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A B S T R A C T

An increasing interest has emerged in correlating the output of the concrete mixing truck to values obtained by
rotational rheometers. The output of the former has usually been the hydraulic pressure needed to turn the drum.
In such research, experimental errors can be higher than usual, which makes it harder to obtain confident
relationships. To better understand the physical characteristics of the truck's rheological values, the above
analysis is made by a series of computer simulations (i.e. with CFD). From this, it is evident that the slope H of
the truck's pressure values depends both on the plastic viscosity μ as well as on the yield stress τ0. However, for
the intercept G of the truck's values, it is mostly dependent on the yield stress τ0. In addition to this, both values
H and G depend on volume of concrete in the truck as well as on density.

1. Introduction

The quality of concrete structures depends on the quality of each
constituent used in the concrete mix. However, this is not the only
controlling factor. The quality also depends on the rheological prop-
erties of the fresh concrete during casting into the formwork [1]. That
is, concrete must be able to properly flow into all corners of the mold or
formwork to fill it completely, with or without external consolidation
depending on workability class. Tragic events may sometimes be traced
back to concrete of unsuitable consistency resulting in, for example,
coldjoint and honeycombing. Therefore, one of the primary criteria for
a good concrete structure is that the fresh concrete has satisfactory
rheological properties during casting [1]. The use of simulation of flow
to analyze such behavior is something that has been increasing in po-
pularity for the last decade [2-9]. In 2014, a RILEM state-of-the art
report (TC 222–SCF) was made specifically on this subject [10]. Here,
such a method is used to analyze the power required to turn (i.e. spin)
the drum of a concrete mixing truck (also named concrete truck mixer, or
concrete mixer truck, among other designations) for a wide range of
different cases. It should be clear that utilizing simulation techniques is
not limited to the above cases. Analysis of thixotropic behavior, form-
work pressure, computer aided engineering and concrete mixing pro-
cess are all examples of different computational applications used in
concrete science [11-15].

In general, rotational rheometers have never been particularly
popular at a jobsite. They are however well suited for laboratory use as
they measure concrete consistency either in terms of fundamental

physical quantities, namely yield stress τ0 and plastic viscosity μ (as-
suming Bingham behavior) or some uncalibrated derivative thereof,
usually designated as G and H values. In contrast to rheometers, the
slump cone test (ASTM C143) is by far the most accepted tool for
measuring consistency at a jobsite, which can be attributed to its sim-
plicity in handling [16].

For the last few decades or so, an increasing interest has emerged in
correlating the output of the concrete mixing truck to values obtained
by rotational rheometers [17-20]. Such an output is either in the load
imposed on the drive motor in watts or the hydraulic pressure needed to
turn the drum, but this is something that depends on manu-
facturer [17]. Since the hydraulic pressure is related to movement of
piston(s) inside the drum drive motor, work is being conducted (over a
time interval), meaning that the pressure is related to power (i.e. rate of
work). Historically, it is the hydraulic pressure that has been used to
obtain values from the concrete mixing truck. But in either case of watt
meter or hydraulic pressure the concept is the same and known as the
“slump meter” [17].

In the attempt to correlate values from the “slump meter” to values
from the rotational rheometer, experimental errors can be higher than
usual, which makes it harder to obtain confident relationships between
the two devices. These errors may originate from incorrect truck sam-
pling, insufficient mixing time after addition of chemical admixtures
and so forth [20]. In addition to this, possible errors from the rotational
rheometer could be superimposed, which would make the overall re-
search even more difficult.

The current work is undertaken to better understand the physical
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characteristics of the truck's rheological values and thus the feasibility
in using the vehicle as a rheometer. The analysis is done by applying
series of computer simulations (i.e. computational fluid dynamics -
CFD). With this, the overall test environment is absolutely controlled
and the above mentioned experimental error is avoided, thus allowing
the truck's true potential to be examined. However, numerical errors
can occur if computational techniques are incorrectly applied [21].
With that said, the current data is obtained from the simulation results
presented in Ref. [14]. There, a good numerical quality was established
to whatever extent possible.

