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Hydrodynamics is a theory of long-range excitations controlled by equations of motion that encode
the conservation of a set of currents (energy, momentum, charge, etc.) associated with explicitly realized
global symmetries. If a system possesses additional weakly broken symmetries, the low-energy hydrodynamic degrees of freedom also couple to a few other “approximately conserved” quantities with
parametrically long relaxation times. It is often useful to consider such approximately conserved operators
and corresponding new massive modes within the low-energy effective theory, which we refer to as
quasihydrodynamics. Examples of quasihydrodynamics are numerous, with the most transparent among
them hydrodynamics with weakly broken translational symmetry. Here, we show how a number of other
theories, normally not thought of in this context, can also be understood within a broader framework of
quasihydrodynamics: in particular, the Müller-Israel-Stewart theory and magnetohydrodynamics coupled
to dynamical electric fields. While historical formulations of quasihydrodynamic theories were typically
highly phenomenological, here, we develop a holographic formalism to systematically derive such theories
from a (microscopic) dual gravitational description. Beyond laying out a general holographic algorithm, we
show how the Müller-Israel-Stewart theory can be understood from a dual higher-derivative gravity theory
and magnetohydrodynamics from a dual theory with two-form bulk fields. In the latter example, this allows
us to unambiguously demonstrate the existence of dynamical photons in the holographic description of
magnetohydrodynamics.
DOI: 10.1103/PhysRevD.99.086012

I. INTRODUCTION
The past decade has seen a resurgence of interest in
developing a systematic understanding of hydrodynamics
as an effective field theory, describing the relaxation of
locally conserved quantities towards global equilibrium in
terms of long-lived (low-energy) degrees of freedom
(d.o.f.)[1–9]. While the formulation of a dissipative
hydrodynamic theory from an action principle was a
long-outstanding problem, the rapid development of its
reformulation in terms of effective field theory, along with
other formal approaches to its classification [10–14], were
largely ignited and accelerated by the advent of gaugestring duality (holography) [15], in particular, its ability to
describe hydrodynamics of strongly interacting states [16].
The lines of research that have sprung from these
developments have led to a number of important
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applications, ranging from a vastly improved understanding
of thermalization and hydrodynamization of the quarkgluon plasma resulting from heavy-ion collisions [17–20],
a comprehensive formulation of the theory of magnetohydrodynamics [21,22], to an understanding of the dynamics
of electrons in exotic “strange” metals [23–26]. For recent
overviews see [27,28]. Many of the applications listed here
pertain to old problems in physics. As a result, various
phenomenological hydrodynamic approaches to their resolution have been known for decades. Unfortunately, these
phenomenological approaches often lack rigor. In particular, a strategy common to many of these attempts is a rather
ad hoc coupling of fluid d.o.f. (particle density, momentum
density, velocity, etc.) to nonhydrodynamic d.o.f. (magnetic
field, chemical reactant concentration, etc.). Another is an
explicit breaking of various conservation laws (energy,
momentum, charge, etc.).
A classic example, which we will study in detail in this
work, is the textbook formulation of magnetohydrodynamics (MHD) (see e.g., [29,30]). MHD combines a theory of
fluid d.o.f. that obey the continuity equation and the forced
Euler (or Navier-Stokes) equation, while the dynamics of
electromagnetic fields obeys Ampere’s law (neglecting
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displacement current), Faraday’s law and magnetic Gauss’s
law. Momentum conservation of the fluid sector is explicitly broken (forced) by the addition of an external Lorentz
force and the electric field is commonly expressed in terms
of the magnetic field via the boosted ideal Ohm’s law in the
limit of infinite conductivity (see [31]). Standard formulation of MHD can be seen as lacking a systematic coupling
between the separated fluid and electromagnetic d.o.f., as
well an understanding of (global) symmetries by which one
can organize a theory of long-range excitations in plasmas.
These questions were addressed recently in [21] where
MHD was reformulated and extended by using the language of higher-form symmetries [32]. As a result of the
above-mentioned issues with the historical approach to
MHD, the standard formulation of MHD explicitly breaks
the gradient expansion; this is particularly acute when
MHD is coupled to dynamical electric fields. Nevertheless,
while from a formal effective field theory point of view
such a theory should be viewed with suspicion, standard
MHD and its simple phenomenological extensions make a
number of extremely successful predictions about the
dynamics of complicated astrophysical plasmas and processes in fusion reactors.
Another classic example of a system with an explicitly
broken conservation law is fluid dynamics with weak
momentum relaxation [28,33,34]. For example, such systems are known to describe both the drag of the Earth’s
surface on the atmospheric fluid [35], and the hydrodynamics of electrons in clean metals [26].
In light of these and other examples, the main goal of this
work is to elucidate a formal approach to studying hydrodynamic theories with weakly broken symmetries, both
from the point of view of field theory and holography.
We will show that a large number of existing phenomenological theories can be precisely understood within this
framework.
Hydrodynamics is a theory which is valid on length and
time scales that are long compared to the mean free time
τmft and mean free path lmfp [36]. Since hydrodynamics is a
gradient expanded theory, it is convenient to express these
statements formally as
τmft ∂ t ≪ 1;

lmfp ∂ i ≪ 1;

ð1:1Þ

embodying the fact that gradients of relevant fields need to
be small compared to the inverse time and length scales.
The energy scale set by 1=τmft should be though of as the
ultraviolet (UV) cutoff of the effective theory of hydrodynamics. The hydrodynamic equations of motion take the
schematic form
∂ t hρA i þ ∂ i JiA ½hρA i; ∂ j hρA i;    ¼ 0;

ð1:2Þ

expansion series of higher-order hydrodynamics (see
e.g., [13,37]). The expectation values hρA i are computed
in the equilibrium state of the system, e.g., the thermal
equilibrium hρA i ¼ Tr½ρA e−βH , with β ¼ 1=T the inverse
temperature.
Now, suppose that there exists a single nonconserved
operator P in the theory, which has a relaxation time
(inverse decay rate) τ1 , so that hPðtÞPð0Þi ∼ e−t=τ1 , while
all other “orthogonal” operators have a much smaller
relaxation time fτ2 ; τ3 ; …g ≪ τ1 .1 Formally speaking,
the hydrodynamic d.o.f. do not include hPi. Since hPi
must relax before the theory is described by hydrodynamic
modes alone, τmft ≳ τ1 [cf. Eq. (1.1)]. However, as shown in
Fig. 1, it may be the case that the decay time τ1 of hPi is
significantly larger than the decay time for all other
nonhydrodynamic modes: if O represents a generic local
operator, orthogonal to the hydrodynamic modes and to P,
then hOðtÞOð0Þi ∼ e−t=τ2 , and τ2 ≪ τ1 . In such a setting,
unfortunately, hydrodynamics breaks down once τ1 ∂ t ∼ 1,
because on these time scales, there is still only a finite
number of d.o.f.: the hydrodynamic modes and hPi. Rather
than integrating out hPi, we should keep it in our effective
theory, so that our description of the dynamics remains
valid all the way until τ2 ∂ t ∼ 1. At a phenomenological
level, we expect that the equations of motion will appear to
be hydrodynamic, except that hPi will have a small decay
rate 1=τ1 . Thus, we replace Eq. (1.2) with
∂ t hρA i þ ∂ i JiA ½hρA i; ∂hρA i; …; hPi; ∂ j hPi;    ¼ 0;
ð1:3aÞ
∂ t hPi þ ∂ i JiP ½hρA i; ∂hρA i; …; hPi; ∂ j hPi;    ¼ −

ð1:3bÞ
So long as τ1 ≫ τ2 , these equations of motion can describe
the evolution of the system extremely accurately, even on
time scales which are short compared to τ1 . Since (1.3) is
valid so long as τ2 ∂ t ≪ 1, it is a parametric improvement
over the hydrodynamic expansion without hPi as a d.o.f., as
hydrodynamics is only valid when τ1 ∂ t ≪ 1. As will be
discussed in the main body of this work, there is a welldeveloped theory for explicitly computing τ1 , either from
field theory or from holography, as the answers are known
to exactly match [38].
The reason that it is useful to include hPi as a formal
d.o.f. within effective theory is that in many cases, τ1 is a
divergent function of a single dimensionless parameter
λ: τ1 ðλÞ ∼ λ−α . Then as λ → 0, there is a parametric
separation between τ1 and τ2 , such that the resulting
1

where ρA correspond to conserved densities, and J iA to
conserved currents which can be expanded in a gradient

hPi
:
τ1

The notion of operator orthogonality here can be formally
understood in terms of thermodynamic susceptibilities, see
e.g., [28].
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FIG. 1. A schematic depiction of the ranges of validity of hydrodynamics and quasihydrodynamics for two distinct spectra plotted on
the complex frequency ω plane. In the left panel, relaxation times of all nonhydrodynamic modes are comparable and the IR part of the
spectrum is dominated by hydrodynamic modes. There is no quasihydrodynamic regime as τ1 ∼ τ2 . In the right panel, τ1 is much larger
than the other relaxation times (τ1 ≫ τ2 ) and so the hydrodynamic regime (shaded pink) has a greatly reduced regime of validity.
Because τ1 ≫ τ2 , if we include the resulting long-lived mode in our effective theory, we obtain an improved quasihydrodynamic theory
which is valid in a parametrically larger regime (shaded yellow). In each of the plots, the black circle depicts the hydrodynamic mode
with the usual diffusive decay rate Dk2 . The red circle is the massive mode hPi with the longest relaxation time τ1 ; blue circles depict
modes with faster relaxation times τ2 , τ3 , etc.

effective theory (1.3) is local and well behaved. For
concreteness, let us imagine a conventional fluid, placed
in a medium with static inhomogeneity which (weakly)
breaks translational invariance. If the dimensionless amplitude of the inhomogeneous source is λ, then momentum
will not be exactly conserved; instead, it will decay on a
time scale τ1 ∼ λ−2 . When λ ≪ 1, τ1 is very large and, as we
will review, there is a controlled prescription for computing
τ1 . Obtaining (1.3) using this prescription, hydrodynamics
can be improved to systematically account for weakly
broken symmetries (in this example, spatial translations)
and their corresponding approximate conservation laws. It
is straightforward to generalize (1.3) to the case where a
finite list of operators Pα is long lived. For lack of a better
phrase, we will call the theory in (1.3), in which an
approximately conserved quantity is treated on the same
footing as exactly conserved quantities, a quasihydrodynamic theory.
Let us emphasize from the outset that the quasihydrodynamic equations (1.3) are physical equations: all quasinormal modes and poles in correlation functions which are
predicted by (1.3) on frequency scales jωj ≪ τ−1
2 must exist
in the true physical system. Because the formalism for
deriving quasihydrodynamics is only exact when τ−1
1 is
perturbatively small (λ ≪ 1), one should not allow for the
relaxation time τ1 appearing in (1.3) to become small. If
τ1 ∼ τ2 (as might be expected when the symmetry breaking
parameter λ ≳ 1), the quasihydrodynamic equations (1.3)

do not make sense and must be replaced with ordinary
hydrodynamic equations (1.2). The difference between the
limits λ ≳ 1 (left panel) and λ ≪ 1 (right panel) is illustrated in Fig. 1.
The purpose of this work is to make a three-fold
contribution to an already existing theory of quasihydrodynamics, which should help in unifying a number of past
results under a common language as well as establish a
systematic way to study such theories in the future. First,
we point out that—at least within linear response—a large
number of well-known phenomenological theories are
quasihydrodynamic: these include not only the momentum-relaxing fluid, but also magnetohydrodynamics and
plasma physics with dynamical photons, simple models of
viscoelasticity, (at least in some cases) the Müller-IsraelStewart (MIS) theory of relativistic hydrodynamics, and
(quantum) kinetic theory (in some respects). In every case,
we identify both the approximately conserved quantities
and the perturbatively small parameters which govern their
decay rates. Some of these identifications are novel and
may lead to new insights into old phenomenolgoical
theories. Second, we note that many quasihydrodynamic
theories exhibit a universal “semicircle” law in which a
hydrodynamic diffusion pole collides with a quasihydrodynamic pole to create a propagating wave. A well-understood
example is the formation of sound waves in a momentumrelaxing fluid at frequencies ≫ τ−1
1 . Examples that (to the
best of our knowledge) have never yet been understood as
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quasihydrodynamic include transverse sound waves in
elastic solids and electromagnetic waves in plasma physics.
Third, we study strongly coupled quantum theories with
holographic duals [28] and describe how quasihydrodynamics arises from the bulk perspective. Within linear response,
we show that the quasihydrodynamic regime exists and that
quasihydrodynamics can be resummed to all orders in ωτ1
by a controlled bulk computation of the quasihydrodynamic
correlation functions and equations of motion. This allows us
to—for the first time—present an unambiguous identification of a photon in a holographic plasma, thereby justifying
claims made in Refs. [31,39]. We also demonstrate how in a
specific holographic model, MIS phenomenology and quasihydrodynamics with an approximately conserved stress
tensor can arise. Earlier calculations along similar lines can
be found in [40].
The outline of this paper is as follows. In Sec. II, we
discuss the general quasihydrodynamic framework, and
explicitly show that theories including MIS theory, magnetohydrodynamics and viscoelasticity are quasihydrodynamic in certain controllable limits. This part of the paper
will serve as a more detailed summary of our results.
Section III summarizes our holographic algorithm for
analytically computing quasihydrodynamic equations of
motion for the boundary theory, which we expect will find
broad applicability to similar holographic problems.
Sections IV and V deal with holographic theories of
magnetohydrodynamics and higher-derivative EinsteinGauss-Bonnet gravity, respectively. In each case, we show
analytically how the quasihydrodynamic limit arises.
II. HYDRODYNAMICS WITH WEAKLY
BROKEN SYMMETRIES
In this section, we outline how our framework of
quasihydrodynamics for systems with approximately conserved quantities can be used to understand a large number
of phenomenological theories known from past literature.
In particular, we begin by giving precise formulas for the
phenomenological τ1 introduced in (1.3). We will then
describe multiple examples of quasihydrodynamic theories
and discuss the consequences of weakly broken symmetries
on the quasihydrodynamic modes.

commute with the Hamiltonian H0 . Let us now perturb the
Hamiltonian as
H ¼ H0 þ ϵH1 ;

so that ρa no longer commute with the full Hamiltonian H:


Z
H 1 ; dd xρA ðxÞ ¼ 0;

ð2:3aÞ



Z
d
H1 ; d xρa ðxÞ ≠ 0:

ð2:3bÞ

The charge densities ρa are our approximately conserved
quantities. The quasihydrodynamic expansion is a derivative expansion in which—as we will see—ϵ ∼ ∂ α will scale
with derivatives.
Let μA and μa denote the thermodynamic conjugates
(i.e., generalized chemical potentials) to ρA and ρa , respectively, and let
χ AB ¼

ð2:4Þ

∂ t hρA;a i þ ∂ i hJiA;a i ¼ 0;

ð2:5Þ

where hρA;a i and hJiA;a i are implicitly functions of μA;a and
their derivatives. One can show that when ϵ ≠ 0 [41],
∂ t hρA i þ ∂ i hJ iA i ¼ 0;

ð2:6aÞ

∂ t hρa i þ ∂ i hJ ia i ¼ −ϵN ab μb − ϵ2 M ab μb þ Oðϵ3 ; ϵ∂Þ;
ð2:6bÞ
where
N ab ¼

One of the ρA is always the energy density. The operators
associated with ρa are also conserved, i.e., their charges

∂hρA i
∂μB

denote the susceptibility matrix of the hydrodynamic
operators. The susceptibility matrices χ Ab and χ ab are
defined in a similar manner. Suppose that when ϵ ¼ 0,
the hydrodynamic equations read

A. Linear response
Let us first summarize what is known about the equations
of motion of a quasihydrodynamic theory, within linear
response. Suppose that the many-body Hamiltonian H0
admits a number of local conservation laws associated with
charge densities ρA and ρa :

 

Z
Z
H0 ; dd xρA ðxÞ ¼ H0 ; dd xρa ðxÞ ¼ 0: ð2:1Þ

ð2:2Þ

∂h_ρa i
;
∂μb

M ab ¼ lim

1

ω→0 ω

ImðGRρ_ a ρ_ b ðk ¼ 0; ωÞÞ;

ð2:7aÞ
ð2:7bÞ

and X_ ¼ i½H1 ; X denotes the decaying part of the approximately conserved densities (up to ϵ, which has been
rescaled out). Note that N ab ¼ −N ba [41]. All dissipative
contributions to quasihydrodynamics are contained in the
matrix M ab , proportional to the spectral weight of ρ_ a . The
left-hand side of (II A) can also be expanded as a power
series in ϵ, but as we will see, such terms will always be
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subleading compared to the orders in the derivative
expansion in which we are interested.
If N ab ≠ 0, then we take ϵ ∼ ∂ in the gradient expansion.
An example of such a system is applying a small, nondynamical external magnetic field B to a charged fluid,
which breaks momentum conservation in two spatial
directions. In this case ϵ ∝ B, and the approximately
conserved operators labeled by a are two spatial momenta:
e.g., Px and Py . The Mab corrections are subleading in the
derivative expansion and contribute at the same order as
viscosity.
If N ab ¼ 0, which is the case we will focus on in this
paper, then we take ϵ2 ∼ ∂ in the gradient expansion.
A similar observation was made in [42]. In this case,
Mab is treated as a first-order term in the gradient
expansion.

should not be taken seriously once ωτmft ≳ 1, so there is no
true inconsistency between hydrodynamics and the sum
rule. Nevertheless, it is helpful to have a toy model which
is both consistent with microscopic sum rules, and obeys
(2.8) on long wavelengths. This can be arranged by
introducing an additional quasihydrodynamic field J
and regulating (2.8) in a manner compatible with (1.3):
∂ t S þ ∂ x J ¼ 0;
∂tJ þ

∂ t S ¼ D∂ 2x S þ    :

i
D
ω2 þ ω − k2 ¼ 0;
τ
τ

ω ¼ −iDk2 þ    :

ð2:9Þ

Such poles are often called hydrodynamic quasinormal
modes. The leading-order correction to (2.9) arises from
third-order hydrodynamics with a term proportional to
Oðk4 Þ [13].
There are several reasons why a dispersion relation of
the form of (2.9) is problematic. Its group velocity ∂ω=∂k
is proportional to k, which means that at large k, the
propagation of diffusive modes is superluminal and
thus acausal. A related problem is that hydrodynamic
Green’s functions fail to obey microscopic sum rules,
thus
R ∞ breaking Runitarity [43]. A sum rule typically fixes
−∞ dωωIm½G ðωÞ < ∞, and as the integral runs over
large ω, we cannot trust (2.8). Of course, it is clear that (2.8)

ð2:10bÞ

ð2:11Þ

and have dispersion relations
ω ¼ −

pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
i 
1  1 − 4Dτk2 :
2τ

ð2:12Þ

At small momentum k, (2.12) gives a diffusive mode (2.9)
and an additional massive gapped mode with the gap
controlled by the inverse relaxation time 1=τ:
ω− ¼ −iDk2 þ Oðk4 Þ;

ð2:8Þ

Here, D is the spin diffusion constant; the hydrodynamic
spin current is J ¼ −D∂ x S þ   , where    denotes
higher-derivative corrections. One can compute hydrodynamic Green’s functions that follow from (2.8) [44], which
accurately describe two-point functions in the quantum
theory at small k and ω. These Green’s functions have a
pole with the dispersion relation ωðkÞ given to first order by

