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Tool for analysis of multichannel analysis of surface waves
(MASW) field data and evaluation of shear wave velocity
profiles of soils
Elin Asta Olafsdottir, Sigurdur Erlingsson, and Bjarni Bessason

Abstract: Multichannel analysis of surface waves (MASW) is a fast, low-cost, and environmentally friendly technique to estimate
shear wave velocity profiles of soil sites. This paper introduces a new open-source software, MASWaves, for processing and analysing
multichannel surface wave records using the MASW method. The software consists of two main parts: a dispersion analysis tool
(MASWaves Dispersion) and an inversion analysis tool (MASWaves Inversion). The performance of the dispersion analysis tool is
validated by comparison with results obtained by the Geopsy software package. Verification of the inversion analysis tool is
carried out by comparison with results obtained by the software WinSASW and theoretical dispersion curves presented in the
literature. Results of MASW field tests conducted at three sites in south Iceland are presented to demonstrate the performance
and robustness of the new software. The soils at the three test sites ranged from loose sand to cemented silty sand. In addition,
at one site, the results of existing spectral analysis of surface waves (SASW) measurements were compared with the results
obtained by MASWaves.

Key words: multichannel analysis of surface waves (MASW), dispersion analysis, inversion analysis, open-source software, shear
wave velocity.

Résumé : L’analyse multicanal des ondes de surface (« MASW ») est un moyen technique rapide, peu coûteux et respectueux de
l’environnement pour estimer les profils de vitesse des ondes de cisaillement de sites de sols. L’article présente un nouveau
logiciel à source ouverte, MASWaves, pour le traitement et l’analyse d’enregistrements des ondes de surface multicanal à l’aide de la
méthode MASW. Le logiciel se compose de deux parties principales; un outil d’analyse de la dispersion (la dispersion MASWaves) et un
outil d’analyse d’inversion (l’inversion MASWaves). La performance de l’outil d’analyse de la dispersion est validée par la comparaison
aux résultats obtenus par le logiciel Geopsy. La vérification de l’outil d’analyse d’inversion est effectuée par rapport aux résultats
obtenus par le logiciel WinSASW et les courbes de dispersion théoriques présentés dans la littérature. Les résultats des essais sur le
terrain de MASW effectués dans trois sites dans le sud de l’Islande sont présentés afin de démontrer les performances et la robustesse
de ce nouveau logiciel. Les sols à l’essai aux trois sites allant de sable lâche au sable limoneux cimenté. De plus, sur un site, les résultats
de mesures de l’analyse spectrale des ondes de surface (« SASW ») ont été comparés aux résultats obtenus par MASWaves. [Traduit par
la Rédaction]

Mots-clés : analyse multicanal des ondes de surface (MASW), analyse de la dispersion, analyse de l’inversion, logiciels à source
ouverte, vitesse des ondes de cisaillement.

Introduction
Knowledge of the geotechnical properties of subsoil sites is es-

sential in various civil engineering projects. The shear wave veloc-
ity of the top-most soil layers is a key parameter in this sense. The
small-strain shear modulus of individual soil layers (Gmax) is di-
rectly proportional to the square of their characteristic shear
wave velocity. Furthermore, the shear wave velocity is vital in
assessments of both liquefaction potential and soil amplification
and for seismic site classification (Kramer 1996). For instance, the
time-average shear wave velocity of the uppermost 30 m (VS,30) is
used to account for the effects of the local ground conditions on
the seismic action when site-specific design spectra are defined
according to Eurocode 8 (CEN 2004).

Several in situ methods can be applied to estimate the shear
wave velocity profile of near-surface materials (Gazetas 1991;

Kramer 1996). Among these are methods that require access to a
drilled borehole such as down-hole and cross-hole seismic sur-
veys, methods where the resistance of soil to penetration is mea-
sured as in the standard penetration test and the cone penetration
test and surface wave analysis methods. Surface wave analysis
methods are based on the dispersive properties of surface waves
propagating through a heterogeneous medium (Aki and Richards
1980). In published studies, the main focus has been on the anal-
ysis of Rayleigh waves as they are both easy to generate and to
detect on the ground surface using low-frequency receivers (Socco
et al. 2010). Compared to other available methods, surface wave
analysis methods are low-cost, as well as being noninvasive and
environmentally friendly because they neither require heavy ma-
chinery nor leave lasting marks on the surface of the test site. This
makes the application of surface wave analysis methods for estimating
the shear wave velocity profile of subsoil sites very appealing.
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The basis of most surface wave analysis methods is accurate
determination of the frequency-dependent phase velocity of
fundamental-mode Rayleigh waves (Park et al. 1999), i.e., the ex-
perimental fundamental-mode dispersion curve. Apart from be-
ing a function of frequency, the Rayleigh wave phase velocity is
related to several groups of soil properties, most importantly the
shear wave velocity (Xia et al. 1999). Hence, by inversion of the
experimental dispersion curve, the shear wave velocity profile for
the test site can be determined.

Several types of surface wave analysis methods can be applied
to estimate the shear wave velocity profile of the top-most soil
layers. Among them are spectral analysis of surface waves (SASW)
and multichannel analysis of surface waves (MASW). The SASW
method has been used since the early 1980s and is based on anal-
ysis of surface wave records acquired by multiple pairs of receiv-
ers (Nazarian et al. 1983). The MASW method is a newer and more
advanced technique, developed to overcome some of the weak-
nesses of the SASW method (Park et al. 1999). In recent years, the
MASW method has attracted increasingly more attention and has
become one of the key surface wave analysis methods to deter-
mine near-surface shear wave velocity profiles for applications in
civil engineering (Xia 2014). The main advantages of MASW, as
compared to the SASW method, include a more efficient data-
acquisition routine in the field, faster and less labour-consuming
data processing procedures, and improved identification and
elimination of noise from recorded data (Park et al. 1999; Xia et al.
2002). Reduction of noise leads to a more accurate experimental
dispersion curve and ultimately a more precise shear wave veloc-
ity profile. Furthermore, the MASW method makes it possible to
observe and extract higher-mode dispersion curves based on the
recorded surface wave data (Xia et al. 2003). Finally, it is possible to
map deeper shear wave velocity profiles when using the same
impact load. The observed difference between results obtained by
MASW and direct borehole measurements has been estimated as
approximately 15% or less and random (Xia et al. 2002).

The maximum depth of investigation in a MASW survey varies
with site, the configuration of the measurement profile, the nat-
ural frequency of the receivers, and the type of seismic source that
is used (Park and Carnevale 2010; Park et al. 2002, 2007). The
investigation depth is determined by the longest Rayleigh wave
wavelength that is retrieved. A commonly adopted empirical cri-
terion (Park and Carnevale 2010) is that

(1) zmax ≈ 0.5�max

where zmax is the maximum investigation depth and �max is the
longest wavelength.

The investigation depth that can be achieved by a MASW survey
is usually a few tens of metres, assuming that the surface waves
are generated by a reasonably heavy impulsive (active) source,
e.g., a sledgehammer (Park et al. 2005, 2007). Surface waves that
are generated by natural sources and (or) man-made activities
have lower frequencies (longer wavelengths) than waves gener-
ated by impact loads. Multiple techniques have been applied for
analysis of ambient noise (passive-source) vibrations acquired by a
linear receiver array (e.g., Louie 2001; Park and Miller 2008), a
two-dimensional array (e.g., Asten 2006; Di Giulio et al. 2006;
Garofalo et al. 2016; Wathelet et al. 2008) or a single station (e.g.,
Gouveia et al. 2016; Hobiger et al. 2009, 2013). By combining re-
sults of active-source and passive-source surveys, an increased
range in investigation depth can be obtained.

