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Abstract
This thesis explores two topics in three-dimensional gravity, the TT deformation and zeta
functions of three-dimensional quotient manifolds.

The TT deformation is an irrelevant deformation of a two-dimensional translationally in-
variant quantum field theory which is well-behaved in the UV. We consider the case of
two-dimensional holographic Warped Conformal Field theories (WCFTs), which are dual to
gravity in three-dimensional anti-de Sitter (AdS3) spacetime with Compere, Song, Strominger
(CSS) boundary conditions. WCFTs are non-relativistic quantum field theories which have a
Virasoro×U(1) Kac-Moody symmetry algebra. We compute the boundary conditions and
asymptotic symmetry algebra for a TT deformed WCFT. We find that the U(1) Kac-Moody
algebra survives the deformation if one allows the boundary metric to transform appropriately
under the asymptotic symmetries, however the Virasoro sector becomes highly deformed and
is no longer chiral.

The Selberg zeta function is defined by the Euler product over prime geodesics on a hyperbolic
quotient manifold. It provides a simpler way to compute functional determinants of kinetic
operators compared to traditional means. We introduce a new construction of a zeta function,
which generalizes the Selberg zeta function to non-hyperbolic quotient manifolds. We employ
our generalization to quotients of three-dimensional Warped AdS3 and three-dimensional
flat spacetime. We find that the zeroes of the zeta function accurately predicts the quasi-
normal mode spectrum in these non-hyperbolic cases, providing evidence for the proposed
construction of the zeta function.





Ágrip
Ritgerð þessi fjallar um tvö viðfangsefni í þyngdarfræði í þrívíðu tímarúmi. Annars vegar
svonefnda T T̄ -bjögun og hins vegar zetaföll fyrir þrívíð deildarúm.

T T̄ -bjögun á tvívíðu skammtasviðslíkani með hliðrunarsamhverfu er víkjandi bjögun, í skiln-
ingi endurstöðlunar, sem leiðir ekki til ósamleitni á stuttum lengdarkvarða. Í fyrri hluta
rigerðarinnar er sjónum beint að T T̄ -bjögun á undinni hornrækinni sviðsfræði, sem hefur
þyngdarfræðilega framsetningu í þrívíðu tímarúmi með neikvæðan heimsfasta. Undin horn-
rækin sviðsfræði hefur Virasoro×U(1) Kac-Moody samhverfualgebru. Kannað er hvaða
áhrif T T̄ -bjögun slíkrar kenningar hefur á jaðarskilyrði og samhverfu í tilsvarandi þyngdar-
fræðilíkani. Helstu niðurstöður eru að U(1) samhverfan er óbreytt en Virasoroalgebran bjagast
og er ekki lengur hendin.

Selberg zetafall er skilgreint sem Eulermargfeldi yfir frumgagnvegi á breiðgerðu deildarúmi.
Með hjálp þess er mun auðveldara að reikna róf hreyfiorkuvirkja í skammtasviðlíkönum
heldur en með hefðbundnum aðferðum. Í seinni hluta ritgerðarinnar er kynnt til sögunnar nýtt
zetafall sem er alhæfing á Selberg zetafallinu fyrir fleiri deildarúm en þau sem eru breiðgerð.
Nýja zetafallið er ákvarðað annars vegar fyrir deildarúm af undnu þrívíðu tímarúmi með
neikvæðan heimsfasta og hins vegar fyrir deildarúm af flötu þrívíðu tímarúmi. Í báðum
tilvikum fæst samsvörun milli núllstöðva zetafallsins og tvinngilds eiginrófs á viðkomandi
deildarúmi, sem er í samræmi við eldri niðurstöður fyrir breiðgerð deildarúm.





To my parents, Mahua and Gautam.
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1 Introduction
Modern physics is arguably the study of symmetry. When we reduce the world around us
to systems we can model mathematically, we impose many simplifications to maximize
the symmetry of the system, which we can use to make things tractable. We have made
tremendous progress in human history in utilizing this approach to model our world around
us, but there is still much we can not explain. We do not live in a highly symmetric universe,
as is evident by the world around us. A maximally symmetric universe wouldn’t have the
complexity required to admit intricate structures like life. It is therefore important to test the
tools we have developed in less symmetric systems, while still looking for analytical control.

There are many approaches to study systems away from symmetry. In weakly coupled
quantum field theory, like quantum electrodynamics we can use perturbation theory, where
we perturbatively add interactions between fields. This has been an extremely successful
approach, yielding a remarkably precise and accurate theory to describe the interactions
between light and matter. However perturbation theory can not be completely accurate since
it is an approximation by definition.

Unfortunately, we have full analytic control over only the most symmetric systems. Examples
include free quantum field theories on maximally symmetric spacetimes, conformally invariant
quantum field theories, and gravity in a constant negatively curved spacetime. Another
approach we can take is to look for suitable deformations away from these maximally
symmetric systems which allow us to explore less symmetric systems but still have analytic
control. This is the subject of this thesis.

The TT deformation is a deformation of two-dimensional quantum field theories which posses
translation invariance. A TT deformed theory is an interacting theory and is not conformally
invariant, so we have moved away from the maximally symmetric case already. However,
it is a deformation that is constructed out of conserved currents, which allow it to preserve
structures in the undeformed theory, like the structure of the Hilbert space for example. It
is in a peculiar class of deformations known as irrelevant deformations which typically is
ill-behaved in the high energy regime. However, the TT deformation is well behaved in the
UV despite being irrelevant.

In this thesis we will study the TT deformation, and then apply it to an already “deformed”
theory, a warped CFT. This theory is not deformed by any operator, but we have reduced the
symmetries by only allowing scale invariance along a particular coordinate, thereby removing
conformal and Lorentz (rotation) invariance in the theory. We will use tools from bottom-up
holography and 3D gravity to perform analytic calculations here.

Another aspect we will explore in this thesis is free fields on curved manifolds. In particular,
the object of interest is the functional determinant of the scalar Laplacian on various manifolds.
This can be computed in highly symmetric cases using techniques like the heat kernel method.
Evaluating the heat kernel in other manifolds seems to be a dauntingly difficult task, and
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likely not analytically possible in most cases.

In this thesis we introduce the Selberg zeta function, a geometric cousin to the Riemann zeta
function. It can be expressed as the Euler product over prime geodesics on quotients of the
hyperbolic plane. Prime geodesics are closed geodesics in a quotient manifold which come
back to themselves after only one trip around the quotient. It turns out that this zeta function
is intimately related to functional determinants of Laplacians on quotient manifolds. If one
can write down the (generalized) Selberg zeta function for an arbitrary quotient manifold,
then one has access to the functional determinant of the Laplacian on that manifold, which is
related to 1-loop quantum corrections to the partition function.

We introduce such a generalized construction of a Selberg-like zeta function which can work
on a general quotient manifold, and test our construction on three dimensional flat spacetime,
and the highly non-symmetric three-dimensional warped AdS. We are able to compute
quantities like functional determinants and the quasi-normal mode spectrum analytically,
providing evidence for our construction.

The outline of thesis is as follows.

In chapter 2 we review key aspects of three dimensional gravity. In particular, we go over
the Fefferman-Graham expansion of asymptotically anti-de Sitter spacetimes, and show how
three dimensions is special. We also go over how to construct three dimensional orbifolds by
observing the quotient structure at the boundary. We finish the chapter with a review of an
alternative set of boundary conditions known as the Compere, Song, and Strominger (CSS)
boundary conditions.

In chapter 3 we review some properties of the TT operator and the corresponding deformation.
We sketch the proofs for calculating the deformed energy spectrum and partition function.
We derive the deformed boundary conditions for a TT deformed holographic CFT. We briefly
review Paper II [1], where we focus on TT deformations holographic WCFTs, and compute
the deformed symmetry algebra using holographic methods.

In chapter 4 we first list some properties a zeta function ought to have, and show how the
Riemann zeta function satisfies these properties. Then we explore the Selberg zeta function
in its original context and its generalization to higher dimensions. We then explore the zeta
function for the BTZ black hole, and show how it is related to the functional determinant
of the scalar Laplacian on the BTZ black hole background. In Paper III [2] we propose
a generalized construction of a Selberg-like zeta function for quotients of non-hyperbolic
manifolds by taking a product over representations of the global isometry group. We show
evidence for this construction by looking at quotients of Warped AdS in Paper I [3] and flat
spacetime in Paper III [2].

We conclude in chapter 5. Future directions for both the TT program and the Selberg-zeta
program are also provided.
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2 Gravity in three dimensions
In this chapter we will briefly go over some aspects of gravity with a negative cosmological
constant in 2+1 dimensions.

2.1 Einstein gravity
The action for pure Einstein gravity in d ≥ 2 is given by

SGrav =
1

16πGN

∫
M

dd+1x
√
|g| (R− 2Λ)− 1

8πGN

∫
∂M

ddy
√
|h|K, (2.1)

where R is the Ricci scalar, K is the trace of the extrinsic curvature of the boundary. We
have included the Gibbons-Hawking-York boundary term to ensure a well-defined Dirichlet
boundary value problem. It should be noted that one can add terms involving the intrinsic
curvature of the boundary manifold to the extrinsic curvature as counterterms to ensure
finiteness of the on-shell action [4]. The negative cosmological constant we will consider is
given by

Λ = −d(d− 1)

2ℓ2
, (2.2)

where we are in d+ 1 dimensions, and ℓ is a length scale. The only dynamical field here is
the metric gµν , whose equations of motion are

Rµν −
1

2
Rgµν + Λgµν = 8πGNTµν , (2.3)

where Tµν is the stress-energy of any matter present. We will be considering only vacuum
solutions, so Tµν = 0. Negatively curved vacuum solutions are known as Anti-de Sitter or
AdS spacetimes, and have the metric

ds2 = ℓ2
(
dr2

r2
+ r2ηabdx

adxb

)
, (2.4)

where the length scale ℓ can be identified as the AdS radius, and η = diag(−1, 1, . . . , 1) is
the flat metric along the d transverse directions. On specifying to 2+1 dimensions, we find
that Einstein gravity has no local dynamical degrees of freedom, and is purely topological.
However, despite the lack of dynamical gravity, the phase space of 3 dimensional gravity is
rich and interesting.

2.2 The Fefferman-Graham expansion
To find the phase space of 3D gravity with general Dirichlet boundary conditions is itself a
challenging task. We can solve an easier problem by specifying a class of boundary conditions,
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and finding the set of solutions satisfying these boundary conditions for three-dimensional
Anti-de Sitter space (AdS3).

To do so, let us consider the Fefferman-Graham gauge [5] of a negatively curved space, which
specifies the metric in the rr and rza components,

ds2 = ℓ2
dr2

r2
+ gab(r, z)dz

adzb, (2.5)

where r is the radial coordinate. We will use Latin indices a, b, . . . to label the two transverse
directions za, and Greek indices µ, ν . . . to denote the three dimensional coordinates xµ which
include r and za. The boundary of the spacetime is located at r → ∞.

One can expand gab(r, z) around the boundary in even powers of the radial coordinate r,

gab = ℓ2r2
(
g
(0)
ab + r−2g

(2)
ab + r−4g

(4)
ab + . . .

)
. (2.6)

The equations of motion provide strong constraints on this expansion. When the Weyl tensor
vanishes, the expansion truncates at g(4), and there are no higher order terms [6]. In three
dimensions, the Weyl tensor vanishes identically, so this is always true for 3D Einstein gravity.
The equations of motion also give us

g
(4)
ab =

1

4
g(2)ac g

(2)
db g

(0)cd, (2.7)

where indices are raised and lowered by g(0). The curvature of the boundary metric can also
be worked out from the equations of motion, and is

Tr
(
(g(0))−1g(2)

)
=

ℓ2

2
R(0). (2.8)

Thus, it is enough to specify g(0) and g(2) to determine the full bulk metric. In other words,
we need to specify the metric and its radial derivative at the boundary.

2.3 Asymptotically AdS3 spacetimes
Here we will explore the famous Brown-Henneaux boundary conditions for asymptotically
AdS3 spacetimes [7]. These boundary conditions are such that the boundary manifold is flat,
but the bulk metric has specific fall off conditions. Let us consider the boundary manifold to
be the complex plane C, with metric ds2 = dzdz̄. Thus, we have

g(0) =

(
0 −1

2

−1
2

0

)
. (2.9)

The “vacuum” solution with these boundary conditions is well known, it is AdS3 in the
Poincaré patch,

ds2 = ℓ2
(
dr2

r2
+ r2dzdz̄

)
. (2.10)

To generate the rest of the phase space of solutions with Brown-Henneaux boundary conditions,
we have to find the transformations which preserve the Fefferman-Graham gauge (2.5) and
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this particular boundary metric. In other words, we need a vector field ξ such that the Lie
derivative of the metric with respect to that vector field vanishes for the radial components,
and the transverse components asymptotically. Preserving the radial components of the metric
we have

Lξgrµ = 0 =⇒ ξ = rf(z, z̄)∂r +

(
V a(z, z̄)−

∫
gab

r
∂bf(z, z̄)dr

)
∂a. (2.11)

Imposing Dirichlet boundary conditions on the metric implies that the vector field ξ preserves
transverse components asymptotically, so we have

lim
r→∞

Lξgab = 0 =⇒ ∂z̄V
z(z, z̄) = 0, ∂zV

z̄(z, z̄) = 0, f(z, z̄) = −1

2

(
V ′(z) + V̄ ′(z̄)

)
,

(2.12)

where V ≡ V z, V̄ ≡ V z̄, since they satisfy the Cauchy-Riemann conditions. A vector field
which satisfies such boundary conditions is called an “asymptotic Killing vector.” Such vector
fields preserve the asymptotics, but change the bulk metric. So, we can flow in the phase
space of solutions with the asymptotic Killing vectors. We find that the general solution for
asymptotically AdS3 with Brown-Henneaux boundary conditions is [8]

ds2

ℓ2
=

dr2

r2
+

1

r2

(
r2dz +

1

k
L̄(z̄)dz̄

)(
r2dz̄ +

1

k
L(z)dz

)
, (2.13)

where k = ℓ
4GN

. This is the full classical phase space, parameterized by the holomorphic and
anti-holomorphic functions L(z), L̄(z̄) respectively.

The general solution (2.13) encompasses the famous BTZ black hole solution [9]. For the
BTZ black hole, the functions L and L̄ are constants, and are in terms of the mass M and
angular momentum J of the black hole,

L =
Mℓ+ J

2
, L̄ =

Mℓ− J

2
. (2.14)

We can also derive the variation of these parameterizing functions in the flow in phase space.
Using

Lξgµν =
∂gµν
∂L(z)

δξL(z) +
∂gµν
∂L̄(z̄)

δξL̄(z̄), (2.15)

we find that L and L̄ transform like the stress-energy tensor for a CFT, with an infinitesimal
Schwarzian derivative

δξL(z) = V (z)L′(z) + 2V ′(z)L(z)− k

2
V ′′′(z),

δξL̄(z̄) = V̄ (z̄)L̄′(z̄) + 2V̄ ′(z̄)L̄(z̄)− k

2
V̄ ′′′(z̄).

(2.16)

In a CFT, the coefficient of the triple derivative term is − c
12

, so we have the famous result

c =
3ℓ

2GN

. (2.17)
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Hence we can conclude that the asymptotic symmetry algebra of AdS3 consists of two
commuting copies of the Virasoro algebra with this central charge,

L(z) =
∑
n

Lnz
−n−2 +

c

24
δn,0, [Lm, Ln] = (m− n)Lm+n +

c

12
n(n2 − 1)δm,−n. (2.18)

This is one of many hints of the AdS3/CFT2 correspondence, which states that semi-classical
asymptotically AdS3 gravity is dual to a strongly coupled quantum CFT. This correspondence
holds in the regime of large central charge c, or as (2.17) shows, for large ℓ

GN
.

2.4 Quotients of AdS3

The Ricci scalar of the general asymptotically AdS3 solution (2.13) turns out to be the same
as that of empty AdS3,

R = − 6

ℓ2
, (2.19)

which is a constant. Hence we see that (2.13) is still locally AdS3. To construct locally AdS3

solutions, we can consider orbifolds, or quotients with a discrete subgroup of the global
isometry group of AdS3.

We can study the quotient by studying the action on the boundary. The flat torus is a quotient
of the complex plane T2 ∼ C/(Z+ τZ), such that z ∼ z + 1 and z ∼ z + τ .

ω2

ω1

C

Figure 2.1. A torus as a discrete quotient of the complex plane. The blue lattice vector ω2 is
identified with the dashed vector, and similarly for the red lattice vector ω1.

Here τ = τ1 + iτ2 =
ω2

ω1
is the modular parameter of the torus, and takes values on the upper

half plane H2. Equivalent tori are related by fractional linear transforms of the form

τ → aτ + b

cτ + d
,

(
a b
c d

)
∈ PSL2(Z). (2.20)

Therefore, all inequivalent tori are parameterized by τ ∈ H2/PSL2(Z), and the fundamental
domain of this quotient is typically given by |τ1| ≤ 1

2
, |τ | ≥ 1. The group PSL2(Z) is

also known as the modular group, and PSL2(Z) transformations are known as modular
transformations. It is a discrete group with two generators,

T : τ → τ + 1, S : τ → −1

τ
. (2.21)

To understand how the quotient acts on the bulk, we have to understand how the quotient on
the boundary manifold extends into the bulk. Quotients must be generated along an isometry
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H2

Figure 2.2. This is the tessellation of H2 by PSL2(Z). Each enclosed region is equivalent to
another by a PSL2(Z) transformation. The fundamental domain of H2/PSL2(Z) is shaded in
red

for the resulting manifold to be sensible. In other words, Killing vectors are the generators of
the isometry group. The discrete subgroup with which the quotient is performed must also
be generated by the same generators. For example, the quotient manifold S1 ∼ R/Z can be
thought of as being generated by the group element ea∂x where a is the circumference of the
circle S1.

There are six isometries of AdS3, since it is a maximally symmetric manifold in three
dimensions. In the Poincaré patch (2.10) coordinates (with r = 1/y), they are

L−1 = −∂z, L0 = −
(
z∂z +

1

2
y∂y

)
, L1 = −(z2∂z + y2∂z̄ + yz∂y),

L̄−1 = −∂z̄, L̄0 = −
(
z̄∂z̄ +

1

2
y∂y

)
, L̄1 = −(y2∂z + z̄2∂z̄ + yz̄∂y),

(2.22)

which obey the sl2(R)× sl2(R) Lie algebra,

[Lm, Ln] = (m− n)Lm+n, [L̄m, L̄n] = (m− n)L̄m+n. (2.23)

Taking any linear combination of these isometry generators is a valid isometry with respect
to which one can perform a quotient. The BTZ black hole, for instance, the quotient in
Boyer-Lindquist coordinates is the identification ϕ ∼ ϕ + 2π [10] (cf. (4.13)). So the
quotient generator must be a 2π translation in the azimuthal ϕ direction. The specific linear
combination is,

2π∂ϕ = 2πiL0τ − 2πiL̄0τ̄ = 2πi

(
−|r−|

ℓ
(L0 − L̄0) + i

r+
ℓ
(L0 + L̄0)

)
, (2.24)
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where τ1 = −|r−|/ℓ, τ2 = r+/ℓ, and

r± =
√

2GNℓ(Mℓ+ J)±
√

2GNℓ(Mℓ− J) (2.25)

are the inner and outer horizon radii respectively. The Euclidean BTZ black hole requires
the Wick rotations J → −iJE and r− → i|r−|. Once again, we see that the modulus
τ parameterizes the boundary torus of the Euclidean BTZ black hole, characterizing the
quotient, this time in terms of physical parameters M and JE . The Lorentzian BTZ black hole
does not have a boundary torus but a boundary cylinder, since time can not be compactified in
this case, however the quotient ϕ ∼ ϕ+ 2π is still parameterized by M and J .

2.5 The CSS boundary conditions
CSS [11] found new boundary conditions for AdS3 which do not have the Virasoro×Virasoro
asymptotic symmetry group, but have a Virasoro×U(1) Kac-Moody asymptotic symmetry
group. The difference here is that instead of imposing Dirichlet boundary conditions at infinity,
they imposed “Dirichlet-Neumann” boundary conditions. In other words, they specified part
of the metric at infinity, and also specified part of the derivative of the metric at infinity. This
allows for symmetry transformations that do not preserve the full boundary metric, which can
be useful for describing special holographic systems like warped CFTs.

The CSS boundary conditions can be expressed in terms of the Fefferman-Graham expansion

g(0) =

(
P ′(z) −1

2

−1
2

0

)
, g

(2)
z̄z̄ =

∆

k
, (2.26)

where k = ℓ
4GN

, and ∆ is a constant specifying the derivative of part of the metric at infinity.
The holomorphic function P (z) is left undetermined, since the Dirichlet-Neumann boundary
conditions require part of the boundary metric to be unspecified.

Solving Einstein’s equations (2.3) with these boundary conditions, we obtain the full bulk
metric with CSS boundary conditions [11],

ds2

ℓ2
=

dr2

r2
+

∆

k
dz̄2 −

(
r2 +

2∆P ′(z)

k
+

∆L(z)

k2r2

)
dzdz̄

+

(
r2P ′(z) +

(L(z) + ∆P ′(z))2

k
+

∆L(z)P ′(z)

k2r2

)
dz2.

(2.27)

Here both L(z) and P (z) are unspecified holomorphic functions which parameterize the
phase space of AdS3 with CSS boundary conditions.

Let us verify that the asymptotic symmetry algebra with these boundary conditions is
Virasoro×U(1) Kac-Moody. Using (2.11) and imposing the boundary condition

lim
r→∞

Lξgab =

{
0 (a, b) ̸= (z, z),

r2δξP
′(z) (a, b) = (z, z),

(2.28)

we have the asymptotic symmetry generator,

ξ(V ) = −r

2
V ′(z)∂r+

(
V (z) +

k∆V ′′(z)

2(k2r4 −∆L(z))

)
∂z+

k(kr2 +∆P ′(z))V ′′(z)

2(k2r4 −∆L(z))
∂z̄. (2.29)
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Computing the flow in phase space,

Lξgµν = ∂L(z)gµνδξL(z) + ∂P ′(z)gµνδξP
′(z), (2.30)

we find

δξL(z) = V (z)L′(z) + 2V ′(z)L(z)− k

2
V ′′′(z),

δξP
′(z) = P ′(z)V ′(z) + V (z)P ′′(z).

(2.31)

Here we see that the variation of L under ξ has the cubic derivative of V , the infinitessimal part
of the Schwarzian derivative, transforming as the boundary stress-energy tensor, and therefore
its modes satisfy the Virasoro algebra with c = 3ℓ/2G. We also see that P ′ transforms as a
weight one conformal primary.

Imposing Neumann boundary conditions on the asymptotic symmetry generator η we have,

η(σ) = σ(z)∂z̄, (2.32)

which generates the flow

δηL(z) = 0, δηP (z) = −σ(z), (2.33)

whose modes satisfy the U(1) Kac-Moody algebra,

P (z) =
∑
n

Pnz
−n−1, [Pm, Pn] = −2∆mδm,−n. (2.34)

We can make the algebra factorize into commuting Virasoro and U(1) Kac-Moody algebras if
we consider the following linear combination of these asymptotic symmetry generators,

ζ(V ) ≡ ξ(V )− η(V P ′) = −r

2
V ′(z)∂r +

(
V (z) +

k∆V ′′(z)

2(k2r4 −∆L(z))

)
∂z

+

(
P ′(z)V (z) +

k(kr2 +∆P ′(z))V ′′(z)

2(k2r4 −∆L(z))

)
∂z̄.

(2.35)

This is a true asymptotic Killing vector, in the sense that it satisfies limr→∞ Lζgab = 0. The
flow in phase space under this generator is

δζL(z) = V (z)L′(z) + 2V ′(z)L(z)− k

2
V ′′′(z), δζP (z) = 0. (2.36)

Therefore, the charge algebra of ζ and η form a factorized Virasoro and U(1) Kac-Moody
algebra.
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3 The TT deformation
The TT deformation has become a very interesting and active area of research in recent years.
Coarse graining a Quantum Field Theory (QFT), or going to a lower energy (IR) regime is
known as a Renormalization Group (RG) flow. A scale invariant (relativistic) QFT usually
has an enhanced symmetry known as a conformal symmetry, and is known as a Conformal
Field Theory (CFT). CFTs are fixed points of the RG flow. Typically, deformations of a QFT
trigger a RG flow, usually from a theory describing the high energy regime (a UV theory) to
an IR theory. Deformations of QFTs can be classified into three broad categories, with the
TT deformation falling into the “irrelevant” category.

• Relevant: These deformations are well behaved and trigger the RG flow from the UV
to an IR fixed point, and have the effect of “coarse-graining” the UV or short distance
behaviour of a theory.

• Marginal: These deformations do not trigger any RG from the UV to the IR, but keep
a theory at a fixed point. If there is a continuous submanifold of fixed points, then a
marginal deformation can allow you to move in this submanifold, such that the resulting
theory is still conformal.

• Irrelevant: Irrelevant deformations are deformations which trigger a “reverse” RG flow
up from the IR to the UV. These are usually not well defined, and cannot be renormalized,
needing infinitely many counterterms. Theories deformed by an irrelevant deformation
usually are ill-behaved and are divergent in the UV.

Before we discuss the TT operator and the corresponding deformation in more detail, let us
list some of the interesting features a TT -deformed field theory possesses.

1. The deformation preserves the original global symmetries of the undeformed theory.

2. The deformed finite size energy spectrum can be computed in closed form [12].

3. Momenta are undeformed

4. The deformation preserves integrability of the undeformed theory [13].

5. The deformed S-matrix is gravitationally dressed [13].

6. The deformation can be interpreted as coupling the undeformed theory to a two-
dimensional dilaton gravity theory [14, 15].

7. The deformed theory shares many features with non-critical bosonic string theory,
for example the action of N deformed free bosons is a Nambu-Goto action in N + 2
dimensional target space in light-cone gauge[16].

8. The deformed torus partition function can be explicitly worked out [17].
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3.1 The TT operator

It turns out that the TT deformation, despite being irrelevant, produces a well behaved
theory in the UV. To show this, let us first properly define the TT operator, and compute its
expectation value. The TT operator is simply defined as the determinant of the stress-energy
tensor of a 2D QFT [12],

OTT = detTµν . (3.1)

The determinant in two dimensions is quadratic, so to define this composite operator properly,
one has to use point splitting and take the coincident limit, and show that the only leading
term in the Operator Product Expansion (OPE),

Oi(z1)Oj(z2) =
∑
k

Ck
ij(z1 − z2)Ok(z2) (3.2)

is the OTT operator, with the rest of the subleading terms being derivative operators ∂O. On
the complex plane C (ds2 = dzdz̄), the TT operator takes the form

OTT = lim
z′→z

(
Tzz(z, z̄)Tz̄z̄(z

′, z̄′)− Tzz̄(z, z̄)Tz̄z(z
′, z̄′)

)
. (3.3)

By using conservation of the stress-energy tensor

∂µT
µν = 0, (3.4)

and translation invariance, one can show that the OPE takes the form

Tzz(z, z̄)Tz̄z̄(z
′, z̄′)− Tzz̄(z, z̄)Tzz̄(z

′, z̄′) = OTT (z, z̄) +
∑
i

Cµ
i (z − z′, z̄ − z̄′)∂µOi(z, z̄).

