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Abstract

Light matter coupling is a �eld that has rapidly grown in the past de-

cades to become one of the most important interdisciplinary research sub-

ject. It combines the phenomena of condensed matter and quantum optics

and brings a new panel of unique e�ects. Therefore, studying the combi-

nation of what is best in both those �elds may lead to breakthroughs and

deeper understanding. In this manuscript, we theoretically investigate the

in�uence of a polarized electromagnetic �eld on one of the most famous and

unique type of two dimensional materials : Dirac materials.

To do so, we �rst study the in�uence of this so called 'dressing' �eld, on the

simplest of those materials, one graphene monolayer. Then we slightly com-

plicate the problem and move to gapped Dirac systems such as Transition

metal Dichalchogenides and graphene grown on a Boron Nitride substrate

or massive electrons in a Dirac like system such as in Bilayer graphene. Fi-

nally we look for a way to control all optically the dynamics of electrons in

graphene and to use the valley index as a selection parameter. In order to

perform this theoretical work, we slightly study two tools for time dependent

study of periodic systems : the Floquet-Magnus framework for time periodic

system and the Gaussian wave packet simulation for Dirac systems.
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Utdrattur

Víxlverkun milli ljóss og efnis er umræðuefni innan eðlisfræðinnar sem he-

fur stækkað ört undanfarna áratugi og orðið að einu mikilvægasta rannsók-

narsviði. Sviðið blandar saman áhrifum úr þéttefnisfræði og skammtaljós-

fræði og hefur sína einstöku eiginleika. Með því að skoða hvaða eiginleika

þessara tveggja sviða er best að setja saman, getur leitt til nýjunga og be-

tri skilnings. Í þessari ritgerð, rannsökum við fræilega hvaða áhrif skautað

rafsegulsvið hefur á einu þekktasta klasa tvíviðra ker� : Dirac efni.

Til að ná markmiðinu, skoðum við fyrst áhrif svokallaðs klæðningarsviðs

á einfaldasta efninu, einu lagi af grafíni. Síðan er fariðí �óknari ker� sem eru

Dirac efni með orkugeil eins og hliðarmálma-díkalkógeníðar (e. transition

metal dichalcogenides) og grafín sem hefur vaxið á undirlagi úr bóron-nítriði

eða rafeindir sem hafa massa í tveggja laga grafíni. Loks skoðum við aðferð

til að stýra eiginleikum rafeindir með ljósi í grafíni og að sía rafeindir þar eftir

dalavísi þeirra. Til þess að framkvæma þessa vinnu, er notast við tvö verkfæri

til að meðhöndla ker� sem eru lotubundin í tíma. Eitt er Floquet-Magnus

formalisminn og hitt er hermun rafeinda í Dirac kerfum með Gaussískum

bylgjupókkum.
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1. Introduction

1.1. Electron gas systems

The study of the �ow of charged particles, or electric current, has lead in

the past centuries to huge technological improvements especially in the �eld

of information transmission and energy transport and conversion. At the

macroscopic scale, the simplest devices we could think about are the light

bulb and the telegraph, which during the XIXth century were part of the

most advanced technological devices. The transit from the macroscopic scale

to the microscopic one, lead to the development of di�erent ways to precisely

control the �ow of electrons and to the electronic technological revolution.

The basis of this phenomena, is the the displacement of charged particles,

generally electrons, through a conductive medium. These displacements

are dictated by the electromagnetic force, the intrinsic characteristic of this

interaction make the charged particles move from a higher electric potential

to a lower one, independently to the material they are moving in.

The understanding of the electronic structure of solids mostly comes from

the observation of their crystallographic symmetry groups and from the

study of the constituent atoms orbitals. Band theory, which is a direct

consequence of the existence of the atomic orbitals, tells that electrons in

solids form energy bands of quantum states that they occupy. The structure

of this bands give solids their electronic properties i.e. their classi�cation as

a metal, semiconductor or insulator and the charge carriers dynamics inside

them.
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1 Introduction

Several theoretical, numerical and experimental techniques have been de-

veloped in order to �nd the band structure of all kinds of crystalline solids

(k · p theory, Density Functional Theory, Quantum oscillation experiments,

photoemission spectroscopy). Using those tools, the band structure of a

large number of solids has been calculated, such as semiconductors with a

Zinc Blende crystal structure such as GaN. We display, as an example, a

simpli�ed version of its band structure at 300K in �g 1.

split-off band

lh & hh band

k

E

Eg

Es0

Figure 1.1 � The band structure of a direct gap semiconductor, here with a Zinc
Blende crystal structure. In the case of GaN the band gap Eg is 3.2
eV and the heavy and light holes e�ective masses are the very close.
The s-type conduction band lies above the Fermi energy, while the
valence band has a triple subband structure due to the mixing of the
three p-orbital states.

In intrinsic semiconductors, the Fermi level lies in the gap between the

conduction and the valence bands. Due to spin-orbit interaction, the valence

band splits into three subbands, the two holes bands and the split-o� band.

The two holes subbands contain light-holes (lh) and heavy-holes (hh) and

are degenerated at the center of the Brillouin zone (Γ point). Since the
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1.1 Electron gas systems

maximum of the valence band and the minimum of the conduction band

are situated at the same wave vector value, GaN is de�ned as a direct gap

semiconductor.

In order to understand how those band will be �lled depending on the

parameters of the system, we need to introduce the Fermi-Dirac distribution,

which de�ne the occupation probability of fermions, depending on the energy

of the particle and on the temperature:

f(E) =
1

e(E−µ)/kBT + 1
, (1.1)

where E is the energy of the electron, µ is the chemical potential, kB is the

Boltzmann constant and T is the temperature.

0K 200K

400K 600K

800K 1000K

0.9 1. 1.1
0

0.5

1

Figure 1.2 � Fermi-Dirac distribution for di�erent temperatures

At equilibrium, for T = 0, all the states up to the Fermi energy EF = µ

are �lled while those above are empty. Since the distribution (1.1) is P-

symmetric, if an electron �ows in one direction, there will be an electron with

the same properties propagation in the opposite direction. Therefore, no

electric current is �owing in the present case. For temperatures di�erent from

zero, the occupation probability becomes non zero above the Fermi energy.

In the case of semiconductors, where EF lies between the conduction and

the valence band (see 1.1), the electrons can use the little excess of energy to

15



1 Introduction

get thermally excited from the valence to the conduction band. Under the

application of an external electric �eld, they will accelerate and create an

electric current. After the transition of the electron from the valence band to

the conduction band, one negative charge is missing in the valence band. The

common conceptual way to study the behavior of any system with a nearly

full band, is to study how it behaves when possessing the missing particles.

Therefore an absence of an electron in a former fully occupied band is called

an electron hole, or hole. Consequently, they have a net positive charge

and are accelerated in the opposite direction of the electrons. In the case of

insulators, the band gap is so large that the temperature necessary to create

a thermal transition is to high to be considered as a moderate temperature.

Therefore there is no possible transition between the valence band and the

conduction band and no current can appear.

Near the band edges, one good approximation is to consider the dispersion

of both electrons and holes parabolic. Therefore, the electron and hole are

considered free but with masses di�erent from the vacuum ones and not

necessarily isotropic. The new masses are called e�ective masses and are

de�ned as tensors. For this reason, near the band edge, electrons in solids

are usually called free electron gases or free hole gases. Before we try to

understand why the technology of two dimensional electronic systems might

be revolutionized by the discovery of graphene, we are going to make a

geometrical classi�cation of systems of di�erent dimensionality based on the

de Broglie wavelength of electrons, λ = h/p, where h is the Planck constant

and p the momentum of the electron.

The most common form of metals, semiconductors and insulators in na-

ture is the bulk one. In this case electrons are uncon�ned and free to move

in the 3 spatial directions. The most opposite geometry is the quantum dot,

where they are con�ned in box with lateral size smaller than the electron

wavelength. The two last possibilities are obviously the 1 and 2 dimension

con�nement, respectively the quantum well and the quantum wire. Manag-

ing to obtain any dimensionality using a given material is a very important
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1.2 Graphene

and active �eld both in scienti�c research and industry. Materials which can

be patterned to �t in any dimensionality are quite rare and usually have

amazing properties.

1.2. Graphene

1.2.1 General properties

Silicon based transistors drive the modern computing revolution. The size

of transistors has consistently been decreasing allowing more transistors to

be packed onto a single chip thereby increasing computers power. According

the Moore's law, the improvement rate is doubling the number of transistor

on a chip every two years. The economic reason for such a phenomenal rate is

the $1 trillion computer market driven by a worldwide demand for faster and

more a�ordable computers. The physical reason behind the growth rate is

the ability of engineers and scientists to fashion silicon into smaller and more

e�cient computer circuitry. The most recent Intel processor has a transistor

with a channel length of 10 nm with high expectations of dividing this size

by two around 2020, we here have an example of true nanotechnology. But

this incredible speed of technological improvement, will at some point reach

some fundamental limit and an alternative to silicon will have to be found.

A potential one is carbon bases structures which show superior electrical,

mechanical and thermal properties to silicon.

In Mendeleev periodic table, carbon and silicon are direct neighbours,

they both have 4 valence electrons. But the distribution of the energies

those electrons is way tighter in graphene than silicon, making easier the

mixing of their wavefunctions and therefore their hybridization. In carbon,

these valence electrons give rise to 2s, 2px, 2py, and 2pz orbitals while the

2 inner shell electrons belong to a spherically symmetric 1s orbital that

is tightly bound and has an energy far from the Fermi energy of carbon.

For this reason, only the electrons in the 2s and 2p orbitals contribute to

the solid-state properties of graphite. This unique ability to hybridize sets

17



1 Introduction

carbon apart from other elements and allows carbon to form 0D, 1D, 2D,

and 3D structures.

Graphene, a 2D allotrope of carbon, is made out of carbon atoms arranged

on a honeycomb structure made out of hexagons (see Figure 1.3), and can

be thought as composed of benzene rings stripped out from their hydrogene

atoms. Fullrene, a 0D carbon structure based on graphene, can be obtained

with the introduction of pentagons, and hence can be thought as wrapped

up graphene. Carbon nanotubes can be obtained by rolling a graphene

monolayer along one direction and reconecting the carbon bonds, they can

therefore be considered as 1D objects. Graphite, a 3D allotrope of graphene,

was known and used way before the beginning of the history of modern

science, for writing and drawing for example. Its property to leave a mark

on a solid surface when scratched on it, comes from the fact that graphite

is made of a large number of graphene monolayers that are weakly coupled

to each others by van der Waals forces. Although graphene is the base

on which all those allotropes are built and has been produced many many

times during the history of mankind it has been isolated only recently [1].

One may wonder why such a simple material has not been deeply studied

in the past. The �rst reason is that no one expected graphene to exist in

the free state and secondly, no experimental tools existed to �nd a one atom

thick �ake left among the pencil debris covering the macroscopic area of

the experiment. Graphene was eventually spotted due to the subtle optical

e�ect in creates on top of a very special type of substrate [1]. To summarise,

graphene is extremely easy to make but not so easy to detect.

The electronic properties of graphene are strongly related to its unique

structural �exibility. The sp2 hybridization between one s-orbital and two

p-orbitals leads to a triangular planar structure with formation of σ-bond be-

tween atoms which are separated by 1.42 Å. Those σ-bonds are responsible

for the robustness of the lattice structure in all dimensions. The una�ected

π-orbital, which is perpendicular to the planar structure can bind covalently

with neighbouring carbon atoms, leading to the formation of a π-band. Since

18



1.2 Graphene

A

B

a
1

a
2

k
y

k
x

K’

K

Γ M

Figure 1.3 � (Left) Lattice structure of graphene made out of two interpenetrating
triangular lattices; (Right) Corresponding Brillouin zone. The Dirac
cones are located at the K and K' corners.

each p-orbital has one extra electron and according to the Pauli principle,

the π-band is half �lled.

One of the most interesting aspects of graphene, is that its low energy exci-

tations are massless, chiral, Dirac fermions. This particular dispersion, that

is only valid at low energy, i.e., close to the Dirac points that we will de�ne

later, mimics the physics of quantum electrodynamics (QED) for massless

fermions, except that in graphene the Dirac fermions move at a speed vF

that is 300 times lower than the speed of light c. Hence, many of the unusual

properties of the QED, may appear in graphene, but at much smaller speeds.

One of the most interesting feature of Dirac fermions is their insensitivity

to external electrostatic potentials due to the so-called Klein paradox, i.e.,

Dirac fermions can be transferred through a classically forbidden region with

a probability one [2]. We will discuss in detail this phenomenon further in

the thesis. The control of graphene properties has been and continue to be

extended in new directions allowing for creation of graphene based systems

and hopefully in the near future graphene will be the next step in the never

ending search of the components for electronics.
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1 Introduction

1.2.2 Elementary electronic properties of graphene

Graphene is an allotrope of carbon consisting of a single layer of carbon

atoms arranged in an honey comb lattice as shown in Figure 1.3. The

structure is not a Bravais lattice, but can be seen as a triangular lattice

with a basis of two atoms per unit cell. The lattice vectors can be written

as:

a1 =

√
3a

2

(√
3, 1
)
, a2 =

√
3a

2

(√
3,−1

)
(1.2)

where a ≈ 1.48 Åis the inter atom distance. The reciprocal lattice vectors

can be written as:

b1 =
2π

3a

(
1,
√

3
)
, b2 =

2π

3a

(
1,−
√

3
)

(1.3)

Two particular points in the reciprocal space of graphene, at the corners

of the Brillouin zone (BZ), give to graphene its unique properties. We will

call them Dirac points, and detail later why they are called like this. Their

position in the momentum space can be expressed as :

K =

(
2π

3a
,

2π

3
√

3a

)
, K′ =

(
2π

3a
,− 2π

3
√

3a

)
(1.4)

In order to use the tight binding approach we need to de�ne the nearest

neighbours vectors :

δ1 =
a

2

(
1,
√

3
)
, δ2 =

a

2

(
1,−
√

3
)
, δ3 = −a (1, 0) (1.5)

The tight binding Hamiltonian, considering that electrons can only hop

to the nearest neighbours can be written has :

20



1.2 Graphene

ĤTB = −t
∑
〈i,j〉,σ

a†σ,ibσ,j + h.c. (1.6)

where a†σ,i
(
a†σ,i

)
annihilates (creates) an electron with spin σ on the site

Ri on the sublattice A (the de�nition is equivalent for the sublattice B),

t (approximatively 2.8 eV) is the nearest neighbour hopping energy. This

Hamiltonian can be expressed in the continuum limit as [3, 4]:

Ĥ =

(
0 −tg∗ (k)

−tg (k) 0

)
(1.7)

where :

g (k) =
∑
j

exp (iδj ·k) . (1.8)

And with the associate eigenenergies :

E± (k) = ±t
√

3 + f (k)

f (k) = 2 cos
(√

3kya
)

+ 4 cos

(√
3

2
kya

)
cos

(
3

2
kxa

)
(1.9)

where the plus sign design the upper (π) and the minus sign the lower

(π∗). From the dispersion (Eq.1.9, Figure 1.4), we can see that there are

indeed 6 special point, corresponding to the 6 corners of the Brillouin zone

(see Figure 1.3), and they can be sorted in two categories of so called Dirac

points that we will now denote as K and K' as de�ned previously. In the same

�gure we show a zoom of the band structure close to one of the Dirac points.

The Hamiltonian and the dispersion close to this area can be obtained by
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1 Introduction

Figure 1.4 � (Left) Energy spectrum (Right) Zoom close to one of the Dirac points.

performing the Taylor expansion of (1.7) and (1.9) close to K (or K') as :

k = K + q with |q| � |K|:

Ĥ = ~vFk · σ̂ (1.10)

E± = ±~vF q

where vF represent the Fermi velocity which can be expressed as vF =

3ta/2~ with the value vF ≈ 106m/s [5, 6].

If there is a di�erence between the electrons potential in sublattices A and

B, a band gap is opened at the Dirac points. The gap can be obtained by

many methods. For exemple, growing a graphene monolayer on a substrate

with a di�erent lattice constant will induce a lattice mismatch[7,8]. Also, a

method commonly used is to stretch the graphene monolayer to obtain the

same result [9, 10]. The new Hamiltonian close to the Dirac points can be

expressed as :
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1.2 Graphene

Ĥ =

(
∆g/2 ~vf (ξkx − iky)

~vf (ξkx + iky) −∆g/2

)
(1.11)

where ∆g is the energy splitting between the two sublattices and xi is the

valley index. The eigenvalues of such Hamiltonian can be expressed as :

E± = ±

√
(~vFk)2 +

(
∆g

2

)2

. (1.12)

A graphene band gap can also be obtained by applying a mono chromatic

laser �eld in the mid infra red range to the sheet [11,12]. This e�ect will be

developed in details later in this thesis.

