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Hydrodynamics is a theory of long-range excitations controlled by equations of motion that encode
the conservation of a set of currents (energy, momentum, charge, etc.) associated with explicitly realized
global symmetries. If a system possesses additional weakly broken symmetries, the low-energy hydro-
dynamic degrees of freedom also couple to a few other “approximately conserved” quantities with
parametrically long relaxation times. It is often useful to consider such approximately conserved operators
and corresponding new massive modes within the low-energy effective theory, which we refer to as
quasihydrodynamics. Examples of quasihydrodynamics are numerous, with the most transparent among
them hydrodynamics with weakly broken translational symmetry. Here, we show how a number of other
theories, normally not thought of in this context, can also be understood within a broader framework of
quasihydrodynamics: in particular, the Müller-Israel-Stewart theory and magnetohydrodynamics coupled
to dynamical electric fields. While historical formulations of quasihydrodynamic theories were typically
highly phenomenological, here, we develop a holographic formalism to systematically derive such theories
from a (microscopic) dual gravitational description. Beyond laying out a general holographic algorithm, we
show how the Müller-Israel-Stewart theory can be understood from a dual higher-derivative gravity theory
and magnetohydrodynamics from a dual theory with two-form bulk fields. In the latter example, this allows
us to unambiguously demonstrate the existence of dynamical photons in the holographic description of
magnetohydrodynamics.
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I. INTRODUCTION

The past decade has seen a resurgence of interest in
developing a systematic understanding of hydrodynamics
as an effective field theory, describing the relaxation of
locally conserved quantities towards global equilibrium in
terms of long-lived (low-energy) degrees of freedom
(d.o.f.)[1–9]. While the formulation of a dissipative
hydrodynamic theory from an action principle was a
long-outstanding problem, the rapid development of its
reformulation in terms of effective field theory, along with
other formal approaches to its classification [10–14], were
largely ignited and accelerated by the advent of gauge-
string duality (holography) [15], in particular, its ability to
describe hydrodynamics of strongly interacting states [16].
The lines of research that have sprung from these

developments have led to a number of important

applications, ranging from a vastly improved understanding
of thermalization and hydrodynamization of the quark-
gluon plasma resulting from heavy-ion collisions [17–20],
a comprehensive formulation of the theory of magnetohy-
drodynamics [21,22], to an understanding of the dynamics
of electrons in exotic “strange” metals [23–26]. For recent
overviews see [27,28]. Many of the applications listed here
pertain to old problems in physics. As a result, various
phenomenological hydrodynamic approaches to their res-
olution have been known for decades. Unfortunately, these
phenomenological approaches often lack rigor. In particu-
lar, a strategy common to many of these attempts is a rather
ad hoc coupling of fluid d.o.f. (particle density, momentum
density, velocity, etc.) to nonhydrodynamic d.o.f. (magnetic
field, chemical reactant concentration, etc.). Another is an
explicit breaking of various conservation laws (energy,
momentum, charge, etc.).
A classic example, which we will study in detail in this

work, is the textbook formulation of magnetohydrodynam-
ics (MHD) (see e.g., [29,30]). MHD combines a theory of
fluid d.o.f. that obey the continuity equation and the forced
Euler (or Navier-Stokes) equation, while the dynamics of
electromagnetic fields obeys Ampere’s law (neglecting
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displacement current), Faraday’s law and magnetic Gauss’s
law. Momentum conservation of the fluid sector is explic-
itly broken (forced) by the addition of an external Lorentz
force and the electric field is commonly expressed in terms
of the magnetic field via the boosted ideal Ohm’s law in the
limit of infinite conductivity (see [31]). Standard formu-
lation of MHD can be seen as lacking a systematic coupling
between the separated fluid and electromagnetic d.o.f., as
well an understanding of (global) symmetries by which one
can organize a theory of long-range excitations in plasmas.
These questions were addressed recently in [21] where
MHD was reformulated and extended by using the lan-
guage of higher-form symmetries [32]. As a result of the
above-mentioned issues with the historical approach to
MHD, the standard formulation of MHD explicitly breaks
the gradient expansion; this is particularly acute when
MHD is coupled to dynamical electric fields. Nevertheless,
while from a formal effective field theory point of view
such a theory should be viewed with suspicion, standard
MHD and its simple phenomenological extensions make a
number of extremely successful predictions about the
dynamics of complicated astrophysical plasmas and proc-
esses in fusion reactors.
Another classic example of a system with an explicitly

broken conservation law is fluid dynamics with weak
momentum relaxation [28,33,34]. For example, such sys-
tems are known to describe both the drag of the Earth’s
surface on the atmospheric fluid [35], and the hydro-
dynamics of electrons in clean metals [26].
In light of these and other examples, the main goal of this

work is to elucidate a formal approach to studying hydro-
dynamic theories with weakly broken symmetries, both
from the point of view of field theory and holography.
We will show that a large number of existing phenomeno-
logical theories can be precisely understood within this
framework.
Hydrodynamics is a theory which is valid on length and

time scales that are long compared to the mean free time
τmft and mean free path lmfp [36]. Since hydrodynamics is a
gradient expanded theory, it is convenient to express these
statements formally as

τmft∂t ≪ 1; lmfp∂i ≪ 1; ð1:1Þ

embodying the fact that gradients of relevant fields need to
be small compared to the inverse time and length scales.
The energy scale set by 1=τmft should be though of as the
ultraviolet (UV) cutoff of the effective theory of hydro-
dynamics. The hydrodynamic equations of motion take the
schematic form

∂thρAi þ ∂iJiA½hρAi; ∂jhρAi; � � �� ¼ 0; ð1:2Þ

where ρA correspond to conserved densities, and JiA to
conserved currents which can be expanded in a gradient

expansion series of higher-order hydrodynamics (see
e.g., [13,37]). The expectation values hρAi are computed
in the equilibrium state of the system, e.g., the thermal
equilibrium hρAi ¼ Tr½ρAe−βH�, with β ¼ 1=T the inverse
temperature.
Now, suppose that there exists a single nonconserved

operator P in the theory, which has a relaxation time
(inverse decay rate) τ1, so that hPðtÞPð0Þi ∼ e−t=τ1 , while
all other “orthogonal” operators have a much smaller
relaxation time fτ2; τ3;…g ≪ τ1.

1 Formally speaking,
the hydrodynamic d.o.f. do not include hPi. Since hPi
must relax before the theory is described by hydrodynamic
modes alone, τmft ≳ τ1 [cf. Eq. (1.1)]. However, as shown in
Fig. 1, it may be the case that the decay time τ1 of hPi is
significantly larger than the decay time for all other
nonhydrodynamic modes: if O represents a generic local
operator, orthogonal to the hydrodynamic modes and to P,
then hOðtÞOð0Þi ∼ e−t=τ2 , and τ2 ≪ τ1. In such a setting,
unfortunately, hydrodynamics breaks down once τ1∂t ∼ 1,
because on these time scales, there is still only a finite
number of d.o.f.: the hydrodynamic modes and hPi. Rather
than integrating out hPi, we should keep it in our effective
theory, so that our description of the dynamics remains
valid all the way until τ2∂t ∼ 1. At a phenomenological
level, we expect that the equations of motion will appear to
be hydrodynamic, except that hPi will have a small decay
rate 1=τ1. Thus, we replace Eq. (1.2) with

∂thρAi þ ∂iJiA½hρAi; ∂hρAi;…; hPi; ∂jhPi; � � �� ¼ 0;

ð1:3aÞ

∂thPi þ ∂iJiP½hρAi; ∂hρAi;…; hPi; ∂jhPi; � � �� ¼ −
hPi
τ1

:

ð1:3bÞ

So long as τ1 ≫ τ2, these equations of motion can describe
the evolution of the system extremely accurately, even on
time scales which are short compared to τ1. Since (1.3) is
valid so long as τ2∂t ≪ 1, it is a parametric improvement
over the hydrodynamic expansion without hPi as a d.o.f., as
hydrodynamics is only valid when τ1∂t ≪ 1. As will be
discussed in the main body of this work, there is a well-
developed theory for explicitly computing τ1, either from
field theory or from holography, as the answers are known
to exactly match [38].
The reason that it is useful to include hPi as a formal

d.o.f. within effective theory is that in many cases, τ1 is a
divergent function of a single dimensionless parameter
λ: τ1ðλÞ ∼ λ−α. Then as λ → 0, there is a parametric
separation between τ1 and τ2, such that the resulting

1The notion of operator orthogonality here can be formally
understood in terms of thermodynamic susceptibilities, see
e.g., [28].
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effective theory (1.3) is local and well behaved. For
concreteness, let us imagine a conventional fluid, placed
in a medium with static inhomogeneity which (weakly)
breaks translational invariance. If the dimensionless ampli-
tude of the inhomogeneous source is λ, then momentum
will not be exactly conserved; instead, it will decay on a
time scale τ1 ∼ λ−2. When λ ≪ 1, τ1 is very large and, as we
will review, there is a controlled prescription for computing
τ1. Obtaining (1.3) using this prescription, hydrodynamics
can be improved to systematically account for weakly
broken symmetries (in this example, spatial translations)
and their corresponding approximate conservation laws. It
is straightforward to generalize (1.3) to the case where a
finite list of operators Pα is long lived. For lack of a better
phrase, we will call the theory in (1.3), in which an
approximately conserved quantity is treated on the same
footing as exactly conserved quantities, a quasihydrody-
namic theory.
Let us emphasize from the outset that the quasihydrody-

namic equations (1.3) are physical equations: all quasinor-
mal modes and poles in correlation functions which are
predicted by (1.3) on frequency scales jωj ≪ τ−12 must exist
in the true physical system. Because the formalism for
deriving quasihydrodynamics is only exact when τ−11 is
perturbatively small (λ ≪ 1), one should not allow for the
relaxation time τ1 appearing in (1.3) to become small. If
τ1 ∼ τ2 (as might be expected when the symmetry breaking
parameter λ≳ 1), the quasihydrodynamic equations (1.3)

do not make sense and must be replaced with ordinary
hydrodynamic equations (1.2). The difference between the
limits λ≳ 1 (left panel) and λ ≪ 1 (right panel) is illus-
trated in Fig. 1.
The purpose of this work is to make a three-fold

contribution to an already existing theory of quasihydro-
dynamics, which should help in unifying a number of past
results under a common language as well as establish a
systematic way to study such theories in the future. First,
we point out that—at least within linear response—a large
number of well-known phenomenological theories are
quasihydrodynamic: these include not only the momen-
tum-relaxing fluid, but also magnetohydrodynamics and
plasma physics with dynamical photons, simple models of
viscoelasticity, (at least in some cases) the Müller-Israel-
Stewart (MIS) theory of relativistic hydrodynamics, and
(quantum) kinetic theory (in some respects). In every case,
we identify both the approximately conserved quantities
and the perturbatively small parameters which govern their
decay rates. Some of these identifications are novel and
may lead to new insights into old phenomenolgoical
theories. Second, we note that many quasihydrodynamic
theories exhibit a universal “semicircle” law in which a
hydrodynamic diffusion pole collides with a quasihydrody-
namic pole to create a propagating wave. Awell-understood
example is the formation of sound waves in a momentum-
relaxing fluid at frequencies ≫ τ−11 . Examples that (to the
best of our knowledge) have never yet been understood as