(3.5)
Taking the vacuum expectation value on both sides shows that the only surviving term on the
right hand side is the operator OTT , since translation invariance implies ⟨∂µO⟩ = ∂µ ⟨O⟩ = 0.
Further more, again using translation invariance and conservation of the stress-energy tensor,
one can show that the expectation value of the TT operator is a constant and factorizes into a
product of one-point functions,

⟨OTT ⟩ = ⟨Tzz⟩ ⟨Tz̄z̄⟩ − ⟨Tzz̄⟩ ⟨Tz̄z⟩ . (3.6)

Similarly, the expectation value factorizes for a general energy eigenstate |n⟩
⟨n|OTT |n⟩ = ⟨n|Tzz|n⟩ ⟨n|Tz̄z̄|n⟩ − ⟨n|Tzz̄|n⟩ ⟨n|Tz̄z|n⟩ . (3.7)

Considering the cylinder R2/Z, i.e. x ∼ x + R, t ∈ R, the expectation values of the
components of the stress-energy tensor can be written in terms of the energy, momentum and
radius

⟨n|Ttt|n⟩ = −En

R
, ⟨n|Ttx|n⟩ =

iPn

R
, ⟨n|Txx|n⟩ = −∂En

∂R
, (3.8)

which implies, after performing the coordinate transformation z = x+ it,

⟨n|OTT |n⟩ = − 1

R

(
En

∂En

∂R
+

P 2
n

R

)
. (3.9)

To recap, we have computed the expectation value of the TT operator in a general eigenstate,
and found that it is a constant and can be computed from the energy and momentum of the
state. Since it is a constant (i.e. independent of position), but is constructed from dynamical
operators, namely the stress-energy tensor, it suggests that this is a topological property of the
QFT.
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3.2 Deforming a QFT

Now, let us consider deforming a QFT with the TT operator. We can define a flow equation
for the action [13],

∂λS
(λ) = −

∫
M

d2zO(λ)

TT
, (3.10)

where λ here is the deformation parameter. Note that the stress-energy tensor and therefore
the TT operator depends on the deformation parameter λ, and thus to find the deformed
action, one needs to integrate over the flow instead of just adding the operator like a usual
deformation. At leading order in small λ,

S(λ) ≈ S(0)− λ

∫
M

d2zOTT (0) +O(λ2),

where we see that λ has length dimension 2, since the TT operator is an irrelevant operator
with mass dimension 4. The Euclidean partition function Z =

∫
[Dϕ]e−S therefore has the

following logarithmic derivative

∂λ lnZ
(λ) =

1

Z(λ)

∫
[Dϕ](−∂λS)e

−S =

∫
d2z ⟨OTT ⟩ = vol ⟨OTT ⟩ . (3.11)

Since we showed in the previous section that the expectation value of the TT operator is a
constant, the integral over the manifold is just the volume of the manifold vol. If we then
consider the Euclidean torus at finite temperature, i.e. x ∼ x + R, τ ∼ τ + β, such that
Z = TrH e−βH , we have

∂λ lnZ
(λ) =

1

Z(λ)
TrH(−β∂λHe−βH) = −β∂λEn = βR ⟨OTT ⟩ . (3.12)

Using (3.12) and (3.9), we can write down the flow equation for the finite size spectrum,

∂λEn(R, λ) = En(R, λ)
∂En(R, λ)

∂R
+

Pn(R)2

R
. (3.13)

This differential equation arises in fluid dynamics and is known as the inviscid Burgers’
equation [18]. We also find that the momenta Pn are unchanged by the deformation.

For a CFT on a cylinder, the R dependence in the energy and momenta is quite straightforward,
and is given by,

En(R, 0) =
1

R

(
hn + h̄n −

c

12

)
, Pn(R) =

1

R
(hn − h̄n), (3.14)

where hn, h̄n are the conformal dimensions of the state, and c is the central charge of the
CFT. Solving the flow equation for the deformed spectrum with the CFT initial conditions,
the solution for the deformed energy spectrum is

En(R, λ) =
R

λ

(√
1 +

2λEn(R, 0)

R
+

λ2Pn(R)2

R2
− 1

)
. (3.15)

This spectrum also appears (up to a constant shift) in the unit winding sector of a closed string
in a c+ 2 dimensional target space, with string tension 1

λ
[19]. Note that the spectrum is real
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for λ > 0, given λ ≤ 6R2

c
for a unitary CFT, but shows Hagedorn behaviour in the UV limit

[20]. This is a signature for non-locality of the deformed theory. For λ < 0, the spectrum is
real for En(R, 0) ≤ − R

2λ

(
1 + λ2Pn(R)2

R2

)
.

Let us define a dimensionless deformation parameter,

µ =
λ

πR2
, (3.16)

where the π is for later convenience. One can expand (3.15) in small and large µ respectively
to obtain,

En(R, λ) = En − (E2
n − P 2

n)
πRµ

2
+ En(E

2
n − P 2

n)
π2R2µ2

2
+O

(
µ3
)
,

En(R, λ) = sgn(µ)
(
Pn +

En − Pn

PnπRµ
+

E2
n − P 2

n

2P 3
nπ

2R2µ2
+O

(
µ−3
))

,

(3.17)

where the right hand side contains only undeformed quantites. From here, we can see that the
deformed spectrum reduces to the undeformed spectrum as expected when µ → 0, and the
first order term is the determinant of the undeformed stress-energy tensor. Similarly, we see
that momenta dominate the spectrum at large µ.

3.3 The deformed partition function
Let us consider the partition function of a CFT on a torus with modulus τ . The partition
function is modular invariant, i.e. invariant under (2.20), and is a function only of the modular
parameter, usually expressed in terms of the nome q = e2πiτ ,

Z(τ, τ̄) = TrH qL0− c
24 q̄L̄0− c

24 =
∑
n

e2πiτ1PnR−2πτ2EnR. (3.18)

Using the observation that the derivative of the deformed partition function,

∂µZ(τ, τ̄ |µ) =
∑
n

−2πτ2R
(
∂µEn(R, µ)

)
e2πiτ1PnR−2πτ2En(R,µ)R, (3.19)

one can derive the flow equation for the torus partition function by replacing by the derivative
∂µ → −2πτ2E

′
n, and using (3.13) along with some algebra,(

1− τ2∂τ∂τ̄ −
µ

2

(
∂τ2 −

1

τ2

))
∂µZ(τ, τ̄ |µ) = 0. (3.20)

Note that although a CFT partition function can be holomorphically factorized into characters,
this property is lost for the deformed partition function due to the τ2 dependence in the flow
equation, which explicitly breaks holomorphicity. This shows that a chiral CFT can not be
TT deformed.

One can find a solution to (3.20) in terms of an integral kernel,

Z(τ, τ̄ |µ) = τ2
πµ

∫
H2

d2σ

σ2
2

e
− |τ−σ|2

µσ2 Z(τ, τ̄). (3.21)
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This can be derived in many other ways as well, including coupling the CFT to a 2D dilaton
gravity theory on the torus [14, 15], or by considering two worldsheet scalars with unit
winding [21, 22, 23]. An important check is to perform the integral and recover the deformed
energy spectrum. This is indeed possible, by noticing that the σ1 integral is a Gaussian
integral, and the σ2 integral is an integral representation of the modified Bessel function of
the second kind.

An important observation to make is that the deformed partition function is also modular
invariant. Let us briefly define modular forms. A (holomorphic) modular form of weight k is
a function that transforms in the following way under a modular transformation,

f

(
aτ + b

cτ + d

)
= (cτ + d)kf(τ). (3.22)

A non-holomorphic modular form of weight (k1, k2) can similarly be defined,

g

(
aτ + b

cτ + d
,
aτ̄ + b

cτ̄ + d

)
= (cτ + d)k1(cτ̄ + d)k2g(τ, τ̄). (3.23)

Note for example, τ2 is a non-holomorphic form of weight (−1,−1),

τ2 → |cτ + d|−2τ2, (3.24)

and similarly the dimensionless deformation parameter µ = λ
πR2 is also a non-holomorphic

form of weight (−1,−1), while λ is constant, since the circumference transforms as a non-
holomorphic modular form of weight (1

2
, 1
2
), i.e. R → |cτ +d|R. Combining these results, we

see that the TT deformed partition function (3.21) is modular invariant, given that the original
partition function is modular invariant, which is true for CFTs. In fact, the TT deformation
is the unique deformation which changes only the energy spectrum and preserves modular
invariance of the original CFT partition function [24].

3.4 Holographic TT deformed CFTs
Here we will briefly review the derivation of the mixed boundary conditions derived in [25]
using the variational principle. The TT deformation is a double-trace deformation of the
boundary CFT, which according to the AdS/CFT dictionary should only change the asymptotic
behaviour of the bulk fields, including the metric [26, 27].

The approach taken here will be to assume that the TT deformation is manifest as a transfor-
mation of the background metric, justified by the random geometry [17] and flat JT gravity
[14, 15] proposals.

A variation of the metric in the action sources the stress-energy tensor, while the action is
deformed by the TT operator. If we impose that the variation and deformation commute, we
have

δ(∂λS) = ∂λ(δS) =⇒ δ(
√
γOTT ) = ∂λ(

√
γTabδ

ab), (3.25)

where γ is the “dynamical” background metric of the TT deformed CFT. Solving this set
of differential equations we can compute the TT deformed metric and stress-energy tensor,
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purely in terms of undeformed quantities,

∂λγab(λ) = γab − 2λT̂ab + λ2T̂acT̂bdγ
cd,

∂λTab = T̂ab − λT̂acT̂bdγ
cd,

(3.26)

where T̂ab = Tab − γabT
c
c is the trace-reversed stress-energy tensor. Note that the deformed

metric is quadratic in λ. Now consider an AdS3 bulk geometry that is dual to this TT deformed
CFT by imposing these boundary conditions. Comparing (3.26) with the Fefferman-Graham
expansion for AdS3 (2.6), and using the fact that the AdS/CFT dictionary tells us that the
boundary stress-energy tensor in terms of the Fefferman-Graham expansion is given by

T̂ab =
k

2π
g
(2)
ab , (3.27)

where k = ℓ
4GN

, we have the deformed boundary metric and stress-energy tensor in terms of
the terms in Fefferman-Graham expansion

γab(λ) = ℓ2

(
g
(0)
ab −

(
2λ

k

2π

)
g
(2)
ab +

(
2λ

k

2π

)2

g
(4)
ab

)
,

T̂ab(λ) =
k

2π

(
g
(2)
ab −

(
2λ

k

2π

)
g
(4)
ab

)
.

(3.28)

An important observation to make is that this is exactly the Fefferman-Graham expansion for
AdS3, provided we make the identification rc =

√
− π

kλ
. Hence we can interpret this result in

two ways:

1. TT deformed holographic CFTs are dual to AdS3 with “mixed” boundary conditions
given by (3.28) [25].

2. TT deformed holographic CFTs are dual to AdS3 with Dirichlet boundary conditions,
where the boundary is located at rc =

√
− π

kλ
instead of infinity [28].

Note that the second interpretation can only work for pure AdS3 gravity with no matter,
since the Fefferman-Graham expansion only truncates when there are no matter fields in
the bulk. Also, note that the second interpretation also requires λ < 0, which we have seen
puts conditions on how large the energy can be, by computing the deformed spectrum (3.15).
However, provided these two conditions are satisfied, both interpretations are equivalent.
In fact, if one computes the Brown-York stress-energy tensor [29] with the appropriate
counterterms for AdS3 [4] on the hypersurface of constant r = rc, we recover the deformed
stress-energy tensor (3.28).

A third way to interpret the action of the TT deformation is by studying the solution to the
metric flow equations (3.26). Since the deformed metric depends on the stress tensor, one can
interpret this as the coordinates of the manifold being dependent on the fields in the QFT.

For example, if we start on the complex plane with ds2 = dzdz̄, the deformed metric is

ds2 = (dz − 2λL̄(z̄)dz̄)(dz̄ − 2λL(z)dz), (3.29)

where L and L̄ are the holomorphic and anti-holomorphic components of the CFT stress
tensor, (and also the functions parameterizing the AdS3 phase space in (2.13)). If we were to
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write this metric in explicitly flat coordinates ds2 = dZdZ̄, we have the relations

Z = z − 2λ

∫
L̄(z̄)dz̄, Z̄ = z̄ − 2λ

∫
L(z)dz, (3.30)

where it is clear that the dynamical coordinates are no longer chiral in terms of the undeformed
coordinates. These dynamical coordinates can also be derived through the flat JT gravity
proposal [14, 15].

One can find the asymptotic symmetry algebra which preserves the TT -deformed boundary
conditions (3.28), which corresponds to the symmetry algebra of a TT -deformed holographic
CFT. This has been worked out in [25, 30]. In the notation of [25], the asymptotic Killing
vectors read

ξL = ρf ′(z)∂ρ +

(
f(z) +

ℓ2(ρ− ρc)ρL̄f ′′(z)

2(1− ρ2LL̄)

)
∂Z

−

(
ℓ2(ρ− ρc)ρf

′′(z)

2(1− ρ2LL̄)
+ ρc

∫ z(Z,Z̄)

L(z′)f ′(z′)dz′

)
∂Z̄ ,

ξR = ρf̄ ′(z̄)∂ρ +

(
f̄(z̄) +

ℓ2(ρ− ρc)ρL̄f̄ ′′(z̄)

2(1− ρ2LL̄)

)
∂Z̄

−

(
ℓ2(ρ− ρc)ρf̄

′′(z̄)

2(1− ρ2LL̄)
+ ρc

∫ z̄(Z,Z̄)

L̄(z̄′)f̄ ′(z̄′)dz̄′

)
∂Z .

(3.31)

These asymptotic Killing vectors have been written in the dynamical coordinates defined in
(3.30), the radial coordinate ρ = r2, and the radial cutoff ρc = r2c . It is interesting to see how
these boundary conditions fall into the class of boundary conditions of AdS3 studied in [31].
If they do, which one expects since they study the most general asymptotic AdS3 boundary
conditions, one could interpret the TT deformed boundary conditions as a change of slicing
of the state space, or a change of the state dependence of the free functions in the asymptotic
Killing vectors.

3.5 Holographic TT deformed Warped CFTs
This subsection is a brief overview of Paper II [1].

The TT deformation only requires the QFT to be translationally invariant, not Lorentz
invariant. To explore the deformation of a QFT which is not Lorentz invariant, we explore
the deformation of a two-dimensional Warped Conformal Field Theory (WCFT). WCFTs are
translationally invariant QFTs which have scale invariance in only a particular coordinate, for
example the spatial coordinate. Choosing a specific coordinate breaks Lorentz (or rotational)
invariance. However, there is still enough symmetry for a two-dimensional WCFT to possess
a Virasoro×U(1) Kac-Moody symmetry algebra.

On the complex plane, finite warped symmetry transformations take the form [32, 33]

z → f(z), z̄ → z̄ + g(z). (3.32)

It is clear from here that WCFTs do not couple to standard (pseudo-)Riemannian manifolds but
rather to manifolds that are locally invariant under warped symmetry transformations (3.32).
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Such manifolds are called “warped geometries” [34] and are a variant of Newton-Cartan
geometries. Another strategy is to allow for the background manifold to transform under the
warped symmetry transformations (3.32). A natural way to implement this is by employing the
CSS [11] boundary conditions for AdS3. These boundary conditions are “Dirichlet-Neumann”
boundary conditions as opposed to the Dirichlet boundary conditions of Brown and Henneaux,
cf. section 2.5. These boundary conditions allow for the transformations (3.32) by including
the degree of freedom in translating the z̄ coordinate as an unspecified holomorphic function
in the boundary metric.

Let us write down the solution to the flow equations (3.26) with the CSS boundary conditions
as the initial condition, which we work out in [1],

γij(λ)dz
idzj = −

(
dz̄ + (λL(z)− P ′(z))dz

)(
dz + λ∆(dz̄ − P ′(z)dz)

)
. (3.33)

We also must allow for translations along a new global Killing vector in the transverse
coordinates by promoting it to an “asymptotic Killing vector”,

η(λ;h) = −h(u, v)(λ∆∂u + ∂v). (3.34)

The dynamical coordinates analogous to (3.30) are readily computed

du− λ∆d(h(u, v)) = dz + λ∆d(z̄ − P (z)) ,

dv − d(h(u, v)) = dz̄ + (λL(z)− P ′(z))dz,

dz =
du− λ∆dv

1− λ2∆L
,

dz̄ =
dv − λLdu+ (du+ λ∆dv)P ′(z)

1− λ2∆L
− (d(h(u, v)) ,

(3.35)

where d is the exterior derivative, and we have used (3.34) to introduce the degree of freedom
h. However, noting that both h and P are arbitrary functions of u, v and correspond to the
same degree of freedom in the bulk, we can make the gauge choice h = P .

And therefore we can also write the full deformed bulk metric

ds2 = ℓ2
dr2

r2
+

ℓ2

k2r2(1− λ2∆L)2

((
kr2(λ2∆L− 1)∂uh− (1 + λkr2)L

)
du

+
(
kr2∂vh

(
λ2∆L− 1

)
+ λ∆L+ kr2

)
dv
)
×((

∆∂uh
(
λ2∆L− 1

)
− λ∆L− kr2

)
du+∆

(
∂vh

(
λ2∆L− 1

)
+ λkr2 + 1

)
dv
)
.

(3.36)

Using the same techniques outlined in section 2.3, we can compute the flow in the phase
space to obtain the symmetry algebra. We can first test the Neumann boundary conditions,
using the asymptotic Killing vector (3.34), we have

δη(λ;σ)L = 0, δη(λ;σ)h = σ. (3.37)

This shows that we retain the U(1) Kac-Moody algebra.
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When we impose Dirichlet boundary conditions on the deformed metric we obtain the flow
along an asymptotic Killing vector ξ,

δξh = 0,

δξL =
1

2Θ2h′′

((
2λkL′L2

mLp(2λ∆h′ − 1)h′′ + 3kL3
mL

2
p(h

′′)2
)
W ′′ − kΘL3

mLph
′′W ′′′

+X ′
(
− 2λ2k(L′)2L2

mh
′′(1− 3λ∆h′ + 2λ2∆2(h′)2

)
− 6kL3

mL
2
p(h

′′)3

+ h′′(−ΘLm(λkL
′′(1− 2λ∆h′) + 4λL2(1− λ∆h′)

+ L(−λ3k∆L′′ − 2(2− λ4k∆2L′′)h′)) + 6kΘL3
mLph

′′′)
− L′(2Θ3 + λkL2

m(−7 + 8λ∆h′ − λ2∆L(1− 8λ∆h′))(h′′)2

+ 2λkΘL2
m(1− 2λ∆h′)h′′′)− kΘ2L3

mh
′′′′
)

+W ′
(
L′(2Θ2Lp + 2λkL2

mLp(1− 2λ∆h′)h′′′ + kΘL3
mLph

′′′′)− 3kL3
mL

2
ph

′′h′′′
))

,

(3.38)

where primes denote derivatives with respect to u and

Θ = ∂uh− λL(1− λ∆∂uh),

Lm = 1− λ2∆L, Lp = 1 + λ2∆L.
(3.39)

This results in a non-linearly deformed non-chiral Virasoro algebra, which can be checked by
taking the deformation parameter to zero carefully. Thus, we see that momenta and spin one
currents remain untouched by the TT deformation, but the energy spectrum is deformed and
the corresponding deformed Virasoro algebra loses chirality.

This result strengthens and extends the proposals of [28, 25, 30] to the case of bottom-up
holography where the boundary theory is not a conformal field theory, but instead a non-
relativistic theory.
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4 The Selberg zeta function and quasi-normal
modes

4.1 Properties of zeta functions
Let us start this chapter by asking the question, “what is a zeta function?” This is not a
question with a definite answer, but mathematicians can list some general properties a zeta
function ought to have (see [35] for a more thorough discussion).

1. A zeta function may be expressed as a Dirichlet series,

ζ(s) =
∞∑
n=1

an
ns

. (4.1)

2. A zeta function may be expressed as product over “primes,” also known as an Euler
product

ζ(s) =
∏

p “prime”

1

1− p−s
. (4.2)

3. A zeta function can be analytically continued to the complex plane, and may satisfy a
functional equation on the complex plane.

4. The location of the zeroes of a zeta function may encode some interesting properties.

The archetype of a zeta function is the Riemann zeta function, for which all of the above
properties hold. The Riemann zeta function can be defined as the Dirichlet series

ζ(s) =
∞∑
n=1

1

ns
, (4.3)

which converges for Re s > 1. The Euler product form is

ζ(s) =
∏

p prime

1

1− p−s
, (4.4)

which can be derived from (4.3) in a straightforward manner. Riemann’s work was to show
that the zeta function satisfied the following functional equation,

Λ(s) = Λ(1− s), Λ(s) ≡ 1

π
s
2

Γ
(s
2

)
ζ(s), (4.5)

with which one can show that the analytic continuation of the zeta function can be expressed
as an integral

ζ(s) =
1

Γ(s)

∫ ∞

0

xs−1

ex − 1
dx. (4.6)
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Thus, one can show that the Riemann zeta function is a meromorphic function with a simple
pole at s = 1 where the series diverges, which also implies that there are infinitely many
primes.

The famous Riemann hypothesis is that all the non-trivial zeroes of the Riemann zeta function
lie on the line Re s = 1

2
, which encodes the distribution of prime numbers.

4.2 The Selberg zeta function
The Selberg zeta function is a geometric cousin of the Riemann zeta function, where the
primes are “prime geodesics” on a quotient manifold. Selberg was interested in the spectra
of Laplacians on discrete quotients Γ of Riemann surfaces. He derived a trace formula to
study characters of unitary representations of a Lie group G on L2(G/Γ), and defined a zeta
function constructed by the eigenvalues of the Laplacian, which now bears his name [36].

For the Riemann surface H2/Γ, where Γ is a compact discrete subgroup of SL2(R), Selberg’s
zeta function for Re s > 1 of the Euler product form is given by,

ZH2/Γ(s) =
∏
p

∞∏
k=1

(1− e−ℓ(p)(s+k)). (4.7)

Here p denotes the set of “primitive” or prime closed geodesics in H2/Γ, which are the
analogues to the prime numbers in the Riemann zeta function. A closed geodesic is a curve
such that the beginning and end of the curve coincide in the fundamental domain of the
quotient. A primitive geodesic is a geodesic which is closed due to the quotient, and only
goes around the quotient once, just like a prime number only has 1 and itself as its factors.
The function ℓ(p) denotes the length of the prime geodesic. The Selberg trace formula then
relates the spectrum of the Laplacian on H2/Γ to the set of lengths ℓ(p).

We can think about the product over prime geodesics as a product over the conjugacy classes
of primitive hyperbolic elements of Γ. A hyperbolic element γ of SL2(R) is an element whose
fixed points are in R ∪ {∞}, while a primitive element γ⋆ is the unique element such that
γn = γ⋆ implies n = ±1. One can then show that a primitive hyperbolic element is one
that generates its centralizer in Γ. In other words, there is a bijective map between primitive
hyperbolic conjugacy classes and prime geodesics on H2/Γ.

In addition to having an Euler product form, the Selberg zeta function also has the other
properties which makes it a zeta function. There exists an analytic continuation to the complex
plane as a meromorphic function that satisfies a functional equation similar to that of the
Riemann zeta function,

ZH2/Γ(1− s) = e−χ(H2/Γ)
∫ s− 1

2
0 πx tan(πx)dxZH2/Γ(s), (4.8)

where χ is the Euler characteristic. Furthermore, the non-trivial zeroes of the Selberg zeta
function correspond to the discrete spectrum of the Laplacian on H2/Γ, which satisfies the
analogue of the Riemann hypothesis for H2/Γ compact. Using the Selberg zeta function and
trace formula, one can prove the “prime geodesic theorem,” which shows that the density of
prime geodesics has a similar form to the density of prime numbers.
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The connection of the Selberg zeta function to physics is through the relationship to the
spectrum of the Laplacian. Schematically, the Selberg trace formula allows one to equate the
Selberg zeta function to the determinant of the Laplacian

ZH2/Γ ∝ det
(
∆H2/Γ

) 1
2 . (4.9)

For a more rigorous statement and proof, see [37].

The natural question to ask is if one can generalize this to higher dimensions, and other
quotient manifolds. The higher dimensional generalization for HN/Γ was carried out by
Patterson [38], where Γ is a Kleinian group and N is an arbitrary positive integer > 2. A
Kleinian group is simply a discrete subgroup of the orientation preserving isometry group of
HN . Patterson defined his generalization of the Selberg zeta function as

ZHN/Γ(s) =
∏

k1,...,kN−1≥0

[
1−

(
N−1∏
i=1

αki
i

)
e−(s+

∑N−1
i=1 ki)ℓ(p)

]
, (4.10)

where αi’s are the eigenvalues of the group element of the O(N) subgroup of Γ, and ℓ(p) is
the length of the single prime geodesic.

4.3 Relationship with the BTZ black hole
Let us consider the BTZ black hole, which is indeed the quotinet of a higher dimensional
hyperbolic manifold by a Kleinian group.

To see how this works, let us take a closer look at the BTZ black hole as a quotient manifold,
introduced in section 2.4.

Starting with the Euclidean Poincaré patch coordinates for H3

ds2 =
ℓ2

z2
(dx2 + dy2 + dz2), (4.11)

we can recover the exterior (r > r+) of the spinning Euclidean BTZ black hole through the
coordinate transformation

x =

√
r2 − r2+
r2 + |r−|2

cos
(r+τ

ℓ2
+

|r−|ϕ
ℓ

)
exp

(r+ϕ
ℓ

− |r−|τ
ℓ2

)
,

y =

√
r2 − r2+
r2 + |r−|2

sin
(r+τ

ℓ2
+

|r−|ϕ
ℓ

)
exp

(r+ϕ
ℓ

− |r−|τ
ℓ2

)
,

z =

√
r2+ + |r−|2
r2 + |r−|2

exp
(r+ϕ

ℓ
− |r−|τ

ℓ2

)
.

(4.12)

The resulting metric for the BTZ black hole is

ds2 =
(r2 − r2+)(r

2 + |r−|2)
ℓ2r2

dτ 2 +
ℓ2r2

(r2 − r2+)(r
2 + |r−|2)

dr2 + r2
(
dϕ− r+|r−|

ℓr2
dτ

)
.

(4.13)
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2bE

2a

Figure 4.1. The fundamental domain of H3/Z is the region between the inner and outer
hemispheres, which are identified. The outer hemisphere is rotated by an angle 2bE . The
plane drawn is the z = 0 plane corresponding to the boundary.