1.2.3 Dirac Fermions

We now consider the Hamiltonian (1.6) and consider the Fourier transform

of the electron operators:

an =
1√
N

∑
k

e−ik ·Rna (k) (1.13)

where N is the number of unit cells. Therefore, using this expression a,d

taking into account the contributions from both valleys, one can obtain a

simple expression for low energies i.e. close to the Dirac points:

an ≈ e−ik ·Rna1,n + e−ik ·Rna2,n (1.14)

where the index i = 1 (i = 2) refers to the K (K') valley. In order to

obtain a valid, simple expression for the Hamiltonian (1.6), we will use this

representation of the electron operator. After some algebra, one may obtain:
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1 Introduction

Ĥ = −ivF
∫ (

Ψ̂†1σ∇Ψ̂1 + Ψ̂†2σ
∗∇Ψ̂2

)
dxdy (1.15)

where σ = (σx, σy) ,σ
∗ = (σx,−σy) and Ψ̂i = (ai, bi). One can see that

(1.15) is composed of two Dirac-like Hamiltonians, one around K and the

other around K'. Therefore, we can write, in terms of the �rst quantization,

in the vicinity of the Dirac points:

vFσ ·kψK = EKψK , vFσ
∗ ·kψK′ = EK′ψK′ . (1.16)

The Hamiltonian (1.16) is, from a formal point of view, exactly that of an

ultra-relativistic (or massless) particle of spin 1/2, with the velocity of light

c replaced by the Fermi velocity vF , which is 300 time smaller. Furthermore,

the "left-handed" particle described by (1.16) (close to the K point) is not

equivalent to its counterpart in the K' valley, corresponding to a "right-

handed" particle. The eigenfunction, in the vicinity of the Dirac points, can

be expressed as :

ψ±,K =
1√
2

(
e−iθk/2

±eiθk/2

)
, ψ±,K′ =

1√
2

(
eiθk/2

±e−iθk/2
,

)
(1.17)

where the plus minus sign correspond to the two eigenenergies E = ±~vFk
and θ = arctan (qy/qx). Since the two valleys are linked by the time reversal

symmetry, if the origin of the reciprocal space becomes the M point (see

1.3), the time-reversal symmetry operation becomes equivalent to a re�exion

operation along the kx axis.
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1.2 Graphene

1.2.4 Klein Tunnelling

As shortly discussed in the introduction, Klein tunneling is one of the most

peculiar and interesting properties of Dirac fermions. In order to properly

understand it, we will now study the scattering of chiral electrons in two

dimensions by a square potential barrier in a single valley. Figure 1.5 de-

scribe the problem studied. In this part as in the totality of this thesis, we

assume that there is no inter-valley scattering. First using a simple gauge

transformation we rewrite (1.17):

ψ±,K =
1√
2

(
1

±eiθk

)
(1.18)

Figure 1.5 � (Top) Schematic picture of the scattering of Dirac electrons by a
square potential (Bottom) Top view of the 2D problem. This �gure is
taken from [3].

The simplest way to solve this problem i.e. �nd the ratio of electron which

are transmitted, is to write the wave function of the Dirac fermion in each

region, write the wave function continuity at the edge of each region, and

then solve the system of equations obtained for the transmission coe�cient.
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The wavefunction in the di�erent regions can be decomposed in an incident

wave and re�ected one. In region one, we obtain:

ψI =
1√
2

(
1

seiφ

)
ei(kxx+kyy) +

r√
2

(
1

sei(π−φ)

)
ei(−kxx+kyy) (1.19)

where φ = arctan(ky/kx). In region II we have:

ψII =
a√
2

(
1

s′eiθ

)
ei(qxx+kyy) +

b√
2

(
1

s′ei(π−θ)

)
ei(−qxx+kyy) (1.20)

with θ = arctan(qx/ky) and qx de�ned by:

qx =
√

(V0 − E)2 − k2
y (1.21)

And in region III, only the transmitted wave is present:

ψIII =
t√
2

(
1

seiφ

)
ei(kxx+kyy) (1.22)

with s = sign(E) and s = sign(E−V0). The wave function continuity can

be written as : ψI (0, y) = ψII (0, y) and ψII (D, y) = ψIII (D, y). Unlike

the Schrodinger equation we only need to match the wavefunction but not

its derivative. Therefore, solving those equations for t, one can express the

transmission coe�cient T (φ) = tt∗, �rst in the general case then in the

special case of high potential barrier (|V0| � E):

T (φ) =
cos2 (φ)

(cos (Dqx) cos (φ) cos (θ))2 + sin2 (Dqx) (1− ss′ sin (φ) sin (θ))

(1.23)
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1.2 Graphene

T (φ) =
cos2 (φ)

1− cos2 (Dqx) sin2 (φ)
(1.24)

Figure 1.6 � Angular bahavior of the transmition coe�cient for two values of V0:
V0 = 200meV dashed line and V0 = 285meV solid line. The other
parameters are D = 110nm (top), D = 50nm (bottom), E = 80meV ,
λ = 50nm. This �gure is taken from [3].

A way to explain this e�ect, is through the conservation of the pseudo-

spin [13]. An electron which is described by Eq. (1.16), carries a pseudo-spin

one half, related to its freedom to be either on sublattice A or B. This new

degree of freedom is encoded in the fact that the electron wavefunction is a

bispinor and the Hamiltonian is a 2x2 matrix in the sublattice space. We

therefore de�ne the chirality operator (or helicity) as:

Ĉ =
k̂ · σ̂
k

(1.25)

Its eigenvalues are C = ±1. When there are no potentials, it commutes

with Hamiltonian and therefore is a conserved quantity. The chirality oper-
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Figure 1.7 � Side view of (left) AA stacking and (right) Bernal stacking bilayer
graphene with various hopping parameters

ator can therefore be diagonalized using the same eigenvector as the Hamil-

tonian, we therefore obtain:

Ĉ |k,±〉 = ± |k,±〉 . (1.26)

Therefore, in the case of the simple Dirac Hamiltonian, chirality C is just

the band index.

If the electron tries the backscatter on the square potential, due to con-

servation of chirality it has to also reverse its pseudo-spin. However, the

potential does not act on the sublattice space, and therefore cannot reverse

the pseudospin. Backscattering is therefore impossible.

1.2.5 Bilayer graphene

Naturally, one may wonder what would be the properties of two stacked

graphene monolayers and what would be the main di�erences with the single

monolayer system. As one would expect the two di�erent cases have many

similarities such as high conductivity at room temperature and mechanical

sti�ness and �exibility. Therefore bilayer graphene as monolayer graphene

28



1.2 Graphene

has potential for future applications in many areas. The main di�erence

lies in the low-energy band structure. Like monolayer there is no band gap

between the conduction band and the valence band, but the low energy

dispersion is quadratic rather than linear. This means that electrons in

bilayer graphene behave like massive chiral particles. In this part we will

study why does this property appear and what are the consequences on the

dispersion.

The tight-binding Hamiltonian (1.6) can be extended to stacks with a

�nite number of graphene layers. The simplest case is bilayer graphene

[14, 15]. Bilayer graphene can exist in two forms, the Bernal-stacked one

[16], where atoms of one sublattice lie directly over the center of a hexagon

in the lower graphene sheet or less commonly in the AA form in which the

two layers are exactly aligned. It is also possible to obtain twisted layers

where one is rotated relative to the other [17]. The most common bilayer

structures are shown in Figure 1.8. In this manuscript we will focus our

attention on Bernal stacking bilayer graphene.

Using the same tight-binding approach as for (1.6), and not considering

the spin dependence, we write the Hamiltonian associated to this problem

[3]

ĤAB =− γ0

∑
m,〈i,j〉

(
a†m,ibm,j + h.c.

)
− γ1

∑
j

(
a†1,ja2,j + h.c.

)
(1.27)

− γ3

∑
j

(
a†1,jb2,j + a†2,jb1,j + h.c.

)
− γ4

∑
j

(
b†1,jb2,j + h.c.

)

where am,i (bm,i) create an electron annihilates an electron on the sub-

lattice A (B) on the layer m = 1, 2. We here use the graphite notation for

the hopping parameters: γ0 = t is the in-plane hopping energy, γ1 is the

hopping energy between atom A1 and A2, γ3 between A1 (A2) and B2 (B1)

and γ4 between B1 and B2.

In the continuum limit, by expanding on momentum around the K points
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as previously for monolayer graphene, Hamiltonian (1.28) can be expressed

on the basis Ψ = (ΨA1 ,ΨB1 ,ΨA2 ,ΨB2) as [14]:

ĤAB =


εA1 vFπ

† −v4π
† v3π

vFπ εB1 γ1 −v4π
†

−v4π γ1 εA2 vFπ
†

v3π
† −v4π vFπ εB2

 (1.28)

where vi =
√

3aγi
2~ and π = ξpx + ipy. In order to only keep the bands rele-

vant for energies close to the Fermi level, we need to eliminate orbitals related

to the dimer sites and obtain a two-band Hamiltonian for low energies. Us-

ing the procedure described in [14] we write a two bands Hamiltonian on

the basis (ΨA1 ,ΨB2) under the condition that intra and inter layer hoppings

are larger than the other energies [15] :

ĤAB = Ĥ0 + Ĥω + Ĥ4 (1.29)

Ĥ0 = − 1

2m

(
0

(
π†
)2

π2 0

)
(1.30)

Ĥω = v3

(
0 π

π† 0

)
− v3a

4
√

3~

(
0

(
π†
)2

π2 0

)
(1.31)

Ĥ4 =
2vF v4

γ1

(
π†π 0

0 ππ†

)
(1.32)

where m = γ1/2v
2
F is the e�ective mass given to the electron due to

hopping between the non-dimer sites and the dimer sites.

Here we assume that the on-site energies are equal on both layer and both

sublattices. We will now shortly describe the in�uence of each term in order

to properly understand the electronic properties of the system.

The Hamiltonian H0 describes massive chiral electrons. It dominates at

low energies, so that the other terms can be considered as perturbations of
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1.2 Graphene

it. For example, the term π2/2m accounts for an e�ective hopping between

the non-dimer sites A1, B2 via the dimer sites B1, A2 consisting of a hop

from A1 to B1 (contributing a factor vπ), followed by a transition between

B1, A2 dimer sites (giving an e�ective mass to the electrons), and a hop

from A2 to B2 (a second factor of vπ). The solutions are massive chiral

electrons, with parabolic dispersion E = ±p2/2m.

Outside of the low-energies conditions, when the momentum is far from

the K-point, there is a triangular perturbation of the circular iso-energetic

lines known as triangular warping, e�ect which also appear in graphene

(by taking into account the second nearest neighbours in the tight binding

calculation) and in graphite. It occurs because the band structure follows

the crystal lattice symmetry which is described by f(k) de�ned in (1.9) [18].

In bilayer graphene, the triangular warping arises due to the γ3 hopping,

i.e. hopping between the sites A1 and B2. This e�ect is described by Ĥω.

The second half of it arises from the Taylor expansion of f(k) and has

dependence in square of the momentum. Therefore since the coe�cient is

of a comparable order with Ĥ0 this term will slightly modify the e�ective

mass of the chiral electron. The �rst half has a more important impact

on the dispersion, it causes triangular warping of the iso-energetic lines.

For energies lower than 1 meV, the topology of the Fermi surface changes

drastically, a Lifshitz transition occurs, creating 4 pockets, one central one

and three leg pockets. This e�ect will be discussed in more details in the

second part of this manuscript.

The last term of the Hamiltonian, Ĥ4, describes interlayer coupling of

dimer and non dimer sites. Due to this term electron-holes assymetry occurs

in the band structure as it can be obviously seen by studying the energy

dispersion associated to Ĥ0 + Ĥ4. This e�ect will not be studied further in

this manuscript but has been added for consistency.
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Figure 1.8 � (left) Isoenergetic lines of the low energy spectrum of bilayer graphene.
(right) 3 dimensional plot of the low energy spectrum. The axis unit
is the percentage of the Brillouin zone.

1.3. Light-Matter Interaction

Due to the laws of conservation of energy and momentum, the absorption

of a photon, belonging to an incident electromagnetic �eld, by a free electron

is impossible. These processes are appreciable only if the scattering-induced

washing of electron energy, is comparable with the photon energy ~ω. In the

frame work of classical physics, a charged particle interacts with radiation

or any external electromagnetic �eld a as described by Newton's second low

of motion:

∂

∂t
p = eE +

e

c
v ×H (1.33)

where E and H are respectively externaly applied electric and magnetic

�elds. Introducing a phenomenological relaxation time and neglectic the

contribution of the magnetic component of the electromagnetic �eld irra-

diating a 2D electronic system, we can express the time derivative of the

momentum as:

∂

∂t
p = −p

τ
+ eE//(t) (1.34)

where E//(t) is the inplane component of the electric �eld. Any out of
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1.3 Light-Matter Interaction

the plane component would be irrelevant since it would not contribute to

accelerate electrons in a purely 2D system. Assuming that the momentum

has the same oscillation frequency as the �eld, ∂
∂tp = −iωp, one can write

the expression linking the momentum to the electric �eld:

p =
eE//(t)
1
τ − iω

(1.35)

Using the well known equations of classical electro dynamics, j (t) = nev =

σE//, one obtain:

σ (ω)

σ0
=

1 + iωτ

1 + ω2τ2
(1.36)

The absorption coe�cient coming from the intrasubband scattering of free

carriers can be expressed as :

α (ω) =
σ0

ε0cηr

1

1 + ω2τ2
(1.37)

where ηr is the refractive index of the medium. In the low frequency limit,

ωτ � 1 one obtain:

α (ω) =
σ0

ε0cηr
(1.38)

whereas in the high frequency one, ωτ � 1 the absorption coe�cient

behaves as ω−2, and can be considered as negligible:

α (ω) =
σ0

ε0cηrω2τ2
. (1.39)

In order to calculate the inter and intra band transitions, the calculation
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can no longer be performed in a classical way, quantum formalism must be

used. The electric and magnetic components of an electromagnetic �eld can

be expressed depending on the vector potential A and the scalar potential

φ in the following form [19]

E = −∇φ− ∂A

∂t
(1.40)

B = ∇×A (1.41)

In quantum mechanics, the interaction between a fermion and an electro-

magnetic �eld is usually described in the framework of the minimal coupling.

In Cartesian coordinates, the Lagrangian of a non-relativistic particle in an

EM �eld can be expressed as :

L =
1

2
m
∑
i

ẋ2
i + q

∑
i

ẋiAi − eφ (1.42)

In the framework of Lagrangian physics, the generalized momenta is given

by :

pi =
∂L
∂ẋi

= mẋi + qAi (1.43)

The velocities can therefore be expressed as:

ẋi =
pi − qAi

m
(1.44)

In the end, considering the scalar potential to be zero, the description

of the fermion-photon coupling can be done by performing the canonical

transformation:
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1.3 Light-Matter Interaction

pi → pi − qAi. (1.45)

Considering the simplest model i.e. in�nite quantum well, the photons of

the EM �eld, can be absorbed when an electron jumps from the valence band

to the conduction band. In the case of a weak EM �eld, the Hamiltonian

can be split into an unperturbed part H0 and a time dependent perturbation

part HD (t):

Ĥ = Ĥ0 + ĤD (t) . (1.46)

Let us consider �rst the case of a two dimensional electron gas under

submitted to a spatially homogeneous EM �eld, where bare electrons can

be described by a simple free particle Hamiltonian. Neglecting the second

order in A, the electron-photon coupling term can be expressed as:

ĤD (t) =
e

2m
A ·p (1.47)

The Fermi's golden rule describes the transition rate, from one energy

eigenstate to another one a�ected by a weak perturbation:

Pi,f =
2π

~
|〈f |HD (t)| i〉|2 ρ (1.48)

where ρ is the density of �nal states. This expression can be used in our

case for transition from the valence band to the conduction band with one

photon, of frequency ω, absorption :

Pv,c =
2π

~
|〈c |HD (t)| v〉|2 δ (Ec − Ev − ~ω) (1.49)
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where Ec and Ev are respectively the energy of levels c and v.

1.4. Electromagnetically dressed graphene

In the previous parts of this manuscript, we looked into the basic proper-

ties of bare two dimensional systems and considered the e�ect of an external

EM �eld on the electronic properties of two dimensional systems. We will

now use this knowledge to study the electronic properties of graphene under

an electromagnetic �eld in the high frequency limit and get some strong ba-

sis in order to later create in-situ light tuned systems that may bring some

insight on how to create new electronic devices using Dirac systems.

Figure 1.9 � A graphene sheet dressed by (a) circularly polarized electromagnetic
wave with the amplitude E0 and frequency ω and (b) linearly polarized
one. Figure is taken from [12]

We here consider a monolayer of graphene, lying in the xy-plane, illumi-

nated by a continuous wave with frequency ω (see Figure 1.9). Electronic

properties of graphene mostly depend on the band parameter close to the

band edge i.e. the Dirac points. Therefore, for clarity purposes, the follow-

ing description will be performed close to the Dirac point, at low energies.

The bare system is described by the Hamiltonian (1.9). If Aω (t) is time

periodic vector potential of the laser �eld then using the minimal coupling

approach, the following substitution on (1.9) is performed [3]
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1.4 Electromagnetically dressed graphene

k→ k− e

~
Aω (t) . (1.50)

Therefore the single electron time dependent Hamiltonian can be ex-

pressed as :

Ĥ = ~vF
(
k− e

~
Aω (t)

)
· σ̂. (1.51)

In the following we consider the case where the absorption coe�cient is

almost zero. In order for this assumption to be realistic, we need to set

the frequency of the EM �eld to be much larger than the energy di�erence

between the graphene bands close to the Fermi Level. Electrons under the

in�uence of such �eld will be called "dressed electrons" in this thesis. Of

course this allows for photoexcitations of electrons to the states far above

the Fermi level, but at this energies, electrons thermalize very quickly by

the emission of optical phonons to the lowest empty states available in the

conduction band and raise the Fermi level. Therefore, those transition will

be, as an approximation, neglected.

