background fields are taken to satisfy the boundary
conditions

ot + B) = v(t) — 2mi, (t+ ) =3(t), (2.33)

while the fluctuations are S-periodic. Notice that from now on, we have implicitly promoted
the coordinate ¢ to be cyclic. The appearance of the imaginary shift in v might not be
surprising, at least on an algebraic level, when we consider the very similar actions presented
in [29, 37], which are invariant under the Extended AdS-Carroll algebra. This algebra is
isomorphic to EdS-G by interchanging the spacetime translational generators as P <> H.
The actions there, in essence, have v — iv as compared to the EAS-G action. In the next
section, we will require the fluctuations around the saddle-point solution of v to be real;
as such, v’ will turn out to receive only a complex shift due to the boundary conditions
above. We believe that this is reminiscent of the choices of complex contours in discussions
surrounding the treatment of the boundary theory of two-dimensional relativistic de Sitter
[42, 43].

Having specified the boundary conditions, we now expand the action to first order in
the fluctuations. Requiring the first variation to vanish, then yields the equations of motion
for the background fields. We obtain

B gl/ B 17/// 1—)//2 B ,l—)//
I}(Eld)S—G = —2/dt{at |:Cl (S/ + ?) + Co (UI — T)TQ — UW>:| (5”[) —+ Clat (’Ul — ?>58} .

From this, we may read off the equations of motion, which are given by

_ g// B 17", 1—)//2
ov : 815 |:Cl(5/+ ?) + co <'U/— 17—/2 — F>:| :0, (235)
1._}//
5s: 0, (T/ - ?) —0. (2.36)

The equations can be solved sequentially: first, one determines v from the second equation,
and then substitutes this result into the first equation to determine s. The solutions are

then given by ~
eV = ket + kg,

_ 2.37
5 = kye”/ 4 ks, (237)

with k1, ..., ks integration constants. Imposing the periodicity constraints in (2.33) we
choose the saddle point to be

5(t) =0, o(t) = — 't (2.38)
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in agreement with the values appearing in (2.18), which are invariant under the global
conformal Galilean subalgebra (see Appendix C). Constant shifts in § and v have been
omitted, since the action depends only on derivatives of these fields. Continuing with higher
orders in the expansion, the action to second order in the fluctuations gives

2
g(i)s c= /dt [201 5s’ v + 0051/2 + % v’ 65" + /26 "2

v

2¢15'0" 9 300’13”2 ,2 2c 18 " 4co?” e n
s v+ o dv Sv' dv A ' ov"| . (2.39)

To fully account for the quadratic fluctuations, we must evaluate the path integral over
the fluctuation modes, which we will do in the next section. In addition, the path integral
measure is fixed as the Pfaffian of the associated symplectic form, defined as

B
Q= / dt(dpv A dv + dps A ds) . (2.40)
0
There the generalized momenta p, and p, are defined, using the Ostrogradsky formalism,
through
oL d /oL
w = - — ; 4
P ow' dt <8w”> (2:41)

with £ = L(w,w’,w") the Lagrangian corresponding to the action in (2.19), which depends
at most on second derivatives, and where w denotes either v or s. Applying this to
the quadratic fluctuation action, we obtain the corresponding generalised Ostrogradsky
momenta

201

pos = — (0 = % )ov' = ov"), (2.42)

v

2C1 5/ 200 _ 72 " 5!
poo = 1 (085 + 35" — F00') + S5 (07 = 257 + 270 )00/ + Zov” — 60™) . (2.43)
Using these expressions, one finds that the symplectic form is given by

Qggs c=2a / % [%lddv' Adds + dév' A dds' + dés” A dév — %dév' A dév]

+2¢0 / U [52d00/ n dso — dse”” A dsv + dse” A dv]. (2.44)

We are primarily interested in evaluating these expressions on the saddle (2.38), namely
the quadratic action (2.39) and the symplectic form (2.44). Substituting the saddle (2.38)
into these expressions, we obtain

0 47T2C0
Ié}d)S GT T (245)
2
I(d)S ¢ =20 /dt [58/51}/ -+ i%csvlés"} + co/dt [51}'2 — (%) 51)”2} , (2.46)

Qggs—(} =4 /dt [dév’ Adds + i%dés" A dév]
QCO/dt [d&) A dév + ( ) dov” A dév} , (2.47)

where IIEJQS—G = 0 by the equations of motion.
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2.4 Evaluating the one-loop path integral

In this section, we evaluate the one-loop contribution to the boundary path integral for
the Galilean de Sitter gravity theory. We will do this in the boundary description. Ezactly
equating a gravitational path integral to the path integral of a quantum mechanical system
in one dimension — its boundary description — is highly non-trivial, but well-studied in JT
gravity [44]. This can be understood in the following way: since the dilaton in JT gravity
acts as a Lagrange multiplier, one can perform integration over the dilaton at the level
of the path integral, which fixes the curvature of the geometry and only leaves boundary
fluctuations. We will return later to the bulk formulation of non-relativistic JT gravity
in section 3, where we will argue that an analogous mechanism is at work for Galilean de
Sitter gravity, which can be cast into a JT-like action formulation with a dilaton that again
acts as a Lagrange multiplier and may be integrated out. The relevant path integral we
want to solve becomes

Zpasc = / [Ds] [Dv] e~ Teas-cls] (2.48)
M

Given the boundary equations we impose, the space M we integrate over consists of all
configurations of s and v subject to the boundary conditions (2.33), and with EdS-G
symmetry modded out. Plugging in the fluctuations, this yields