In order for the metric to be regular everywhere, we need to make ϕ ∼ ϕ+ 2πn, with n ∈ Z.
This identification is generated by the Kleinian group Γ. To identify this group, let us study
the action of an element of this group γn ∈ Γ on the coordinates of H3,

γn · (x, yE, z) = (x′, y′E, z
′). (4.14)

Explicitly working out the action of ϕ ∼ ϕ+ 2πn using (4.12), we can see

γn

x
y
z

 =

e2a 0 0
0 e2a 0
0 0 e2a

ncos 2bE − sin 2bE 0
sin 2bE cos 2bE 0

0 0 1

nx
y
z

 , (4.15)

where a = πr+/ℓ and bE = π|r−|/ℓ. We can now write down the quotient group Γ

Γ =

γn = γn

∣∣∣∣∣γ =

e2a 0 0
0 e2a 0
0 0 e2a

cos 2bE − sin 2bE 0
sin 2bE cos 2bE 0

0 0 1

 , n ∈ Z

 , (4.16)

where the n = 1 element, γ, is the primitive element. One can show that this consists of only
hyperbolic elements. It is clear that Γ ∼ Z, so this quotient is often denoted as H3/Z.

Another way to obtain the quotient group is by exponentiating the generators which generate
the quotient. As we saw earlier in section 2.4, the generator 2π∂ϕ (2.24) produced the
translation ϕ → ϕ+ 2π, and thus the group Γ can also be written as repeated 2π translations
along ϕ,

Γ =
{
γn = γn

∣∣γ = e2π∂ϕ , n ∈ Z
}
. (4.17)

We can choose the fundamental domain of this quotient to be the region (see figure 4.1)

FBTZ =
{
(x, y, z) ∈ H3

∣∣1 ≤
√

x2 + y2 + z2 ≤ e2a
}
. (4.18)

The prime geodesic is the geodesic at x = y = 0, labeled in the figure 4.1 with length 2a,
since the rest of the closed geodesics will not trace over themselves.
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To write down the Patterson-Selberg zeta function, we have to identify the eigenvalues of
the O(3) rotation part of the quotient, and the length of the prime geodesic corresponding
to the primitive element. We found that the length of the prime geodesic ℓ(p) = 2a, and
the O(3) matrix has eigenvalues e±2ibE , as is clear from (4.16). We can therefore write the
(Patterson-)Selberg zeta function for the BTZ black hole from (4.10) [39, 40],

ZΓ(s) =
∞∏

k1,k2=0

[
1− e2ibEk1e−2ibEk2e−2a(k1+k2+s)

]
. (4.19)

It was noticed in [39] that the Selberg zeta function for the BTZ black hole can be used to
reproduced many physical quantities of the black hole, including quantum corrections to the
effective action [41], free energy, and entropy [42, 43].

This relationship was made more precise in [44], where the connection between two proce-
dures of computing the 1-loop scalar partition function, i.e. the heat kernel method [41] and
the “quasi-normal mode method” [45]. The 1-loop partition function for a scalar field of mass
m is given by the functional determinant of the corresponding kinetic operator,

Z(1)(m) =
(
det
(
−∇2 +m2

))− 1
2 . (4.20)

Using the heat kernel method, one solves the relevant heat equation, and compute the logarithm
of the functional determinant, i.e. the 1-loop effective action, up to an infinite volume factor,

(∂t +∇2
x)K(t;x, y) = 0, K(0;x, y) = δ(x, y),

−1

2
log det

(
−∇2 +m2

)
=

1

2

∫ ∞

0

dt

t

∫
d3x

√
gK(t;x, y),

(4.21)

where t is the “heat” parameter. In [45] it was shown that the 1-loop partition function for
bosonic fields in black hole backgrounds and other fixed temperature spacetimes can be
written as a product over the zeroes and poles in the scaling dimension of the scalar field ∆,
up to an overall factor of an entire function eQ(∆), as a result of Weierstrass factorization,

Z(1)(∆) = eQ(∆)

∏
∆0
(∆−∆0)

d0∏
∆p
(∆−∆p)dp

, (4.22)

where d0, dp are the degeneracies of the zeroes ∆0 and poles ∆p respectively. For the scalar
in particular, there are no zeroes, but the poles occur on solutions to the equation of motion
−∇2 +∆p(∆p − d) = 0 for d+ 1 space-time dimensions. This occurs not only for when the
field is on-shell but when the quasi-normal modes ω⋆ in the Lorentzian signature coincide
with the Matsubara (thermal) frequencies in the Euclidean signature [45].

Quasi-Normal modes are oscillatory solutions to the scalar equations of motion which are
damped as they fall into the black hole event horizon, and vanish at infinity. These occur only
at specific values of the oscillation frequency, which are collectively called the quasi-normal
mode spectrum. Matsubara frequencies are also specific values of frequencies of a scalar field
such that it is well behaved (i.e. single valued) along the compact euclidean time direction.
Hence they are also referred to as thermal frequencies.

Both approaches yield the (regulated) 1-loop scalar partition function,

Z(1) =
∞∏

k1,k2=0

1

1− qk1+∆/2q̄k2+∆/2
, (4.23)
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where q = e2πiτ , τ being the modulus of the boundary torus. Recall (2.24), for the boundary
torus of the BTZ black hole, τ1 = −|r−|/ℓ and τ2 = r+/ℓ. Substituting τ for a = πr+/ℓ and
bE = π|r−|ℓ, we can write the 1-loop scalar partition function as

Z(1) =
∞∏

k1,k2=0

(
1− e2ibEk1e−2ibEk2e−2a(k1+k2+∆)

)−1
, (4.24)

which, on comparing to the Selberg zeta function for the BTZ black hole (4.19), we see the
remarkable result

Z(1) =
1

ZH3/Γ(s)

∣∣∣
s=∆

= det
(
−∇2 +m2

)− 1
2 . (4.25)

Therefore the zeroes of the Selberg zeta function on H3/Γ correspond to the poles of the
1-loop scalar partition function. This means that for ZH3/Γ(s⋆) = 0, there is a condition on
the quasi-normal mode spectrum. In fact, the condition is simply

s⋆ = ∆ ⇐⇒ ω⋆ = ωn, (4.26)

where ∆ is the scaling dimension of the scalar, ω⋆ is a quasi-normal mode frequency and ωn

is a Matsubara frequency. This relationship was worked out in [44].

4.4 Generalizing the Selberg zeta function
In Paper III [2], we propose a generalized Selberg-like zeta function which may be used to
describe functional determinants on quotients of manifolds which are not necessarily H3. The
resulting orbifold should contain only one prime geodesic, corresponding to the analog of the
primitive hyperbolic element of the analogous Kleinian group. The definition uses highest
weight scalar representations (scalar primaries) of the isometry group, and takes the infinite
product over their descendants.

ζ(s)M/Γ(s) =
∏

descendants

⟨1− γ⟩scalar primary of weight s (4.27)

Let us reproduce the BTZ result here. The isometry group of AdS3 is SL2(R)× SL2(R), and
fields on a manifold must be representations of the global isometry group of the manifold.
Representations of SL2(R)× SL2(R) are labeled by the conformal dimensions h and h̄, as
their L0 eigenvalues,

L0

∣∣h, h̄〉 = h
∣∣h, h̄〉 , L̄0

∣∣h, h̄〉 = h̄
∣∣h, h̄〉 . (4.28)

A highest weight representation, or a primary state is annihilated by the lowering operators
L1, L̄1

L1

∣∣h, h̄〉 = 0, L̄1

∣∣h, h̄〉 = 0, (4.29)

and their descendants are generated by the action of raising operators L−1, L̄−1

(L−1)
k2
∣∣h, h̄〉 = ∣∣h, h̄, k2〉 , (

L̄−1

)k1 ∣∣h, h̄〉 = ∣∣h, h̄, k1〉 , (4.30)

with (k1, k2) ∈ Z≥0.
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In terms of the SL2(R) generators and the modulus for the boundary torus τ = τ1 + iτ2 we
have the group element γ in terms of the generator of the quotient (2.24):

γ = e2π∂ϕ = e2πi((L0−L̄0)τ1+(L0+L̄0)iτ2) = qL0 q̄L̄0 , (4.31)

where q = e2πiτ . Now let us consider a primary scalar (h = h̄) field of scaling dimension
∆ = h+ h̄ = 2h = 2h̄ and its descendants, the eigenvalues of the SL2(R) generators will be

L0

∣∣h, h̄, k1, k2〉 = (h+ k2)
∣∣h, h̄, k1, k2〉 = (∆

2
+ k2

) ∣∣h, h̄, k1, k2〉
L̄0

∣∣h, h̄, k1, k2〉 = (h̄+ k1
) ∣∣h, h̄, k1, k2〉 = (∆

2
+ k1

) ∣∣h, h̄, k1, k2〉 . (4.32)

Plugging (4.32) into the zeta function prescription (4.27), we recover the Selberg zeta function
for the BTZ black hole reported in [39, 40], after identifying ∆ with the parameter s:

ζH3/Z(s) =
∞∏

k1,k2=0

(
1− e2πi((k1−k2)τ1+(k1+k2+s)iτ2)

)
=

∞∏
k1,k2=0

(
1− e2ibE(k1−k2)−2a(k1+k2+s)

)
= ZH3/Z(s).

(4.33)

4.5 Non-hyperbolic examples

4.5.1 Flat space cosmologies

We explore quotients of three-dimensional flat space R2,1 to form spacetimes known as a Flat
Space Cosmology (FSC). The isometry group is generated by the Killing vectors

L±1 = Y (−∂X ∓ ∂T ) + (X ∓ T )∂Y , L0 = (X∂T + T∂X),

M±1 = G(∂T ± ∂X), M0 = G∂Y .
(4.34)

These obey the BMS3 algebra without central extension

[Lm,Ln] = (m− n)Lm+n, [Lm,Mn] = (m− n)Mm+n, [Mm,Mn] = 0. (4.35)

The quotient is taken with respect to the group element

γ = e2π∂ϕ = e2πi(L0η+iM0ρ), (4.36)

where η and ρ are the modular parameters of the flat space quotient.

Since fields in flat space must be representations of the global symmetry group, we can label
a field with their mass m and spin j:

M0 |m, j⟩ = m |m, j⟩ , L0 |m, j⟩ = j |m, j⟩ . (4.37)

A primary scalar has spin j = 0.
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We can use (4.27) to obtain the zeta function for FSC, after identifying the mass m with the
complex parameter s:

ζR3/Z(s) =
∞∏
j=0

(
1− e2πi(ηj+iρs)

)
, (4.38)

where η = r̃+ and ρ = −r0/G are the physical parameters in the FSC.

The test is whether this reproduces the known result for the functional determinant of the
scalar field kinetic operator on quotients of flat space. In fact, it does. The 1-loop scalar
partition function on flat space was initially calculated in [46],

Z1-loop
flat, scalar(m) = exp

(
∞∑
n=1

e−2πρmn

n|(1− e2πiηn)|2

)

= exp

(
∞∑
n=1

∞∑
j=0

1

n
(e−2πρme2πiηj)n

)

=
∞∏
j=0

1

1− e2πi(ηj+imρ)
.

(4.39)

Therefore, we see that the generalized Selberg zeta function constructed for R3/Z reproduces
the regularized scalar 1-loop partition function:

ζR3/Z(s) = (det∇2
flat, scalar)

1
2 =

∞∏
j=0

(
1− e2πi(isρ+jη)

)
=
(
Z1-loop

flat, scalar(m)
)−1

∣∣∣∣
m=s

. (4.40)

4.5.2 Warped AdS quotients

Let us briefly introduce warped AdS. It is a warped Hopf fibration of AdS2, and is not a
solution to pure Einstein gravity, but to topological massive gravity in three dimensions.
Spacelike warped AdS3 has the metric [47]:

ds2 =
L2

ν2 + 3

(
− cosh2 σdτ 2 + dσ2 +

4ν2

ν2 + 3
(du+ sinhσdτ)2

)
, (4.41)

where ν is the warping parameter. Setting ν to 1 recovers AdS3. For ν2 > 1 we have spacelike
stretched warped AdS3 and for ν2 < 1 it is called squashed. The Killing vectors for spacelike
warped AdS3 are

J2 = 2∂u

J̃1 = 2 sin τ tanhσ∂τ − 2 cos τ∂σ + 2 sin τ sechσ∂u

J̃2 = −2 cos τ tanhσ∂τ − 2 sin τ∂σ − 2 cos τ sechσ∂u

J̃0 = 2∂τ .

(4.42)

The tilded vectors form an SL2(R) algebra, while J2 is a U(1) generator. Spacelike stretched
warped AdS black holes are quotients of spacelike stretched warped AdS3 [48], along the
Killing vector

∂ϕ̃ = πL(TLJ2 − TRJ̃2), (4.43)
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where

TL =
ν2 + 3

8πL

(
ρ+ + ρ− −

√
(ν2 + 3)ρ+ρ−

ν

)
, TR =

ν2 + 3

8πL
(ρ+ − ρ−). (4.44)

The metric of the black hole is thus given by

ds2

L2
= dt̃2 +

dρ2

(ν2 + 3)(ρ− ρ+)(ρ− ρ−)
+
(
2νρ−

√
ρ+ρ−(ν2 + 3)

)
dt̃dϕ̃

+
ρ

4

(
3(ν2 − 1)ρ+ (ν2 + 3)(ρ+ + ρ−)− 4ν

√
ρ+ρ−(ν2 + 3)

)
dϕ̃2,

(4.45)

where ϕ ∼ ϕ + 2π due to the quotient, and ρ± are the radii of the inner and outer event
horizons.

We compute the Selberg zeta function for this quotient in Paper I. We recover the form of
the original Selberg zeta function for the BTZ black hole, but modified for the Lorentzian
signature, where the O(3) rotation becomes a SO(2, 1) boost,

ZWAdS3/Γ(s) =
∞∏

k1,k2=0

[
1− e2bk1e−2bk2e−2a(k1+k2+s)

]
. (4.46)

We find the values of the parameters a and b to be

a =
πr+(ν

2 + 3)(2νr+ − r−
√
ν2 + 3)

8Lν(r+ − r−)

b =
πr−(ν

2 + 3)(−2νr− + r+
√
ν2 + 3)

8Lν(r+ − r−)
.

(4.47)

where

ρ± =
r2±

r+ − r−
. (4.48)

To confirm that this is the correct Selberg zeta function, we compute the thermal frequencies
and correctly reproduce the quasi-normal mode frequency spectrum. Thus we have ample
supporting evidence for our the construction of a generalized Selberg-like zeta function (4.27)
for non-hyperbolic orbifolds.
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5 Conclusions
In this thesis we have explored of two main ideas, the generalization of TT deformation to
non-relativistic holographic field theories and the construction of a generalized Selberg zeta
function for non-hyperbolic quotient manifolds. We do this in the spirit of pushing our tools
in theoretical and mathematical physics into areas with less symmetry to find the limits of
these tools.

The TT deformation is a very interesting deformation which has been widely discussed
in the recent literature. It is an irrelevant deformation of two-dimensional quantum field
theories which is well behaved in the UV and preserves integrability, unlike most other
irrelevant deformations. Some features of a TT -deformed theory are that it is a non-local
theory, it preserves the global symmetries of the undeformed theory, has a gravitationally
dressed scattering matrix and the finite size energy spectrum can be worked out in closed
form [12, 13, 16]. It shares many features with bosonic string theory, such as a Hagedorn
behaviour, similar energy spectrum and a two-dimensional gravity interpretation [14, 15, 22].

The TT deformation of a theory with a bulk holographic dual can be interpreted in more than
one way. Since it is a double-trace deformation, one can work out the deformed boundary
conditions of the bulk. The resulting boundary conditions can be interpreted as mixed
boundary conditions [25] or as Dirichlet boundary conditions at a finite radial distance [28]
when the deformation parameter is negative.

We explored the TT deformation of holographic warped CFTs which are dual to AdS3 with
CSS boundary conditions [1]. We compute the deformed boundary conditions and obtain
the “dynamical” coordinates of the TT deformed WCFT. Using the deformed boundary
conditions we also obtain the metric of the bulk AdS3 dual, with which we can compute the
asymptotic symmetry algebra. The AdS/CFT dictionary then tells us that the asymptotic
symmetry algebra is the symmetry algebra of the QFT on the boundary, which in this case is
the TT deformed WCFT.

We find that many of the features we see in the TT deformations of holographic CFTs carry
over to the WCFT case. We find that the U(1) Kac-Moody algebra is undeformed by the
deformation, which is consistent since it is generated by spin 1 currents. We also find that
the deformed Virasoro algebra loses chirality, just as one sees in the case of a TT deformed
holographic CFT. We compute the deformed Virasoro algebra and see that it is deformed in a
highly non-linear fashion.

In addition to looking at TT deformations, we explore the construction of zeta functions of
three dimensional orbifolds. Just like the Riemann zeta function which is an Euler product
over prime numbers, the Selberg zeta function is expressed as an Euler product over prime
geodesics. The Selberg zeta function was originally constructed for discrete hyperbolic
quotients of H2 [36]. It was later generalized for quotients of HN with Kleinian groups by
[38], which was used by [39, 40] to construct the zeta function for the BTZ black hole.
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We generalize the construction of the Patterson-Selberg zeta function to quotients of non-
hyperbolic manifolds, such as Warped AdS and three dimensional flat space [2]. We propose a
construction of a zeta function using an Euler product over scalar representations of the global
symmetry algebra. We verify this by two methods. In the flat space quotient, we reproduce
the functional determinant of the scalar Laplacian which was originally computed using the
heat kernel on flat space [46]. In both the flat space and Warped AdS quotients, we reproduce
the quasi-normal modes on these spacetimes [3] by computing the zeroes of the zeta function,
and imposing the condition that the zeroes of the zeta function correspond to the appropriate
scaling dimension to reproduce the quasi-normal mode spectrum due to the relationship of
the zeta function with the functional determinant.

For future directions to the TT program, it will be very interesting to develop methods to
study TT deformed correlation functions, entanglement and Rényi entropies, and other related
quantities non-perturbatively, using techniques involving, holography, the flow equation for
the partition function, and the coupling to dilaton gravity. These quantities have been worked
out perturbatively already, however it is important to understand them non-perturbatively
because of the drastic change of behaviour in the UV caused by the deformation, such as
introducing non-locality.

There are also other deformations which fall into the same class as the TT deformation, such
as the TJ , JT , and JJ deformations, all of which are built using conserved currents in the
theory. It will be interesting to extend the work done here to the rest of these deformations. In
particular, it was shown in [49] that a JT deformed holographic CFT has a Virasoro×U(1)
Kac-Moody algebra, similar to the WCFTs studied here.

The Selberg zeta program also has many interesting future directions. In particular, the
immediate follow up is to prove the conjectured construction of the zeta function we provide,
and find where the construction could fail. Another interesting follow up would be to provide
a construction for quotient groups with multiple primitive hyperbolic elements, i.e. orbifolds
with multiple prime geodesics. This could lead to constructions which provide higher order
corrections in the genus expansion of a partition function.
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1 Introduction

By studying only the quotient structure of certain spacetimes, it is possible to learn much
about dynamics and quantum corrections on those backgrounds. A principal tool to ac-
complish this is the Selberg zeta function, a cousin of the Riemann zeta function in which
prime numbers are replaced by prime geodesics on a hyperbolic spacetime Hn/Γ, where Γ
is a discrete subgroup of SL(2,R) [1–3]. For example, for H2/Γ the Selberg zeta function
is of the form

ZΓ(s) =
∏
p

∞∏
n=0

(
1−N(p)−s−n

)
, (1.1)

– 1 –
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where the product p is over the conjugacy classes of prime geodesics, and N(p) is a function
of geodesic length [4]. The Selberg zeta function and trace formula are of significant physical
interest as a tool to compute spectra of kinetic operators (and thus quantum corrections)
on hyperbolic quotient manifolds. A brief list of applications includes quantum chaos [5,
6], quantum JT gravity [7], torsion and topological invariants [8–10], heat kernels and
regularized one-loop determinants [11–15], quantum corrections to black hole entropy [16,
17], quasinormal modes [15, 18], and even band theory [19].

So far, the Selberg zeta function formalism has been limited to hyperbolic quotient
spacetimes. A notable example is the Euclidean BTZ black hole [20], which is a quotient
of hyperbolic 3-space H3 by the discrete subgroup Γ ∼ Z [21]. Perry and Williams [3]
constructed a Selberg zeta function for the BTZ black hole from this quotient structure,
and proved a corresponding trace formula. In that work, the action of the quotienting group
Γ is studied through a set of “conformal coordinates” that transform the BTZ metric in
Boyer-Lindquist-like coordinates to the Poincaré patch. It was discussed in [3, 18] that the
zeroes of the Selberg zeta function {s∗|ZΓ(s∗) = 0} can be mapped to the BTZ quasinormal
modes. This was worked out explicitly in [15], where it was shown that tuning the Selberg
zeroes s∗ to the conformal dimension of the field in question was equivalent to equating
the field’s quasinormal modes to the thermal (Matsubara) frequencies:

s∗ = ∆ ↔ ωQN = ωn. (1.2)

This analysis was extended to fields of general spin in [22].
In this work, we construct a Selberg zeta function for warped AdS3 black holes, ex-

tending the work of [3] beyond hyperbolic quotients for the first time. Warped AdS3 black
holes are quotients of warped AdS3 [23], with quotienting group Γ ∼ Z realized by the dis-
crete identification φ→ φ+ 2πn, with n an integer. The isometry group is SL(2,R)×U(1).
Warped AdS3 geometries arise in many different contexts in theoretical physics, such as
topological massive gravity (see [23] and references therein), lower-spin gravity [24] (in the
context of warped black holes, see [25]), and in near-horizon extremal [26] and near-region
non-extremal [27] Kerr. Thus it is very desirable to calculate quantum corrections on these
backgrounds, and it is very likely that our formalism will help facilitate this calculation.
This is addressed further in the discussion section.

Like [3], we build the Selberg zeta function using the quotient structure of warped
AdS3 black holes. However, unlike [3], we do not have a straightforward way to analyze the
group action under φ→ φ+ 2πn, because we do not have a warped version of the Poincaré
patch as a target metric with which to construct conformal coordinates. We solve this
problem in section 3, where we use a trick from the hidden conformal symmetry program to
exploit the symmetries of the scalar Laplacian to construct a set of conformal coordinates.
Namely, we build conformal coordinates such that the SL(2,R)×U(1) quadratic Casimir
H2 + λH2

0 ∝ ∇2. Using the resulting conformal coordinate transformation, we are able to
derive a warped version of the upper half-space metric that to our knowledge is new. This
metric might have interesting applications of its own, such as the study of TT deformations
of warped conformal field theories. We give more details about this is the in the discussion
section.

– 2 –
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We also consider the self-dual solutions reported in [23] and further studied in [28–30].
These are the warped analogue of the self-dual solutions for AdS3 presented in [31], and
as explained there these solutions are interesting to study in their own right. They are
formed by a different quotient, θ̃ → θ̃ + 2πα̃n, which we describe.

This article is organised as follows. In section 2 we review previous results that will
be helpful for the reader. In 2.1 we largely follow [3] in demonstrating how to construct
the Selberg zeta function for the case of the BTZ black hole, ending with mapping the
Selberg zeroes to the BTZ quasinormal modes as done in [15]. In 2.2 we review the
quotient structure of warped AdS3 black holes, largely following [23]. In section 3 we exploit
the symmetries of the Klein-Gordon operator to build a set of conformal coordinates.
These allow us to create both a warped Poincaré patch metric as well as the warped
Selberg zeta function. In section 4 it is necessary to calculate several quantities on warped
quotient backgrounds (namely the conformal weight ∆, the thermal frequencies ωn and the
quasinormal mode frequencies ω∗) before constructing the map between the Selberg zeroes
and quasinormal mode frequencies in section 5. In section 6 we summarize our results and
discuss several future directions.

2 Review

Here we review material that we will need throughout the rest of this work. We begin
by reviewing how, in the case of the BTZ black hole, quotient structure can be used to
construct a Selberg zeta function whose zeroes are mapped to the quasinormal modes
on the BTZ background. We then review the warped AdS3 black hole geometry and its
quotient structure. In section 3 we put these two elements together and create a Selberg
zeta function for warped AdS3 black holes.

2.1 Constructing the Selberg zeta function for H3/Γ

We begin with the BTZ black hole metric in Boyer-Lindquist-like coordinates

ds2 = −(r2 − r2
+)(r2 − r2

−)
L2r2 dt2 + L2r2

(r2 − r2
+)(r2 − r2

−)dr
2 + r2

(
dφ− r+r−

Lr2 dt

)2
(2.1)

where L is the AdS radius, and the outer and inner horizons r+ and r− are related to the
black hole’s mass M and angular momentum J by r2

+ +r2
− = L2M and r+r− = JL/2. The

Euclidean1 BTZ black hole is obtained by t→ −iτ , J → −iJE and r− → −i|r−|.
It is well-known [21] that the BTZ black hole metric can be mapped to the Poincaré

patch metric through a set of discontinuous coordinate transformations, valid in regions
r > r+, r+ > r > r− and r− > r. For concreteness we will focus on the coordinate

1The authors of [3] work in Euclidean signature because the existence of well-defined Selberg zeta
functions has been shown specifically for hyperbolic quotients. When we adapt this formalism to warped
AdS3 black holes in section 3, we take the liberty of working in Lorentzian signature.
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transformation valid for r > r+:

x =
√
r2 − r2

+
r2 − r2

−
cos

(
r+τ

L2 + |r−|φ
L

)
exp

(
r+φ

L
− |r−|τ

L2

)

yE =
√
r2 − r2

+
r2 − r2

−
sin
(
r+τ

L2 + |r−|φ
L

)
exp

(
r+φ

L
− |r−|τ

L2

)

z =
√
r2

+ − r2
−

r2 − r2
−

exp
(
r+φ

L
− |r−|τ

L2

)
.

(2.2)

Under the coordinate transformation (2.2), the Euclidean version of the BTZ metric (2.1)
becomes

ds2 = L2

z2 (dx2 + dy2
E + dz2). (2.3)

We will refer to coordinates like (x, yE , z) in (2.2) as conformal coordinates, and we will
now see that they provide an avenue to analyze the quotient structure of H3/Γ through a
group theoretic lens.

The identification φ ∼ φ + 2π allows for the BTZ black hole to be understood as a
quotient of AdS3 by a discrete subgroup Γ ∼ Z of the isometry group SL(2,R)×SL(2,R).
We can study the group action of the single generator γ ∈ Γ by taking φ→ φ+2πn in (2.2).
This will map a point (x, yE , z) ∈ H3 to another point (x′, y′E , z′)

γn · (x, yE , z) = (x′, y′E , z′) (2.4)

through
x′ = e2πnr+/L

(
x cos (2πn|r−|/L)− yE sin (2πn|r−|/L)

)
y′E = e2πnr+/L

(
yE cos (2πn|r−|/L) + x sin (2πn|r−|/L)

)
z′ = e2πnr+/Lz.