FIG. 1. A schematic depiction of the ranges of validity of hydrodynamics and quasihydrodynamics for two distinct spectra plotted on
the complex frequency ω plane. In the left panel, relaxation times of all nonhydrodynamic modes are comparable and the IR part of the
spectrum is dominated by hydrodynamic modes. There is no quasihydrodynamic regime as τ1 ∼ τ2. In the right panel, τ1 is much larger
than the other relaxation times (τ1 ≫ τ2) and so the hydrodynamic regime (shaded pink) has a greatly reduced regime of validity.
Because τ1 ≫ τ2, if we include the resulting long-lived mode in our effective theory, we obtain an improved quasihydrodynamic theory
which is valid in a parametrically larger regime (shaded yellow). In each of the plots, the black circle depicts the hydrodynamic mode
with the usual diffusive decay rate Dk2. The red circle is the massive mode hPi with the longest relaxation time τ1; blue circles depict
modes with faster relaxation times τ2, τ3, etc.
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quasihydrodynamic include transverse sound waves in
elastic solids and electromagnetic waves in plasma physics.
Third, we study strongly coupled quantum theories with
holographic duals [28] and describe how quasihydrodynam-
ics arises from the bulk perspective. Within linear response,
we show that the quasihydrodynamic regime exists and that
quasihydrodynamics can be resummed to all orders in ωτ1
by a controlled bulk computation of the quasihydrodynamic
correlation functions and equations of motion. This allows us
to—for the first time—present an unambiguous identifica-
tion of a photon in a holographic plasma, thereby justifying
claims made in Refs. [31,39]. We also demonstrate how in a
specific holographic model, MIS phenomenology and qua-
sihydrodynamics with an approximately conserved stress
tensor can arise. Earlier calculations along similar lines can
be found in [40].
The outline of this paper is as follows. In Sec. II, we

discuss the general quasihydrodynamic framework, and
explicitly show that theories including MIS theory, mag-
netohydrodynamics and viscoelasticity are quasihydrody-
namic in certain controllable limits. This part of the paper
will serve as a more detailed summary of our results.
Section III summarizes our holographic algorithm for
analytically computing quasihydrodynamic equations of
motion for the boundary theory, which we expect will find
broad applicability to similar holographic problems.
Sections IV and V deal with holographic theories of
magnetohydrodynamics and higher-derivative Einstein-
Gauss-Bonnet gravity, respectively. In each case, we show
analytically how the quasihydrodynamic limit arises.

II. HYDRODYNAMICS WITH WEAKLY
BROKEN SYMMETRIES

In this section, we outline how our framework of
quasihydrodynamics for systems with approximately con-
served quantities can be used to understand a large number
of phenomenological theories known from past literature.
In particular, we begin by giving precise formulas for the
phenomenological τ1 introduced in (1.3). We will then
describe multiple examples of quasihydrodynamic theories
and discuss the consequences of weakly broken symmetries
on the quasihydrodynamic modes.

A. Linear response

Let us first summarize what is known about the equations
of motion of a quasihydrodynamic theory, within linear
response. Suppose that the many-body Hamiltonian H0

admits a number of local conservation laws associated with
charge densities ρA and ρa:�

H0;
Z

ddxρAðxÞ
�
¼

�
H0;

Z
ddxρaðxÞ

�
¼ 0: ð2:1Þ

One of the ρA is always the energy density. The operators
associated with ρa are also conserved, i.e., their charges

commute with the Hamiltonian H0. Let us now perturb the
Hamiltonian as

H ¼ H0 þ ϵH1; ð2:2Þ

so that ρa no longer commute with the full Hamiltonian H:

�
H1;

Z
ddxρAðxÞ

�
¼ 0; ð2:3aÞ

�
H1;

Z
ddxρaðxÞ

�
≠ 0: ð2:3bÞ

The charge densities ρa are our approximately conserved
quantities. The quasihydrodynamic expansion is a deriva-
tive expansion in which—as we will see—ϵ ∼ ∂α will scale
with derivatives.
Let μA and μa denote the thermodynamic conjugates

(i.e., generalized chemical potentials) to ρA and ρa, respec-
tively, and let

χAB ¼ ∂hρAi
∂μB ð2:4Þ

denote the susceptibility matrix of the hydrodynamic
operators. The susceptibility matrices χAb and χab are
defined in a similar manner. Suppose that when ϵ ¼ 0,
the hydrodynamic equations read

∂thρA;ai þ ∂ihJiA;ai ¼ 0; ð2:5Þ

where hρA;ai and hJiA;ai are implicitly functions of μA;a and
their derivatives. One can show that when ϵ ≠ 0 [41],

∂thρAi þ ∂ihJiAi ¼ 0; ð2:6aÞ

∂thρai þ ∂ihJiai ¼ −ϵNabμb − ϵ2Mabμb þ Oðϵ3; ϵ∂Þ;
ð2:6bÞ

where

Nab ¼
∂h_ρai
∂μb ; ð2:7aÞ

Mab ¼ lim
ω→0

1

ω
ImðGR

_ρa _ρb
ðk ¼ 0;ωÞÞ; ð2:7bÞ

and _X ¼ i½H1; X� denotes the decaying part of the approxi-
mately conserved densities (up to ϵ, which has been
rescaled out). Note that Nab ¼ −Nba [41]. All dissipative
contributions to quasihydrodynamics are contained in the
matrix Mab, proportional to the spectral weight of _ρa. The
left-hand side of (II A) can also be expanded as a power
series in ϵ, but as we will see, such terms will always be
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subleading compared to the orders in the derivative
expansion in which we are interested.
If Nab ≠ 0, then we take ϵ ∼ ∂ in the gradient expansion.

An example of such a system is applying a small, non-
dynamical external magnetic field B to a charged fluid,
which breaks momentum conservation in two spatial
directions. In this case ϵ ∝ B, and the approximately
conserved operators labeled by a are two spatial momenta:
e.g., Px and Py. The Mab corrections are subleading in the
derivative expansion and contribute at the same order as
viscosity.
If Nab ¼ 0, which is the case we will focus on in this

paper, then we take ϵ2 ∼ ∂ in the gradient expansion.
A similar observation was made in [42]. In this case,
Mab is treated as a first-order term in the gradient
expansion.

B. Diffusion-to-sound crossover

A classic and possibly simplest quasihydrodynamic
model is an example of the diffusion-to-sound crossover
that interpolates from Fick’s law of diffusion at low
frequencies ωðkÞ to a propagating, soundlike linear (in k)
waves at high frequencies ωðkÞ. This example is illustrative,
and we will see how it arises in a diverse set of physical
systems in later sections.
One historical motivation for this model is as follows

[43]: consider a diffusion equation governing, e.g., the
magnetization in a spin chain with a locally conserved spin
S ¼ hσzi:

∂tS ¼ D∂2
xSþ � � � : ð2:8Þ

Here, D is the spin diffusion constant; the hydrodynamic
spin current is J ¼ −D∂xSþ � � �, where � � � denotes
higher-derivative corrections. One can compute hydrody-
namic Green’s functions that follow from (2.8) [44], which
accurately describe two-point functions in the quantum
theory at small k and ω. These Green’s functions have a
pole with the dispersion relation ωðkÞ given to first order by

ω ¼ −iDk2 þ � � � : ð2:9Þ

Such poles are often called hydrodynamic quasinormal
modes. The leading-order correction to (2.9) arises from
third-order hydrodynamics with a term proportional to
Oðk4Þ [13].
There are several reasons why a dispersion relation of

the form of (2.9) is problematic. Its group velocity ∂ω=∂k
is proportional to k, which means that at large k, the
propagation of diffusive modes is superluminal and
thus acausal. A related problem is that hydrodynamic
Green’s functions fail to obey microscopic sum rules,
thus breaking unitarity [43]. A sum rule typically fixesR
∞
−∞ dωωIm½GRðωÞ� < ∞, and as the integral runs over
largeω, we cannot trust (2.8). Of course, it is clear that (2.8)

should not be taken seriously once ωτmft ≳ 1, so there is no
true inconsistency between hydrodynamics and the sum
rule. Nevertheless, it is helpful to have a toy model which
is both consistent with microscopic sum rules, and obeys
(2.8) on long wavelengths. This can be arranged by
introducing an additional quasihydrodynamic field J
and regulating (2.8) in a manner compatible with (1.3):

∂tSþ ∂xJ ¼ 0; ð2:10aÞ

∂tJ þD
τ
∂xS ¼ −

1

τ
J : ð2:10bÞ

The dispersion relation for a single diffusive mode (2.9) is
then replaced by a pair of modes that follow from the
quadratic polynomial equation for ω,

ω2 þ i
τ
ω −

D
τ
k2 ¼ 0; ð2:11Þ

and have dispersion relations

ω� ¼ −
i
2τ

�
1�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − 4Dτk2

p �
: ð2:12Þ

At small momentum k, (2.12) gives a diffusive mode (2.9)
and an additional massive gapped mode with the gap
controlled by the inverse relaxation time 1=τ:

ω− ¼ −iDk2 þOðk4Þ; ωþ ¼ −
i
τ
þ iDk2 þOðk4Þ:

ð2:13Þ

The existence of an additional mode is a direct consequence
of introducing a new dynamical field J with ∂tJ in (2.10),
which makes the final (determinant) equation (2.11) quad-
ratic in ω. At high k, the dispersion relation becomes linear

ω� ¼ �
ffiffiffiffiffi
D
τ

r
k −

i
2τ

�Oð1=kÞ; ð2:14Þ

which is why it is often said, somewhat imprecisely,
that such modes become sound modes at large k. This
dispersion relation is causal so long as its group velocity is

v ¼ lim
k→∞

���� ∂ω∂k
���� ¼

ffiffiffiffiffi
D
τ

r
≤ 1: ð2:15Þ

The full dispersion relations from Eq. (2.12) exhibit the
simplest signature of quasihydrodynamics: the collision of
the two poles on the imaginary ω axis as a function of
increasing momentum k. This collision occurs at

kc ¼
ffiffiffiffiffiffiffiffiffi
1

4Dτ

r
; ð2:16Þ

HOLOGRAPHY AND HYDRODYNAMICS WITH WEAKLY … PHYS. REV. D 99, 086012 (2019)

086012-5



which introduces a length scale into the problem above,
well below which the strict hydrodynamics (2.8) applies;
otherwise, the quasihydrodynamics of Eq. (2.10) applies.
For the theory presently under consideration, the collision
is plotted on the dimensionless complex ωτ plane in Fig. 2.
We also plot the real and imaginary parts of dimensionless
ωτ as a function of kτ in Fig. 3. Note that the behavior of
the imaginary part of ωτ displays the “semicircle law”
mentioned in the Introduction.
In terms of the quasihydrodynamic framework of this

work, the physical motivation behind Eq. (2.10) can be
understood as promoting the spin current operator itself to
being long lived. There is no generic reason for this to occur,
but when it does, then the present framework becomes
applicable. As summarized in the Introduction, what we
claim is that then, this type of a pole collision should be seen
as a signature of the presence of an approximately conserved
quantity. The existence of such an approximate symmetry
can then either arise from microscopic dynamics or exist
accidentally at certain special points in the parameter space
of couplings and other tuneable parameters.
Let us end this section by contrasting the quasihydrody-

namic description with higher-derivative hydrodynamics.