We will now solve the Schrodinger equation associated to (1.51) in order

to obtain the spectrum of the dressed electron and the associated wave func-

tions. Also in order to study the in�uence of the dressing �eld polarization,

we will study separately the case of linear and circular polarizations.

For the case of circularly polarized electromagnetic wave, the vector po-

tential A = (Ax, Ay) is de�ned as :

A =
E0

ω
(cosωt, sinωt) (1.52)

where E0 is the amplitude of the wave and ω is the wave frequency. Then

the Hamiltonian (1.51) can be expressed as the sum of the bare system
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Hamiltonian and a �eld associated perturbation:

Ĥ = Ĥ0 + ĤP (1.53)

where:

Ĥ0 = ~vFk ·σ (1.54)

and

ĤP = −vF eE0

ω
(cosωtσ̂x + sinωtσ̂y) . (1.55)

The non-stationary Schrodinger equation associated to (1.55) describes

the time evolution of electronic states at the Dirac point i.e. for k = 0. In

order to solve this equation we choose to use an ansatz of the form :

ΨP = e−iαt/~
(
AΦ1 (r) e−iωt/2 +BΦ2 (r) eiωt/2

)
, (1.56)

where Φ1,2 are the basic functions of the 2× 2 matrix Hamiltonian (1.51)

and A, B and α are sought parameters. Replacing into the associated

Schrodinger equation we obtain the following equation:

(
α+ ~ω

2
veE0
ω

veE0
ω α− ~ω

2

)(
A

B

)
=

(
0

0

)
(1.57)

The conditions for the solutions to not be trivial are :
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α = ±Ω = ±

√(
~ω
2

)2

+W 2
0 (1.58)

where W0 = veE0
ω is the kinetic energy of the rotational electron motion

induced by the circularly polarized �eld.

Therefore replacing into (1.56) and performing some simple analytics and

under the normalization condition |A| + |B|2 = 1, we obtain the following

set of solutions:

Ψ±P = e±iΩt/~

(√
2Ω± ~ω

4Ω
Φ1 (r) e−iωt/2 ± e

|e|

√
2Ω∓ ~ω

4Ω
Φ2 (r) eiωt/2

)
.

(1.59)

Those two wave function describe exactly the system at the Dirac point

and provide a complete basis for any time t, using them we can now solve

the Schrodinger equation associated to (1.51). We again write the solution

in the form of an Ansatz writen as an expansion on the basis just previously

de�ned:

Ψk = Ξ+ (t) Ψ+
P + Ξ− (t) Ψ−P . (1.60)

Substituting this expression into the Schrodinger equation associated to

the full Hamiltonian (1.51), we obtain a system of two quite complicated

di�erential equation. We now assume that the kinetic energy associated to

the rotational electronic motion is small compared to the photon energy,

which is equivalent to consider a not too strong electron-photon coupling:

W0 � ~ω. (1.61)

In the end the system of equations can be expressed as:
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iΞ̇1 (t) = −vF
e

|e|

(
W0

~ω
(kx cosωt+ ky sinωt) Ξ1 (t)− (kx − iky) e−i(Ω−~ω)t/~Ξ2 (t)

)
(1.62)

iΞ̇2 (t) = −vF
e

|e|

(
W0

~ω
(kx cosωt+ ky sinωt) Ξ2 (t) + (kx + iky) e

i(Ω−~ω)t/~Ξ1 (t)

)
Solving this system of equations, we �nally arrive to an approximate so-

lution for the energy spectrum:

Ek = ±

√(
∆g

2

)2

+

(
J0

(
2vF eE0

~ω2

)
~vFk

)2

(1.63)

where ∆g is the gap which open due to the EM �eld, and can be expressed

as:

∆g =

√
(~ω)2 +

(
2vF eE0

ω

)2

− ~ω (1.64)

In the end we obtain an expression for the energy spectrum of both valance

and conduction bands (the ± di�erentiating them). The main consequence

of the �eld in this polarization case is the opening of a band gap at the

Dirac points. One may notice that we chose to not keep the valley index in

our calculations. To be rigorous, the valley index actually change the �nal

expression, showing an valley dependent e�ect i.e. the gap is positive in K

valley and negative in K'. But e�ectively, in our system, no valley depen-

dent e�ect can be observed since the e�ective dispersion is the same in both

valleys. We will see later in this manuscript that in already gapped Dirac

systems (gapped graphene, transition metal dichalchognides etc ) valley de-

pendence is important and will need to be taken into account.

For the case of linear polarization, the vector potential A = (Ax, Ax) can

be written as:
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A =
E0

ω
(cosωt, 0) (1.65)

Since the procedure is quite similar to the one in the circular case, we will

just write the results here, details can be found in [12].

The energy spectrum of the dressed electrons can be expressed as:

Ek = ±~vF

√
k2
x + J2

0

(
2vF eE0

~ω2

)
k2
y (1.66)

where J0 is the Bessel function of the �rst kind. In order for is expression

to be relevant, as in the circular polarization case, the non absorbative �eld

condition must be veri�ed i.e. Ek � ~ω. We see here that the linearly po-

larized light modi�es the electronic dispersion in an anisotropic way. Indeed

the Fermi velocity is decreased in one direction while it is kept unchanged

in the perpendicular one.

(c)(b)(a)

Figure 1.10 � Isoenergy plot of dressed electrons in dressed graphene with di�erent
polarizations, depending on the distance from the center of the Bril-
louin zone: (a) circularly polarized dressing �eld; (b) dressing �eld
polarized along the x axis; (c) bare graphene for reference.

We have here shown that the band properties of electrons in graphene

can be tuned using a electromagnetic dressing �eld. Particularly, a circular

polarized, which can be understood as a superposition of two perpendicular
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linearly polarized beams, combine two e�ects which are direct consequences

of the dynamical Stark e�ect. It �rst modi�es isotropically the Fermi ve-

locity. One should note that as we have just seen in the case of linearly

polarized light, the Fermi velocity is modi�ed in only one direction. Sec-

ond, it opens a direct band gap which is proportional to the intensity of the

dressing beam. As we saw before, graphene possesses two di�erent kind of

low energy points. But since the initial dispersion is gapless, it is impossible

here to make the di�erence between them easily. In the second half of this

manuscript we will study the in�uence of a dressing �eld on gapped Dirac

system and will moreover use the elliptical polarisation as a true tuning

parameter.

1.5. Floquet-Magnus expansion

In this section, the dynamics of a particle in a 2D system under the in-

�uence of a potential periodic in time is studied. For most of the time-

dependent problems, the solutions can only be attained numerically. How-

ever, in the case of a potential period small compared to the other time

scales of the system, the motion of the particle can be split in two part: a

"slow" motion and "fast" motion. This simpli�cation comes from the fact

that the particle does not have the time to react to the potential before its

sign changes. Therefore, the in�uence of the potential on the particle dy-

namics is minimal (sometimes even negligible). Thus we will consider here

the limit of high frequencies of the driving potential.

Even-though the existence of a time-independent Hamiltonian describing

a the slow part of the dynamical problem, seems to contradict the fact that

the time dependent dynamics do not possess a constant of motion, it should

be stressed that this "e�ective" Hamiltonian depends on coordinates which

describes the "slow" part of motion. This coordinate is not the exact position

of the particle. The real motion of the particle consists in rapid motion

around the trajectory of the slow motion. Moreover, at high frequencies,

the real motion and the slow motion of the particle are almost identical.
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1.5 Floquet-Magnus expansion

Therefore, some condition of applicability of the following theory need to be

carefully de�ned and veri�ed when applied to quantum systems.

We here consider a quantum system, described by an Hamiltonian periodic

in time with period T:

Ĥ (t+ T ) = Ĥ (t) . (1.67)

Such systems can be treated using the Floquet formalism [20�24]. The

symmetry with respect to discrete time translation implies the solution of

the Schrodinger equation associated are linear combinations of functions of

the form:

ψλ = e−i(λt/~)uλ (x, ωt) (1.68)

where uλ are periodic with respect to ωt with period 2π. The states uλ
are the quasistates or the Floquet states, and λ are the associated energies

or quasienergies. We now de�ne the Floquet Hamiltonian, which has for

eigenstates uλ:

ĤF = −i~ ∂
∂t

+ Ĥ. (1.69)

The structure of the wave function (1.68) describes perfectly the separa-

tion between the "slow" part, e−i(λt/~), given that 0 ≤ λ/~ ≤ ω , and the

"fast" part uλ (x, ωt) which only depends on the fast time parameter ωt. We

will now develop an equation of motion for the slow part of the dynamics.

The propagator can be expressed as [24]:

Û (t) = P̂ (t) e−itK̂/~ (1.70)

where K̂ is self-adjoint and P̂ is unitary and periodic with the period of
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the Hamiltonian. K̂ is called the quasienergy Floquet operator and its exact

calculation can be tricky since often its form must be guessed. Our objective

now is to �nd a unitary gauge transformation such that in the new gauge,

the initial Hamiltonian becomes time independent. The general form of this

gauge transformation can be expressed as eiF̂ (t) where F̂ (t) is an Hermitian

operator, with the same period as Ĥ [25].

Applying the gauge transformation to both sides of the Schrodinger equa-

tion associated to the initial Hamiltonian we obtain:

i~
∂

∂t
eiF̂ψ = eiF̂ Ĥψ + i~

(
∂

∂t
eiF̂
)
ψ (1.71)

In the new gauge, φ = eiF̂ψ this equation can be expressed as:

i~
∂

∂t
φ = Ĝφ (1.72)

where the Hamiltonian Ĝ, which is the e�ective Hamiltonian, can be writ-

ten as :

Ĝ = eiF̂ Ĥe−iF̂ + i~
∂eiF̂

∂t
e−iF̂ (1.73)

Let us assume that an operator F̂ exists such that Ĝ is time independent.

Then the eigenfuntions of Ĝ , that we here call vλ evolve according to :

φλ = e−i(λt/~)vλ (1.74)

which can be expressed in the original basis as :
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1.5 Floquet-Magnus expansion

ψλ(t) = e−iF̂φλ = e−i(λt/~)e−iF̂ vλ. (1.75)

Since vλ is time-independent, the function e−iF̂ , is periodic in time with

the same period as Ĥ. Therefore, ψλ is a Floquet state with quasienergy λ.

According to what we just studied, we can say that in order to study

a system described by a time periodic Hamiltonian, we need to split the

dynamics in two parts: one slow part and one fast part. The fast part

can be neglected in the case of high frequency potential. Then in order to

obtain a time-independent description of the system, we need to �nd the

right unitary transformation that will make the time dependence disappear

in the new basis.

Unfortunately, it is often very di�cult, sometimes even impossible, to

give an exact analytical expression for the e�ective Hamiltonian Ĝ and the

associated unitary transformation. Therefore it is very convenient to build

those operators simultaneously perturbatively, by expanding them in powers

of the driving period T = 2π/ω. The method consist in constructing the

time-independent e�ective Hamiltonian by transferring all the non desired

time dependent terms in the unitary transformation operator. Obviously

one knows that some time dependence will always remain in the e�ective

Hamiltonian, but it can be neglected if the frequency of the driving �eld is

high enough.

We start by expanding the e�ective Hamiltonian and the associated uni-

tary transformation [26,27]

Ĝ =

∞∑
n=0

1

ωn
Ĝ(n), F̂ =

∞∑
n=1

1

ωn
F̂ (n) (1.76)

and the following expansions :
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eiF̂ Ĝe−iF̂ = Ĝ+ i
[
F̂ , Ĝ

]
− 1

2

[
F̂ ,
[
F̂ , Ĝ

]]
+ ... (1.77)(

∂eiF̂

∂t

)
e−iF̂ = i

∂F̂

∂t
− 1

2

[
F̂ ,

∂F̂

∂t

]
− i

6

[
F̂ ,

[
F̂ ,

∂F̂

∂t

]]
+ ... (1.78)

Under the conditions that we stated before, the initial Hamiltonian can

be rewritten in the following form:

Ĥ (t) = Ĥ0 + V̂ (t) = Ĥ0 +
∞∑
j=0

V̂ (j)eijωt + V̂ (−j)e−ijωt (1.79)

where Ĥ0 is the Hamiltonian associated to the bare system and V (t) rep-

resent the driving potential. Using the expressions we just de�ned we can

write the general expression, up to the second order, for the e�ective pertur-

bative Hamiltonian of a system under a periodic high frequency potential

:

Ĝ = Ĥ0 +
1

ω

∞∑
j=1

1

j

[
V̂ (j), V̂ (−j)

]
+

1

2ω2

∞∑
j=1

1

j2

([[
V̂ (j), Ĥ0

]
, V̂ (−j)

]
+ h.c.

)
(1.80)

+
1

3ω2

∞∑
j,l=1

1

jl

([
V̂ (j),

[
V̂ (l), V̂ (−j−l)

]]
+ 2

[
V̂ (j),

[
V̂ (−l), V̂ (l−j)

]]
+ h.c.

)

and the associated gauge transformation:
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1.6 Zitterbewegung e�ect and Wave Packet simulations

F̂ =
1

iω

∞∑
j=1

1

j

(
V̂ (j)eijωt − V̂ (−j)e−ijωt

)
+

1

iω2

∞∑
j=1

1

j2

([
V̂ (j), Ĥ0

]
eijωt − h.c.

)
+

1

2iω2

∑
j,l=1

1

j (j + l)

([
V̂ (j), V̂ (l)

]
ei(j+l)ωt − h.c.

)
+

1

2iω2

∞∑
j 6=l=1

1

j(j − l)

([
V̂ (j), V̂ (−l)

]
ei(j−l)ωt − h.c.

)
(1.81)

One may note that the only condition of applicability lies in the amplitude

of the zeroth order term in the gauge transformation. This is in accordance

with the calcualtions we performed exactly in the dressed graphene section.

Since there are no other conditions than the time periodicity, any kind of

time-periodic potential can be used either space homogeneous or strongly

localised. This theory gives us a very powerful and generic tool to solve

Floquet problems in the framework of perturbation theory, allowing us to

free ourselves from the concern of �nding the complex solutions to the exact

problem. We will later use those expansions to study the in�uence of an

external high-frequency electromagnetic �eld on gapped Dirac systems when

the problem cannot be solved exactly and see how we can use those e�ects

locally to create new electronic systems controlled by light.

1.6. Zitterbewegung e�ect and Wave Packet simulations

Zitterbewegung (trembling motion) was theoretically predicted by Schrodinger

[28] after Dirac proposed his equation to describe the behavior of an elec-

tron in vacuum. The non-commutativity of the quantum velocity operator

and the Dirac Hamiltonian make appear this peculiar e�ect even without

the presence of any external �eld. A bit later, the scienti�c community

understood that this phenomenon is due to interferences between the elec-

trons in the positive energy state and with those in the negative one. The

Zitterbewegung (ZB) is therefore an inner property of the Dirac Hamilto-

nian, occuring only because of the existence of bot positive and negative
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energy states. But unfortunately, this e�ect has not been observed directly

in vacuum, even though its direct consequences such as Darwin e�ect in the

presence of an external �eld have been.

Finding ways to study this e�ect was a really hot topic in theoretical con-

densed matter physics a decade ago. Indeed, when dealing with semiconduc-

tors, one has to consider, even in the simplest cases, two energy branches or

more and as we saw earlier in this thesis, depending on a simple renormali-

sation, the valence and the conduction band can be respectively considered

as negative and positive energy branches for example. Therefore, the inter-

ferences between upper and lower energy states leads to a trembling motion

even in the absence of external �elds. Due to similarities in the theory be-

tween two interacting bands and the Dirac equation for electrons in vacuum,

it is possible to adapt the existing theory developed in the framework of rel-

ativistic quantum theory for non-relativistic electrons in solids [29,30]. Most

of the ZB studies for semiconductors have taken as a starting point plane

electron waves or Gaussian wave packets [31, 32].

Since, as we have shown before, graphene is described by a renormalized

Dirac equation in the vicinity of the Dirac points, it is quite natural to think

that graphene is an amazing tool to study the ZB e�ect. Many theoretical

studies have been performed using plane waves representation [33,34]. One

of the most important conclusion obtained by the community [35], is that the

ZB is not an undamped e�ect, it can only be considered as a transient e�ect.

Under the condition of a smoothly varying wave packet, the ZB oscillations

will become negligible for large time scales. Therefore any stationary study

become inaccurate and the study of the dynamics becomes necessary. With

the emergence of many new technologies in the pulse laser frame in the last

decade, using wave packets to study how the ZB e�ect evolves with time

comes naturally. In this part we will give a short review of the behaviour

of a Gaussian wave packet in graphene and in gapped graphene, taking into

account the ZB e�ect. The main goal is not to understand all the details

about this phenomenon but to have enough knowledge about the behaviour
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1.6 Zitterbewegung e�ect and Wave Packet simulations

of an electron wave packet in Dirac systems in order to have a good basis to

understand the results that will be obtained later in this manuscript.

We found out before that in the stationary regime, the electron eigen-

state in graphene can be expressed as (1.18). In this section, since we are

concerned with the dynamics of electron wave packet, we rewrite the wave

function as :

φ (r, t) =
1

2
√

2π~
exp (ik · r− iEst/~)

(
1

seiφ

)
(1.82)

where s correspond to the band index and E is the associated eigenenergy.