(2.5)

By inspecting (2.5), it is clear that the group action can be understood as a dilation and
a rotation in R2:

γ

 x

yE
z

 =

e
2a 0 0
0 e2a 0
0 0 e2a


cos 2bE − sin 2bE 0

sin 2bE cos 2bE 0
0 0 1


 x

yE
z

 , (2.6)

where a = πr+/L and bE = π|r−|/L.
We can recast this in the language of [21], in which they write the generator γ ∈ Γ as

the Killing vector
∂φ = r+

L
J12 + |r−|

L
J03. (2.7)

Here J12 and J03 are two of the six generators of the SL(2,R)×SL(2,R) isometry group,
and they are presented in terms of H3 embedding coordinates in appendix A. In Poincaré
coordinates (2.3), it is evident that these generate dilations J12 = −(x∂x + yE∂yE + z∂z)
and rotations J03 = −yE∂x + x∂yE . In terms of the parameters a and bE , this generator is

2π∂φ = 2aJ12 + 2bEJ03. (2.8)
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From the terms a and bE that parametrize the dilation and rotation, Perry and
Williams [3] constructed the Selberg zeta function for the BTZ black hole

ZΓ(s) =
∞∏

k1,k2=0

[
1− e2ibEk1e−2ibEk2e−2a(k1+k2+s)

]
. (2.9)

In later sections of this article, it will be convenient to consider a Lorentzian version of
the zeta function (2.9), which we develop now. To connect to the Lorentzian case we write
yE → iy, |r−| → ir− and bE → −ib. The group action now consists of a boost in R1,1 and
a dilation

γ

xy
z

 =

e
2a 0 0
0 e2a 0
0 0 e2a


 cosh 2b − sinh 2b 0
− sinh 2b cosh 2b 0

0 0 1


xy
z

 , (2.10)

and the Selberg zeta function is the same as (2.9) but with ibE = b

ZΓ(s) =
∞∏

k1,k2=0

[
1− e2bk1e−2bk2e−2a(k1+k2+s)

]
. (2.11)

The exponential part is real in the Lorentzian case because the “rotation” part of the
quotient is no longer compact.

The zeroes of the zeta function (2.11) occur when the exponent is equal to ±2πik for
k ∈ Z. The sign of k differs in the left and right quasinormal modes, hence we have + for
the right modes and − for the left modes.

s∗ = −(k1 + k2) + b

a
(k1 − k2)± iπk

a
. (2.12)

Performing a change of basis, the integers k1 and k2 are written in terms of the radial
quantum number j and the thermal integer n in the following way [3]

n ≥ 0 : k1 + k2 = 2j + n k1 − k2 = ∓n,
n < 0 : k1 + k2 = 2j − n k1 − k2 = ∓n.

(2.13)

For n ≥ 0 the zeroes are

s∗ = −(2j + n)− bn

a
− iπk

a
s∗ = −(2j + n) + bn

a
+ iπk

a
(2.14)

and for n < 0

s∗ = −(2j − n)− bn

a
− iπk

a
s∗ = −(2j − n) + bn

a
+ iπk

a
. (2.15)

2.2 Warped AdS3 quotients

In order to describe warped AdS3 black holes as quotients, we begin by reviewing the global
spacetime warped AdS3 itself. Non-warped AdS3 can be expressed as a Hopf fibration of
AdS2 like so:

ds2 = L2

4 (− cosh2 σdτ2 + dσ2 + (du+ sinh σdτ)2), (2.16)

– 5 –

47



J
H
E
P
0
1
(
2
0
2
3
)
0
4
9

where u is the fibered coordinate and we refer to (τ, u, σ) as global fibered coordinates.
Spacelike2 warped AdS3 is obtained by warping the fiber length [32]:

ds2 = L2

ν2 + 3

(
− cosh2 σdτ2 + dσ2 + 4ν2

ν2 + 3(du+ sinh σdτ)2
)
. (2.17)

When ν2 > 1 the spacetime is called stretched and for ν2 < 1 it is called squashed. The
Killing vectors for spacelike warped AdS3 are

J2 = 2∂u
J̃1 = 2 sin τ tanh σ∂τ − 2 cos τ∂σ + 2 sin τ sech σ∂u
J̃2 = −2 cos τ tanh σ∂τ − 2 sin τ∂σ − 2 cos τ sech σ∂u
J̃0 = 2∂τ .

(2.18)

The tilded vectors form an SL(2,R) algebra, while J2 is a U(1) generator.

2.2.1 Spacelike stretched warped AdS3 black holes

We first consider spacelike stretched warped AdS3 solutions, which are black holes [23]. In
direct analogy to the BTZ black hole, one can take a quotient of warped AdS3 to find such
black hole solutions. The metric for the spacelike warped AdS3 black hole is

ds2

L2 = dt̃2 + dρ2

(ν2 + 3)(ρ− ρ+)(ρ− ρ−) +
(

2νρ−
√
ρ+ρ−(ν2 + 3)

)
dt̃dφ̃

+ ρ

4

(
3(ν2 − 1)ρ+ (ν2 + 3)(ρ+ + ρ−)− 4ν

√
ρ+ρ−(ν2 + 3)

)
dφ̃2,

(2.19)

where ρ ∈ [0,∞), t̃ ∈ R, φ̃ ∈ [0, 2π), and φ̃ ∼ φ̃ + 2π. The coordinate transformation
from (2.17) to (2.19) is given in (A.6). For ν2 < 1 this spacetime has closed timelike
curves for large r, but not for ν2 > 1. It is important to note that this metric is not
asymptotically spacelike warped AdS3 [33]. This can be seen by taking the large ρ limit of
the metric (2.19):

ds2

L2 = dt̃2 + dρ2

(ν2 + 3)ρ2 + 2νρ dt̃dφ̃+ 3
4(ν2 − 1)ρ2dφ̃2. (2.20)

The angular coordinate φ̃ is compact in the asymptotic black hole spacetime (2.20), but it
is not in unquotiented spacelike warped AdS3 (see [33] for more details).

For the spacelike stretched warped AdS3 black hole, the quotient is along the vector:

∂φ̃ = πL(TLJ2 − TRJ̃2), (2.21)

where

TL = ν2 + 3
8πL

(
ρ+ + ρ− −

√
(ν2 + 3)ρ+ρ−

ν

)
, TR = ν2 + 3

8πL (ρ+ − ρ−). (2.22)

2For information on timelike and null analogues, see [23].
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For ν = 1, this reduces to the BTZ black hole in a rotated frame (t̃, ρ, φ̃). In order for
quantities like TL and TR to reduce to their more recognizable BTZ values, it will be
convenient to go to the non-rotated frame (t, r, φ):

t̃ = r+ − r−
L2 t, φ̃ = Lφ− t

L2 , ρ = r2

r+ − r−
, ρ± = r2

±
r+ − r−

. (2.23)

The metric in these coordinates is

ds2 = 1
4L2(r+−r−)2

(
3r4(ν2−1)+r2

(
(r2

++r2
−)(ν2−8ν+3)−4r+r−ν(

√
ν2+3−4)

)
+4(r+−r−)2

(
r2

++r2
−+r+r−(

√
ν2+3−2)

))
dt2+ 4L2r2

(r2−r2
+)(r2−r2

−)(ν2+3)dr
2 (2.24)

− 1
2L(r+−r−)2

(
3r4(ν2−1)+r2

(
(r2

++r2
−)(ν2−4ν+3)−4r+r−ν

(√
ν2+3−2

))
+2r+r−(r+−r−)2

√
ν2+3

)
dtdφ+

r2(3r2(ν2−1)−4r+r−ν
√
ν2+3+(r2

++r2
−)(ν2+3)

)
4(r+−r−)2 dφ2.

This reduces exactly to the BTZ metric (2.1) when ν = 1. The left and right temperatures
in these BTZ-like coordinates are

TL = ν2 + 3
8πL

(
ν(r2

+ + r2
−)− r+r−

√
ν2 + 3

ν(r+ − r−)

)
, TR = ν2 + 3

8πL (r+ + r−). (2.25)

These reduce to the BTZ left and right temperatures when ν = 1

TL = r+ − r−
2πL , TR = r+ + r−

2πL . (2.26)

2.2.2 Warped self-dual solutions

As previously mentioned, spacelike warped AdS3 for ν2 < 1 has closed timelike curves
(CTCs) for large r. Taking a different quotient from (2.21) by identifying along the J2
isometry results in no such curves [23] and we have the so-called self-dual solutions that
are a discrete quotient of warped AdS3 in analogous to the quotients studied in [31]. Self-
dual solutions are not black holes in the strictest sense but they can be regarded as such
because they have killing horizons in the (t̃, ρ, φ̃) coordinates and no CTCs. They also
have similar thermodynamic behaviours, like an entropy that obeys the Cardy formula, as
discussed in [23, 28]. Self-dual solutions for warped dS3 black holes are studied in [34].

For the self-dual solutions mentioned in [23] the same analysis can be done as for the
warped solutions that we will study but with the identification in t̃ instead of φ̃. We instead
adopt a different coordinate system, and look at the self-dual solutions studied in [28] with
identification θ̃ ∼ θ̃ + 2πα̃. The metric is given by

ds2 = L2

ν2+3

(
−(ρ̃−ρ̃+)(ρ̃−ρ̃−)dτ̃2+ dρ̃2

(ρ̃−ρ̃+)(ρ̃−ρ̃−) + 4ν2

ν2+3

(
α̃dθ̃+ 2ρ̃−ρ̃+−ρ̃−

2 dτ̃

)2)
.

(2.27)
It will be convenient to redefine the radial coordinate to a BTZ-like radial coordinate r̃:

ρ̃ = r̃2

r̃+ − r̃−
, ρ̃± = r̃2

±
r̃+ − r̃−

. (2.28)
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In these coordinates, the line element of the self-dual warped solution is

ds2 = L2

ν2 + 3

(
−
(
r̃2 − r̃2

−
) (
r̃2 − r̃2

+
)
dτ̃2

(r̃− − r̃+)2 + 4r̃2dr̃2(
r̃2 − r̃2

−
) (
r̃2 − r̃2

+
)

+ ν2

ν2 + 3

(
2α̃dθ̃ + −2r̃2 + r̃2

− + r̃2
+

r̃− − r̃+
dτ̃

)2
 . (2.29)

The left and right temperatures in these coordinates are

TL = α̃

2πL, TR = r̃+ + r̃−
4πL . (2.30)

The authors of [28] comment that in the extremal limit the right temperature TR vanishes.
The reason that this is not apparent in (2.30) is that the coordinate transformation (2.28)
is singular in the extremal limit, and thus (2.30) holds only in the non-extremal case.

3 A Selberg zeta function for warped AdS3 black holes

Our first step in constructing the Selberg zeta function for warped AdS3 black holes is to
identify a suitable set of “conformal coordinates” (analogous to equation (2.2) for the BTZ
black hole) that will allow us to interpret the identification φ ∼ φ+ 2π group-theoretically.
It is difficult to find a suitable coordinate transformation from the perspective of the metric,
since in the warped case we do not have a target Poincaré-like metric in mind. That is,
for the case of the spacelike warped AdS3 black hole, we seek a coordinate transformation
between (2.24) and a warped version of (2.3) (the latter of which we do not have). However,
we will now see that we can make progress by borrowing a trick from the hidden conformal
symmetry program of [27] and others, by studying instead the symmetry structure of the
scalar wave equation. We outline our general approach below before moving on to the
specific examples of spacelike warped AdS3 black holes in section 3.1 and the self-dual
solutions in section 3.2.

Consider again the Poincaré patch metric of AdS3:

ds2 = L2

z2 (dw+dw− + dz2). (3.1)

The isometry group of (3.1), SL(2,R)× SL(2,R), is generated by six Killing vectors:

H1 = i∂+, H0 = i

(
w+∂+ + 1

2z∂z
)
, H−1 = i((w+)2∂+ + w+z∂z − z2∂−),

H̄1 = i∂−, H̄0 = i

(
w−∂− + 1

2z∂z
)
, H̄−1 = i((w−)2∂− + w−z∂z − z2∂+).

(3.2)

For the case of warped AdS3, the warp parameter ν 6= 1 in (2.17) breaks the unbarred
SL(2,R) symmetry down to a U(1), and thus the Killing vectors of warped AdS3 are
(H0, H̄0, H̄±1). Our goal in this section is to construct a locally spacelike warped AdS3
metric in terms of these coordinates, which will be our “warped Poincaré patch.”
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Consider for now a massless scalar field Φ on one of our backgrounds of interest (either
the spacelike warped AdS3 black hole or the self-dual solution). In either case, one can
show that the solutions of the Klein-Gordon equation are hypergeometric functions (as we
will see for the massive scalar case in section 4). Since hypergeometric functions transform
in representations of SL(2,R), we conclude that the Klein-Gordon operator is related to
the SL(2,R) quadratic Casimir:

H2 = −H̄2
0 + 1

2(H̄1H̄−1 + H̄−1H̄1)

= 1
4(z2∂2

z − z∂z) + z2∂+∂− .
(3.3)

In particular, we would like for the Klein-Gordon operator to be proportional to the entire
SL(2,R)×U(1) Casimir:

(H2 + λH2
0 )Φ ∝ ∇2Φ (3.4)

where the coefficient λ of the U(1) generator is yet to be determined.
Our job now is to find a coordinate transformation

w+ =

√√√√x− 1
2

x+ 1
2
eαφ+βt,

w− =

√√√√x− 1
2

x+ 1
2
eγφ+δt,

z =
√

1
x+ 1

2
e1/2((α+γ)φ+(β+δ)t),

(3.5)

such that (3.4) holds. In (3.5), x is related to the BTZ-like radial coordinate r in (2.24)
via x = r2−1/2(r2

++r2
−)

r2
+−r

2
−

. For the field ansatz

Φ = R(x)ei(kφ−ωt), (3.6)

we find that the quadratic Casimir constructed from the conformal coordinates (3.5) and
generators (3.2) is

(H2 +λH2
0 )Φ (3.7)

=

∂x(x2− 1
4

)
∂x+ (ω(α+γ)+k(β+δ))2

4
(
x− 1

2

)
(βγ−αδ)2

− (ω(α−γ)+k(β−δ))2

4
(
x+ 1

2

)
(βγ−αδ)2

+λ
(kδ+γω)2

(βγ−αδ)2

Φ.

Comparing this Casimir to the Klein-Gordon operator will allow us to solve for the confor-
mal coordinate parameters (α, β, γ, δ). With those in hand, we will be able to interpret the
identification φ → φ + 2π group-theoretically, in analogy to [3], and build a Selberg zeta
function for warped black holes. As a nice bonus, we find a warped version of the Poincaré
patch metric (3.1), which reduces to (3.1) when ν = 1.

Before we move on to specific examples in the next subsections, some comments
about (3.7) are in order. Hidden conformal symmetry was studied in warped AdS3 black
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holes in [35] and in self-dual warped solutions in [30]. In both cases, the authors throw
away a term in the Klein-Gordon operator, making a “near-region limit” or “soft hair”
argument, in analogy to [27]. We show below that the terms they throw away are nothing
more than the U(1) piece corresponding to our λ term in (3.7). We argue that there is no
need to take such a limit to discard such terms, as they too are built into the symmetry
structure of the Casimir.

3.1 Warped AdS3 black holes

The Klein-Gordon operator of the warped AdS3 black hole background (2.24) is propor-
tional to the quadratic Casimir (3.7) with proportionality constant:

H2 + λH2
0 = L2

ν2 + 3∇
2. (3.8)

This proportionality constant is determined by comparing the radial derivative pieces.
In x coordinates, the Klein-Gordon operator with the proportionality constant now

reads:
L2

3 + ν2∇
2Φ =

∂x (x2 − 1
4

)
∂x + P

4
(
x− 1

2

) + Q

4
(
x+ 1

2

) + S

Φ (3.9)

where

P =
4L2

(
k
(
2(ν − 1)r2

+ − 2r2
− − r+r−

(√
ν2 + 3− 4

))
− Lωr+

(
2νr+ − r−

√
ν2 + 3

))2

(r+ − r−)2(r+ + r−)2(ν2 + 3)2 ,

Q = −
4L2

(
k
(
−2r2

+ + 2(ν − 1)r2
− − r+r−(

√
ν2 + 3− 4)

)
− Lωr−

(
2νr− − r+

√
ν2 + 3

))2

(r+ − r−)2(r+ + r−)2(ν2 + 3)2 ,

S = 3L2(ν2 − 1)(k − Lω)2

(ν2 + 3)2(r2
+ − r2

−)2 . (3.10)

As mentioned previously, in [35] these coefficients are derived in the (t̃, ρ, φ̃) coordinates
of (2.19), but the U(1) term, S, is thrown away in the spirit of the hidden conformal
symmetry program in a certain limit of their eigenvalue ω. There is no need to throw
away this piece, as it is part of the symmetry group and does not cause any obstruction in
building the conformal coordinates. In fact, the U(1) piece will help us choose the proper
solution branch, as we will see.

Equating the coefficients of k and ω in P and Q to those in the x ± 1
2 poles in the

Casimir (3.7), one can solve for (α, β, γ, δ). Due to the squares, there are 4 branches of
solutions, and we pick the ones which reduce to those found for BTZ when ν is set to 1 as
reported in appendix B.3

3Had we not known what they reduce to, we can use the U(1) term to eliminate 2 of the four branches,
and then we pick the positive branch for α.
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They are:

α =
(
ν2 + 3

) (
ν(r2

+ + r2
−)− r+r−

√
ν2 + 3

)
4Lν(r+ − r−) ,

β = (r+ − r−)(ν2 + 3)
2L2ν

−

(
ν2 + 3

) (
ν(r2

+ + r2
−)− r+r−

√
ν2 + 3

)
4L2ν(r+ − r−) ,

γ = 1
4L

(
ν2 + 3

)
(r+ + r−) ,

δ = − 1
4L2

(
ν2 + 3

)
(r+ + r−) .

(3.11)

Note that α = 2πTL and γ = 2πTR as defined in (2.25). This also allows us to determine
λ to be 3(ν2 − 1)/4ν2.

The conformal coordinates that we have built yield a warped version of the AdS3
Poincaré patch. In these conformal coordinates, the previously slightly terrible met-
ric (2.24) turns out to be quite simple:

ds2 = 4L2

(ν2 + 3)2z2

(
(ν2 + 3)dw+dw− + 4ν2dz2 + 3(ν2 − 1)w+

z2 (dw−2 + 2zdw−dz)
)
.

(3.12)
This reduces to the Poincaré patch (3.1) for ν = 1, unlike the Poincaré coordinates pre-
sented in [23]. The Killing vectors of this metric are:

H̄1 = i∂−, H̄0 = i

(
w−∂− + 1

2z∂z
)
, H̄−1 = i(−z2∂+ + w−

2
∂− + w−z∂z),

H0 = i

(
w+∂+ + 1

2z∂z
)
,

(3.13)

which are a subset of (3.2), as expected. The killing vectors corresponding to rotation in
the w± plane and dilation are

H0 − H̄0 = i(w+∂+ − w−∂−),
H0 + H̄0 = i(w+∂+ + w−∂− + z∂z)

(3.14)

respectively. Using the inverse transformation of (3.5), we can also see that the quotient
is generated by the group element

e−i4π
2(TRH̄0+TLH0) = e2π∂φ , (3.15)

as discussed in [27]. Comparing this with [23] and (2.21), we see

H0 = i

2J2, H̄0 = − i2 J̃2. (3.16)

Now that we have the warped black hole quotient structure and a set of suitable confor-
mal coordinates in hand, we can repeat the analysis of Perry and Williams (outlined in
section 2.1) to build our Selberg zeta function for warped AdS3 black holes.
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We begin by switching to the coordinates x = (w+ + w−)/2 and y = (w+ − w−)/2.
Under the transformation φ → φ + 2π, we see that the coordinates once again transform
in the same way as (2.10):x

′

y′

z′

 =

e
2a 0 0
0 e2a 0
0 0 e2a


 cosh 2b − sinh 2b 0
− sinh 2b cosh 2b 0

0 0 1


xy
z

 (3.17)

where we have
a = πr+(ν2 + 3)(2νr+ − r−

√
ν2 + 3)

8Lν(r+ − r−)

b = πr−(ν2 + 3)(−2νr− + r+
√
ν2 + 3)

8Lν(r+ − r−) .

(3.18)

The prime geodesic on the quotient spacetime is the curve which remains invariant under
the rotation, which is the x = y = 0 line. The length of this prime geodesic ` is related to
the dilation parameter by ` = 2a.

Finally, the Selberg zeta function for warped quotients that we propose is (2.11), where
in the case of warped AdS3 black holes the parameters a and b are (3.18). We will see in
section 5 that the zeroes of this zeta function are successfully mapped to the quasinormal
modes on the warped AdS3 black hole backgrounds. It should be noted that, in principle,
the structure of the Selberg zeta function for warped quotients could have been more
complicated (cf. the function N(p) in equation (1.1)) than in the BTZ case, or indeed it
need not have existed at all. We suspect that for more complicated orbifolds N(p) may
need to be constructed with greater care.

3.2 Warped self-dual solutions

Following the same procedure as in section 3.1 we construct conformal coordinates for the
self-dual solutions (2.29), using the coordinate transformation

w+ =

√√√√x− 1
2

x+ 1
2
eαθ̃+βτ̃ ,

w− =

√√√√x− 1
2

x+ 1
2
eγθ̃+δτ̃ ,

z =
√

1
x+ 1

2
e1/2((α+γ)θ̃+(β+δ)τ̃).

(3.19)

The Klein-Gordon operator for this background is proportional to the quadratic
Casimir (3.7) and has the same proportionality constant as the warped AdS3 black hole

H2 + λH2
0 = L2

ν2 + 3∇
2. (3.20)

Explicitly, in x coordinates and using the ansatz Φ = ei(kθ̃−ωτ̃)R(r̃), we have:

L2

3 + ν2∇
2Φ =

∂x (x2 − 1
4

)
∂x + P

4
(
x− 1

2

) + Q

4
(
x+ 1

2

) + S

Φ (3.21)
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where
P =

(
k

α̃
+ 2ω

(r̃+ + r̃−)

)2
,

Q = −
(
k

α̃
− 2ω

(r̃+ + r̃−)

)2
,

S = 3k2 (ν2 − 1
)

4α̃2ν2 .

(3.22)

Again we equate the coefficients k and ω in (3.22) to the ones in (3.7) and solve for
(α, β, γ, δ). The U(1) term eliminates two of the four branches and we choose the positive
remaining one

α = α̃, β = γ = 0, δ = 1
2(r̃+ + r̃−). (3.23)

Note that the coefficient of the U(1) term is the same as for the warped AdS3 black
hole: λ = 3

(
ν2 − 1

)
/4ν2. The parameters (3.23) are related to the temperatures (2.30)

via α = 2πLTL and δ = 2πLTR. The conformal coordinates (3.19) with these values of
(α, β, γ, δ) yield the same warped Poincaré patch as (3.12). From the conformal coordinates
we calculate the coefficients a and b that appear in the quotient. Again we switch to
x = (w+ +w−)/2 and y = (w+−w−)/2 and under θ̃ → θ̃+ 2πα̃ the coordinates transform
in the same way as (2.10), and we obtain

a = πα̃

2 , b = −πα̃2 . (3.24)

The quotient is generated by the Killing vector

∂θ̃ = πLTLJ2 = α̃

2 J2, (3.25)

which now can be expressed in terms of the warped Poincaré patch generators:

∂θ̃ = −iα̃H0. (3.26)

4 Scalar fields on WAdS3 black hole backgrounds

In order to map the zeroes of our Selberg zeta function to the quasinormal modes of the
warped AdS3 black holes in section 5, we need to first study several aspects of a massive
scalar field propagating on these backgrounds. We begin with the conformal weight ∆ in
section 4.1, followed by the thermal (Matsubara) frequencies ωn in section 4.2 and finally
quasinormal modes ω∗ in section 4.3.

4.1 Conformal weights of the scalar field

Here we compute the conformal weight of highest weight representations of the symmetry
algebra of the black hole spacetime. We use the relationship between the quadratic Casimir
and the Laplacian of the massive scalar [36]

(H2 + λH2
0 )Φ = L2

ν2 + 3m
2Φ. (4.1)
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We can express the SL(2,R) Casimir in terms of the SL(2,R) conformal weight

H2Φ = h(h− 1)Φ, (4.2)

and we know from (3.9) that the U(1) generator acting on the scalar field is

λH2
0 Φ = S(k, ω)Φ. (4.3)

Combining the two we have

h(h− 1) = L2

ν2 + 3m
2 − S. (4.4)

Solving for ∆ = 2h and choosing the positive branch, we obtain the conformal weight of
the scalar field:

∆ = 1 +
√

1 + 4
(
m2L2

ν2 + 3 − S
)
. (4.5)

Note that S depends on the choice of coordinates. In the (t̃, ρ, φ̃) coordinates of (2.19), we
have

S = 3L2(ν2 − 1)
ν2 + 3 ω2 (4.6)

which reproduces the result in [37]. In the coordinates of (t, r, φ) (2.24), we have

S = 3L2(ν2 − 1)
ν2 + 3

(
k − Lω
r2

+ − r2
−

)2

(4.7)

and in the (τ̃ , r̃, θ̃) coordinates of (2.29) for the self-dual solution, we have

S = 3k2 (ν2 − 1
)

4α̃2ν2 . (4.8)

Equation (4.8) is the same as the one computed for spacelike stretched warped AdS3 with
α̃ = 1, which reproduces the result in [23].

Notice that for large values of ω or k in (4.6), (4.7) and (4.8) the conformal weight
becomes complex. The asymptotic behaviour of the solutions (∼ r−∆/2) implies that these
solutions are travelling waves. The fact that these becomes complex indicate that these
spacetimes have superradiant behaviour [36]. Since Re(∆) > 0 the outgoing wave solutions
are always normalizable [38]. Note that for the negative branch of (4.4) for small enough
values of S we have Re(∆−) < 0 which renders the solutions non-normalizable. We only
consider the positive branch since the Selberg zeta function can be expressed a sum over
eigenvalues of normalizable functions via the Selberg trace formula.4

4We thank the referee for bringing this fact to our notice.
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4.2 Thermal frequencies

A procedure for calculating thermal frequencies in rotating spacetimes was outlined in [39].
Due to translation symmetry in both t and φ, we can use the following ansatz for Φ:

Φ(t, r, φ) = e−iωt+ikφf(r). (4.9)

Using this ansatz in the equation of motion, we obtain a second order differential equation
in r, which we examine around the outer horizon r+:

A(r)f(r) +B(r)(r − r+)f ′(r) + (r − r+)2f ′′(r) = 0. (4.10)

For the spacelike warped AdS3 black hole, we have

A = 16r2L2

((r + r+)(r2 − r2
−))2

(
k2gtt + kωgtφ + ω2gφφ

)
B = 3r4 − r2

+r
2
− − r2(r2

+ + r2
−)

r(r2 − r2
−)(r + r+) .

(4.11)

To construct the indicial equation, we must input a power series solution around r+
for A,B and f , like so:

A =
∞∑
n=0

an(r − r+)n, B =
∞∑
n=0

bn(r − r+)n, f = (r − r+)α
∞∑
n=0

fn(r − r+)n. (4.12)

We only need the leading terms of A and B for the indicial equation, which after some
algebra turn out to be:

a0 =

L(2r2
− − 2r2

+(ν − 1) + r+r−(
√
ν2 + 3− 4))k + Lr+

(
2νr+ − r−

√
ν2 + 3

)
ω

(r+ − r−)2(r+ + r−)(ν2 + 3)

2

,

b0 = 1. (4.13)

If we set α = in/2 with n an integer, we can solve the indicial equation for ω in terms of
n, obtaining the thermal frequencies:

ωn = in(r+ − r−)2(r+ + r−)(ν2 + 3)− 2Lk(2r2
− + 2r2

+(1− ν) + r+r−(
√
ν2 + 3− 4))

2L2r+
(
2νr+ − r−

√
ν2 + 3

) .