2. Experimental and numerical setup

2.1. Overall test setup

In this work, the power required (in kilowatts) to rotate the drum in
a concrete mixing truck is calculated as a function of different values of
yield stress τ0, plastic viscosity μ and drum charge volume V. In addition
to this, power is calculated as a function of drum rotational speed f.
More specifically, the drum rotational speed is set at f=0.03, 0.07,
0.11, 015, 019 and 0.23 rps (revolutions per seconds), the drum charge
volume is either at V=2.5 m3, 5.4 m3 or 8.2 m3, the yield stress is set at
τ0= 0, 150 and 300 Pa, and the plastic viscosity is at μ=25, 75 and
125 Pa⋅s. Most of the cases with zero yield stress signify self-compacting
concrete (see Figs. 11 and 12 in Ref. [22]), while cases with a larger
yield stress represents concretes of the more conventional type [22].

Resulting in more than 160 simulations, the computational re-
quirement to obtain the complete data was more than 150,000 CPU
hours [14]. The resources were provided by the Icelandic High Per-
formance Computing (IHPC) and the simulation software used was
OpenFOAM [23].

As mentioned earlier, the same simulation results (i.e. calculated
velocity U, shear rate , volume fraction of concrete α1 etc.) are used in
this work as in Ref. [14]. As such, the explanation of the numerical
techniques used, mesh quality, boundary conditions, accuracy of results
etc., are here kept to minimum and the interested reader is rather re-
ferred to Ref. [14].

2.2. Geometry of the drum

The concrete drum under consideration is commercially available
and produced in Germany. Its geometry is shown in Ref. [14], but an
additional illustration is also shown here with Fig. 1. Naturally, the
results presented in this work are relative to this specific drum geo-
metry.

The total drum volume is 15.7 m3, but the max rated drum capacity
is 9 m3. The max drum diameter is 2.3 m, while its length is about 5.2
m. The internal geometry consists of two helically shaped blades, in
which the blade thickness is roughly 8 mm, while the height is about
430 mm (see also Ref. [14]). The space between two neighboring blades
is 620 mm on average. The nominal range of drum speed is between 0

and 14 rpm (i.e. from 0 to 0.23 rps). For further information about the
drum geometry and its mesh, see Ref. [14].

2.3. Atmospheric air and fresh concrete

For the current analysis, it is important to divide the drum's internal
volume between the atmospheric air and the fresh concrete, which is
done within the framework of Volume of Fluid (VOF) [24]. The volume
fraction of fresh concrete within each computational cell is represented
with α1, while the volume fraction of atmospheric air is represented
with α2. Relative to Fig. 1, the upper part of the drum consists of cells
with α1= 0 and α2= 1 (meaning air), while the lower part of the drum
consists of cells with α1= 1 and α2= 0 (meaning concrete). For the
interface between air and concrete, the following applies 0< α1< 1.
The volume fractions α1 and α2 are conserved in the sense that in each
and every computational cell, the following is always valid α1+ α2= 1.

The density ρ and apparent viscosity η are weighted by the volume
fractions α1 and α2, given by Eqs. (1) and (2) [24-26]

= + ,1 1 2 2 (1)

= + .1 1 2 2 (2)

In Eq. (1), the density of the concrete samples is set as ρ1= 2350 kg/
m3, while for the atmospheric air it is set as ρ2= 1.22 kg/m3.

2.4. Constitutive equation

When using the Bingham viscoplastic fluid (or similar, like the
Herschel-Bulkley fluid or the modified Bingham fluid [27]), the con-
stitutive equation must consist of the Generalized Newtonian
Model [28], or in short GNM, which is given by [28,29]:

=T 2 . (3)

The term = +U U( ( ) )1
2

T is known as the rate-of-deformation
tensor [28-31]. Here, the apparent viscosity η is given by Eq. (2), in
which the fresh concrete (the lower half part in Fig. 1) is modeled as a
Bingham viscoplastic fluid,

= +µ ,1
0

(4)

while the atmospheric air (the upper half part in Fig. 1) is set as a
Newtonian fluid with a constant viscosity equal to η2= 1.78 ⋅ 10−5

Pa⋅s. The computational implementation of η1 into the source code is
achieved by the regularization approach [21,27,32-36].

3. Data analysis

3.1. Calculation of mechanical power

The power (also, mechanical power, or rate of work) for a material
body of volume V (also, material volume) is given by the following
equation [31,35,37-39]:

= +W dV dAg U t U .
V A (5)

The term A represents the bounding surface (i.e. the boundary) of the
volume V. The material body V in the above integrand is here chosen as
the volume of the concrete sample inside the drum, namely either as
V=2.5 m3, 5.4 m3 or 8.2 m3. As such, the termW represents the rate of
work (i.e. power) exerted by the drum in moving/shuffling/rotating/
deforming the concrete inside it.