2

ZEds-G = eflé?S-G[g’m / [Dds] [Dov] 671}(361)36[68’5”] . (2.49)
M

As we have seen, the theory (2.19) possesses a set of global symmetries generated by the
EdS-G algebra (2.2). These will play a crucial role in evaluating the path integral, as
they give rise to zero modes. The evaluation of the path integral proceeds in three steps.
First, we expand the fluctuations in Fourier modes, which diagonalise the quadratic action.
Second, we evaluate the resulting Gaussian integrals for the non-zero modes. Third, we
treat the zero modes separately, as they are associated with the global symmetries identified
in Section 2.2.
To implement the first step, we expand the fluctuations in Fourier modes as follows

dv(t) = Z (UﬁLR) + ivﬁﬁ) e%mt, 0s(t) = Z (S%R) + isg)) e%ﬂmt, (2.50)

neZ neZ
where we will require the real (R) and imaginary parts (I) to satisfy
wy, = wiB +iwll) w(_};) = wlV w(_l,z = —wD (2.51)

and w is a placeholder for s and v. Plugging the Fourier expansion into the second-order
on-shell action (2.46) and symplectic form (2.47) yields

(2) 4 2 2/, 2
Ijds—c = ——— Z (20171 (n — 1)dspdv_y + con*(n® — 1)5vn5v_n) , (2.52)
nezZ
Q%&S—G =4 Z (2cln(n — 1)dév, Adds_, — con(n2 — 1)ddv, A d5v,n) . (2.53)
neZ
~10 -
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We have used féB dte’™=mt = 36,.... Using the real and imaginary parts of the Fourier
coefficients, we may rewrite the expressions entirely in terms of positive modes, in which
case we find

2) 167>

I]EZdS = 3 c105_10v1 — »3 C()Z (n? —1) [5U(R)5’U(R)+5’U(I)5’U(I)]
n>2
1
6 c1 Z n [65 R)év(R) + 53(1)512([)]
’B n>2
1
6; 2c Z [53(R sulh — (53,(11)(51)2]%)} . (2.54)
n>2

For the symplectic form, we get that

di)s ¢ = 16micidév_1 A ddsy + 16micy Z n? [d(;ng) A dést) + dévg) A d(is%l)}
n>2

— 167y Z n[d(ﬁ;g) A dést — dguF) A désg)}

n>2
+32mco Y n(n? — 1)dovl) A dov(R) . (2.55)
n>2

We have explicitly separated the n = 1 mode, as it requires special treatment and is
associated with the global symmetries identified in Section 2.2. For n > 2, the quadratic
fluctuation integral is Gaussian and can therefore be evaluated using

12T Az (27T)4
/R4 €’ det A, (2.56)

For each mode n > 2, the quadratic action may be written in the form %xTAnx, where the
fluctuation vector is x = (61)% ) (511([) 63(R) 55( )) For n > 2, the matrix A,, takes the form

co(n? —1) 0 2¢1 2icin
167202 0 co(n® —1) =2icin 2¢
A = 2.57
" 3 21 2icin 0 0 (2:57)
—2icin 2c1 0 0

The corresponding symplectic form may likewise for n > 2 be represented by an 4 x 4
antisymmetric matrix €,

0 —2icon(n? — 1) e1n? —cyrin
2i 21 ’ 2
Q, — 167 icon(n ; ) O. crin cn (2.58)
—cin —c1in 0 0
c1in —cin? 0 0
From these expressions, we obtain
277)4 2
(@m? _ b PE(Q,) = 25672302 (n? — 1).  (2.59)

det A,  256m2cint(n2 —1)’

— 11 —
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Hence we find

2(8) =< 7 BB [T PO 4 =< 7 BO) [T - (2.60)

Before detailing B(3), we evaluate the infinite product using zeta-function regularisation.
This relies on the analytic continuation of the Riemann zeta function,

s)=>y n", ¢'(s)=—=>_ n*logn. (2.61)

n>1 n>1

Applying this to the product in (2.60), we obtain

’ 1
11 /6—2 =exp| Y (2logB—2logn) | =exp (210g(5) (¢(0) —1)+2¢'(0 )) 3
n>2 n n>2 27 B
(2.62)
where we used the regularized values {(0) = —% and ¢'(0) = —% log(27). The non-Gaussian

contribution from the n = 1 modes is captured by B(/3), which we compute as follows

B(B) = 167icy (// d51}§R)d5ng) + // d5v¥)dés¥) + z/ dév%R)cMsgI) - z/ dévy)déng))

(16
X exp

where in order to evaluate the preceding integral we introduced a regulator —ie|vl|2, with

c1 ((Sng)(gng) + 53(11)6v§1) - i(ésgl)&)gm - 5ng)5v£I)))> =44, (2.63)

Im(e) < 0 to ensure convergence. The integral is first computed at finite €, after which the
€ — 0 limit is taken, noting that the final result is regulator-independent.
Collecting all contributions, we obtain the final expression for the partition function

2 A% ¢g
ZEdS—G ﬂ = —5eXp|—F ). 2.64
(8)= e (2,64
This corresponds to the main result of this section. The overall scaling Zgrqs.g(8) ~ B2 s
consistent with the general expectation that each global symmetry generator contributes

/2 Since the EdS-G algebra possesses four generators, this results in the

a factor of 5~
observed 372 behaviour. This is a characteristic feature of Schwarzian-type theories, in
which exponential growth arises from the classical saddle, and the quantum fluctuations
provide a temperature-dependent prefactor determined by the number of global symmetry
generators.