(4.14)
If we set ν to 1, we recover the thermal frequencies for the BTZ black hole [39]:

ωn = Lkr− + in(r2
+ − r2

−)
L2r+

, (4.15)

which are also known as the Matsubara frequencies. In the (t̃, ρ, φ̃) coordinates of (2.19),
this result becomes

ωn = −4k − in(ρ+ − ρ−)(ν2 + 3)
4ρ+ν − 2

√
ρ+ρ−(ν2 + 3)

. (4.16)

Repeating the analysis in the self-dual solution (2.29) we get

ωn = −(r̃− + r̃+)(k − iα̃n)
2α̃ . (4.17)
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4.3 Quasinormal modes

To compute quasinormal modes, we must study the equation of motion of the massive
scalar field in the black hole background

(∇2 −m2)Φ(t, r, φ) = 0. (4.18)

These have been computed in the “rotated coordinates” ((t̃, ρ, φ̃) as in (2.19)) before [37, 40],
but here we present the calculation and results in the BTZ-like coordinates ((t, r, φ) as
in (2.24)), in which the quasinormal modes reduce to those of the BTZ black hole [41]
when the warping parameter ν is set to 1.

4.3.1 Warped AdS3 black holes

Here we follow the procedure described in [41]. The structure of the equation of motion is
clear when we make this coordinate change:

ζ = r2 − r2
+

r2 − r2
−
, (4.19)

and we will use the same ansatz as (4.9): Φ(t, ζ, φ) = e−iωt+ikφf(ζ). In these coordinates
we have

ζ(1− ζ)f ′′(ζ) + (1− ζ)f ′(ζ) +
(
A

ζ
+B + C

1− ζ

)
f(ζ) = 0, (4.20)

where

A =
L2
(
k
(
2(ν − 1)r2

+ − 2r2
− −

(√
ν2 + 3− 4

)
r+r−

)
− Lr+ω

(
2νr+ − r−

√
ν2 + 3

))2

(r− − r+)4 (r− + r+)2 (ν2 + 3)2
,

B = −A(r+ ↔ r−), (4.21)

C = 3L2 (ν2 − 1
)

(k − Lω)2

(ν2 + 3)2 (r− − r+)2 − L2m2

ν2 + 3 .

The solution to (4.20) is

f(ζ) = ζα(1− ζ)β 2F1(a, b, c; ζ),
a = α+ β + i

√
−B, b = α+ β − i

√
−B, c = 2α+ 1.

(4.22)

The exponents α and β describe the behaviour of the scalar field near the outer horizon
and at infinity respectively:

α2 = −A, β = 1
2
(
1−
√

1− 4C
)
. (4.23)

Notice that β can be expressed in terms of the conformal weight of the scalar field (4.5)
and (4.7) as

β = 1− ∆
2 . (4.24)
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We require that the solution is ingoing at the horizon5 and vanishes at infinity, so we set
the following boundary conditions:6

c− a = −j, c− b = −j, j ∈ Z≥0. (4.25)

Here we can solve these boundary conditions for ω in terms of k and ∆. We note that ∆
does depend on ω, but we keep it implicit since the matching of the Selberg zeta function
zeroes s∗ to the quasinormal modes does not depend upon the intrinsic structure of ∆, as
we will see. Thus we obtain

ω∗L = k

L
− i(∆ + 2j)

(
ν2 + 3

)
(r+ − r−)

4L2ν
, (4.26)

and

ω∗R = − k
L

(
2 (r+ − r−)2

ν(r2
+ + r2

−)− r+r−
√
ν2 + 3

− 1
)
− i

(
ν2 + 3

)
(r+ + r−) (r+ − r−)2 (∆ + 2j)

4L2
(
ν(r2

+ + r2
−)− r+r−

√
ν2 + 3

) .

(4.27)
We recover the BTZ quasinormal modes as calculated in [41] upon setting ν to 1.

4.3.2 Warped self-dual solutions

We compute the quasinormal modes for the self-dual solutions and reproduce previous
results [29, 30] in (τ̃ , ρ̃, θ̃) coordinates. Using the same ansatz: Φ(τ̃ , ζ, θ̃) = e−iωτ̃+ikθ̃f(ζ)
and change of coordinates

ζ = r̃2 − r̃2
+

r̃2 − r̃2
−
, (4.28)

we reach the same radial equation as before (4.20), where

A =
(
k

2α̃ + ω

r̃+ + r̃−

)2
,

B = −
(
k

2α̃ −
ω

r̃+ + r̃−

)2
,

C = 3k2 (ν2 − 1
)

4α̃2ν2 − L2m2

ν2 + 3 .

(4.29)

Following the procedure done in section 4.3.1, with the corresponding ∆ for the self-dual
solution, we obtain the quasinormal modes. The boundary conditions only permit one
solution, the right ingoing mode:

ω∗R = −1
4 i(r̃+ + r̃−)(∆ + 2j). (4.30)

5Modes that are outgoing at the horizon are sometimes called antiquasinormal. These can be treated
similarly, but here we just stick to the ingoing modes for simplicity.

6To see how to derive these conditions look at equation (15) in [41].
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5 Mapping the Selberg zeroes to quasinormal modes

Now we take all the results from the previous sections and show that tuning the zeroes of the
Lorentzian Selberg zeta function s∗ to the conformal weights ∆, we recover the condition
that the corresponding quasinormal modes must be tuned to the thermal frequencies, in
the spirit of [15].

For simplicity, we only consider the ingoing (quasinormal) modes, and so we only need
to consider the case with n ≥ 0 in the change of bases listed in (2.13). It should be noted
that the change of basis (2.13) did not (to our knowledge) necessarily have to be the same
in the warped case. Nevertheless, this change of basis turns out to be consistent in mapping
the Selberg zeroes to the warped quasinormal modes. Since the basis change (2.13) is a
result from scattering theory on the Euclidean BTZ background [3], the fact that (2.13)
still works in the warped case probably tells us that warping the fiber length does not
significantly change the poles of the scattering matrix.

5.1 Warped AdS3 black holes

The procedure outlined in [15] was to express s∗ −∆ in terms of the corresponding quasi-
normal mode and BTZ thermal frequencies. Here we will go in the opposite direction and
construct s∗ from the quasinormal modes, the warped black hole’s thermal frequencies and
the conformal weight. We will then solve for a and b used in the quotient, and show that
they coincide with (3.18) in the warped black hole case and (3.24) in the self-dual case.
That is, we write

s∗L = Λ−1
L (ω∗L − ωn) + ∆, s∗R = Λ−1

R (ω∗R − ωn) + ∆, (5.1)

where ΛL and ΛR are proportionality constants, which can be determined by eliminating
∆ on the right hand side of the equations (since the quasinormal modes depend upon ∆
but the zeroes s∗ should not explicitly depend upon ∆). Plugging everything that we
calculated in previous sections into the right hand side of the equations, we get:

ω∗L − ωn
ΛL

+ ∆ = −2j −
(

8iLν(r+ − r−)
r+(ν2 + 3)(2r+ν −

√
ν2 + 3)

)
k −

(
2ν(r2

+ − r2
−)

r+(2νr+ − r−
√
ν2 + 3)

)
n,

(5.2)
and

ω∗R−ωn
ΛR

+∆ =−2j+
(

8iLν(r+−r−)
r+(ν2 +3)(2r+ν−

√
ν2 +3)

)
k−

(
2((r2

+−r2
−)ν−r+r−

√
ν2 +3)

r+(2νr+−r−
√
ν2 +3)

)
n,

(5.3)
where

ΛL = i(r+ − r−)(ν2 + 3)
4L2ν

, ΛR = i(r+ − r−)2(r+ + r−)(ν2 + 3)
4l2((r2

+ + r2
−)ν − r+r−

√
ν2 + 3)

. (5.4)

Equating (5.2) and (5.3) to (2.14) (reproduced here for convenience)

s∗L = −2j −
(

1 + b

a

)
n− iπk

a
, s∗R = −2j −

(
1− b

a

)
n+ iπk

a
, (5.5)
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and solving for a and b, we obtain

a = πr+(ν2 + 3)(2νr+ − r−
√
ν2 + 3)

8Lν(r+ − r−) ,

b = πr−(ν2 + 3)(−2νr− + r+
√
ν2 + 3)

8Lν(r+ − r−) ,

(5.6)

which reproduces the values obtained from the quotient (3.18). This shows that the pro-
posed Selberg zeta function zeroes for warped AdS3 black holes are successfully mapped
to the quasinormal modes.

5.2 Warped self-dual solutions

For the self-dual solutions the left quasinormal mode vanishes, and thus we only match one
of the zeroes, s∗R, to the remaining quasinormal mode. Along the lines of (5.1), we write

s∗R = Λ−1
R (ω∗R − ωn) + ∆, (5.7)

and we find that the proportionality constant is

ΛR = − i4(r̃+ + r̃−). (5.8)

Plugging everything into the right hand side of (5.7) (using (4.5), (4.8), (4.17), (4.30)
and (5.8)), we find

s∗R = −2(j + n)− 2ik
α̃
. (5.9)

Comparing (5.9) and (5.5) allows us to solve for a and b:

a = πα̃

2 , b = −πα̃2 . (5.10)

This matches our previous result from the quotient (3.24). Thus, just as in the warped
black hole case in the previous section, the zeroes of our proposed Selberg zeta function
for the self-dual solutions are successfully mapped to the quasinormal modes.

6 Discussion

Using the quotient structure of warped AdS3 black holes [23], we have constructed a Selberg
zeta function for this spacetime in the spirit of [3], providing an example that extends the
work of [3] beyond hyperbolic quotients. We have shown that the zeroes of this zeta
function are mapped to the scalar quasinormal modes on the warped AdS3 black hole
background [37, 40], in exactly the same way as in the non-warped (BTZ) case [15, 18].
We repeat this analysis for the warped self-dual solutions reported in [23, 28], which are
obtained from different quotients than the spacelike warped AdS3 black holes and are
interesting in their own right.

Along the way, we develop a method of constructing a warped version of the AdS3
Poincaré patch metric, using the symmetry structure of the Klein-Gordon equation and
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a familiar ansatz for conformal coordinates [27, 42]. To the best of our knowledge, our
metric (3.12) does not appear in the literature. This metric could be of interest in the
context of the warped AdS/warped CFT correspondence [24]. The conformal boundary
of the metric (3.12) seems to have the correct properties (such as a degenerate metric)
required by the geometry on which a boundary warped CFT lives, which is not manifest
in other coordinate systems.

Perhaps the most immediate and intriguing direction for future work is to connect the
Selberg zeta function to 1-loop determinants on the warped AdS3 black hole background,
in a similar fashion as in [15]. With this connection in hand, it might be possible to
study quantum corrections on the near-horizon extremal Kerr (NHEK) geometry (which
is warped AdS3) [26], as well as in other contexts where warped AdS3 appears (see the
Introduction for more details).

Furthermore, it is extremely tantalyzing to explore whether this Selberg quotient for-
malism can be related to the recent and very interesting connection between black hole
quasinormal modes and quantum Seiberg-Witten curves [43, 44]. Both this work and [43]
fix a geometric lens on the problem of computing spectral data, and a connection between
them seems both likely and fruitful to persue. Indeed, such a connection was already hinted
at in [45].

Hyperbolic quotient spacetimes occur in several other interesting physical systems
in which quantum corrections are of interest. One notable example is AdS wormholes
(see for example [46]). In fact, it was recently shown in [47] that certain k-boundary
wormholes were constructed by quotienting AdS by the discrete group Zk. Since the
quotient group that we consider is isomorphic to Z, these wormholes provide a physically
interesting and tractable arena to study more complicated quotienting groups. A second
notable example in which hyperbolic quotient geometries arise is in the calculation of
holographic entanglement Rényi entropies [48]. In that work, one difficulty was calculating
the generators of the quotienting Schottky group Γ, and most of the time the authors
relied on an expansion in small cross-ration. Perhaps now that we have more experience
in calculating generators of quotient groups from the bulk perspective, this problem can
be revisited with more success. The main challenge in that endeavor would be making a
meaningful connection to the boundary CFT data.

There is strong evidence that the Selberg trace formula also has a different and interest-
ing physical interpretation: it is likely the formal like between two well-known methods for
computing functional determinants, namely the heat kernel method (see for example [12])
and the quasinormal mode method [49]. This can be seen from how the Selberg trace for-
mula is generally derived from the Selberg zeta function. As explained in [3], one considers
two different representations of the Selberg zeta function: the Euler product (2.9) and the
Hadamard product

ZΓ(s) = eQ(s)∏
s∗

(1− s/s∗)es/s∗+1/2(s/s∗)2+1/3(s/s∗)3
, (6.1)

where ZΓ is meromorphic and Q(s) is an entire function. The Selberg trace formula is
obtained by taking the logarithmic derivative of (2.9) and (6.1) and equating them. To
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extend this to warped AdS3 quotients, the non-trivial interplay between the asymptotics
of ∆, ω and k may be important to interpret through the lens of [49], since this is used
to determine the UV counterterms of the partition function, like for example in [50]. We
leave this interesting and potentially insightful direction for future work.
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A Coordinate transformations

Here we list some useful coordinate transformations between some of the metrics used in
this work.

• Embedding coordinates. The hyperbolic 3-space can be written in terms of its
embedding

ds2 = −dU2 + dV 2 + dX2 + dY 2 (A.1)

with the constraint
− U2 + V 2 +X2 + Y 2 = −L2. (A.2)

The following transformation

x = Y

U +X
, yE = V

U +X
, z = L

U +X
, (A.3)

is used to write the H3 line element in the Poincaré patch coordinates (2.3). The
isometry generators of (A.1) are

JAB = XB∂A −XA∂B. (A.4)

We can write these explicitly in embedding coordinates and Poincaré coordinates:

J01 = V ∂U + U∂V = −xyE∂x + 1
2(x2 − y2

E + z2 + 1)∂yE − yEz∂z,

J02 = X∂V − V ∂X = xyE∂x −
1
2(x2 − y2

E + z2 − 1)∂yE + yEz∂z,

J03 = Y ∂V − V ∂Y = −yE∂x + x∂yE ,

J12 = X∂U + U∂X = −x∂x − yE∂yE − z∂z,

J13 = Y ∂U + U∂Y = −1
2(x2 − y2

E − z2 − 1)∂x − xyE∂yE − xz∂z,

J23 = Y ∂X −X∂Y = 1
2(1− x2 + y2

E + z2)∂x − xyE∂yE − xz∂z.

(A.5)
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• The stretched warped AdS3 black hole. The coordinate transformation between
warped AdS3 in global fibred coordinates (2.17) and the warped black hole in rotated
coordinates (2.19) is:

τ = tan−1
[2
√

(ρ− ρ+)(ρ− ρ−)
2ρ− ρ+ − ρ−

sinh
(1

4(ρ+ − ρ−)(ν2 + 3)φ̃
)]
,

σ = sinh−1
[2
√

(ρ− ρ+)(ρ− ρ−)
ρ+ − ρ−

cosh
(1

4(ρ+ − ρ−)(ν2 + 3)φ̃
)]
,

u = ν2 + 3
4ν

[
2t̃+

(
ν(ρ+ + ρ−)−

√
ρ+ρ−(ν2 + 3)

)
φ̃

]
+ coth−1

[2ρ− ρ+ − ρ−
ρ+ − ρ−

coth
(1

4(ρ+ − ρ−)(ν2 + 3)φ̃
)]
.

(A.6)

This transformation is valid for ρ > ρ+ [51]. For ρ < ρ+ we instead have [23]:

u = ν2 + 3
4ν

[
2t̃+

(
ν(ρ+ + ρ−)−

√
ρ+ρ−(ν2 + 3)

)
φ̃

]
− tanh−1

[
− 2ρ− ρ+ − ρ−

ρ+ − ρ−
coth

(1
4(ρ+ − ρ−)(ν2 + 3)φ̃

)]
.

(A.7)

• The warped self-dual solution. The coordinate transformation between warped
AdS3 in global fibred coordinates (2.17) and the self-dual solution (2.27) is [28]:

τ = tan−1
[

2
√

(ρ̃− ρ̃+)(ρ̃− ρ̃−)
2ρ̃− ρ̃+ − ρ̃−

sinh
(
ρ̃+ − ρ̃−

2 τ̃

)]
,

σ = sinh−1
[

2
√

(ρ̃− ρ̃+)(ρ̃− ρ̃−)
2ρ̃− ρ̃+ − ρ̃−

cosh
(
ρ̃+ − ρ̃−

2 τ̃

)]
,

u = α̃θ̃ + tanh−1
[2ρ̃− ρ̃+ − ρ̃−

ρ̃+ − ρ̃−
coth

(
ρ̃+ − ρ̃−

2 τ̃

)]
.

(A.8)

B BTZ conformal coordinates

In this appendix we illustrate how our method for obtaining conformal coordinates works in
the case of the BTZ black hole. We reproduce the Lorentzian version of (2.2), as expected.

The BTZ metric is given by

ds2 = −r
2 − r2

+ − r2
−

L2 dt2 + L2r2

(r2 − r2
+)(r2 − r2

−)dr
2 + r2dφ2 − 2r+r−

L
dtdφ. (B.1)

For the BTZ black hole, we find the Klein-Gordon operator is proportional to the quadratic
Casimir as:

H2 = L2

4 ∇
2. (B.2)

The Klein-Gordon equation with field ansatz (3.6) takes the form∂x (x2 − 1
4

)
∂x + PBTZ

4
(
x− 1

2

) + QBTZ

4
(
x+ 1

2

)
Φ = 0, (B.3)
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where x = r2−1/2(r2
++r2

−)
r2

+−r
2
−

and

PBTZ = L2(kr− − ωLr+)
(r2

+ − r2
−)2 , QBTZ = −L

2(kr+ − ωLr−)
(r2

+ − r2
−)2 . (B.4)

When equating the coefficients k and ω of (3.7) to those in (B.4), one has 4 branches to
chose from. The branch which yields the correct transformation to the Poincaré patch (3.1)
is the following:

α+ γ

βγ − αδ
= L2r+
r2

+ − r2
−
,

β + δ

βγ − αδ
= − Lr−

r2
+ − r2

−
,

α− γ
βγ − αδ

= − L2r−
r2

+ − r2
−
,

β − δ
βγ − αδ

= Lr+
r2

+ − r2
−
.

(B.5)

On solving these set of equations, we have

α = Lβ = r+ − r−
L

, γ = −Lδ = r+ + r−
L

. (B.6)

Again, we see that these are related to the left and right temperatures α = 2πTL and
γ = 2πTR. Plugging these values into (3.5), one obtains the coordinate transformation
from the Boyer-Lindquist coordinates of the BTZ black hole to the Poincaré patch

w+ =
√
r2 − r2

+
r2 − r2

−
e

1
L2 (r+−r−)(t+Lφ),

w− =
√
r2 − r2

+
r2 − r2

−
e

1
L2 (r++r−)(Lφ−t),

z =
√
r2

+ − r2
−

r2 − r2
−
e

1
L2 (Lr+φ−r−t).

(B.7)

These are nothing more than the Lorentzian version of (2.2).

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited. SCOAP3 supports
the goals of the International Year of Basic Sciences for Sustainable Development.
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We explore TT̄ deformations of warped conformal field theories (WCFTs) in two dimensions as
examples of TT̄ deformed nonrelativistic quantum field theories. WCFTs are quantum field theories with a
Virasoro × Uð1Þ Kac-Moody symmetry. We compute the deformed symmetry algebra of a TT̄ deformed
holographic WCFT, using the asymptotic symmetries of AdS3 with TT̄ deformed Compére, Song, and
Strominger boundary conditions. The U(1) Kac-Moody symmetry survives provided one allows the
boundary metric to transform under the asymptotic symmetry. The Virasoro sector remains but is now
deformed and no longer chiral.

DOI: 10.1103/PhysRevD.108.105016

I. INTRODUCTION

A warped conformal field theory (WCFT) is a quantum
field theory with an SLð2;RÞ × Uð1Þ global symmetry in
two dimensions, which breaks Lorentz invariance. Such
QFTs have translation invariance, but scaling invariance is
restricted to only one coordinate. Finite warped symmetry
transformations take the form [1,2]

z → fðzÞ; z̄ → z̄þ gðzÞ: ð1:1Þ

However, despite not being Lorentz invariant, this class
of two-dimensional quantum field theories still possesses
an infinite-dimensional symmetry algebra, namely, a
Virasoro × Uð1Þ Kac-Moody current algebra. WCFTs are
interesting, as they appear in a number of holographic
systems with an SLð2;RÞ × Uð1Þ symmetry, such as
warped AdS3 [3], the near-horizon geometry of extremal
rotating black holes [4,5], and AdS3 with Dirichlet-
Neumann boundary conditions [6]. Holographic WCFTs
have passed a number of consistency checks, such as
a Cardy formula [2], holographic entanglement entropy
[7–10], and one-loop determinants [11].
Since WCFTs are nonrelativistic, they do not couple to

standard (pseudo-)Riemannian manifolds. One approach is
to couple WCFTs to “warped geometries” [3], a variant
of Newton-Cartan geometries. These geometries can be
found at the boundary of warped AdS3 spacetimes.
Unfortunately, these geometries have certain pathologies,

such as a degenerate metric, which make some calculations
untenable. Another way to couple WCFT to a background
manifold is to allow the manifold to transform with the
warped symmetry transformations. Holographically, this
requires relaxing Dirichlet boundary conditions of the bulk
metric to boundary conditions which allow for asymptotic
symmetry transformations to transform the boundary met-
ric under the warped symmetry transformation of the
boundary WCFT. The Dirichlet-Neumann boundary con-
ditions of Compére, Song, and Strominger (CSS) [6] do
exactly this. This approach bypasses the need for a warped
geometry with degenerate metrics, and we can work with
conventional techniques.
Two-dimensional translationally invariant quantum field

theories admit a class of solvable irrelevant deformations
built from conserved currents, most notable of which is the
TT̄ deformation [12,13]. The TT̄ operator is defined by the
determinant of the energy-momentum tensor of the quan-
tum field theory, and the deformed action obeys the
following flow equation:

∂λSQFTðλÞ ¼ −
1

2

Z
d2x

ffiffiffi
γ

p
OðλÞ

TT̄ ;

OTT̄ ¼ detT ¼ 1

2
ϵμρϵνσTμνTρσ; ð1:2Þ

where the deformation parameter λ is the coupling to the
TT̄ operator OTT̄. This operator is defined using point
splitting, which in the coincident limit produces a well-
defined local operator up to total derivatives. The expect-
ation value of OTT̄ turns out to be a constant, and from this
one can derive the flow of energy eigenstates of the
quantum field theory defined on a cylinder of radius R:

∂En

∂λ
¼ En

∂En

∂R
þ P2

n

R
: ð1:3Þ
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Even though the energy eigenvalues are changed, the
Hilbert space remains undeformed, since there is a
one-one correspondence between the states of the original
and deformed theory. Similarly, other observables can
be calculated in the deformed theory, for example, the
deformed Lagrangian, partition function, two-two scatter-
ing matrices, correlation functions, etc. [14–21].
There are various ways to interpret how the TT̄ defor-

mation acts on holographic CFTs. One proposal by [22] is
to impose Dirichlet boundary conditions for the bulk metric
at a finite radius. Another proposal given by [23] is to
treat the TT̄ deformation as a double-trace deformation,
which will deform the asymptotic behavior of the bulk
fields [24,25]. This approach agrees with the cutoff AdS
proposal when both are valid but has the advantage of
working when there are bulk matter fields and also for
either sign of the deformation parameter, which the former
does not. More recently, there has also been the “glue-on
AdS holography” proposal [26] which also agrees with [23]
for the positive sign of the deformation parameter in the
absence of matter fields.
Using the mixed boundary conditions and Dirichlet

boundary conditions at finite radius, the asymptotic sym-
metry algebra of the bulk dual to TT̄ deformed holographic
CFTwas calculated in [23,27,28]. Despite losing conformal
invariance, the asymptotic symmetry algebra turns out to
still have a Virasoro × Virasoro structure. However, either
the central charge becomes state dependent, or one loses the
holomorphic factorization of the symmetry algebra, which
can also be expressed as a nonlinear deformation of the
standard Virasoro algebra.
In this work, we explore TT̄ deformations of WCFTs

from a holographic perspective. To establish what a TT̄
deformation of a WCFT is, one must first define what the
energy-momentum tensor of a WCFT is. Canonically, for
WCFTs defined on a warped geometry, energy-momentum
tensors are not symmetric, and a determinant is harder to
define, since the metric is degenerate and noninvertible.
The energy-momentum tensor turns out to be a tensor with
components being a chiral stress tensor and a U(1) current.
For WCFTs dual to warped AdS3, it is also not possible to
use the Fefferman-Graham expansion to compute the
energy-momentum tensor for the same reason; the boun-
dary metric is not invertible. However, if we study WCFTs
dual to AdS3 with CSS boundary conditions, for the price
of a boundary metric which is not invariant under warped
transformations, we have an invertible metric, a symmetric
energy-momentum tensor, and a conventional definition for
a determinant. Given these considerations, it is possible to
propose a definition for a TT̄ deformed WCFT which is
dual to AdS3 with TT̄ deformed CSS boundary conditions.
This paper is organized as follows. We first briefly

review the mixed boundary conditions of [23] in Sec. II A.
Then, in Sec. II B, we review the CSS boundary conditions
and derive the Virasoro × Uð1Þ Kac-Moody algebra. In
Sec. III, we derive the TT̄ deformed CSS boundary

conditions to compute the deformed symmetry algebra
of a TT̄ deformed WCFT. We will see that if one imposes
deformed boundary conditions equivalent to Dirichlet
boundary conditions at the radial cutoff surface, we recover
a deformed Virasoro algebra, but we lose the U(1) Kac-
Moody algebra. However, if we allow the Dirichlet-
Neumann boundary conditions to remain at the cutoff
surface, which is what the mixed boundary conditions
suggests is the correct approach, we recover an undeformed
Kac-Moody symmetry. We then conclude and discuss
future directions in Sec. IV.