Following an argument of Kovtun [45], one may ask
whether the quasihydrodynamic pole collision is physical
and universal. Adding higher derivative terms to (2.8), we
can write down the following expansion, valid to second
order in either ∂x and ∂t:

∂tS ¼ D∂2
xS − τ∂2

t Sþ � � � : ð2:17Þ

When treated ad verbum, this equation gives rise to exactly
the two modes of Eq. (2.12). However, since the above
theory is defined through a gradient expansion, one may
perform a field redefinition S → S0 whereby the two fields
are only made to differ by terms proportional to single
derivatives:

S ¼ S0 − α∂tS0 − β∂xS0: ð2:18Þ

In equilibrium, S0 ¼ S. As a result of this redefinition,
Eq. (2.17) becomes

∂tS0 ¼ D∂2
xS0 þ β∂t∂xS0 þ ðα − τÞ∂2

t S0 þ � � � : ð2:19Þ

Since, in hydrodynamics, S has no microscopic definition,
it is just as good of a field as S0. The physical spectrum
should thus be invariant under the field redefinition (2.18).
It is easy to see that one can choose the parameter α in such
a way that the spectrum of the gapped imaginary mode is
altered in a rather dramatic way. For example, one can
choose α ¼ τ, so that to order Oðk2Þ, the gapped mode is
removed from the spectrum, leaving us with a single
unambiguous diffusive mode, ω ¼ −iDk2 þOðk3Þ. The
gapless diffusive mode is on the other hand invariant under
the field redefinition. Similarly, one can choose α > τ to
make the gapped mode unstable. We note that the fact that
different choices of hydrodynamic variables can generate
unphysical modes is a well-documented phenomenon in
hydrodynamic literature (see e.g., [46]). In light of this
discussion, it is therefore natural to ask whether and
when the gapped imaginary mode ωþ ¼ −iτ−1 describes
a physical excitation.

FIG. 3. Plots of the real and imaginary parts of the two dispersion relations in (2.12) for a choice of D=τ ¼ 1=2.

FIG. 2. The collision of the diffusive and gapped modes from
the dispersion relation (2.12) is plotted on the complex ωτ plane
for a choice of D=τ ¼ 1=2. Arrows indicate the direction of
movement of the poles as kτ is increased. The poles start on the
imaginary axis, collide, and move off the axis.
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The answer to this question depends on “perspective.” If
S is the only d.o.f. that has been retained within the IR
theory, then indeed the hydrodynamic diffusive pole is the
only physical mode in the theory. However, the quasihy-
drodynamic theory of Eq. (2.10) is different: both S and J
are independent fields and both have been kept in the IR
description. The equations contain only first-order deriv-
atives and are not a formal gradient expansion. In fact, to
the order in which we have performed the quasihydrody-
namic expansion, field redefinitions are “forbidden”: rede-
fining S leads to second-derivative (subleading) corrections
to its equation of motion, whereas J cannot be redefined at
all as it is not a conserved quantity. The explicit presence of
τ in the quasihydrodynamic equations partially fixes the
fluid frame. Hence, in the quasihydrodynamic theory, the
gapped mode ωþ is physical—the theory contains addi-
tional d.o.f.

C. Müller-Israel-Stewart theory

As for the second example, we turn our attention to the
Müller-Israel-Stewart theory of relativistic hydrodynamics
[47–49], in particular, to its complete form, which is a
direct extension of second-order hydrodynamics [10] (the
BRSSS theory). In the language of the Schwinger-Keldysh
field theory, the study of MIS theory was initiated in
Ref. [6]. In order to place the MIS theory within the context
of quasihydrodynamics and theories with approximately
conserved currents, let us consider the four-dimensional,
neutral and conformal stress-energy tensor expanded to
second order in derivative expansion [10]:

Tμν ¼ εuμuν þ pΔμν − ησμν þ ητΠ

�
hDσμνi þ 1

3
σμνð∇ · uÞ

�

þ κ½Rhμνi − 2uρRρhμνiσuσ� þ λ1σ
hμ
ρσ

νiρ

þ λ2σ
hμ
ρΩνiρ þ λ3Ωhμ

ρΩνiρ; ð2:20Þ

where D ¼ uλ∇λ is the longitudinal derivative, Δμν ¼
uμuν þ gμν, σμν ¼ 2∇hμuνi is the shear stress tensor,
Ωμν ¼ ∇μuν −∇νuμ the vorticity, Rρμνσ the Riemann tensor
of the manifold the fluid occupies, and the bracket Ahμνi
denotes the transverse, symmetric and traceless part of Aμν:

Ahμνi ≡ 1

2
ΔμρΔνσðAρσ þ AσρÞ −

1

3
ΔμνΔρσAρσ: ð2:21Þ

The coefficients ε and p are the thermodynamic energy
density and pressure, with ε ¼ 3p, η is the shear viscosity
and ητΠ, κ, λ1, λ2 and λ3 are the second-order transport
coefficients.
The conservation of the stress-energy tensor Tμν,

∇μTμν ¼ 0; ð2:22Þ

generates a coupled set of four hydrodynamic partial
differential equations for the three independent components
of uμ and any scalar function, e.g., ε, or alternatively, the
near-equilibrium temperature field TðxÞ, which in general
have acausal solutions, just as in the simple diffusive case
in Sec. II B.2 These equations correspond to the purely
hydrodynamic set of equations of the (1.2) type, with only
strictly conserved energy and momentum. Hereon, we will
only consider linearized solutions of (2.22)—the quasinor-
mal modes—in flat space.
As in Sec. II B, the full set of diffusive and propagating

sound modes suffers from acausal behavior. Similarly, this
problem can be cured by treating Πμν ¼ −ησμν as an
independent set of 5 d.o.f. (Πμν is transverse, symmetric
and traceless) and rewriting Tμν in terms of Πμν as

Tμν ¼ εuμuν þ pΔμν þ Πμν; ð2:23Þ

and introducing an independent equation of motion forΠμν.
In this work, we will only consider the linearized stress-
energy tensor. What we find is the following set of nine
quasihydrodynamic differential equations:

∂μ½ðεþ pÞuμuν� þ ∂νpþ ∂μΠμν ¼ 0; ð2:24aÞ

hDΠμνi þ 2η

τ
∂hμuνi ¼ −

1

τ
Πμν: ð2:24bÞ

Equation (2.24b) is the approximate conservation law,
which we will, in analogy with our example from
Sec. II B, interpret as the equation of type (1.3). This
interpretation is only justified in certain theories, such as for
example in the holographic model we describe in Sec. V.
From the quasihydrodynamic perspective, we interpret

the linearized Eq. (2.24b) as a weakly broken conservation
law for an approximately conserved quantity associated
with Πij. To make this statement more explicit, we would
like to recast Eq. (2.24b) into an expression, which, as we
take τ → ∞, becomes a conservation equation—an equa-
tion expressing a vanishing divergence of some current. To
this end, and to first order in the fluctuations of all
quasihydrodynamic fields, we can write

∂tΠij þ ∂kJ
kij
Π ¼ −

1

τ
Πij; ð2:25Þ

where the purely spatial part of the associated current JλμνΠ is
given within linear response by

δJkijΠ ¼ v2ðϵþ PÞ
�
δkjδui þ δkiδuj −

2

3
δijδuk

�
ð2:26Þ

2For some recent progress on formal discussions of causality in
fluid dynamics, see [50].
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and

v ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

η

ðεþ pÞτ
r

: ð2:27Þ

Note that JkijΠ is not symmetric in ðkiÞ or ðkjÞ indices.
Moreover, it is natural to define JtijΠ ≡ Πij so that the
Eq. (2.26) becomes

∂tJ
tij
Π þ ∂kJ

kij
Π ¼ −

1

τ
JtijΠ : ð2:28Þ

Within linear response, this explicitly quasihydrodynamic
equation reproduces Eq. (2.24b). Beyond linear response, it
is less obvious how to define JkijΠ , as the derivatives in the
equation of motion can now act on v2ðϵþ PÞ, along with
the projectors. We expect that the existence of quasihy-
drodynamics at the nonlinear level demands additional
constraints on these “thermodynamic” prefactors which we
will not explore in this paper. Nonlinear effects will not be
relevant for the holographic calculations that follow.
The coefficient τ plays the role of the relaxation time for

the additional quasihydrodynamic modes Πμν. In general,
the relaxation time τ and the second-order transport
coefficient τΠ in (2.20) need not be the same. However,
they are equal if the hydrodynamic series is truncated at
second order, as in Eq. (2.20). We will return to this point in
Sec. V. We emphasize that v is held fixed as τ is taken to be
parametrically large, such that these equations admit a
quasihydrodynamic interpretation. As η is the shear vis-
cosity of the fluid in the true hydrodynamic limit,
this implies that η ∝ τ, as is indeed the case in ordinary
kinetic theory (see e.g., Ref. [51]). Therefore, as τ → ∞,
Eq. (2.24b) with the help of an introduction of JλijΠ
becomes, within linear response, a conservation equation

∂μJ
μij
Π ¼ 0: ð2:29Þ

We emphasize that if the quasihydrodynamic equa-
tions (2.24b) are taken seriously, they encode arbitrarily
high-order derivative corrections to hydrodynamics, not
just second-order hydrodynamics in Eq. (2.20). They make
physical predictions: the transverse diffusion of momentum
morphs into a ballistically propagating mode on a para-
metrically long time scale τ. In a generic fluid, we cannot
identify any (approximate) symmetry that enforces this.
Hence, these quasihydrodynamic MIS equations are not a
correct description of the second-order hydrodynamics of
generic fluids. Nevertheless, we will see that there are
special holographic fluids for which the quasihydrody-
namic MIS equations are a quantitatively correct descrip-
tion of the dynamics on time scales much shorter than τ. It
would be interesting to obtain a better understanding of
why such fluids exhibit an approximately conserved
quantity Πμν.

We now look for the dispersion relations ωðkÞ of the
quasinormal modes by solving the system of equa-
tions (2.24a)–(2.24b) in the transverse (shear) and longi-
tudinal (sound) channels. The quadratic and cubic
polynomial equations for shear and sound channels, respec-
tively, are

shear∶ ω2 þ i
τ
ω −

η

ðεþ pÞτ k
2 ¼ 0; ð2:30aÞ

sound∶ ω3 þ i
τ
ω2 −

�
c2s þ

4

3

η

ðεþ pÞτ
	
ωk2 −

ic2s
τ
k2 ¼ 0;

ð2:30bÞ

where cs ¼ 1=
ffiffiffi
3

p
is the speed of sound of a conformal fluid

in four dimensions. Notice that the equation (2.30a) in the
shear channel is identical to Eq. (2.11) from Sec. II B, up to
the identification of the diffusion constant with the usual
ratio

D ¼ η

εþ p
¼ η

sT
; ð2:31Þ

where s is the entropy density. The solutions of (2.30a) are
thus again

ω� ¼ −
i
2τ

�
1�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 −

4ητ

εþ P
k2

r 	
; ð2:32Þ

with the same small-k and large-k characteristics as the pair
of modes in Sec. II B—the collision of the diffusive and
gapped poles occurs at the critical momentum

kc ¼
ffiffiffiffiffiffiffiffiffiffiffi
εþ p
4ητ

r
: ð2:33Þ

After the collision, at large k, the speed of propagation
is given by v, defined in (2.27). We refer the reader to
Figs. 2 and 3.3

In the sound channel, the cubic (in ω) polynomial
equation (2.30b) gives three modes with dispersion rela-
tions that can be found explicitly, but we do not state them
here in full. The modes consist of a pair of hydrodynamic
modes with the sound dispersion relation at small k and a
gapped mode. In the small-k expansion, they are

ω1;2 ¼ � kffiffiffi
3

p −
2

3
i

η

εþ P
k2 �Oðk3Þ; ð2:34aÞ

ω3 ¼ −
i
τ
þ 4

3
i

η

εþ P
k2 þOðk4Þ: ð2:34bÞ

3For a recent discussion of this behavior in experiments and
numerical simulations done in various liquid phases, see e.g., the
review in Ref. [52].
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We note that because of a single relaxation time τ, the gap is
the same in both channels. As a result, at k ¼ 0, when the
SOð3Þ rotational invariance is restored, both shear and
sound channels exhibit only a single gapped mode each
with ω ¼ −i=τ. We also note that if the hydrodynamic
modes are matched to those derived from second-order
hydrodynamics, then τ ¼ τΠ. At large k,