This paper introduces the first version of a new open-source
software, MASWaves (Multichannel Analysis of Surface Waves for
assessing shear wave velocity profiles of soils), for application of
the MASW method, developed at the Faculty of Civil and Environ-
mental Engineering, University of Iceland (Olafsdottir 2016). MASWaves
contains two fundamental parts: a tool for processing of MASW

field data and evaluation of experimental dispersion curves
(MASWaves Dispersion) and a tool for computation of theoretical
dispersion curves and evaluation of shear wave velocity profiles
by inversion of the experimental data (MASWaves Inversion). Ver-
ification of MASWaves Dispersion is carried out by comparison
with results obtained by using the open-source software Geopsy.
Theoretical dispersion curves computed by MASWaves Inversion
were compared with theoretical fundamental-mode curves ob-
tained by using the software WinSASW (version 1.2; UTAustin
1992) as well as fundamental- and first higher-mode dispersion
curves presented by Tokimatsu et al. (1992) and Tokimatsu (1997).

Results of MASW field tests conducted at three test sites in
south Iceland are presented to demonstrate the performance and
robustness of the new software. Moreover, at one test site, the
results of the MASW analysis were compared with results of SASW
measurements carried out previously at the site.

The software MASWaves, which is written in Matlab, can be
downloaded free of charge at masw.hi.is, along with a user guide
and sample data.

Multichannel analysis of surface waves
The MASW method is divided into three main steps: field mea-

surements, dispersion analysis, and inversion analysis (Park et al.
1999). The software MASWaves is designed to perform the disper-
sion analysis and the inversion analysis. A single multichannel
surface wave record is sufficient to carry out the analysis. The
main data acquisition and computational steps are illustrated in
Fig. 1.

For data acquisition, low-frequency receivers (geophones) are
lined up on the surface of the test site (Fig. 1a). A wave is generated
by an impulsive source that is applied at one end of the measure-
ment profile and the geophones record the resulting wave prop-
agation as a function of time (Fig. 1b). The number of receivers is
denoted by N. An illustration of a typical MASW measurement
profile is provided in Fig. 2. The distance from the impact load
point to the first receiver in the geophone line is referred to as the
source offset and denoted by x1 and the receiver spacing is dx.
Hence, the length of the receiver spread is L = (N – 1)dx and the
total length of the measurement profile is LT = x1 + (N – 1)dx.

In the dispersion analysis, dispersion curves are extracted from
the acquired surface wave data. Several different methods can be
used. Transform-based methods, in which the acquired time se-
ries are transformed from the space–time domain into a different
domain, are most commonly used for active-source surveys (Socco
et al. 2010), i.e., the frequency–wave number (f–k) transform
(Yilmaz 1987), the slowness–frequency (p–�) transform (McMechan
and Yedlin 1981), and the phase shift method (Park et al. 1998). Each
transform provides an image of the dispersive properties of the
recorded surface waves (Fig. 1c) from which the Rayleigh wave
dispersion curve(s) are identified and extracted based on the spec-
tral maxima (Fig. 1d). Dal Moro et al. (2003) compared the effec-
tiveness of the phase shift method, the f–k transform, and the p–�
transform to determine Rayleigh wave dispersion curves for near-
surface applications in unconsolidated settlements. They con-
cluded that the phase shift method, which was used in this work,
is a robust and computationally efficient method that provides
accurate fundamental-mode phase velocities even when data
from as little as four geophones are available.

The inversion analysis involves obtaining a shear wave velocity
profile by backcalculation of the experimental dispersion curve. A
theoretical dispersion curve is computed based on an assumed set
of model parameters, including an assumed shear wave velocity
profile for the test site. Different sets of parameters are inserted
into the theoretical model in an iterative way in search of the
theoretical dispersion curve that is the most consistent with the
measured curve (Fig. 1e). The shear wave velocity profile that re-
sults in a theoretical dispersion curve that fits the experimental
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curve up to an acceptable level is taken as the result of the survey
(Fig. 1f).

Theoretical dispersion curves are in most cases determined by
matrix methods that originate in the work of Thomson (1950) and
Haskell (1953), assuming a layered earth model. Various methods
have been developed based on the Thomson–Haskell formulation
to study surface wave propagation in a layered medium. Many of
these were formulated to resolve numerical overflow and loss-of-
precision problems that can occur at high frequencies when the
original Thomson–Haskell method is applied (Schwab 1970). Avail-
able methods include the propagator-matrix approach described by
Knopoff (1964) and Schwab (1970) with later improvements of, e.g.,
Abo-Zena (1979), Menke (1979), and Buchen and Ben-Hador (1996);
the stiffness matrix formulation of Kausel and Roësset (1981); and
the reflection–transmission matrix method developed by Kennett
(1974) and Kennett and Kerry (1979). In this work, the stiffness
matrix method was used for computations of theoretical disper-
sion curves.

The inversion problem encountered in MASW can be regarded
as a nonunique and nonlinear optimization problem where the
objective is to minimize the misfit between the theoretical and
the experimental dispersion curves (Foti et al. 2015). The inversion
can either be performed as a fundamental-mode inversion, i.e., by
considering only the fundamental mode of Rayleigh wave propa-
gation, or by including higher modes as well. Fundamental-mode
inversion is easier to implement and in general more computa-
tionally efficient. However, consideration of higher modes can in
some cases be of importance to better constrain the inversion
process, especially at sites where the shear wave velocity does not
gradually increase with depth (Socco et al. 2010). In this work, the
experimental and the theoretical dispersion curves were com-
pared in terms of their fundamental modes.

Dispersion analysis
A flowchart of the dispersion analysis process is shown in Fig. 3

and a brief description of each step is provided below. A more

Fig. 1. Overview of the MASW method: (a, b) field measurements; (c, d) dispersion analysis; (e, f) inversion analysis. [Colour online.]

Fig. 2. Typical MASW measurement profile with 24 receivers. [Colour online.]

11 2 3 4 23 2422

Seismic source Receivers (geophones)

dx dx dx dx dx
Receiver spacing (dx)

Receiver spread (L)

Source offset (x1)

Measurement profile (LT)

Olafsdottir et al. 219

Published by NRC Research Press

C
an

. G
eo

te
ch

. J
. D

ow
nl

oa
de

d 
fr

om
 w

w
w

.n
rc

re
se

ar
ch

pr
es

s.
co

m
 b

y 
13

0.
20

8.
54

.2
1 

on
 0

8/
08

/1
8

Fo
r 

pe
rs

on
al

 u
se

 o
nl

y.
 



detailed description of the computational procedure is provided
by Olafsdottir (2016).