II. REVIEW

A. Mixed boundary conditions from TT̄

We begin by briefly reviewing the mixed boundary
conditions derived in [23] from the variational principle.
The variation of the boundary QFT action with respect to
the boundary metric sources the energy-momentum tensor
of the QFTand of the bulk dual. The flow of the variation of
the QFT action is equal to the variation of the deformation
which generates the flow. So we have

∂λδS ¼ δ∂λS;

∂λ

�
1

2

Z
∂M

d2x
ffiffiffi
γ

p
TðλÞ
ij δγ

ðλÞij
�

¼ δ

Z
∂M

d2x
ffiffiffi
γ

p
OðλÞ

TT̄ : ð2:1Þ

From this, we can compute the flow equations for the
boundary metric and the energy-momentum tensor with
respect to the deformation parameter λ. Expressing the
equations in terms of the trace-reversed energy-momentum
tensor T̂ij ¼ Tij − γijTi

i, we have

∂λγij ¼ −2T̂ij;

∂λT̂ij ¼ −T̂ilT̂j
l;

∂λðT̂ilT̂j
lÞ ¼ 0: ð2:2Þ

Solving these equations, we can express the deformed
metric and energy-momentum tensor in terms of the
undeformed metric and energy-momentum tensor:

γijðλÞ ¼ γij − 2λT̂ij þ λ2T̂ikT̂jlγ
kl;

T̂ijðλÞ ¼ T̂ij − λT̂ikT̂jlγ
kl; ð2:3Þ

where everything on the right-hand side is undeformed
quantities. The new deformed quantities are now the new
boundary conditions for the bulk fields. To see this, let us
consider pure Einstein gravity.
For pure Einstein gravity in three dimensions, the

Fefferman-Graham expansion of the metric truncates at
second order in 1=r2 [29]:
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ds2 ¼ l2
dr2

r2
þ gabdzadzb

¼ l2
dr2

r2
þ l2r2

�
gð0Þab þ gð2Þab

r2
þ gð4Þab

r4

�
dzadzb; ð2:4Þ

using which we can now express the boundary energy-
momentum tensor in terms of the Fefferman-Graham
expansion:

T̂ab ¼
k
2π

gð2Þab ; ð2:5Þ

where k ¼ l
4GN

. For pure gravity, we also have

gð4Þab ¼ 1

4
gð2Þac g

ð2Þ
db g

cd
ð0Þ: ð2:6Þ

Therefore, we can express the deformed boundary metric
and energy-momentum tensor in terms of the Fefferman-
Graham expansion:

γabðλÞ ¼ l2
�
gð0Þab −

�
2λ

k
2π

�
gð2Þab þ

�
2λ

k
2π

�
2

gð4Þab

�
;

T̂abðλÞ ¼
k
2π

�
gð2Þab −

�
2λ

k
2π

�
gð4Þab

�
: ð2:7Þ

Equating this to the Fefferman-Graham expansion (2.4), it
is easy to see that the deformed boundary metric can be
thought of as being placed at a finite radius rc ¼

ffiffiffiffiffiffiffiffi
− π

kλ

p
.

Indeed, it turns out that the Brown-York energy-momentum
tensor (with the appropriate counterterm) evaluated at this
surface reproduces the deformed energy-momentum tensor
derived here. This makes it clear that, in pure gravity, the
mixed boundary conditions and imposing Dirichlet boun-
dary conditions at rc ¼

ffiffiffiffiffiffiffiffi
− π

kλ

p
are equivalent.1

For a derivation of the mixed boundary conditions from
the Chern-Simons formulation of 3D gravity, see Ref. [30].

B. CSS boundary conditions

Examples of constructing a holographic bulk dual to a
WCFTare either warped AdS3 or AdS3 with CSS boundary
conditions. We shall use the CSS boundary conditions,
since they are amenable to the mixed boundary conditions
from the TT̄ deformation.
Expressing the metric in Fefferman-Graham gauge (2.4),

we have the following Dirichlet-Neumann boundary con-
ditions for the metric [6]:

gð0Þ ¼
�
P0ðzÞ − 1

2

− 1
2

0

�
; gð2Þz̄ z̄ ¼ Δ

k
; ð2:8Þ

where k ¼ l
4GN

and Δ is a constant. These falloff conditions
are chiral, with PðzÞ being an undetermined holomorphic
function. This is to accommodate (1.1), which shifts P0ðzÞ,
and, hence, we must leave it undetermined. Note that this is
unlike the warped geometry in [3], where the warped
geometry metric is invariant under (1.1).
One can compute the full bulk metric with the CSS

boundary conditions by taking the Fefferman-Graham
expansion (2.4) to be

ds2

l2
¼ dr2

r2
þΔ

k
dz̄2−

�
r2þ 2ΔP0ðzÞ

k
þΔLðzÞ

k2r2

�
dzdz̄

þ
�
r2P0ðzÞþ ðLðzÞþΔP0ðzÞÞ2

k
þΔLðzÞP0ðzÞ

k2r2

�
dz2:

ð2:9Þ
Here, both LðzÞ and PðzÞ are undetermined holomorphic
functions and parametrize the phase space of AdS3 with
CSS boundary conditions. A special case is the Banãdos-
Teitelboim-Zanelli black hole when P0ðzÞ ¼ L0ðzÞ ¼ 0
[6,31].
The asymptotic symmetries of this metric are interesting,

as they differ from the usual product of SLð2;RÞ algebras
despite being locally AdS3. To compute asymptotic Killing
vectors, we first require that they preserve radial gauge:

Lξgrμ ¼ 0: ð2:10Þ

This fixes the asymptotic Killing vector ξ to have the form

ξ ¼ rfðz; z̄Þ∂r þ
�
Vaðz; z̄Þ −

Z
gab

r
∂bfðz; z̄Þdr

�
∂a:

ð2:11Þ

Evaluating this for the CSS metric (2.9), we get

ξr ¼ rfðz; z̄Þ;

ξz ¼ Vzðz; z̄Þ − kð∂zfðz; z̄Þ þ ðkr2 þ ΔP0ðzÞÞ∂z̄fðz; z̄ÞÞ
k2r4 − ΔLðzÞ ;

ξz̄ ¼ Vz̄ðz; z̄Þ − k
k2r4 − ΔLðzÞ ððkr

2 þ ΔP0ðzÞÞ∂zfðz; z̄Þ

þ ðð2kr2 þ ΔP0ðzÞÞP0ðzÞ þ LðzÞÞ∂z̄fðz; z̄ÞÞ: ð2:12Þ

If we impose Dirichlet boundary conditions at infinity,

lim
r→∞

Lξgμν ¼ 0; ð2:13Þ

we get conditions on the undetermined functions in ξ:

∂z̄Vaðz; z̄Þ ¼ 0; fðz; z̄Þ ¼ −
1

2
∂zVzðz; z̄Þ;

Vz̄ðz; z̄Þ ¼ P0ðzÞVzðz; z̄Þ; ð2:14Þ
1We will be absorbing the factor of π into the normalization of

λ and OTT̄ from now on to avoid clutter in the equations.
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and so we can write our asymptotic killing vector [where
VðzÞ≡ Vzðz; z̄Þ]

ξðVÞ ¼ −
1

2
V 0ðzÞ∂r þ

�
VðzÞ þ kΔV 00ðzÞ

2ðk2r4 − ΔLðzÞÞ
�
∂z

þ
�
P0ðzÞVðzÞ þ kðkr2 þ ΔP0ðzÞÞ

2ðk2r4 − ΔLðzÞÞV
00ðzÞ

�
∂z̄:

ð2:15Þ

Asymptotic Killing vectors generate flow in the phase
space; i.e.,

Lξgμ;ν ¼ ∂LðzÞgμνδξLðzÞ þ ∂P0ðzÞgμνδξP0ðzÞ: ð2:16Þ

From this, we can compute δL and δP. It turns out that ξ
transforms only LðzÞ and reproduces the infinitesimal
Schwarzian transformation:

δξLðzÞ ¼ VðzÞL0ðzÞ þ 2V 0ðzÞLðzÞ − k
2
V 000ðzÞ; δξP ¼ 0:

ð2:17Þ

To transform PðzÞ, we cannot allow the asymptotic
killing vector to satisfy Dirichlet boundary conditions at
infinity (2.13), since warped symmetry requires changing
the boundary metric. The “asymptotic Killing vector”2

which generates transformations in PðzÞ is

ηðσÞ ¼ σðzÞ∂z̄; ð2:18Þ

and the transformations of the parametrizing functions are

δηL ¼ 0; δηPðzÞ ¼ −σðzÞ: ð2:19Þ

Note that η also generates the warped symmetry trans-
formation z̄ → z̄þ σðzÞ.
We can use the Fefferman-Graham expansion to com-

pute the boundary energy-momentum tensor

Tab ¼
k
2π

ðgð2Þab − gklð0Þg
ð2Þ
kl g

ð0Þ
ab Þ

¼ 1

2π

�
LðzÞ þ ΔP0ðzÞ2 −ΔP0ðzÞ

−ΔP0ðzÞ Δ

�
: ð2:20Þ

At this point, it should be stated that this energy-momen-
tum tensor is not the canonical energy-momentum tensor
for a warped CFT. For a warped CFT defined on a manifold
with warped geometry, the energy-momentum tensor is not

symmetric, since symmetry of the energy-momentum
tensor is a result of Lorentz invariance. However, a warped
CFT dual to AdS3 with CSS boundary conditions is not
defined on a manifold with warped geometry. Rather, the
manifold is not invariant under warped transformations,
but for that price we gain the symmetry of the energy-
momentum tensor.
The conserved charges corresponding to the asymptotic

Killing vectors are

QξðfÞ ¼
1

2π

Z
∂Σ
dϕnaTabξ

b ¼ 1

4π2

Z
2π

0

dϕfðzÞLðzÞ;

QηðfÞ ¼
1

2π

Z
∂Σ
dϕnaTabη

b ¼ Δ
4π2

Z
2π

0

dϕfðzÞðP0ðzÞ − 1Þ;

ð2:21Þ

where ∂Σ is at r → ∞, t ¼ zþz̄
2

constant, ϕ ¼ z−z̄
2

∈ ð0; 2πÞ,
and n ¼ ∂t ¼ ∂z þ ∂z̄.
We can now also compute the charge algebra, using the

Dirac brackets of Einstein gravity:

fQζ1ðfÞ; Qζ2ðgÞg ¼ δζ1ðfÞQζ2ðgÞ: ð2:22Þ

So we have

fQξðfÞ; QξðgÞg ¼ δξðfÞQξðgÞ ¼
1

4π2

Z
2π

0

dϕgðzÞδξðfÞLðzÞ

¼ 1

4π2

Z
2π

0

gðzÞ

×

�
fðzÞL0ðzÞ þ 2f0ðzÞLðzÞ − k

2
f000ðzÞ

�
:

ð2:23Þ
Expanding the functions in modes,

fðzÞ ¼
X
n

fneinz; gðzÞ ¼
X
m

gmeimz;

LðzÞ ¼
X
p

Lpe−ipz: ð2:24Þ

Replacing Dirac brackets with commutators, we obtain the
Virasoro algebra

½Lm; Ln� ¼ ðm − nÞLmþn −
k
2
n3δm;−n: ð2:25Þ

Note that equating k
2
¼ c

12
gives the familiar c ¼ 6k ¼ 3l

2GN
.

Similarly, we obtain a U(1) Kac-Moody algebra from the
commutator of the charges Qη:

½Pm;Pn� ¼ mΔδm;−n: ð2:26Þ

Note that the Virasoro and Kac-Moody algebra is factorized
in this basis. This is presented in this form in [32], which

2The quotes are to indicate that, since this vector does not
satisfy Dirichlet boundary conditions, it is technically not an
asymptotic Killing vector, but, since it generates flows in the
phase space, it will continue to be referred to as such later in this
paper.
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also gives the relation between this and the algebra
presented in [6].

III. TT̄ DEFORMED CSS BOUNDARY
CONDITIONS

To compute the TT̄ deformed bulk metric corresponding
to the TT̄ deformed boundary WCFT, we first compute the
deformed boundary metric using (2.7):

γijðλÞdzidzj ¼ −ðdz̄þ ðλLðzÞ − P0ðzÞÞdzÞ
× ðdzþ λΔðdz̄ − P0ðzÞdzÞÞ: ð3:1Þ

This metric is flat, so we express it in explicitly flat
coordinates with indices a and b:

γabðλÞduadub ¼ −dudv: ð3:2Þ

Equating the two, we can calculate the state-dependent
coordinate transformation for a TT̄ deformed WCFT,
analogous to the ones introduced in [33,34]:

du ¼ dzþ λΔðdz̄ − P0ðzÞdzÞ;
dv ¼ dz̄þ dzðλLðzÞ − P0ðzÞÞ;

dz ¼ du − λΔdv
1 − λ2ΔLðzÞ ;

dz̄ ¼ ðP0ðzÞ − λLðzÞÞduþ ðλΔP0ðzÞ − 1Þdv
1 − λ2ΔLðzÞ : ð3:3Þ

Furthermore, we can use the flow equations to compute the
full bulk metric dual to the TT̄ deformed WCFT:

ds2

l2
¼ dr2

r2
þ ðduðλΔLþ kr2Þ − Δdvðλkr2 þ 1ÞÞ

k2r2ðλ2ΔL − 1Þ2
× ðduðλkr2 þ 1ÞL − dvðλΔLþ kr2ÞÞ; ð3:4Þ

where L≡ Lðu; vÞ ¼ LðzÞ. Note that, on doing so, we lose
the PðzÞ degree of freedom, since this is equivalent to
imposing Dirichlet boundary conditions at the constant

radial surface rc ¼
ffiffiffiffiffiffiffiffi
− 1

kλ

q
. If we are to impose Dirichlet-

Neumann boundary conditions on this surface, we can
recover the U(1) degree of freedom. To do so, we have to
perform the transformation

u → u − λΔPðu; vÞ; v → v − Pðu; vÞ: ð3:5Þ

This is the analog of the warped symmetry transformation
but now in the state-dependent coordinates. Wewill explore
both types of boundary conditions, starting with the simpler
case of only imposing Dirichlet boundary conditions.

A. Asymptotic Killing vectors I:
Dirichlet boundary conditions

We will first compute the TT̄ deformed asymptotic
symmetries which preserve the deformed boundary con-
ditions, which is equivalent to imposing Dirichlet boundary
conditions at the radial cutoff surface.
Preserving radial gauge (2.10), we see that the asymp-

totic Killing vector in the deformed spacetime has the form

ξrðλÞ ¼ rfðu; vÞ;

ξuðλÞ ¼ Vuðu; vÞ − k
k2r4 − ΔL

ðΔð2λkr2 þ λ2ΔLþ 1Þ∂uf
þ ðλΔLð2þ kλr2Þ þ kr2Þ∂vfÞ;

ξvðλÞ ¼ Vvðu; vÞ − k
k2r4 − ΔL

ðLð2λkr2 þ λ2ΔLþ 1Þ∂vf
þ ðλΔLð2þ kλr2Þ þ kr2Þ∂ufÞ: ð3:6Þ

It will be convenient to define

Wuðu;vÞ ¼ Vuðu;vÞ þ kλ∂z̄fðu;vÞ;
Wvðu;vÞ ¼ Vvðu;vÞ þ kλð∂zfðu;vÞ þP0ðu;vÞ∂z̄fðu;vÞÞ;

ð3:7Þ

where, using (3.3), the derivatives in z and z̄ are

∂z̄ ¼ λΔ∂u þ ∂v; ∂z ¼ ∂u þ λLðu; vÞ∂v − P0ðu; vÞ∂z̄:
ð3:8Þ

In terms of Wa, the mixed boundary condition, or,
equivalently, the Dirichlet boundary condition at r ¼ rc,

LξðλÞgμνðλÞjr¼rc ¼ 0; ð3:9Þ

constrains the functions in ξðλÞ to obey

fðu; vÞ ¼ −
1

2

�
1 − λ2ΔL
1þ λ2ΔL

�
ð∂uWu þ ∂vWvÞ;

Wu ¼ −
�

λΔ
1þ λ2ΔL

�
ð∂uWu þ ∂vWvÞ;

Wv ¼ −
�

λL
1þ λ2ΔL

�
ð∂uWu þ ∂vWvÞ: ð3:10Þ

It turns out that this is not enough to solve for δL. In the
undeformed case (2.15), the functions in the asymptotic
Killing vector are all holomorphic functions, so we apply
the holomorphicity property in the deformed case as well:

∂z̄Waðu; vÞ ¼ 0; ∂z̄Lðu; vÞ ¼ 0: ð3:11Þ

Combining the previous two equations, we get the
conditions
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fðu; vÞ ¼ −
1

2
ð1 − λ2ΔLðu; vÞÞ∂uWuðu; vÞ;

∂vLðu; vÞ ¼ −λΔ∂uLðu; vÞ;
∂vWuðu; vÞ ¼ −λΔ∂uWuðu; vÞ;
∂aWvðu; vÞ ¼ −λLðu; vÞ∂aWuðu; vÞ: ð3:12Þ

We can use these equations to eliminate v derivatives of all
the functions and all derivatives of Wv.
Now we have enough information to be able to solve for

δL. To do so, we solve

LξðλÞgμνðλÞ ¼ ∂Lðu;vÞgμνδξLðu; vÞ: ð3:13Þ

There are three equations, but, with the relations in (3.12),
all three equations become identical, and the r dependence
drops out. Solving for δL, we get

δξLðu;vÞ¼ ðWu−λΔWvÞL0

þ1

2
ð4Lþλ2kΔð1−λ2ΔLÞL00Þð1−λ2ΔLÞWu0

þλ2kΔð1−λ2ΔLÞ2L0Wu00−
k
2
ð1−λ2ΔLÞ3Wu000;

ð3:14Þ

where 0 ¼ ∂u. When λ → 0, we recover (2.17). Note that
this depends on two arbitrary functions Wu and Wv.

1. Deformed charge algebra

To compute the symmetry algebra of the TT̄ deformed
holographic WCFT, we must compute the conserved
charge algebra of the dual spacetime. We first compute
the deformed boundary energy-momentum tensor using the
flow equations, which also coincides with the AdS3 Brown-
York energy-momentum tensor evaluated on the constant
radial surface r ¼ rc:

TðλÞ
ij ¼ −

l
2π

 L
1−λ2ΔL

1þλkþλ2ΔL
λ2kð1−λ2ΔLÞ

1þλkþλ2ΔL
λ2kð1−λ2ΔLÞ

Δ
1−λ2ΔL

!
: ð3:15Þ

Conserved charges are defined with respect to a constant
time coordinate t, which is defined in terms of u and v by

u ¼ tþ ϕ; v ¼ t − ϕ: ð3:16Þ

Since L is holomorphic in z, we can express the t derivative
in terms of the ϕ derivative:

∂tL ¼ 1þ λΔ
1 − λΔ

∂ϕL: ð3:17Þ

So we can express the u derivatives of holomorphic
functions only in ϕ derivatives as well:

∂u ¼
1

2
ð∂t þ ∂ϕÞ ¼

1

1 − λΔ
∂ϕ: ð3:18Þ

For constant t, we can now eliminate Wv in (3.14), using
Eqs. (3.12) and (3.18):

∂uWv ¼ −λLðϕÞ∂uWu ⇒ ∂ϕWv ¼ −λLðϕÞ∂ϕWu: ð3:19Þ

Integrating over ϕ, we have

WvðϕÞ ¼
Z

ϕ
dϕ0Lðϕ0Þ∂ϕ0Wuðϕ0Þ: ð3:20Þ

Now we can label the variation of the conserved charges
with only one arbitrary function Wu. Using (2.21) but with
the deformed energy-momentum tensor, the conserved
charge is

Qf ¼ l
4π2

Z
2π

0

dϕfðϕÞ Δ − LðϕÞ
1 − λ2ΔLðϕÞ : ð3:21Þ

We can now compute the charge algebra:

fQW;Qfg ¼ δWQf

¼ l
4π2

Z
2π

0

dϕf

×

�
−δWL

1 − λ2ΔL
þ Δ − L
ð1 − λ2ΔLÞ2 ðλ

2ΔδWLÞ
�
:

ð3:22Þ

Using (3.14) and (3.20), substituting fðϕÞ ¼ eimϕ and
WðϕÞ ¼ einϕ, and removing ϕ derivatives from L using
integration by parts, we have

fQW;Qfg ¼ δWQf ¼ lð1þ λΔÞ
8π2ð1 − λΔÞ2

Z
2π

0

dϕ
1

1 − λ2ΔLðϕÞ
�
2in3kð1 − λΔÞ3eiðmþnÞϕð1 − λ2ΔLðϕÞÞ

þ eimϕLðϕÞ
�
2mnλΔð1 − λΔÞ2

Z
ϕ
einϕ

0
Lðϕ0Þdϕ0 − ieinϕðnλ2kΔð1 − λ2ΔLðϕÞÞ

× ðn2λΔð3 − λΔð3 − λΔÞÞ −m2ÞÞ − 2ð1 − λΔÞ2ððm − nÞ − 2nλΔLðϕÞÞ
��

: ð3:23Þ
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Since L is not independent of t, only the zero modes are
conserved in time. In this choice of basis of functions and
Fourier modes, the central charge term is state dependent.
This is similar to what was found in [23] for a TT̄ deformed
CFT. It is straightforward to verify that, on taking the λ → 0
limit and expressing L in Fourier modes, one recovers the
Virasoro algebra.

B. Asymptotic Killing vectors II:
Dirichlet-Neumann boundary conditions

If we want to impose the same boundary conditions
at the radial cutoff in the TT̄ deformed metric as the
undeformed Dirichlet-Neumann CSS boundary conditions
at infinity of the undeformed metric, we have to find a
global Killing vector which corresponds to translations on
the boundary. It is easy to verify that λΔ∂u þ ∂v is such a
global Killing vector of (3.4). To generate transforma-
tions in the boundary metric, we then promote this global
Killing vector to an “asymptotic Killing vector” analogous
to (2.18):

ηðλ; σÞ ¼ −σðu; vÞðλΔ∂u þ ∂vÞ: ð3:24Þ

To introduce the PðzÞ degree of freedom back into
the metric (3.4), one can make the coordinate transforma-
tion (3.5):

u → u − λΔhðu; vÞ; v → v − hðu; vÞ; ð3:25Þ

which is generated by the asymptotic Killing vector (3.24)
as the analog to the warped transformation z̄ → z̄ − hðzÞ.
The state-dependent coordinate transformation is now

du − λΔdðhðu; vÞÞ ¼ dzþ λΔdðz̄ − PðzÞÞ;
dv − dðhðu; vÞÞ ¼ dz̄þ ðλLðzÞ − P0ðzÞÞdz;

dz ¼ du − λΔdv
1 − λ2ΔL

;

dz̄ ¼ dv − λLduþ ðduþ λΔdvÞP0ðzÞ
1 − λ2ΔL

− ðdðhðu; vÞÞ; ð3:26Þ

where d is the exterior derivative. Note that, since both h
and P are arbitrary functions of ðu; vÞ, we can choose the
gauge where h ¼ P. The coordinate transformation now
becomes much simpler:

du ¼ dzþ λΔz̄; dv ¼ dz̄þ λLðzÞdz;

dz ¼ du − λΔdv
1 − λ2ΔL

; dz̄ ¼ dv − λLdu
1 − λ2ΔL

: ð3:27Þ

The metric now reads

ds2 ¼ l2
dr2

r2
þ l2

k2r2ð1 − λ2ΔLÞ2 ððkr
2ðλ2ΔL − 1Þ∂uh − ð1þ λkr2ÞLÞduþ ðkr2∂vhðλ2ΔL − 1Þ þ λΔLþ kr2ÞdvÞ

× ððΔ∂uhðλ2ΔL − 1Þ − λΔL − kr2Þduþ Δð∂vhðλ2ΔL − 1Þ þ λkr2 þ 1ÞdvÞ: ð3:28Þ
This metric still has the asymptotic Killing vector (3.24), and when σ ¼ 1 it is a global Killing vector. Computing the

flow in phase space generated by (3.24), we have

Lηðλ;σÞgμνðλ;Lðu; vÞ; ∂uhðu; vÞÞ ¼ ∂LgμνδLþ ∂hgμνδh; ð3:29Þ
which, on solving, we see that we recover the undeformed U(1) symmetry:

δL ¼ 0; δh ¼ σ: ð3:30Þ
Now we will see if on performing the warped transformation (3.25) we lose the deformed Virasoro symmetry (3.14). The

vector field which preserves radial gauge is

ξr ¼ rfðu; vÞ;

ξu ¼ Vuðu; vÞ þ k
ðΔL − k2r4Þð1 − λΔ∂uh − ∂vhÞ2

½∂vfðΔλLðΔλ∂uhð−2∂vhþ kλr2 þ 1Þ

þð1 − λkr2Þ∂vh − λkr2 − 2Þ þ Δ∂uhð∂vh − λkr2 − 1Þ þ kr2ð∂vh − 1Þ þ λ3Δ2L2
∂vhðλΔ∂uh − 1ÞÞ

− Δ∂ufð2ðλkr2 þ 1Þðλ2ΔL − 1Þ∂vhþ ð∂vhÞ2ðλ2ΔL − 1Þ2 þ λ2ΔLþ 2λkr2 þ 1Þ�;

ξv ¼ Vvðu; vÞ þ k
ðΔL − k2r4Þð1 − λΔ∂uh − ∂vhÞ2

½∂ufð−∂vhðΔλ2L − 1ÞðΔλLþ kr2Þ

þ Δ∂uhðΔλ2L − 1Þð∂vhðΔλ2L − 1Þ þ kλr2 þ 1Þ − λΔLðλkr2 þ 2Þ − kr2Þ
þ ∂vfð2∂uhðλ2ΔL − 1ÞðΔλLþ kr2Þ − Δð∂uhÞ2ðΔλ2L − 1Þ2 − LðΔλ2Lþ 2kλr2 þ 1ÞÞ�: ð3:31Þ
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To have solutions which preserve the mixed boundary
conditions, we are required to impose holomorphicity of h
in z; z̄ coordinates:

∂z̄h ¼ 0 ⇒ ∂vh ¼ −λΔ∂uh: ð3:32Þ

To simplify the equations, one can introduce the following
definitions:

Wu ¼ Vu − λ3kΔ2ð1 − λ2ΔLÞ∂uf∂uh;
Wv ¼ Vv þ λkð1 − λ2ΔLÞ∂ufð1 − λΔ∂uhÞ;
X ¼ Wu − λΔWv: ð3:33Þ

To compute the variation of the functions L and h, it will be
necessary to impose holomorphicity in z for the functions
Wa, X, and f. We can now compute the variation of the
metric which preserves the mixed boundary conditions or,
equivalently, impose Dirichlet boundary conditions at the
constant radial surface:

Lξðλ;σÞgμνðλ;Lðu; vÞ; ∂uhðu; vÞÞjr¼rc ¼ 0: ð3:34Þ

This is a set of three equations; however, only two are
linearly independent. The conditions we get from solving
the above equations are

fðu;vÞ¼−
1

2

�
1−λ2ΔL
1þλ2ΔL

�
X0ðu;vÞ;

Xðu;vÞ¼Wvðu;vÞ
h00ðu;vÞ −

h0ðu;vÞ−λLð1−λΔh0ðu;vÞÞX0ðu;vÞ
h00ðu;vÞð1þλ2ΔLÞ ;

ð3:35Þ
where 0 ≡ ∂u.
We are now in a position to compute the flow of the

metric in phase space generated by this vector field subject
to the above constraints:

Lξðλ;σÞgμνðλ;Lðu; vÞ; ∂uhðu; vÞÞ ¼ ∂LgμνδLξ þ ∂hgμνδhξ:

ð3:36Þ
As before, this set of three equations subject to the
constraints reduces to two equations and removes any
dependence on the radial coordinate r. The variations of the
functions h and L are

δξh ¼ 0;

δξL ¼ 1

2Θ2h00
ðð2λkL0L2

mLpð2λΔh0 − 1Þh00 þ 3kL3
mL2

pðh00Þ2ÞW00 − kΘL3
mLph00W000

þ X0ð−2λ2kðL0Þ2L2
mh00ð1 − 3λΔh0 þ 2λ2Δ2ðh0Þ2Þ − 6kL3

mL2
pðh00Þ3 þ h00ð−ΘLmðλkL00ð1 − 2λΔh0Þ

þ 4λL2ð1 − λΔh0Þ þ Lð−λ3kΔL00 − 2ð2 − λ4kΔ2L00Þh0ÞÞ þ 6kΘL3
mLph000Þ − L0ð2Θ3

þ λkL2
mð−7þ 8λΔh0 − λ2ΔLð1 − 8λΔh0ÞÞðh00Þ2 þ 2λkΘL2

mð1 − 2λΔh0Þh000Þ − kΘ2L3
mh0000Þ

þW0ðL0ð2Θ2Lp þ 2λkL2
mLpð1 − 2λΔh0Þh000 þ kΘL3

mLph0000Þ − 3kL3
mL2

ph00h000ÞÞ; ð3:37Þ

where

Θ ¼ ∂uh − λLð1 − λΔ∂uhÞ; W ¼ Wv;

Lm ¼ 1 − λ2ΔL; Lp ¼ 1þ λ2ΔL: ð3:38Þ
We see that we still preserve a deformed Virasoro generator
and do not generate a transformation in the U(1) generator.
However, the algebra produced the modes of the charges
will not be closed, as the variation of L depends on the
U(1) generator h. We will not compute a charge algebra
for this, since it is not illuminating but, in principle, can
be computed using the same procedure outlined in the
previous section.
Let us compare the results of this section with Sec. III A.