D
1
∂ S ¼ − J:
τ x
τ

ð2:10aÞ

The dispersion relation for a single diffusive mode (2.9) is
then replaced by a pair of modes that follow from the
quadratic polynomial equation for ω,

B. Diffusion-to-sound crossover
A classic and possibly simplest quasihydrodynamic
model is an example of the diffusion-to-sound crossover
that interpolates from Fick’s law of diffusion at low
frequencies ωðkÞ to a propagating, soundlike linear (in k)
waves at high frequencies ωðkÞ. This example is illustrative,
and we will see how it arises in a diverse set of physical
systems in later sections.
One historical motivation for this model is as follows
[43]: consider a diffusion equation governing, e.g., the
magnetization in a spin chain with a locally conserved spin
S ¼ hσ z i:

PHYS. REV. D 99, 086012 (2019)

i
ωþ ¼ − þ iDk2 þ Oðk4 Þ:
τ
ð2:13Þ

The existence of an additional mode is a direct consequence
of introducing a new dynamical field J with ∂ t J in (2.10),
which makes the final (determinant) equation (2.11) quadratic in ω. At high k, the dispersion relation becomes linear
rﬃﬃﬃﬃﬃ
D
i
ω ¼ 
k −  Oð1=kÞ;
τ
2τ

ð2:14Þ

which is why it is often said, somewhat imprecisely,
that such modes become sound modes at large k. This
dispersion relation is causal so long as its group velocity is
  rﬃﬃﬃﬃﬃ
 ∂ω
D
v ¼ lim   ¼
≤ 1:
k→∞ ∂k
τ

ð2:15Þ

The full dispersion relations from Eq. (2.12) exhibit the
simplest signature of quasihydrodynamics: the collision of
the two poles on the imaginary ω axis as a function of
increasing momentum k. This collision occurs at
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Following an argument of Kovtun [45], one may ask
whether the quasihydrodynamic pole collision is physical
and universal. Adding higher derivative terms to (2.8), we
can write down the following expansion, valid to second
order in either ∂ x and ∂ t :
∂ t S ¼ D∂ 2x S − τ∂ 2t S þ    :

FIG. 2. The collision of the diffusive and gapped modes from
the dispersion relation (2.12) is plotted on the complex ωτ plane
for a choice of D=τ ¼ 1=2. Arrows indicate the direction of
movement of the poles as kτ is increased. The poles start on the
imaginary axis, collide, and move off the axis.

which introduces a length scale into the problem above,
well below which the strict hydrodynamics (2.8) applies;
otherwise, the quasihydrodynamics of Eq. (2.10) applies.
For the theory presently under consideration, the collision
is plotted on the dimensionless complex ωτ plane in Fig. 2.
We also plot the real and imaginary parts of dimensionless
ωτ as a function of kτ in Fig. 3. Note that the behavior of
the imaginary part of ωτ displays the “semicircle law”
mentioned in the Introduction.
In terms of the quasihydrodynamic framework of this
work, the physical motivation behind Eq. (2.10) can be
understood as promoting the spin current operator itself to
being long lived. There is no generic reason for this to occur,
but when it does, then the present framework becomes
applicable. As summarized in the Introduction, what we
claim is that then, this type of a pole collision should be seen
as a signature of the presence of an approximately conserved
quantity. The existence of such an approximate symmetry
can then either arise from microscopic dynamics or exist
accidentally at certain special points in the parameter space
of couplings and other tuneable parameters.
Let us end this section by contrasting the quasihydrodynamic description with higher-derivative hydrodynamics.

ð2:17Þ

When treated ad verbum, this equation gives rise to exactly
the two modes of Eq. (2.12). However, since the above
theory is defined through a gradient expansion, one may
perform a field redefinition S → S0 whereby the two fields
are only made to differ by terms proportional to single
derivatives:
S ¼ S0 − α∂ t S0 − β∂ x S0 :

ð2:18Þ

In equilibrium, S0 ¼ S. As a result of this redefinition,
Eq. (2.17) becomes
∂ t S0 ¼ D∂ 2x S0 þ β∂ t ∂ x S0 þ ðα − τÞ∂ 2t S0 þ    :

ð2:19Þ

Since, in hydrodynamics, S has no microscopic definition,
it is just as good of a field as S0 . The physical spectrum
should thus be invariant under the field redefinition (2.18).
It is easy to see that one can choose the parameter α in such
a way that the spectrum of the gapped imaginary mode is
altered in a rather dramatic way. For example, one can
choose α ¼ τ, so that to order Oðk2 Þ, the gapped mode is
removed from the spectrum, leaving us with a single
unambiguous diffusive mode, ω ¼ −iDk2 þ Oðk3 Þ. The
gapless diffusive mode is on the other hand invariant under
the field redefinition. Similarly, one can choose α > τ to
make the gapped mode unstable. We note that the fact that
different choices of hydrodynamic variables can generate
unphysical modes is a well-documented phenomenon in
hydrodynamic literature (see e.g., [46]). In light of this
discussion, it is therefore natural to ask whether and
when the gapped imaginary mode ωþ ¼ −iτ−1 describes
a physical excitation.

FIG. 3. Plots of the real and imaginary parts of the two dispersion relations in (2.12) for a choice of D=τ ¼ 1=2.
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The answer to this question depends on “perspective.” If
S is the only d.o.f. that has been retained within the IR
theory, then indeed the hydrodynamic diffusive pole is the
only physical mode in the theory. However, the quasihydrodynamic theory of Eq. (2.10) is different: both S and J
are independent fields and both have been kept in the IR
description. The equations contain only first-order derivatives and are not a formal gradient expansion. In fact, to
the order in which we have performed the quasihydrodynamic expansion, field redefinitions are “forbidden”: redefining S leads to second-derivative (subleading) corrections
to its equation of motion, whereas J cannot be redefined at
all as it is not a conserved quantity. The explicit presence of
τ in the quasihydrodynamic equations partially fixes the
fluid frame. Hence, in the quasihydrodynamic theory, the
gapped mode ωþ is physical—the theory contains additional d.o.f.
C. Müller-Israel-Stewart theory
As for the second example, we turn our attention to the
Müller-Israel-Stewart theory of relativistic hydrodynamics
[47–49], in particular, to its complete form, which is a
direct extension of second-order hydrodynamics [10] (the
BRSSS theory). In the language of the Schwinger-Keldysh
field theory, the study of MIS theory was initiated in
Ref. [6]. In order to place the MIS theory within the context
of quasihydrodynamics and theories with approximately
conserved currents, let us consider the four-dimensional,
neutral and conformal stress-energy tensor expanded to
second order in derivative expansion [10]:

T

μν

μ ν

μν

¼ εu u þ pΔ − ησ

μν

h

þ ητΠ Dσ

μνi


1 μν
þ σ ð∇ · uÞ
3

þ κ½Rhμνi − 2uρ Rρhμνiσ uσ  þ λ1 σ hμ ρ σ νiρ
þ λ2 σ hμ ρ Ωνiρ þ λ3 Ωhμ ρ Ωνiρ ;

ð2:20Þ

where D ¼ uλ ∇λ is the longitudinal derivative, Δμν ¼
uμ uν þ gμν , σ μν ¼ 2∇hμ uνi is the shear stress tensor,
Ωμν ¼ ∇μ uν − ∇ν uμ the vorticity, Rρμνσ the Riemann tensor
of the manifold the fluid occupies, and the bracket Ahμνi
denotes the transverse, symmetric and traceless part of Aμν :
hμνi

A

1
1
≡ Δμρ Δνσ ðAρσ þ Aσρ Þ − Δμν Δρσ Aρσ :
2
3

generates a coupled set of four hydrodynamic partial
differential equations for the three independent components
of uμ and any scalar function, e.g., ε, or alternatively, the
near-equilibrium temperature field TðxÞ, which in general
have acausal solutions, just as in the simple diffusive case
in Sec. II B.2 These equations correspond to the purely
hydrodynamic set of equations of the (1.2) type, with only
strictly conserved energy and momentum. Hereon, we will
only consider linearized solutions of (2.22)—the quasinormal modes—in flat space.
As in Sec. II B, the full set of diffusive and propagating
sound modes suffers from acausal behavior. Similarly, this
problem can be cured by treating Πμν ¼ −ησ μν as an
independent set of 5 d.o.f. (Πμν is transverse, symmetric
and traceless) and rewriting T μν in terms of Πμν as
T μν ¼ εuμ uν þ pΔμν þ Πμν ;

ð2:22Þ

ð2:23Þ

and introducing an independent equation of motion for Πμν.
In this work, we will only consider the linearized stressenergy tensor. What we find is the following set of nine
quasihydrodynamic differential equations:
∂ μ ½ðε þ pÞuμ uν  þ ∂ ν p þ ∂ μ Πμν ¼ 0;
h

DΠμνi þ

2η hμ νi
1
∂ u ¼ − Πμν :
τ
τ

ð2:24aÞ
ð2:24bÞ

Equation (2.24b) is the approximate conservation law,
which we will, in analogy with our example from
Sec. II B, interpret as the equation of type (1.3). This
interpretation is only justified in certain theories, such as for
example in the holographic model we describe in Sec. V.
From the quasihydrodynamic perspective, we interpret
the linearized Eq. (2.24b) as a weakly broken conservation
law for an approximately conserved quantity associated
with Πij . To make this statement more explicit, we would
like to recast Eq. (2.24b) into an expression, which, as we
take τ → ∞, becomes a conservation equation—an equation expressing a vanishing divergence of some current. To
this end, and to first order in the fluctuations of all
quasihydrodynamic fields, we can write
1 ij
∂ t Πij þ ∂ k Jkij
Π ¼− Π ;
τ

ð2:21Þ

The coefficients ε and p are the thermodynamic energy
density and pressure, with ε ¼ 3p, η is the shear viscosity
and ητΠ , κ, λ1 , λ2 and λ3 are the second-order transport
coefficients.
The conservation of the stress-energy tensor T μν,
∇μ T μν ¼ 0;

PHYS. REV. D 99, 086012 (2019)

ð2:25Þ

where the purely spatial part of the associated current Jλμν
Π is
given within linear response by
δJkij
Π
2



2 ij k
kj i
ki j
¼ v ðϵ þ PÞ δ δu þ δ δu − δ δu
3
2

ð2:26Þ

For some recent progress on formal discussions of causality in
fluid dynamics, see [50].
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and
rﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
η
v¼
:
ðε þ pÞτ

ð2:27Þ

Note that J kij
Π is not symmetric in ðkiÞ or ðkjÞ indices.
ij
Moreover, it is natural to define J tij
so that the
Π ≡Π
Eq. (2.26) becomes
1 tij
kij
∂ t Jtij
Π þ ∂ k JΠ ¼ − JΠ :
τ

ð2:28Þ

Within linear response, this explicitly quasihydrodynamic
equation reproduces Eq. (2.24b). Beyond linear response, it
is less obvious how to define Jkij
Π , as the derivatives in the
equation of motion can now act on v2 ðϵ þ PÞ, along with
the projectors. We expect that the existence of quasihydrodynamics at the nonlinear level demands additional
constraints on these “thermodynamic” prefactors which we
will not explore in this paper. Nonlinear effects will not be
relevant for the holographic calculations that follow.
The coefficient τ plays the role of the relaxation time for
the additional quasihydrodynamic modes Πμν . In general,
the relaxation time τ and the second-order transport
coefficient τΠ in (2.20) need not be the same. However,
they are equal if the hydrodynamic series is truncated at
second order, as in Eq. (2.20). We will return to this point in
Sec. V. We emphasize that v is held fixed as τ is taken to be
parametrically large, such that these equations admit a
quasihydrodynamic interpretation. As η is the shear viscosity of the fluid in the true hydrodynamic limit,
this implies that η ∝ τ, as is indeed the case in ordinary
kinetic theory (see e.g., Ref. [51]). Therefore, as τ → ∞,
Eq. (2.24b) with the help of an introduction of J λij
Π
becomes, within linear response, a conservation equation
∂ μ Jμij
Π ¼ 0:

ð2:29Þ

We emphasize that if the quasihydrodynamic equations (2.24b) are taken seriously, they encode arbitrarily
high-order derivative corrections to hydrodynamics, not
just second-order hydrodynamics in Eq. (2.20). They make
physical predictions: the transverse diffusion of momentum
morphs into a ballistically propagating mode on a parametrically long time scale τ. In a generic fluid, we cannot
identify any (approximate) symmetry that enforces this.
Hence, these quasihydrodynamic MIS equations are not a
correct description of the second-order hydrodynamics of
generic fluids. Nevertheless, we will see that there are
special holographic fluids for which the quasihydrodynamic MIS equations are a quantitatively correct description of the dynamics on time scales much shorter than τ. It
would be interesting to obtain a better understanding of
why such fluids exhibit an approximately conserved
quantity Πμν.

We now look for the dispersion relations ωðkÞ of the
quasinormal modes by solving the system of equations (2.24a)–(2.24b) in the transverse (shear) and longitudinal (sound) channels. The quadratic and cubic
polynomial equations for shear and sound channels, respectively, are
i
η
shear∶ ω2 þ ω −
k2 ¼ 0;
ð2:30aÞ
τ
ðε þ pÞτ

i 2
4
η
ic2
3
sound∶ ω þ ω − c2s þ
ωk2 − s k2 ¼ 0;
τ
3 ðε þ pÞτ
τ
ð2:30bÞ
pﬃﬃﬃ
where cs ¼ 1= 3 is the speed of sound of a conformal fluid
in four dimensions. Notice that the equation (2.30a) in the
shear channel is identical to Eq. (2.11) from Sec. II B, up to
the identification of the diffusion constant with the usual
ratio
D¼

η
η
¼
;
ε þ p sT

ð2:31Þ

where s is the entropy density. The solutions of (2.30a) are
thus again
rﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ

i
4ητ 2
ω ¼ −
1 1−
k ;
2τ
εþP

ð2:32Þ

with the same small-k and large-k characteristics as the pair
of modes in Sec. II B—the collision of the diffusive and
gapped poles occurs at the critical momentum
rﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
εþp
kc ¼
:
4ητ

ð2:33Þ

After the collision, at large k, the speed of propagation
is given by v, defined in (2.27). We refer the reader to
Figs. 2 and 3.3
In the sound channel, the cubic (in ω) polynomial
equation (2.30b) gives three modes with dispersion relations that can be found explicitly, but we do not state them
here in full. The modes consist of a pair of hydrodynamic
modes with the sound dispersion relation at small k and a
gapped mode. In the small-k expansion, they are

3

k
2
η
ω1;2 ¼  pﬃﬃﬃ − i
k2  Oðk3 Þ;
3
ε
þ
P
3

ð2:34aÞ

i 4
η
ω3 ¼ − þ i
k2 þ Oðk4 Þ:
τ 3 εþP

ð2:34bÞ

For a recent discussion of this behavior in experiments and
numerical simulations done in various liquid phases, see e.g., the
review in Ref. [52].
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FIG. 4. The collision of the MIS sound channel dispersion
relations plotted on the complex ωτ plane for a choice of
D=τ ¼ η=ððε þ pÞτÞ ¼ 1=2. Arrows indicate the direction of
movement of the poles as kτ is increased.

We note that because of a single relaxation time τ, the gap is
the same in both channels. As a result, at k ¼ 0, when the
SOð3Þ rotational invariance is restored, both shear and
sound channels exhibit only a single gapped mode each
with ω ¼ −i=τ. We also note that if the hydrodynamic
modes are matched to those derived from second-order
hydrodynamics, then τ ¼ τΠ . At large k,
ω1;2


¼ 1þ

1=2 k
4η
pﬃﬃﬃ
ðε þ pÞτ
3

2iη
4η
−
1þ
ðε þ pÞτ
ðε þ pÞτ2


i
4η
1þ
τ
ðε þ pÞτ

D. Magnetohydrodynamics
ð2:35aÞ

−1

conserved quantity. Moreover, since the “UV completion”
of the MIS theory is highly phenomenological, it is difficult
to understand the precise microscopic origin of Πμν or how
the theory should be correctly extended. For this reason, it
would be highly desirable to have a well-defined microscopic way of deriving the MIS theory. As we will show in
Sec. V, the structure of the MIS theory and its equations can
in fact be systematically derived from holography, using
dual higher-derivative theories, such as the Einstein-GaussBonnet theory [51,53,54]. This will be done to first order in
fluctuations of the equilibrium fields. Indeed, the fact that
the structure of MIS should be reproduced by higherderivative theories could be anticipated from the studies of
coupling-dependent properties of thermal spectra in
[51,54]. It was shown there that the coupling between
hydrodynamic and new, purely relaxing modes at intermediate coupling gives rise to the polynomial equations (2.30) and thus dispersion relations (2.32) and
(2.34). The relaxation time τ is controlled by the coupling
constant, and in the regime of large higher-derivative
terms—weak field theory coupling—the new modes
become long lived with τT ≫ 1. In Sec. V, we will
explicitly demonstrate how Πμν arises from dual gravitational perturbations, and derive the (linearized) structures
through which it couples to T μν in equations of motion—
i.e., the MIS equations (2.24).

−1

 Oð1=kÞ;
ω3 ¼ −

PHYS. REV. D 99, 086012 (2019)

þ Oð1=kÞ:

ð2:35bÞ

We plot the full dispersion relations in Figs. 4 and 5. The
precise motion of the quasihydrodynamic modes in the
complex plane depends on D and τ [51].
As in the previous subsection, it is tempting to associate
this theory with quasihydrodynamics, yet, a priori, there is
no reason why Πμν would correspond to an approximately

We now turn our attention to the second main example of
a quasihydrodynamic theory studied in this work: magnetohydrodynamics of a plasma with dynamical photons.
Plasma is an ionized gas, which is charge-neutral at
long distances—the long-range electric force is Debye
screened and in the plasma phase, photons are massive.
Nevertheless, the constituents of the plasma interact
electromagnetically. While its long-distance charge neutrality implies that the equilibrium electric field E ¼ 0, the
equilibrium magnetic field B can be arbitrarily strong. In
its standard formulation [29,30] (see also Ref. [31]),

FIG. 5. Plots of the real and imaginary parts of the sound dispersion relations for a choice of D=τ ¼ η=ððε þ pÞτÞ ¼ 1=2. Note that
Im½ω1  ¼ Im½ω2 .
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magnetohydrodynamics (MHD) is a theory of fluid motion
(continuity equation and Euler or Navier-Stokes equations)
coupled to Maxwell’s equations of electromagnetism. The
equations of ideal MHD are
∂ t ρ þ ∇ · ðρvÞ ¼ 0;
ρð∂ t þ v · ∇Þv ¼ −∇p þ

ð2:36aÞ
1
ð∇ × BÞ × B;
μ0

∂ t B ¼ ∇ × ðv × BÞ;
∇ · B ¼ 0;

p
ð∂ t þ v · ∇Þ γ
ρ

¼ 0;

ð2:36bÞ
ð2:36cÞ
ð2:36dÞ
ð2:36eÞ

where v is the velocity, ρ is the mass density, p the pressure
and μ0 the vacuum permeability. Eq. (2.36a) is the continuity equation, Eq. (2.36b) the (Lorentz) forced Euler
equation, Eq. (2.36c) is Faraday’s law, (2.36d) is magnetic
Gauss’s law constraint equation and Eq. (2.36e) is the
adiabatic equation of state with γ ¼ 5=3. The electric field
is not treated a dynamical variable. Thus, neglecting ∂ t E
in Ampere’s law fixes the current in the Lorentz
force contribution to (2.36b). In Faraday’s law, E is
completely fixed by the assumption of the idea Ohm’s
law E ¼ −v × B and the leading-order dissipative correction to this relation are suppressed by 1=σ where σ is the
conductivity. Gauss’s law plays no role in ideal MHD. For
details, see Ref. [31].
The theory of MHD was recently reformulated by using
the language of higher-form (generalized) global symmetries in [21].4 All known MHD equations and their
systematic dissipative extensions follow from the realization that plasma possesses a global Uð1Þ one-form symmetry associated with the conservation of the number of
magnetic flux lines. As a result, the theory has a two-form
conserved current Jμν and the full set of equations of
motion is [21]5

4

∇μ T μν ¼ 0;

ð2:37aÞ

∇μ J μν ¼ 0:

ð2:37bÞ

The relation between MHD formulated in the language of
higher-form symmetries and MHD written directly in terms of
electromagnetic fields was discussed in [22]. A recent work [55]
claimed that writing down a consistent hydrodynamic partition
function for MHD (on a thermal circle) requires the addition of an
extra scalar d.o.f. For a hydrodynamic theory with such a mode,
the relation between the two different formalisms requires additional considerations, which were worked out in [55].
5
For the construction of a theory of fluids with q-form
symmetries, see Ref. [56].