The multichannel surface wave record is denoted by u(xj, t),
where xj = x1 + (j – 1)dx is the distance from the impact load point
to the jth receiver (j = 1, …, N) and t is time. A Fourier transform is
applied to each trace of the multichannel record providing its
frequency-domain representation ũ�xj, �� (Park et al. 1998; Park
2011)

(2) ũ(xj, �) � FFT[u(xj, t)]

where � = 2�f is angular frequency.
The transformed record can be expressed in terms of amplitude

Aj(�) and phase �j(�). The phase term is determined by the char-
acteristic phase velocity of each frequency component c(�) and
the offset xj. The amplitude term preserves information regarding
other properties such as the attenuation of the signal and its
geometrical spreading (Park et al. 1998; Park 2011)

(3) ũ(xj, �) � Aj(�)e�i�j(�)

where

(4) �j(�) �
�xj

c(�)
�

�[x1 � (j � 1)dx]

c(�)

and i2 = –1.
The amplitude of the transformed record is subsequently nor-

malized in both the offset and the frequency dimensions to re-
move the effects of geometrical spreading and attenuation (Park
et al. 1998; Park 2011). Hence, the analysis is focused on the disper-
sive properties of the signal.

(5) ũnorm(xj, �) �
ũ(xj, �)

	ũ(xj, �)	
� e�i�j(�)

The time domain representation of each frequency component
of ũnorm�xj, �� is an array of normalized sinusoidal curves that have
the same phase along the slope determined by their actual phase
velocity c(�). The phase of the curves varies along slopes corre-

Fig. 3. Overview of the dispersion analysis.

Amplitude normalization in x and ω dimensions

1. Import data and initialize algorithm

2. Fourier transformation and normalization

3. Dispersion imaging

4. Extraction of dispersion curves

1
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Import u(x,t), N, dx and x1

Determination of the Rayleigh wave phase velocity testing range
cT,min ≤ cT ≤ cT,max

u(xj , t) ũ(xj ,ω) j = 1, 2, ... , N

ũnorm(xj ,ω) =                 = e−iΦj(ω)

FFT

ΦT,j : Phase shifts corresponding to a given set of ω and cT

ΦT,j =          = 

ũ(xj ,ω)
|ũ(xj ,ω)|

ωxj

cT

ω(x1 + ( j −1)dx)
cT

AS(ω ,cT): Summed amplitude for a given set of ω and cT

AS(ω ,cT) = (e−iΦT,1ũnorm(x1 ,ω) + ... + e−iΦT,Nũnorm(xN ,ω))1
N

Steps       and repeated for varying ω and cT

AS(ω ,cT) Rayleigh wave dispersion curve(s)
   and upper/lower boundaries
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sponding to other phase velocities. If the normalized sinusoidal
curves are added up along the slope corresponding to c(�), their
sum will be another sinusoidal curve with amplitude N through a
perfectly constructive superposition. However, if the normalized
curves are added up along any other slope, the amplitude of the
resulting summed curve will be less than N due to destructive
superposition (Ryden et al. 2004; Park 2011). The process of sum-
ming amplitudes in the offset domain along slanted paths is gen-
erally referred to as slant-stacking (Yilmaz 1987).

For a given testing phase velocity, cT, and a given frequency, �,
the amount of phase shifts required to counterbalance the time
delay corresponding to specific offsets xj are determined. The
phase shifts are applied to distinct traces of the normalized, trans-
formed record ũnorm�xj, �� that are thereafter added to obtain the
slant-stacked amplitude As(�, cT) corresponding to each pair of �
and cT (Park et al. 1998; Park 2011). The slant-stacked amplitude is
generally normalized with respect to N so that the peak value will
not depend on the number of receivers

(6) As(�, cT) �
1
N �j�1

N
e�i�T,jũnorm(xj, �)

where

(7) �T,j �
�xj

cT

The summation operation defined by eqs. (6) and (7) is repeated
for all the different frequency components of the transformed
record in a scanning manner, changing the testing phase velocity
in small increments within a previously specified testing range
(cT,min ≤ cT ≤ cT,max). The dispersion image is thereafter obtained
by plotting the slant-stacked amplitude in the frequency–phase
velocity domain, in either two or three dimensions (see Figs. 1c
and 1d). The high-amplitude bands visualize the dispersion prop-
erties of all types of waves contained in the recorded data and are
used to construct the fundamental-mode (and higher-mode) dis-
persion curve(s) for the site (Park et al. 1998; Park 2011). Upper and
lower boundaries for the modal dispersion curves ((pA/100)As,max ≤
As ≤ As,max) can be obtained by identifying the testing phase veloc-
ity values that provide pA% of the corresponding spectral peak
value (As,max) at each frequency.

The experimental fundamental-mode dispersion curve is de-
noted by (ce,q, �e,q) (q = 1, …, Q) where Q is the number of data
points, ce,q is the Rayleigh wave phase velocity of the qth data
point, and �e,q is the corresponding wavelength. For application of
the software MASWaves, the fundamental-mode dispersion curve
is of main interest and also referred to as the dispersion curve in
the subsequent discussion.

Challenges associated with the dispersion analysis and
effects of the measurement profile configuration

Determination of the experimental Rayleigh wave dispersion
curve is a critical stage in the application of MASW. An inaccurate
or erroneous experimental dispersion curve can cause substantial
errors in the inverted shear wave velocity profile (Gao et al. 2016;
Park et al. 1999; Zhang and Chan 2003).

Ideally, the dispersion analysis should provide identification
and extraction of the dispersion curve for each mode. However,
in reality, surface wave registrations are incomplete to some ex-
tent, imposing various challenges when dispersion curves are
identified based on a dispersion image. The fundamental mode of
Rayleigh wave propagation typically prevails at sites where the
stiffness (shear wave velocity) increases gradually with increasing
depth (Foti et al. 2015; Gao et al. 2016; Gucunski and Woods 1991;
Tokimatsu et al. 1992). However, at sites characterized by a more
irregularly varying stiffness profile, e.g., the presence of a stiff
surface layer, a stiff layer sandwiched between two softer layers or
a sudden increase in stiffness with depth, higher modes can play
a significant role in certain frequency ranges. In such cases, mis-
identification of mode numbers or superposition of dispersion
data from two (or more) modes can occur (Foti et al. 2015; Gao et al.
2016; Zhang and Chan 2003). Mode misidentification can, for ex-
ample, involve a higher mode being incorrectly identified as the
fundamental mode, whereas mode superposition results in an
apparent dispersion curve that does not correspond to any of the
real modes. Such overestimation of the fundamental-mode phase
velocity will, in the inversion analysis, lead to both overestima-
tion of the shear wave velocity and erroneous depth.

The length of the receiver spread (L) affects the spectral resolu-
tion of the dispersion image, i.e., the width of the high-amplitude
band, and hence, the ability to separate different modes of Rayleigh
wave propagation as well as the accuracy of the identified spectral
maximum at each frequency (Foti et al. 2015). This is illustrated in
Fig. 4. The dispersion image in Fig. 4a was obtained based on a
multichannel record acquired by a receiver spread of length
11.5 m, whereas the data used for computation of Fig. 4b were
obtained at the same test site using a 23.0 m receiver spread. The
receiver spread length of 11.5 m was not sufficient to separate the
fundamental and higher modes. However, the longer receiver
spread provided improved spectral resolution and allowed identi-
fication of a higher mode at frequencies above 40–50 Hz. The use
of an even longer receiver spread was not possible due to the
nature of the site.