We find that the TT̄ deformation does not affect the spin 1
currents, and, therefore, the deformed theory should retain
whatever Kac-Moody algebra the undeformed theory has.
This suggests that the results in Sec. III A are only a special
case of this section, where the bulk dual is dual to a state
with zero momentum in the boundary deformed WCFT.

IV. DISCUSSION

In this paper, we computed the TT̄ deformed generators
of a warped CFT, using holographic techniques developed
in [23,27]. Previously, holographic TT̄ techniques have
been used to compute TT̄ deformations of holographic
CFTs. Since the TT̄ deformation is a double-trace defor-
mation, the boundary conditions of the holographic bulk
dual are modified. For the TT̄ deformation, this can be
interpreted as imposing Dirichlet boundary conditions at a
finite radial surface for the bulk metric. However, when
considering a holographic WCFT dual to AdS3, one has to
employ the CSS boundary conditions [6], which are
Dirichlet-Neumann boundary conditions for the bulk metric.
We, therefore, computed the TT̄ deformed CSS boun-

dary conditions, by imposing either only Dirichlet
boundary conditions at the cutoff radial surface or
Dirichlet-Neumann boundary conditions at the same sur-
face. Using this, we computed the TT̄ deformed asymptotic
symmetry algebra for both cases and found that, for a TT̄
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deformed holographic WCFT, the U(1) Kac-Moody gen-
erators are not affected, but the Virasoro generators are
deformed in a nonlinear way. In fact, when considering the
Dirichlet-Neumann boundary conditions at the finite radial
surface, we see that the deformed Virasoro generator will
no longer create a closed algebra with itself, but the full
deformed asymptotic algebra is still closed. This suggests
that the symmetry algebra of the TT̄ deformed WCFT still
contains the U(1) Kac-Moody algebra, which follows from
the fact that the TT̄ deformation preserves translation
invariance.
A natural question to ask now is which of the two

boundary conditions corresponds to the correct TT̄ flow of
the boundary field theory. Since the TT̄ deformation does
not effect spin 1 currents, the deformed theory should not
lose the U(1) Kac-Moody algebra, which suggests that the
second approach yields the correct deformed theory.
This result strengthens and extends the proposals of

[22,23,27] to the case of an example of bottom-up
holography where the boundary theory is not a conformal
field theory but instead a nonrelativistic theory. It will be
interesting to explore how the holographic TT̄ dictionary
extends to other examples of holography and, in particular,
non-AdS holography.

There are many directions one can take from here.
Another starting point for a bulk dual to a nonrelativistic
QFT would be a JT̄ deformation of a CFT dual to AdS3
with a U(1) Chern-Simons matter field, to generate CSS-
like boundary conditions [35]. Since warped CFTs can also
be formulated as dual to modified gravity theories with a
warped AdS bulk, it would also be interesting to use the
Chern-Simons formalism of holographic TT̄ [30] to com-
pute the TT̄ deformations of WCFT dual to warped AdS3 as
a solution to lower spin gravity [3] or as a solution to
massive gravity [36,37]. Stepping away from holography, it
would be interesting to compute the TT̄ deformed WCFT
partition function and explore the deformations of other
nonrelativistic QFTs such as the quantum Lifshitz model in
2þ 1D, which will require understanding TT̄ deformations
in higher dimensions.
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1 Introduction

Three dimensional (3D) spacetime has been a very useful playground for understanding
aspects of gravity and especially quantum gravity. The lack of propagating degrees of freedom
in 3D Einstein gravity was, in the early days, thought of as an indication of the triviality
of the theory. The discovery of the Bañados-Teitelboim-Zanelli (BTZ) black holes in 3D
Anti-de Sitter spacetimes (AdS3) [1] made it clear that 3D gravity was rich with structure
but more analytically tractable than its higher dimensional avatars, making it a particularly
useful tool in understanding elusive quantum aspects.

Non-extremal BTZ black holes of generic mass and angular momentum make up the most
general zero mode solutions with Brown-Henneaux [2] boundary conditions. BTZ black holes
can be understood geometrically as orbifolds of AdS3 [3]. For asymptotically flat spacetimes
in 3D, a very similar story exists. The most generic zero mode solutions with boundary
conditions outlined in [4] are cosmological solutions with mass and angular momentum [5]
called Flat Space Cosmologies (FSCs). FSCs can also be understood as orbifolds of flat
space. Specifically the FSCs correspond to the shifted-boost orbifold of 3D flat space. The
connection between the non-extremal BTZs and FSCs is actually more profound. Minkowski
spacetimes can of course be reached by an infinite radius limit of AdS spacetimes. One can
take a similar infinite radius limit on BTZ black holes. This rather straightforward exercise
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is made interesting by the fact that there are no black holes in 3D flat space. What the
limit does is take the outer horizon of the non-extremal BTZ to infinity while keeping the
inner horizon at a finite value [5, 6]. We thus end up with a spacetime which is the inside of
the original black hole. The radial and temporal directions are flipped and hence we have
a cosmological spacetime instead of a black hole.

3D quotient manifolds (such as the BTZ black hole and FSC spacetime) are ideal for
studying quantum corrections in the presence of horizons. The 3D aspect is important,
because gravity is known to be 1-loop exact in this context [7, 8]. The quotient aspect is also
important: in recent years, a technique has been developed to expediently calculate functional
determinants of kinetic operators from the spacetime quotient structure alone [9–11]. In
this technique, one utilizes the generators of the quotient group to build a Selberg-like zeta
function ZΓ(s), which is directly related to the regularized scalar 1-loop partition function.
For example, the 1-loop partition function for a complex scalar field of mass m is

Z(1)(∆) =
∫

Dϕe−
∫

ϕ∗(−∇2+m2)ϕ ∝ det
(
−∇2 + m2

)−1
, (1.1)

where ∆ is the conformal dimension of the scalar field (for AdS3, we have ∆ = 1+
√
1 + L2m2).

Traditional methods of computing (1.1) include the heat kernel (for example, [8]), which one
must then regulate. Alternatively, using the Selberg technique, we directly obtain

Z(1)
reg(∆) = 1

ZΓ(∆) . (1.2)

The original Selberg zeta function is defined for the quotient manifold H2/Γ [12], where
Γ is a discrete subgroup of SL2(R), the isometry group of H2. Selberg introduced his zeta
function while studying his trace formula for characters of representations of a Lie group
G on the space of square-integrable functions on G/Γ, where Γ is a discrete subgroup of
G. The inputs for the function are details of the quotient, in particular the lengths and the
number of primitive geodesics, for example when H2/Γ is geometrically finite, the Selberg
zeta function is defined as

ZH2/Γ(s) =
∏
p

∞∏
n=0

(1− e−(s+n)ℓ(p)), (1.3)

where p denotes the conjugacy classes of primitive geodesics, ℓ(p) is the length of the primitive
geodesic p, and Γ consists of the identity and hyperbolic elements only.

There is a beautiful number-theoretic aspect to the Selberg approach as well: the zeros of
Selberg zeta function correspond to the quasinormal modes (QNMs) of the field in question.
Thus, Selberg technique can be viewed as an extension of the work of Denef, Hartnoll and
Sachdev [13], who used the Weierstrass factorization theorem to cast Z(1) as a product over
its zeros and poles. The extension is that, with the Selberg method, we seem to get the
overall factor ePol(∆) for free, without resorting to the heat kernel.

The Selberg technique was introduced in [9] in the context the BTZ black hole, using
the results of mathematicians Perry and Williams [14]. The approach was then extended
to higher-dimensional hyperbolic quotients in [15] and for higher spin fields in [10]. An
important extension to this program appeared in [11], where a Selberg zeta function was built
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and defined for a non-hyperbolic quotient manifold (namely, the warped AdS3 black hole). In
addition to the physical results, the work [11] is of mathematical interest, potentially signalling
the validity of the celebrated Selberg trace formula beyond hyperbolic quotients. Emboldened
by the warped AdS3 result, in this work we endeavor to construct a Selberg zeta function for
flat space quotients, using the FSC as a prototypical example mirroring the BTZ solution.

In both the contexts of the BTZ black hole and the FSC spacetime, we are further able
to recast the Selberg zeta function using representation theory. We conjecture a general
prescription for computing for the Selberg zeta function on general smooth quotient manifolds
M/Γ, where Γ ∼ Z:

ζM/Γ(s) =
∏

descendants
⟨1− γ⟩scalar primary of weight s (1.4)

where γ ∈ Γ. We are optimistic that this expression provides a tantalizing arena to further
study the physical meaning of the so-called non-standard representations the appear in
the calculation of Wilson spools [16, 17]. We will descibe this connection more fully in
the Discussion section.

The seminal analysis of Brown and Henneaux [2] revealed that the asymptotic symmetries
of 3D asymptotically AdS spacetimes enhanced from the isometry algebra so(2, 2) to two
copies of the Virasoro algebra

[Ln,Lm] = (n − m)Ln+m + c

12n2(n − 1)δn+m,0,

[L̄n, L̄m] = (n − m)L̄n+m + c̄

12n2(n − 1)δn+m,0, [Ln, L̄m] = 0. (1.5)

In the above, c and c̄ are the central charges, which for Einstein gravity is given by

c = c̄ = 3L

2G
, (1.6)

where L is the AdS radius and G the Newton’s constant. The symmetries are of course
that of a 2D conformal field theory and the Brown-Henneaux analysis is often look upon as
a precursor to the AdS/CFT correspondence. Due to the underlying infinite dimensional
symmetries, AdS3/CFT2 has become a favourite testing ground for the holographic principle.
BTZ black holes are dual to thermal states on the field theory side and have played (and
continue to play) a starring role in lower dimensional AdS holography.

Barnich and Compere [18] showed that an analysis similar to Brown and Henneaux in 3D
asymptotically flat spacetime led to what is called the 3D Bondi-van der Burg-Metzner-Sachs
(BMS3) algebra.

[Ln,Lm] = (n − m)Ln+m + cL
12δn+m,0 n2(n − 1),

[Ln,Mm] = (n − m)Mn+m + cM
12 δn+m,0 n2(n − 1), [Mn,Mm] = 0. (1.7)

The central terms can again be computed and for Einstein gravity they are given by

cL = 0, cM = 3
G

. (1.8)
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Taking a cue out of the discussion above about holography in AdS, a line of research on
the construction of holography for flat spacetimes has emerged which currently is called
Carrollian holography. The principle claim is that the holographic dual of 3D asymptotically
flat spacetimes is a 2D quantum field theory which has the infinite dimensional BMS3 algebra
as its symmetries [19, 20]. The word Carrollian is reflective of the fact that the 2D field
theories with this symmetry can be obtained in a Carrollian limit of 2D relativistic CFTs
when one takes the speed of light to zero [21, 22]. In the above context, this is the fact
that the BMS3 algebra can be obtained from an Inönü-Wigner contraction of the two copies
of Virasoro algebra:

Ln = Ln − L̄−n, Mn = 1
L

(
Ln + L̄−n

)
, L → ∞. (1.9)

Here the inverse of the AdS radius plays the role of the speed of light in the boundary
theory and the L → ∞ limit is analogous to the cl → 0 limit, where cl is the speed of light.
More generally, the BMSd+1 algebra which one can obtain from the asymptotic analysis of
d-dimensional flat spacetimes and the Conformal Carrolld algebra that arises in the cl → 0
limit of relativistic conformal algebra in (d − 1)- dimensions are isomorphic [21, 22]. The
proposal that Carrollian CFTs are putative duals of asymptotically flat spacetimes thus
passes the first and most obvious check of holography, the matching of bulk and boundary
symmetries. Carrollian holography is a co-dimension one holographic dual and has recently
also been used in the more physically interesting 4D asymptotically flat spacetimes, starting
with [23, 24]. The Carrollian approach is to be contrasted to the Celestial approach which
advocates a co-dimension two holographic dual [25, 26]. A comparison between the two
approaches has been recently discussed in [27].

This line of enquiry has led to some interesting successes in the 3D bulk — 2D boundary
case, including the matching of the bulk entropy to a BMS-Cardy analysis [6], matching of
entanglement entropy between the bulk and boundary theories [28, 29], matching of stress-
tensor correlations [30]. In a manner analogous to the BTZ black hole, the FSC solutions play
a central role in the construction of holography for 3D flatspace. The entropy of the FSC is
reproduced by the above mentioned BMS-Cardy analysis, which uses a Carrollian version of
modular transformation [6]. One can also look at a matching of structure constants of the
2D Carrollian CFTs with an analysis of a one-point function probe in the background of a
FSC. This was done in [31] following methods similar to the AdS story [32]. The BMS-Cardy
and the one-point analysis has been generalised to FSCs with extra U(1) symmetries in [33].
There is a natural generalisation to Carrollian torus two point functions and connections
to bulk quasi-normal modes (QNM) in [34].

Our investigations in this paper would address the question of QNM of the FSC solution
from a completely different point of view, using the method of the Selberg zeta function
which we alluded to above and go on to describe in more detail below. The most obvious
way forward in computing say scalar QNM, i.e. by solving the Klein-Gordon equation in the
FSC background, runs into problems as one now needs to put boundary conditions on the
cosmological horizon as opposed to the black hole horizon. We choose to circumvent this
problem by appealing to the quotient structure of the FSC and generalizing the construction of
the Selberg-zeta function to these orbifolds of 3D flatspace. We will see that we will reproduce
results of FSC QNM of [34] derived earlier using Carroll modular transformation techniques.

– 4 –

86



J
H
E
P
0
4
(
2
0
2
4
)
0
6
6

This paper is organized as follows. In section 2, we review the two necessary topics for
this work: the Selberg zeta function in the context of BTZ black holes and the relevant
aspects of the FSC spacetime. In section 3 we derive the Selberg zeta function for FSC
spacetimes in two ways: (1) using representation theory as in equation (1.4), and (2) from the
quotient group action, as reviewed in section 2.1. In section 4, we show that our FSC Selberg
zeta function does indeed reproduce the correct scalar 1-loop partition function. In section 5,
we calculate the zeros of the FSC Selberg zeta function, and compare them to the FSC QNMs
that were calculated in [34]. In section 6 we review our results and discuss future directions.

2 Review

We review the two main ideas that we will need to construct a Selberg-like zeta function
for FSC spacetimes. In section 2.1, we review how a Selberg zeta function was built for the
Euclidean BTZ black hole (H3/Z) [14]. In section 2.2, we review the geometry and quotient
structure of our spacetime of interest: flat space cosmologies (R3/Z) [5, 6, 35].

2.1 Selberg zeta function for H3/Z

In this section, we review how to construct the Selberg zeta function for the Euclidean BTZ
black hole, which has quotient structure H3/Z. Many of the ideas that we will discuss in
this section were first presented in [14].

We begin with the BTZ black hole metric in Boyer-Lindquist-like coordinates

ds2 = −
(r2 − r2+)(r2 − r2−)

L2r2
dt2 + L2r2

(r2 − r2+)(r2 − r2−)
dr2 + r2

(
dϕ − r+r−

Lr2
dt

)2
, (2.1)

where L is the AdS radius, and the outer and inner horizons, r+ and r−, are related to the
black hole’s mass M and angular momentum J :

r± =
√
2GL(LM + J)±

√
2GL(LM − J). (2.2)

The Euclidean BTZ black hole is obtained from (2.1) via the transformations t → −iτ ,
J → −iJE and r− → −i|r−|. The Euclidean BTZ black hole metric can be built from
the Poincaré patch metric

ds2 = L2

z2
(dx2 + dy2

E + dz2) (2.3)

through a set of discontinuous coordinate transformations, valid in regions r > r+, r+ >

r > r− and r− > r [3]. For concreteness we will focus on the coordinate transformation
valid for r > r+:

x =
√

r2 − r2+
r2 − r2−

cos
(

r+τ

L2 + |r−|ϕ
L

)
exp

(
r+ϕ

L
− |r−|τ

L2

)

yE =
√

r2 − r2+
r2 − r2−

sin
(

r+τ

L2 + |r−|ϕ
L

)
exp

(
r+ϕ

L
− |r−|τ

L2

)

z =
√

r2+ − r2−
r2 − r2−

exp
(

r+ϕ

L
− |r−|τ

L2

)
.

(2.4)

– 5 –

87



J
H
E
P
0
4
(
2
0
2
4
)
0
6
6

We can now view the coordinate transformation (2.4) through a group theoretic lens.
The identification ϕ ∼ ϕ + 2π allows for the BTZ black hole to be understood as a quotient
of AdS3 by a discrete subgroup Γ ∼ Z of the isometry group SL2(R)×SL2(R). We can study
the group action of the single generator γ ∈ Γ by taking ϕ → ϕ + 2πn in (2.4). This will
map a point (x, yE , z) ∈ H3 to another point (x′, y′

E , z′)

γn · (x, yE , z) = (x′, y′E , z′) (2.5)

through

x′ = e2πnr+/L(x cos (2πn|r−|/L)− yE sin (2πn|r−|/L)
)

y′E = e2πnr+/L(yE cos (2πn|r−|/L) + x sin (2πn|r−|/L)
)

z′ = e2πnr+/Lz.

(2.6)

By inspecting (2.6), it is clear that the group action can be understood as a dilation and
a rotation:

γ

 x

yE

z

 =

e2a 0 0
0 e2a 0
0 0 e2a


cos 2bE − sin 2bE 0
sin 2bE cos 2bE 0

0 0 1


 x

yE

z

 , (2.7)

where a = πr+/L and bE = π|r−|/L. The matrix γ has three eigenvalues: e2a and e2a±2ibE .
The authors of [14] used these eigenvalues to construct the Selberg zeta function of the BTZ
black hole (which is explained in detail in section 3.2):

ZΓ(s) =
∞∏

k1,k2=0

[
1− e−(2a−2ibE)k1e−(2a+2ibE)k2e−2as

]
. (2.8)

In [9], it was shown explicitly that the function ZΓ(s) is directly related to the regularized
1-loop partition function for a complex scalar field, obtained in a rather simple way from
the spacetime quotient structure alone. As such, the authors of [9] also showed that the
zeros of ZΓ(s) are mapped to the quasinormal modes of a scalar field propagating on a BTZ
background, as expected from the work of Denef, Hartnoll and Sachdev [13].

We end this section with two comments. First, another useful way to write the zeta
function (2.8) is

ZΓ(s) =
∞∏

k1,k2=0

[
1− qk2+s/2q̄k1+s/2

]
, (2.9)

where q = e2πiτ , τ = τ1 + iτ2, a = πτ2 and bE = −πτ1. This has the benefit of having a
symmetric contribution of s. Second, it is worth mentioning that the quotient generator γ ∈ Γ
can be written as a linear combination of embedding generators [3], using the conventions
in appendix A and (2.6)

∂ϕ = r+
L

JU,Y − |r−|
L

JX,VE
. (2.10)

Here JA,B are the isometries in the embedding space which preserve the AdS3 hyperboloid,
defined in (A.3). In Poincaré coordinates (2.3), it is evident that these generate dilations
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JU,Y = x∂x + yE∂yE + z∂z and rotations JX,VE
= yE∂x − x∂yE . Writing (2.10) in terms of

the SL2(R) generators Ln and L̄n using (A.11) and performing a Wick rotation, we have

2π∂ϕ = 2πi

(
−|r−|

L
(L0 − L̄0) + i

r+
L

(L0 + L̄0)
)

. (2.11)

Identifying these coefficients with τ1 = −bE/π = −|r−|/L and τ2 = a/π = r+/L, we have

2π∂ϕ = 2πi
(
(L0 − L̄0)τ1 + i(L0 + L̄0)τ2

)
. (2.12)

This form of writing the quotient generator is useful in generalizing the Selberg zeta function
to other quotient manifolds, as seen in section 3.1.

2.2 Flat space cosmology

As discussed in the introduction, flat space cosmologies can be obtained by taking a particular
large L limit of the BTZ black hole as well as an orbifold of 3d flat spacetimes [5, 6]. In
this section, we review the limiting construction and the quotient structure of flat space
cosmologies: R3/Z [5, 6, 35]. We will also discuss briefly properties of these solutions and
their importance in the context of flatspace holography.

We begin by consider again the non-extremal BTZ black hole metric (2.1):

ds2BTZ =
(
8GM − r2

L2

)
dt2 + dr2

−8GM + r2

L2 + 16G2J2

r2

− 8GJdtdϕ + r2dϕ2. (2.13)

To obtain a flat space quotient geometry from (2.13), one rescales the horizons and sends
the AdS radius to infinity

r+ → L
√
8GM = Lr̂+, r− →

√
2G

M
|J | = r0,

L

G
→ ∞, (2.14)

where Newton’s constant in the last expression is included to make the limit dimensionless1.
The result is the flat metric

ds2FSC = r̂2+dt2 − r2 dr2

r̂2+(r2 − r20)
+ r2dϕ2 − 2r̂+r0dtdϕ. (2.15)

This spacetime is known as a flat space cosmology (FSC), because the radial coordinate is
now timelike, and thus the horizon r0 is a timelike (i.e. cosmological) horizon. The limit (2.14)
essentially pushes the outer horizon r+ of the BTZ black hole to infinity, so that we are now
inside the black hole, and the BTZ inner horizon r− becomes the cosmological horizon r0.
The FSC metric is a solution to the vacuum Einstein equations with no cosmological constant.

Just as the BTZ black hole is a quotient of empty AdS3, the FSC is a quotient of empty
3D Minkowski space. That is, for the Minkowski metric

ds2 = −dT 2 + dX2 + dY 2, (2.16)
1It is important to note here that this rescaling of the radius with G does not effect the structure of the

asymptotic symmetry algebra (1.7) except changing cM from 3/G to 3.
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there are two coordinate transformations (either valid for r > r0 or r < r0) that build the
FSC spacetime. The transformation valid for r > r0,

T =
√

r2 − r20
r̂2+

cosh (r̂+ϕ) , X =
√

r2 − r20
r̂2+

sinh (r̂+ϕ) , Y = r0ϕ − r̂+t, (2.17)

reproduces the FSC metric (2.15). Under the action ϕ ∼ ϕ + 2π, the Minkowski coordinates
transform as X± ∼ e±2πr̂+X± and Y ∼ Y + 2πr0, where X± ≡ X ± T .
The Euclidean FSC solution is constructed by performing the Wick rotation [35]:

r̂+ = −ir̃+, t = iτ, T = −iTE . (2.18)

The quotient ϕ → ϕ + 2π is generated by the following Killing vector [6]:

2π∂ϕ = 2π
(
r0∂Y + r̂+(X∂T + T∂X)

)
= 2π

(
r0∂Y + r̃+(X∂TE

− TE∂X)
)
, (2.19)

written in terms of the Lorentzian and Euclidean coordinates. In terms of the BMS generators
((A.14), after performing a Wick rotation), the quotient generator reads

2π∂ϕ = 2πi
(
L0η + iM0ρ

)
, (2.20)

where η = r̃+, ρ = − r0
G are the modular parameters of the flat space quotient [6]. One can

also start with the quotient structure of the non-extremal BTZ and take the limit directly
on the generator of the quotient to obtain the above.
FSCs have many interesting properties some of which we briefly mention below.

⋆ The thermodynamics of FSC solutions have been studied in the literature. One can
derive a first law of thermodynamics for FSC and this has peculiar negative signs [6].
The reason behind this is the cosmological horizon can be thought of as descending
from the inner horizon of the non-extremal BTZ, which itself comes with a peculiar
“wrong-sign” first law [36, 37].

⋆ As mentioned in the introduction, one can compute the entropy of the FSC as the
area of the cosmological event horizon. This can then be matched with a Cardy-like
state counting computation in the boundary 2D Carrollian CFT [6] 2. (See also [38].)
This could be thought of as a first validation of the Carrollian holography programme.
Logarithmic corrections of the FSC entropy were addressed in [39]. The BMS-Cardy
formula was re-derived from the limit in [40, 41].

⋆ There are phase transitions between hot flat space and the FSC solutions that can
be thought of as analogue of the Hawking-Page phase transitions in AdS3 [35]. These
cosmological phase transitions takes a time independent solution of 3d Einstein gravity
to a time dependent one.

2The initial works use Galilean CFTs instead of Carrollian CFTs. In D = 2, the Galilean and Carrollian
(conformal) algebras are isomorphic and hence computationally there is no distinction between the two. It was
later appreciated that calling the algebra Carrollian is more appropriate since the isomorphism, in its most
primitive version, does not hold beyond D = 2 and the connection between Carrollian CFTs and asymptotic
symmetries of flat spacetimes extend to all dimensions.

– 8 –

90



J
H
E
P
0
4
(
2
0
2
4
)
0
6
6

⋆ There are generalisations of FSCs to include additional U(1) charges and higher
spins [42–44].

Apart from the above, FSCs have been used in other holographic contexts e.g. in studies
of entanglement [28, 29, 45, 46] and chaos [47] in flat spacetimes, for verifying the construction
of an asymptotic formula for BMS structure constants derived from modular properties of
the BMS torus one-point function [31], and similar studies for torus two-point functions [34].
In general, FSCs can be thought of as the bulk duals of thermal states in the 2d Carrollian
CFT. So, in conclusion, FSCs play a vital role in understanding various aspects of gravity in
3d asymptotically flat spacetimes and especially are important in understanding holography
in this set-up.

3 Deriving the generalized Selberg zeta function for R3/Z

In this section, we derive a Selberg-like zeta function for the FSC spacetime in two dif-
ferent ways:

1. a novel method using representation theory

2. direct examination of the quotient group action, as done for the BTZ black hole in
section 2.1.

In both cases, the Selberg-like zeta function we build is precisely related to the regularized
1-loop complex scalar partition function [48] via:

ZΓ(∆) = 1
Z

(1)
reg(∆)

, (3.1)

where ∆ labels the representation of the field. Thus our formalism constitutes a new and
easy way to derive 1-loop partition functions of scalar fields (as well as higher spin fields [9])
on quotient manifolds.