As already indicated, the terms ρ, g and U are the density [kg/m3],
gravity [m/s2] and velocity [m/s], respectively. The term t= n ⋅σ is
named traction and describes the force per unit area [N/m2] applied at
the boundary A, from the outer surroundings of the material volume V
(i.e. in this case, applied by the steel drum wall, onto the fresh con-
crete). The term σ=−p I+ T is the (total) stress tensor, in which T is

Fig. 1. The concrete drum under consideration, filled with about 5.4 m3 of fresh
concrete.
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the extra stress tensor [Pa] (see Section 2.4), p is the pressure [Pa] and I
is the unit dyadic. The term n is a unit normal vector located at the
boundary A, pointing away from the material volume V [28-31,37,38].

As shown in Ref. [35] (pp. 386–389), through the mechanical en-
ergy equation, Eq. (5) can be transformed into Eq. (6). It should be
noted that the time derivative in the latter is the total derivative (also,
material derivative).

= + = +W t d
dt

dV dV W t W tU U( )
2

( ) ( )
V V KE

2
(6)

The variables W t( )KE and W t( ) represent the rate of work from the
kinetic contribution and from the viscous contribution, respectively.
For three dimensional incompressible flow where the GNM is valid (see
Section 2.4), it can be shown that the shear rate in Eq. (6) is correctly
calculated as [40]. This variable is highly non-uniform within the
drum, meaning = x y z t( , , , ) (see Ref. [14], Fig. 3). The same applies
for the velocity U=U(x,y,z,t) as well as for the apparent viscosity
η= η(x,y,z,t), given by Eq. (2).

As mentioned in Ref. [14] (Section 2.6), to account for the drum
rotation, the computer simulations are done by using the so-called
single reference frame (SRF) approach [41]. This means that the ob-
tained velocity U=Ur is relative to a rotating frame of reference (see
Eq. (6) in Ref. [14]). Since Eqs. (5) and (6) apply in the (stationary)
inertial reference frame, the velocity must correspond to that frame of
reference, meaning U=Ur +ω×x in these two equations (the term ω
is the drum angular velocity and x is location [14,42]). However, it
should be noted that since the shear rate is an invariant (see Section
4.7.2.1 in Ref. [21]), the value of W t( ) in Eq. (6) is unaffected irre-
spective of calculation in the SRF or in the inertial reference frame.

3.2. Nominal drum charge volume

As already mentioned, the term V designates the volume of the
concrete sample inside the drum. The drum charge volume V is nom-
inally equal to either 2.5 m3, 5.4 m3 or 8.2 m3. However, the actual
value of V used in the volume integral Eq. (6), will differ slightly from
nominal values, depending on how much concrete gets stuck on the
drum steel boundary. More precisely, the concrete that gets stuck on the
upper half part in Fig. 1 (i.e. on the steel boundary on the side of the
atmospheric air) is not included in the volume integral Eq. (6). The
same approach was used for the volume integration in Ref. [14] (see
Section 3).

The amount of concrete that becomes stuck in the manner explained
above, depends here primarily on the plastic viscosity μ. For the cases of
the lowest plastic viscosity (25 Pa ⋅s), the volume used in the integra-
tion Eq. (6) is roughly 2% higher than the above mentioned nominal
values. However, in the cases of highest plastic viscosity (125 Pa⋅s), the
volume used is about 2% lower than the nominal values (meaning that
more concrete is stuck on the upper half part in Fig. 1). In the inter-
mediate case (75 Pa⋅s), the volume used in Eq. (6) is closest to the
nominal values, namely 2.5 m3, 5.4 m3 or 8.2 m3.