Based on the previous discussion, a longer receiver spread is, in
general, preferable to improve the resolution of the dispersion
image. However, an increased receiver spread length risks signif-
icant lateral variations along the geophone array (thus violating
the one-dimensional soil model assumption made in the inver-
sion analysis), attenuation of higher frequency surface wave com-

Fig. 4. Dispersion images obtained by receiver spreads of length (a) L = 11.5 m (dx = 0.5 m and N = 24) and (b) L = 23.0 m (dx = 1.0 m and N = 24). The
midpoint of both receiver spreads was the same. [Colour online.]
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ponents (which reduces the minimum resolvable investigation
depth of the survey), and spatial aliasing if a fixed number of
receivers is used (Foti et al. 2015).

The analysis of the multichannel surface wave records is based
on the assumption that the wave front of the Rayleigh wave is
plane. Hence, propagation of nonplanar surface waves and inter-
ference of body waves near the impact load point, referred to as
near-field effects, can bias the experimental dispersion curve es-
timate (Ivanov et al. 2008; Park and Carnevale 2010; Yoon and Rix
2009). In general, the length of the source offset (x1) has to be
sufficient to assure plane wave propagation of surface wave com-
ponents. The minimum source offset required to avoid near-field
effects depends on the longest wavelength that is analysed. A very
short source offset can result in an irregular and unreliable high-
amplitude trend in the dispersion image at lower frequencies,
usually displaying lower phase velocities than images free of near-
field effects. An overly long source offset, however, risks excessive
attenuation of fundamental-mode components at higher frequen-
cies. A simple, widely accepted rule-of-thumb indicates that the
investigation depth of the survey is around the same as the re-
ceiver spread length (L) and that the minimum source offset is in
the range of 0.25L–L (Ivanov et al. 2008). However, it should be
noted that such empirical rules-of-thumb might not be applicable
at specific sites.

Validation of the dispersion analysis procedure
The dispersion analysis procedure implemented in MASWaves

has been verified by comparison with the Linear F-K for active
experiments toolbox of the Geopsy software package (geopsy.org).
The comparison is provided in the form of dispersion images and
extracted fundamental- and higher-mode dispersion curves. Mul-
tichannel surface wave records acquired at two test sites in north
Iceland were used for comparison purposes. At test site 1, the
fundamental mode dominated the surface wave signal (Fig. 5). At
test site 2, however, a higher mode was dominant at frequencies
higher than 25–30 Hz (Fig. 6). At both test sites, the two computa-
tional procedures provided fundamental-mode Rayleigh wave
dispersion curve estimates within the approximately same frequency
ranges, as well as higher-mode dispersion curve estimates within
comparable frequency ranges at test site 2. The extracted
fundamental- and higher-mode dispersion curves agreed very well
in both cases (Fig. 7).

Inversion analysis
Figure 8 illustrates the stratified earth model used in the inver-

sion analysis. For computation of a theoretical dispersion curve
corresponding to the assumed layer structure, the problem is
approximated as a plane strain problem in the x–z plane (Haskell

Fig. 5. Test site 1: dispersion images obtained by (a) MASWaves and (b) Geopsy. [Colour online.]

(a) (b)

0
Frequency [Hz] 

50

100

150

200

250

300

350

400
 ]s/

m[ yticolev esah
P

0.2 0.4 0.6 0.8
Normalized amplitude

10 20 30 40 50 0 10 20 30 40 50
Frequency [Hz]

50

100

150

200

250

300

350

400

]s/
m[ ytic olev e sah

P

0.0 0.2 0.4 0.6 0.8 1.0
Normalized amplitude

Fig. 6. Test site 2: dispersion images obtained by (a) MASWaves and (b) Geopsy. [Colour online.]
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1953; Kausel and Roësset 1981). The x-axis is parallel to the layers,
with a positive x in the direction of surface wave propagation, and
the positive z-axis is directed downwards. Each layer is assumed to
be flat and have homogeneous and isotropic properties. The top of
the first layer corresponds to the surface of the earth. The number
of finite thickness layers is denoted by n. The last layer, referred to
as layer n + 1, is assumed to be a half-space. The parameters re-
quired to define the properties of each layer are layer thickness
(h), shear wave velocity (
), Poisson’s ratio (�) or compressional
wave velocity (�) and mass density ().

An overview of the inversion analysis procedure is provided in
Fig. 9. The first step is to obtain an initial estimate of the required
model parameters. For a plane-layered earth model, the shear
wave velocity has a dominant effect on the fundamental-mode
dispersion curve at frequencies f > 5 Hz, followed by layer thick-
nesses (Xia et al. 1999). As the effect of change in Poisson’s ratio (or

compressional wave velocity) and mass density are less signifi-
cant, these parameters are assumed known and assigned fixed
values to simplify the inversion process.

The layer thicknesses and the initial shear wave velocity of each
layer can be estimated based on the experimental dispersion
curve (ce,q, �e,q) (q = 1, …, Q) utilizing a methodology described by
Park et al. (1999) where the shear wave velocity, 
, at depth z is
estimated as 1.09 times the experimental Rayleigh wave phase
velocity, c, at the frequency where the wavelength, �, fulfils

(8) z � a�

The parameter a is a coefficient that does not change consider-
ably with frequency (Park et al. 1999) and can be chosen close to
0.5 (see eq. (1)). The multiplication factor 1.09 originates from the
ratio between the shear and Rayleigh wave propagation velocities
in a homogeneous medium (Kramer 1996). Alternatively, the ini-
tial values of the layer thicknesses and the shear wave velocities
can be assigned manually.

The Poisson’s ratio (or the compressional wave velocity) and the
mass density of each layer are either estimated based on indepen-
dent soil investigations or experience of similar soil types from
other sites. For estimation of these parameters, it is important to
pay special attention to the presence and the expected position of
the groundwater table. The velocity of compressional waves prop-
agating through groundwater is close to 1500 m/s, depending
slightly on water temperature and salinity (Kramer 1996). Their
propagation velocity through soft, saturated soil can reach these
high velocities. Hence, in such cases the compressional wave ve-
locity is not indicative of the stiffness of the saturated soil and the
soil’s apparent Poisson’s ratio will be close to 0.5 (Foti et al. 2015;
Gazetas 1991). The saturated density should be used for the soil
layers that are below the expected groundwater table. The stiff-
ness of the soft soil can be significantly overestimated if the pres-
ence of the groundwater table is ignored (Kramer 1996).

Theoretical fundamental-mode dispersion curves are computed
by the stiffness matrix method of Kausel and Roësset (1981) in an
iterative way. In each iteration, the theoretical fundamental-
mode dispersion curve (ct,q, �t,q) (q = 1, …, Q) is computed at the
same wavelengths as are included in the experimental dispersion
curve (ce,q, �e,q) (q = 1, …, Q), i.e.,

(9) �t,q � �e,q q � 1, …, Q

Fig. 7. (a) Test site 1: comparison of fundamental-mode dispersion curves extracted from the spectra in Figs. 5a and 5b. (b) Test site 2: comparison of
fundamental- and higher-mode dispersion curves extracted from the spectra in Figs. 6a and 6b. [Colour online.]
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Fig. 8. A layered soil model for the inversion analysis. [Colour
online.]
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The corresponding wave numbers kt,q are

(10) kt,q �
2�
�t,q

q � 1, …, Q

An element stiffness matrix Ke,j is obtained for each layer, in-
cluding the half-space, for a given value of kt,q and an assumed
testing phase velocity cT. The element stiffness matrix of a given
layer relates the stresses at the upper and lower interfaces of the
layer to the corresponding displacements (Kausel and Roësset
1981)

(11) pe,j � Ke,jue,j j � 1, …, (n � 1)

where pe,j is the element external load vector of the jth layer and ue,j
is the element displacement vector of the jth layer. Equation (11) is
referred to as the element matrix equation for the jth layer. The
components of the element stiffness matrix Ke,j are provided in
Appendix A.