Performing an inverse Laplace transform, we obtain the density of states (dos) as a

function of the energy F,

VB

Ddos( ) 2 \/—

(47r\/cTE) (2.65)

- 12 —
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where I; is the modified Bessel function of the first kind. In particular, for small energies
E — 0, this behaves as

Daos(E) = %E + O(F?%), (2.66)

which shows that the density of states vanishes linearly at low energies. The linear behaviour
at low energies also reflects how quantum fluctuations resolve the naive semiclassical gap in
the spectrum and indicate the presence of low-energy states in the quantum theory.

3 A bulk Newton-Cartan description of Galilean de Sitter

In the previous section, we developed a boundary description of non-relativistic de Sitter
space and evaluated its one-loop contribution. The goal of this section is to complement that
analysis by constructing the corresponding bulk description and elucidating its geometric
structure. A particular novelty is that we work out a non-relativistic equivalent of JT gravity
and show that the geometry corresponding to EAS-G satisfies its equations of motion. We
begin in section 3.1 by deriving the two-dimensional Newton—Cartan geometry associated
with the bulk gauge connection. In section 3.2 we show that this geometry realises the
EdS-G algebra (2.2) as its isometry algebra, and in section 3.3 we provide a relativistic
uplift to three dimensions. We then turn in section 3.4 to a complementary second-order
description, showing that the same Newton—Cartan geometry arises from a non-relativistic
JT-type action. Finally, in section 3.5 we compare this second-order formulation with the
underlying first-order gauge-theoretic description. Taken together, these results establish a
bulk description whose geometric and symmetry structures precisely match those of the
boundary dynamics studied in section 2.

3.1 Bulk Newton—Cartan geometry from the gauge connection

To construct a bulk description of Galilean de Sitter gravity, we work in a two-dimensional
Newton-Cartan framework. Newton-Cartan geometry, originally introduced by Elie Cartan
[45, 46], provides a geometric formulation of non-relativistic gravity analogous to the role
played by Riemannian geometry in general relativity. In particular, it is the natural
geometric language for theories with Galilean symmetry. We refer to [47] for an excellent
modern review of non-relativistic gravity, including its history, formulation, and recent
developments.

In two dimensions, the Newton-Cartan data consist of a temporal one-form 7, a spatial
vielbein e, together with its inverse e/, and a U(1) mass gauge field m,. More generally,
Newton-Cartan geometry may also be torsionful, depending on whether the clock form 7,
is closed. Such torsionful geometries play an important role in more general non-relativistic
settings and can account for effects such as non-relativistic gravitational lensing [48].

Our starting point is the boundary gauge field derived in Section 2. In the gauge (2.13),
it takes the form

a=H+LOK+TED. (3.1)

— 13 —
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To reinterpret this in Newton—Cartan variables, we pass from the basis {#, D, K, Z} to the
basis adapted to the EAS-G algebra,

1 1 1 1
H=-D P=— =—(H - M=-Z. 2
D, SHAK),  G=(H-K), : (32)
We then introduce the radial group element
b(r) = e, (3.3)

and construct the bulk connection in radial gauge according to the permissible gauge
transformation

A(t,r) = b= (r)db(r) + b~ (r)a(t)b(r) . (3.4)
Besides that, expanding the one-form A in the extended Galilean basis (2.19) as
A(t,r) =7H + eP + wG +mM , (3.5)

allows us to read off the Newton—Cartan fields directly from the coefficients of the generators,
obtaining

Tudat = 0T (t) dt (
epdat = (14 L(t) +rT(t))dt - £dr, (
mydat = 20rL(t)dt, (
wadat = (1= L(t) +rT(t))dt — dr . (

These gauge fields define the two-dimensional Newton—Cartan geometry associated with
the bulk gauge connection A(t,r). It is convenient to introduce the inverse temporal vector
v and the inverse spatial vielbein e#, which together with 7, and e, satisfy the following
orthogonality and completeness relations of Newton—Cartan geometry

v, =1, et =0, et =0, epel' =1, o*, = vtr, + ele, (3.10)

which we can solve for the contravariant objects, yielding

1
K = —
v, 220

They allow us to construct the degenerate spatial metric and its inverse,

(O + (14 LO) +rT®)0,), e 0y = —% o, . (3.11)

hu = epey, hH = ete” . (3.12)
For the general connection above, the spatial metric becomes
hywdatd” = (1 + L(t) + ’I“T(t))thQ =2 (1+ L) + 7T (1)) dt dr + Cdr®,  (3.13)
and h*"0,0, = 212'83 which are required to satisfy the following completeness relation
MWr, =0, huv” =0, h*Phyy, = 0%, —vt'T, . (3.14)

This completes the Newton—Cartan data associated with the bulk gauge connection. In
the next subsection, we show that this geometry realises the EAS-G algebra as its isometry
algebra.