Using the Green's function formalism, the evolution of an initial state

ψ0 (r, t) in the Schrodinger representation can be expressed as :

ψm (r, t) =

∫
Gm,n

(
r, r′, t

)
ψn
(
r′, 0

)
dr′ (1.83)

where m and n are the matrix indices, corresponding to the upper and

lower components of ψ (r, t). These components correspond to the probabil-

ity of �nding electrons at the sites of the sublattices A and B respectively.

The Green's function expression is usually:

Gm,n
(
r, r′, t

)
= ~

∑
s=±1

∫
dkφs,µ (r, t)φ∗s,µ

(
r′, 0

)
. (1.84)

Using expression (1.82) we now �nd:

G11

(
r, r′, t

)
= G22

(
r, r′, t

)
=

~
(2π~)2

∫
exp

(
ik
(
r− r′

))
cos (vFkt) dk

(1.85)
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G21

(
r, r′, t

)
= G∗12

(
r, r′, t

)
=
−i~

(2π~)2

∫
kx + iky

k
exp

(
ik
(
r− r′

))
sin (vFkt) dk

(1.86)

where vF is as before the Fermi velocity in graphene.

We consider a Gaussian shaped electron wave packet having the width

d and a non-vanishing average momentum k0. The wave function of such

wave packet in graphene can be expressed as:

ψ (r, 0) =
1

d
√
π

1√
|c1|2 + |c2|2

(
c1

c2

)
exp

(
− r2

2d2
+ ik0y

)
(1.87)

where the coe�cient ci represent the initial pseudospin polarization. We

suppose that d is much larger than the lattice constant of the graphene

monolayer and therefore ψ (r, 0) is a smooth envelope function. Using the

formalism we just developed we can express the time dependent wave func-

tion of the Gaussian wave packet as :

ψ1 (r, t) =
1√

|c1|2 + |c2|2
(c1φ1 (r, t)− c2φ2 (−x, y, t)) (1.88)

ψ2 (r, t) =
1√

|c1|2 + |c2|2
(c1φ1 (r, t) + c2φ2 (r, t)) (1.89)

where in the cylindrical coordinates basis:

φ1 (r, t) =
e−a

2/2

d
√
π

∫ ∞
0

e−q
2/2cos (qt) J0

(
q
√
r2 − a2 − 2iay

)
qdq (1.90)
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φ2 (r, t) =
e−a

2/2

d
√
π

∫ ∞
0

e−q
2/2 x+ a+ iy√

r2 − a2 − 2iay
sin (qt) J1

(
q
√
r2 − a2 − 2iay

)
qdq

(1.91)

where J0 and J1 are Bessel functions and a is the dimensionless parameter

a = k0d.

Now that the formalism in which the study of the dynamics of a Gaussian

wave packet will be performed is properly de�ned, we will study the ZB

e�ect and the in�uence of the initial pseudospin polarization. This will give

us a good basis on which to relay for the study of the dynamics in non

homogeneous Dirac systems.

Let us �rst consider the case when the lower component of the initial wave

function is zero i.e. c1 = 1 and c2 = 0. The physical meaning of this initial

condition is that the electron is at t = 0 located on the sublattice A. The

dynamical wave function can be expressed using (1.88) and (1.89) as :

Ψ (r, t) =

(
φ1 (r, t)

φ2 (r, t)

)
(1.92)

In Figure (1.11) we represent the evolution of the total ( sum of sublattices

A and B) electron density for d = 0.5µm and a = 1 at di�erent times. One

can see that the wave packet splits in two parts moving in opposite directions.

The electron density is therefore symmetric with respect to y. Note that y

is a particular direction since we introduce the initial wave vector along it

(see (1.87)). As the time of the simulation increases, the width of both parts

of the packet increase equally due to the e�ect of dispersion. Also the ZB

e�ect can here be observed through the non conservation of the x symmetry.

Indeed the total symmetry does not respect the x inversion symmetry due to

oscillation of the packet along the x direction. We will not study deeper the

properties of those oscillations since it is slightly outside of the framework
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(a) t = 1 ps (b) t = 7 ps

(c) t = 11 ps (d) t = 15 ps

Figure 1.11 � Electron probability density for an initial wavepacket in the pseu-
dospin con�guration c1 = 1 and c0 = 0. The other parameters are
d = 0.5µm and a = 1.

of this thesis, the reader should just note that non expected break of the

symmetry in the further simulations will most likely be due to ZB e�ect.

We now consider another initial pseudospin polarization, c1 = c2 = 1.

Then as previously the dynamical wave function can be expressed as :

Ψ (r, t) =
1√
2

(
φ1 (r, t)− φ2 (−x, y, t)
φ1 (r, t) + φ2 (r, t)

)
(1.93)

In Figure (1.12) we plot with the same parameters as previously the total

electron density. One can see that one of the similarities with the previous

case is that the wave packet splits in two part along y, therefore the symmetry

along this axis is conserved. The density distribution along x clearly shows
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1.6 Zitterbewegung e�ect and Wave Packet simulations

(a) t = 1 ps

(d) t = 15 ps(c) t = 11 ps

(b) t = 7 ps

Figure 1.12 � Electron probability density for an initial wavepacket in the pseu-
dospin con�guration c1 = 1 and c0 = 1. The other parameters are
d = 0.5µm and a = 1.

that the maximum is displaced in the positive direction, meaning that the

packet center moves along the x axis. This motion can be tuned using the

initial parameters of the wave packet i.e. if the initial width of the wave

packet is increased the velocity of motion of its center is decreased. It is not

di�cult to show that as in other two-band systems, the phenomenon of ZB

in graphene is a result of an interference of states corresponding to positive

and negative eigenenergies of Hamiltonian. For wide enough packet and at

the moment when the ZB disappears, two split parts of initial wave packet

move along y axis with opposite velocities. In this situation the subpackets

moving in the positive and negative directions consist of the states with

positive and negative energies correspondingly.

We will �nally study the case where the initial pseudospin is de�ned as

c1 = 1 and c2 = i. The dynamical wave function can be expressed as
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Ψ (r, t) =
1√
2

(
φ1 (r, t)− iφ2 (−x, y, t)
iφ1 (r, t) + φ2 (r, t)

)
(1.94)

(a) t = 1 ps (b) t = 7 ps

(c) t = 11 ps (d) t = 15 ps

Figure 1.13 � Electron probability density for an initial wavepacket in the pseu-
dospin con�guration c1 = 1 and c0 = i. The other parameters are
d = 0.5µm and a = 1.

This case is quite di�erent from the previous ones as we can see on Figure

(1.13) plotted with the same parameters as previously. The wave packet

here does not split into two parts. One can show by expressing (1.94) in

its expanded form that the highly dominant contribution is the eigenenergy

state corresponding to the propagation in the positive direction along y axis.

Moreover in the case of wide initial packets, almost all the states belong to

the positive branch of energy, the wave packet can therefore be considered

as propagating along y axis and the ZB e�ect does not break any symmetry.

In light of all the possible initial conditions, the Gaussian wave packet
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1.6 Zitterbewegung e�ect and Wave Packet simulations

simulation in graphene is an excellent tool to study the ZB e�ect but not

only. Using this basis we will perform, in the second part of this thesis

simulations allowing us to see if the dynamics of the electrons, in more

elaborated systems, actually �t with our predictions.
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2. Optically induced Lifshitz transi-

tion in bilayer graphene

2.1. Introduction

In the last decades, the achievements in the laser technology and mi-

crowave techniques have made possible the control of various structures with

a high-frequency electromagnetic �eld (dressing �eld), which is based on the

Floquet theory of periodically driven quantum systems (Floquet engineer-

ing) [38�40, 143]. As a consequence, the study of condensed-matter struc-

tures strongly coupled to light has become an excited �eld of modern physics

with the objective to �nd unique exploitable features. Particularly, electronic

properties of various nanostructures coupled to a dressing �eld � including

quantum wells [44�49], quantum rings [50�53], graphene [11,12,54�59,141],

topological insulators [60�63, 112], etc � are currently in the focus of at-

tention. Developing this scienti�c trend in the present paper, we elaborated

the theory to control the topology of the Fermi surface of bilayer graphene

(BLG) with a dressing �eld.

BLG is the two-dimensional material consisting of two graphene mono-

layers, which excite enormous interest of the condensed-matter community

during last years [113, 114]. In contrast to usual graphene monolayer with

the linear (Dirac) electron dispersion [3, 66], the characteristic electronic

properties of BLG are the massive chiral electrons and the so-called trigo-

nal warping � the triangular perturbation of the circular iso-energetic lines

near the band edge. As a consequence, the Fermi surface of BLG near the
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Dressing 

EM field

AB

Dressing 

EM field

AAz

x

y

Figure 2.1 � (Color online) Sketch of the system under consideration: AA-stacked
and AB-stacked bilayer graphene subjected to an electromagnetic
wave (dressing EM �eld) propagating perpendicularly to the graphene
plane.

band edge consists of several electron �pockets� which are very sensitive to

external impacts. Particularly, the gate voltage or uniform mechanical stress

crucially changes the structure of the pockets. This results in the Lifshitz

phase transition � the abrupt change in the topology of the Fermi sur-

face [115�118]. Although a strong electromagnetic �eld is actively studied

in last years as a tool to control electronic properties of BLG� to induce the

valley currents [119, 120], to create the Floquet topological insulator [121],

to produce additional Dirac points [122], etc � the optical control of the

Lifshitz transition in BLG still await for consideration. The present paper

is aimed to �ll partially this gap in the theory.

The paper is organized as follows. In Sec. II, we apply the conven-

tional Floquet theory to derive the e�ective Hamiltonian describing station-

ary properties of electrons in irradiated BLG. In Sec. III, we discuss the

dependence of renormalized electronic characteristics of the irradiated BLG

on parameters of the dressing �eld. The last Sec. IV contain the Conclusion

and Acknowledgments.
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2.2 Model

2.2. Model

There are the two di�erent crystal structures of BLG, which are known

as a AA-stacked and AB-stacked BLG [113, 114] (see Fig. 1). Since elec-

tronic properties of BLG strongly depends on the stacking geometry, let us

consider these two structures successively. For the case of the AB-stacked

BLG, its low-energy electronic states are described by the four-band Hamil-

tonian [113]

Ĥ′AB =


0 v1π

† 0 v3π

v1π 0 t1 0

0 t1 0 v1π
†

v3π
† 0 v1π 0

 , (2.1)

where π = ξpx + ipy, px,y is the electron momentum in the BLG plane,

ξ = ±1 is the valley index corresponding to the electron states in the two

di�erent K-points of the Brillouin zone, Kξ = (4ξπ/3a, 0), a is the inter-

atomic distance, v1,3 =
√

3at1,3/2~ are the characteristic electron velocities,

t1 and t3 are the characteristic energies of the interatomic electron hopping

in the BLG plane and between the two graphene layers, correspondingly.

Eliminating electron orbitals related to dimer sites, the Hamiltonian (2.1)

can be reduced to the two-band e�ective Hamiltonian [113]

ĤAB = −α

(
0

(
π†
)2

π2 0

)
+ v3

(
0 π

π† 0

)
, (2.2)

where α = −1/2m − v3a/4
√

3~ and m = t1/2v
2
1 is the e�ective electron

mass. The e�ective Hamiltonian (2.2) describes the most interesting low-

energy electronic properties of AB-stacked BLG � particularly, massive

chiral electrons and trigonal warping [113, 123] � and, therefore, will be

used by us in the following analysis. To describe the interaction between

electrons in BLG and a dressing EM �eld within the conventional minimal

coupling approach, we have to make the replacement, p → p − eA, in the
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Hamiltonian (2.2), where A = (Ax, Ay) is the vector potential of the dressing

�eld. Assuming the EM wave to be propagating perpendicularly to the BLG

plane (see Fig. 1), the vector potential can be written as

A =
E0

ω
(cos θ cosωt, sin θ sinωt), (2.3)

where ω is the frequency of the EM wave, E0 is the amplitude of the wave,

and the angle θ de�nes the polarization of the EM wave: The angles θ = 0

and θ = 0π/2 correspond the two linear polarizations, whereas the angles

θ = π/4 and θ = −π/4 correspond to the two circular polarizations. Then

the time-dependent Hamiltonian (2.2) can be rewritten as

ĤAB(t) = Ĥ0 +

[ ∞∑
n=1

V̂ne
inωt + H.c.

]
, (2.4)

where the time-independent part is

Ĥ0 = ĤAB −
αe2E2

0

2ω2

(
0 cos 2θ

cos 2θ 0

)
, (2.5)

and the two �rst harmonics are

V̂1 =
α|e|E0

√
2

ω

[(
0 px cos(θ + ξπ/4)

−px cos(θ − ξπ/4) 0

)

+

(
0 ipy sin(θ − ξπ/4)

−ipy sin(θ + ξπ/4) 0

)]

+
v3|e|E0√

2ω

(
0 sin(θ + ξπ/4)

− sin(θ − ξπ/4) 0

)
, (2.6)

V̂2 = −αe
2E2

0

2ω2

(
0 sin2(θ − ξπ/4)

sin2(θ + ξπ/4) 0

)
. (2.7)

Applying the standard Floquet-Magnus approach [?,124,125] to renormalize

the time-dependent Hamiltonian (2.4) and restricting the consideration by

60



2.2 Model

the terms ∼ 1/ω2, we arrive at the e�ective time-independent Hamiltonian

Ĥeff = Ĥ0 +

∞∑
n=1

[
V̂n, V̂

†
n

]
~nω

+
∞∑
n=1

[[
V̂n, Ĥ0

]
, V̂ †n

]
+ H.c.

2(~nω)2
. (2.8)

To rewrite the Hamiltonian (3.48) in the dimensionless form, let us intro-

duce the dimensionless electron momentum, p→ p/(v3/α), and the dimen-

sionless electron energy, ε → ε/(v2
3/α). Then the dimensionless Hamil-

tonian (3.48) depends only on the two dimensionless parameters, δ1 =

|e|E0α/v3ω and δ2 = v2
3/α~ω. Physically, the �rst of them is the ratio of the

period-averaged momentum adsorbed by an electron from the dressing �eld,

|e|E0/ω, and the characteristic trigonal-warping momentum, v3/α. The sec-

ond one is the ratio of the characteristic trigonal-warping energy, v2
3/α, and

the photon energy, ~ω. If the dressing �eld is high-frequency enough, the

both parameters, δ1 and δ2, are small. Correspondingly, we can write the

Hamiltonian as an expansion on the the small parameter, δ1δ2 � 1. Then

the dimensionless Hamiltonian (3.48) in the vicinity of the Kξ-point (p < 1)

reads

Ĥeff = ĤAB + g(p)σ, (2.9)
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where σ = (σx, σy, σz) is the Pauli matrix vector, and g(p) = (gx, gy, gz) is

the vector with the components

gx = (δ1δ2)2[p2
y[cos2 θ − 3− 4ξpx(4 cos2 θ − 1)− 4p2 cos2 θ]

+ p2
x(5− 8ξpx + 4p2) sin2 θ − ξpx sin2 θ]− δ2

1

2
cos 2θ,

gy =
(δ1δ2)2

2
[2py[cos2 θ + 2p2(3− 2 cos2 θ)]

+ 2ξpxpy(2 cos2 θ + 6 + 12ξpx cos 2θ + 4p2)],

gz =
ξδ2

1δ2

2
(1− 4p2)sin 2θ.

As to the case of the AA-stacked BLG, its low-energy electronic states are

described by the four-band Hamiltonian [114]

Ĥ′AA =


0 v0π

† t1 0

v0π 0 0 t1

t1 0 0 v0π
†

0 t1 v0π 0

 , (2.10)

where t1 is the interlayer hopping constant and v0 is the electron velocity

in monolayer graphene. Diagonalizing the Hamiltonian (2.10), we arrive at

the electron energy spectrum,

ε = ±t1 ± v0p, (2.11)

which exhibits the two monolayer graphene dispersions, ε = ±v0p, shifted

with respect to each other by the twice interlayer hopping constant, 2t1. It

should be stressed that the interlayer hopping direction of the AA-stacked

BLG is orthogonal to the polarization vector of the normally incident dress-

ing �eld. As a consequence, the dressing �eld does not a�ect the interlayer

coupling in BLG and renormalizes electronic properties of each monolayer

independently. Therefore, the e�ect of the dressing �eld on the AA-stacked
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2.3 Results and Discussion

BLG can be reduced to the known problem of dressed graphene mono-

layer [12]. Since the electromagnetic dressing of graphene monolayer does

not lead to the Lifshitz transition, we will focus the following analysis only

on the AB-stacked BLG.

2.3. Results and Discussion

If the dressing �eld is linearly polarized along the x axis (θ = 0), the

Hamiltonian (2.9) reads

Ĥeff = σx[ξpx + p2
y[1− (δ1δ2)2(2 + 12px + 4p2)]− δ2

1/2

− p2
x]− σy[py(1− (δ1δ2)2[1 + 2p2]) + 2ξpxpy

× (1− (δ1δ2)2[4 + 6ξpx + 4p2])] +O(δ4
1δ

4
2). (2.12)

Diagonalizing the Hamiltonian (2.12), we arrive at the energy spectrum of

dressed electrons near the K± point, which is plotted in Fig. 2. In the ab-

sence of irradiation, the equi-energy map shows the four electron pockets

near the K± point, which consist of one central pocket and three �leg� pock-

ets (see Fig. 2a). These four pockets are positioned at the momenta p = 0

and p = (ξ cos(2nπ/3), sin(2nπ/3)), where n = 0, 1, 2. The dressing �eld

distorts the pockets, shifting their position in the Brillouin zone (see Fig. 2b).