In terms of the microscopic photon field Aμ , the twoform current is Jμν ¼ 12 ϵμνρσ Fρσ , with Fμν ¼ ∂ μ Aν − ∂ ν Aμ .
Eq. (2.37b) is the Bianchi identity. The holographic dual of
MHD, which we will study in Sec. IV, was constructed in
Ref. [31].6
Unlike standard MHD, a symmetry-based classification
of the stress-energy tensor T μν and the two-form Jμν
permits a systematic gradient expansion with all possible
transport coefficients. Moreover, the equation of state of the
plasma can be an arbitrary function of temperature and the
strength of the magnetic field, parametrized by the chemical potential μ conjugate to the number density of the
magnetic flux lines ρ. In particular, the pressure can be an
arbitrary function pðT; μÞ. Beyond μ, the other hydrodynamic fields are the usual T, uμ and the spacelike vector
field hμ . The vectors are normalized in the following way:
uμ uμ ¼ −1, hμ hμ ¼ 1, uμ hμ ¼ 0. The relevant thermodynamic relations are ε þ p ¼ sT þ μρ and dp ¼ sdT þ ρdμ.
Explicitly, to first order in the gradient expansion (see
Ref. [21]),
T μν ¼ ðε þ pÞuμ uν þ pgμν − μρhμ hν þ δfΔμν
þ δτhμ hν þ 2lðμ hνÞ þ tμν ;
Jμν ¼ 2ρu½μ hν þ 2m½μ hν þ sμν ;

ð2:38aÞ
ð2:38bÞ

where
δf ¼ −ζ⊥ Δμν ∇μ uν − ζ × hμ hν ∇μ uν ;

ð2:38cÞ

δτ ¼ −ζ× Δμν ∇μ uν − ζk hμ hν ∇μ uν ;

ð2:38dÞ

lμ ¼ −2ηk Δμσ hν ∇ðσ uνÞ ;

ð2:38eÞ


1
t ¼ −2η⊥ Δμρ Δνσ − Δμν Δρσ ∇ðρ uσÞ ;
2

hν μ
μ
μβ ν
m ¼ −2r⊥ Δ h T∇½β
;
T
μν

sμν ¼ −2rk Δμρ Δνσ μ∇½ρ hσ ;

ð2:38fÞ
ð2:38gÞ
ð2:38hÞ

with η⊥ , ηk , ζ⊥ , ζ k , ζ× , r⊥ and rk the seven transport
coefficient in a charge conjugation symmetric state (see
also Ref. [22]). The projector transverse to uμ and hμ
is Δμν ¼ gμν þ uμ uν − hμ hν .
As in standard MHD, the electric field is not a dynamical
variable. In the formalism of [21], using the microscopic
relation between Jμν and Fμν , we can write the (relativistic)
magnetic and electric fields in the fluid’s comoving
frame as
6

For a study of different aspects of the same holographic
theory dual to a state with a one-form symmetry, see [39].
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Bμ ≡ Jμν uν ¼ ρhμ ;

ð2:39aÞ

1
1
Eμ ≡ − εμνρσ uν J ρσ ¼ − εμνρσ uν ð2m½ρ hσ þ sρσ Þ;
2
2
ð2:39bÞ
where the electric field Eμ is proportional to one-derivative
tensors mμ and sμν and thus, the two resistivities r⊥ and
rk —a generalized (inverse) Ohm’s law. Note that in the
above relativistic definition, the electric field Eμ is defined
in the frame where the fluid is at rest. For this reason, in
equilibrium, Eμ ¼ 0. This should be contrasted with electric and magnetic fields measured in equilibrium of the
plasma, i.e., when uμ ¼ ð1; 0Þ. Adopting the definitions
in (2.39), we write
Bi ¼ J ti ;

1
Ei ¼ − εijk J jk :
2

ð2:40Þ

When perturbed away from the equilibrium, i.e., for uμ ¼
ð1; vÞ with jvj2 ≪ 1, then the constitutive relations for Jμν
together with the definitions (2.40) give rise to the ideal
Ohm’s law used above, E ¼ −v × B. The conservation law
∂ μ Jμν ¼ 0 automatically gives Faraday’s and magnetic
Gauss’s laws. Also, note that the identifications (2.39a)
and (2.39b) require the state to be perturbatively connected
to the vacuum so that the “concept” of a microscopic
photon field Aμ exists.
It is clear from the present discussion that the effective
theory of MHD is only valid so long as the electric field in a
plasma is small—of the order of momentum. Therefore, for
example, an initial state with a separation of positive and
negative charges, and thus a large initial electric field that
may lead to plasma oscillations cannot be described by
MHD. Moreover, such scenarios would necessarily break
the gradient expansion. Additional d.o.f. are required in the
effective theory. These d.o.f. are gapped massive
pﬃﬃﬃﬃ photons.
Consider for example a thermal plasma with B=T ≪ 1 in
quantum electrodynamics (QED). Then, to leading order, the
Debye mass is m2D ¼ 13 e2 T 2 . In the (extreme) low-energy
limit, k=mD ∼ k=T ≪ 1, so the spectrum of the effective
theory contains no gapped photons. This is MHD. However,
when either the electric field or k become comparable to T,
the inclusion of massive photons is needed.
One may attempt to use the MIS-type procedure from
Sec. II C to perform a simple phenomenological extension
of the MHD equations (2.37a)–(2.37b) to include additional massive d.o.f. Since the dynamical electric field
arises from the charge sector, we can extend the twoform as
Jμν ¼ 2ρu½μ hν þ J μν ;

and μ. In order to keep the definition of electric and
magnetic fields consistent with Eqs. (2.39b) and (2.39a),
we introduce the following constraint
J μν uν ¼ 0;

ð2:42Þ

which enforces Eq. (2.39a). Hence, J μν contains three
independent d.o.f. and governs the dynamical electric field
[cf. Eq. (2.39b)]:
1
Eμ ¼ − εμνρσ uν J ρσ :
2

ð2:43Þ

In the vacuum state, there are no thermally charged
particles. Hence, by electric/magnetic duality, if the magnetic flux density is a conserved quantity, so is the electric
flux density. At finite temperature, the electric flux density
is no longer conserved, yet at sufficiently low temperature it
may be the case that only a few thermally excited charges
are present. In this limit, it is natural to expect that the
breaking of the electric conservation law is weak and that
the dynamical photon is a quasihydrodynamic excitation. It
is more convenient to write such quasihydrodynamic
equations in terms of J μν instead of Eμ :
∇μ T μν ¼ 0;

ð2:44aÞ

∇μ ð2ρu½μ hν Þ þ ∇μ J μν ¼ 0;

ð2:44bÞ

2
1
1
uλ ∇λ J μν − m½μ hν − sμν ¼ − J μν :
τ
τ
τ

ð2:44cÞ

While the form of the MIS-like equation in (2.44c) may
appear unfamiliar, its extension of the MHD equations (2.37a)–(2.37b) is precisely the desired dynamical
version of Ampere’s law in a plasma with Ohm’s law fixing
the current. In fact, the main consequence of Eq. (2.44c) is a
reinstated time derivative of the electric field in Ampere’s
law. To see this, we need to perform a small perturbation of
the (extended) hydrodynamics variables uμ , T, μ, hμ and
J μν around equilibrium. Here, for reasons of Sec. IV, we
will only focus on transverse fluctuations. If we assume
that the equilibrium magnetic field is pointing along the z
direction, then the resulting changes of various components
of conserved operators in the transverse channel become

ð2:41Þ

where J μν is an antisymmetric two-form, which we treat as
encoding massive d.o.f. that are independent of uμ , hμ , T

PHYS. REV. D 99, 086012 (2019)

δT ti ¼ ðε þ pÞδui ;

ð2:45aÞ

δT zi ¼ −μρδhi þ ηk ∂ z δui ;

ð2:45bÞ

δJti ¼ ρhi ;

ð2:45cÞ

δJ zi ¼ −ρvi þ J zi ;

ð2:45dÞ

with J tz ¼ ρ ¼ Bz setting the strength of the magnetic field
in equilibrium. Using Eq. (2.40), it is then straightforward
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to show that at the leading order in derivatives, Eq. (2.44c)
becomes the advertized Ampere’s law in a plasma:

μr⊥
μρ
ð∇ × BÞ
þ
∂tE −
εþp
ρτ
1
¼ − ðE þ v × BÞ þ Oð∂ 2 Þ;
ð2:46Þ
τ
for perturbations that only depends on t and z. The righthand side is nothing but the boosted Ohm’s law in the
presence of a magnetic field. The relaxation time τ is
inversely proportional to the conductivity of the plasma. It
turns out that the holographic model of [31,39] precisely
encodes the above equation for any strength of the
magnetic field, including B ¼ 0. This will be shown
in Sec. IV.
As in Sec. II C, it is helpful to explicitly re-write (2.44c)
in a quasihydrodynamic form (the other two equations
of MHD are manifestly conservation laws, as previously
discussed). In analogy with our discussion in Sec. II C, one
can write the left-hand side of Eq. (2.44c) as the divergence
tij
ij
of a three-index current Jμij
J , where J J ¼ J . We again
emphasize that this procedure is completely well behaved
within the linear response regime, and that the procedure is
not yet developed beyond linear response. The spatial
components of the current Jkij
J that corresponds to the
approximately conserved number of electric flux lines can
be explicitly written as


δT
kij
k½i j δμ
δJJ ¼ χ ⊥ Δ h
−
þ hk h½i Δjm δhm
μ
T
þ χ k Δk½i δhj ;

Alfvén waves (see [21]). To this end, we perturb to first
order the quasihydrodynamic fields with the Fourier
decomposition e−iωtþikx sin θþikz cos θ and compute the spectrum in this channel. Note that J μν has a zero equilibrium
value (E ¼ 0 in equilibrium). Again, the magnetic field is
chosen to point in the z direction. θ denotes the angle
between the background magnetic field and momentum;
without loss of generality we set ky ¼ 0. In the (transverse)
Alfvén channel, the only nonzero fluctuations are δuy , δhy ,
δJ xy and δJ yz . Instead of a pair of Alfvén modes, we now
obtain a cubic polynomial for the quasinormal modes,
which has the form

 
1 VðθÞ 2 2 1 VðθÞ μRðθÞ
3
ω þi þ
k ω −
þ
τ εþp
τ εþp
ρ


μρcos2 θ
i μρ2 cos2 θ þ μVðθÞRðθÞk2 2
þ
ωk2 −
k ¼ 0;
εþp
τ
ðε þ pÞρ
ð2:49Þ
where the anisotropic combinations of viscous and resistive
transport coefficients are defined as
VðθÞ ≡ η⊥ sin2 θ þ ηk cos2 θ;

ð2:50aÞ

RðθÞ ≡ rk sin2 θ þ r⊥ cos2 θ:

ð2:50bÞ

In the small k expansion, the three modes take the form

rﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
μρ
i VðθÞ μRðθÞ 2
kcosθ −
þ
k  Oðk3 Þ;
ω1;2 ¼ 
εþp
2 εþp
ρ
ð2:51aÞ

ð2:47Þ

where δhμ , δμ and δT denote the linearized fluctuations,
and χ ⊥;k become
χ⊥ ¼

2r⊥ μ
;
τ

ð2:48aÞ

χk ¼

2rk μ
;
τ

ð2:48bÞ

but more generally, they may be more complicated functions, which have the property that within linear response,
their total derivatives of μ and T reproduce the coefficients
of hν ∂ ρ hν , ∂ ρ μ and ∂ ρ T respectively in (2.38) and (2.44c).
At the fully nonlinear level, the existence of such a
construction places very strong constraints on the functions
τ, r⊥ and rk , which have yet to be fully explored. At the
fully nonlinear level, it seems likely that the requirement
that J μij
J is conserved in the limit of τ → ∞ fixes much of
the functional form of χ ⊥ and χ k .
To investigate the simplest prediction of this theory, we
study the corrections from new modes to the transverse

i iμRðθÞ 2
k þ Oðk4 Þ:
ω3 ¼ − þ
τ
ρ

ð2:51bÞ

The pair of modes ω1;2 is the pair of (nonperturbative)
Alfvén waves from [21] and ω3 is the new gapped
mode. The form of the dispersion relations is completely
analogous to the sound modes in MIS theory,
cf. Eqs. (2.34a)–(2.34b), with the gapped mode ω3 having
the k2 term be twice the dissipative Oðk2 Þ contribution to
ω1;2 . Note that because we only extended Jμν and not T μν ,
this contribution is purely resistive. Because of the lack of
UV completion of T μν , which would introduce a second
relaxation time, the large k limit is still acausal.
The conclusion that can be drawn is precisely the same
as in the MIS theory. While the hydrodynamic part of the
theory—MHD—can be constructed unambiguously, the
construction of its MIS-type quasihydrodynamic extension,
while consistent with expectations, is highly phenomenological. In an analogous manner, [22] extended MHD by
adding the simplest E2 terms to the partition function and
treating Eμ as a dynamical field. This allowed them to find
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Langmuir waves in a plasma with nonzero charge density.
However, as we will see in Sec. IV, the theory of MHD
and its systematic extensions can be derived directly from
holography, in this case by using the holographic dual of
MHD constructed in [31].
Now that we have discussed the need to extend MHD
to a quasihydrodynamic theory, the question that remains
is what is the approximately conserved current when
τ ∼ τmft ? The answer is simple. In such systems, there
exists an approximate one-form symmetry associated with
an approximate conservation of a number of electric flux
lines crossing a co-dimension two-surface. In the limit of
τ → ∞, in which the mass of the new mode becomes
zero—i.e., the photon becomes massless—we arrive at an
electromagnetic vacuum state. In terms of Eqs. (2.44a)–
(2.44c), the two terms in (2.44b) combine into the full dual
electromagnetic field strength F̃μν ¼ 12 ϵμνρσ Fμν (u½μ hν ¼ uμν
is the magnetic part of F̃μν [21]) with both electric and
magnetic components, we can write F ¼ dA, so that both
dF ¼ 0 and d ⋆ F ¼ 0.
E. Theory of elasticity, higher-form symmetries and
topological aspects of quasihydrodynamic currents
It is instructive to look at another well-known example of
a quasihydrodynamic theory, which is in fact similar to
magnetohydrodynamics of Sec. II D. This is the theory of
elasticity, a historically extensively explored subject. While
not normally phased in this language, the recent reformulation of elasticity from the point of view of higher-form
symmetries [57] makes the connection to MHD (through
the symmetry structure) and quasihydrodynamics rather
transparent. Moreover, it will enable us to further elaborate
on the meaning of some approximately conserved currents,
which can be interpreted from a purely symmetry-based
perspective.
The theory of elasticity (see e.g., Ref. [58]) describes
the dynamics of an elastic medium in a d-dimensional
Euclidean space, embedded into the (d þ 1)-dimensional
spacetime xμ ¼ ðt; xi Þ. In its most common incarnation, the
theory uses a dynamical variable, which is the displacement
field ϕI , where I ¼ f1; …; dg. One can think of ϕI as
describing the coordinates of a given piece of the solid. The
dynamics of ϕI is governed by the conservation of
momentum
∂ μ PμI ¼ 0;

J
PμI ≡ Cμν
IJ ∂ ν ϕ ;

ð2:52Þ

ij
J
where P0I ¼ ρ∂ t ϕI and PiI ¼ Cij
IJ ∂ i ϕ . The tensor CIJ is
known as the elastic tensor (see e.g., Refs. [59–61] for
reviews). One may also think of this theory as a theory of
massless Goldstone boson that arise from spontaneously
broken translational symmetry due to the presence of a
lattice. Elasticity theory is then the low-energy limit in
which the inhomogeneity of the state can be neglected [62].
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For example, when all translational symmetries are
broken by the lattice with some corresponding spatial
group L, then the Goldstones ϕI parametrize the quotient
space Rd =L ≃ Uð1Þd .
In the solid free of crystalline defects, such as dislocations and disclinations, there exists an additional conserved
current when ϕI are single valued. In particular,
∂ μ1 JμI 1 …μd ¼ 0;

JμI 1 …μd ¼ ϵμ1 …μd ν ∂ ν ϕI :

ð2:53Þ

This property plays the role of the topological Bianchi
identity. As in the case of electromagnetism and MHD
discussed in Sec. II D, where the Bianchi identity should be
thought of as encoding the conservation of the number of
magnetic flux lines [21,32], Ref. [57] argued that the
topological current JI should also be treated as a genuine
conserved global current, which can facilitate the dynamics
of an effective field theory of elasticity.
In fact, the periodicity of the Goldstones, i.e.,
ϕI ðxÞ ∼ ϕI ðx þ lÞ, where l is the lattice spacing, gives
a straightforward interpretation to JμI 1 …μd as the current
corresponding to a conserved number of domain walls of
ϕI in a direction perpendicular to the ðμ1 ; …; μd ÞR plane.
Their conserved number density (the charge) is S1 ⋆JI ,
which in conventional language counts the number density
of the lattice sites of the elastic medium. The conservation
of the higher-form current implies that there can be no
crystalline defects in the system, which is consistent with
the interpretation of (2.53) noted above and stems from the
analytic properties of ϕI . By focusing on the theory in
2 þ 1 dimensions, one may work with a dualized description of the momentum operator in which PμI ¼ ϵμνλ FIνλ . In
this picture, the conservation of momentum is equivalent to
the conservation of magnetic flux lines in electromagnetism
(now point-like objects in 2 þ 1 dimension) and the
conservation of J I play a role of the conservation of
electric flux lines [60,61].
For a theory with a nonvanishing equilibrium domain
wall density hJI i ≠ 0, it is clear that the current J I and the
momentum PI are overlapped (in the terminology of the
memory matrix formalism).7 Among other things, this
gives rise to a propagating mode in the transverse channel
captured by linearized conservation laws. To be more
explicit, consider the fluctuation of the transverse
P⊥ ðt; xÞ ¼ T μy ðt; xÞdxμ in 2 þ 1 dimensions. Then,
J⊥ ðt; xÞ ¼ ϵμνλ ðC−1 · TÞλy dxμ ∧ dxν ;
−1