— 14 —
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3.2 Isometries of the Newton—Cartan geometry

In this subsection we restrict the geometry to constant values of L(t) = Ly and T (t) = To,
for simplicity. The Newton—Cartan geometry we consider, therefore, takes the form

Tudat = Ty dt, (3.15)
epdat = (14 Lo+ 175 )dt — Ldr, (3.16)
mydzt = 20rLodt . (3.17)

What makes the above truly a Newton—Cartan geometry is the fact that, in addition
to the Galilean boost-invariant quantities h*” and 7,, one can construct the following
boost-invariant combinations [49, 50]

o =ovt — h¥'m,, (3.18)

hyw = by — Tumy, — 1My, . (3.19)

The presence of the gauge field m,, captures the Bargmann symmetry of this two-dimensional
model. Let us emphasise this point clearly by examining the isometries. Given the Killing
vector &, the objects {h*”,7,} transform as usual spacetime tensors by a Lie derivative,

namely
Lt =0,  Ler, =0. (3.20)

Notice that these objects of the Newton-Cartan geometry are Galilean boost-invariant,
so their transformation laws do not exhibit any gauge parameter. For the rest of the
tensors built upon from these, it is possible to group both diffeomorphisms ¢ and gauge
symmetries A in one symmetry transformation 6. = L¢ + Jy, generating the following
symmetry transformations for the remaining tensors

,CEQ)/“ = h'uVAl,7 ,Céh#,, = 2)\(MTV) ‘Cfm# = 8“0' + )\,ua (321)

where o parametrises the U(1) gauge parameter of m, while A, denotes the Galilei boost
parameters. Notice that we used the completeness relations (3.10) to derive these expressions
and they also show that the combinations introduced in (3.18) are indeed boost invariant.

Let us now turn to working out the symmetries. Given the Newton-Cartan geometry
in (3.15), we insert the ansatz

5 = gt(ta T)at + §T(t) T)ar > )‘,u = )‘,u(ta T) ) 0 = U(ta T’) ) (322)

into (3.20)—(3.21) and find a coupled system of partial differential equations. The first two
constraints, Leh# =0 and L7, = 0 from (3.20) together imply that

o =0, 0" =0, 0t =0. (3.23)

so these already imply that £ = const and £" = £"(t), while the remaining conditions in
(3.21) determine the gauge parameters A, and o in terms of £. Solving the full system
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leads to

e=p 4 (b1 cosh(Tot) + b sinh(Tot) ) o,
To
A = £(by — by)(cosh(Tot) — sinh(Tot)) <(767’ + Lo+ 1)0; — 3r) , (3.24)

/
o =bg+ ? <(bl + bg)ﬁoeﬂ)t + (b1 — bg)('ﬁ)’l‘ + 1)6_76t) ,
0

where by, b1, bs, by are integration constants. To define the extended algebra we take the
tuples (&;,0;) for i = 0,1,2,3 where for each i we set all b; = 0 except b;. Now, we define
the commutator by

[(&ir0i), (&5, 05)] == ([&,ﬁjL&(Jj) - @-(a,-)) : (3.25)

This bracket arises from combining diffeomorphisms with U(1) gauge transformations and
corresponds to the semi-direct product structure of spacetime and the Bargmann symmetries.
Thus, we find (with some suitable rescaling of the constants b;) that

H = (§,00) = (%@70) ;

_ _ 201 . ot —Tot
G—(§1,01)—(—2€cosh(76t)<9r, —?O[Eoe + (1 +rTo)e ™ ), 520

g[ﬁoe%t -1+ r%)ef%tD ,

P = (§,00) = (2 sinh(7ot)0, -

M = (&,03) = (0,40%).

Applying the definition in (3.25) we see that the generators satisfy the EAS-G algebra given
in (2.2) when identifying A = 1/¢2.
3.3 Relativistic uplift

A standard way to relate Newton—Cartan geometry to a higher-dimensional relativistic
spacetime is through a null uplift [47, 51]. This provides a useful dictionary between
the two-dimensional Newton—Cartan data and higher-dimensional Lorentzian quantities.
Concretely, the uplift is defined by the metric ansatz

ds? = hydztdz” + 27,d2" (du — mydz"), (3.27)

where u is a newly introduced null coordinate. Restricting the Newton—Cartan geometry in
(3.15) to the constant sector L(t) = Lo and T (t) = To, a direct computation shows that the
uplifted three-dimensional metric is Ricci flat and takes the form

ds® = ¢ [(1 + Lo +7T)% — 47«5070} dt* — 20%(1 4 Lo + 7To) dt dr + £2dr® + 20T dt du .
(3.28)

It is straightforward to verify that 9, is null with respect to (3.28) and that all metric
components are independent of u. The uplift therefore takes the standard Bargmann
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form associated with null uplifts of Newton—Cartan geometry [47, 51]. Considering the
three-dimensional Lorentzian geometry, we find the following Killing vectors

1
H—ﬁat,

2
G=-2 COSh(,Y-Ot) 87“ - % <£Oe76t + (1 + T%)e_%t> au ’
7o (3.29)

, 202
P = 2(sinh(7ot) 0, +

— <£oe76t -1+ r%)e_%t> Ou ,
To

M = 40?9,

which we again recognise as the EAS-G generators from equation (2.2). Comparing (3.29)
with the two-dimensional Newton—Cartan generators in (3.26), one sees that the higher-
dimensional isometries decompose into ordinary spacetime diffeomorphisms on (¢, 7) together
with translations along the null direction u. From the lower-dimensional viewpoint, the
latter are precisely the U(1) gauge transformations of the mass gauge field m,,.