3.1 Selberg-like zeta function from representation theory

We propose the following construction for a Selberg-like zeta function generalized to non-
hyperbolic quotient manifolds M/Γ, where Γ ∼ Z, motivated by representation theory:3

ζM/Γ(s) =
∏

descendants
⟨1− γ⟩scalar primary of weight s (3.2)

where γ ∈ Γ. In the examples we consider, the quotient Γ is generated by the identification
of the angular coordinate ϕ ∼ ϕ + 2π, so the discrete subgroup

Γ = {γn|n ∈ Z} ⊂ Isom(M) (3.3)

is generated by γ = e2π∂ϕ . Therefore, the zeta function will be expressed as

ζM/Γ(s) =
∏

descendants

〈
1− e2π∂ϕ

〉
scalar primary of weight s

(3.4)

3Since we consider only Γ ∼ Z, Γ has only one generator. For more general subgroups of SL2(C),
equation (3.2) will also contain a product over generators γ.

– 9 –

91



J
H
E
P
0
4
(
2
0
2
4
)
0
6
6

in the cases we consider. We will now demonstrate that this construction reproduces the
Selberg zeta function for the BTZ black hole, as well as the scalar 1-loop partition function
for FSCs [48].

3.1.1 BTZ black hole

Fields in AdS3 form representations of the asymptotic symmetries of AdS3, i.e. two copies of
the Virasoro algebra. We will restrict our attention on the global subgroup of the algebra,
which forms the AdS isometry group SL2(R)×SL2(R). The generators of the isometry group
are Ln, L̄n, where n = ±1, 0 (for explicit definitions of (Ln, L̄n), please see appendix A,
and in particular (A.11)).

All states
∣∣∣h, h̄

〉
of the above theory are labelled by their conformal dimensions (h, h̄):

L0
∣∣∣h, h̄

〉
= h

∣∣∣h, h̄
〉

, L̄0
∣∣∣h, h̄

〉
= h̄

∣∣∣h, h̄
〉

. (3.5)

A primary state
∣∣∣h, h̄

〉
p

with respect to SL2(R)×SL2(R) (and a “quasi”-primary with respect

to the two copies of the Virasoro algebra) is further annihilated by both L1 and L̄1:

L1
∣∣∣h, h̄

〉
p
= 0, L̄1

∣∣∣h, h̄
〉

p
= 0. (3.6)

We will drop the subscript p on the primary state from now on. The descendants of this
primary state can be written as

(L−1)k2
∣∣∣h, h̄

〉
=
∣∣∣h, h̄, k2

〉
,
(
L̄−1

)k1
∣∣∣h, h̄

〉
=
∣∣∣h, h̄, k1

〉
, (3.7)

with (k1, k2) ∈ Z≥0.
In terms of the SL2(R) generators and the modular parameter for the boundary torus

τ = τ1 + iτ2 we have the group element γ in terms of the generator of the quotient (2.12):

γ = e2π∂ϕ = e2πi((L0−L̄0)τ1+(L0+L̄0)iτ2) = qL0 q̄L̄0 , (3.8)

where q = e2πiτ . If we consider a primary scalar field of conformal dimension ∆ = h + h̄ =
2h = 2h̄ and its descendents, the eigenvalues of the SL2(R) generators will be

L0
∣∣∣h, h̄, k1, k2

〉
= (h + k2)

∣∣∣h, h̄, k1, k2
〉
=
(∆
2 + k2

) ∣∣∣h, h̄, k1, k2
〉

L̄0
∣∣∣h, h̄, k1, k2

〉
=
(
h̄ + k1

) ∣∣∣h, h̄, k1, k2
〉
=
(∆
2 + k1

) ∣∣∣h, h̄, k1, k2
〉

.

(3.9)

Plugging (3.9) into the zeta function prescription (3.2), we recover the Selberg zeta function
for the BTZ black hole reported in [14], after identifying ∆ with the parameter s:

ζH3/Z(s) =
∞∏

k1,k2=0

(
1− e2πi((k1−k2)τ1+(k1+k2+s)iτ2)

)

=
∞∏

k1,k2=0

(
1− e2ibE(k1−k2)−2a(k1+k2+s)

)
.

(3.10)

Recall that, for the BTZ black hole, the parameters a, b take the values a = πr+/L, bE =
π|r−|/L as discussed in section 2.1.
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3.1.2 Flat space cosmology

Now we apply the prescription (3.2):

ζR3/Γ(s) =
∏

descendants
⟨1− γ⟩scalar primary of weight s (3.11)

to the FSC spacetime, where Γ ∼ Z. The group element γ in terms of the BMS3 generators is

γ = e2π∂ϕ = e2πi(L0η+iM0ρ), (3.12)

where η and ρ are the modular parameters of the flat space quotient defined in the section 2.2.
Since fields in flat space must be representations of the global symmetry group, we can

label a field with their mass m and spin k1 − k2:

M0 |m, k1 − k2⟩ = m |m, k1 − k2⟩ , L0 |m, k1 − k2⟩ = (k1 − k2) |m, k1 − k2⟩ . (3.13)

A primary scalar field will therefore have spin k1− k2 = 0. We have labelled descendents with
k1 − k2 because of L’s relationship with the SL2(R) L’s (A.13) and the alternate construction
of the zeta function discussed in the following section 3.2. Now we can plug this into (3.11) and
obtain the zeta function for FSC from just considering the quotient, once again identifying
the mass m with the parameter s:

ζR3/Z(s) =
∞∏

k1,k2=0

(
1− e2πi(η(k1−k2)+iρs)

)
, (3.14)

where η = r̃+ and ρ = −r0/G for FSC.
As a check, we will see that this is precisely related to the 1-loop scalar partition function

on FSC [48], and will obtain it as a careful limit from the BTZ zeta function below.

3.2 FSC zeta function from quotient group action

Another useful way to construct the zeta function is by looking at the eigenvalues of the
quotient group element as an action on the coordinates (as in (2.7)). We begin by revisiting
this technique for the BTZ black hole, including some further details regarding how this
construction works in terms of prime geodesics, in section 3.2.1. We then use this approach
to build the Selberg zeta function for FSC in section 3.2.2.

3.2.1 BTZ black hole

Let us consider the group action of ϕ ∼ ϕ + 2π on H3, as constructed in (2.7):

γ

 x

yE

z

 =

e2a 0 0
0 e2a 0
0 0 e2a


cos 2bE − sin 2bE 0
sin 2bE cos 2bE 0

0 0 1


 x

yE

z

 . (3.15)

The eigenvalues of γ are e2a, e2(a±ibE).
It will be important to define the prime geodesic for the following discussion. The

quotient manifold M/Γ will have closed geodesics, which are geodesics that are periodic due
to the action of the quotient group. A prime geodesic is a geodesic which only requires a
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singular action of the group to trace out its path. In this example, the geodesic going radially
outward on the z axis is the prime geodesic, since it is invariant under the rotation in the
x, y plane. The length of the prime geodesic is therefore given by the eigenvalue e2a.

The zeta function can be constructed by an Euler product over the eigenvalues of γ. The
weights of the eigenvalues are non-negative integers, except for the eigenvalue corresponding
to the length of the prime geodesic, whose weight is the argument of the zeta function, and is
not restricted to integers. The resulting zeta function is therefore

ζH3/Z(s) =
∞∏

k1,k2=0

(
1− e2(a+ib)k1e2(a−ib)k2e2as

)
, (3.16)

which reproduces the zeta function for H3/Z. This method has the advantage of not
constructing representations of fields on the manifold, but the previous approach gives a
direct relationship to the 1-loop partition function of the scalar field on the corresponding
background.

3.2.2 Flat space cosmology

Similarly, let us construct the zeta function for R3/Z. The group action on the coordinates
of flat space can be expressed as

γ

TE

X

Y

 =

 cos(2πη) sin(2πη) 0
− sin(2πη) cos(2πη) 0

0 0 e−2πρG∂Y


TE

X

Y

 . (3.17)

To calculate the eigenvalue of the transformation corresponding to the translation along
Y , it will be convenient to perform the coordinate transformation Y = logZ. The flat
space metric is

ds2 = dT 2
E + dX2 + dZ2

Z2 , (3.18)

and hence translations along Y are now scale transformations along Z:

Y → Y + a =⇒ Z → eaZ. (3.19)

The group action can be expressed as a matrix acting on the coordinates

γ

TE

X

Z

 =

 cos(2πη) sin(2πη) 0
− sin(2πη) cos(2πη) 0

0 0 e−2πGρ


TE

X

Z

 , (3.20)

which allows us to calculate the eigenvalues of γ as e−2πρ, e±2πiη. The prime geodesic is
along the Y axis, which means the length of the prime geodesic is the eigenvalue e−2πGρ,
and will be weighted by the argument of the zeta function. The zeta function, following the
prescription described before for the H3/Z case can now be constructed:

ζR3/Z =
∞∏

k1,k2=0

(
1− e−2πρse2πiηk1e−2πiηk2

)
=

∞∏
k1,k2=0

(
1− e2πi(η(k1−k2)+iρs)

)
, (3.21)

which reproduces the zeta function constructed via our representation theory method (3.14).
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4 The 1-loop partition function and the Selberg zeta function

It was shown in [9]4 that the regularized 1-loop partition function of a real, massive scalar
field propagating on a BTZ black hole background is directly related to the BTZ Selberg
zeta function of [14]:

Z1-loop
regularized(∆) = 1

ZΓ(∆) . (4.1)

In the above expression, ∆ = 1 +
√
1 + m2L2, the function ZΓ(s) was presented in (2.8),

and the subscript “regularized” is to differentiate it from the full, divergent 1-loop partition
function arising from the heat kernel calculation [8]:

Z1-loop(∆) = Vol
(
H3/Z

)
+ Z1-loop

regularized(∆). (4.2)

Equation (4.1) makes it clear that the poles of Z1-loop
regularized correspond to the zeros of ZΓ.

The 1-loop partition function of a real, massive scalar field propagating on an FSC
background was calculated by [48]. See also [49]. In that case, equation (4.2) is replaced by

Z1-loop(m) = Vol
(
R3/Z

)
+ Z1-loop

regularized(m), (4.3)

where m is the scalar mass. In this section, we employ our generalized Selberg zeta func-
tion (3.2) to obtain the interesting result

Z1-loop
regularized(m) = 1

ζ(m) , (4.4)

in direct analogy to the BTZ black hole. Thus, equation (4.2) provides a remarkably easy
way to compute the regularized 1-loop partition function, eschewing heat kernel techniques.
From equation (B.7), the 1-loop scalar partition function is

Z1-loop
flat, scalar(m) = (det∇2

flat, scalar)−
1
2 = exp

( ∞∑
n=1

e−2πmnρ

n|(1− e2πinη)|2

)
. (4.5)

This can be rewritten to fit the form of the zeta function,

Z1-loop
flat, scalar(m) = exp

( ∞∑
n=1

e−2πρmn

n|(1− e2πiηn)|2

)

= exp

 ∞∑
n=1

∞∑
k1,k2=0

1
n
(e−2πρme2πiη(k1−k2))n


=

∞∏
k1,k2=0

1
1− e2πi(η(k1−k2)+imρ) .

(4.6)

We see that the generalized Selberg zeta function constructed for R3/Z reproduces the
regularized scalar 1-loop partition function:

ζR3/Z(s) = (det∇2
flat, scalar)

1
2 =

∞∏
k1,k2=0

(
1− e2πi(isρ+(k1−k2)η)

)
=
(
Z1-loop

flat, scalar(m)
)−1

∣∣∣∣
m=s

.

(4.7)
4For example, see equation (47) of [9].
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5 The Selberg zeros as quasinormal modes

It was shown in [9] that the zeros of the BTZ Selberg zeta function give the BTZ quasinormal
modes. That is, given the zeros s⋆ (defined by ZΓ(s⋆) = 0), the following statements
are equivalent:

s⋆ = ∆ ↔ ωQN = ωn, (5.1)

where ∆ is the conformal dimension of the field, ωn are the thermal Matsubara frequencies
defined by regularity at the horizon, and ωQN are the QNMs. As discussed in [9], equation (5.1)
constitutes an alternative method of finding quasinormal modes: given (s⋆, ωn, ωQN ), we can
use (5.1) to determine ωQN (up to an overall function). In this section, we first calculate the
thermal frequencies in FSC spacetimes, and then move on to study FSC QNMs via (5.1).

5.1 Thermal frequencies in FSC

Thermal frequencies are calculated by demanding regularity of the Euclidean metric at the
horizon, and then imposing the conditions on to the scalar field solution [50]. The FSC metric is

ds2 = − 1
r̂+

r2

r2 − r20
dr2 +

r̂2+(r2 − r20)
r2

dt2 + r2
(

dϕ − r̂+r0
r2

dt

)2
. (5.2)

Performing the Wick rotation:

t = iτ, r̂+ = −ir̃+, (5.3)

we get the Euclidean FSC metric

ds2 = 1
r̃+

r2

r2 − r20
dr2 +

r̃2+(r2 − r20)
r2

dτ2 + r2
(

dϕ − r̃+r0
r2

dτ

)2
. (5.4)

We now require the FSC metric to not have any conical singularities near the horizon. The
near horizon metric can be explored using the coordinate r2 = r20+ϵρ2 for small ϵ, which yeilds

ds2 = r20

(
dϕ − r̃+

r0
dτ

)2
+ ϵ

r̃2+

(
dρ2 + r̃2+ρ2dϕ2

)
+O(ϵ2). (5.5)

For there to be no conical singularities in the subleading term, we have to go around the
subleading term in ϕ, while keeping the transverse direction ϕ − r̃+

r0
τ fixed. Therefore,

ϕ ∼ ϕ + 2π

r̃+
, τ ∼ τ + 2πr0

r̃2+
. (5.6)

The scalar field ansatz can be written as

Φ(t, r, ϕ) = ei(ωt−kϕ)f(r). (5.7)

Performing the Wick rotation (5.3) and applying the regularity conditions at the horizon (5.6)
to the scalar field, we have the condition

e
2π

r̃2
+
(ir̃+k+r0ω)

= 1 (5.8)

so that the scalar field is also regular at the horizon. Solving the above condition for ω, we
obtain the thermal frequencies in the spacetime:

ωn = i
r̃+
r0

(nr̃+ − k), n ∈ Z. (5.9)
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5.2 Quasinormal modes in FSC

We would now like to implement the condition:5

s⋆ = m =⇒ ωn = ωQN . (5.10)

That is, tuning the Selberg zeros s⋆ to the mass m is equivalent to equating the thermal
frequencies to the quasinormal modes. We can write this condition as

s⋆ − m + Q (ωn − ωQN ) = 0, (5.11)

where Q is an undetermined function. For the BTZ case, we know how to determine Q: we
know that the BTZ QNMs should not contain the thermal integer n, so we can choose Q to
eliminate n. In the FSC case it is not so simple, because (in analogy to de Sitter QNMs) we
expect ωQN to contain thermal and angular quantum numbers (but not radial ones).

Note that equation (3.14) is the Euclidean Selberg zeta for FSC. The zeros are given
by the condition

is⋆ρ + (k1 − k2)η = ℓ (5.12)

with l ∈ Z, yielding

s⋆ = ℓ − η(k1 − k2)
iρ

. (5.13)

Since in the exponent of the zeta function we have the vector field generating the quotient ∂ϕ,
we should identify ℓ with the angular quantum number k, so that ℓ = ±k. The zeros become

s⋆ = ±k − η(k1 − k2)
iρ

. (5.14)

The values of ρ and η for FSC are

ρ = −r0
G

, η = r̃+, (5.15)

as calculated in section 2.2. The thermal frequencies calculated by imposing regularity at
the horizon are (5.9)

ωn = i
r̃+
r0

(nr̃+ − k). (5.16)

Substituting equations (5.14), (5.15) and (5.16) into (5.11), we get:

ω = ωn − 1
Q

(s⋆ − m)

= ir̃+
r0

(nr̃+ − k)− 1
Q

(
−G

±k − r̃+(k1 − k2)
ir0

− m

)
= m

Q
∓ i

k

Qr0
(G ± Qr̃+) + i

r̃+
Qr0

(
G(k1 − k2) + Qnr̃+

)
.

(5.17)

5Note that in flat space ∆ = m.
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Since we expect the FSC quasinormal modes to make sense as a limit from the BTZ
quasinormal modes, we choose that the coefficient of k to be zero, since the angular quantum
number does not appear in the BTZ quasinormal modes. This implies Q = ∓G/r̃+. Thus,
the quasinormal mode reads

ω = ∓r̃+

(
m

G
+ i
(
(k1 − k2)∓ n

) r̃+
r0

)
. (5.18)

Taking inspiration from the BTZ case again, we can make the identification: k1 − k2 = ±n,
which recovers the leading quasinormal mode in the FSC spacetime as computed in [34].

ω = ∓m

G
r̃+ = ∓i

m

G
r̂+. (5.19)

These correspond to the poles of a 2-point function of temporaly separated probes in the
FSC boundary theory [34].

We end this section with a technical note: we have called the modes we study “quasinormal
modes” due to their derivation from the BTZ quasinormal modes. However, unlike the BTZ
modes, our modes are purely imaginary. Thus they differ from the normal modes of thermal
AdS (which are purely real), as well as from the quasinormal modes of BTZ (which have both
real and imaginary parts). In fact these modes may be more properly termed something like
“evanescent modes” since they are purely decaying/growing, in analogy with the evanescent
waves of electromagnetism. Regardless, since these modes still correspond to the zeroes of
the zeta function, and thus to poles of the 1-loop partition function, we have chosen to stick
with the terminology “quasinormal mode” throughout the bulk of the paper.

6 Discussion

In this work, we have built a Selberg-like zeta function for flat space quotients R3/Z, with the
FSC as an interesting and concrete example. We showed that this zeta function correctly gives
the FSC scalar 1-loop partition function and the dominant QNM. These results extend the
previously established Selberg method of calculating 1-loop determinants beyond negatively-
curved spacetimes. In addition, we have reinterpreted how to construct the Selberg zeta
function based on representation theory of fields propagating on a given background, giving us
more insight into building the Selberg zeta function in more general quotient scenarios M/Γ.

There are many future directions for this work. Most straightforwardly, it would be
interesting to apply the Selberg formalism to study quantum effects in other quotient
spacetimes such as k-boundary wormholes [51–54], and those appearing in the context of
holographic entanlgement entropy [55, 56]. It would be interesting to see the implications
to corrections to black hole entropy using this formalism [57].

Perhaps the most intriguing quotients of all are the Lens spaces S3/Zp (see for example
the de Sitter Farey Tail [58]). This is because de Sitter admits a so-called non-standard
represntation of matter, which turns out to be more closely related to quasinormal modes [59].
Further, these non-standard representations are instrumental in the recently constructed
Wilson spools [16, 17]. Although the non-standard representations appear to be physically
relevant, their precise physical description remains unknown. It would be interesting to
use (3.1) to gain more insight into these non-standard representations. This work is currently
under way.
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Getting back to the specific case of 3D flat spacetimes and the FSC solutions, while we
have matched up the QNM answer (5.19) that was obtained in [34] for temporally separated
probes, [34] also obtained an answer for spatially separated modes which was more reminiscent
of answers from a 2D CFT calculation. This was then curiously obtained from BTZ QNM
as the sub-leading term in a L → ∞ expansion. It would be of interest to see if there is a
way to also obtain this curious result from our Selberg zeta function.
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A Generators and embedding

In this appendix, we review some of the details of [5]. We describe how 3D flat space can be
embedded in R2,2 as a limit of AdS3. We then work out the six isometry generators JA,B in
a series of useful coordinate systems, ultimately defining the Virasoro and BMS3 generators.

We embed the hyperboloid

−U2 + X2 + Y 2 − V 2 = −L2 (A.1)

in R2,2 with the metric

ds2 = −dU2 + dX2 + dY 2 − dV 2. (A.2)

The isometries of (A.2) that preserve the hyperboloid are

JA,B = XA∂B − XB∂A, (A.3)

where (A, B) take values (U, V, X, Y ).
To embed flat space as a limit of AdS3 in R2,2, we parametrize U and V with the compact

coordinate T/L by employing the following embedding:

U =
√

L2 + X2 + Y 2 cos
(

T

L

)
, V =

√
L2 + X2 + Y 2 sin

(
T

L

)
. (A.4)
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To obtain AdS3, we should consider the universal covering space T/L ∈ R, where the metric is

ds2 = −(L2 + X2 + Y 2)
L2 dT 2 + L2(dX2 + dY 2) + (XdY − Y dX)2

L2 + X2 + Y 2 . (A.5)

It is clear to see that in the limit L → ∞ we recover three dimensional flat space:

ds2 = −dT 2 + dX2 + dY 2. (A.6)

The rotation generators (A.3) in these “flat” coordinates are

JU,X = XL√
L2 + X2 + Y 2

sin
(

T

L

)
∂T −

√
L2 + X2 + Y 2 cos

(
T

L

)
∂X ,

JU,Y = Y L√
L2 + X2 + Y 2

sin
(

T

L

)
∂T −

√
L2 + X2 + Y 2 cos

(
T

L

)
∂Y ,

JX,Y = X∂Y − Y ∂X ,

JU,V = −L ∂T ,

JX,V =
√

L2 + X2 + Y 2 sin
(

T

L

)
∂X + XL√

L2 + X2 + Y 2
cos

(
T

L

)
∂T ,

JY,V =
√

L2 + X2 + Y 2 sin
(

T

L

)
∂Y + Y L√

L2 + X2 + Y 2
cos

(
T

L

)
∂T .

(A.7)

We now present the generators JA,B in Poincaré patch coordinates

ds2 = L2(dx2 − dy2 + dz2)
z2

. (A.8)

The Poincaré coordinates in terms of the embedding coordinates are:

x = X

U + Y
, y = −V

U + Y
, z = L

U + Y
, u = y + x, v = y − x. (A.9)

The generators (A.3) in Poincaré coordinates are

JU,X = 1
2
(
(−1 + u2 − z2)∂u + (1− v2 + z2)∂v + (u − v)z∂z

)
JU,Y = u∂u + v∂v + z∂z

JX,Y = 1
2
(
(−1− u2 + z2)∂u + (1 + v2 − z2)∂v − (u − v)z∂z

)
JU,V = 1

2
(
(1 + u2 + z2)∂u + (1 + v2 + z2)∂v + (u + v)z∂z

)
JX,V = −u∂u + v∂v

JY,V = 1
2
(
(−1 + u2 + z2)∂u + (−1 + v2 + z2)∂v + (u + v)z∂z

)
.

(A.10)

If we take a particular set of linear combinations of the generators (A.10), we obtain 6
generators that form two commuting copies of the SL2(R) algebra. Explicitly, one can
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construct

L−1 = −∂u = 1
2(JU,X − JU,V + JX,Y + JY,V )

L0 = −
(

u∂u + 1
2z∂z

)
= 1

2(JX,V − JU,Y )

L1 = −
(
u2∂u + z2∂v + uz∂z

)
= 1

2(−JU,X − JU,V + JX,Y − JY,V )

L̄−1 = −∂v = 1
2(−JU,X − JU,V − JX,Y + JY,V )

L̄0 = −
(

v∂v +
1
2z∂z

)
= 1

2(−JU,Y − JX,V )

L̄1 = −
(
z2∂u + v2∂v + vz∂z

)
= 1

2(JU,X − JU,V − JX,Y − JY,V )

(A.11)

which obey the commutation relations

[Lm,Ln] = (m − n)Lm+n, [L̄m, L̄n] = (m − n)L̄m+n, [Ln, L̄m] = 0, (A.12)

where (m, n) take values (0,±1). For the Euclidean generators, one has to Wick rotate
V → VE = iV , ∂V → ∂VE

= −i∂V and y → yE = iy. In the linear combinations of the
embedding space generators above, this implies one must replace JA,V → −iJA,VE

.
The BMS3 algebra (the algebra satisfied by the asymptotic symmetry group of 3D flat

space) can be recovered as a limit of (A.12) by making the following definitions

Ln = lim
ϵ→0

Ln − L̄−n, Mn = lim
ϵ→0

ϵ(Ln + L̄−n), ϵ = G

L
. (A.13)

The BMS3 generators in T, X, Y coordinates read

L±1 = Y (−∂X ∓ ∂T ) + (X ∓ T )∂Y , L0 = (X∂T + T∂X),
M±1 = G(∂T ± ∂X), M0 = G∂Y .

(A.14)

These obey the BMS3 algebra without central extension

[Lm,Ln] = (m − n)Lm+n, [Lm,Mn] = (m − n)Mm+n, [Mm,Mn] = 0. (A.15)

B FSC partition function as a limit of the BTZ partition function

We will see that when we carefully take this limit, the partition function poles do not
accumulate into a branch cut. This allows us to construct a meromorphic Selberg-like zeta
function for FSC (for scalars, it is essentially the FSC partition function itself). This will in
turn allow us to predict FSC QNMs which are essentially guaranteed to be correct via an
appropriate application of the Denef-Hartnoll-Sachdev method of computing QNMs (which
is now applicable since we’ve established meromorphicity) [13].

First, let us label the representations of the global BMS algebra as a limit of the
SL2(R)×SL2(R) algebra, as discussed in the appendix (A.13),

Ln = Ln − L̄−n, Mn = lim
G
L
→0

G

L
(Ln + L̄−n), (B.1)
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where L are the diffeomorphisms of the spatial circle at null infinity, and M are super-
translations, and we take the dimensionless limit G

L → 0, and L, L̄ are Virasoro generators.
Fields are representations of the global symmetry algebra are labelled by the zero modes
of these two sets of generators.

L0 |j, m⟩ = j |j, m⟩ , M0 |j, m⟩ = m |j, m⟩ . (B.2)

We can write these eigenvalues in terms of the conformal dimensions h, h̄ of the bulk field
with the appropriate limit:

j = h − h̄, m = lim
G
L
→0

G

L
(h + h̄). (B.3)

Now let us consider the functional determinant of the scalar laplacian on AdS3:

− log det∇2
AdS, scalar = 2

∞∑
n=1

qnhq̄ nh̄

n|1− qn|2
, (B.4)

where h = h̄ since this is a scalar field and therefore has spin j = 0, 2h = ∆, and q = e2πiτ ,
τ = τ1 + iτ2. To take the flat space limit, we have to take a limit in the modular parameter:

η = τ + τ̄

2 = τ1,
G

L
ρ =

(
τ − τ̄

2i

)
= τ2. (B.5)

Now, rewriting the 1-loop scalar partition function in terms of the new modular parameter
and the eigenvalues of the BMS algebra, we have

− log det∇2
AdS, scalar = 2

∞∑
n=1

eπi(η+iϵρ)n m
ϵ e−πi(η−iϵρ)n m

ϵ

n(1− e2πin(η+ϵρ))(1− e−2πin(η−ϵρ))
,

= 2
∞∑

n=1

e−2πmnρ

n(1− e2πin(η+ϵρ))(1− e−2πin(η−ϵρ))
.

(B.6)

where ϵ = G
L . We can easily take the limit ϵ → 0 now, to obtain

− log det∇2
flat, scalar = 2

∞∑
n=1

e−2πmnρ

n|(1− e2πinη)|2 , (B.7)

which is the functional determinant of the scalar Laplacian derived in [48] using the heat
kernel method, in which they use the notation (η, ρ) →

(
θ
2π , β

2π

)
.
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any medium, provided the original author(s) and source are credited.
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