ðC

·

TÞJμ

¼

ν
ðC−1 ÞIJ
μν PI ;

where
ð2:54Þ

In this example, where J I ∼ ⋆PI , this statement is rather
obvious. However, one can also show that even when PI ≠ ⋆J I ,
the susceptibility of PI and J I is also nonzero by using the
consistency of the equilibrium partition function [57].
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and where C−1 is the inverse of the elastic tensor. The
conservation equation for J⊥ then couples to the conservation of momentum in the following way:
∂ μ Pμ⊥ ¼ ∂ t T ty þ ∂ x T xy ¼ 0;
∂ μ ðJ ⊥ Þμy ¼ ∂ t ðC−1 · TÞyx − ∂ x ðC−1 · TÞyt ¼ 0;

ð2:55aÞ
ð2:55bÞ

which can be combined into a wave equation for T ty upon
decomposition of C−1 (see e.g., [61]). This is in contrast
with the spectrum of transverse fluctuations of fluids,
which are controlled only by the conservation of momentum and, as a result, exhibit only (nonpropagating) diffusive modes (see also [57] and [63,64]).
The higher-form current JI can become approximately
conserved in the presence of small nondynamical dislocations. This scenario can occur in the melting of twodimensional crystals [65–68]. In this situation, one can
write down the broken Ward identity for J I as
1
∂ μ JIμν ¼ − JItν :
τ

1
∂ μ Qμ ¼ − Qt ;
ð2:57Þ
τ
R
R
where the operator Q ¼ ⋆j counts the number
density of the domain walls in the system. The
number is conserved when τ → ∞.
(ii) Higher-dimensional systems and domain walls:
One can straightforwardly generalize the (1 þ 1)dimensional discussion to a (d þ 1)-dimensional
system. Imagine a theory with a conserved oneform j. Then, we define Qμ1 …μd ≡ ϵμ1 …μd ν j̃ν , which
can be conserved or approximately conserved:
∂ μ j̃μ ¼ 0;

1
∂ μ1 Qμ1 …μd ¼ − Qtμ2 …μd :
τ

Equation (2.58) expresses the fact that the number
density of domain walls is only approximately
conserved. This discussion can be trivially extended
to higher-form currents. Note also that the form of
the higher-form currents (2.58) implies that the
equation governing ∂ t ji in the directions transverse
to the wave vector cannot depend on the momentum.
For example, in a (2 þ 1)-dimensional theory,
the equation of motion for j̃y ðt; xÞ following from
(2.58) is

ð2:56Þ

Depending on the time scale τ, the transverse excitation of
the system with an approximately conserved J I can exhibit
features of either a solid (propagating transverse sound) or a
fluid (pure diffusion). In the regime of ωτ ≪ 1, the system
exhibits a diffusive mode and a decaying nonhydrodynamic
mode is located at ω ¼ −iτ−1 at zero k. In the large ωτ
regime, where one can neglect the relaxation time of the
higher-form current, the two purely imaginary poles collide
and turn into transverse sound poles, just as in the examples
discussed in previous sections. This system therefore also
fits into the wide class of quasihydrodynamic theories.
Moreover, in the τ → ∞ limit, the approximately conserved
current has a clear interpretation in terms of the known
higher-form conserved current.
Interestingly, the approximately conserved currents discussed in previous subsections can often also be written as a
Hodge dual of an exactly conserved (hydrodynamic)
current in the system (perhaps after rescaling the time
coordinate). We end this section by listing some instructive
examples:
(i) A spin system: In 1 þ 1 dimensions, consider a
system with a conserved zero-form Uð1Þ current
∂ μ jμ ¼ 0, where jμ ¼ ðS; J Þ, in which there exists
an additional approximately conserved current conservation equation stated in Eq. (2.10) of Sec. II B.
One can define the current j̃μ ¼ ðS=v; J Þ where the
characteristic velocity is defined via v2 ¼ D=τ. We
further define Qμ ¼ ϵμν j̃ν . With these definitions in
hand, we can write the system of quasihydrodynamic equations (2.10) as

ð2:58Þ

1
∂ t j̃y ¼ − j̃y :
τ

ð2:59Þ

We will discuss a class of holographic models which
exhibit this property in Sec. III.
(iii) MIS theory: In the shear channel of the MIS theory,
the linearized equation of motion is identical to
the theory with an approximately conserved d-form
that appeared above in the context of the theory of
elasticity. The higher-form current is J ⊥ ¼ ⋆P⊥
(there is no appearance of an analogue of the elastic
tensor Cμν
IJ ). Similarly to the spin system discussed
above, the antisymmetric structure of J⊥ also implies that the spectrum in the scalar channel does not
depend on the wave vector. In particular, in 3 þ 1
dimensions, we have
1
∂ t δT xy ðt; zÞ ¼ − δT xy ðt; zÞ:
τ

ð2:60Þ

In the sound channel, the identification of the
approximately conserved operator does not follow
from such simple topological considerations.
(iv) Magnetohydrodynamics: The meaning of the approximately conserved current was already briefly
discussed in Sec. II D. For completeness, we only
restate here the main conclusion that in the vacuum,
there exist two one-form symmetries: the conservations of both numbers of magnetic and electric flux
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lines. They are encoded in conserved J and ⋆J,
where J is the magnetic two-form current. In a
plasma with long-lived photons, the electric flux
density becomes approximately conserved and there
is a quasihydrodynamic description.
F. Kinetic theory
A more subtle appearance of the quasihydrodynamic
formalism arises in (quantum) kinetic theory, within linear
response [69–77]. Let f p ðxÞ be the one-particle distribution
function of a kinetic theory for particles of momentum p at
position x, and let δf p ðxÞ denote perturbations away from
thermal equilibrium. The linearized kinetic equations read
X
∂ t δf p þ vip ∂ i δf p ¼ − W pq δf q ;

ð2:61Þ

q

where W pq is the linearized collision integral, whose
precise form we will not write here. As noted in [78] for
a (quantum) kinetic theory of fermions, W pq is related to
the spectral weight of the quasiparticle density operators.
Thus, (2.61) exactly reproduces (2.7), suggesting that
kinetic theory also fits into our broader framework of
hydrodynamics with weakly nonconserved operators. Here,
the set of conserved and approximately conserved operators
includes all quasiparticle density operators: e.g., c†p cp ,
where c†p and cp are quasiparticle creation/annihilation
operators at momentum p.
There is an important physical distinction between
(general) kinetic theory described here and other examples
of quasihydrodynamic theories studied above. As emphasized in the Introduction, quasihydrodynamic theories
typically have a small number of approximately conserved
quantities, along with a “soup” of many d.o.f. with much
shorter lifetimes. In the present example, however, all of the
interesting d.o.f. obtain lifetimes that are comparable to the
eigenvalues of W pq .
To the extent that kinetic theory is quasihydrodynamic,
we anticipate that the quasihydrodynamic analogy will also
persist to other integrable models in 1 þ 1 dimensions,
following the recent advances in “generalized hydrodynamics” [79–81]. We further expect that the quasihydrodynamic formalism may allow for a proper description of
dynamics in such theories when they are weakly perturbed
by integrability-breaking deformations.
One common approximation in kinetic theory is that the
relaxation to equilibrium is dominated by only a few
nonconserved modes [10,82]. In other words, W pq will
have a hierarchy of nontrivial eigenvalues and we focus on
the smallest ones. In the context of the linearized MIS
theory, the stress tensor itself is an approximately conserved quantity. This implies that
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δT

μν

Z 
¼

d4 p
ð2πÞ4

pμ pν δf

ð2:62Þ

on-shell

should “almost” be a null vector of the linearized collision
integral—namely, the corresponding eigenvalue of W pq
should be very small. In general, there is no reason for this
to occur. Nevertheless, one can explicitly reproduce the
MIS equations by evaluating the Boltzmann equation
integrated over pμ pν and assuming that

X

μνρ

Z 
¼

d4 p
ð2πÞ4

pμ pν pρ δf ≈ Xμνρ ðT; u; ΠÞ
on-shell

ð2:63Þ
can be approximately written in terms of only uμ, T and
Πμν . In this expression, one conventionally approximates
the collision integral in the relaxation time approximation
[10,82]. Let us emphasize that in a generic kinetic theory,
there is no reason to expect that Xμνρ ðT; u; ΠÞ is not just as
long lived as Π. What is special about the holographic
models we describe below is that for certain parameter
regimes and due to special microscopic reasons, Π is
(alone) a long-lived quantity.
An alternative approximation in kinetic theory is that all
nonzero eigenvalues of the collision integral are identical
(see e.g., Ref. [78]). Such models will not generically
recover the MIS phenomenology. To the extent that such
models are quasihydrodynamic, every single mode δf p is
quasihydrodynamic.
G. Other examples
There are a few further examples of quasihydrodynamics
that we will not address in this paper, but which we note
here for reference: the “zero-sound” physics of low temperature holographic probe brane models [40,83–85], and
quantum-fluctuating superconductivity [86]. Other systems
of interest that may be re-examined in the future from the
point of view of quasihydrodynamics include theories such
as the one studied in [87].
As mentioned in the Introduction, recent experiments
[23–26] have observed evidence for hydrodynamic flow
of electrons. Unfortunately, this hydrodynamic flow is not
exact due to the presence of impurities, phonons and
Umklapp scattering, all of which can relax momentum
away from the electronic fluid. As derived in [28,33], in the
presence of momentum relaxation, the linearized hydrodynamic equations of motion for momentum density gx and
energy density ϵ in a charge neutral fluid become exactly
analogous to (2.10), with S replaced by ϵ and J replaced by
gx . The conventional sound wave of a fluid is split into a
diffusive mode and a “gapped” mode, as depicted previously in Fig. 3.
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III. OUTLINE AND SUMMARY OF THE
HOLOGRAPHIC METHOD

IR at a planar black hole horizon at r ¼ rh . From general
principles,

The purpose of this section is to introduce a simple
holographic calculation of quasihydrodynamics. The
physical system that we study is a transition from diffusion
to ballistic physics, analogous to Sec. II B. Our focus here
is not on the physics, but on the technical strategy that we
use to analyze the holographic model. The methods that we
develop below are a streamlined version of the algorithm of
[38,40]. For the remainder of the paper, we assume that the
reader is familiar with holographic theories; we will not try
to explain the basics of the correspondence.
Our goal is to study linear response in a large-N (matrix)
field theory in d þ 1 spacetime dimensions. We postulate
that this theory is holographically dual to classical gravity
in d þ 2 spacetime dimensions. Single-trace operators
which are rank-s tensors in the field theory are dual
to rank-s fields in the bulk. In this section, we will be
studying a gauge field Aa in the bulk with field strength
Fab ¼ ∂ a Ab − ∂ b Aa . The dual operator of this gauge field
is a conserved Uð1Þ current associated to a conventional
(zero-form) symmetry. Suppose that the electromagnetic
part of the action is

aðrÞ ¼ 4πTðrh − rÞ þ Oððrh − rÞ2 Þ

SEM

1
¼−
4

Z

pﬃﬃﬃﬃﬃﬃ
d4 x −gXab cd Fab Fcd ;

ð3:1Þ

near the horizon, while bðrÞ is finite. If the UV theory is
conformal, then aðrÞ ∼ bðrÞ ∼ r−2 as r → 0. For simplicity,
we can assume these UV scalings in the discussion that
follows, though the general algorithm we describe is not
sensitive to this assumption.
Since Aa couples quadratically in SEM , we conclude that
the linearized equations of motion for bulk fields depend
only on fluctuations δAa . Using boundary spacetime translational invariance, we may write
δAa ðr; xμ Þ ¼

fX1 ; …; X6 g ¼ fXI

∂ r ðaX5 δA0x Þ −

where I ¼ ftx; ty; tr; xy; xr; yrg:
ð3:2Þ

These tensors X are functions of the background bulk
fields. We will assume that the background geometry is
isotropic and translationally invariant in the boundary
spacetime directions:
ds2 ¼


L2
bðrÞ 2
−aðrÞbðrÞdt2 þ
dr þ dx2 þ dy2 :
aðrÞ
r2

ð3:3Þ

We also assume that on the background geometry, Aa ¼ 0.
These assumptions suggest that X should only be functions
of the background metric, i.e., of aðrÞ and bðrÞ. Isotropy
implies that X1 ¼ X2 and X5 ¼ X6 everywhere in the bulk.
Furthermore, the regularity of the background solution
implies a relation between t and r components of Xabcd at
the horizon: X1 ðrh Þ ¼ X5 ðrh Þ and X2 ðrh Þ ¼ X6 ðrh Þ.
Holographic electromagnetic bulk actions that can be cast
in this form include the probe brane theory [40] as well as
theories with higher-derivative couplings for Fab [54,
88–90]. Our convention will be that the boundary theory,
which lives in the UV, is at r ¼ 0; the geometry ends in the

Z

dωdd k
⃗
δAa ðrÞe−iωtþik·⃗x
ð2πÞdþ1

ð3:5Þ

and need only solve ordinary differential equations for
δAa ðrÞ. For convenience, we will assume that k points in
the x direction. Let us first consider the equations of motion
for δAt and δAx , which couple and determine the one-point
functions hδjt i and hδjx i:

X
kX
∂ r 3 δA0t þ 1 ðωδAx þ kδAt Þ ¼ 0;
ð3:6aÞ
b
a

where the tensor Xabcd is antisymmetric under a ↔ b and
c ↔ d and symmetric under ab ↔ cd. In the fourdimensional bulk, there are only six components which are
I g;

ð3:4Þ

ωX1
ðωδAx þ kδAt Þ ¼ 0;
a

ð3:6bÞ

ωX3 0
δAt þ kaX5 δA0x ¼ 0:
b

ð3:6cÞ

In general, even for the simplest geometries, these equations cannot be solved exactly.
However, we do not need the exact solution. We are only
interested in the quasihydrodynamic regime, which (at least
in holography) necessitates
ω ≪ T:

ð3:7Þ

Roughly speaking, in holographic models, the radial
coordinate r corresponds to the “energy scale” at which
physics takes place. At energy scales large compared to
temperature, a field obeying (3.7) appears approximately
static. Indeed, if we look at (3.6), as r → 0, all of the ω and
k dependence is negligible. So we could perturbatively
construct a solution in ω and k near the boundary. In
contrast, very close to the horizon, (3.4) dominates the
equations of motion. The near boundary expansion fails
and instead the solutions must obey suitable infalling
boundary conditions. Indeed, (3.6) again becomes a simpler differential equation to solve in the limit r → rh .
Since we have two separate regimes in which the
solution to (3.6) appears simple, we may attempt to perform
a matched asymptotic expansion, as sketched in Fig. 6.
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Z

Z

bðsÞ
Φ1 ðrÞ ¼
ds
;
X3 ðsÞ
s¼0
r

Φ2 ðrÞ ¼

r

ds
s¼0

1
:
aðsÞX5 ðsÞ
ð3:9Þ

Both of these functions vanish at the boundary, while at the
horizon, Φ1 ðrh Þ is finite and Φ2 ðrh Þ diverges logarithmically. For future purposes, it is convenient to denote the
finite part of the functions Φ1;2 by ϕ1;2, and subtract out the
logarithmic divergence as follows:
FIG. 6. The matched asymptotic expansion relies on simplifying the bulk equations in two separate limits (near-horizon and
near-boundary), and on the overlap of the regions where these
two different expansions are valid. The overlap appears very close
(but not too close) to the horizon.

We will first determine the complete set of solutions to the
bulk equations of motion—with ω ¼ k ¼ 0—in the outer
region, which begins at r ¼ 0 and extends in the direction
towards the horizon. Then, we will construct a solution to
(3.6) in the inner region, which extends from the horizon
r ¼ rh outwards, usually by a distance ∼T −1 . This solution
will be nonperturbative in ω, but also assume k ¼ 0. Our
claim is that the outer and inner regions interlap in an
intermediate region: rh − T −1 e−4πT=ω > r > rh − T −1 . We
do not have a proof that this is universally an intermediate
region in which to match solutions, but this inequality will
hold in every example studied in this paper. This intermediate region is close to the horizon, and so the matching
coefficients between inner and outer solutions will generally depend on the near-horizon geometry.
We emphasize that “matching procedures” have been
widely used in the literature [91–97]. Nevertheless, there
are a few subtle differences between our implementation
and in those that exist in the literature, which we will
comment on as we proceed. The matching algorithm that
we describe generalizes straightforwardly to much more
sophisticated problems than have previously been tractable
in the literature; indeed, our discussion of holographic
magnetohydrodynamics in Sec. IV would be a highly
nontrivial calculation using other previous holographic
matching methods.
a. Outer region: In the region away from the horizon, we
expand the solutions for δAt and δAx as ω, k → 0:
δAt ðr; xμ Þ ¼ ât ðxμ Þ þ ĵt ðxμ ÞΦ1 ðrÞ þ Oðω; kÞ;

ð3:8aÞ

δAx ðr; xμ Þ ¼ âx ðxμ Þ þ ĵx ðxμ ÞΦ2 ðrÞ þ Oðω; kÞ:

ð3:8bÞ

The radial functions Φ1;2 ðrÞ can be obtained by setting
ω ¼ k ¼ 0 in (3.6), as mentioned previously:

Φ2 ðrÞ ¼ ϕ2 ðrÞ þ

a0 ðr

1
ln aðrÞ:
h ÞX 5 ðrh Þ

ð3:10Þ

Hence,
ϕ1 ðrÞ ¼ Φ1 ðrÞ;
Z r
ds
ϕ2 ðrÞ ¼
s¼0


1
a0 ðsÞX5 ðsÞ
:
1− 0
aðsÞX5 ðsÞ
a ðrh ÞX5 ðrh

ð3:11Þ

To determine the value of r at which this outer region
ends, we expand to first order in ω and k. This can be done
either in the scheme where ω ∼ k ∼ ϵ or ω ∼ k2 ∼ ϵ, where
the small parameter ϵ ≪ 1. In either scheme, we can write
½0

½1

δAa ¼ δAa þ ϵδAa þ Oðϵ2 Þ;

ð3:12Þ

substitute this expansion into the equation of motion and
½n
½n
solve for δAa , order by order in ϵ, with δAa ðr → 0Þ ¼ 0
for n > 0. Focusing on the equation of motion for δAx in
½1
(3.6b), we find that the equation for δAx is identical to
those at zeroth order in ϵ, namely,
½1 0

∂ r ðaX5 ðδAx Þ Þ ¼ 0:

ð3:13Þ

½1

This implies that δAx ∝ Φ2 ðrÞ. The fact that Φ2 ðrÞ
diverges deeper in the bulk implies that the expansion
breaks down when
ϵ
ln aðrÞ ≈ 1:
a ðrh ÞX 5 ðrh Þ
0

ð3:14Þ

In other words, in the low frequency limit ω=T, the regime
of the validity of the outer region solution can be expanded
up to at least r ≈ rh − T −1 e−4πT=ω , as depicted in Fig. 6.
Using (3.6c) along with the results of the previous
paragraph, we immediately see that (after performing an
inverse Fourier transformation from ω and k):
∂ t ĵt þ ∂ x ĵx ¼ 0:

ð3:15Þ

This is the exact Ward identity associated with charge
conservation. It is one of the two equations of motion in
the quasihydrodynamic regime. The other, approximate
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conservation law cannot be fixed without matching the
solution into the near-horizon regime.
A few points are in order. First, we have not used gaugeinvariant variables. While this approach is easy to use here,
it becomes increasingly difficult in more complicated
systems, where gauge-invariant variables may become
difficult to relate to physical quantities of the boundary
theory. Moreover, the equations of motion of the fluctuations in the radial gauge can be easily written down, even in
a more complicated problem (as we discuss in Sec. IV).
Second, our aim is to find the explicitly broken Ward
identity and not simply the dispersion relation of the
quasinormal modes. Thus, it is easier to work directly
with variables whose boundary conditions relate to the
boundary observables of interest. This also helps us avoid
ambiguities which arise at quasihydrodynamic pole collisions. These features will be explicitly visible in the
discussion below.
b. Inner region: In the region close to the horizon, the
solution to (3.6) can be written as
δAa ðr;x

μ

ð1Þ
ð2Þ
Þ ¼ Aa ðr;xμ Þ þ Aa ðr;xμ ÞaðrÞ−iω=ð4πTÞ ;
ð1Þ
Aa ðrÞ

and
are either vanishwhere the functions
ð2Þ
ing or finite at the horizon, r ¼ rh . The second term Aa ðrÞ
contains ingoing solutions which are familiar in holograð1Þ
phy. The first term Aa ðrÞ is a pure gauge solution: it is
absent in computations with gauge-invariant variables, but
it is nevertheless useful to keep track of it. For example, we
can determine both the source and the response when
interpolating to the boundary in the radial gauge compuð1Þ
tation [98]. One may argue that since Aa ðrÞ is pure gauge,
it has to satisfy a first-derivative constraint and have no effect
on physical quantities. However, on the operational level,
one may also just substitute the ansatz (3.16) into the
equation of motion (3.6) near the horizon and solve for
ð1Þ
ð2Þ
Aa ðrÞ and Aa ðrÞ. In order to do this, one can start by
demanding that, upon the above substitution, the coefficients
of divergent terms, such as faðrÞ−1 ;aðrÞ−1−iω=4πT ;…g, have
to vanish. This turns out to give all constraints on the nearhorizon solutions at the order in ω and k to which we are
working. In this case, the relevant constraints are
ð1Þ

ð1Þ

ð2Þ

At ðrh ; xμ Þ ¼ 0:
ð3:17Þ
ð1Þ

Observe that the gauge-invariant part of Aa vanishes when
evaluated at the horizon, as regularity demands. Note also
ðnÞ
ðnÞ
that we will be using the shorthand notation Aa ¼ Aa ðrh Þ
in the rest of the paper.
c. Intermediate region: This is the overlapping region in
which both the outer and the inner region solutions are
valid. Here, we may approximate

ω
ln aðrÞ
ln aðrÞ ≈ 1 þ
∂ þ Oð∂ 2 Þ:
4πT
4πT t

ð3:18Þ

We first match the logarithmic pieces in the solutions in
both regions. In the inner region, this is the OðωÞ
contribution arising from the infalling contribution to
(3.16). We obtain
ð2Þ

4πT
ðĵx þ Oðω; kÞÞ
a ðrh ÞX5 ðrh Þ
1
¼−
ðĵx þ Oðω; kÞÞ;
X5 ðrh Þ

∂ t Ax ¼

0

ð3:19Þ

where we used the fact that aðrÞ ¼ 4πTðrh − rÞ þ Oðrh − rÞ2
in our coordinates. Similarly, the matching condition for
the finite part implies that
ð2Þ

ð3:20aÞ

ð2Þ

ð3:20bÞ

At ¼ ât þ ϕ1 ðrh Þĵt þ Oðω; kÞ;
ð1Þ

Ax þ Ax ¼ âx þ ϕ2 ðrh Þĵx þ Oðω; kÞ:

ð3:16Þ

ð2Þ
Aa ðrÞ

∂ t Ax ðrh ; xμ Þ − ∂ x At ðrh ; xμ Þ ¼ 0;

exp −i

These matching conditions together with the regularity
condition imply that, up to first order in derivatives, we
have

1
ϕ2 ðrh Þ∂ t ĵx − ϕ1 ðrh Þ∂ x ĵt ¼ −ðdâÞtx −
ĵ : ð3:21Þ
X5 ðrh Þ x
One can recast this relation in the form of a weakly broken
conservation law as in Eq. (2.10), with
τ ¼ X5 ðrh Þϕ2 ðrh Þ;

v2 ≡

D ϕ1 ðrh Þ
¼
:
τ
ϕ2 ðrh Þ

ð3:22Þ

This computation is almost parallel to the charge diffusion
in Einstein-Maxwell theory presented in [91] where one
finds that τT ∼ 1 and thus 1=τ ≫ ω in the hydrodynamic
limit of ω=T ≪ 1. In this regime, it simply means that the
relaxation time of ĵx is very small at large temperature and
jt is not a long-lived operator anymore. Thus it is sensible
to drop the time derivative term in (3.21) and obtain
the constitutive relation ĵx ¼ D∂ x ĵt . However, in nonMaxwell theories, e.g., the DBI action or higher-derivative
theories, one can show that the relaxation time can be tuned
such that ðτTÞ−1 ≪ 1 [40,54,88,89]. In this case, one has to
keep all the terms in (3.21) to properly capture the
quasihydrodynamic behavior of the system.
d. Results: The quasihydrodynamic equations of motion
for this theory consist of (3.15) and (3.21):
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∂ t ĵt þ ∂ x ĵx ¼ 0;
1
∂ t ĵx þ v2 ∂ x ĵt ¼ χ j ðdâÞtx − ĵx ;
τ

ð3:23aÞ
ð3:23bÞ
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where χ j ¼ 1=ϕ2 ðrh Þ is a thermodynamic susceptibility
which determines the coupling to the background gauge
field â.
e. Scalar channel: A similar analysis can also be carried
out for the scalar channel involving δAy , which results in a
finite lifetime of the operator ĵy. The relevant equation of
motion is
1
∂ r ðaX5 δA0y Þ − ðω2 X1 − k2 abÞδAy ¼ 0;
a

ð3:24Þ

which yields the following solution in the outer region
δAy ¼ ây þ ĵy Φ2 ðrÞ:

ð3:25Þ

Here, Φ2 ðrÞ is the same function as the one found in the
ð1Þ
previous (longitudinal) sector (3.6). Since here, Ay ¼ 0,
we find that the matching conditions imply
∂ t ĵy ¼ −

1
1
ðdaÞty − ĵy :
ϕ2 ðrh Þ
τ

ð3:26Þ

Note the absence of spatial derivatives. The parameter τ
is the same as those in (3.22). Moreover, we can also
combine the two relations in both channels, (3.21) and
(3.26), into a single approximately conserved two-form
current Qμν ¼ ð⋆j̃Þμν , where j̃μ ¼ ðĵt =v; ĵx ; ĵy Þ. Together
with the conservation of jμ , we finally arrive at the full set
of quasihydrodynamic equations:
∂ t j̃t þ v∂ i j̃i ¼ 0;

1
∂ t Qtμ þ v∂ i Qiμ ¼ − Qtμ : ð3:27Þ
τ

Let us end this summary by quickly discussing how
quasihydrodynamics arises in the presence of double-trace
deformation. Such a deformation implies that the definition
of the physical source is a linear combination of the radially
dependent and independent pieces [analogues of â and ĵ in
(3.21) and (3.26)]. Depending on the double-trace coupling, which determine the linear combination, it is possible
for τ to be large (τT ≫ 1); in this case, the current becomes
approximately conserved. We will discuss an approximately conserved current of this type in Sec. IV.
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electromagnetism, thereby providing a holographic dual
description of a plasma described by MHD in the limit of
low energy. As a result of electromagnetism, the theory was
argued to contain dynamical photons [31,39]. Hence, one
should be able to use this holographic setup to not only
describe MHD but also its (quasihydrodynamic) extension
to a theory of plasma with dynamical, and potentially
strong, electric fields. At the level of linear response,
we will explicitly demonstrate that this is achieved in
holography.
Before delving into the details of the calculation, we will
review a few essential features of this model. The bulk
theory is composed of the Einstein-Hilbert gravity action, a
negative cosmological constant and the two-form gauge
field Bab , written as


12 1
pﬃﬃﬃﬃﬃﬃ
abc
S ¼ d x −g R þ 2 − H abc H
3
L
Z
1
pﬃﬃﬃﬃﬃﬃ
þ Sbnd −
d4 x −γ ðna Haμν Þðnb Hbμν Þ;
κðΛÞ r¼1=Λ
Z

5

ð4:1Þ
where H ¼ dB, Λ is the UV cutoff and na is the unit vector
normal to the boundary. Sbnd combines the boundary
Gibbons-Hawking term and counter-terms for the gravitational part of the theory. A detailed exposition of the
model, including holographic renormalization, can be
found in [31]. The diffeomorphism invariance of the
metric and the gauge symmetry of the two-form bulk
fields imply that the boundary duals possesses a conserved
stress-energy tensor T μν and a conserved two-form current
Jμν . In particular, in the presence of an external two-form
source bμν ,
∇μ T μν ¼ Hν ρσ Jρσ ;

∇μ J μν ¼ 0;

ð4:2Þ

where H, here, is the three-form field strength H ¼ db of
an external two-form gauge field. In terms of the generating functional,
Z½bμν  ¼


 Z
4
μν
exp i d xJ bμν

:

ð4:3Þ

QFT

IV. QUASIHYDRODYNAMICS FROM
HOLOGRAPHY I: MAGNETOHYDRODYNAMICS
WITH DYNAMICAL PHOTONS
In this section, we apply the holographic algorithm of
Sec. III to derive the quasihydrodynamic, low-energy
excitations in a field theory with a conserved two-form
current. The holographic dual of a strongly interacting
theory with a one-form symmetry was proposed in [31,39].
In particular, [31] argued that this holographic setup
furnishes a description of a strongly interacting field theory
with a matter sector gauged under dynamical Uð1Þ

Holographic renormalization and the bulk equations of
motion imply that the boundary two-form current Jμν
corresponds to the projected bulk three-form field strength
na Haμν . In fact, the counterterm for the two-form gauge
field, i.e., the last term in Eq. (4.1), can be thought of as a
double-trace deformation. This implies that the regularized boundary source is
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bμν ¼ Bμν ðr ¼ 1=ΛÞ −


1 a

n Haμν 
:
r¼1=Λ
κðΛÞ

ð4:4Þ
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For the source to be physical, one has to formally impose
that it be cutoff independent, i.e., that ∂bμν =∂Λ ¼ 0,
which results in the logarithmic running of the doubletrace coupling κ with a Landau pole. In other words, one
finds that
1
¼ finite − lnðΛ=LÞ;
κðΛÞ

ð4:5Þ

where the finite part that sets the renormalized electromagnetic coupling needs to be imposed as the renormalization condition at a new scale L, or equivalently, by the
choice of the Landau pole scale. In practice, the value can
be chosen by hand. For details, see [31,57]. As we will see
below, it is the (finite) value of the electromagnetic
coupling that governs the relaxation time of the operator
hJzi i, or the electric flux density, and sets the regime of
validity of the quasihydrodynamic approximation with an
approximately conserved electric flux density.
We take the background metric ansatz and two-form
gauge field to have the following equilibrium forms
[cf. Eq. (3.3)]:

L2
bðrÞ 2
ds ¼ 2 −aðrÞbðrÞdt2 þ
dr
aðrÞ
r

þ dx2 þ dy2 þ cðrÞdz2 ;
2

B ¼ hðrÞdt ∧ dz;

ð4:6aÞ
ð4:6bÞ

where hðrÞ parametrizes the density of the two-form
conserved current, which equals the Hodge dual of the
magnetic flux density. The functions aðrÞ, bðrÞ and cðrÞ in
the metric all asymptote to one at the boundary, r → 0, so
that the geometry is asymptotically AdS5. At the horizon,
bðrÞ and cðrÞ are regular and approach nonvanishing
constants bðrh Þ and cðrh Þ. The regularity conditions
impose a stronger constraint on the “emblackening
factor” aðrÞ and the gauge field hðrÞ, which are forced
to behave as

where the index i denotes the ðx; yÞ plane coordinates, with
the plane being perpendicular to the z direction of the
background magnetic field lines.
The two subsection, which contain the bulk of the
derivation of aspects of quasihydrodynamics in a holographic plasma can be summarized as follows:
(i) First, in Sec. IVA, we consider the case with a zero
background magnetic flux density. At small momentum, we find that the system exhibits a diffusive
mode, which will be referred to as magnetic diffusion, along with a massive, nonhydrodynamic
mode with an imaginary gap set by the renormalized
electromagnetic coupling. The system will then be
shown to exhibit the collision of the diffusive and
gapped poles described in Sec. II. We will find
explicit analytic expressions [in terms of background
bulk quantities and the Uð1Þ coupling] for the
relaxation time of the approximately conserved operator hJzi i and the asymptotic speed of the pair modes
(after the collision) at large k. In the large-k limit and
for small electromagnetic coupling, this speed will
tend to the speed of light. We thus explicitly show the
presence of photons in the plasma.
(ii) Then, in Sec. IV B, we consider the case with a
nonzero background magnetic field in the MHD
channel with Alfvén waves. We demonstrate in
detail how a pair of diffusive modes (shear momentum and magnetic diffusion) combines into a pair of
propagating modes after the collision. We also show
that operators which set the validity of the (magneto)
hydrodynamic regime are linear combinations of the
stress-energy tensor and the two-form current. The
relaxation time can again be expressed in terms of an
integral over the equilibrium bulk quantities.
A. The photon in a charge neutral plasma
We begin by considering a setup with hðrÞ ¼ 0. In this
limit, the function cðrÞ ¼ 1. Moreover, the metric and the
two-form gauge field fluctuations are decoupled so we can
focus only on the equations of motion for the two-form
gauge field. In radial gauge, they are


aðrÞ ¼ 4πTðrh − rÞ þ Oðrh − rÞ2 ;
hðrÞ ¼ bðrh Þcðrh Þ1=2

h0
ðr − rÞ þ Oðrh − rÞ2 ;
rh h

∂r
ð4:7Þ

2 iðkz−ωtÞ
e
½hti ðrÞdtdxi þ hzi ðrÞdzdxi ;
r2

δB ¼ eiðkz−ωtÞ ðδBti dt ∧ dxi þ δBzi dz ∧ dxi Þ;

ð4:8aÞ
ð4:8bÞ

ð4:9aÞ

rω
ðωδBzi þ kδBti Þ ¼ 0;
aðrÞ

ð4:9bÞ

r
δB0 þ kraðrÞδB0zi ¼ 0:
bðrÞ ti

ð4:9cÞ

∂ r ðraðrÞδB0zi Þ þ

close to the horizon at r ¼ rh .
Finally, we note that in this work, we will study the
transverse fluctuations
δðds2 Þ ¼

r
rk
δB0 −
ðωδBzi þ kδBti Þ ¼ 0;
bðrÞ tt
aðrÞ

ω

While in this case, the background solution is just the
AdS5 -Schwarzschild black brane, our derivation does
not relying on the explicit form of background solution,
so we keep aðrÞ and bðrÞ general. For this reason, the
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computation presented here could be immediately extended
to a larger class of theories with more complicated aðrÞ and
bðrÞ, supported by other bulk matter which does not couple
to Bab .
a. Outer region: In the low frequency limit, we can show
that the solution is
δBti ðxμ ; rÞ ¼ δB̂ti ðxμ Þ þ δĴty ðxμ ÞΨ1 ðrÞ;

ð4:10aÞ

δBzi ðxμ ; rÞ ¼ δB̂zi ðxμ Þ þ δĴzi ðxμ ÞΨ2 ðrÞ;

ð4:10bÞ

where the functions Ψ1;2 ðrÞ satisfy the following first-order
differential equations:
r
Ψ0 ðrÞ ¼ 1;
bðrÞ 1
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Both ψ 1 and ψ 2 are constructed so that they are finite
everywhere in the bulk.
As before, (4.9c) guarantees that
∂ t δĴti þ ∂ z δĴzi ¼ 0:

This is the exact conservation law for magnetic flux lines.
The quasihydrodynamic mode for electric flux lines will
arise by matching to the near-horizon region.
b. Inner region: Near the horizon, the general solution
for the two-form field as a sum of a regular pure-gauge and
infalling parts:
ð1Þ

ð2Þ

ð4:18aÞ

ð1Þ

ð2Þ

ð4:18bÞ

ð4:11Þ

δBti ¼ Bti ðr; xμ Þ þ Bti ðr; xμ Þa−iω=4πT ;

with the UV boundary conditions at r ¼ 1=Λ, with
ΛL ≫ 1, giving rise to logarithmically divergent behavior
(the Landau pole),

δBzi ¼ Bzi ðr; xμ Þ þ Bzi ðr; xμ Þa−iω=4πT ;

raðrÞΨ02 ðrÞ ¼ 1;

Ψ1;2 ðr ¼ 1=ΛÞ ¼ − lnðΛLÞ þ    :

ð4:12Þ

This means that the solutions can be written as
Z

bðsÞ
;
s
s¼1=Λ
Z r
1
Ψ2 ðrÞ ¼ − lnðΛLÞ þ
:
ds
saðsÞ
s¼1=Λ
Ψ1 ðrÞ ¼ − lnðΛLÞ þ

r

ds

Z

ds
þ
Ψ1 ðrÞ ¼ − lnðΛLÞ þ
s¼1=Λ s
r


bðsÞ − 1
;
ds
s
s¼1=Λ

Z

r

¼ lnðr=LÞ þ ψ 1 ðrÞ;
Z

r

where

bðsÞ − 1
ψ 1 ðrÞ ¼
;
ds
s
s¼1=Λ
Z

r

0

1 − a − rhsaa0 ðsÞ
ðrh Þ
ψ 2 ðrÞ ¼
ds
:
saðsÞ
s¼1=Λ

Z

r

ð1Þ

ð4:19Þ

where we denote Bμν ðrh ; xμ Þ as simply Bμν. Similarly, by
demanding that the coefficient of a−2−iω=4πT in (4.9a)
vanishes, we find that
ð2Þ

Bti ¼ 0:

ð4:20Þ

ð2Þ

0

ds
1
a ðsÞ
þ
ds
0
s
r
aðsÞ
a
ðr
Þ
s¼1=Λ
s¼1=Λ
h
h
0


Z r
1 − a − rhsaa0 ðsÞ
ðrh Þ
þ
ds
;
saðsÞ
s¼1=Λ
1
¼ lnðr=LÞ −
ln ðaðrÞÞ þ ψ 2 ðrÞ;
ð4:15Þ
4πTrh

Ψ2 ðrÞ ¼ − lnðΛLÞ þ

r

ð1Þ

∂ t Bzi − ∂ z Bti ¼ 0;

ð4:14Þ

which is finite, and
Z

where δBμi are regular function at r ¼ rh . We proceed by
substituting the above ansatz into the equations of motion
near the horizon and demanding that the coefficients of
terms containing aðrÞ−1 , and aðrÞ−n−iω=4πT for n > 0
vanish. This procedure implies several constraints on Bti
and Bzi . First, demanding that the coefficients of aðrÞ−1 in
both (4.9a) and (4.9b) vanish, gives