3.4 Non-relativistic Jackiw-Teitelboim gravity from an action principle

Having identified the bulk Newton—Cartan geometry associated with the gauge connection,
we now ask whether the same structure can be obtained from a second-order action principle.
In this subsection, we show that this is indeed the case: the geometry constructed above
arises as a solution of a non-relativistic JT-type model formulated directly in Newton—Cartan
variables. This provides a complementary second-order description of the bulk theory and
sets the stage for the comparison with the first-order gauge-theoretic formulation in Section
3.5. The corresponding action, proposed in [30], takes the form?

2
o ,‘-s/ d%Egb(RNR - —2) . (3.31)
M l
where the measure form is £/ = —e*”7,e, and the non-relativistic Ricci scalar and spin

connection are defined as
RNR — 41}[”6’/]8#00,, , w, = 20l%P (Oaleg)ey — On(mp)Ty) . (3.32)

The action contains four dynamical fields {7,,e,,m,,$} with the spin-connection w,
depending on them and therefore not being a dynamical field in this formalism. The
expression of the spin-connection comes from solving the field equations in the first-order
formalism algebraically. Moreover, this NR-JT action (3.31) can be understood as arising
from a non-relativistic 212' expansion of relativistic JT gravity, in close analogy with the
non-relativistic expansion of general relativity studied in [14]. In the present formulation,

2An equivalent form of the action, which is simply a rewriting of (3.31) in terms of one-form variables, is

I[t,e,m, | = m/dzac e“”qﬁ(@uwy — E%T,;&,) . (3.30)

The equations of motion for this equivalent formulation are presented in appendix D.
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RNR

the expression for should be viewed as a convenient scalar capturing the geometric

structure of the theory, rather than as the Ricci scalar constructed from a standard non-

RNR in terms of a

relativistic connection. In particular, we do not attempt to express
curvature scalar constructed from a non-relativistic connection such as the torsionless
Newton-Cartan connection compatible with 7, and h*” (see e.g. [47]). We leave this for
future work.

Let us also remark that the action is invariant under a Galilean-de Sitter boost given
dpas—a¢® =0, Opas—a7u =0, OJpds—ceu =AGTu, Ords—GMu = Ageu, (3.33)

with A\g = Ag(t,7) the Galilean gauge parameter boost. We used the condition d7 = 0 to
prove this invariance.
Varying the action with respect to ¢, 7, e,, and m,, yields the equations of motion

5 RNR _ 432 =0, (3.34)
Smy, : Oa (7€M 7,05 (E m[ﬁevl)) =0, (3.35)
5y E¢RN 1t = 0, (4Bgrle e ), 7+ + 717 0,(ms)0, (8E@re!) | (3.36)
Se, - E¢RNRet = 9, (4E¢T[pey])wyeu + 0a (71 e, 05 (8E¢T[5e”])) (3.37)

+ 0y (SEQST[“@”])T[aeﬁ]aa(eg) ,

where in order to derive the equations of motion we made use of the orthogonality and
completeness relations of the vielbein given in (3.10). In particular, starting from 7,7 +
epe” = 0y, we find after contracting with 7# and e/, the following identities for the variations
[52]

" = —vt¥ér, — e’vtde, , (3.38)
de” = —v"e!dT, — el'e”de,, (3.39)
along with the variation of the spin current, given by

dwy = —w, P07, + wye,0e’ + 2rleehl (Oa(dep)ey + Oaleg)de, — Oa(mp)dT, — 0a(dmp)Ty) .
(3.40)

It is instructive to verify that the Newton—Cartan geometry in (3.15), obtained previously
from the gauge connection, also solves the equations of motion above, precisely when
constraining to the saddle point values we found in (2.38).

3.5 The relationship between the first and second order formulations

Having shown that the Newton—Cartan geometry introduced above arises from a second-
order non-relativistic JT-type action, we now compare this description with the first-order
gauge theory formulation underlying the boundary construction. Our goal is to show how
the bulk fields appearing in the Newton—Cartan description are related to the variables of
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the first-order formalism, and to clarify in what sense the second-order equations reproduce
only part of the dynamics of the full first-order theory.
The BF action principle for Galilean de Sitter gravity in the first-order formalism is [30]

oo = [ [oR(G)+ 55 (nROD + R~ pB(P))| + % [ wr(). ()

Here ¢y and ¢; are the two arbitrary constants parametrising the invariant bilinear form in
(2.5), expressed in the Galilean basis and the two-form curvatures are given by

R(H)=dr, R(P)=de+wr, R(G)=dw——~

7276 R(M)=dm+we. (3.42)

The fields {n, (, p, ¢} are scalars, while {7, e,w, m} are one-forms. In this formalism, w), is
still a dynamical field. A general variation of (3.41) produces the boundary term

1 Co
0=c /W <¢>5w + E—Q(msm +CoT — p5e)> + 75 /é)/\/l noT . (3.43)

To obtain a well-defined variational principle, we impose boundary conditions at the
asymptotic de Sitter boundary, such that the scalar fields are proportional to the temporal
components of the gauge fields,
n=r, P =€, ¢:LUt, szt7 (344)
We conclude that the action must then in addition to (3.41) be supplemented by the
boundary term
1 1 Co

Iy = -5 dt<wt2 + E—Q(QTtmt - e%)) ~ 52 /dt 2. (3.45)
Now that the variational principle is well defined, variation of the action (3.41) with respect
to {n, p, ¢, (} imposes the flatness constraints