ω1;2 ¼ �
�
1þ 4η

ðεþ pÞτ
	

1=2 kffiffiffi
3

p

−
2iη

ðεþ pÞτ2
�
1þ 4η

ðεþ pÞτ
	

−1

�Oð1=kÞ; ð2:35aÞ

ω3 ¼ −
i
τ

�
1þ 4η

ðεþ pÞτ
	

−1
þOð1=kÞ: ð2:35bÞ

We plot the full dispersion relations in Figs. 4 and 5. The
precise motion of the quasihydrodynamic modes in the
complex plane depends on D and τ [51].
As in the previous subsection, it is tempting to associate

this theory with quasihydrodynamics, yet, a priori, there is
no reason why Πμν would correspond to an approximately

conserved quantity. Moreover, since the “UV completion”
of the MIS theory is highly phenomenological, it is difficult
to understand the precise microscopic origin of Πμν or how
the theory should be correctly extended. For this reason, it
would be highly desirable to have a well-defined micro-
scopic way of deriving the MIS theory. As we will show in
Sec. V, the structure of the MIS theory and its equations can
in fact be systematically derived from holography, using
dual higher-derivative theories, such as the Einstein-Gauss-
Bonnet theory [51,53,54]. This will be done to first order in
fluctuations of the equilibrium fields. Indeed, the fact that
the structure of MIS should be reproduced by higher-
derivative theories could be anticipated from the studies of
coupling-dependent properties of thermal spectra in
[51,54]. It was shown there that the coupling between
hydrodynamic and new, purely relaxing modes at inter-
mediate coupling gives rise to the polynomial equa-
tions (2.30) and thus dispersion relations (2.32) and
(2.34). The relaxation time τ is controlled by the coupling
constant, and in the regime of large higher-derivative
terms—weak field theory coupling—the new modes
become long lived with τT ≫ 1. In Sec. V, we will
explicitly demonstrate how Πμν arises from dual gravita-
tional perturbations, and derive the (linearized) structures
through which it couples to Tμν in equations of motion—
i.e., the MIS equations (2.24).

D. Magnetohydrodynamics

We now turn our attention to the second main example of
a quasihydrodynamic theory studied in this work: mag-
netohydrodynamics of a plasma with dynamical photons.
Plasma is an ionized gas, which is charge-neutral at
long distances—the long-range electric force is Debye
screened and in the plasma phase, photons are massive.
Nevertheless, the constituents of the plasma interact
electromagnetically. While its long-distance charge neutral-
ity implies that the equilibrium electric field E ¼ 0, the
equilibrium magnetic field B can be arbitrarily strong. In
its standard formulation [29,30] (see also Ref. [31]),

FIG. 5. Plots of the real and imaginary parts of the sound dispersion relations for a choice of D=τ ¼ η=ððεþ pÞτÞ ¼ 1=2. Note that
Im½ω1� ¼ Im½ω2�.

FIG. 4. The collision of the MIS sound channel dispersion
relations plotted on the complex ωτ plane for a choice of
D=τ ¼ η=ððεþ pÞτÞ ¼ 1=2. Arrows indicate the direction of
movement of the poles as kτ is increased.
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magnetohydrodynamics (MHD) is a theory of fluid motion
(continuity equation and Euler or Navier-Stokes equations)
coupled to Maxwell’s equations of electromagnetism. The
equations of ideal MHD are

∂tρþ∇ · ðρvÞ ¼ 0; ð2:36aÞ

ρð∂t þ v · ∇Þv ¼ −∇pþ 1

μ0
ð∇ ×BÞ ×B; ð2:36bÞ

∂tB ¼ ∇ × ðv ×BÞ; ð2:36cÞ

∇ · B ¼ 0; ð2:36dÞ

ð∂t þ v ·∇Þ
�
p
ργ

	
¼ 0; ð2:36eÞ

where v is the velocity, ρ is the mass density, p the pressure
and μ0 the vacuum permeability. Eq. (2.36a) is the con-
tinuity equation, Eq. (2.36b) the (Lorentz) forced Euler
equation, Eq. (2.36c) is Faraday’s law, (2.36d) is magnetic
Gauss’s law constraint equation and Eq. (2.36e) is the
adiabatic equation of state with γ ¼ 5=3. The electric field
is not treated a dynamical variable. Thus, neglecting ∂tE
in Ampere’s law fixes the current in the Lorentz
force contribution to (2.36b). In Faraday’s law, E is
completely fixed by the assumption of the idea Ohm’s
law E ¼ −v × B and the leading-order dissipative correc-
tion to this relation are suppressed by 1=σ where σ is the
conductivity. Gauss’s law plays no role in ideal MHD. For
details, see Ref. [31].
The theory of MHD was recently reformulated by using

the language of higher-form (generalized) global sym-
metries in [21].4 All known MHD equations and their
systematic dissipative extensions follow from the realiza-
tion that plasma possesses a global Uð1Þ one-form sym-
metry associated with the conservation of the number of
magnetic flux lines. As a result, the theory has a two-form
conserved current Jμν and the full set of equations of
motion is [21]5

∇μTμν ¼ 0; ð2:37aÞ

∇μJμν ¼ 0: ð2:37bÞ

In terms of the microscopic photon field Aμ, the two-
form current is Jμν ¼ 1

2
ϵμνρσFρσ, with Fμν ¼ ∂μAν − ∂νAμ.

Eq. (2.37b) is the Bianchi identity. The holographic dual of
MHD, which we will study in Sec. IV, was constructed in
Ref. [31].6

Unlike standard MHD, a symmetry-based classification
of the stress-energy tensor Tμν and the two-form Jμν

permits a systematic gradient expansion with all possible
transport coefficients. Moreover, the equation of state of the
plasma can be an arbitrary function of temperature and the
strength of the magnetic field, parametrized by the chemi-
cal potential μ conjugate to the number density of the
magnetic flux lines ρ. In particular, the pressure can be an
arbitrary function pðT; μÞ. Beyond μ, the other hydro-
dynamic fields are the usual T, uμ and the spacelike vector
field hμ. The vectors are normalized in the following way:
uμuμ ¼ −1, hμhμ ¼ 1, uμhμ ¼ 0. The relevant thermody-
namic relations are εþp¼ sTþμρ and dp ¼ sdT þ ρdμ.
Explicitly, to first order in the gradient expansion (see
Ref. [21]),

Tμν ¼ ðεþ pÞuμuν þ pgμν − μρhμhν þ δfΔμν

þ δτhμhν þ 2lðμhνÞ þ tμν; ð2:38aÞ

Jμν ¼ 2ρu½μhν� þ 2m½μhν� þ sμν; ð2:38bÞ

where

δf ¼ −ζ⊥Δμν∇μuν − ζ×hμhν∇μuν; ð2:38cÞ

δτ ¼ −ζ×Δμν∇μuν − ζkhμhν∇μuν; ð2:38dÞ

lμ ¼ −2ηkΔμσhν∇ðσuνÞ; ð2:38eÞ

tμν ¼ −2η⊥
�
ΔμρΔνσ −

1

2
ΔμνΔρσ

	
∇ðρuσÞ; ð2:38fÞ

mμ ¼ −2r⊥ΔμβhνT∇½β

�
hν�μ
T

	
; ð2:38gÞ

sμν ¼ −2rkΔμρΔνσμ∇½ρhσ�; ð2:38hÞ

with η⊥, ηk, ζ⊥, ζk, ζ×, r⊥ and rk the seven transport
coefficient in a charge conjugation symmetric state (see
also Ref. [22]). The projector transverse to uμ and hμ

is Δμν ¼ gμν þ uμuν − hμhν.
As in standard MHD, the electric field is not a dynamical

variable. In the formalism of [21], using the microscopic
relation between Jμν and Fμν, we can write the (relativistic)
magnetic and electric fields in the fluid’s comoving
frame as

4The relation between MHD formulated in the language of
higher-form symmetries and MHD written directly in terms of
electromagnetic fields was discussed in [22]. A recent work [55]
claimed that writing down a consistent hydrodynamic partition
function for MHD (on a thermal circle) requires the addition of an
extra scalar d.o.f. For a hydrodynamic theory with such a mode,
the relation between the two different formalisms requires addi-
tional considerations, which were worked out in [55].

5For the construction of a theory of fluids with q-form
symmetries, see Ref. [56].

6For a study of different aspects of the same holographic
theory dual to a state with a one-form symmetry, see [39].
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Bμ ≡ Jμνuν ¼ ρhμ; ð2:39aÞ

Eμ ≡ −
1

2
εμνρσuνJρσ ¼ −

1

2
εμνρσuνð2m½ρhσ� þ sρσÞ;

ð2:39bÞ

where the electric field Eμ is proportional to one-derivative
tensors mμ and sμν and thus, the two resistivities r⊥ and
rk—a generalized (inverse) Ohm’s law. Note that in the
above relativistic definition, the electric field Eμ is defined
in the frame where the fluid is at rest. For this reason, in
equilibrium, Eμ ¼ 0. This should be contrasted with elec-
tric and magnetic fields measured in equilibrium of the
plasma, i.e., when uμ ¼ ð1; 0Þ. Adopting the definitions
in (2.39), we write

Bi ¼ Jti; Ei ¼ −
1

2
εijkJjk: ð2:40Þ

When perturbed away from the equilibrium, i.e., for uμ ¼
ð1; vÞ with jvj2 ≪ 1, then the constitutive relations for Jμν

together with the definitions (2.40) give rise to the ideal
Ohm’s law used above,E ¼ −v ×B. The conservation law
∂μJμν ¼ 0 automatically gives Faraday’s and magnetic
Gauss’s laws. Also, note that the identifications (2.39a)
and (2.39b) require the state to be perturbatively connected
to the vacuum so that the “concept” of a microscopic
photon field Aμ exists.
It is clear from the present discussion that the effective

theory of MHD is only valid so long as the electric field in a
plasma is small—of the order of momentum. Therefore, for
example, an initial state with a separation of positive and
negative charges, and thus a large initial electric field that
may lead to plasma oscillations cannot be described by
MHD. Moreover, such scenarios would necessarily break
the gradient expansion. Additional d.o.f. are required in the
effective theory. These d.o.f. are gapped massive photons.
Consider for example a thermal plasma with

ffiffiffiffi
B

p
=T ≪ 1 in

quantum electrodynamics (QED). Then, to leading order, the
Debye mass is m2

D ¼ 1
3
e2T2. In the (extreme) low-energy

limit, k=mD ∼ k=T ≪ 1, so the spectrum of the effective
theory contains no gapped photons. This is MHD. However,
when either the electric field or k become comparable to T,
the inclusion of massive photons is needed.
One may attempt to use the MIS-type procedure from

Sec. II C to perform a simple phenomenological extension
of the MHD equations (2.37a)–(2.37b) to include addi-
tional massive d.o.f. Since the dynamical electric field
arises from the charge sector, we can extend the two-
form as

Jμν ¼ 2ρu½μhν� þ J μν; ð2:41Þ

where J μν is an antisymmetric two-form, which we treat as
encoding massive d.o.f. that are independent of uμ, hμ, T

and μ. In order to keep the definition of electric and
magnetic fields consistent with Eqs. (2.39b) and (2.39a),
we introduce the following constraint

J μνuν ¼ 0; ð2:42Þ

which enforces Eq. (2.39a). Hence, J μν contains three
independent d.o.f. and governs the dynamical electric field
[cf. Eq. (2.39b)]:

Eμ ¼ −
1

2
εμνρσuνJ ρσ: ð2:43Þ

In the vacuum state, there are no thermally charged
particles. Hence, by electric/magnetic duality, if the mag-
netic flux density is a conserved quantity, so is the electric
flux density. At finite temperature, the electric flux density
is no longer conserved, yet at sufficiently low temperature it
may be the case that only a few thermally excited charges
are present. In this limit, it is natural to expect that the
breaking of the electric conservation law is weak and that
the dynamical photon is a quasihydrodynamic excitation. It
is more convenient to write such quasihydrodynamic
equations in terms of J μν instead of Eμ:

∇μTμν ¼ 0; ð2:44aÞ

∇μð2ρu½μhν�Þ þ∇μJ μν ¼ 0; ð2:44bÞ

uλ∇λJ μν −
2

τ
m½μhν� −

1

τ
sμν ¼ −

1

τ
J μν: ð2:44cÞ

While the form of the MIS-like equation in (2.44c) may
appear unfamiliar, its extension of the MHD equa-
tions (2.37a)–(2.37b) is precisely the desired dynamical
version of Ampere’s law in a plasma with Ohm’s law fixing
the current. In fact, the main consequence of Eq. (2.44c) is a
reinstated time derivative of the electric field in Ampere’s
law. To see this, we need to perform a small perturbation of
the (extended) hydrodynamics variables uμ, T, μ, hμ and
J μν around equilibrium. Here, for reasons of Sec. IV, we
will only focus on transverse fluctuations. If we assume
that the equilibrium magnetic field is pointing along the z
direction, then the resulting changes of various components
of conserved operators in the transverse channel become

δTti ¼ ðεþ pÞδui; ð2:45aÞ

δTzi ¼ −μρδhi þ ηk∂zδui; ð2:45bÞ

δJti ¼ ρhi; ð2:45cÞ

δJzi ¼ −ρvi þ J zi; ð2:45dÞ

with Jtz ¼ ρ ¼ Bz setting the strength of the magnetic field
in equilibrium. Using Eq. (2.40), it is then straightforward
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to show that at the leading order in derivatives, Eq. (2.44c)
becomes the advertized Ampere’s law in a plasma:

∂tE −
�
μr⊥
ρτ

þ μρ

εþ p

	
ð∇ ×BÞ

¼ −
1

τ
ðEþ v ×BÞ þOð∂2Þ; ð2:46Þ

for perturbations that only depends on t and z. The right-
hand side is nothing but the boosted Ohm’s law in the
presence of a magnetic field. The relaxation time τ is
inversely proportional to the conductivity of the plasma. It
turns out that the holographic model of [31,39] precisely
encodes the above equation for any strength of the
magnetic field, including B ¼ 0. This will be shown
in Sec. IV.
As in Sec. II C, it is helpful to explicitly re-write (2.44c)

in a quasihydrodynamic form (the other two equations
of MHD are manifestly conservation laws, as previously
discussed). In analogy with our discussion in Sec. II C, one
can write the left-hand side of Eq. (2.44c) as the divergence
of a three-index current JμijJ , where JtijJ ¼ J ij. We again
emphasize that this procedure is completely well behaved
within the linear response regime, and that the procedure is
not yet developed beyond linear response. The spatial
components of the current JkijJ that corresponds to the
approximately conserved number of electric flux lines can
be explicitly written as

δJkijJ ¼ χ⊥
�
Δk½ihj�

�
δμ

μ
−
δT
T

	
þ hkh½iΔj�mδhm

	

þ χkΔk½iδhj�; ð2:47Þ

where δhμ, δμ and δT denote the linearized fluctuations,
and χ⊥;k become

χ⊥ ¼ 2r⊥μ
τ

; ð2:48aÞ

χk ¼
2rkμ
τ

; ð2:48bÞ

but more generally, they may be more complicated func-
tions, which have the property that within linear response,
their total derivatives of μ and T reproduce the coefficients
of hν∂ρhν, ∂ρμ and ∂ρT respectively in (2.38) and (2.44c).
At the fully nonlinear level, the existence of such a
construction places very strong constraints on the functions
τ, r⊥ and rk, which have yet to be fully explored. At the
fully nonlinear level, it seems likely that the requirement
that JμijJ is conserved in the limit of τ → ∞ fixes much of
the functional form of χ⊥ and χk.
To investigate the simplest prediction of this theory, we

study the corrections from new modes to the transverse

Alfvén waves (see [21]). To this end, we perturb to first
order the quasihydrodynamic fields with the Fourier
decomposition e−iωtþikx sin θþikz cos θ and compute the spec-
trum in this channel. Note that J μν has a zero equilibrium
value (E ¼ 0 in equilibrium). Again, the magnetic field is
chosen to point in the z direction. θ denotes the angle
between the background magnetic field and momentum;
without loss of generality we set ky ¼ 0. In the (transverse)
Alfvén channel, the only nonzero fluctuations are δuy, δhy,
δJ xy and δJ yz. Instead of a pair of Alfvén modes, we now
obtain a cubic polynomial for the quasinormal modes,
which has the form

ω3þ i

�
1

τ
þVðθÞ
εþp

k2
	
ω2−

�
1

τ

�
VðθÞ
εþp

þμRðθÞ
ρ

	

þμρcos2θ
εþp

�
ωk2−

i
τ

�
μρ2cos2θþμVðθÞRðθÞk2

ðεþpÞρ
	
k2¼0;

ð2:49Þ

where the anisotropic combinations of viscous and resistive
transport coefficients are defined as

VðθÞ≡ η⊥ sin2 θ þ ηk cos2 θ; ð2:50aÞ

RðθÞ≡ rk sin2 θ þ r⊥ cos2 θ: ð2:50bÞ

In the small k expansion, the three modes take the form

ω1;2¼�
ffiffiffiffiffiffiffiffiffiffi
μρ

εþp

r
kcosθ−

i
2

�
VðθÞ
εþp

þμRðθÞ
ρ

	
k2�Oðk3Þ;

ð2:51aÞ

ω3 ¼ −
i
τ
þ iμRðθÞ

ρ
k2 þOðk4Þ: ð2:51bÞ

The pair of modes ω1;2 is the pair of (nonperturbative)
Alfvén waves from [21] and ω3 is the new gapped
mode. The form of the dispersion relations is completely
analogous to the sound modes in MIS theory,
cf. Eqs. (2.34a)–(2.34b), with the gapped mode ω3 having
the k2 term be twice the dissipative Oðk2Þ contribution to
ω1;2. Note that because we only extended Jμν and not Tμν,
this contribution is purely resistive. Because of the lack of
UV completion of Tμν, which would introduce a second
relaxation time, the large k limit is still acausal.
The conclusion that can be drawn is precisely the same

as in the MIS theory. While the hydrodynamic part of the
theory—MHD—can be constructed unambiguously, the
construction of its MIS-type quasihydrodynamic extension,
while consistent with expectations, is highly phenomeno-
logical. In an analogous manner, [22] extended MHD by
adding the simplest E2 terms to the partition function and
treating Eμ as a dynamical field. This allowed them to find
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Langmuir waves in a plasma with nonzero charge density.
However, as we will see in Sec. IV, the theory of MHD
and its systematic extensions can be derived directly from
holography, in this case by using the holographic dual of
MHD constructed in [31].
Now that we have discussed the need to extend MHD

to a quasihydrodynamic theory, the question that remains
is what is the approximately conserved current when
τ ∼ τmft? The answer is simple. In such systems, there
exists an approximate one-form symmetry associated with
an approximate conservation of a number of electric flux
lines crossing a co-dimension two-surface. In the limit of
τ → ∞, in which the mass of the new mode becomes
zero—i.e., the photon becomes massless—we arrive at an
electromagnetic vacuum state. In terms of Eqs. (2.44a)–
(2.44c), the two terms in (2.44b) combine into the full dual
electromagnetic field strength F̃μν¼ 1

2
ϵμνρσFμν (u½μhν� ¼uμν

is the magnetic part of F̃μν [21]) with both electric and
magnetic components, we can write F ¼ dA, so that both
dF ¼ 0 and d ⋆F ¼ 0.

E. Theory of elasticity, higher-form symmetries and
topological aspects of quasihydrodynamic currents

It is instructive to look at another well-known example of
a quasihydrodynamic theory, which is in fact similar to
magnetohydrodynamics of Sec. II D. This is the theory of
elasticity, a historically extensively explored subject. While
not normally phased in this language, the recent reformu-
lation of elasticity from the point of view of higher-form
symmetries [57] makes the connection to MHD (through
the symmetry structure) and quasihydrodynamics rather
transparent. Moreover, it will enable us to further elaborate
on the meaning of some approximately conserved currents,
which can be interpreted from a purely symmetry-based
perspective.
The theory of elasticity (see e.g., Ref. [58]) describes

the dynamics of an elastic medium in a d-dimensional
Euclidean space, embedded into the (dþ 1)-dimensional
spacetime xμ ¼ ðt; xiÞ. In its most common incarnation, the
theory uses a dynamical variable, which is the displacement
field ϕI , where I ¼ f1;…; dg. One can think of ϕI as
describing the coordinates of a given piece of the solid. The
dynamics of ϕI is governed by the conservation of
momentum

∂μP
μ
I ¼ 0; Pμ

I ≡ Cμν
IJ∂νϕ

J; ð2:52Þ

where P0
I ¼ ρ∂tϕ

I and Pi
I ¼ Cij

IJ∂iϕ
J. The tensor Cij

IJ is
known as the elastic tensor (see e.g., Refs. [59–61] for
reviews). One may also think of this theory as a theory of
massless Goldstone boson that arise from spontaneously
broken translational symmetry due to the presence of a
lattice. Elasticity theory is then the low-energy limit in
which the inhomogeneity of the state can be neglected [62].

For example, when all translational symmetries are
broken by the lattice with some corresponding spatial
group L, then the Goldstones ϕI parametrize the quotient
space Rd=L ≃Uð1Þd.
In the solid free of crystalline defects, such as disloca-

tions and disclinations, there exists an additional conserved
current when ϕI are single valued. In particular,

∂μ1J
μ1…μd
I ¼ 0; Jμ1…μd

I ¼ ϵμ1…μdν∂νϕ
I: ð2:53Þ

This property plays the role of the topological Bianchi
identity. As in the case of electromagnetism and MHD
discussed in Sec. II D, where the Bianchi identity should be
thought of as encoding the conservation of the number of
magnetic flux lines [21,32], Ref. [57] argued that the
topological current JI should also be treated as a genuine
conserved global current, which can facilitate the dynamics
of an effective field theory of elasticity.
In fact, the periodicity of the Goldstones, i.e.,

ϕIðxÞ ∼ ϕIðxþ lÞ, where l is the lattice spacing, gives
a straightforward interpretation to Jμ1…μd

I as the current
corresponding to a conserved number of domain walls of
ϕI in a direction perpendicular to the ðμ1;…; μdÞ plane.
Their conserved number density (the charge) is

R
S1 ⋆JI ,

which in conventional language counts the number density
of the lattice sites of the elastic medium. The conservation
of the higher-form current implies that there can be no
crystalline defects in the system, which is consistent with
the interpretation of (2.53) noted above and stems from the
analytic properties of ϕI . By focusing on the theory in
2þ 1 dimensions, one may work with a dualized descrip-
tion of the momentum operator in which Pμ

I ¼ ϵμνλFI
νλ. In

this picture, the conservation of momentum is equivalent to
the conservation of magnetic flux lines in electromagnetism
(now point-like objects in 2þ 1 dimension) and the
conservation of JI play a role of the conservation of
electric flux lines [60,61].
For a theory with a nonvanishing equilibrium domain

wall density hJIi ≠ 0, it is clear that the current JI and the
momentum PI are overlapped (in the terminology of the
memory matrix formalism).7 Among other things, this
gives rise to a propagating mode in the transverse channel
captured by linearized conservation laws. To be more
explicit, consider the fluctuation of the transverse
P⊥ðt; xÞ ¼ Tμyðt; xÞdxμ in 2þ 1 dimensions. Then,