ð4:13Þ

The two functions Ψ1;2 ðrÞ can be expressed as

ð4:17Þ

On the other hand, the function Bzi ðrh ; xμ Þ is nonvanishing
and satisfies a more complicated constraint. However, there
ð2Þ
is no need for us to solve explicitly for Bzi . We only require
it to be finite at the horizon.
c. Intermediate region: In the intermediate region, we
match the solutions from inner and outer regions. Staring
from the inner region, we isolate the logarithmically
divergent piece in δBxz by writing

iω
ln aðrÞ þ Oðω2 =T 2 Þ ;
þ
1−
δBzi ¼
4πT
1
ð1Þ
ð2Þ
ð2Þ
≈ ðBzi þ Bzi Þ þ
∂ B ln aðrÞ;
ð4:21Þ
4πT t zi
ð1Þ
Bzi

ð4:16aÞ

ð4:16bÞ

ð2Þ
Bzi ðxμ Þ

where we take Φ2 ðrÞ ≈ Φ2 ðrh Þ. The matching between the
solutions in the two regions implies that
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∂ t Bzi ¼ −
ð1Þ

1
δĴ ;
rh zi

ð4:22aÞ

ð2Þ

Bzi þ Bzi ¼ δB̂zi þ δĴ zi ðψ 2 ðrh Þ þ lnðrh =LÞÞ;
ð1Þ
Bti
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¼ δB̂ti þ δĴti ðψ 1 ðrh Þ þ lnðrh =LÞÞ:

ð4:22bÞ

1
δĴ ¼ ðdδB̂Þtiz − ðlnðrh =LÞ þ ψ 1 ðrh ÞÞ∂ z δĴti
rh zi
þ ðlnðrh =LÞ þ ψ 2 ðrh ÞÞ∂ t δĴxz :

ð4:23Þ

To interpret this relation in the dual field theory language,
we recall that the physical source is defined by the
following linear combination of the coefficients of the
r-independent term and the logarithmic term, as outlined
in Eq. (4.4) (see also [31,39]):
δb ¼ δB̂ðr → 1=ΛÞ −

e−2
r ¼ lnðMrh Þ:

1
δĴ ¼ δB̂ − ln ðLΛeκðΛÞ ÞδĴ;
κðΛÞ

For the case at hand, the AdS5 -Schwarzschild black hole,
we find that ψ 1 ðrh Þ ¼ ψ 2 ðrh Þ ¼ 0. Hence, the speed of the
propagation of photons is actually the speed of light in
vacuum, which is independent of the electric charge: v ¼ 1.
As e−2
r ≫ 1, the time scale τ obeys τT ≫ 1, and so the
electric field is indeed a quasihydrodynamic mode. For this
geometry,
1
πT
¼ M :
τ lnðπT Þ

∂ t δBy þ ∂ z δEx ¼ 0;

where M ≡ Λ expðκðΛÞÞ is an RG-invariant scale. The
constraint (4.24) then becomes

∂ t δEx þ v2 ∂ z δBy ¼ −

−r−1
h δĴ zi ¼ ðdδbÞtiz − ðlnðMrh Þ þ ψ 1 ðrh ÞÞ∂ z δĴ ti
ð4:25Þ

By turning off the source, we finally find the Ward identity
for the approximately conserved current:
1
∂ t hδJzi i − v2 ∂ z hδJti i ¼ − hδJzi i;
τ

ð4:26Þ

ð4:29Þ

This may be compared with the numerical estimate of this
lifetime found in [39], which is about 3.5% larger.
d. Results: We now collect our results. Using (4.17),
(4.26) and (4.27), and defining δEx ¼ δJyz , δBy ¼ δJty ,
we conclude that

ð4:24Þ

þ ðlnðMrh Þ þ ψ 2 ðrh ÞÞ∂ t δĴzi :

ð4:28Þ

ð4:22cÞ

Substituting the expression for Bð1Þ from Eqs. (4.22a)–
(4.22c) into the near-horizon constraint (4.19), we find that
−

(or rh ) sets the characteristic energy scale of the system.
Mrh is the parameter that controls the renormalized
electromagnetic coupling:

ð4:30aÞ
δEx
:
τ

ð4:30bÞ

These are precisely the dynamical Maxwell’s equations in
the presence of an Ohmic current J ∝ E, as discussed in
Sec. II D. The conductivity of the plasma is proportional to
1=τ ∝ e2r and is small in the quasihydrodynamic limit.
Indeed, as the electromagnetic coupling vanishes, the
photons decouple from matter and there is no Debye
screening. Hence, as T → 0 and er → 0, the quasihydrodynamic mode—the photon—becomes arbitrarily long lived.

where
lnðMrh Þ þ ψ 1 ðrh Þ
v ¼
;
lnðMrh Þ þ ψ 2 ðrh Þ
2

B. Alfvén waves and photons

1
r−1
h
¼
:
τ lnðMrh Þ þ ψ 2 ðrh Þ
ð4:27Þ

The meaning of this equation is clear. This is a quasihydrodynamic relaxation equation for δJ yz, which corresponds to the electric field in the thermal plasma. The
electric field is therefore not only induced through fluctuating magnetic fields, as in MHD, but is a genuine
dynamical d.o.f., with a relaxation time τ. A direct
consequence is that the system indeed contains dynamical
photons, as claimed in [31,39]. At large τ, the approximately conserved quantity is the conservation of the
number of electric flux lines crossing a co-dimensiontwo surface. We note that in this expression, temperature

We now consider the case with a nonzero background
magnetic field, i.e., with hðrÞ ≠ 0. The background solution is the magnetic black brane solution [99], which is the
same background one considers in the case of external,
nondynamical magnetic field (see Ref. [31] for a discussion
on the relation between holography with and without
dynamical magnetic fields). The thermodynamic quantities,
transport coefficients and the low-energy spectrum as a
function of temperature and background magnetic field
were computed numerically in [31,100] (see also
[101,102]). Here, we show that the form of the quasihydrodynamic low-energy spectrum can in fact be obtained
analytically.
The equations of motion for the background metric, i.e.,
for fa; b; cg, are not particularly illuminating and we will

086012-22

HOLOGRAPHY AND HYDRODYNAMICS WITH WEAKLY …
 pﬃﬃﬃ
c 0
h
r3 b ti

not write them here. However, it is important to note that
the background equation for the background two-form
gauge field is

d rh0
pﬃﬃﬃﬃﬃﬃ rtz
pﬃﬃﬃ
∂ r ð −gH Þ ¼
dr b c

¼ 0:

ð4:31Þ
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0

− 4h0 δB0zi −

k
pﬃﬃﬃ ðωhzi þ khti Þ ¼ 0;
r3 a c
ð4:38aÞ



a
pﬃﬃﬃ h0
r c zi

0

3

− 4h0 δB0ti þ

ω
pﬃﬃﬃ ðωhzi þ khti Þ ¼ 0;
r3 a c

In other words, we can write the radial derivative of hðrÞ as
pﬃﬃﬃ
b c
0
;
h ðrÞ ¼ h0
r

ð4:32Þ

where h0 is a constant. We choose a gauge with hðrh Þ ¼ 0
and, as a result, it is convenient to write down the solution
to (4.32) as

ð4:38bÞ
 pﬃﬃﬃ
r c
δBti
b

kr
− h0 h0zi − pﬃﬃﬃ ðωδBzi þ kδBti Þ ¼ 0;
a c
ð4:38cÞ



pﬃﬃﬃﬃﬃﬃﬃﬃﬃ
r
bðsÞ cðsÞ
ds
;
s
s¼1=Λ

Z
hðrÞ ¼ −h0 lnðrh ΛÞ þ ϕðrh Þ þ h0

0

ra
pﬃﬃﬃ δB0zi
c

0

ωr
− h0 h0ti þ pﬃﬃﬃ ðωδBzi þ kδBti Þ ¼ 0;
a c
ð4:38dÞ

ð4:33Þ
and two first-order (constraint) equations:
where ϕðrh Þ is a finite integral
pﬃﬃﬃﬃﬃﬃﬃﬃﬃ

Z r
h
bðsÞ cðsÞ 1
− :
ds
ϕðrh Þ ¼ h0
s
s
s¼0

ð4:34Þ


 pﬃﬃﬃ
c 0
a
hti − 4h0 δBzi þ k pﬃﬃﬃ 3 h0zi − 4h0 δBti
ω
3
br
cr

ð4:39aÞ

 pﬃﬃﬃ
r c 0
ra
δBti − h0 hzi þ k pﬃﬃﬃ δB0zi − h0 hti
ω
b
c

This form is particularly convenient for analyzing the
solution near the boundary, r ≈ 1=Λ ≪ 1. The result is

hðrÞ ¼ h0 ln

r
þ finite:
rh

pﬃﬃﬃ
c
4rhh0
Q1 ¼ 3 ðabÞ0 þ pﬃﬃﬃ ;
b c
br

a
4rhh0
Q2 ¼ 3 pﬃﬃﬃ c0 þ pﬃﬃﬃ :
b c
r c

a. Outer region: The equations in the outer region can be
organized into two decoupled sets:

Q1 ¼ −
Q2 ¼ 0;

ð4:40aÞ

ra
pﬃﬃﬃ δB0zi ðr; xμ Þ − h0 hti ðr; xμ Þ ¼ δĴzi ðxμ Þ;
c

ð4:40bÞ

a
pﬃﬃﬃ h0 ðr; xμ Þ − 4h0 δBti ðr; xμ Þ ¼ π̂ zi ðxμ Þ;
r c zi

ð4:41aÞ

pﬃﬃﬃ
r c 0
δBti ðr; xμ Þ − h0 hzi ðr; xμ Þ ¼ δĴti ðxμ Þ;
b

ð4:41bÞ

3

Using hðrh Þ ¼ 0, we find that
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
cðrh Þ
¼ −Ts;
3
rh

pﬃﬃﬃ
c 0
h ðr; xμ Þ − 4h0 δBzi ðr; xμ Þ ¼ π̂ ti ðxμ Þ;
3
r b ti

and

ð4:36Þ

4πT

¼ 0:
ð4:39bÞ

ð4:35Þ

Similarly, there are two additional radially conserved
quantities, Q1 and Q2 , such that dQ1 =dr ¼ dQ2 =dr ¼ 0,
which arise from linear combinations of the xx- and ttcomponents, and yy and xx components, respectively.
Namely,

¼ 0;

ð4:37aÞ
ð4:37bÞ

where s is the entropy density of the system, as measured
by the horizon area.
These relations are crucial to simplify the equations of
motion for the metric hμν and the gauge field fluctuation
δBμν , which consist of four second-order ODEs:

where fπ̂ ti ; π̂ zi ; Ĵti ; Ĵzi g are integration constants. The firstorder equations (4.39) imply that
∂ t π̂ ti þ ∂ z π̂ zi ¼ 0;

∂ t δ̂Jti þ ∂ z δĴzi ¼ 0;

ð4:42Þ

which are nothing but the exact conservation laws
for transverse momentum and the two-form current
(magnetic flux).
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Let us first look at the first pair of equations, i.e.,
Eqs. (4.40a)–(4.40b). Solving for hti, we find
 pﬃﬃﬃ
ra
c
pﬃﬃﬃ 3 h0ti − 4h0 ðh0 hti þ δĴzi Þ ¼ 0:
c rb

δĴzi ðxμ Þ
ð1Þ
ð2Þ
ð2Þ
þ aðrÞbðrÞĈ1 ðxμ Þ þ ψ 1 ðrÞĈ1 ðxμ Þ;
h0
ð4:50aÞ

ð4:43Þ

This implies that
hti ðr; xμ Þ ¼ −

hti ¼ −

μ

δĴzi ðx Þ
ð1Þ
ð1Þ
ð2Þ
þ Ĉ1 ðxμ ÞΨ1 ðrÞ þ Ĉð2Þ ðxμ ÞΨ1 ðrÞ;
h0



π̂ ti ðxμ Þ
Q1
ð1Þ
ð2Þ
þ
þ h Ĉ1 þ ϕ1 ðrÞ
δBzi ¼ −
4h0
4h0

 pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
h0 cðrh Þ ð2Þ
ð2Þ
ψ ðr Þ ln a Ĉ1 ;
þ
rh a0 ðrh Þ 1 h
where

ð4:44Þ

ð2Þ

ð2Þ

ψ 1 ¼ Ψ1 ;

ðnÞ

where Ĉ1 are two integration constants of the equation (4.43). Similarly, using (4.40a)–(4.41b), we find that
δBzi ðr;xμ Þ ¼ −

ð4:50bÞ

ð2Þ
ϕ1

π̂ ti ðxμ Þ
ð1Þ
ð1Þ
ð2Þ
ð2Þ
þ Ĉ1 ðxμ ÞΦ1 ðrÞ þ Ĉ1 ðxμ ÞΦ1 ðrÞ;
4h0
ð4:45Þ

ð4:51aÞ

pﬃﬃﬃﬃﬃﬃﬃﬃﬃ
Z r
ð2Þ
h0 ψ 1 ðsÞ cðsÞ
1
¼
þ
ds
4h0
saðsÞ
s¼0
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ

ð2Þ
sa0 ðrh Þψ 1 ðrh Þ cðrh Þ
× 1−
pﬃﬃﬃﬃﬃﬃﬃﬃﬃ :
ð2Þ
rh a0 ðsÞψ 1 ðsÞ cðsÞ

ð4:51bÞ
ð1Þ

where Ψ1 and Φ1 satisfy
pﬃﬃﬃ
c 0
Ψ − 4h0 Φ1 ¼ 0;
r3 b 1

ra
pﬃﬃﬃ Φ01 − h0 Ψ1 ¼ 0;
c

ð4:46Þ

ð2Þ

To better understand the meaning of variables Ĉ1 and Ĉ1 ,
it is helpful to rewrite them in terms of the zero magnetic
field case. First, we need to consider how the fluctuations
hti and δBzi behave close to the boundary and define
ĥti ¼ −

which are solved by

δĴ zi
ð1Þ
þ Ĉ1 ;
h0

ð4:52aÞ
ð2Þ

ð1Þ
Ψ1

ð1Þ
Φ1

¼ ab;

Q
¼hþ 1 :
4h0

ð4:47Þ

This solution can be used to construct the other linearly
independent solution to (4.46) via the Wronskian trick.
Applying this method to Ψ1 , we find that
ð2Þ
Ψ1 ðrÞ

Z

3

s
¼ ab
ds 2 pﬃﬃﬃ :
ab c
s¼0
r

ð4:48Þ
ð2Þ

1
¼
þ
4h0
ð2Þ

pﬃﬃﬃ
h0 c ð2Þ
Ψ1 ðsÞ;
ds
sa
s¼0

Z

r

π̂ ti
Q ð1Þ C
þ 1 Ĉ1 þ 1 :
4h0 4h0
4h0

1
hti ¼ ĥti þ r4 ðπ̂ ti þ 4h0 δB̂zi Þ þ Oðr5 Þ;
4

ð4:53aÞ
ð4:53bÞ

where, in terms of the radial conserved quantity (4.36),
Z
ab ¼ 1 þ

s3 b
1
ds pﬃﬃﬃ ðQ1 þ 4h0 hÞ ≈ 1 þ r4Q1 þ Oðr5 Þ:
c
4
s¼0
r

ð4:54Þ

ð4:49Þ

where the value of Φ1 ðr ¼ 0Þ is fixed by the first
ð2Þ
derivative of Ψ1 at r → 0 through the first relation in
Eq. (4.46). In summary, the solutions for hti and δBzi in the
outer region are

ð4:52bÞ

Upon substituting the above definitions into the outer
region solutions and expanding them near the boundary,
we find

δBzi ¼ δB̂zi þ ðδĴzi þ h0 ĥti Þ lnðr=rh Þ þ OðrÞ;

It is convenient to use the relation (4.46) to solve for Φ1 in
ð2Þ
terms of Ψ1 in order to avoid the unnecessary appearance
of a logarithmic divergence. We find
ð2Þ
Φ1 ðrÞ

δB̂zi ¼ −

Note also that the above near-boundary expansion reduces
to the one in the zero background magnetic field case of
Sec. IVA as we take h0 ¼ 0.
An analogous sequence of manipulations can be
applied to the second pair of fluctuations, hzi and δBti
from Eqs. (4.41a)–(4.41b). The solutions are then
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hzi ðr;xμ Þ ¼ −

δĴti ðxμ Þ
ð1Þ
ð1Þ
ð2Þ
ð2Þ
þ Ĉ2 ðxμ ÞΨ2 ðrÞ þ Ĉ2 ðxμ ÞΨ2 ðrÞ;
h0

Hence, this gives the following two near-boundary
expansions:

ð4:55aÞ
δBti ðr;xμ Þ ¼ −

The functions Ψ2 and Φ2 satisfy
pﬃﬃﬃ
a
r c
0
pﬃﬃﬃ Ψ − 4h0 Ψ2 ¼ 0;
Φ2 − h0 Ψ2 ¼ 0;
b
r3 c 2

ð4:56Þ

the solutions to which are
ð1Þ
Ψ2 ðrÞ
ð2Þ
Ψ2 ðrÞ

¼ cðrÞ;

ð4:57aÞ

Z

r

¼ cðrÞ

ds
s¼0

s3
;
aðsÞcðsÞ3=2

ð4:57bÞ

Q2
;
4h0
Z r
1
h0 bðsÞ ð2Þ
ð2Þ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃ Ψ2 :
Φ2 ðrÞ ¼
þ
ds p
4h0
s cðsÞ
s¼0
ð1Þ

ð1Þ

ð2Þ

ð4:57cÞ
ð4:57dÞ

ð2Þ

Note that Ψ2 , Φ1 and Φ2 are finite at the horizon while
ð2Þ
Ψ2 is not. The latter solution can again be split into a finite
and a divergent part as
ð2Þ

ð2Þ

Ψ2 ðrÞ ¼ ψ 2 þ

r3h cðrÞ
ln a;
a0 ðrh Þcðrh Þ3=2

ð4:58Þ

where

s3
r3h a0 ðsÞcðsÞ3=2
1
−
;
¼ cðrÞ
ds
aðsÞcðsÞ3=2
s3 a0 ðrh Þcðrh Þ3=2
s¼0
Z

δBti ¼ δB̂ti þ ðδĴ ti þ h0 ĥzi Þ lnðr=rh Þ þ OðrÞ;

r

μ

1

0

ð1Þ

Hti ðr; xμ Þ

ð2Þ

ðnÞ

ðnÞ

where Hμν ðr; xμ Þ and Bμν ðr; xμ Þ are regular functions of r.
The regularity at the horizon implies a number of nontrivial
constraints among these functions. To see this, we substitute the near-horizon solutions (4.63) into the equations
of motion (4.38), expand the equations near the horizon
and then demand that the coefficients of divergent terms
[i.e., aðrÞ−1 , aðrÞ−iω=4πT , aðrÞ−1−iω=4πT and aðrÞ−2−iω=4πT ]
vanish. Among many constraints that emerge from this
procedure, demanding that the coefficients of aðrÞ−1 vanish
implies that
ð1Þ

ð1Þ

ð4:64aÞ

ð1Þ

ð4:64bÞ

∂ t Hzi − ∂ z Hti ¼ 0;
ð1Þ

∂ t Bzi − ∂ z Bti ¼ 0:
ð1Þ

ð1Þ

ð1Þ

Φ2 ¼ ϕ2 ;

ð2Þ

ð2Þ

Φ2 ¼ ϕ2 :