R(H)=0, R(P)=0, R(G)=0, RM)=0, (3.46)

for the curvatures defined in (3.42). One may solve algebraically these flatness constraints
in (3.46) to determine the spin connection w in terms of the other fields m, 7 and e finding

1 (0%
“n=EE ﬁ(aa(m/a’) i — Oales) eu) s (3.47)
where £ = —e'”7,e,. Note that this was precisely the form we used to define the second-

order formulation in (3.32). The variation with respect to {7, e,w, m} gives
1
dn=0, dp+wn—19p=0, do— 6—2(7',0—677) =0, d(4+wp—ep=0. (3.48)

Solving the curvature constraints (3.42) subject to the boundary conditions (3.44), we

obtain
T =0T (t)dt, (3.49a)
e=L0(—dr+ (Tt +1+L()dt), (3.49b)
w=—dr+ (rT(t)+1— L(t)) dt, (3.49¢)
m = 20rL(t)dt. (3.49d)
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where 7 (t) and L(t) are for now arbitrary functions. Substituting the temporal components
of the gauge fields in (3.49) into the boundary term (3.45), and using the expressions for
T and L in (2.14), we recover the Schwarzian-like action (2.12). Furthermore, the scalar
equations imply additional constraints on the auxiliary fields. From dn = 0 we obtain
n = 1o with 79 constant. Using the solution (3.49) in (3.48), one finds

olt.r) =" r+do(t),  plt.r) =mr+ polt). (3.50)

for arbitrary functions ¢g(t) and po(t). Substituting these expressions back into (3.48) then

yields
w1~ £0) — (Twan(t) + 220 — o, (3.51)
no(1+ L) — T(H)po(t) + zd@t(t) _o. (3.52)
Combining the last two equations, we obtain
d?> d(log(T)) d
(W - w a + V(qbo,E,T)) ¢o(t) =0, (3.53)
with the potential
d d(log(T d(log(T
V (0, £,T) = %0(7(1 o)+ 2 ( Ojt( )4 Ojt( )>> ~T200.  (350)

We emphasise that neither p nor  appears in the second-order action (3.31). A comparison
with the first-order formalism suggests that the second-order description corresponds to a
partially reduced sector of the full first-order theory, in which part of the auxiliary scalar
structure has already been solved for or fixed. In particular, the first-order scalar fields p
and 7 do not appear as independent variables in the second-order action, indicating that
their dynamics are encoded only implicitly through the reduced variables. We emphasise
that the equation (3.53) is reproduced in the second-order formalism, and therefore provides
a kinematical equation for the scalar field ¢. However, it is subject to the constraining
equation (3.36) coming from variation with respect to 7, in the second-order formalism,
suggesting that the gauge field 7, could be interpreted as a Lagrange multiplier in this

formalism.?

4 Discussion

In this paper, we considered the two-dimensional Galilean version of de Sitter space, of
which the symmetries are captured by the extended de Sitter-Galilei (EdS-G) algebra. We
studied aspects of both its bulk and boundary realisation.

On the boundary side, we employed a Schwarzian-like action to compute one-loop
contributions. We report that these contributions capture quantum fluctuations that

3We thank Professor Jorge Zanelli for pointing this suggestion out.
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dominate the low-energy density of states and at low temperatures we found the partition
function to be domintated by Zgqs.q(8) ~ B72. Here this 2 correctly reflects the factors
of 1/2 that are added corresponding to the four generators of the EAS-G algebra. To
arrive at this result, we derived the symplectic form entering the path integral measure
directly from the effective action by introducing Ostrogradsky canonical momenta. To
the best of our knowledge, this action-based derivation of the symplectic form has not
been emphasised in the literature. We also found that the logarithmic contribution is not
accompanied by an imaginary phase, in agreement with corresponding two-dimensional
relativistic computations [42, 43]. This contrasts with the relativistic result from four
dimensions [53, 54], which may be attributed to the intrinsically two-dimensional nature of
the present computation. It should also be pointed out that central charge c¢; drops out
of our final result — this is potentially a side-effect of choosing our vacuum in (2.38). We
furthermore assumed, in our computation, that the answer is one-loop exact. In light of
the close relation to the warped Schwarzian theory [37], this appears plausible, although it
certainly warrants further investigation. An exciting direction for future work would be
to construct a SYK-like realisation of this model. A possible source of inspiration in this
direction is [36], where related ideas were explored in the context of flat space holography
and the complex SYK model and its corresponding Carrollian counterpart.

On the bulk side we show that once the EdS-G algebra is geometrised into a Newton-
Cartan language, that one can construct a JT-like action of which this geometry solves the
equations of motion. We note in particular that, upon restricting to the torsionless sector
with dr = 0, the equation obtained by varying the JT-like action with respect to 7, involves
only first derivatives. It would be interesting to understand whether this JT-like action
reflects a deeper Lagrange-multiplier role for 7,, or whether it is simply a feature of the
torsionless truncation. We also leave a careful Hamiltonian analysis of this action for future
discussion. A natural next step for future study is to study bulk fluctuations around the
here studied background, along lines similar to recent analyses of logarithmic contributions
and Lichnerowicz-type zero modes in near-extremal black holes [53-56]. The goal would
be to use these zero modes to verify our prediction regarding the exponent factor of 372
entering in the partition function. Finally, we think this setup may also aid the exploration
of studying thermal gravitational settings in a non-Lorentzian setting.