The element matrix equations (eq. (11)) are subsequently assem-
bled at the common layer interfaces (see Appendix A) to form the
system equation

(12) p � Ku

where the matrix K is referred to as the system stiffness matrix
and the vectors p and u are the system external load vector and the
system displacement vector, respectively. The natural modes of
Rayleigh wave propagation are obtained by considering a system
with no external loading, i.e., where

(13) Ku � 0

For nontrivial solutions of eq. (13), the determinant of the sys-
tem stiffness matrix K must vanish. Hence, wave numbers that
represent the modal solutions at various frequencies are obtained
as the solutions of

(14) FR(c, k) � det(K) � 0

For a given value of kt,q, the solution of the dispersion equation
(eq. (14)) is determined by varying the testing phase velocity, cT, in
small increments (�cT), starting from an underestimated initial
value, and recomputing the system stiffness matrix until its de-
terminant has a sign change. The testing phase velocity increment
(�cT) is an input parameter of MASWaves Inversion. Based on
testing of the program, its recommended value is in the range of
�cT � [0.1, 0.5] m/s, with �cT = 0.1 m/s recommended for soil layer
models characterized by an irregularly varying shear wave veloc-
ity (stiffness) profile where a higher mode can be expected to play
a significant role. For computations based on earth models where
the shear wave velocity increases gradually with depth, a larger
value of �cT (e.g., �cT = 1 m/s) is, however, in many cases sufficient.
As a consequence of choosing a too large value of �cT, the algo-
rithm may fail to correctly separate the fundamental- and higher-
mode dispersion curves, especially at osculation points or “mode
kissing” points where the fundamental- and first higher-mode
dispersion curves are very close to each other.

As the value of cT that provides the fundamental-mode solution
of eq. (14) has been obtained with sufficient accuracy, the value of
ct,q is taken as

Fig. 9. Overview of the inversion analysis.
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1

2
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3

Obtain a range of Q wave numbers at which the theoretical dispersion curve is
computed kt,q = 2π/λe,q (q = 1, ... ,Q). Repeat        to        for q = 1, ... ,Q.

cT : Testing Rayleigh wave phase velocity, cT,min ≤ cT ≤ cT,max

4 Compute layer stiffness matrices Ke,j for layers j = 1, ... ,(n+1)
and assemble into the system stiffness matrix K

5 Vary cT and repeat until FR(cT , kt,q) = det(K) = 0

6 Let ct,q = cT

4

3. Error estimation and misfit minimization

7

8

Evaluate misfit 

Check if ε < εmax

9 If      is true: Stop
If is false: Update β (or β and h) and repeat        to

ε = ∑                 · 100%√(ce,q – ct,q)2

ce,q

1
Q

Q

q=1

8
8

3 6

3 8

224 Can. Geotech. J. Vol. 55, 2018

Published by NRC Research Press

C
an

. G
eo

te
ch

. J
. D

ow
nl

oa
de

d 
fr

om
 w

w
w

.n
rc

re
se

ar
ch

pr
es

s.
co

m
 b

y 
13

0.
20

8.
54

.2
1 

on
 0

8/
08

/1
8

Fo
r 

pe
rs

on
al

 u
se

 o
nl

y.
 



(15) ct,q � cT

By repeating the computations for different wave numbers kt,q
(different wavelengths �t,q), the theoretical fundamental-mode
dispersion curve is constructed.

The misfit � between the theoretical dispersion curve and the
observed experimental curve is subsequently evaluated as

(16) � �
1
Q �q�1

Q �(ce,q � ct,q)
2

ce,q
× 100%

If a given estimate of the model parameters does not provide a
theoretical dispersion curve that is sufficiently close to the exper-

imental curve, the shear wave velocity profile and (or) the layer
structure needs to be updated manually by the user. The iteration
procedure is terminated when � has reached an acceptably small
value, i.e., when � < �max, where �max is the maximum allowed
misfit. A maximum misfit of 2.0%–5.0% is commonly used by the
authors. In the field tests presented later in the paper, the maxi-
mum misfit was specified as 2.0%. It should, however, be noted
that the suggested range for the maximum misfit, as computed by
eq. (16), is solely based on the authors’ experience and may not be
applicable in all cases.

The results of the inversion analysis are provided in the form of
experimental and theoretical dispersion curves, estimated shear
wave velocity as a function of depth, and the time-average shear
wave velocity, VS,d, computed for different depths d (CEN 2004)

Table 1. Test profile, case A (after Xia et al. 2007).

Layer
number

Shear wave
velocity (m/s)

Compressional wave
velocity (m/s)

Mass density
(kg/m3)

Layer
thickness (m)

1 200 800 2000 10.0
2 (half-space) 400 1200 2000 Infinite

Table 2. Test profile, case B (after Xia et al. 1999).

Layer
number

Shear wave
velocity (m/s)

Compressional wave
velocity (m/s)

Mass density
(kg/m3)

Layer
thickness (m)

1 194 650 1820 2.0
2 270 750 1860 2.3
3 367 1400 1910 2.5
4 485 1800 1960 2.8
5 603 2150 2020 3.2
6 (half-space) 740 2800 2090 Infinite

Fig. 10. Comparison of theoretical dispersion curves obtained by MASWaves and the software WinSASW: (a) case A and (b) case B. [Colour online.]
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Table 3. Test profiles, cases 1, 2, and 3 (after Tokimatsu et al. 1992 and Tokimatsu 1997).

Shear wave velocity (m/s)

Layer
number Case 1 Case 2 Case 3

Compressional wave
velocity (m/s)

Mass density
(kg/m3)

Layer
thickness (m)

1 80 180 80 360 1800 2.0
2 120 120 180 1000 1800 4.0
3 180 180 120 1400 1800 8.0
4 (half-space) 360 360 360 1400 1800 Infinite
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(17) VS,d �
d

�j�1

M hj


j

where 
j and hj denote the shear wave velocity and the thickness
of the jth layer, respectively, for a total of M layers. If the estimated
shear wave velocity profile goes down to a depth less than d, the
profile is extrapolated using the half-space velocity (Fig. 8) down
to depth d.

Challenges associated with the inversion analysis
For this paper, a manual (trial-and-error) inversion was used,

i.e., the parameters of the initially estimated soil layer model were
gradually adjusted to minimize the misfit between the experi-
mental and theoretical dispersion curves. On one hand, a manual
search is to a certain extent operator-dependent and requires a
certain experience to achieve an acceptable fit within a reason-

able amount of time. On the other hand, a manual search can
represent the only viable approach if automatic local or global
search algorithms fail to converge (Foti et al. 2015).