ð4:60Þ

ð4:63Þ

Bzi ðr; xμ Þ

and
ð1Þ

ð4:62bÞ

1

hti ðr; x Þ
C
B
B h ðr; xμ Þ C B Hð1Þ ðr; xμ Þ C
B zi
C
C B zi
B
C
C¼B
@ δBti ðr; xμ Þ A B Bð1Þ ðr; xμ Þ C
A
@ ti
δBzi ðr; xμ Þ
ð1Þ
μ
Bzi ðr; x Þ
0 ð2Þ
1
Hti ðr; xμ Þ
B ð2Þ
C
B H ðr; xμ Þ C
B zi
C
þB
CaðrÞ−iω=4πT ;
B Bð2Þ ðr; xμ Þ C
@ ti
A

ð4:59Þ

Ψ2 ¼ ψ 2 ;

ð4:62aÞ

which reduce to the near-boundary expansions of metric
and two-form field fluctuations in the zero magnetic field
case (cf. Sec. IVA) and decouple from each other upon
setting h0 ¼ 0.
b. Inner region: The solutions in the near-horizon region
can be written in the following form:
0

Φ2 ðrÞ ¼ hðrÞ þ

ð2Þ
ψ2

1
hzi ¼ ĥzi þ r4 ðΠ̂zi þ 4h0 δB̂ti Þ þ Oðr5 Þ;
4

π̂ zi ðxμ Þ
ð1Þ
ð1Þ
ð2Þ
ð2Þ
þ Ĉ2 ðxμ ÞΦ2 ðrÞ þ Ĉ2 ðxμ ÞΦ2 ðrÞ:
4h0
ð4:55bÞ
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Similarly, requiring that the coefficients of aðrÞ−2−iω=4πT
in (4.38) vanish implies that

ð1Þ

Similarly, as before, we can relate the functions Ĉ2 and
ð2Þ
Ĉ2 to their h0 ¼ 0 counterparts as
ĥzi ¼ −

δĴti
ð1Þ
þ Ĉ2 ;
h0

ð4:61aÞ
ð2Þ

δB̂ti ¼ −

π̂ zi
Q ð1Þ C
þ 2 Ĉ2 þ 2 :
4h0 4h0
4h0

ð4:61bÞ

ð2Þ

ð2Þ

Hti ¼ Bti ¼ 0;

ð4:65Þ

where we have used a shorthand notation Hμν ¼
Hμν ðrh ; xμ Þ. These are the essential ingredients required
to derive the approximate conservation law of interest to
this section.
c. Intermediate region: We proceed by matching the two
sets of solutions in the intermediate region. The matching
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conditions imply that the coefficient of the terms that scale
as ln a have to match. In particular,
4πTr3h
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ Ĉð2Þ
2 ;
0
a ðrh Þ cðrh Þ

ð2Þ

∂ t Hzi ¼

ð2Þ

∂ t Bzi

ð4:66aÞ

pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
4πTh0 cðrh Þ ð2Þ
ð2Þ
¼
ψ 1 ðrh ÞĈ1 :
rh a0 ðrh Þ



1
Q
π̂
∂t þ
lnðMrh Þ − 12 δĴzi þ ti
τ2
4h0
4h0

π̂
− D2 ∂ t δĴ zi − v22 ∂ z lnðMrh ÞδĴti þ zi
4h0
where

ð4:66bÞ

ð2Þ

v22 ¼

Similarly, we find the following relations for the matching
of the finite part of the solutions:
ð1Þ

Hti ¼ −

ð1Þ

ð2Þ

Hzi þ Hzi ¼ −

ð4:67bÞ

π̂ zi
ð2Þ
ð2Þ
þ ϕ2 ðrh ÞĈ2 ;
4h0

ð4:67cÞ

π̂ ti
Q ð1Þ
ð2Þ
ð2Þ
þ 1 Ĉ þ ϕ1 ðrh ÞĈ1 :
4h0 4h0 1

ð4:67dÞ

ð1Þ

ð2Þ

Bzi þ Bzi ¼ −

τ−1
2 ¼

ð4:68Þ
where
ð2Þ

D1 ¼
τ−1
1 ¼

ð2Þ

h0 ψ 2 ðrh Þ
4πTr3h

ð2Þ

rh a0 ðrh Þϕ1 ðrh Þ

ð4:69Þ

We briefly defer the physical interpretation of this result.
The other relation is significantly more complicated:

ð4:71Þ

1
αh2
þ 20 þ Oðh30 Þ;
Q1 Q1

ð4:72Þ

χ¼

4h20
þ sT;
e2r

ð4:73Þ

along with δBy ¼ δĴ ty and δEx ¼ δĴyz ; recall the definition
of er in (4.28). Here, χ denotes the susceptibility of the
transverse momentum and is proportional to (ε þ p) for the
system described in Sec. II D. Equation (4.42) then implies
that

;

pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ :
ð2Þ
a0 ðrh Þψ 2 ðrh Þ cðrh Þ

:

where α is a dimensionless coefficient which can be
computed.
It is instructive to change variables to those used in
Sec. II D. Namely, the “velocity field”

ψ 1 ðrh Þ

;
ð2Þ
ψ 2 ðrh Þ

ð2Þ
cðrh Þ − Q1 ψ 1 ðrh Þ

;
ð2Þ
ð4h0 ϕ1 ðrh ÞÞ
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ð2Þ
4πTh0 ψ 1 ðrh Þ cðrh Þ

1
δuy ¼ π ty ;
χ

− v21 ∂ z ðπ̂ ti þ 4h0 lnðMrh ÞδĴ zi Þ − D1 ∂ z δĴ zi ¼ 0;

;

Q1 =4h20

ψ1 ¼ −


1
∂t þ
ðπ zi þ 4h0 lnðMrh ÞδĴti Þ
τ1

v21 ¼

ð2Þ

ϕ1 ðrh Þ

d. Summary: We now provide the physical interpretation
of the above holographic results. For simplicity, we will
focus on the regime h0 ≪ T 2 , where we will see how
quasihydrodynamics emerges. The analysis is similar for
more generic systems. In this regime, jQ1 j ≫ 4h20 lnðMrh Þ,
ð2Þ
ð2Þ
and we find that bðrh Þ ≈ cðrh Þ ≈ 1, ϕ1 ≈ ϕ2 ≈ 1=4h0 ,
ð2Þ
and that ψ 2 ¼ Oðh0 Þ, while
ð2Þ

To understand the constraints imposed by the regularity of
ðnÞ
ðnÞ
Hμν and Bμν , and consequently of Ĉ1;2 , we replace Ĉ1;2 by
variables in Eqs. (4.52)–(4.61). Henceforth, for simplicity,
we will also turn off the sources for both π̂ μν and δĴμν . The
first set of relations that follows from regularity conditions
implies that

ϕ2 ðrh Þ

D2 ¼ −

ð4:67aÞ

δĴ ti
ð1Þ
ð2Þ
ð2Þ
þ cðrh ÞĈ2 þ ψ 2 ðrh ÞĈ2 ;
h0

Bti ¼ −
ð1Þ

δĴ zi
ð2Þ
ð2Þ
þ ψ 1 ðrh ÞĈ1 ;
h0

¼ 0; ð4:70Þ

χ∂ t δuy þ ∂ z π zy ¼ 0;

ð4:74aÞ

∂ t δBy þ ∂ z δEx ¼ 0:

ð4:74bÞ

The first equation is the conservation of momentum. The
second equation is Faraday’s law.
Finally, we turn our attention to the remaining two
equations of motion. Firstly, in the limit described above,
we find that (4.68) becomes
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1
4h
∂ z χδuy þ 20 δEx :
π ≈−
4πT
er
zy

1
∂ t δEx þ ∂ z δBy ¼ − ðδEx þ h0 δuy Þ þ    ;
τ

1
scalar∶ ∂ t δT xy ¼ − δT xy ;
τ

ð4:75Þ

Note that we have not included the term with ∂ t π zy as it is
subleading relative to the constant term in π zy when ω ≪ T
(the regime of validity of our analysis). Hence, π zy is not a
quasihydrodynamic d.o.f. Nevertheless, it was convenient
to carry it through the calculation as if it was quasihydrodynamic. Indeed, (4.75) reduces to a first-order constitutive relation within hydrodynamics, and as h0 → 0, we
recover the classic holographic result that the shear viscosity η obeys η ¼ s=4π. At first order in h0 , we observe a
correction to the stress tensor arising from the dynamical
electric field, which would not have been included in
conventional MHD. The ellipsis in (4.75) denotes higherorder corrections in h0 , which we have neglected.
The second equation of motion follows from (4.70):
ð4:76Þ

where 1=τ is given by (4.29). This is precisely Ampere’s
law in a plasma. Since the Ohmic current must be evaluated
in the rest frame of the fluid, we obtain a velocitydependent term in (4.76), exactly analogous to (2.36c).
Again,    denotes corrections in h0 which we have
neglected for simplicity.
Combining (4.74), (4.75) and (4.76) we thus arrived at a
holographically derived theory of quasihydrodynamic
MHD with dynamical electric fields in the transverse
Alfvén channel, which is exactly analogous to our discussion in Sec. II D. In holography, we may carry out the
computation to higher orders in h0 in principle, although
we will not systematically discuss the higher-order contributions here. We expect that at sufficiently low T, the
electric field will remain a quasihydrodynamic mode at
higher orders in h0 , but have not found a simple analytic
proof of this.
As we have shown in this section, a holographic analysis
of the bulk theory (4.1) with a dynamical metric and a twoform gauge field of [31,39] opens the door to a systematic
derivation of not only MHD but also its various extensions
that pertain to the physics of plasmas.

sound∶ ∂ t Πzz þ

ð5:1aÞ

D
1
∂ δT tz ¼ − δT xz ;
τ z
τ

ð5:1bÞ

4D
1
∂ z δT tz ¼ − Πzz ;
3τ
τ

ð5:1cÞ

shear∶ ∂ t δT xz þ

where the fluctuations are functions of t and z and the
diffusion constant D is defined in Eq. (2.31). δT μν denotes
the first-order perturbation of T μν and in the sound channel,
Πzz is defined as Πzz ≡ δT zz − δp, where δp is the
perturbation of the pressure. As explained in Sec. II C,
the three equations in (5.1) can be written in a covariant
form of a single approximate conservation law. In particular, they are the xy, xz and zz components of Eq. (2.25).
To show how the MIS equations arise from a dual
gravitational description, we focus on the Einstein-GaussBonnet theory [53,54,103,104], which is a useful holographic toy model for analyzing thermal field theories at
intermediate coupling strengths. The crucial feature of the
theory, and of other higher-derivative theories, is the
emergence of quasinormal modes with a purely relaxing,
imaginary dispersion relation ωðkÞ [51,54,105]. As was
demonstrated in [51,54], these modes reproduce many
expected spectral properties of thermal theories in transition
from strong, towards weak coupling. They exhibit the
emergence of quasiparticlelike excitations in the spectrum,
formation of branch cuts [51,54,106] and the quasiparticle
transport peak in the spectral function at k ¼ 0 [107].
Moreover, the existence of purely relaxing quasinormal
modes leads to the breakdown of hydrodynamics, formally
defined at the critical momentum kc at which the collision
occurs, given some λGB . In the shear channel, this is a
results of the collision of diffusive and gapped poles.
The breakdown of hydrodynamics also leads to a longer
hydrodynamization time [18,108], relevant in heavy-ion
collisions [17,20,109], and a longer isotropization time
[110,111].
The action of the Einstein-Gauss-Bonnet theory in five
dimensions is
1
S¼
2κ 5

V. QUASIHYDRODYNAMICS FROM
HOLOGRAPHY II: MÜLLER-ISRAEL-STEWART
THEORY AND HIGHER-DERIVATIVE GRAVITY
In this section, we show how the linearized conformal
Müller-Israel-Stewart (MIS) equations from Sec. II C can
be derived from a systematic expansion in an example of a
holographic higher-derivative theory. In terms of the stressenergy tensor T μν and gapped modes Πμν , the linearized
fluctuations of the MIS equations (2.24) can be written as

PHYS. REV. D 99, 086012 (2019)

þ

Z


12
pﬃﬃﬃﬃﬃﬃ
d x −g R þ 2
L
5


λGB L2
ðRabcd Rabcd − 4Rab Rab þ R2 Þ :
2

ð5:2Þ

We set the anti-de Sitter (AdS) radius to L ¼ 1. An
especially useful feature of this theory lies in the fact that
its equations of motion involve only first and second
derivatives. Thus, in principle, the coupling λGB ∈
ð−∞; 1=4 can be treated nonperturbatively. The background solution for this theory can be written in the form
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L2
bðrÞ 2
2
2
2
2
dr þ dx þ dy þ dz ;
ds ¼ 2 −aðrÞbðrÞdt þ
aðrÞ
r
2

ð5:3Þ
where
bðrÞ ¼ N GB ;
aðrÞ ¼ N GB fðrÞ;
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 − 1 − 4λGB ð1 − r4 =r4h Þ
:
fðrÞ ¼
2λGB

i
:
τðλGB Þ

ð5:5Þ

wg ¼

v2 ¼

ψ 2 ðrh Þ
;
r3h N GB

ð5:6aÞ

ψ 1 ðrh Þψ 02 ð0Þ
;
ψ 2 ðrh Þψ 01 ð0Þ

ð5:6bÞ

where ψ 1 and ψ 2 are function of the background metric:
ψ 1 ðrÞ ¼
ψ 2 ðrÞ ¼

r4h

Z

r=rh

s¼0

ds

s3
1 − 2λGB fðrh sÞ

;

Z r=r
h
r4h
s3
ds
ln fð0Þ þ r4h
4
fðrh sÞ
s¼0

0
f ðr sÞ
× 1 − 2λGB fðrh sÞ − 3 0 h
:
s f ðrh Þ

ð5:7aÞ

2

Þ

:

ð5:9Þ

GB þ1

In particular, see Eq. (2.44) of Ref. [54]. Importantly,
we note that unlike in MIS theory, cf. Sec. II C, the
relaxation time τ that is derived from the gravity bulk,
which encodes all higher-order corrections to hydrodynamics, does not equal the second-order transport coefficient τΠ [54,103,104]:


1 1
2
τΠ ¼
ð1 þ γ GB Þ 5 þ γ GB −
2πT 4
γ GB


1 2ðγ GB þ 1Þ
− ln
:
ð5:10Þ
2
γ GB
However, in the large −λGB limit, as λGB → −∞,
λGB →−∞

μν

τ¼

ωg
4i
¼−
2πT
γ GB ðγ GB þ 2Þ − 3 þ 2 lnðγ

lim τ ¼

This is the mode that plays the role of Π in the MIS
theory. As we show below, its associated relaxation time τ
can be found analytically when τðλGB ÞT ≫ 1. Moreover,
we will also find the speed of propagation of modes at large
k, v, which was discussed in Secs. II B and II C,
cf. Eqs. (2.15) and (2.27). In particular, v2 ¼ D=τ. The
results derived from the action (5.2) are

ð5:8Þ

;

pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
where γ GB ¼ 1 − 4λGB . The expression agrees precisely
with the (zero-momentum) frequency of the gap of the
nonhydrodynamic modes in all three channels of EinsteinGauss-Bonnet gravity obtained from the analytic quasinormal mode calculations of Refs. [51,54]:

ð5:4Þ

The symbol rh denotes the radial position of the horizon.
The AdS boundary is at r ¼ 0. We set N 2GB fð0Þ ¼ 1 to
ensure that the boundary speed of light equals to one.
Moreover, the Hawking temperature is given by
T ¼ N GB =ðπrh Þ. For further details regarding this theory,
see [54].
Increasing the negative value of the higher-derivative
coupling constant λGB , i.e., increasing −λGB , can be though
of as tuning the dual coupling constant away from infinity.
In the regime of large −λGB , the relaxational quasinormal
mode comes into the regime of jωj=T ≪ 1 and has a
nontrivial interplay with the hydrodynamic modes [51,54].
Its gap can be defined as
ωg ≡ ωðk ¼ 0Þ ¼ −



1
2
τ¼
γ GB ðγ GB þ 2Þ − 3 þ 2 ln
8πT
γ GB þ 1

lim τΠ ¼ −

λGB →−∞

λGB
:
2πT

ð5:11Þ

Finally, the speed v is given by
v2 ¼ −

8λGB
:
γ GB ðγ GB þ 2Þ − 3 þ 2 lnðγGB2þ1Þ

ð5:12Þ

Note that the reason that v is superluminal stems from the
fact that it is computed from taking the limit of k → ∞—
the limit in which the Einstein-Gauss-Bonnet theory
suffers from various known UV problems and instabilities
[54,112–114]. The theory should always be thought of as
one with a UV cutoff on ω and k for any nonzero λGB .
For this reason, acausal UV behavior is irrelevant for the
ω ≪ T and k ≪ T regime of interest to this work in which
the theory of quasihydrodynamics is applicable.
The remaining of this section is devoted to demonstrating how the equations (5.1) emerge from the matching
conditions in the bulk.
A. Scalar channel

ð5:7bÞ

Performing the integral ψ 2 explicitly, we obtain the
relaxation time

We begin by deriving the scalar channel equation (5.1a).
To do this, we study the decoupled δgxy fluctuation of the
black brane metric (5.3).
δðds2 Þ ¼ δgxy ðr; t; zÞdxdy ≡
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2
hxy ðr; t; zÞdxdy:
r2

ð5:13Þ
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The bulk equation of motion for this mode, in the Fourier
basis hxy ðr; t; zÞ ∼ hxy ðrÞe−iωtþikz , can be written as

∂r

f∂ r hxy
r ð1 − 2λGB fÞ
3

¼−

r

3

ω2 − k2 fA
hxy ; ð5:14Þ
− 2λGB fÞ

hxy ðr; xμ Þ ¼ ĥxy ðxμ Þ þ π̂ xy ðxμ ÞΨ2 ðrÞ;

ð5:15Þ

Ψ2 ðrÞ ¼ r4h

s¼0

ð5:17Þ

which diverges at the horizon. We split Ψ2 ðrÞ into a finite
part, ψ 2 , and the part that is logarithmically divergent at the
horizon:
r3h
0
f ðrh Þ
Z
þ r4h

Z

1
r4
ð2Þ
∂ t Hxy ¼ − h π̂ xy ;
4πT
4

r=rh

ψ 2 ðrh Þ∂ t π̂ xy ¼ −∂ t ĥxy − N GB r3h π̂ xy :

ð5:18Þ

where ψ 2 ðrÞ was stated in Eq. (5.7b). In terms of boundary
operators, π̂ xy ¼ δT xy .
b. Inner region: The inner, near-horizon region is
defined by rh − r ≪ 1=T. There, we make the following
ansatz for hxy :
ð1Þ

ð2Þ

hxy ðr; xμ Þ ¼ Hxy ðr; xμ Þ þ Hxy ðr; xμ ÞfðrÞ−iω=4πT ;

ð5:19Þ

ðiÞ

where Hμν ðr; xμ Þ are regular function at the horizon. We
then substitute the above ansatz into the equation of motion
(5.14) and demand that the coefficients of all divergent
pieces vanish in the near-horizon expansion. For the
coefficient of fðrÞ−1 , we find that
ð1Þ

Hxy ¼ 0;

ðiÞ

ð5:23Þ

B. Shear channel
In this shear channel, we turn on the metric fluctuations
δðds2 Þ ¼

X 2
ðhti ðr; t; zÞdtdxi þ hzi ðr; t; zÞdzdxi Þ;
2
r
i¼x;y
ð5:24Þ

where we have used the radial gauge hrμ ¼ 0. The relevant
set of coupled dynamical equations of motions is

1 − 2λGB f
∂r
∂ r hti
r3
kA
− 2 3 ð1 − 2λGB fÞðωhiz þ khti Þ ¼ 0; ð5:25aÞ
N GB r f

f
∂r 3
∂ r hiz
r ð1 − 2λGB fÞ
ωð1 − 2λGB fÞ
þ
ðωhiz þ khti Þ ¼ 0;
ð5:25bÞ
N 2GB r3 f
and a first-order constraint equation
ω∂ r hti þ kfA∂ r hiz ¼ 0;

ð5:20Þ

where we have used the shorthand notation Hxy ≡
ðiÞ
Hxy ðrh ; xμ Þ.