We want to end by emphasising that in this paper we have contributed towards
paving the way for extending the holographic duality in low dimensions beyond relativistic
symmetries. In conjunction we also believe our results contribute to shaping tools for further
unwrapping the mysteries of de Sitter spacetime.
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A Ostrogradsky symplectic form for the Schwarzian theory

In this appendix, we show that the symplectic structure of the Schwarzian theory [44, 57-59]
can be recovered directly from Ostrogradsky variables.
We begin with the Schwarzian theory

Isan[f] = —/dT(SCh(f,T) + %f’g) : (A1)
We now expand to second order with f = f + 6 f deriving the
12 n
ggl_/d X (f _FJrﬁ)éf (A.2)
I = / 7 [ SR R J;,g of% — %5f’5f” + %w"?] : (A-3)

Now, we compute the Ostrogradsky conjugate momenta to d f to find

OLG, _ d (0L,
o(3f")

2 r £
= - = f / f 11 el

Dsf = a6 f) dr ) = f’2 [Sch(tanh2,7)(5f + 50 f" —560f ] (A.4)
Hence, the symplectic form which we will use to compute the measure is given by

0?) = / dr dPsy A d(5f)

2 ]
= / % {Sch(tanh g, T> dof' Ndof + ‘; dsf" NdSf — déf”' A déf} . (A.D)
0

The last term can be integrated by parts to find

B dr 7
0?) = /0 7 (461" A dsf' + 2 Sch(tanh §, 7)ds ' A df] (A.6)

Once evaluated on the classical solution f(7) = %’TT this gives the same as equation (114)
of [59] and equation (2.8) of [44].

B One-loop analysis for the warped Schwarzian action

In this appendix, we revisit the quadratic fluctuations of the warped Schwarzian action of
[37]. Our aim is to show that the one-loop partition function can be obtained directly from
the Ostrogradsky symplectic form, without appealing to the coadjoint orbit formulation.
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Starting from equation (5.5) of [37], we expand the fields in Fourier modes and rewrite the
result as a sum over positive modes only. This gives

B 2\ 2 2
5(2) — / dr [2_64 (6//2 . (%) 6/2) + %(J/ + ae/)? B K(E” + %6,) (CTI + ae/):|
0

4 2 2 2 k 271
= % Z [i <Fﬂ-) nQ(n2 —Depe—n + 26,6 — ﬂmﬂ(n + 1)6n5”:|
n

4 g
_ 8 i(ﬁ)an(nz et Ty 2T s (P50 — Bz D)
B &5 24\ 8 B 518
812 — k o 872 2mi N .
+ =5 2 ol = = 30 e (50 + Dall) (B.1)
n>1 n>1

We introduced & = o + ae to simplify the resulting expressions. Note that the n = 1 mode is
degenerate, since the determinant of the corresponding quadratic form vanishes. This sector
must therefore be treated separately in the path integral. We now turn to the symplectic
structure associated with the quadratic action. Using the Ostrogradsky prescription, the
quadratic symplectic form is constructed, where the canonical momenta are given by

oL® a (oc® 1 , , cr?, A4miak , 27 , 1 ,,
= —— — | —— | = —kao ———¢€ — - - , (B.2
D 50 7\ ae Qkaa + ko 3ﬂ26 3 € 3 KO — o (B.2)
oL® a (oL® 1. . omi
Po = W — E W = §]€O'/ — KE// — 7’{6/ . (B3)

Therefore we find

3

=l

B 2 .
o® :/0 dT[%kd&’/\d&—ﬁ(de’”/\de—l— (%) de A de) + 2k do’ A de — %nda'me]

2
=2y {%kn don NG + 5 (%) n(n? = 1) de A den + 2% )n(n — 1) d, A den]
n

2 3
—drk S ndel® Ads(D + 483 = (-”) n(n? — 1) del®) A deld) (B.4)
n>1 n>2 12 B
2 2
— 40k Z (%) n? (d&,(lR) A delf) 4 da(D A deg))
n>1

9 2
4Bk Y (%) n (e A del) - d5{ A del]) .

n>1

With respect to the basis z = {67(11{), &7(11)7 eglR), eg)} we may write

. A, =4rmkn,
0 A, -nB, —iB, )
02 — -A, 0 iB, —nBj, B, = 4liﬁ(%r> n, (B 5)
" nB, —iB, 0 Cn ’ 3 .
ZBn an _Cn 0 Cn = ? (%) n(nZ - 1) .
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D, 0 —iE, nE, D = =5k,
— g 3
e i R (5.6
—iE, —nE, F, 0 B
nE, —iE, 0 F, e fom\? ,

For modes with n > 2 the quadratic fluctuation integral is a standard Gaussian. The case
n = 1 is special, since the corresponding integral is not Gaussian and the symplectic form is
degenerate, and must therefore be treated separately. We denote its contribution by By (/3).
Thus the one loop partition function takes the form

- (2) (27'(')4 o ﬁ_ 1
Z(B) —Bl(ﬁ)nl;[QPf(Qn ) @ _25};[2 R (B.7)

In the last step, we used the zeta-function regularisation, and in the preceding step, we
used the following identities. For n > 2, we have

_ 327t
=35

6
\/ det 12 = 332; nt(n? — 1)(ck — 24x2). (B.9)

The remaining contribution comes from the n = 1 mode. In this case, we evaluate

Pf(Q%) n?(n? —1)(ck — 24K?), (B.8)

ar2i

2 ﬂ& 2 Tiker &
BI(B) = 211 {k/d&ld&]‘ +4Z‘I€(%r) /dﬂdﬁ'ﬂe_ar[ o> |G1]° —4Amike] 1] —28. (BlO)

The first term gives 23, while the remaining four mixed contributions evaluate to +47i and
cancel pairwise in the sum. This agrees with the result obtained in [37].