3.3. Case examples

Fig. 2 shows an example of the rate of work by Eq. (6), plotted as a
function of time for the case of drum charge volume of V=2.5 m3 and
different drum rotational speeds f. This figure applies for the more
computationally challenging case, namely when the yield stress is
τ0= 300 Pa, and the plastic viscosity is μ=75 Pa ⋅s (with increasing
yield stress τ0, the nonlinearity of Eq. (4) gets more pronounced, which
without any interventions, results in a larger numerical instability in
the corresponding simulation). In Fig. 2a, the first part of Eq. (6) is
plotted, namely W t( )KE , while in Fig. 2b, the second part of Eq. (6) is
plotted, which is W t( ) (in the small integrated illustration of Fig. 2a,
W t( )KE is also plotted relative to the SRF, c.f. Section 3.1). Although
W t( ) is always positive, the same does not apply to W t( )KE . That is, a

negativeW t( )KE value can be obtained, which means a reduction in the
kinetic energy.

Relative to the SRF (see Section 3.1), the concrete sample is sta-
tionary at time t=0 s. As a consequence, the rate of work components
W t( )KE and W t( ) begins at zero as shown in Fig. 2. With the start of
rotation, some wave generation occurs due to the fact that the concrete
sample is interacting with the helically shaped geometry of the mixing
blades inside the drum. Depending on the Bingham parameters used τ0,
μ, drum charge volume V and drum rotational speed f, these wave
phenomena will differ (height and distance between the helically
shaped blades and overall drum geometry will most certainly also in-
fluence the waves). Usually in the end, these waves will subside,
meaningW t( )KE andW t( ) will become more or less fixed, to the extent
possible.

3.4. Time integration and average values

By time integrating Eq. (6) as shown with Eq. (7), only the latter
part of the curves in Fig. 2 are utilized. The time integration starts at
t1= 10 s as shown with the vertical lines in each illustration and ends
at t2= 20 s.

= = +P
t t

W t dt P P1 ( )
t

t

KE
2 1 1

2

(7)

It should be clear that both terms P and W t( ) represents rate of work
(i.e. power) with the physical unit of watts. The former variable is a
time averaged integration to get a well defined average value, while the
latter variable represents an instantaneous value, valid at the time t.

To reiterate, the generation of P by Eq. (7) is most necessary to
produce quantifiable values for analysis and comparison. Starting the
integration at 10 s and not at 0 s is made due to the fact that equilibrium
in power (as far as possible) is usually obtained after 10 s (see Fig. 2). It
is interesting to note that for Eq. (7), then PKE ≪ Pη and thus P≈ Pη. The
exception for this applies to the high drum speed cases, in which the
magnitude of PKE can reach up to about 20% of Pη.

For the remainder of this work, power is calculated by the following
equation:

= +P P P .t 0 (8)

The term P is obtained by Eq. (7), while P0 is a constant, here set equal
to 2 kW. The value of P0 is assumed to represent the power needed to
rotate an empty drum. I.e., it represents the effect of the mechanical
friction between the drum and the rest of the truck, e.g. from gearing
box, bearing balls, carrying rollers and so forth. Its constant value of
P0= 2 kW is arbitrarily chosen and could be higher or lower, de-
pending on the concrete load as well as depending on the drum speed f
as reported in Refs.[19,20].

4. Results and discussion

4.1. Power as a function of drum speed

Fig. 3 shows plots of the power Pt by Eq. (8) as a function of drum
rotational speed f. These results apply to different rheological cases,
namely yield stress τ0 and plastic viscosity μ. In each illustration, la-
beled from (a) to (i), are three curves which apply to different drum
charge volume V, nominally equal to 2.5 m3, 5.4 m3 and 8.2 m3. Be-
cause of the addition P0 in Eq. (8), the “y-axis” in Fig. 3 starts at 2 kW. It
should be clear that the presence of P0 will not affect the final con-
clusions of this work, it will however more or less eliminate the oc-
currence of negative G values, which will be explained shortly.

As to be expected, the outcome of Fig. 3 shows that the power Pt
required to turn the drum increases with increased drum rotational
speed f. However, the increase is not necessarily linear as shown in
Fig. 3a, d and g. That is, for the combination of V=2.5 m3 and μ=25
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Pa ⋅s, there is a small hump close to f=0.1 rps, which disappears with
increased volume V and plastic viscosity μ. This particular phenomenon
was also present in Ref. [14] where it was further discussed.