Taking into account only the leading term of the Hamiltonian (2.12), we ar-

rive at the equation,

(δ2
1/2 + p2

x − p2
y − ξpx)2 + (py + 2ξpxpy)

2 = 0,

describing the centers of the shifted pockets, px and py. This equation

has the four solutions: The two ones correspond to the momenta py = 0

and px = (ξ ±
√

1− 2δ2
1)/2, whereas the other two solutions are p =

(−ξ/2,±
√

2δ2
1 + 3/2). It follows from this that the �rst two solutions ap-

proach each other with increasing the parameter δ1 and merge at its critical

value, δ′1 = 1/
√

2. For δ1 > δ′1, the two electron pockets corresponding to
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2 Optically induced Lifshitz transition in bilayer graphene

these merged solutions disappear (see Fig. 2c). It should be noted that the

total valley Chern number, 2ξ, remains constant with the disappearance of

the two pockets. Indeed, the central pocket of the bare bilayer graphene is

characterized by the Chern number −ξ, whereas each of the three leg pockets
has the Chern number ξ (see, e.g., Ref. 121). Under the in�uence of the dress-

ing �eld, the central pocket �annihilates� with one of the leg pockets, which

conserves the total Chern number. Since the �annihilation� of the two pock-

ets changes the Fermi topology abruptly � from the quadruply-connected

Fermi surface to the doubly-connected one � the Lifshitz transition takes

place. It should be noted that it is similar to the Lifshitz transition in the

strained bilayer graphene [115, 116]. Namely, the dressing �eld linearly po-

larized along the x axis e�ects on BLG similarly to an uniform strain applied

along the same axis. As to experimental manifestation of the Lifshitz tran-

sition in bilayer graphene, it leads to the pronounced modi�cation of the

Landau levels in the presence of a magnetic �eld [115]. If the magnetic �eld,

B, is weak enough, the inverse magnetic length,
√

~/eB, is greater than

the distance between the central electron pocket and the additional pockets

pictured in Fig. 2 . In this case, electronic states in the di�erent pockets

are quantized by the magnetic �eld independently and the ground electronic

state is 16-fold degenerated. As a consequence, the �lling factor ν = 16 ap-

pears in the quantum Hall conductance. After the Lifshitz transition, only

two of four electron pockets survive. This lifts the additional degeneracy and

the �lling factor ν = 8 will be observed in the Hall measurements. Thus,

the Lifshitz transition leads to the possibility of optical control of quantum

Hall e�ect, what can be observed in magnetotransport experiments.

In the case of circularly polarized dressing �eld (θ = π/4), the e�ective

Hamiltonian (2.9) reads

Ĥeff = ĤAB +
ξδ2

1δ2

2
(1− 4p2)σz +O(δ2

1δ
2
2) (2.13)
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Figure 2.2 � (Color online) The three-dimensional plots of the electron energy
spectrum of irradiated AB-stacked bilayer graphene, ε, near the band
edge (top) and the corresponding equi-energy maps (bottom) for the
linearly polarized dressing �eld with the photon energy ~ω = 25 meV
and di�erent irradiation intensities, I: (a) I = 0 kW/cm2, (b) I =
10 kW/cm2, (c) I = 45 kW/cm2.
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2 Optically induced Lifshitz transition in bilayer graphene

and results in the dispersion equation,

ε2 =
ε2
g

4
+ p2(1− ε2

g)− 2p3 cos 3φ+ p4(1 + 2ε2
g), (2.14)

where εg =
√

2δ2
1δ2 is the �eld-induced energy gap at theK± point. Opening

the energy gap, the circularly polarized �eld e�ects on BLG similarly to the

interlayer asymmetry induced by the gate voltage [116]. For the critical

value of the energy gap, εg = 1, the term ∼ p2 in Eq. (2.14) vanishes and

the electron dispersion is ε = ±
√

0.25− 2p3 cos 3φ, where φ is the polar

angle in the BLG plane. At the Fermi energy εF = 1/2, this dispersion

corresponds to the Fermi surface shown in Fig. 3a. The structure of the

Fermi surface for di�erent irradiation intensities, I, is shown in the phase

diagram 3b. The critical point of the phase diagram � so-called monkey-

saddle point [117] � corresponds to the critical energy gap, εg = 1. At

this point, the Fermi surface is unstable with respect to small variations of

both the Fermi energy and the irradiation intensity: It undergoes one of

the four possible Lifshitz transitions depicted in Fig. 3b. Similarly to the

case of linear polarization, the Lifshitz transition induced by the circularly

polarized dressing �eld will manifest itself in magnetoconductance. Namely,

the three separated pockets at the Fermi surface will lead to the �lling factor

ν = 12 in the corresponding steps of quantum Hall conductivity. Moreover,

it should be noted that the critical point pictured in Fig. 3b is characterized

by the diverging density of states (DoS), which is similar to the conventional

Van Hove singularity. Indeed, the density of states, ρ, in the vicinity of the

critical point reads

ρ(ε) =
1

(2π)2

∫
d2pδ1(ε−

√
1/4− 2p2 cos 3φ) =

=

√
ε

9(2π)2
β

(
1

6
,
1

2

) ∣∣∣∣ε2 − 1

4

∣∣∣∣−1/3

, (2.15)

where β(x, y) is the beta function (see the plot of the DoS in Fig. 3c). Since

this DoS singularity leads to the instabilities of the system with respect to
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2.3 Results and Discussion

arbitrary weak interactions [117], which can be observed experimentally.

It follows from the aforesaid that a dressing �eld can induce the Lifshitz

transitions in BLG, which depend strongly on the �eld polarization. Though

the Hamiltonians (2.12) and (2.13) were derived within the perturbation the-

ory, the claimed phenomenon is qualitatively the same for any strength of

the electron-�eld coupling. It should be stressed that the exact numerical

solution of the Floquet-Magnus problem (2.4) leads to slightly shifted criti-

cal points of the Lifshitz transitions but does not a�ect their structure. As

to experimental observation of the optically induced Lifshitz transition, a

source of intense far-infrared radiation is required. Particularly, a source of

the dressing �eld with the photon energy 25 meV must provide the output

power of several mW in order to observe the e�ects pictured in Fig. 3. This

output power has been reported for the quantum cascade lasers (see, e.g.,

Ref. 126) which look most appropriate for experimental observation of the

discussed e�ects. It should be noted also that the absorption of the dressing

�eld might provoke thermal �uctuations of electron gas. As a consequence,

di�erentiation between di�erent topological states can be complicated. In

order to avoid this, an experimental set-up must include a high-e�cient

thermostat. Since the energy di�erence between di�erent topological states

pictured in Fig. 3 is of meV scale, the thermal �uctuations should be less

than 1 K. Such a thermal stability can be provided by state-of-the-art exper-

imental equipment. It should be noted also that the Fermi energy pictured

in Fig. 3 can be modi�ed experimentally by introducing doping on the sam-

ple. However, we have to take into account that an electromagnetic �eld can

be considered as a dressing �eld within the conventional Floquet formalism

if the collisional (Drude) absorption of the �eld by conduction electrons can

be neglected (see, e.g., Refs. 46, 47). To neglect the Drude absorption of a

high-frequency �eld in a doped sample, the well-known condition, ωτ � 1,

should be satis�ed. Since the doping of the sample decreases the mean free

time of conduction electron, τ , the density of doping impurities should be

small enough to satisfy this condition. Alternatively, the gate voltage can
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2 Optically induced Lifshitz transition in bilayer graphene

be used to control the Fermi energy in bilayer graphene (see, e.g., Ref. 116).

2.4. Conclusion and acknowledgements

We demonstrated theoretically that a strong high-frequency electromag-

netic �eld (dressing �eld) can be used as an e�ective tool to control topology

of the Fermi surface of bilayer graphene (BLG). The discussed Lifshitz tran-

sition strongly depends on the polarization of the dressing �eld. Namely, the

linearly polarized �eld can induce the Lifshitz transition from the quadruply-

connected Fermi surface to the doubly-connected one, whereas the circularly

polarized �eld induces the multicritical point, where the four di�erent Fermi

topologies may coexist. Physically, the linearly polarized �eld e�ects on

BLG similarly to an uniform mechanical strain applied in the BLG plain

along the polarization vector, whereas the circularly polarized �eld e�ects

similarly to a gate voltage inducing the energy gap.
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Figure 2.3 � (Color online) The electronic structure of irradiated AB-stacked bi-
layer graphene for the circularly polarized dressing �eld with the pho-
ton energy ~ω = 25 meV: (a) Fermi surface at the monkey-saddle
point; (b) Phase diagram of the Fermi surface topology; (c) Density
of states spectrum near the monkey-saddle point.
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3. All Optical control of band pa-

rameters of Gapped Dirac systems

3.1. Introduction

Advances in laser physics and microwave technique achieved in recent

decades have made possible the use of high-frequency �elds as tools of �ex-

ible control of various atomic and condensed-matter structures (so called

�Floquet engineering� based on the Floquet theory of periodically driven

quantum systems [?, 38�41]). As a consequence, the properties of elec-

tronic systems driven by oscillating �elds are actively studied to exploit

unique features of composite states of �eld and matter. Particularly, electron

strongly coupled to electromagnetic �eld � also known as �electron dressed

by �eld� (dressed electron) � has become a commonly used model in modern

physics [42, 43]. Recently, the physical properties of dressed electrons were

studied in various nanostructures, including quantum wells [44�49], quantum

rings [50�53], graphene [11,12,54�59], and topological insulators [60�64].

The discovery of graphene � a monolayer of carbon atoms with linear

(Dirac) dispersion of electrons [3,65,66] � initiated studies of the new class

of arti�cial nanostructures known as Dirac materials. While graphene by

itself is characterized by the gapless electron energy spectrum, many e�orts

have been dedicated towards fabrication Dirac materials with the band gap

between the valence and conduction bands (gapped Dirac materials). The

electron energy spectrum of the materials is parabolic near band edges but

turns into the linear Dirac dispersion if the band gap vanishes. Therefore,
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3 All Optical control of band parameters of Gapped Dirac systems

electronic properties of gapped Dirac materials substantially depend on the

value of the gap and, consequently, are perspective for nanoelectronic appli-

cations [67�69]. Although dressed condensed-matter structures are in focus

of attention for a long time, a consistent quantum theory of the gapped

Dirac materials strongly coupled to light was not elaborated before. Since

the electronic structure of Dirac materials di�ers crucially from conventional

condensed-matter structures, the known theory of light-matter coupling can-

not be directly applied to the gapped Dirac materials. Moreover, it should

be noted that gapped Dirac materials are currently considered as a basis for

new generation of optoelectronic devices. Therefore, their optical properties

deserve special consideration. This motivated us to �ll this gap in the the-

ory. To solve this problem in the present study, we will focus on the two

gapped Dirac materials pictured schematically in Fig. 1. First of them is

the graphene layer grown on a hexagonal boron nitride substrate [70, 71],

where the band gap can be tuned in the broad range with an external gate

voltage [8] (see Fig. 1a). The second is a transition metal dichalchogenide

(TMDC) which is a monolayer of atomically thin semiconductor of the type

MX2, where M is a transition metal atom (Mo, W, etc.) and X is a chalcogen

atom (S, Se, or Te) [72,73] (see Fig. 1b). The speci�c feature of the TMDC

compounds is the giant spin-orbit coupling [74, 75] which is attractive for

using in novel spintronic and valleytronic devices [76]. Formally, electronic

properties of these materials near the band edge can be described by the

same two-band Hamiltonian

Ĥ =

(
εcτs γ(τkx − iky)

γ(τkx + iky) εvτs

)
, (3.1)

where k = (kx, ky) is the electron wave vector in the layer plane, γ is the

parameter describing electron dispersion,

εcτs =
∆g

2
+
τs∆c

so

2
(3.2)
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(a) (b)EM wave 

(dressing field)
EM wave 

(dressing field)

Figure 3.1 � (Color online) Sketch of the considered gapped Dirac materials subject
to electromagnetic wave (dressing �eld): (a) Graphene grown on the
substrate of hexagonal boron nitride; (b) Transition metal dichalco-
genide monolayer MoS2.

is the energy of the conduction band edge,

εvτs = −∆g

2
− τs∆v

so

2
(3.3)

is the energy of the valence band edge, ∆g is the band gap between the

conduction band and the valence band, ∆c,v
so is the spin-orbit splitting of the

conduction (valence) band, s = ±1 is the spin index describing the di�erent

spin orientations, and τ = ±1 is the valley index which corresponds to the

two valleys in the di�erent points of the Brillouin zone (the K and K ′ valleys

in graphene [3] and the K and −K valleys in TMDC monolayers [75]). If

∆g 6= 0 and ∆c,v
so 6= 0, the Hamiltonian (3.4) describes TMDC monolayer

[75]. In the case of zero spin-orbit splitting, ∆c,v
so = 0, the Hamiltonian

(3.4) describes gapped graphene [70], whereas the case of ∆g = ∆c,v
so =

0 corresponds to usual gapless graphene [3]. It should be noted that the

two-band Hamiltonian (3.1) describes successfully low-energy electron states

near the band edge. As to omitted terms corresponding to the trigonal-
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3 All Optical control of band parameters of Gapped Dirac systems

warping deformation of electron bands in monolayer graphene, they can be

neglected if the Rashba spin-orbit coupling is stronger than the intrinsic

spin-orbit coupling [77]. In the present paper, we elaborate the theory of

electromagnetic dressing for electronic systems described by the low-energy

Hamiltonian (3.1) and demonstrate that both the band gap and the spin

splitting can be e�ectively controlled with the dressing �eld.

The paper is organized as follows. In the Section II, we apply the con-

ventional Floquet theory to derive the e�ective Hamiltonian describing sta-

tionary properties of dressed electrons. In the Section III, we discuss the

dependence of renormalized electronic characteristics of the dressed mate-

rials on parameters of the dressing �eld. The last two Sections contain

conclusion and acknowledgements.

3.2. Model

Let us consider a gapped Dirac material with the Hamiltonian (3.1), which

lies in the plane (x, y) at z = 0 and is subjected to an electromagnetic

wave propagating along the z axis (see Fig. 1). The frequency of the wave,

ω, is assumed to be far from all resonant frequencies of the electron sys-

tem. Therefore, the electromagnetic wave cannot be absorbed by electrons

near band edge and should be considered as a dressing �eld for the states

around k = 0. Considering the electron-�eld interaction within the minimal

coupling approach, properties of dressed electrons can be described by the

Hamiltonian

Ĥ(k) =

(
0 |e|γ(τAx − iAy)/~

|e|γ(τAx + iAy)/~ 0

)

+

(
εcτs γ(τkx − iky)

γ(τkx + iky) εvτs

)
, (3.4)

which can be easily obtained from the Hamiltonian of �bare� electrons (3.1)

with the replacement k→ k−(e/~)A, where A = (Ax, Ay) is the vector po-
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tential of the dressing �eld, and e is the electron charge. It should be noted

that the quantum electrodynamics predicts the quadratic (in the vector po-

tential) additions to the Hamiltonian (3.4) [78, 79]. To avoid complication

of the model, we will assume that the considered dressing �eld is classically

strong and can be described successfully with the minimal coupling. In what

follows, we will show that the properties of dressed electrons strongly depend

on the polarization of the dressing �eld. Therefore, we have to discuss the

solution of the corresponding Schrödinger problem for di�erent polarizations

successively.

Linearly polarized dressing �eld.� Assuming the dressing �eld to be lin-

early polarized along the x axis, the vector potential can be written as

A =

(
E0

ω
cosωt, 0

)
, (3.5)

where E0 is the electric �eld amplitude, and ω is the wave frequency. Cor-

respondingly, the Hamiltonian of the dressed electron system (3.4) can be

rewritten formally as

Ĥ(k) = Ĥ0 + Ĥk, (3.6)

where

Ĥ0 =

(
0 Ωτ~ω/2

Ωτ~ω/2 0

)
cosωt (3.7)

is the Hamiltonian of electron-�eld interaction,

Ĥk =

(
∆g/2 + τs∆c

so/2 γ(τkx − iky)
γ(τkx + iky) −∆g/2− τs∆v

so/2

)
(3.8)

is the Hamiltonian of �bare� electron, and

Ω =
2γ|e|E0

(~ω)2
(3.9)

is the dimensionless parameter describing the strength of electron coupling to

the dressing �eld. The nonstationary Schrödinger equation with the Hamil-
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tonian (3.7),

i~
∂ψ0

∂t
= Ĥ0ψ0, (3.10)

describes the time evolution of electron states at the band edge (k = 0).