J⊥ðt; xÞ ¼ ϵμνλðC−1 · TÞλydxμ ∧ dxν; where

ðC−1 · TÞJμ ¼ ðC−1ÞIJμνPν
I ; ð2:54Þ

7In this example, where JI ∼ ⋆PI , this statement is rather
obvious. However, one can also show that even when PI ≠ ⋆JI ,
the susceptibility of PI and JI is also nonzero by using the
consistency of the equilibrium partition function [57].
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and where C−1 is the inverse of the elastic tensor. The
conservation equation for J⊥ then couples to the conser-
vation of momentum in the following way:

∂μP
μ
⊥ ¼ ∂tTty þ ∂xTxy ¼ 0; ð2:55aÞ

∂μðJ⊥Þμy ¼ ∂tðC−1 · TÞyx − ∂xðC−1 · TÞyt ¼ 0; ð2:55bÞ

which can be combined into a wave equation for Tty upon
decomposition of C−1 (see e.g., [61]). This is in contrast
with the spectrum of transverse fluctuations of fluids,
which are controlled only by the conservation of momen-
tum and, as a result, exhibit only (nonpropagating) dif-
fusive modes (see also [57] and [63,64]).
The higher-form current JI can become approximately

conserved in the presence of small nondynamical disloca-
tions. This scenario can occur in the melting of two-
dimensional crystals [65–68]. In this situation, one can
write down the broken Ward identity for JI as

∂μJIμν ¼ −
1

τ
JItν: ð2:56Þ

Depending on the time scale τ, the transverse excitation of
the system with an approximately conserved JI can exhibit
features of either a solid (propagating transverse sound) or a
fluid (pure diffusion). In the regime of ωτ ≪ 1, the system
exhibits a diffusive mode and a decaying nonhydrodynamic
mode is located at ω ¼ −iτ−1 at zero k. In the large ωτ
regime, where one can neglect the relaxation time of the
higher-form current, the two purely imaginary poles collide
and turn into transverse sound poles, just as in the examples
discussed in previous sections. This system therefore also
fits into the wide class of quasihydrodynamic theories.
Moreover, in the τ → ∞ limit, the approximately conserved
current has a clear interpretation in terms of the known
higher-form conserved current.
Interestingly, the approximately conserved currents dis-

cussed in previous subsections can often also bewritten as a
Hodge dual of an exactly conserved (hydrodynamic)
current in the system (perhaps after rescaling the time
coordinate). We end this section by listing some instructive
examples:

(i) A spin system: In 1þ 1 dimensions, consider a
system with a conserved zero-form Uð1Þ current
∂μjμ ¼ 0, where jμ ¼ ðS;J Þ, in which there exists
an additional approximately conserved current con-
servation equation stated in Eq. (2.10) of Sec. II B.
One can define the current j̃μ ¼ ðS=v;J Þ where the
characteristic velocity is defined via v2 ¼ D=τ. We
further define Qμ ¼ ϵμνj̃ν. With these definitions in
hand, we can write the system of quasihydrody-
namic equations (2.10) as

∂μj̃μ ¼ 0; ∂μQμ ¼ −
1

τ
Qt; ð2:57Þ

where the operator
R
Q ¼ R ⋆j counts the number

density of the domain walls in the system. The
number is conserved when τ → ∞.

(ii) Higher-dimensional systems and domain walls:
One can straightforwardly generalize the (1þ 1)-
dimensional discussion to a (dþ 1)-dimensional
system. Imagine a theory with a conserved one-
form j. Then, we define Qμ1…μd ≡ ϵμ1…μdνj̃ν, which
can be conserved or approximately conserved:

∂μ1Q
μ1…μd ¼ −

1

τ
Qtμ2…μd : ð2:58Þ

Equation (2.58) expresses the fact that the number
density of domain walls is only approximately
conserved. This discussion can be trivially extended
to higher-form currents. Note also that the form of
the higher-form currents (2.58) implies that the
equation governing ∂tji in the directions transverse
to the wave vector cannot depend on the momentum.
For example, in a (2þ 1)-dimensional theory,
the equation of motion for j̃yðt; xÞ following from
(2.58) is

∂tj̃y ¼ −
1

τ
j̃y: ð2:59Þ

Wewill discuss a class of holographic models which
exhibit this property in Sec. III.

(iii) MIS theory: In the shear channel of the MIS theory,
the linearized equation of motion is identical to
the theory with an approximately conserved d-form
that appeared above in the context of the theory of
elasticity. The higher-form current is J⊥ ¼ ⋆P⊥
(there is no appearance of an analogue of the elastic
tensor Cμν

IJ ). Similarly to the spin system discussed
above, the antisymmetric structure of J⊥ also im-
plies that the spectrum in the scalar channel does not
depend on the wave vector. In particular, in 3þ 1
dimensions, we have

∂tδTxyðt; zÞ ¼ −
1

τ
δTxyðt; zÞ: ð2:60Þ

In the sound channel, the identification of the
approximately conserved operator does not follow
from such simple topological considerations.

(iv) Magnetohydrodynamics: The meaning of the ap-
proximately conserved current was already briefly
discussed in Sec. II D. For completeness, we only
restate here the main conclusion that in the vacuum,
there exist two one-form symmetries: the conserva-
tions of both numbers of magnetic and electric flux
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lines. They are encoded in conserved J and ⋆J,
where J is the magnetic two-form current. In a
plasma with long-lived photons, the electric flux
density becomes approximately conserved and there
is a quasihydrodynamic description.

F. Kinetic theory

A more subtle appearance of the quasihydrodynamic
formalism arises in (quantum) kinetic theory, within linear
response [69–77]. Let fpðxÞ be the one-particle distribution
function of a kinetic theory for particles of momentum p at
position x, and let δfpðxÞ denote perturbations away from
thermal equilibrium. The linearized kinetic equations read

∂tδfp þ vip∂iδfp ¼ −
X
q

Wpqδfq; ð2:61Þ

where Wpq is the linearized collision integral, whose
precise form we will not write here. As noted in [78] for
a (quantum) kinetic theory of fermions, Wpq is related to
the spectral weight of the quasiparticle density operators.
Thus, (2.61) exactly reproduces (2.7), suggesting that
kinetic theory also fits into our broader framework of
hydrodynamics with weakly nonconserved operators. Here,
the set of conserved and approximately conserved operators
includes all quasiparticle density operators: e.g., c†pcp,

where c†p and cp are quasiparticle creation/annihilation
operators at momentum p.
There is an important physical distinction between

(general) kinetic theory described here and other examples
of quasihydrodynamic theories studied above. As empha-
sized in the Introduction, quasihydrodynamic theories
typically have a small number of approximately conserved
quantities, along with a “soup” of many d.o.f. with much
shorter lifetimes. In the present example, however, all of the
interesting d.o.f. obtain lifetimes that are comparable to the
eigenvalues of Wpq.
To the extent that kinetic theory is quasihydrodynamic,

we anticipate that the quasihydrodynamic analogy will also
persist to other integrable models in 1þ 1 dimensions,
following the recent advances in “generalized hydrody-
namics” [79–81]. We further expect that the quasihydro-
dynamic formalism may allow for a proper description of
dynamics in such theories when they are weakly perturbed
by integrability-breaking deformations.
One common approximation in kinetic theory is that the

relaxation to equilibrium is dominated by only a few
nonconserved modes [10,82]. In other words, Wpq will
have a hierarchy of nontrivial eigenvalues and we focus on
the smallest ones. In the context of the linearized MIS
theory, the stress tensor itself is an approximately con-
served quantity. This implies that

δTμν ¼
Z �

d4p
ð2πÞ4

	
on-shell

pμpνδf ð2:62Þ

should “almost” be a null vector of the linearized collision
integral—namely, the corresponding eigenvalue of Wpq

should be very small. In general, there is no reason for this
to occur. Nevertheless, one can explicitly reproduce the
MIS equations by evaluating the Boltzmann equation
integrated over pμpν and assuming that

Xμνρ ¼
Z �

d4p
ð2πÞ4

	
on-shell

pμpνpρδf ≈ XμνρðT; u;ΠÞ

ð2:63Þ

can be approximately written in terms of only uμ, T and
Πμν. In this expression, one conventionally approximates
the collision integral in the relaxation time approximation
[10,82]. Let us emphasize that in a generic kinetic theory,
there is no reason to expect that XμνρðT; u;ΠÞ is not just as
long lived as Π. What is special about the holographic
models we describe below is that for certain parameter
regimes and due to special microscopic reasons, Π is
(alone) a long-lived quantity.
An alternative approximation in kinetic theory is that all

nonzero eigenvalues of the collision integral are identical
(see e.g., Ref. [78]). Such models will not generically
recover the MIS phenomenology. To the extent that such
models are quasihydrodynamic, every single mode δfp is
quasihydrodynamic.

G. Other examples

There are a few further examples of quasihydrodynamics
that we will not address in this paper, but which we note
here for reference: the “zero-sound” physics of low temper-
ature holographic probe brane models [40,83–85], and
quantum-fluctuating superconductivity [86]. Other systems
of interest that may be re-examined in the future from the
point of view of quasihydrodynamics include theories such
as the one studied in [87].
As mentioned in the Introduction, recent experiments

[23–26] have observed evidence for hydrodynamic flow
of electrons. Unfortunately, this hydrodynamic flow is not
exact due to the presence of impurities, phonons and
Umklapp scattering, all of which can relax momentum
away from the electronic fluid. As derived in [28,33], in the
presence of momentum relaxation, the linearized hydro-
dynamic equations of motion for momentum density gx and
energy density ϵ in a charge neutral fluid become exactly
analogous to (2.10), with S replaced by ϵ andJ replaced by
gx. The conventional sound wave of a fluid is split into a
diffusive mode and a “gapped” mode, as depicted pre-
viously in Fig. 3.
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III. OUTLINE AND SUMMARY OF THE
HOLOGRAPHIC METHOD

The purpose of this section is to introduce a simple
holographic calculation of quasihydrodynamics. The
physical system that we study is a transition from diffusion
to ballistic physics, analogous to Sec. II B. Our focus here
is not on the physics, but on the technical strategy that we
use to analyze the holographic model. The methods that we
develop below are a streamlined version of the algorithm of
[38,40]. For the remainder of the paper, we assume that the
reader is familiar with holographic theories; we will not try
to explain the basics of the correspondence.
Our goal is to study linear response in a large-N (matrix)

field theory in dþ 1 spacetime dimensions. We postulate
that this theory is holographically dual to classical gravity
in dþ 2 spacetime dimensions. Single-trace operators
which are rank-s tensors in the field theory are dual
to rank-s fields in the bulk. In this section, we will be
studying a gauge field Aa in the bulk with field strength
Fab ¼ ∂aAb − ∂bAa. The dual operator of this gauge field
is a conserved Uð1Þ current associated to a conventional
(zero-form) symmetry. Suppose that the electromagnetic
part of the action is

SEM ¼ −
1

4

Z
d4x

ffiffiffiffiffiffi
−g

p
Xab

cdFabFcd; ð3:1Þ

where the tensor Xabcd is antisymmetric under a ↔ b and
c ↔ d and symmetric under ab ↔ cd. In the four-
dimensional bulk, there are only six components which are

fX1;…; X6g ¼ fXI
Ig; where I ¼ ftx; ty; tr; xy; xr; yrg:

ð3:2Þ

These tensors X are functions of the background bulk
fields. We will assume that the background geometry is
isotropic and translationally invariant in the boundary
spacetime directions:

ds2¼L2

r2

�
−aðrÞbðrÞdt2þbðrÞ

aðrÞdr
2þdx2þdy2

	
: ð3:3Þ

We also assume that on the background geometry, Aa ¼ 0.
These assumptions suggest that X should only be functions
of the background metric, i.e., of aðrÞ and bðrÞ. Isotropy
implies that X1 ¼ X2 and X5 ¼ X6 everywhere in the bulk.
Furthermore, the regularity of the background solution
implies a relation between t and r components of Xabcd at
the horizon: X1ðrhÞ ¼ X5ðrhÞ and X2ðrhÞ ¼ X6ðrhÞ.
Holographic electromagnetic bulk actions that can be cast
in this form include the probe brane theory [40] as well as
theories with higher-derivative couplings for Fab [54,
88–90]. Our convention will be that the boundary theory,
which lives in the UV, is at r ¼ 0; the geometry ends in the