In Fig. 3, it is interesting to note how the power results Pt for
V=5.4 m3 are very close to the results of V=8.2 m3. This has to do
with the balance between the quantity of concrete V that is being in-
tegrated in Eq. (6) and the magnitude of 2 in that same equation. For
example, for the case of Fig. 3b at rotational speed f=0.19 rps, the
power values Pt of both volume cases do almost coincide. These two
cases are shown in Fig. 4 at the instant of t=16.5 s after start of ro-
tation and show the cross-sections of 2. Although the domain of in-
tegration V is less for Fig. 4a (V=5.4 m3) the value of 2 is higher in
that case, relative to the case of Fig. 4b (V=8.2 m3). That is, higher

2 values and smaller domain of integration V in Eq. (6), is often
matched by lower 2 values and larger domain of integration V,

resulting in similar power values Pt (from Eqs. (6) to (8)) for the two
volume cases as observed in Fig. 3b.

Although the intensity of 2 is highest for the case of V=2.5 m3

(cross-section not shown), the domain of integration V in Eq. (6) is
usually too small to reach the power values Pt of the case of V=5.4 m3

or V=8.2 m3.
In line with Refs. [17-20], the rheological parameters of the con-

crete mixing truck are represented with the slope H and the point of
intersection with the ordinate G of the curves in Fig. 3, by linear re-
gression. The corresponding model function is given by Eq. (9).

= +P H f Gt (9)

In Fig. 5, the yield stress τ0 and plastic viscosity μ (used in each simu-
lation) are plotted as a function of the obtained G and H values (same
types of illustrations are represented in Refs. [18-20]). In Fig. 5, the

Fig. 2. Rate of work Eq. (6), = +W t W t W t( ) ( ) ( )KE , plotted as a function of time t.

Fig. 3. Power Pt by Eq. (8) as a function of drum speed f for different conditions.
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coefficient of determination for each volume case V=2.5 m3, 5.4 m3

and 8.2 m3 is represented with R[2.5]
2 , R[5.4]

2 and R[8.2]
2 , respectively. As

shown by these vales, adequate correlations can be obtained in some
cases.

It should be noted that the G values in Fig. 5a are increased by a
fixed value, namely 2 kW, due to the presence of P0 in Eq. (8). The H
values in Fig. 5b are however unaffected by P0.

From Eqs. (8) and (9), then P+ P0=H f+G, which means P=H
f+(G− P0)=H f+G*. From the “x-axis” in Fig. 5a, it is clear that
G*=G− P0 consist mostly of negative values. As already indicated, G*
represents the “G value” when there is no mechanical friction present
between the drum and the rest of the truck (e.g. between the drum and
the gearing box, ball bearings, carrying rollers and so forth). The G*
value is a result of linear regression of P= P(f), with f ranging from
0.03 to 0.23 rps and is in general not equal to P(0.03 rps). This last
mentioned value is here always positive, while G* is in most cases not.

4.2. Specific power as a function of drum speed

To better understand the physical characteristics of the truck's
rheological values shown in Fig. 5, the use of specific power (or power
per unit mass) is appropriate, calculated by Eq. (10).

= =p P
m

P
Vt

t t

1 (10)

In the above equation, the term Pt comes from Eq. (8), while the term
m= ρ1V represents the mass [kg] of concrete inside the drum. Fig. 6
shows plots of the specific power pt calculated by Eq. (10) as a function
of drum rotational speed f.

As a proposal, the specific power is modeled with Eq. (11). By using
the Nelder and Mead simplex algorithm [43], its parameters are
q1= 0.2420 ⋅ 10−2 m3/kg, q2= 0.8226 ⋅ 10−2 m3/(kg ⋅s),
q3=−0.1916 ⋅ 100 1/(m4 ⋅s2), q4=−0.6847 ⋅ 101 m3, q5= 0.2227 ⋅
102 m5/s2, q6= 0.6892 ⋅ 10−3 m6/(kg ⋅s), q7= 0.1959 ⋅ 101 m8/s3,

q8=−0.1195 ⋅ 102 kg ⋅m4/s4 and q9= 0.7597 ⋅ 101 Pa⋅s, and found by
simultaneous fitting all the data in Fig. 6.

= + + + + +
+ + +

p q q µ q V q
q
V

f
q q V q µ q

V
( )

/ /( )
t 1 0 2 3 4

2 5 6 0 7 8 9

(11)

As shown with Fig. 7, with the obtained parameters q1 to q9, Eq.
(11) does not fully fit all the data points. Despite its limitations, this
equation is sufficient to point out the main physical characteristics of
the truck's rheological values, given below.