The two exact solutions of the Schrödinger problem (3.10) read as

ψ±0 =
1√
2

(
1

±1

)
exp

[
∓ iΩτ sinωt

2

]
. (3.11)

Since the two wave functions (3.11) form a complete basis at any �xed time

t, we can seek solutions of the nonstationary Schrödinger equation with the

full Hamiltonian (3.6) as an expansion

ψk = a1(t)ψ+
0 + a2(t)ψ−0 . (3.12)

Substituting the expansion (3.12) into the Schrödinger equation,

i~
∂ψk

∂t
= Ĥ(k)ψk, (3.13)

we arrive at the expressions

i~ȧ1(t) =

[
εcτs + εvτs

2
+ γτkx

]
a1(t)

+

[
εcτs − εvτs

2
+ iγky

]
eiΩτ sinωta2(t),

i~ȧ2(t) =

[
εcτs + εvτs

2
− γτkx

]
a2(t)

+

[
εcτs − εvτs

2
− iγky

]
e−iΩτ sinωta1(t). (3.14)

It follows from the conventional Floquet theory of quantum systems driven

by an oscillating �eld [?, 38, 39] that the sought wave function (3.12) must

have the form Ψ(r, t) = e−iε̃(k)t/~φ(r, t), where the function φ(r, t) periodi-

cally depends on time, φ(r, t) = φ(r, t+ 2π/ω), and ε̃(k) is the quasi-energy

of an electron. Since the quasi-energy (the energy of dressed electron) is the
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physical quantity which plays the same role in quantum systems driven by

an oscillating �eld as the usual energy in stationary ones, the present anal-

ysis of the Schrödinger problem (3.13) should be aimed to �nd the energy

spectrum, ε̃(k). It follows from the periodicity of the function φ(r, t) that

one can seek the coe�cients a1,2(t) in Eq. (3.12) as a Fourier expansion,

a1,2(t) = e−iε̃(k)t/~
∞∑

n=−∞
a

(n)
1,2e

inωt. (3.15)

Substituting the expansion Eq. (3.15) into the Eqs. (3.14) and applying the

Jacobi-Anger expansion,

eiz sin θ =
∞∑

n=−∞
Jn(z)einθ,

one can rewrite the equations of quantum dynamics (3.14) in the time-

independent form,

∞∑
n′=−∞

2∑
j=1

H(nn′)
ij a

(n′)
j = ε̃(k)a

(n)
i , (3.16)

where Jn(z) is the Bessel function of the �rst kind, and H(nn′)
ij is the station-

ary Hamiltonian of dressed electron in the Floquet space with the matrix

elements

H(nn′)
12 =

[
εcτs − εvτs

2
+ iγky

]
Jn′−n (Ωτ) ,

H(nn′)
21 =

[
εcτs − εvτs

2
− iγky

]
Jn′−n (Ωτ) ,

H(nn′)
11 =

[
εcτs + εvτs

2
+ γτkx + n~ω

]
δnn′ ,

H(nn′)
22 =

[
εcτs + εvτs

2
− γτkx + n~ω

]
δnn′ , (3.17)
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where δnn′ is the Kronecker delta. It should be noted that the Schrödinger

equation (3.16) describes still exactly the initial Schrödinger problem (3.13).

Next we will make some approximations.

In what follows, let us assume that the �eld frequency, ω, is high enough

to satisfy the condition ∣∣∣∣∣ H(0n)
ij

H(00)
ii −H(nn)

jj

∣∣∣∣∣� 1 (3.18)

for n 6= 0 and i 6= j. Mathematically, the condition (3.18) makes it possible

to treat nondiagonal matrix elements of the Hamiltonian (3.17) with n 6= n′

as a small perturbation which can be omitted in the �rst-order approxima-

tion of the conventional perturbation theory for matrix Hamiltonians (see,

e.g., Ref. 80). Since the condition (3.18) corresponds to an o�-resonant �eld,

the �eld can be neither absorbed nor emitted by the electrons. As a con-

sequence, the main contribution to the Schrödinger equation (3.16) under

the condition (3.18) stems from terms with n, n′ = 0, which describe the

elastic interaction between an electron and the �eld. Neglecting the small

terms with n, n′ 6= 0, the Schrödinger equation (3.16) can be rewritten in

the simple form
2∑
j=1

H(00)
ij a

(0)
j = ε̃(k)a

(0)
i , (3.19)

where H(00)
ij is the 2× 2 Hamiltonian with the matrix elements (3.17). Sub-

jecting this Hamiltonian to the unitary transformation

U =
1√
2

(
1 1

1 −1

)
,

we arrive at the e�ective stationary Hamiltonian of electrons dressed by a

linearly polarized �eld, Ĥeff = U †H(00)U , which is given by the matrix

Ĥeff(k) =

(
∆̃g/2 + τs∆̃c

so/2 τ γ̃xkx − iγ̃yky
τ γ̃xkx + iγ̃yky −∆̃g/2− τs∆̃v

so/2

)
, (3.20)
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where

∆̃g = ∆gJ0(Ω) (3.21)

is the e�ective band gap,

∆̃c
so =

∆c
so −∆v

so

2
+

∆c
so + ∆v

so

2
J0(Ω) (3.22)

is the e�ective spin splitting of the conduction band,

∆̃v
so =

∆v
so −∆c

so

2
+

∆c
so + ∆v

so

2
J0(Ω) (3.23)

is the e�ective spin splitting of the valence band, and

γ̃x = γ, γ̃y = γJ0(Ω) (3.24)

are the e�ective parameters of electron dispersion along the x, y axes. The

eigenenergy of the e�ective Hamiltonian (3.20),

ε̃±τs(k) =
τs(∆̃c

so − ∆̃v
so)

4
(3.25)

±

√√√√[2∆̃g + τs(∆̃c
so + ∆̃v

so)

4

]2

+ γ̃2
xk

2
x + γ̃2

yk
2
y,

is the sought energy spectrum of electrons dressed by the linearly polarized

�eld. Mathematically, the unperturbed Hamiltonian (3.1) is equal to the

e�ective Hamiltonian (3.20) with the formal replacements ∆g → ∆̃g, ∆c,v
so →

∆̃c,v
so , γx,y → γ̃x,y. Therefore, the behavior of a dressed electron is similar

to the behavior of a �bare� electron with the renormalized band parameters

(3.21)�(3.24). It should be noted that the e�ective Hamiltonian (3.20) is

derived under the condition (3.18). Taking into account Eqs. (3.17), the

condition (3.18) can be rewritten as γk,∆g � ~ω. Therefore, the e�ective

Hamiltonian is applicable to describe the dynamics of dressed electron near

the band edge if the photon energy of the dressed �eld, ~ω, substantially
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3 All Optical control of band parameters of Gapped Dirac systems

exceeds the band gap, ∆g.

Circularly polarized dressing �eld.� For the case of circularly polarized

electromagnetic wave, the vector potential A = (Ax, Ay) can be written as

A =

(
E0

ω
cos ξωt,

E0

ω
sin ξωt

)
, (3.26)

where the di�erent chirality indices ξ = ±1 correspond to the clockwice/counterclockwise

circular polarizations. First of all, let us consider electron states at the wave

vector k = 0, where the Hamiltonian (3.4) can be written in the form

Ĥ(0) =

(
εcτs −(~ωΩτ/2)e−iτξωt

−(~ωΩτ/2)eiτξωt εvτs

)
, (3.27)

which is similar to the well-known Hamiltonian of magnetic resonance. The

corresponding nonstationary Schrödinger equation,

i~
∂ψτs(0)

∂t
= Ĥ(0)ψτs(0), (3.28)

describes the time evolution of electron states at the wave vector k = 0.

Solutions of the equation (3.28) can be sought as

ψ±τs(0) = e−iε̃
±
τs(0)t/~

(
A±e

−iτξωt/2

B±e
iτξωt/2

)
e±iτξωt/2, (3.29)

where ε̃±τs(0), A± and B± are the unde�ned constants. Substituting the wave

function (3.29) into the Schrödinger equation (3.28) with the Hamiltonian

(3.27), we arrive at the system of two algebraic equations,

A±

[
εcτs − τξ

~ω
2

(1∓ 1)− ε̃±τs(0)

]
−B±

~ωΩτ

2
= 0,

A±
~ωΩτ

2
−B±

[
εvτs + τξ

~ω
2

(1± 1)− ε̃±τs(0)

]
= 0, (3.30)

which can be easily solved. As a result, the two orthonormal exact solutions
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3.2 Model

of the Schrödinger problem (3.28) are

ψ±τs(0) = e−iε̃
±
τs(0)t/~e±iτξωt/2

×

 ∓
[√

Ω2+δ2±|δ|
2
√

Ω2+δ2

]1/2
e−iτξωt/2

sgn(δ)
[√

Ω2+δ2∓|δ|
2
√

Ω2+δ2

]1/2
eiτξωt/2

 , (3.31)

where

ε̃±τs(0) =
εcτs + εvτs

2
± τξ~ω

2
± sgn(δ)

~ω
2

√
Ω2 + δ2 (3.32)

is the quasienergy (energy of dressed electron in the conduction/valence

band) at k = 0, and

δ =
εcτs − εvτs − τξ~ω

~ω

is the resonance detuning assumed to be nonzero in order to avoid the �eld

absorption near the band edge. Correspondingly, the e�ective stationary

Hamiltonian of dressed electron states at k = 0 can be written in the basis

(3.31) as

Ĥeff(0) =

(
ε̃+
τs(0) 0

0 ε̃−τs(0)

)
. (3.33)

In order to �nd the energy spectrum of dressed electron at the wave vec-

tor k 6= 0, let us restrict the consideration by the case of Ω � 1, which

corresponds physically to high frequencies ω [see Eq. (3.9)]. Expanding the

electron wave function, ψτs(k), on the basis (3.31),

ψτs(k) = a+(t)eiε̃
+
τs(0)t/~ψ+

τs(0) + a−(t)eiε̃
−
τs(0)t/~ψ−τs(0), (3.34)

and substituting the expansion (3.34) into the Schrödinger equation with

the total Hamiltonian (3.4), we arrive at the system of equations

i~ȧ+(t) ≈ ε̃+
τs(0)a+(t)− sgn(δ)γ(τkx − iky)a−(t),

i~ȧ−(t) ≈ ε̃−τs(0)a−(t)− sgn(δ)γ(τkx + iky)a
+(t). (3.35)

The quantum dynamics equations (3.35) are equal to the stationary Schrödinger
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3 All Optical control of band parameters of Gapped Dirac systems

equation,

i~
∂

∂t

(
a+(t)

a−(t)

)
= Ĥeff(k)

(
a+(t)

a−(t)

)
,

where

Ĥeff(k) =

(
ε̃+
τs(0) −sgn(δ)γ(τkx − iky)

−sgn(δ)γ(τkx + iky) ε̃−τs(0)

)
. (3.36)

is the e�ective stationary Hamiltonian of the considered system. The eigenen-

ergy of the Hamiltonian,

ε̃±τs(k) =
ε̃+
τs(0) + ε̃−τs(0)

2
±

√[
ε̃+
τs(0)− ε̃−τs(0)

2

]2

+ (γk)2, (3.37)

presents the sought energy spectrum of dressed electrons. If ∆g = ∆c,v
so =

0, Eq. (3.37) exactly coincides with the known spectrum of electrons in

gapless graphene irradiated by a circularly polarized light [12]. It follows

from Eq. (3.37) that the renormalized band gap is

∆̃g = τξ~ω + sgn (∆g − τξ~ω) ~ω

√
Ω2 +

[
∆g − τξ~ω

~ω

]2

≈ τξ~ω −
√

Ω2 + 1

(
τξ~ω − ∆g

Ω2 + 1

)
, (3.38)

where the last equality holds under condition ~ω � ∆g. The spin splittings

in the conduction and valence bands can be written in simple form for the

two limiting cases:

∆̃c,v
so = ±∆c

so −∆v
so

2
+

∆c
so + ∆v

so

2
√

1 + Ω2
, ~ω � ∆g, (3.39)
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and

∆̃c,v
so = ±∆c

so −∆v
so

2
+

∆c
so + ∆v

so

2

[
1− Ω2

2

(~ω)2

∆2
g

]
,

~ω � ∆g. (3.40)

As expected, the renormalized band gap (3.38) and spin splittings (3.39)�

(3.40) turn into their �bare� values, ∆g and ∆c,v
so , if the dressing �eld is

absent (E0 → 0).

Elliptically polarized dressing �eld.� Assuming the large axis of polariza-

tion ellipse to be oriented along the x axis, the vector potential of arbitrary

polarized electromagnetic wave, A = (Ax, Ay), can be written as

A =
E0

ω

(
cosωt, sin θ sinωt

)
, (3.41)

where θ ∈ [−π/2, π/2] is the polarization phase: the polarization is linear for

θ = 0, circular for θ = ±π/2, and elliptical for other phases θ. Substituting

the vector potential (3.41) into Eq. (3.4), we can write the total Hamiltonian

(3.4) as

Ĥ(k) = Ĥk +
(
V̂ eiωt + V̂ †e−iωt

)
, (3.42)

where the Hamiltonian Ĥk is given by Eq. (3.8) and

V̂ =
~ωΩ

4

(
0 τ − sin θ

τ + sin θ 0

)
. (3.43)

is the operator of electron interaction with the dressing �eld (3.41). Gener-

ally, the e�ective stationary Hamiltonian of an electron driven by an oscil-

lating �eld can be sought in the form [?]

Ĥeff(k) = eiF̂ (t)Ĥ(k)e−iF̂ (t) + i

(
∂eiF̂ (t)

∂t

)
e−iF̂ (t), (3.44)
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3 All Optical control of band parameters of Gapped Dirac systems

where F̂ (t) is the anti-Hermitian operator which is periodical with the period

of the oscillating �eld, F̂ (t) = F̂ (t + 2π/ω). In the particular case of weak

electron-�eld coupling, Ω � 1, this operator and the e�ective Hamiltonian

(3.44) can be easily found as power series expansions,

F̂ (t) =
∞∑
n=1

F (n)(t)

ωn
, Ĥeff(k) =

∞∑
n=0

Ĥ(n)
eff (k)

ωn
, (3.45)

where F (n)(t) ∼ Ωn (the Floquet-Magnus expansion [?]). Substituting the

expansions (3.45) into Eq. (3.44) and restricting the accuracy by terms ∼ Ω2,

we arrive at the e�ective Hamiltonian

Ĥeff(k) = Ĥk +

[
V̂ , V̂ †

]
~ω

+
[[V̂ , Ĥk], V̂ †] + h.c.

2(~ω)2
. (3.46)

Taking into account Eqs. (3.8) and (3.43), the e�ective stationary Hamilto-

nian (3.46) can be written as a matrix (3.20), where

∆̃g = ∆g

[
1− Ω2

4
(1 + sin2 θ)

]
− τ~ωΩ2

2
sin θ, (3.47)

∆̃c,v
so = ±∆c

so −∆v
so

2
+

∆c
so + ∆v

so

2

×
[
1− Ω2

4

(
1 + sin2 θ

)]
, (3.48)

γ̃x = γ

[
1− Ω2

4
sin2 θ

]
, γ̃y = γ

[
1− Ω2

4

]
(3.49)

are the band parameters renormalized by an elliptically polarized dressing

�eld. Correspondingly, the eigenenergy of the e�ective Hamiltonian (3.46)
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represents the sought energy spectrum of dressed electrons,

ε̃±τs(k) =
τs(∆̃c

so − ∆̃v
so)

4
(3.50)

±

√√√√[2∆̃g + τs(∆̃c
so + ∆̃v

so)

4

]2

+ γ̃2
xk

2
x + γ̃2

yk
2
y,

with the renormalized band parameters (3.47)�(3.49). It should be stressed

that the e�ective Hamiltonian (3.20) with the band parameters (3.47)�

(3.49), which describes electrons dressed by an arbitrary polarized weak �eld,

is derived under assumption of small coupling constant (3.9) and high fre-

quency, ω. On the contrary, the e�ective Hamiltonian (3.20) with the band

parameters (3.21)�(3.24 and the e�ective Hamiltonian (3.33) are suitable to

describe electrons dressed by linearly and circularly polarized dressing �elds

of arbitrary intensity. As a consequence, the band parameters (3.21)�(3.24)

and (3.38)�(3.39) turn into the band parameters (3.47)�(3.49) for Ω � 1,

~ω � ∆g, and θ = 0,±π/2.

3.3. Results and Discussion

First of all, let us apply the developed theory to gapped graphene, assum-

ing ∆̃c,v
so = 0 in all derived expressions. The electron dispersion in gapped

graphene, ε̃(k), is plotted in Fig. 2 for the particular cases of linearly and

circularly polarized dressing �eld. It the absence of the dressing �eld, the

electron dispersion is isotropic in the graphene plane (see the solid lines in

Figs. 2a and 2b). However, a linearly polarized �eld breaks the equivalence

of the x, y axes [see Eq. (3.25)]. As a consequence, the anisotropy of the elec-

tron dispersion along the wave vectors kx and ky appears (see the dashed

and dotted lines in Figs. 2a and 2b). In contrast to the linear polarization,

a circularly polarized dressing �eld does not induce the in-plane anisotropy

[see Eq. (3.37)]. However, the electron dispersion is substantially di�erent

for clockwise and counterclockwise polarizations (see the dashed and dotted
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3 All Optical control of band parameters of Gapped Dirac systems

lines in Fig. 2c). Moreover, both linearly and circularly polarized �eld renor-

malizes the band gap (see Fig. 3). Mathematically, the dependence of the

renormalized band gap, |∆̃g|, on the irradiation intensity, I ∼ E2
0 , is given

by Eqs. (3.21) and (3.38) [which are plotted in Fig. 3a] and Eq. (3.47) [which

is plotted in Fig. 3b]. It should be noted that Eq. (3.38) correctly describes

the gap for any o�-resonant frequencies ω, whereas Eqs. (3.21) and (3.47)

are derived under the condition ~ω � ∆g and, therefore, applicable only

to small gaps. However, the gap can be gate-tunable in the broad range,

∆g = 1 − 60 meV [8, 70, 71]. Assuming the gap to be of meV scale and the

�eld frequency to be in the terahertz range, we can easily satisfy this con-

dition. It follows from Eqs. (3.21), (3.32) and (3.47) that the renormalized

gap, ∆̃g, crucially depends on the �eld polarization. Particularly, the clock-

wise/counterclockwise circularly polarized �eld (polarization indices ξ = ±1)

di�erently interacts with electrons from di�erent valleys of the Brillouin zone

(valley indices τ = ±1). Namely, for the case of τξ = −1, the value of the

gap monotonously increases with intensity (see the dashed line in Fig. 3a).