IR at a planar black hole horizon at r ¼ rh. From general
principles,

aðrÞ ¼ 4πTðrh − rÞ þOððrh − rÞ2Þ ð3:4Þ

near the horizon, while bðrÞ is finite. If the UV theory is
conformal, then aðrÞ ∼ bðrÞ ∼ r−2 as r → 0. For simplicity,
we can assume these UV scalings in the discussion that
follows, though the general algorithm we describe is not
sensitive to this assumption.
Since Aa couples quadratically in SEM, we conclude that

the linearized equations of motion for bulk fields depend
only on fluctuations δAa. Using boundary spacetime trans-
lational invariance, we may write

δAaðr; xμÞ ¼
Z

dωddk
ð2πÞdþ1

δAaðrÞe−iωtþik⃗·x⃗ ð3:5Þ

and need only solve ordinary differential equations for
δAaðrÞ. For convenience, we will assume that k points in
the x direction. Let us first consider the equations of motion
for δAt and δAx, which couple and determine the one-point
functions hδjti and hδjxi:

∂r

�
X3

b
δA0

t

	
þ kX1

a
ðωδAx þ kδAtÞ ¼ 0; ð3:6aÞ

∂rðaX5δA0
xÞ −

ωX1

a
ðωδAx þ kδAtÞ ¼ 0; ð3:6bÞ

ωX3

b
δA0

t þ kaX5δA0
x ¼ 0: ð3:6cÞ

In general, even for the simplest geometries, these equa-
tions cannot be solved exactly.
However, we do not need the exact solution. We are only

interested in the quasihydrodynamic regime, which (at least
in holography) necessitates

ω ≪ T: ð3:7Þ

Roughly speaking, in holographic models, the radial
coordinate r corresponds to the “energy scale” at which
physics takes place. At energy scales large compared to
temperature, a field obeying (3.7) appears approximately
static. Indeed, if we look at (3.6), as r → 0, all of the ω and
k dependence is negligible. So we could perturbatively
construct a solution in ω and k near the boundary. In
contrast, very close to the horizon, (3.4) dominates the
equations of motion. The near boundary expansion fails
and instead the solutions must obey suitable infalling
boundary conditions. Indeed, (3.6) again becomes a sim-
pler differential equation to solve in the limit r → rh.
Since we have two separate regimes in which the

solution to (3.6) appears simple, we may attempt to perform
a matched asymptotic expansion, as sketched in Fig. 6.
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We will first determine the complete set of solutions to the
bulk equations of motion—with ω ¼ k ¼ 0—in the outer
region, which begins at r ¼ 0 and extends in the direction
towards the horizon. Then, we will construct a solution to
(3.6) in the inner region, which extends from the horizon
r ¼ rh outwards, usually by a distance ∼T−1. This solution
will be nonperturbative in ω, but also assume k ¼ 0. Our
claim is that the outer and inner regions interlap in an
intermediate region: rh − T−1e−4πT=ω > r > rh − T−1. We
do not have a proof that this is universally an intermediate
region in which to match solutions, but this inequality will
hold in every example studied in this paper. This inter-
mediate region is close to the horizon, and so the matching
coefficients between inner and outer solutions will gen-
erally depend on the near-horizon geometry.
We emphasize that “matching procedures” have been

widely used in the literature [91–97]. Nevertheless, there
are a few subtle differences between our implementation
and in those that exist in the literature, which we will
comment on as we proceed. The matching algorithm that
we describe generalizes straightforwardly to much more
sophisticated problems than have previously been tractable
in the literature; indeed, our discussion of holographic
magnetohydrodynamics in Sec. IV would be a highly
nontrivial calculation using other previous holographic
matching methods.
a. Outer region: In the region away from the horizon, we

expand the solutions for δAt and δAx as ω, k → 0:

δAtðr; xμÞ ¼ âtðxμÞ þ ĵtðxμÞΦ1ðrÞ þOðω; kÞ; ð3:8aÞ

δAxðr; xμÞ ¼ âxðxμÞ þ ĵxðxμÞΦ2ðrÞ þOðω; kÞ: ð3:8bÞ

The radial functions Φ1;2ðrÞ can be obtained by setting
ω ¼ k ¼ 0 in (3.6), as mentioned previously:

Φ1ðrÞ ¼
Z

r

s¼0

ds
bðsÞ
X3ðsÞ

; Φ2ðrÞ ¼
Z

r

s¼0

ds
1

aðsÞX5ðsÞ
:

ð3:9Þ

Both of these functions vanish at the boundary, while at the
horizon, Φ1ðrhÞ is finite and Φ2ðrhÞ diverges logarithmi-
cally. For future purposes, it is convenient to denote the
finite part of the functions Φ1;2 by ϕ1;2, and subtract out the
logarithmic divergence as follows:

Φ2ðrÞ ¼ ϕ2ðrÞ þ
1

a0ðrhÞX5ðrhÞ
ln aðrÞ: ð3:10Þ

Hence,

ϕ1ðrÞ ¼ Φ1ðrÞ;

ϕ2ðrÞ ¼
Z

r

s¼0

ds
1

aðsÞX5ðsÞ
�
1 −

a0ðsÞX5ðsÞ
a0ðrhÞX5ðrh

	
: ð3:11Þ

To determine the value of r at which this outer region
ends, we expand to first order in ω and k. This can be done
either in the scheme where ω ∼ k ∼ ϵ or ω ∼ k2 ∼ ϵ, where
the small parameter ϵ ≪ 1. In either scheme, we can write

δAa ¼ δA½0�
a þ ϵδA½1�

a þOðϵ2Þ; ð3:12Þ

substitute this expansion into the equation of motion and

solve for δA½n�
a , order by order in ϵ, with δA½n�

a ðr → 0Þ ¼ 0
for n > 0. Focusing on the equation of motion for δAx in

(3.6b), we find that the equation for δA½1�
x is identical to

those at zeroth order in ϵ, namely,

∂rðaX5ðδA½1�
x Þ0Þ ¼ 0: ð3:13Þ

This implies that δA½1�
x ∝ Φ2ðrÞ. The fact that Φ2ðrÞ

diverges deeper in the bulk implies that the expansion
breaks down when

ϵ

a0ðrhÞX5ðrhÞ
ln aðrÞ ≈ 1: ð3:14Þ

In other words, in the low frequency limit ω=T, the regime
of the validity of the outer region solution can be expanded
up to at least r ≈ rh − T−1e−4πT=ω, as depicted in Fig. 6.
Using (3.6c) along with the results of the previous

paragraph, we immediately see that (after performing an
inverse Fourier transformation from ω and k):

∂tĵ
t þ ∂xĵ

x ¼ 0: ð3:15Þ

This is the exact Ward identity associated with charge
conservation. It is one of the two equations of motion in
the quasihydrodynamic regime. The other, approximate

FIG. 6. The matched asymptotic expansion relies on simplify-
ing the bulk equations in two separate limits (near-horizon and
near-boundary), and on the overlap of the regions where these
two different expansions are valid. The overlap appears very close
(but not too close) to the horizon.
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conservation law cannot be fixed without matching the
solution into the near-horizon regime.
A few points are in order. First, we have not used gauge-

invariant variables. While this approach is easy to use here,
it becomes increasingly difficult in more complicated
systems, where gauge-invariant variables may become
difficult to relate to physical quantities of the boundary
theory. Moreover, the equations of motion of the fluctua-
tions in the radial gauge can be easily written down, even in
a more complicated problem (as we discuss in Sec. IV).
Second, our aim is to find the explicitly broken Ward
identity and not simply the dispersion relation of the
quasinormal modes. Thus, it is easier to work directly
with variables whose boundary conditions relate to the
boundary observables of interest. This also helps us avoid
ambiguities which arise at quasihydrodynamic pole colli-
sions. These features will be explicitly visible in the
discussion below.
b. Inner region: In the region close to the horizon, the

solution to (3.6) can be written as

δAaðr;xμÞ¼Að1Þ
a ðr;xμÞþAð2Þ

a ðr;xμÞaðrÞ−iω=ð4πTÞ; ð3:16Þ

where the functions Að1Þ
a ðrÞ and Að2Þ

a ðrÞ are either vanish-
ing or finite at the horizon, r ¼ rh. The second termAð2Þ

a ðrÞ
contains ingoing solutions which are familiar in hologra-

phy. The first term Að1Þ
a ðrÞ is a pure gauge solution: it is

absent in computations with gauge-invariant variables, but
it is nevertheless useful to keep track of it. For example, we
can determine both the source and the response when
interpolating to the boundary in the radial gauge compu-

tation [98]. One may argue that sinceAð1Þ
a ðrÞ is pure gauge,

it has to satisfy a first-derivative constraint and have no effect
on physical quantities. However, on the operational level,
one may also just substitute the ansatz (3.16) into the
equation of motion (3.6) near the horizon and solve for

Að1Þ
a ðrÞ and Að2Þ

a ðrÞ. In order to do this, one can start by
demanding that, upon the above substitution, the coefficients
of divergent terms, such as faðrÞ−1;aðrÞ−1−iω=4πT;…g, have
to vanish. This turns out to give all constraints on the near-
horizon solutions at the order in ω and k to which we are
working. In this case, the relevant constraints are

∂tA
ð1Þ
x ðrh; xμÞ − ∂xA

ð1Þ
t ðrh; xμÞ ¼ 0; Að2Þ

t ðrh; xμÞ ¼ 0:

ð3:17Þ

Observe that the gauge-invariant part of Að1Þ
a vanishes when

evaluated at the horizon, as regularity demands. Note also

that wewill be using the shorthand notationAðnÞ
a ¼ AðnÞ

a ðrhÞ
in the rest of the paper.
c. Intermediate region: This is the overlapping region in

which both the outer and the inner region solutions are
valid. Here, we may approximate

exp



−i

ω

4πT
ln aðrÞ

�
≈ 1þ ln aðrÞ

4πT
∂t þOð∂2Þ: ð3:18Þ

We first match the logarithmic pieces in the solutions in
both regions. In the inner region, this is the OðωÞ
contribution arising from the infalling contribution to
(3.16). We obtain

∂tA
ð2Þ
x ¼ 4πT

a0ðrhÞX5ðrhÞ
ðĵx þOðω; kÞÞ

¼ −
1

X5ðrhÞ
ðĵx þOðω; kÞÞ; ð3:19Þ

where we used the fact that aðrÞ¼4πTðrh−rÞþOðrh−rÞ2
in our coordinates. Similarly, the matching condition for
the finite part implies that

Að2Þ
t ¼ ât þ ϕ1ðrhÞĵt þOðω; kÞ; ð3:20aÞ

Að1Þ
x þAð2Þ

x ¼ âx þ ϕ2ðrhÞĵx þOðω; kÞ: ð3:20bÞ

These matching conditions together with the regularity
condition imply that, up to first order in derivatives, we
have

ϕ2ðrhÞ∂tĵx−ϕ1ðrhÞ∂xĵt¼−ðdâÞtx−
�

1

X5ðrhÞ
	
ĵx: ð3:21Þ

One can recast this relation in the form of a weakly broken
conservation law as in Eq. (2.10), with