With Eqs. (9) and (10) in mind, then from Eq. (11), the G and H
values of Fig. 3 can be directly obtained:

= + +
+

G q
q
V

q
µ q

,1 6 0
7 8

9 (12)

= + + + +H V q q µ q V q
q
V

( ) .1 1 0 2 3 4
2 5

(13)

The first thing to note with the two above equations is that the
truck's values G and H depend on the volume of concrete V in a non-
linear fashion. Also, there is a linear dependency on the concrete den-
sity ρ1, which originates from the use of Eq. (10).

As shown by Eq. (13), the slope H does not only depend on the
plastic viscosity μ, but also on the yield stress τ0. Although q1 is lower
than q2 in Eq. (13), the yield stress τ0 is often larger than the plastic
viscosity μ. For example with τ0= 300 Pa and μ=25 Pa ⋅s, then q1
τ0= 0.726 m2/s2, which is larger than q2 μ=0.206 m2/s2. That is, the
yield stress τ0 can exert a larger influence on the slope H, relative to the
plastic viscosity μ. This can explain the difficulty in correlating the H
value only with μ, as reported in Refs. [18-20].

When considering Eq. (12), the plastic viscosity μ influences the G
value through q8/(μ+ q9). This term is nonlinear in such a manner that
its effect will only diminish towards zero with increasing plastic visc-
osity μ. This is different from the effect of yield stress τ0, which is ruled

Fig. 4. Cross-section of 2 (in [Pa/s]) that applies for Fig. 3b at f=0.19 rps and time t=16.5 s, for the cases V=5.4 m3 (left) and V=8.2 m3 (right).

Fig. 5. Yield stress τ0 and plastic viscosity μ versus G and H values for the cases in Fig. 3.
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Fig. 6. Specific power pt by Eq. (10) as a function of drum speed f.

Fig. 7. Specific power pt by Eq. (11) plotted against the data points in Fig. 6.
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by the linear term q6 τ0. When increasing the yield stress τ0, say from 25
to 125 Pa, it will result in 400% increase for q6 τ0, while increasing the
plastic viscosity μ by the same value, from 25 to 125 Pa ⋅s, it will result
in 75% reduction for the absolute value of q8/(μ+ q9), which is a sig-
nificantly smaller change. The above text can explain why it is possible
to experimentally correlate the G value mostly to the yield stress τ0, as
for example reported in Refs. [18-20].

Fig. 8 shows the yield stress τ0 and plastic viscosity μ versus G and H
values calculated by Eqs. (12) and (13). By comparison, the correct τ0-G
and μ-H relationships are shown in Fig. 5. Clearly, Figs. 8 and 5 are
somewhat dissimilar, demonstrating that Eqs. (12) and (13) are not
complete.

5. Conclusions

In this work, the relationship between the power required to turn
(i.e. spin) the drum of a concrete mixing truck and the rheological
properties of the fresh concrete has been analyzed. Assuming a
Bingham behavior, the power has been calculated for different cases of
yield stress τ0 and plastic viscosity μ. In line with Refs. [17-20], the
resulting power curves (Fig. 3) were used in calculating the intersection
value G and the slope H (see Eq. (9)), which then represents the truck's
rheological values (Fig. 5). By using specific power instead of absolute
power (see Eq. (10) and Fig. 6), it was possible to propose a relationship
between the Bingham parameters τ0 and μ and the truck's rheological
values G and H, given by Eqs. (12) and (13). However, since the parent
equation, namely Eq. (11), does not fully fit all the data points (Fig. 7),
Eqs. (12) and (13) are not completely accurate. Nevertheless, the out-
come can be used in explaining the physical characteristics of the
truck's rheological values:

• Both the yield stress τ0 and the plastic viscosity μ do influence the
slope H, to similar or the same extent. This can explain why it has
been difficult to experimentally correlate only the plastic viscosity μ
to the H value, as reported in Refs. [18-20].
• Although the plastic viscosity μ affects the G value, its influence is
only minor, which can explain why it has been easier (relatively to
the above) to experimentally correlate yield stress τ0 to the G value,
as reported in Refs. [18-20].
• In addition to the above, the truck's rheological values G and H
depend on the volume of concrete V in a nonlinear fashion, while
the dependency on the concrete density ρ1 is here only linear (c.f.
Eqs. (12) and (13)).
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