On the contrary, for the case of τξ = 1, the gap �rst decreases to zero and

then starts to grow (see the solid line in Fig. 3a). This light-induced di�er-

ence in the band gaps for the two di�erent valleys is formally equivalent to

the appearance of an e�ective magnetic �eld acting on the valley pseudo-

spin and, therefore, can be potentially used in valleytronics applications. It

should be noted that this optically-induced lifting of valley degeneracy has

been observed for TMDC in the recent experiments [81] which are in rea-

sonable agreement with the present theory. As to linearly polarized dressing

�eld, it always quenches the band gap and can even turn it into zero (see the

dotted line in Fig. 3a). Formally, the collapse of the band gap originates from

zeros of the Bessel function in Eq. (3.21). Since the linearly and circularly

polarized �elds change the gap value oppositely, there are �eld polarizations

which do not change the gap. The polarization phases, θ, corresponding to

such polarizations are marked by the dashed lines in Fig. 3b.

Applying the elaborated theory to analyze the renormalized spin splitting
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in TMDC monolayers, let us restrict the consideration by the most exam-

ined TMDC monolayer MoS2. The dependence of the spin splitting on the

dressing �eld is described by Eqs. (3.22)�(3.23) for the case of linearly po-

larized �eld, Eqs. (3.39)�(3.40) for the case of circularly polarized �eld, and

Eq. (3.48) for an arbitrary polarized �eld. It follows from analysis of these

expressions that the most pronounced renormalization of the splitting takes

place for a circularly polarized �eld. The dependence of the renormalized

spin splitting in the conduction band of MoS2 monolayer, |∆̃c
so|, on the �eld

intensity, I ∼ E2
0 , is plotted in Fig. 4 for such a �eld. It is seen in Fig. 4

that the renormalized splitting depends on the product of the polarization

and valley indices, τξ = ±1, and can be turned into zero by a dressing �eld.

Physically, the renormalization of both band gap and spin splitting is the

result of mixing electron states from the valence and conduction bands by

the �eld. Therefore, the renormalized band parameters strongly depends on

the value of the �bare� band gap, ∆g. In contrast to gapped graphene with

band gaps of meV scale, TMDC monolayers have band gaps of eV scale [75].

As a consequence, the considered terahertz photons e�ect on the wide band

gaps of TMDC very weakly (in contrast to the previously considered case

of narrow-gapped graphene). Therefore, the main expected e�ect of the

considered low-energy dressing �eld on electronic structure of TMDC is the

renormalization of spin splitting. It follows from this also that the irradia-

tion intensity which collapses the spin splitting in TMDCs monolayers (see

Fig. 4) is really large than the intensity collapsing the band gap in gapped

graphene (see Fig. 3a).

It should be noted that the similar optically-induced spin splitting was re-

cently observed experimentally in GaAs [82]. However, the one-band energy

spectrum of conduction electrons in GaAs di�ers crucially from the electron

spectrum of gapped Dirac materials describing by the two-band Hamilto-

nian (3.1). Therefore, the known theory of optically-induced spin splitting

for electrons with simple parabolic dispersion � including both the recent

paper [82] and the classical article [83] � cannot by applied directly to the
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materials under consideration. One has to take also into account that op-

tical properties of TMDC are dominated by excitons [84, 85]. To avoid the

in�uence of excitons on the discussed dressing-�eld e�ects, the photon en-

ergy, ~ω, should be less than the binding exciton energy (which is typically

of hundreds of meV in TMDC).

From viewpoint of experimental observability of the discussed phenomena,

it should be noted that all dressing-�eld e�ects increase with increasing the

intensity of the dressing �eld. However, an intense irradiation can melt

a condensed-matter sample. To avoid the melting, it is reasonable to use

narrow pulses of a strong dressing �eld. This well-known methodology has

been elaborated long ago and commonly used to observe various dressing

e�ects � particularly, modi�cations of energy spectrum of dressed electrons

arisen from the optical Stark e�ect � in semiconductor structures (see, e.g.,

Refs. 86�88). Within this approach, giant dressing �elds (up to GW/cm2)

can be applied to the structures. It should be noted also that we consider the

electromagnetic wave as a purely dressing �eld which cannot be absorbed by

electrons. This is correct under the condition ωτ � 1, where τ is the mean

free time of electron (see, e.g., Ref. 46). The increasing of temperature

decreases the time τ because of the strengthening of the electron-phonon

scattering. Therefore, the temperature should be low enough to meet the

aforementioned condition.

3.4. Conclusion

We showed that the electromagnetic dressing can be used as an e�ective

tool to control various electronic properties of gapped Dirac materials, in-

cluding the band gap in gapped graphene and the spin splitting in TMDC

monolayers. Particularly, both the band gap and the spin splitting can be

closed by a dressing �eld. It is demonstrated that the strong polarization

dependence of the renormalized band parameters appears. Namely, a lin-

early polarized �eld decreases the band gap, whereas a circularly polarized

�eld can both decrease and increase one. It is found also that a circularly
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polarized �eld breaks equivalence of valleys in di�erent points of the Bril-

louin zone, since the renormalized band parameters depend on the valley

index. As a consequence, the elaborated theory creates a physical basis for

novel electronic, spintronic and valleytronic devices operated by light.
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Figure 3.2 � (Color online) The energy spectrum of dressed electron, ε̃(k), near
the band edge of gapped graphene (∆g = 2 meV, γ/~ = 106 m/s)
irradiated by a dressing �eld with the photon energy ~ω = 10 meV
and the di�erent intensities, I. In the parts (a) and (b): the dressing
�eld is linearly polarized along the x axis; the irradiation intensities
are I = 0 (solid lines), I = 7.5 kW/cm2 (dashed lines), I = 15 kW/cm2

(dotted lines). In the part (c): the dressing �eld is circularly polarized;
the solid line describes the energy spectrum of �bare� electron (I =
0), whereas the dotted and dashed lines correspond to the di�erent
circular polarizations (τξ = −1 and τξ = 1, respectively) with the
same irradiation intensity I = 300 W/cm2.
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Figure 3.3 � (Color online) Dependence of the band gap in irradiated gapped
graphene (∆g = 2 meV, γ/~ = 106 m/s) on the irradiation inten-
sity, I, and the polarization, θ, for the photon energy ~ω = 10 meV.
In the part (a): the dotted line corresponds to the linearly polarized
dressing �eld, whereas the dashed and solid lines correspond to the
di�erent circular polarizations (τξ = −1 and τξ = 1, respectively).
In the part (b): the dashed lines correspond to the polarizations, θ,
which do not change the band gap.(c) Dependence of the spin-splitting
on the irradiation intensity for the conduction band of a MoS2 mono-
layer (∆g = 1.58 eV, ∆c

so = 3 meV, ∆v
so = 147 meV, γ/~ = 7.7× 105

m/s) irradiated by a circularly polarized �eld with the photon energy
~ω = 10 meV. The solid and dashed lines correspond to the di�erent
�eld polarizations (τξ = −1 and τξ = 1, respectively)
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graphene

Since the experimental discovery of graphene, its unique electronic prop-

erties continue to attract an increasing interest of the scienti�c community

[1]. The spectrum of the electronic states around K and K′ points in the

Brillouin zone consists of a pair of touching Dirac cones, and thus mimics

the dispersion of massless relativistic Fermions. This fact has dramatic con-

sequences on the transport properties of graphene, one of which is Klein

tunneling: the perfect transmission of gapless Dirac electrons through arbi-

trary potential barriers at normal incidence[2, 89].

Being extremely interesting from the point of view of fundamental physics,

Klein tunneling nevertheless poses serious problems for a wide range of prac-

tical applications of graphene where con�nement of electrons is necessary. To

circumvent this obstacle, a variety of methods has been proposed. They in-

clude chemical functionalization [90,91], mechanical cutting of the graphene

sheet into nanoribbons or nanodisks [92] and application of local strain re-

sulting in the onset of an arti�cial gauge �eld [93,94]. Most of those methods,

however, need irreversible modi�cation of the graphene sheet and do not al-

low for a controllable tuning of the trapping parameters such as the strength

of con�nement.

In the present paper we explore an alternative way to achieve the trapping

of massless Dirac electrons using fully optical means. Optical trapping is a

standard way of the preparation of cold atom lattices (see e.g. Refs. [95,96]
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for the review) and the con�nement of nanoparticles by optical tweezers

(see e.g. Ref. [97] and references therein). In the domain of condensed

matter, the basis for the optical trapping is provided by the possibility to

modify the energy spectrum of a material system by strong coupling to

the high- frequency laser radiation resulting in the dynamic Stark e�ect.

Dramatic modi�cations of the transport properties in the regime of strong

light- matter coupling were reported for semiconductor quantum wells [44,

47�49, 98], carbon nanostructures [12, 59, 60, 102, 138, 139, 141], topological

insulators [61�63,112] and others.

In particular, it was shown that in graphene strongly coupled to circular

polarized light the topological bandgap ∆g opens [103�105] . Its value de-

pends on the intensity I and frequency ω of the driving �eld and can thus

be reversibly changed in a controllable way. In realistic con�gurations i.e in

the infra-red scale, a bandgap up to 1 meV can be open.

This e�ect can be exploited for the trapping of Dirac electrons in graphene.

Indeed, consider the case when the intensity of the driving �eld is not ho-

mogeneous and has a minimum in real space at r = 0, having for example a

reverse Gaussian pro�le. In this situation the e�ective bandgap induced by

light- matter coupling will be minimal in the center of the dip and increase if

one deviates further from it as is shown in the Fig. 4.1(a). This will con�ne

the low energy electrons in the region around r = 0. The mechanism of the

con�nement is similar to that obtained in semiconductor heterostructures

when a layer of narrow band semiconductor is sandwiched between wide

gap semiconductors with the only di�erence being that the band mismatch

in our case is produced all optically.

One way to get the desired Gaussian dip is to shine a sample of graphene

with a broad Gaussian and another Gaussian beam with a much smaller

radius. The latter can be passed through a �lter where its phase is shifted

by π. Negative interference thus leads to a Gaussian dip on the graphene

plane.

In theory, since Maxwell's equations are linear, any superposition of solu-
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Figure 4.1 � (a) The pro�le of the bandgap in real space induced by an inhomoge-
neous high-frequency electromagnetic �eld with the intensity having a
Guassian dip. The value of the optically induced gap is proportional
to the intensity of the dressing �eld, so electrons become trapped in
the region where intensity is minimal. (b) A combined diagram show-
ing the dependence of the illumination intensity on the distance from
the minimum ans the bandgap which is opened as a consequence.

tions is also a solution. The beam used here is a superposition of a gaussian

and a homogeneous wave so it naturally obeys the Maxwell's equations.

4.1. The model

Let us consider a monolayer of graphene, which lies in the plane r = (x, y)

at z = 0 and interacts with an electromagnetic wave propagating along the

z-axis. The frequency of the wave ω is assumed to be high enough to satisfy

the condition ωτ � 1, where τ is a characteristic relaxation time in the

system. In this case, the electromagnetic wave can not be absorbed around

the Dirac points and should be considered as a pure dressing �eld. The low-

energy Hamiltonian of the system reads:

Ĥ(t) = ~vF
[
ξσx

(
kx +

eAx(t)

~

)
+ σy

(
ky +

eAy(t)

~

)]
(4.1)

where vF is the Fermi velocity, ξ the valley index and σi, i = x, y, are

the Pauli matrices and ξ = ±1 is a valley factor. The interaction with
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4 Optical Trapping of Electrons in graphene

external electromagnetic radiation was introduced via the minimal coupling

substitution, kx,y → kx,y + (e/~)Ax,y where Ax,y corresponds to the vector

potential of the dressing �eld. To break time reversal symmetry and open

the band gap at the Dirac points we should consider the case of circular

polarization, choosing

Ax =
cE0

ω
G (r) sin (ωt) , (4.2)

Ay = −cE0

ω
G (r) cos (ωt) , (4.3)

where ω and E0 are frequency and amplitude of the dressing �eld, and

function G(r) describes its pro�le in the real space. To be speci�c, we

choose the latter to be represented by a Gaussian dip,

G (r) = 1− exp

(
− r2

2L2

)
(4.4)

where parameter L characterizes the lateral size of the intensity dip.

The Hamiltonian in Eq. 5.1 is time-dependent, but in the high frequency

limit it can be reduced to a stationary e�ective Hamiltonian. The mathe-

matical basis for that is provided by Floquet theory of periodically driven

quantum systems [38�40, 143]. The homogeneous case of this problem has

been deeply studied in the past [103], the following calculation only brings

informations about the non homogeneous potential case. The main steps

are as follows. The time-dependent Hamiltonian can be expressed as :

Ĥ (r, t) = Ĥ0 + V̂ exp (iωt) + V̂ † exp (−iωt) (4.5)

where

Ĥ0(t) = ~vF [ξσxkx + σyky] , (4.6)

V̂ (r) =
~Ω

2
(ξσx − iσy)G (r) . (4.7)
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4.1 The model

and

~Ω =
vF eE0

ω
(4.8)

is a parameter describing the strength of electron- photon coupling which

can be referred to as a characteristic Rabi energy. Since the frequency ω

is assumed to be high compared to all characteristic frequencies of the sys-

tem, the electron dynamics is not able to follow the fast time oscillations

of the vector potential, and the e�ective time-independent Hamiltonian can

be obtained by Floquet-Magnus expansion [26, 124, 125] in powers of ω−1.

Restricting ourselves to the �rst three terms in the in�nite series we get:

Ĥeff ≈ Ĥ0 +

[
V̂ , V̂ †

]
~ω

+

[[
V̂ , Ĥ0

]
, V̂ †

]
+ H.c.

2(~ω)2
≈

≈ ~ṽF (r)(ξσxkx + σyky)− ξ
∆g(r)

2
σz

+i
~vFΩ2

ω2L2
(ξσxx+ σyy) exp

(
− r

2

L2

)
G (r) , (4.9)

In this equation ∆g(r) = 2~Ω2G2(r)/ω is the position- dependent gap, which

is a monotonously increasing function of r with ∆(0) = 0 and

∆(∞) =
2~Ω2

ω
=

4v2
F e

2I

~ε0cω3
(4.10)

where I = ε0cE
2
0/2 is the intensity of the dressing �eld. The corresponding

term the Eq. 5.7 is responsible for the trapping of particles with energies

E < ∆(∞). The position- dependent renormalized Fermi velocity ṽF (r) =

vF (1 − Ω2ω−2G2(r)). The last term in Eq. 5.7 appears due to the energy-

momentum non-commutativity. It is small with respect the other terms but

should be nevertheless retained in order to keep the e�ective Hamiltonian

Hermitian.

To make the trapping most e�cient, one would wish to produce deep traps

with small lateral size, minimizing L and maximizing ∆(∞). Unfortunately,

these two parameters are not completely independent. Indeed, according to
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4 Optical Trapping of Electrons in graphene

Eq. 4.10, the value of the gap equal to the depth of the trap is inversely

proportional to the cube of the frequency of the dressing �eld. Therefore,

if one wants to keep the intensity I moderate one can not use very high

frequencies. On the other hand, for a given frequency the lateral size of the

trap can not be done arbitrary small because of the di�raction limit and its

minimal size can be estimated as

Lmin ≈ λ =
2πc

ω
(4.11)

In principle, this size can be further reduced by using the methods of sub-

wavelength optics, but this will need metallic patterning of the sample and

consideration of this case goes beyond the scope of the present work. Our

estimations show that there is an optimal range of frequencies corresponding

to THz and far infrared for which the traps with a depth of about one meV

with lateral size of tens of microns can be achieved for realistic values of the

dressing intensities not exceeding several kW/cm2. In Fig. 4.1(b), we have

produced a combined 2D plot showing the illumination intensity and the

bandgap as a function of distance from the trap center for higher clarity.