C The saddle from global conformal Galilean invariance

In this appendix, we give an alternative, algebraic characterisation of the saddle used in
the one-loop analysis. The key observation is that the global conformal Galilean de Sitter
algebra arises as a finite-dimensional subalgebra of the warped Virasoro algebra governing
the transformations of £(¢) and 7 (t). Requiring £(¢) and 7 (t) to be invariant under this
global subalgebra then singles out precisely the constant background used in the main text.

The global conformal Galilean-de Sitter algebra can be identified as a finite-dimensional
subalgebra of the warped Virasoro algebra introduced in (2.17) and given by

i{Lm,Ln} = (M —n)Lpym +c(n® =) dnimo, (C.1a)
i{Lm, Py} = —n Pryn +ix (m? —m) Sm+n,0 (C.1b)
i{P,,Pn} =0. (C.1c)

To describe the asymptotic dynamics of Newton-Cartan geometry in (1 + 1)-spacetime
dimensions, we use the conformal Galilean-de Sitter algebra given by

[H,D]=H, K,D]=-K, H, K] =2Z2. (C.2)
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We want to show that (C.2) is contained as a subalgebra in (C.1). In effect, looking at the
set {Lg, L1, P-1}, we observe that, (using the commutation relations (C.1)), they satisfy
the non-vanishing Poisson bracket relations

i{Lo,L1}=—Ly, i{Lo,P1}=P_1, i{L1,P1}=F. (C.3)

So, promoting i{ , } — [,] and making the identification Lo =D, Ly =H, P.1 =K, Py =
2Z, we recover (C.2) as a subalgebra of (C.1).
The gauge parameters o(t) and x(¢) admit the mode expansions

2mint 2mint
o(t) = Z e f oy, x()= Z e Xn (C.4)
nezZ nez
For the global subalgebra identified above, corresponding to the charges Lo, L1, P, the
relevant modes are

2mit _ 2mit
{0’0,6 B 0'1} {Xo,e B X—1}~ (05)
We now consider the transformation laws for £ and T in (2.15),
O£ = oL +2L0" +Tx' + X", (C.6a)
Sop)T =0T +0T —0o". (C.6b)

We analyse the allowed values of 7 and £ that satisfy conformal Galilean invariance.
This provides an algebraic characterisation of the background around which the one-loop
fluctuation analysis is performed. Evaluating the invariance conditions £ = 0 and 67 = 0
for each of the global modes (o, x) listed on the left gives the corresponding constraints on

T (t) and L(t).

_ 2mit

_ 2wt e B

(00, € P x-1): T(t) = A, L(t)=— p (AB + 2im)x—1 + B,
2mit 211 _ 2mit _ Amwit
(e 5 o1, Xx0) : T(t)=—7+C’e 5, L(t)y=De 7 ,
mi _2mi 211 _2mit Exy_q _smit _4mi
(eQﬁtal,e 2th_1): T(t):—%—i—Ee Qﬁt, [,(t):—Le 6Bt—I—Fe A
o1
(C.7)

Therefore, all these conditions are compatible if A = —27i/3, B=C =D =FE =F =0,
which implies that the arbitrary functions take the form

o
T(t) = —%, L(t)=0. (C.8)
The conditions (C.8) in terms of the Goldstone fields v and s translate to

u(t) = —% , s(t)=0. (C.9)

This is precisely the constant configuration for £ and 7 selected by invariance under the
global Galilean de Sitter algebra.
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D Equations of motion for the non-relativistic JT action

In this appendix, we present the equations of motion for the second-order non-relativistic JT
action written entirely in terms of lower-index Newton—Cartan variables. This formulation
is equivalent to the one presented in the main text, but its variation is somewhat simpler
since the action is expressed directly in terms of the one-forms 7,, e¢,, and m,. We have
explicitly verified that the resulting equations of motion are equivalent to those obtained
from the formulation used in the main text.

The action is

1
It e,m, ¢l = Kk /de e (8uwy — 8—27’“6”> , (D.1)
where the spin connection is given by
1
W= 3 P ((%m[gm - 8,16,36“) , (D.2)
and E = —e”1,e,. If one furthermore wishes to impose the torsionless condition dr = 0,

this may be implemented by introducing a Lagrange multiplier ¢ and adding the term
LS /de(e’“’a T, (D.3)
02 w '

to the action. Variation with respect to ¢ then imposes €#”0,7, = 0, which is equivalent
to d7 = 0. We now vary the action with respect to the dynamical fields. For simplicity,
boundary terms arising from integrations by parts will be omitted.

0 : e (auw,, - %27#6,,) =0,

1
dmg : B, (Eaugbﬂ,) =0, (D.4)
5T - av _pB aB uv g ) L uv =0
Ty (e e"Pegwa +€e amg) Lo — €—26 e, =0,

Sey. : Pvean w98 0ne | 0,6 + B eh | =0 B e =0
ey e’ e rowg — e 0nep |0y + B’V e 0, E,,d)@g +£—2€ 0 =0.
These equations are equivalent to (3.34) obtained from the formulation presented in the
main text.
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