The goal of the inversion analysis is to obtain a shear wave
velocity profile that realistically represents the characteristics of
the test site. The inverse problem faced during this stage of the
analysis is by nature ill-posed, nonlinear, mix-determined, and
nonunique, i.e., multiple significantly different shear wave veloc-
ity profiles can provide theoretical dispersion curves that corre-
spond similarly well (provide comparable misfits) to the measured
data (Cox and Teague 2016; Foti et al. 2015). Hence, when available,
a priori information about the test site should be used to con-
strain the inversion process to some extent and aid the selection
of realistic shear wave velocity profiles. In cases where such data
are not available, the operator must decide blindly the number of
layers, credible ranges for the required inversion parameters
(layer thicknesses and shear wave velocity values for each layer),

Fig. 11. Comparison of theoretical fundamental- and first higher-mode dispersion curves obtained by MASWaves and presented by Tokimatsu
et al. (1992) and Tokimatsu (1997): (a) case 1, (b) case 2, and (c) case 3. [Colour online.]
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Fig. 12. Location of MASW test sites in south Iceland (map is based on data from the National Land Survey of Iceland). [Colour online.]
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and the location of the groundwater table. The layering parame-
terization plays a critical role in the inversion analysis and has
been shown to critically affect its outcome (Di Giulio et al. 2012;
Cox and Teague 2016). An inappropriate parameterization can
result in either an overly simplistic or complicated shear wave
velocity profile that, despite a low misfit value, does not correctly
represent the characteristics of the test site. As a countermeasure
it is recommended to try multiple parameterizations to increase
the likelihood of obtaining a realistic shear wave velocity profile
and to evaluate the uncertainty associated with those profiles
(Cox and Teague 2016).

Validation of the theoretical dispersion curve
computations

The ability of MASWaves Inversion to compute theoretical dis-
persion curves has been verified by comparison with the software
WinSASW (version 1.2; UTAustin 1992) and results presented by
Tokimatsu et al. (1992) and Tokimatsu (1997).

Two sets of earth model parameters, both used previously for gen-
eration of synthetic surface wave data in references (see Tables 1
and 2), are used here as examples of comparison of theoretical
fundamental-mode dispersion curves obtained by MASWaves In-
version and WinSASW (version 1.2). Both soil layer models (i.e.,
cases A and B) are normally dispersive without strong velocity
contrasts and thus represent sites where the fundamental mode
of Rayleigh wave propagation is expected to prevail.

The theoretical fundamental-mode dispersion curves were
computed for the same wavelengths in the range of 0–80 m. In
WinSASW, the two-dimensional analysis option was used for com-
putation of the curves. For application of MASWaves, the testing
phase velocity increment (�cT) was specified as 1 m/s. In both
cases, the agreement between the two computational methods
was good (Fig. 10).

For further confirmation of the ability of MASWaves Inversion
to separate fundamental- and higher-mode dispersion curves, as
well as to comply with more complex layering, the program was
tested on three additional soil layer modes, all used previously by
Tokimatsu et al. (1992) and Tokimatsu (1997). The three four-layer
models, referred to as cases 1, 2, and 3, are listed in Table 3. In case
1, the shear wave velocity (stiffness) increases with increasing
depth. The stiffness of the soil layers varies more irregularly in
cases 2 and 3, i.e., a stiff surface layer is present in case 2 and a stiff
layer is located between two softer layers in case 3. Hence, in cases
2 and 3, the higher modes play a more significant role (Tokimatsu
et al. 1992; Tokimatsu 1997).

Using MASWaves, the theoretical fundamental- and first
higher-mode dispersion curves were computed for frequencies in
the range of 3–70 Hz using a testing phase velocity increment (�cT)
of 0.1 m/s. The comparison of the fundamental- and first higher-
mode dispersion curves obtained by MASWaves and those pre-
sented by Tokimatsu et al. (1992) and Tokimatsu (1997) is
illustrated in Fig. 11. In Fig. 11, the curves obtained by MASWaves
are indicated by circles, whereas the dispersion curves of
Tokimatsu et al. (1992) and Tokimatsu (1997) are shown with black
lines. In all three cases, the agreement between the fundamental-
and first higher-mode dispersion curves obtained by MASWaves
and Tokimatsu et al. (1992) and Tokimatsu (1997) was good.

Field tests
MASW measurements were conducted at three locations in

south Iceland — Arnarbæli, Bakkafjara, and Hella — between
2013 and 2015 (see Fig. 12 and Table 4). At the three test sites,
surface wave records were collected using a linear array of 24
vertical geophones (GS-11D from Geospace Technologies, Hous-
ton, Texas) with a natural frequency of 4.5 Hz and a critical damp-

Table 4. Overview of site characteristics, test configuration, and analysis results at the Arnarbæli, Bakkafjara, and Hella test
sites in south Iceland.

Arnarbæli Bakkafjara Hella

Site characteristics
Soil type Holocene glaciofluvial sand Modern littoral sand Late-glacial (slightly) cemented

aeolian silty sand
USCS classification SW-SM* SW† —
Location of groundwater table At surface‡ At 4 m depth§ —
Mass density,  (kg/m3) — 1850 2200
Saturated mass density, sat (kg/m3) 1850* 2000 —
Poisson’s ratio, � — 0.35 0.35

Field measurements
Month/year of MASW field test 09/2013, 08/2014, 07/2015 08/2014 07/2015
Number of geophones, N 24 24 24
Receiver spacing, dx (m) 1.0 2.0 1.0
Source offset, x1 (m) 10.0 15.0 10.0
Sampling rate, fs (Hz) 1000 1000 1000
Recording time, T (s) 1.2 1.2 1.2

Dispersion analysis
Frequency range for fundamental-

mode dispersion curve (Hz)
7.5−22.5 5.8−33.3 15.7−60.3

Inversion analysis
Misfit between theoretical and

experimental curves, � (%)
1.8 1.8 1.5

Maximum misfit, �max (%) 2.0 2.0 2.0
Time-average shear wave velocity

of the uppermost 30 m, VS,30 (m/s)
204 218 558

Soil classification (EC8)� C C B

Note: USCS, Unified Soil Classification System.
*Green et al. (2012).
†Bessason and Erlingsson (2011).
‡Olafsdottir et al. (2015).
§Olafsdottir et al. (2016).
�CEN (2004).
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ing ratio of 0.5. The geophones were connected to two data
acquisition cards (NI USB-6218 from National Instruments, Aus-
tin, Texas) and a computer equipped with a customized multichan-
nel data-acquisition software. A 6.3 kg sledgehammer was used as
an impact source in all cases. A summary of the main parameters
related to the field measurements is provided in Table 4.

Figures 13a, 13d, and 13g show velocity time series acquired at
the test sites at Arnarbæli, Bakkafjara, and Hella, respectively. The
corresponding dispersion images are provided in Figs. 13b, 13e,
and 13h. The fundamental-mode dispersion curves that were ex-
tracted from the spectra are shown in Figs. 13c, 13f, and 13i, respec-

tively. The frequency ranges at which the fundamental mode
could be identified in each case are provided in Table 4. The upper-
and lower-bound curves shown in Figs. 13c, 13f, and 13i correspond
to 95% of the identified fundamental-mode peak spectral ampli-
tude value (As,max) at each frequency.