ð5:22Þ

Finally, we can turn off the source ĥ to show that the above
matching condition takes the form of the first approximately conserved current in (5.1a), and thus of the
linearized MIS theory, with the relaxation time τ stated
in Eq. (5.6a).

ds

r4
¼ − h ln ðfðrÞÞ þ ψ 2 ðrÞ;
4

ð2Þ

Hxy ¼ ĥxy þ π̂ xy ψ 2 ðrh Þ:

Third, using the above relation for ∂ t Hð2Þ and the expression for the Hawking temperature T, we find that

f 0 ðrh sÞ
fðrh sÞ
s¼0

r=rh
s3
f 0 ðr sÞ
ds
1 − 2λGB fðrh sÞ − 3 0 h
fðrh sÞ
s f ðrh Þ
s¼0

Ψ2 ðrÞ ¼

iω ð2Þ
ln f
ð2Þ
ð2Þ
Hxy ln f ¼ Hxy þ
∂ t Hxy :
4πT
4πT
ð5:21Þ

Second, we demand that the two branches of solutions
match:

ð5:16Þ

where Ψ2 ðrÞ can be written as
s3
ds
ð1 − 2λGB fðrh sÞÞ;
fðrh sÞ

ð2Þ

hxy ðr ≈ rh Þ ¼ Hxy −

The matching procedure then proceeds in the manner
outlined in Sec. III.
a. Outer region: In the outer region, e−4πT=ω =T ≪
rh − r, where we neglect the right-hand side of (5.14),
we find that the solution for hxy is

r=rh

c. Intermediate region: The intermediate region, defined
as e−4πT=ω =T ≲ rh − r ≲ 1=T, is where we match the two
solution from outer and inner regions. First, we expand the
logarithmically divergent term of the inner region solution,

N 2GB fð1

where the coefficient A is

2λGB rf 0
2
A ¼ N GB 1 −
:
1 − 2λGB f

Z
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ð5:26Þ

where the coefficient A was defined in (5.15). As before,
it is the first-order constraint (5.26) that implies the
conservation of the transverse momentum T ti . This is
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not the case for the approximate conservation of δT iz ,
which instead arises from the matching condition in the
bulk. Note that the outer, the inner and the intermediate
matching regions are defined in the same way as in the
scalar channel.
a. Outer region: As in the scalar channel, first consider
the outer region, where we write the metric fluctuations as
hti ðr; xμ Þ ¼ ĥti ðxμ Þ þ π̂ ti ðxμ ÞΨ1 ðrÞ;

ð5:27aÞ

hiz ðr; xμ Þ ¼ ĥzi ðxμ Þ þ π̂ zi ðxμ ÞΨ2 ðrÞ:

ð5:27bÞ

The functions Ψ1;2 are then split into a finite and a singular
part at the horizon,
Ψ1;2 ðrÞ ¼ ψ 1;2 ðrÞ þ singular part:

Ψ1 ðrÞ ¼ ψ 1 ðrÞ ¼ r4h

r=rh

ds

s¼0

s3
1 − 2λGB fðrh sÞ

ð1Þ

ð2Þ

Hzi þ Hzi ¼ ĥzi þ ψ 2 ðrh Þπ̂ zi ðxμ Þ:

:

ð5:34Þ

Turning off the source ĥ and substituting the above
matching conditions into Eq. (5.32a), which is a consequence of horizon regularity, we find the following relation:

ψ ðr Þ
N GB r3h
∂ t π̂ zi − 1 h ∂ z π̂ ti ¼ −
π̂ : ð5:35Þ
ψ 2 ðrh Þ
ψ 2 ðrh Þ zi
Finally, combining this result with the conservation of
transverse momentum and using the holographic dictionary
for the stress-energy tensor, we recover the conserved and
the approximately conserved quasihydrodynamic MIS
equations for δT ti and δT zi :

ð5:28Þ

The procedure for finding Ψ2 is identical to the one the
scalar channel, cf. Eq. (5.18). On the other hand, Ψ1
contains no singular part and thus we can express it as
Z

ð1Þ

Hti ¼ ĥti þ ψ 1 ðrh Þπ̂ ti ðxμ Þ;

∂ t δT ti þ ∂ z δT zi ¼ 0;
1
∂ t δT zi þ v2 ∂ z δT ti ¼ − δT zi ;
τ

ð5:36aÞ
ð5:36bÞ

where one can show after holographic renormalization that

ð5:29Þ

π̂ zi ∝ δT i z ;

π̂ ti ∝

ψ 02 ð0Þ i
δT t :
ψ 01 ð0Þ

ð5:37Þ

Due to the constraint (5.26), π̂ ti and π̂ iz are not independent,

Both expressions have the same proportionality constant.

ψ 01 ð0Þ
∂ π̂ − ∂ z π̂ zi ¼ 0;
ψ 02 ð0Þ t ti

C. Sound channel

ð5:30Þ

which upon performing holographic renormalization yields
the conserved transverse momentum ∂ μ δT μi ¼ 0.
b. Inner region: We proceed by writing hti and hzi at the
horizon in terms of regular and infalling parts:




δhti ðr; xμ Þ
δhzi ðr; xμ Þ

¼

ð1Þ

δHti ðr; xμ Þ
ð1Þ

þ

δHzi ðr; xμ Þ
 ð2Þ
δHti ðr; xμ Þ
ð2Þ
δHzi ðr; xμ Þ

fðrÞ−iω=4πT :

ð5:31Þ

The equation of motion near the horizon then implies
ð2Þ

ð5:32aÞ

ð1Þ

ð5:32bÞ

Hti ¼ 0;
ð1Þ

∂ t Hzi − ∂ z Hti ¼ 0:

Lastly, in the sound channel, we turn on the following
perturbations the metric, again in the radial gauge,
1
δðds2 Þ ¼ 2 ðhtt dt2 þ 2htz dtdz þ hxx dx2 þ hyy dy2 þ hzz dz2 Þ:
r
ð5:38Þ
There are four second-order equations of motion for htt, htz ,
hii ≡ hxx þ hyy and hzz . The equation of motion for htt does
not play a direct role in the computation (the relevant part
of it is a derivative of a constraint). The remaining
equations are

d ð1 − 2λGB f 0
ωk
htz þ 3 ð1 − λGB ð2f − rf 0 ÞÞhii ¼ 0;
dr
r3
rf

c. Intermediate region: Using the same matching procedure as in the scalar channel, the logarithmically divergent terms imply that
1
r4
ð2Þ
∂ t Hzi ¼ − h π̂ zi :
4πT
4

ð5:33Þ

pﬃﬃﬃ
d
f ð1 − 2λGB fÞ 0
ðhii þ h0zz Þ
dr
r3
−

k2
pﬃﬃﬃ ð1 − λGB ð2f − rf 0 ÞÞhii ¼ 0;
r f
3

086012-30

ð5:39bÞ


d f
ð1 − 2λGB fÞ−1 ðh0ii − 2h0zz Þ
dr r3
1
− 2 3 ð2N 2GB k2 fhtt þ 4ωkhtz
N GB r f

þ 2ω2 hzz þ ðω2 − Ak2 fÞhii Þ ¼ 0:

Similarly, matching the finite pieces gives

ð5:39aÞ

ð5:39cÞ
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In addition, we also have three first-order constraint
equations

∂ t ðh0ii þ h0zz Þ − ∂ z h0tz ¼ 0;

ð5:44aÞ


f0
1
0
0
0
khtz þ ωðhii þ hzz Þ
ωðhii þ hzz Þ þ khtz −
2
f

∂ t h0tz − ∂ z ðh00tt − h0ii Þ ¼ 0;

ð5:44bÞ

h0tt − ðh0tz þ h0ii Þ ¼ 0:

ð5:44cÞ

¼ 0;
ð5:40aÞ

1
ωh0tz þ N 2GB kfh0tt þ N 2GB kf0 htt − N 2GB fkAh0 ¼ 0;
2
ð5:40bÞ
r 2
ðω hzz þ 2ωkhtz þ N 2 fk2 htt þ ðω2 − k2 fAÞhii Þ
f

N 2GB f 0
þ 3N 2GB fh0tt − 3fA −
ðh0zz þ h0ii Þ ¼ 0:
2ð1 − 2λGB fÞ

After using the holographic dictionary, which is schematically h0μν ∼ δT μ ν, then, as claimed above, these equations
become the conservation of energy ∂ μ δT μ t ¼ 0, momentum
∂ μ δT μ z ¼ 0, and the conformal tracelessness condition
δT μμ ¼ 0. In terms of the functions π̂ μν ðxμ Þ, these relations
lead to

ð5:40cÞ
As we shall see, the constraint equations in (5.40) will
becomes the conservation of energy, longitudinal momentum and the tracelessness condition of the stress-energy
tensor, respectively.
a. Outer region: The outer region solutions for htz, hii −
2hzz and h þ hzz can easily be obtained from Eqs. (5.39).
We find
htz ¼ ĥtz ðxμ Þ þ π̂ tz ðxμ ÞΨ1 ðrÞ;

ð5:41aÞ

hii − 2hzz ¼ ĥii ðxμ Þ − 2hzz ðxμ Þ þ π̂ 2 ðxμ ÞΨ2 ðrÞ;

ð5:41bÞ

hii þ hzz ¼ ĥ þ ĥzz þ π̂ 3 ðxμ ÞΨ3 ðrÞ:

ð5:41cÞ

The functions Ψ1 and Ψ3 are finite everywhere in the bulk
while Ψ2 diverges at the horizon. The functions Ψ1;2 are
analogous to the ones that appear in the scalar and the shear
channel computations. The new Ψ3 is
Ψ3 ðrÞ ¼ ψ 3 ðrÞ ¼ r4h

Z

r=rh

s¼0

s3

ψ 03 ð0Þ∂ t π̂ 3 − ψ 01 ð0Þ∂ z π̂ tz ¼ 0;

ð5:45aÞ

1
ψ 01 ð0Þ∂ t π̂ tz − ∂ z ðψ 03 ð0Þπ̂ 3 − ψ 02 ð0Þπ̂ 2 Þ ¼ 0:
3

ð5:45bÞ

b. Inner region: We again write down the ansatz
0

hzz

1

0

We also write the solutions for h and hzz , which will prove
convenient in the matching procedure:
1
hii ¼ ĥii þ ðπ̂ 2 ðxμ ÞΨ2 ðrÞ þ 2π̂ 3 ðxμ ÞΨ3 ðrÞÞ;
3

ð5:43aÞ

1
hzz ¼ ĥzz þ ðπ̂ 3 ðxμ ÞΨ3 ðrÞ − π̂ 2 ðxμ ÞΨ2 ðrÞÞ:
3

ð5:43bÞ

To better understand the role of the functions π̂ μν , let us
consider the first-order constraint equations in the outer
region, which are

1

0

ð2Þ

Hzz ðr; xμ Þ

1

C B ð2Þ
C
B
C B ð1Þ
−iω=4πT
B
μ C
μ C
@ hii A ¼ B
@ Hii ðr; x Þ A þ @ Hii ðr; x Þ AfðrÞ
ð1Þ
ð2Þ
htx
H ðr; xμ Þ
H ðr; xμ Þ
tz

tz

ð5:46Þ
and substitute it into the equations of motion, which we
expand in the near-horizon region. The functions HðnÞ are
regular at the horizon. As a result, one finds a number of
relations between the above near-horizon solutions. Among
then, the ones relevant to the present derivation are
ð1Þ

ð1Þ

Hii ¼ 0;

ð1Þ

ð2Þ

∂ t ð∂ t Hzz − 2∂ z Htz Þ ¼ 0;

Htz ¼ 0:
ð5:47Þ

The second equation arose from the nonradial derivative
part of (5.39c). It implies that

:
ds pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
fðrh sÞð1 − 2λGB fðrh sÞÞ
ð5:42Þ

ð1Þ

Hzz ðr; xμ Þ

ð1Þ

ð1Þ

∂ t Hzz − 2∂ z Htz ¼ F ðtÞ;

ð5:48Þ

where the function F ðtÞ is independent of spatial coordinates. Assuming regularity at spatial infinity, we conclude
that F ðtÞ ¼ 0 [40]. This will prove essential in recovering
the approximate conservation law of the MIS theory.
c. Intermediate region: Again, we expand the nearhorizon solutions as
0

hzz

1

0

ð1Þ

ð2Þ

Hzz þ Hzz

1

0

ð2Þ

Hzz

1

C
1
B
C B ð1Þ
B ð2Þ C
ð2Þ C
@ hii A ¼ B
@ Hii þ Hii A þ 4πT ∂ t @ H A ln f;
ð2Þ
ð1Þ
ð2Þ
htx
Htz
H þH
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where we have used the shorthand notation
HðnÞ ðr ¼ rh ; xμ Þ ¼ HðnÞ . The matching condition for the
logarithmically divergent pieces implies that
∂ t Hð2Þ


πTr4h
¼−
π̂ 2 ðxμ Þ;
3

ð2Þ

∂ t Hzz


πTr4h
¼
π̂ 2 ðxμ Þ:
3

1
Πzz ¼ δT zz − δp ∝ − π̂ 2 :
3

Similarly, one can write σ zz in terms of the tz component of
the stress-energy tensor as
4
4 1
4 1
σ zz ¼ ∂ z vz ¼
∂ z δT tz ∝
π̂ ;
3
3ε þ p
3 ε þ p tz

ð5:50Þ
For the finite terms, we find
ð1Þ

Htz ¼ ĥtz þ π̂ tz ψ 1 ðrh Þ;
ð1Þ
Hzz

þ

ð2Þ
Hzz

ð5:51aÞ

1
¼ ĥzz þ ðπ̂ 3 Ψ3 ðrh Þ − π̂ 2 ψ 2 ðrh ÞÞ;
3

1
ð2Þ
Hii ¼ ĥii þ ðπ̂ 2 ψ 2 ðrh Þ þ 2π̂ 3 Ψ3 ðrh ÞÞ;
3
ð2Þ

1
1
ð1Þ
ð2Þ
∂ t Hzz ¼ ∂ t Hð2Þ − ∂ t Hzz − ψ 2 ðrh Þ∂ t π̂ 2
2
2
1
1
¼ − ðπTr4h Þπ̂ tz − ψ 2 ðrh Þ∂ t π̂ 2 ;
2
2

ð5:52Þ

where in the second line, we used the matching conditions
for the divergent terms from Eq. (5.50). The regularity
condition (5.47) then implies
1
1
ð1Þ
ð1Þ
∂ t Hzz − 2∂ z Htz ¼ − ðπTr4h Þπ̂ 2 − ψ 2 ðrh Þ∂ t π̂ 2
2
2
− 2ψ 1 ðrh Þ∂ z π̂ tz ¼ 0:

ð5:53Þ

In other words, we find the approximate conservation law:
∂ t π̂ 2 þ 4

ψ 1 ðrh Þ
N r3
∂ z π̂ tz ¼ − GB h π̂ 2 :
ψ 2 ðrh Þ
ψ 2 ðrh Þ

ð5:54Þ

One can convert π̂ 2 and π̂ tz into the expectation values of
the stress-energy tensor in the following way: first, we
recall that the dissipative part of the stress-energy tensor
can be written as π̂ zz ¼ δT zz − δp and that
δp ¼

1 X ii 1
δT ∝ π̂ 3 :
3 i¼x;y;z
3

ð5:55Þ

It follows that the dissipative part of the stress-energy
tensor in MIS theory is

4D
1
∂ hδT tz i ¼ − Πzz :
3τ z
τ

ð5:58Þ

The relaxation time τ and the diffusion constant D are again
given by Eqs. (5.6a) and (5.6b).

ð5:51cÞ

where we used the fact that Htz ¼ Hð1Þ ¼ 0. Relations
(5.51b) and (5.51c) can be combined into

ð5:57Þ

where δT tz ∝ π̂ tz . Eq. (5.54) expressing approximate conservation of π̂ 2 can finally be written as the linearized MIS
equation in the sound channel [cf. Eq. (5.1c)]:
∂ t Πzz −

ð5:51bÞ

ð5:56Þ

VI. CONCLUSION
In this paper, we have developed a general framework
for discussing linearized hydrodynamic theories with additional approximately conserved currents, which we called
quasihydrodynamics. As shown, this framework can be
used to understand a large number of phenomenological
theories discussed in previous literature, including our main
two examples: magnetohydrodynamics coupled to dynamical electric fields (which thus includes dynamical photons),
and the relativistic Müller-Israel-Stewart theory. Since a
generic feature of such theories is the presence of not only
massless hydrodynamic modes, but also of “massive” longlived modes, a systematic constructions of effective quasihydrodynamic theories is a formidable task, as the formal
gradient expansion is not directly applicable. An even more
difficult task is a derivation of such effective theories from
their underlying quantum microscopic description—for
some recent progress in the hydrodynamic setting (without
approximately conserved quantities) see [115].
With a view towards a long-term goal of building
systematic quasihydrodynamic theories, we studied the
emergence of quasihydrodynamic theories in strongly
coupled theories with holographic duals. As we have
shown, holography can be used as a tool to systematically
derive a low-energy description of systems with long-lived
excitations. In particular, we have developed an explicit
holographic algorithm for analytically computing the
linearized quasihydrodynamic equations in a generic system, extending and simplifying earlier developments of
[38,40]. We first showed in detail how to carry out this
procedure to unambiguosly demonstrate the existence of
dynamical photons in a holographic dual of magnetohydrodynamics [31]. This explicitly confirms the claims made
previously in [31,39] that the holographic dual of a theory
with a one-form symmetry encodes dynamical electromagnetism on the boundary. Moreover, it provides a systematic
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method for deriving extensions of MHD, which we
anticipate will find a wealth of applications in plasma
physics. In our second example, we uncovered the equations of MIS theory from a holographic higher-derivative
Einstein-Gauss-Bonnet gravity theory, which was previously shown to be able to exhibit long-lived massive
excitations within the low-energy (hydrodynamic) regime
[51,54]. Systematically derived extensions of the MIS
theory may find future applications in the physics of
heavy-ion collisions and other types of fluid dynamics at
intermediate strength of the coupling constant. For example, with a view towards the description of a conjectured
critical point of quantum chromodynamics, it would be
interesting to understand the recently proposed Hydro+ of
[116] from the point of view of our present work.
Beyond the ability to derive dynamical equations of
motion and effective field content of quasihydrodynamic
theories, we expect that our methods will be useful also for
analytically recovering hydrodynamic dispersion relations
in the holographic duals of ordinary fluids, superfluids,
solids and more. The abstract nature of the method allows
one to carry out the entire calculation in terms of gravitational background fields until the very end, be they
analytically or numerically known. One is at most required

to perform a set of simple final numerical integrals to obtain
those dispersion relations.
Finally, we anticipate that these methods will assist
future research into the systematic development of dissipative nonlinear effective field theories for systems with
weakly broken symmetries, following the series of recent
advances in Refs. [2–9].
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