4.2. Results and discussion

To demonstrate the e�ectiveness of the proposed trapping scheme, we

study numerically the dynamics of the electronic wavepacket initially lo-

cated around r = 0. We use the following parameters of the dressing �eld;

intensity I = 330 W/cm2, dressing �eld frequency ω = 15 THz, and inten-

sity dip radius L = 7 µm. The width of the initial wavepacket was taken

to be d = 5 µm so that it has energy distribution of ~vF /d ≈ 0.13 meV

around the Fermi energy EF = 0 meV. The initial wavepacket is composed

of equal contributions from the two equivalent valleys (K and K ′) in the

band structure of graphene. The results are shown in the Fig. 4.2. As it

is clear from the panels (b)-(d), for the case of the electromagnetic dress-

ing the electrons stay around r = 0 where the gap is smaller and can not

98



4.2 Results and discussion

(a) t = 0 ps

(b) t=5 ps (c) t=10 ps (d) t=30 ps

(e) t=5 ps (f) t=10 ps (g) t=30 ps

Figure 4.2 � Plots of the total electron density, ρ = |ψA|2+ |ψB |2, for several values
of the evolution time indicated in each sub�gure. Panel (a) corre-
sponds to the initial distribution at t = 0. Panels (b)-(d) correspond
to the dynamics in the presence of the optical trap. Panels (e)-(g)
correspond to the free electron propagation (note that panel (g) in-
cludes a larger area of the system). One clearly sees that the presence
of the optical trap e�ectively con�nes the electronic wavepacket which
stays localized around r = 0 at all times.

penetrate to the region where the gap reaches its maximal value. Panels

(f)-(g) correspond to the case of the freely propagaing wavepacket and are

demonstrated for the reasons of comparison. Wavepacket dynamics in this

case reproduces well known results studied elsewhere before [107]. We also

estimated the position of the energy levels in our trapping potential as it is

shown at the Table 4.1. Characteristic separation between the neighboring

levels is of the order of magnitude of 0.1 meV which should be possible to

observe experimentally.
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4 Optical Trapping of Electrons in graphene

Table 4.1 � The energies of the lowest con�ned states for the optical trap in
graphene. See main text for the values of the parameters. The energy
levels are found by assuming a perfect trap and imposing vanishing
boundary conditions on the wavefunction at the radius of the trap.

j kj(µm−1) Ej (meV) Ej − Ej−1 (meV)
1 0.347 0.188
2 0.547 0.299 0.111
3 0.734 0.401 0.102
4 0.789 0.430 0.030
5 1.002 0.547 0.117

3

As discussed brie�y in the introduction, the trapping mechanism is sim-

ilar to the one encountered in semiconductor heterostructures. In the lat-

ter, when a wide-gap semiconductor is sandwiched between two narrow-gap

semiconductors, electrons occupying the bottom of the conduction band of

the middle semiconductor, are subjected to a potential barrier to the both

sides and thus are unable to leave the middle semiconductor. Similarly, in

our case, electrons occupying the states around the Fermi energy which lies

around the neutral charge point E = 0 in the low-bandgap region aren't able

to propagate to the region with high intensity illumination because there the

bandgap is higher and there are no states to scatter into.

A simple calculation of the local Chern number [108, 109] shows that the

gap opened by the electromagnetic �eld is topological. As a consequence,

in the vicinity of the trap, as on the edge of a �nite graphene monolayer,

edge states may appear depending on the parameters i.e the type of edge in

the case of graphene �nite monolayer. Using the model presented and under

some precise initial conditions, topological edge states can be observed. The

precise understanding of their nature and of the necessary conditions to

observe them would be a nice topic for further investigations.

4.3. Concluding remarks

In conclusion, in this article we have proposed a scheme for trapping

conduction electrons in a single layer of graphene using a monochromatic
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beam with a dip in the intensity. This unusual beam opens a gap everywhere

on the sheet except in the dip region where electronic states are present

around the Fermi energy so electrons occupying these states aren't able

to leave the region. We provided numerical simulations showing e�ective

trapping and we also discussed how an optical beam with such a pro�le can

be constructed.
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5. Optical valleytronics in gapped

graphene

5.1. Introduction

The discovery of graphene, a monolayer of carbon atoms with low energy

linear dispersion, and its unique electronic properties still continue to create

an increasing interest of the scienti�c community [1, 3, 66], and initiated a

large amount of studies on a new class of nanostructures, the Dirac materi-

als. Graphene is characterized by the gapless energy spectrum, which makes

di�cult its application in modern electronic �elds. Therefore many e�orts

have been dedicated towards the fabrication of gapped Dirac materials. The

spectrum of those materials is parabolic near the band edge (located at

the so-called Dirac points) but becomes linear far from it. Therefore elec-

tronic properties of such materials strongly depend on the value of the band

gap and, consequently, they are suitable for potential nanoelectronic ap-

plications [68, 127, 128]. Like in bare gapless graphene, the con�nement of

Dirac electrons in such systems, and the wide range of potential practical

applications, are compromised by their ability to perfectly transmit through

arbitrary potentials barriers at normal incidence. This e�ect is well known

for Dirac particles as the Klein paradox [129].

Valley transport in graphene has recently become a very active �eld of

research since it is expected that the valley degree of freedom can play the

same role as the electron spin in information processing [130�132]. Today

this approach is referred as valleytronics and it has many similarities with
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spintronics. In graphene like systems, the valley degree of freedom exists

due to the fact that there are two inequivalent edges of the Brillouin zone

in the honeycomb lattice labbelled as K and K'. Due to the large distance

between those two valleys in the reciprocal space, only scatterers with a

range smaller that the lattice constant can induce intervalley scattering,

for that reason it is usually considered very weak and can be neglected in

clean samples. Therefore, the valley index is a quantum number that can

be considered as conserved for electron transport. A lot of proposals in the

literature were put forward to generate valley-polarized currents by using

graphene nanoribbons [132, 133], electromagnetic or optical �eld [134, 135]

and lattice strain [136,137].

In the present letter, we propose a way to achieve valley dependent optical

trapping of Dirac electrons in gapped Dirac systems and to create a valley

router. In the framework of condensed matter physics, the basis for optical

trapping is provided by the possibility to locally modify the energy spectrum

of the particles by strong coupling to high frequency electromagnetic �eld

resulting in the dynamic Stark e�ect. Strong modi�cations of the transport

properties in the regime of strong light-matter couplig have been recently

reported for semiconductor quantum well [44, 45, 47�49], carbon nanostruc-

tures [12,54,59,138�140] and topological insulators [61,62,112].

Particularly, it has been shown that in gapped Dirac systems strongly

coupled to circularly polarized light the value of the band gap ∆g is either

increased or decreased valley dependently [141]. This modi�cation depends

on the intensity I and the frequency ω of the driving �eld. Therefore, this

mechanism o�ers a reversible way to control the electronic properties of the

system. Indeed, let us consider the case of a non-homogeneous intensity of

the driving �eld i.e. a simple Gaussian shaped beam (see �gure 1). In this

case, the band gap is modi�ed in the vicinity of the beam and it will be

unchanged away from it. Therefore, an electron located inside the illumi-

nated area, will not be able to escape since there is no available propagating

states. This mechanism has been described before for bare graphene [142]
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and is similar to the electron con�nement in semiconductor heterostructures

when a layer of narrow band semiconductor is sandwiched between wide gap

materials with the only di�erence being that the band mismatch in this case

is produced all optically. In gapped Dirac systems, the valley dependence of

the band gap has to be taken into account, since the gap increases in one

valley and decreases in the other one, the shined area will respectively be a

forbidden area for low energy electrons or a trapping one. Moreover, since

the energy spectrum is locally changed, electrons propagating towards the

illuminated area feel it as a potential barrier, and therefore valley depen-

dent scattering will occur. In this letter we propose and describe a system,

based on this principle, which traps electrons valley dependently and �lters

electrons moving towards the shinned area.

5.2. Model

Let us consider an in�nite single layer of graphene which lies in the plane

r = (x, y) at z = 0, grown between two 3 nm thick layers of SiO2. We

locally add a circular metallic resonator with a R = 2 µm radius, centred at

(x, y) = 0, the top SiO2 layer is directly stuck below the top gold plate while

on the other side a thick silicon layer is grown [see Fig 5.1 (a)]. The resonator

is added in order to break through the di�raction limit and to obtain micro-

meter scale trap/�lter in the infra-red range. This system interacts with

an electromagnetic wave propagating along the z-axis. The in�uence of the

resonator on the e�ective distribution of the electromagnetic �eld is modeled

numerically. The in-plane component of the �eld is displayed in Fig 5.1 (b).

The frequency of the wave ω is assumed to be high enough to satisfy the

condition ωτ � 1, where τ is a characteristic relaxation time in the system.

In this case, the electromagnetic wave can not be absorbed around the Dirac

points and should be considered as a pure dressing �eld. The low- energy

Hamiltonian of the system reads:

Ĥ(t) = ~vF
[
ξσ̂x

(
kx +

eAx
~

)
+ σ̂y

(
ky +

eAy
~

)]
+

∆g

2
σ̂z (5.1)
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(b)
(c)

Figure 5.1 � (a) Sketch of the considered system. The presence of a micro- scale
metallic resonator allows to focus high frequancy electromagnetic �eld
at subwavelength scale (b) Spacial pro�le of the intensity of the �eld
(c) Spacial dependence of the gap on the radial distance form the
center of the beam in K (red) valley and K' (blue) valley.
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(a) t = 0 ps

(b) t = 15 ps (c) t = 22 ps (d) t = 30 ps

(e) t = 15 ps (f ) t = 22 ps (g) t = 30 ps

Figure 5.2 � Plots of the total electron density, ρ = |ψA|2 + |ψB |2, for several
values of the evolution time indicated in each sub�gure. Panel (a)
corresponds to the initial distribution at t = 0. Panels (b)-(d) corre-
spond to the dynamics in the K valley. Panels (e)-(g) correspond to
the dynamics in the K' valley. One clearly sees that while electrons
located in the K valley escape the trap, those located in K' valley
remain con�ned in it.

(a) t = 0 ps

(b) t = 70 ps (c) t = 100ps (d) t = 130ps

(e) t = 70 ps (f ) t = 100 ps (g) t = 130 ps

Figure 5.3 � Plots of the total electron density, ρ = |ψA|2 + |ψB |2, for several
values of the evolution time indicated in each sub�gure. Panel (a)
corresponds to the initial distribution at t = 0. Panels (b)-(d) cor-
respond to the dynamics in the K valley. Panels (e)-(g) correspond
to the dynamics in the K' valley. One clearly sees di�erent scattering
patterns for electrons in K and K' valleys.
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where vF is the Fermi velocity, ξ = ±1 the valley index and σi, i = x, y, are

the Pauli matrices. The interaction with external electromagnetic radiation

is introduced via the minimal coupling substitution, kx,y → kx,y + (e/~)Ax,y

where Ax,y corresponds to the vector potential of the dressing �eld. To

break time reversal symmetry and open the band gap at the Dirac points

we should consider the case of circular polarization, choosing

Ax =
Ex(r, θ)

ω
cos (ωt) , (5.2)

Ay =
Ey(r, θ)

ω
sin (ωt) , (5.3)

where ω and Ex,y are frequency and amplitudes of the dressing �eld.

The Hamiltonian in Eq 5.1 is time-dependent, but in the high frequency

limit it can be reduced to a stationary e�ective Hamiltonian. The math-

ematical basis for that is provided by the Floquet theory of periodically

driven quantum systems [26,38,39,143]. The main steps are as follows. The

time-dependent Hamiltonian can be expressed as :

Ĥ (r, t) = Ĥ0 + V̂ exp (iωt) + V̂ † exp (−iωt) (5.4)

where

Ĥ0(t) = ~vF (ξσ̂xkx + σ̂yky) +
∆g

2
σ̂z, (5.5)

V̂ (r) =
evF
2ω

(ξExσ̂x − iEyσ̂y) . (5.6)

Since the frequency ω is assumed to be high compared to all characteristic

frequencies of the system, the electron dynamics is not able to follow the fast

time oscillations of the vector potential, and the e�ective time-independent

Hamiltonian can be obtained by Floquet-Magnus expansion [26, 27, 125] in

powers of ω−1. Restricting ourselves to the �rst three terms in the in�nite
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series we get:

Ĥeff ≈ Ĥ0 +

[
V̂ , V̂ †

]
~ω

+

[[
V̂ , Ĥ0

]
, V̂ †

]
+ H.c.

2(~ω)2

Using this expression, one can �nd out the renormalization of the band

parameters of the system [141], the modi�ed band-gap can be expressed as:

∆̃g = ∆g

(
1−

(
Ω2
x + Ω2

y

))
− 2ξ~ωΩxΩy (5.7)

where

Ωx,y =
vF eEx,y
~ω2

(5.8)

This term is responsible for the valley dependent trapping of electrons with

energy below the bare gap value and for the valley dependent scattering

of electrons. The position-dependent renormalized Fermi velocity ṽx,y =

vF (1−Ω2
x,y). One should note that since the distribution of the �eld is space

dependent, non-commutative terms appear in the e�ective Hamiltonian due

to the canonical commutation relation. Those terms are small with respect

to the other terms but are retained in the following simulations in order to

keep the e�ective Hamiltonian Hermitian.

It should be noted that Eq.(5.7) is derived under the condition ~ω � ∆g.

The gap in such system can be tuned in the broad range ∆g = 1− 60 meV

[70, 144]. Therefore, assuming the gap to be of meV scale, and the �eld to

be in the far infrared range, we can easily satisfy this condition.

5.3. Results and discussion

In order to demonstrate the valley dependence of the electron dynamic

and its consequences on the optical trapping of electrons in gapped Dirac

systems, we �rst study numerically the dynamic of an electronic wave packet

109



5 Optical valleytronics in gapped graphene

initially located around r = 0. We use the following parameters of the dress-

ing �eld; intensity I = 300 W/cm2, dressing �eld frequency ω = 33 THz.

The width of the initial wavepacket is taken to be d = 4 µm. The initial av-

erage wave vector is null. The simulation is run for K and K' independently

i.e. the electron wave packet is injected in one valley at a time. The conser-

vation of the global intensity has been checked and is veri�ed up to 10−6%.

The results are shown in FIG. 5.2. From this simulation one can conclude

that, in the valley where the gap in the area between the metallic plates is

lower than elsewhere, described by panes (b) to (d) electrons cannot �nd any

possible state to propagate to, and therefore stay in the vicinity of r = 0.

This mechanism has already been described in recent studies [142]. In the

other valley, described by panels (e) to (g), when the gap is smaller, prop-

agating states with not zero k vectors exist, and depending on the energy

at which the electron is injected, not zero velocity can be observed. Also,

this valley dependence can be optically controlled using the polarization of

the �eld. Namely, switching form a clockwise to a counterclockwise circular

polarization will switch the e�ect to its opposite in each valley [141].

In order to study the interaction between a propagating electron wave

packet and the light induced valley and space dependent modi�cation of the

gap, it is now introduced at x = −15µm , y = 0 with the same characteristics

as the previous study. The results are shown in Fig.5.3. From this simulation

one can conclude that in both valleys, the dynamic of the propagation wave

packet is strongly a�ected by the modi�cation of the gap. In the K valley,

described by panels (b) to (d), where the gap is decreased, part of the total

intensity is transmitted and will continue to propagate to the right. The

appearance of a "fan" pattern is due to the radial symmetry of the light

induced e�ective potential. In the K' valley, the wave packet is scattered in

every direction but the Ox one. Simulations with di�erent initial energies

of the wavepacket have been run, this e�ect subsists up to an initial energy

of the packet close to the value of the modi�ed band gap. As in the case of

the valley dependent trapping, the valley can be switched by changing the
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polarization.

5.4. Conclusion

In conclusion, in this work we have proposed a scheme that can both

behave as a valley dependent trap for electrons and as a valley router, on a

scale lower than the one usually allowed by the di�raction limit. The basis

on which this results lies on is the all optical valley dependent modi�cation

of the band gap. This modi�cation of the band parameters changes the

position of the electronic propagating states and therefore electrons can be

either trapped, re�ected or transmitted. Numerical simulations supporting

the prediction of the trap and �lter behaviour of the system are provided.

This �ndings open the routes to the all-optical manipulation of the valley

transport in 2d materials with the subwavelength resolution.
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Conclusions

Among the original work described in this thesis, the following has been

achieved. The strong coupling of a bilayer graphene system to a dressing

electromagnetic �eld has been shown to be a all optical tool to control the

topology of the Fermi surface of bilayer graphene. Moreover using the po-

larization degree of freedom the �eld can induce the Lifshitz transition with

di�erent possible outputs for the low energy dispersion. Therefore a dressing

electromagnetic �eld can be used as an in-situ tool to control the electronic

properties of bilayer graphene bases structure.

Also, the dressing �eld is able to control various electronic properties of

gapped Dirac material such as the band gap and the spin splitting. For

instance, they can be closed all optically with the right set of frequency, po-

larization and intensity of the dressing �eld. The polarization is also in this

case a degree of freedom than can be used to control the band parameters,

but not only. The circular polarization brings an additional e�ect due to

the break of the time reversal symmetry it induce, the equivalence between

the valleys is broken, allowing the creation of valleytronic systems based on

this phenomena. As a consequence, a gapped Dirac system strongly coupled

to a dressing electromagnetic �eld is a good candidate for the creation of

electronic, spintronic and valleytronic devices.

Using the principle just described, a device allowing to trap electrons in

a Dirac material can be designed. Using a monochromatic beam with a dip

in the intensity, the gap can be engineered space dependently. The gap is

therefore opened everywhere besides in the dip region. Electrons in this area
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will therefore be in states not present anywhere else and will therefore not

be able to leave the trap. Using this principle, the idea has been extended

to gapped Dirac material, where as described before the valley symmetry

can be broken. Therefore since the band gap can be, on the same area,

open in one valley and closed in the other one, the electrons will be trapped

depending on their valley index. This phenomena gives access to the design

of many all optical valleytronics devices .
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