It must be underlined that identification of the fundamental-
mode dispersion curve is not a straightforward task in all cases.
Irregularities in the suspected fundamental-mode high-amplitude
band, e.g., abrupt bends or jumps to higher or lower phase veloc-
ities at certain frequencies, might indicate that the peak energy is
not following the fundamental-mode over the entire frequency

Fig. 13. 24-channel surface wave record acquired at (a) Arnarbæli test site with dx = 1 m and x1 = 10 m (2015 measurement), (d) Bakkafjara test
site with dx = 2 m and x1 = 15 m, and (g) Hella test site with dx = 1 m and x1 = 10 m. Dispersion image for (b) Arnarbæli site, (e) Bakkafjara site,
and (h) Hella site. Fundamental-mode dispersion curve and upper- and lower-bound curves for (c) Arnarbæli site, (f) Bakkafjara site, and
(i) Hella site. [Colour online.]
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range (see also Fig. 4a). The dispersion images in Figs. 13b, 13e, and
13h, and the corresponding dispersion curves in Figs. 13c, 13f, and
13i are based on a single surface wave record in each case. Relying
on a dispersion curve identified based on a single record is not
always advisable. Furthermore, the configuration of the measure-
ment profile can have a substantial effect on the energy distribu-
tion represented in the dispersion image and consequently the
uncertainty associated with the dispersion curve identification
and extraction. Hence, based on the authors’ experience, com-
bined or repeated analysis of data acquired by using several dif-
ferent measurement profile configurations should be carried out
to help confident identification of the fundamental-mode disper-
sion curve.

Results of the inversion analysis of the data acquired at the
Arnarbæli, Bakkafjara, and Hella test sites are illustrated in Fig. 14.
The misfit between the experimental dispersion curves observed
at each site and the optimum theoretical curves (Fig. 14a), evalu-
ated according to eq. (16), is in all cases less than 2%. The time-
average shear wave velocity of the uppermost 30 m at the three
test sites and their corresponding soil classification group accord-
ing to Eurocode 8 is provided in Table 4.

Repeatability of the MASW analysis
At the Arnarbæli test site, surface wave data were collected in

three separate field tests in September 2013, August 2014, and July
2015. The test configuration, i.e., the number of receivers, the
receiver spacing, and the source offset, was the same in all cases
(see Table 4).

Figure 15a shows a comparison of experimental dispersion
curves for the Arnarbæli test site, evaluated based on surface wave
records acquired in 2013, 2014, and 2015. The upper- and lower-
bound curves shown in Fig. 15a correspond to 95% of the identified
fundamental-mode peak spectral amplitude value at each fre-
quency. The shear wave velocity profiles obtained by inversion of
each experimental curve are provided in Fig. 15b. The shear wave
velocity profiles are compared in terms of the time-average shear
wave velocities of the uppermost 5, 10, 20, and 30 m in Table 5. The
results provided in Fig. 15 and Table 5 indicate that the agreement
between the three measurements is good, illustrating the consis-
tency of the methodology and the software that has been devel-
oped.

Comparison of MASW and SASW measurement results
SASW measurements were carried out in 2009 at Bakkafjara

(Bessason and Erlingsson 2011) approximately 0.5 km east of the
site where the MASW field data were acquired. Bakkafjara is a
long sandy beach area that can be considered to be quite uniform.

Figure 16 shows comparison of the experimental dispersion
curves estimated based on the 2009 SASW measurements and the
2014 MASW measurements. The SASW dispersion curve (SASW
mean in Fig. 16) was obtained by adding up experimental disper-
sion curves computed for multiple receiver pairs within 1/3 octave
wavelength intervals. The upper- and lower-bound SASW disper-
sion curves correspond to plus–minus one standard deviation of
the mean curve. The upper- and lower-bound MASW curves cor-
respond to 95% of the identified fundamental-mode peak spectral
amplitude value at each frequency. The results presented in Fig. 16
indicate that the SASW dispersion curve agrees well with the
MASW dispersion curve.

Conclusions
This paper presents the first version of a new open-source soft-

ware, MASWaves, for processing and analysing multichannel sur-
face wave records using the MASW method. The software consists
of two main parts: a tool for dispersion analysis (MASWaves Dis-
persion) and a tool for inversion analysis (MASWaves Inversion).
The software can be downloaded free of charge along with a user
guide and sample data at masw.hi.is.

The aim of the dispersion analysis is to identify and extract
experimental Rayleigh wave dispersion curves from the recorded
multichannel surface wave data. Computations are carried out
utilizing the phase shift method (Park et al. 1998). The phase shift
method provides visualization of the dispersion properties of all
types of waves contained in the acquired data in the form of a two-
or three-dimensional dispersion image (phase velocity spectra),
from which the Rayleigh wave dispersion curve(s) are identified
based on the spectral maxima. Upper and lower boundaries for
the extracted dispersion curve(s) can be obtained and visualized in
either the frequency-phase velocity or the phase velocity-wavelength
domain. Experimental fundamental- and higher-mode dispersion
curves obtained by MASWaves Dispersion were compared with
results acquired using the open-source software Geopsy. The
agreement of the estimated dispersion curves was in all cases
good, confirming the precision of the new software and its ability

Fig. 14. (a) Comparison of experimental and theoretical dispersion curves for the Arnarbæli, Bakkafjara, and Hella test sites. (b) Estimated
shear wave velocity profiles for the test sites. [Colour online.]
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to separate fundamental- and higher-mode experimental disper-
sion curves.

Determination of the experimental Rayleigh wave dispersion
curve is a critical stage in the application of MASW. The operator
should be aware that the most obvious coherent high-amplitude
band of the dispersion image cannot be assumed to provide the
fundamental-mode dispersion curve in all cases. Due to the geol-

ogy of the test site (e.g., the presence of a stiff surface layer, a stiff
layer sandwiched between two softer layers or abrupt increase in
stiffness with depth), higher modes can play a significant role over
certain frequency ranges, thus violating the fundamental-mode
assumption. In such cases, misidentification of mode numbers
and (or) superposition of dispersion data from multiple modes is
likely to occur. Mistaking a higher mode or an apparent disper-
sion curve as the fundamental-mode dispersion curve can cause
severe errors in the subsequent inversion analysis.

The configuration of the measurement profile has been shown
to affect the resolution and the viable frequency range of the
dispersion image. A longer receiver spread is, in general, prefera-
ble to improve the spectral resolution, but risks significant lateral
variations along the geophone array, attenuation of higher-
frequency surface wave components, and spatial aliasing. Hence,
based on the authors’ experience, combined or repeated analysis
of data acquired by using several different measurement profile
configurations can help in correctly identifying the fundamental-
mode dispersion curve without reducing the investigation depth
range of the survey.

The inversion analysis involves obtaining a shear wave velocity
profile by inversion of the experimental fundamental-mode dis-
persion curve, assuming a plane-layered elastic earth model. The
inversion analysis tool, MASWaves Inversion, consists of two
main components. First, a mathematical model to compute theo-
retical dispersion curves using the stiffness matrix method of
Kausel and Roësset (1981) and, second, an algorithm to evaluate
the misfit between the experimental and theoretical curves and to
allow the user to update the set of model parameters. The theo-
retical dispersion curve computations of MASWaves Inversion
were validated by comparison to results obtained by the software
WinSASW (version 1.2) and results presented by Tokimatsu et al.
(1992) and Tokimatsu (1997).

However, the inverse problem faced in the inversion analysis is
inherently nonunique, i.e., multiple drastically different shear
wave velocity profiles can provide theoretical dispersion curves
that correspond similarly well to the experimental curve. An un-
suitable layering parameterization can result in an “optimal”
shear wave velocity profile that does not realistically represent
the subsurface conditions. To minimize the potentially adverse
effect of the layering parameterization and, hence, increase the
potential of obtaining a realistic shear wave velocity profile, in-

Fig. 15. (a) Comparison of experimental dispersion curves for Arnarbæli test site acquired based on three separate field tests in September
2013, August 2014, and July 2015. (b) Comparison of shear wave velocity profiles for Arnarbæli test site evaluated based on data acquired in
2013, 2014, and 2015. [Colour online.]
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Table 5. Time-average shear wave velocity of the uppermost 5, 10, 20,
and 30 m at the Arnarbæli test site evaluated based on data acquired in
2013, 2014, and 2015.

Year of data
acquisition VS,5 (m/s) VS,10 (m/s) VS,20 (m/s) VS,30 (m/s)

2013 94 128 175 211
2014 103 137 182 214
2015 96 129 176 204

Fig. 16. Comparison of experimental dispersion curves obtained
at Bakkafjara test site by the SASW and MASW methods. [Colour
online.]
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vestigating multiple different parameterizations during the in-
version analysis is recommended (Cox and Teague 2016).

The new software has been used to obtain site-specific shear
wave velocity profiles based on MASW field data acquired at three
sites with different stiffness characteristics in south Iceland: Ar-
narbæli, Bakkafjara, and Hella. At the Arnarbæli test site, data
were collected in three separate field test campaigns to confirm
the repeatability of the analysis and the consistency of the new
software. The agreement between the three measurements was
good. Moreover, the results of the MASW analysis at Bakkafjara
were compared with results of SASW measurements previously
carried out at the site. Good agreement between the SASW and the
MASW dispersion curves was observed, further validating the per-
formance of the dispersion analysis tool.
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List of symbols

Aj(�) amplitude spectrum of ũ�xj, ��
As summed (slant-stacked) amplitude

As,max maximum summed (slant-stacked) amplitude
a user-defined coefficient
c Rayleigh wave phase velocity

ce,q experimental Rayleigh wave phase velocity
cT testing Rayleigh wave phase velocity

cT,min, cT,max minimum and maximum Rayleigh wave testing phase
velocities

ct,q theoretical Rayleigh wave phase velocity
c(�) Rayleigh wave phase velocity at frequency �

d depth
dx receiver spacing
FR dispersion function

f frequency
fs sampling rate

Gmax small-strain shear modulus
h layer thickness
hj thickness of jth layer
i i2 = –1

j, q indices
K system stiffness matrix

Ke,j element stiffness matrix of jth layer
k wave number

kt,q theoretical Rayleigh wave wave number
L length of receiver spread

LT length of measurement profile
M number of layers from the surface to depth d
N number of receivers

n number of finite thickness layers
p slowness
p system external load vector

pA percentage
pe,j element external load vector of jth layer

Q number of data points in an experimental disper-
sion curve

T recording time
t time
u system displacement vector

ue,j element displacement vector of jth layer
u(xj, t) multichannel surface wave record

ũ�xj, �� Fourier transformed multichannel surface wave record
ũnorm�xj, �� Fourier transformed multichannel surface wave record

normalized in the offset and frequency dimensions
VS,d time-average shear wave velocity of the uppermost

d metres
x horizontal coordinate

x1 source offset
xj distance from the impact load point to receiver j
z vertical coordinate
zj z-coordinate at the top of jth layer

zj+1 z-coordinate at the bottom of jth layer
zmax maximum investigation depth

� compressional wave velocity
�j compressional wave velocity of jth layer

 shear wave velocity

j shear wave velocity of jth layer

�cT testing phase velocity increment
� misfit

�max maximum misfit
� wavelength

�e,q experimental Rayleigh wave wavelength
�max maximum wavelength

�t,q theoretical Rayleigh wave wavelength
� Poisson’s ratio
�j Poisson’s ratio of jth layer
 mass density
j mass density of jth layer

sat saturated mass density
�j(�) phase spectrum of ũ�xj, ��

�T,j testing angular wave number
� angular frequency

Appendix A. Stiffness matrix method
The components of the element stiffness matrix Ke,j for layers

j = 1, …, n are

(A1)

�11,j �
kjc

2

Dj
�sj

�1 cosh(krjhj) sinh(ksjhj) � rj sinh(krjhj) cosh(ksjhj)�

�12,j �
kjc

2

Dj
[cosh(krjhj) cosh(ksjhj) � rjsj sinh(krjhj) sinh(ksjhj) � 1]

� kj
j
2(1 � sj

2)

�13,j �
kjc

2

Dj
�rj sinh(krjhj) � sj

�1 sinh(ksjhj)�

�14,j �
kjc

2

Dj
[�cosh(krjhj) � cosh(ksjhj)]

�21,j � �12,j

�22,j �
kjc

2

Dj
�rj

�1 sinh(krjhj) cosh(ksjhj) � sj cosh(krjhj) sinh(ksjhj)�
�23,j � ��14,j

�24,j �
kjc

2

Dj
��rj

�1 sinh(krjhj) � sj sinh(ksjhj)�
�31,j � �13,j

�32,j � �23,j � ��14,j

�33,j � �11,j

�34,j � ��12,j

�41,j � �14,j

�42,j � �24,j

�43,j � ��21,j � ��12,j

�44,j � �22,j
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where rj and sj are obtained as

(A2) rj � 	1 �
c2

�j
2

and sj � 	1 �
c2


j
2

and

(A3) Dj � 2[1 � cosh(krjhj) cosh(ksjhj)]

� 
 1
rjsj

� rjsj� sinh(krjhj) sinh(ksjhj)

Thecomponentsof thehalf-spaceelementstiffness matrix Ke,n+1 are

(A4)

�11,n�1 � kn�1
n�1
2 rn�1(1 � sn�1

2 )

1 � rn�1sn�1

�12,n�1 � kn�1
n�1
2 1 � sn�1

2

1 � rn�1sn�1
� 2kn�1
n�1

2

�21,n�1 � �12,n�1

�22,n�1 � kn�1
n�1
2 sn�1(1 � sn�1

2 )

1 � rn�1sn�1

The system stiffness matrix K is assembled from the element
stiffness matrices at the common layer interfaces, i.e.,

(A5) K � �
K11,1 K12,1

K21,1 K22,1 � K11,2 K12,2

K21,2 K22,2 � K11,3 K12,3

Ì Ì Ì
K21,n�1 K22,n�1 � K11,n K12,n

K21,n K22,n � Ke,n�1



where K11,j, K12,j, K21,j, and K22,j are the 2 × 2 submatrices of the
element stiffness matrix for the jth layer

(A6) Ke,j � �K11,j K12,j

K21,j K22,j
� � �

�11,j �12,j �13,j �14,j

�21,j �22,j �23,j �24,j

�31,j �32,j �33,j �34,j

�41,j �42,j �43,j �44,j

 j � 1, …, n

and Ke,n+1 is the 2 × 2 half-space element stiffness matrix

(A7) Ke,n�1 � ��11,n�1 �12,n�1

�21,n�1 �22,n�1
�

List of symbols
c Rayleigh wave phase velocity

Dj parameter used for computation of the element stiffness
matrix of jth layer

hj thickness of jth layer
j index

K system stiffness matrix
Ke,j element stiffness matrix of jth layer

K11,j K12,j

K21,j K22,j
submatrices of the element stiffness matrix of jth layer

k wave number
n number of finite thickness layers

rj �1 � c2/�j
2

sj �1 � c2/
j
2

�j compressional wave velocity of jth layer

j shear wave velocity of jth layer

�lm,j components of the element stiffness matrix of jth layer
j mass density of jth layer
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