τ ¼ X5ðrhÞϕ2ðrhÞ; v2 ≡D
τ
¼ ϕ1ðrhÞ

ϕ2ðrhÞ
: ð3:22Þ

This computation is almost parallel to the charge diffusion
in Einstein-Maxwell theory presented in [91] where one
finds that τT ∼ 1 and thus 1=τ ≫ ω in the hydrodynamic
limit of ω=T ≪ 1. In this regime, it simply means that the
relaxation time of ĵx is very small at large temperature and
jt is not a long-lived operator anymore. Thus it is sensible
to drop the time derivative term in (3.21) and obtain
the constitutive relation ĵx ¼ D∂xĵt. However, in non-
Maxwell theories, e.g., the DBI action or higher-derivative
theories, one can show that the relaxation time can be tuned
such that ðτTÞ−1 ≪ 1 [40,54,88,89]. In this case, one has to
keep all the terms in (3.21) to properly capture the
quasihydrodynamic behavior of the system.
d. Results: The quasihydrodynamic equations of motion

for this theory consist of (3.15) and (3.21):

∂tĵ
t þ ∂xĵ

x ¼ 0; ð3:23aÞ

∂tĵ
x þ v2∂xĵ

t ¼ χjðdâÞtx −
1

τ
ĵx; ð3:23bÞ
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where χj ¼ 1=ϕ2ðrhÞ is a thermodynamic susceptibility
which determines the coupling to the background gauge
field â.
e. Scalar channel: A similar analysis can also be carried

out for the scalar channel involving δAy, which results in a
finite lifetime of the operator ĵy. The relevant equation of
motion is

∂rðaX5δA0
yÞ −

1

a
ðω2X1 − k2abÞδAy ¼ 0; ð3:24Þ

which yields the following solution in the outer region

δAy ¼ ây þ ĵyΦ2ðrÞ: ð3:25Þ

Here, Φ2ðrÞ is the same function as the one found in the

previous (longitudinal) sector (3.6). Since here, Að1Þ
y ¼ 0,

we find that the matching conditions imply

∂tĵy ¼ −
1

ϕ2ðrhÞ
ðdaÞty −

1

τ
ĵy: ð3:26Þ

Note the absence of spatial derivatives. The parameter τ
is the same as those in (3.22). Moreover, we can also
combine the two relations in both channels, (3.21) and
(3.26), into a single approximately conserved two-form
current Qμν ¼ ð⋆j̃Þμν, where j̃μ ¼ ðĵt=v; ĵx; ĵyÞ. Together
with the conservation of jμ, we finally arrive at the full set
of quasihydrodynamic equations:

∂tj̃t þ v∂ij̃i ¼ 0; ∂tQtμ þ v∂iQiμ ¼ −
1

τ
Qtμ: ð3:27Þ

Let us end this summary by quickly discussing how
quasihydrodynamics arises in the presence of double-trace
deformation. Such a deformation implies that the definition
of the physical source is a linear combination of the radially
dependent and independent pieces [analogues of â and ĵ in
(3.21) and (3.26)]. Depending on the double-trace cou-
pling, which determine the linear combination, it is possible
for τ to be large (τT ≫ 1); in this case, the current becomes
approximately conserved. We will discuss an approxi-
mately conserved current of this type in Sec. IV.

IV. QUASIHYDRODYNAMICS FROM
HOLOGRAPHY I: MAGNETOHYDRODYNAMICS

WITH DYNAMICAL PHOTONS

In this section, we apply the holographic algorithm of
Sec. III to derive the quasihydrodynamic, low-energy
excitations in a field theory with a conserved two-form
current. The holographic dual of a strongly interacting
theory with a one-form symmetry was proposed in [31,39].
In particular, [31] argued that this holographic setup
furnishes a description of a strongly interacting field theory
with a matter sector gauged under dynamical Uð1Þ

electromagnetism, thereby providing a holographic dual
description of a plasma described by MHD in the limit of
low energy. As a result of electromagnetism, the theory was
argued to contain dynamical photons [31,39]. Hence, one
should be able to use this holographic setup to not only
describe MHD but also its (quasihydrodynamic) extension
to a theory of plasma with dynamical, and potentially
strong, electric fields. At the level of linear response,
we will explicitly demonstrate that this is achieved in
holography.
Before delving into the details of the calculation, we will

review a few essential features of this model. The bulk
theory is composed of the Einstein-Hilbert gravity action, a
negative cosmological constant and the two-form gauge
field Bab, written as

S ¼
Z

d5x
ffiffiffiffiffiffi
−g

p �
Rþ 12

L2
−
1

3
HabcHabc

�

þ Sbnd −
1

κðΛÞ
Z
r¼1=Λ

d4x
ffiffiffiffiffiffi
−γ

p ðnaHaμνÞðnbHbμνÞ;

ð4:1Þ

whereH ¼ dB,Λ is the UV cutoff and na is the unit vector
normal to the boundary. Sbnd combines the boundary
Gibbons-Hawking term and counter-terms for the gravi-
tational part of the theory. A detailed exposition of the
model, including holographic renormalization, can be
found in [31]. The diffeomorphism invariance of the
metric and the gauge symmetry of the two-form bulk
fields imply that the boundary duals possesses a conserved
stress-energy tensor Tμν and a conserved two-form current
Jμν. In particular, in the presence of an external two-form
source bμν,

∇μTμν ¼ Hν
ρσJρσ; ∇μJμν ¼ 0; ð4:2Þ

where H, here, is the three-form field strength H ¼ db of
an external two-form gauge field. In terms of the gen-
erating functional,

Z½bμν� ¼
�
exp

�
i
Z

d4xJμνbμν

�
QFT

: ð4:3Þ

Holographic renormalization and the bulk equations of
motion imply that the boundary two-form current Jμν
corresponds to the projected bulk three-form field strength
naHaμν. In fact, the counterterm for the two-form gauge
field, i.e., the last term in Eq. (4.1), can be thought of as a
double-trace deformation. This implies that the regular-
ized boundary source is

bμν ¼ Bμνðr ¼ 1=ΛÞ − 1

κðΛÞ n
aHaμν

���
r¼1=Λ

: ð4:4Þ
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For the source to be physical, one has to formally impose
that it be cutoff independent, i.e., that ∂bμν=∂Λ ¼ 0,
which results in the logarithmic running of the double-
trace coupling κ with a Landau pole. In other words, one
finds that

1

κðΛÞ ¼ finite − lnðΛ=LÞ; ð4:5Þ

where the finite part that sets the renormalized electro-
magnetic coupling needs to be imposed as the renormal-
ization condition at a new scale L, or equivalently, by the
choice of the Landau pole scale. In practice, the value can
be chosen by hand. For details, see [31,57]. As we will see
below, it is the (finite) value of the electromagnetic
coupling that governs the relaxation time of the operator
hJzii, or the electric flux density, and sets the regime of
validity of the quasihydrodynamic approximation with an
approximately conserved electric flux density.
We take the background metric ansatz and two-form

gauge field to have the following equilibrium forms
[cf. Eq. (3.3)]:

ds2 ¼ L2

r2

�
−aðrÞbðrÞdt2 þ bðrÞ

aðrÞ dr
2

þ dx2 þ dy2 þ cðrÞdz2
�
; ð4:6aÞ

B ¼ hðrÞdt ∧ dz; ð4:6bÞ

where hðrÞ parametrizes the density of the two-form
conserved current, which equals the Hodge dual of the
magnetic flux density. The functions aðrÞ, bðrÞ and cðrÞ in
the metric all asymptote to one at the boundary, r → 0, so
that the geometry is asymptotically AdS5. At the horizon,
bðrÞ and cðrÞ are regular and approach nonvanishing
constants bðrhÞ and cðrhÞ. The regularity conditions
impose a stronger constraint on the “emblackening
factor” aðrÞ and the gauge field hðrÞ, which are forced
to behave as

aðrÞ ¼ 4πTðrh − rÞ þOðrh − rÞ2;

hðrÞ ¼ bðrhÞcðrhÞ1=2
h0
rh

ðrh − rÞ þOðrh − rÞ2; ð4:7Þ

close to the horizon at r ¼ rh.
Finally, we note that in this work, we will study the

transverse fluctuations

δðds2Þ ¼ 2

r2
eiðkz−ωtÞ½htiðrÞdtdxi þ hziðrÞdzdxi�; ð4:8aÞ

δB ¼ eiðkz−ωtÞðδBtidt ∧ dxi þ δBzidz ∧ dxiÞ; ð4:8bÞ

where the index i denotes the ðx; yÞ plane coordinates, with
the plane being perpendicular to the z direction of the
background magnetic field lines.
The two subsection, which contain the bulk of the

derivation of aspects of quasihydrodynamics in a holo-
graphic plasma can be summarized as follows:

(i) First, in Sec. IVA, we consider the case with a zero
background magnetic flux density. At small mo-
mentum, we find that the system exhibits a diffusive
mode, which will be referred to as magnetic dif-
fusion, along with a massive, nonhydrodynamic
mode with an imaginary gap set by the renormalized
electromagnetic coupling. The system will then be
shown to exhibit the collision of the diffusive and
gapped poles described in Sec. II. We will find
explicit analytic expressions [in terms of background
bulk quantities and the Uð1Þ coupling] for the
relaxation time of the approximately conserved oper-
ator hJzii and the asymptotic speed of the pair modes
(after the collision) at large k. In the large-k limit and
for small electromagnetic coupling, this speed will
tend to the speed of light. We thus explicitly show the
presence of photons in the plasma.

(ii) Then, in Sec. IV B, we consider the case with a
nonzero background magnetic field in the MHD
channel with Alfvén waves. We demonstrate in
detail how a pair of diffusive modes (shear momen-
tum and magnetic diffusion) combines into a pair of
propagating modes after the collision. We also show
that operators which set the validity of the (magneto)
hydrodynamic regime are linear combinations of the
stress-energy tensor and the two-form current. The
relaxation time can again be expressed in terms of an
integral over the equilibrium bulk quantities.

A. The photon in a charge neutral plasma

We begin by considering a setup with hðrÞ ¼ 0. In this
limit, the function cðrÞ ¼ 1. Moreover, the metric and the
two-form gauge field fluctuations are decoupled so we can
focus only on the equations of motion for the two-form
gauge field. In radial gauge, they are

∂r

�
r

bðrÞ δB
0
tt

	
−

rk
aðrÞ ðωδBzi þ kδBtiÞ ¼ 0; ð4:9aÞ

∂rðraðrÞδB0
ziÞ þ

rω
aðrÞ ðωδBzi þ kδBtiÞ ¼ 0; ð4:9bÞ

ω
r

bðrÞ δB
0
ti þ kraðrÞδB0

zi ¼ 0: ð4:9cÞ

While in this case, the background solution is just the
AdS5-Schwarzschild black brane, our derivation does
not relying on the explicit form of background solution,
so we keep aðrÞ and bðrÞ general. For this reason, the
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computation presented here could be immediately extended
to a larger class of theories with more complicated aðrÞ and
bðrÞ, supported by other bulk matter which does not couple
to Bab.
a. Outer region: In the low frequency limit, we can show

that the solution is

δBtiðxμ; rÞ ¼ δB̂tiðxμÞ þ δĴtyðxμÞΨ1ðrÞ; ð4:10aÞ

δBziðxμ; rÞ ¼ δB̂ziðxμÞ þ δĴziðxμÞΨ2ðrÞ; ð4:10bÞ

where the functions Ψ1;2ðrÞ satisfy the following first-order
differential equations:

r
bðrÞΨ

0
1ðrÞ ¼ 1; raðrÞΨ0

2ðrÞ ¼ 1; ð4:11Þ

with the UV boundary conditions at r ¼ 1=Λ, with
ΛL ≫ 1, giving rise to logarithmically divergent behavior
(the Landau pole),

Ψ1;2ðr ¼ 1=ΛÞ ¼ − lnðΛLÞ þ � � � : ð4:12Þ

This means that the solutions can be written as

Ψ1ðrÞ ¼ − lnðΛLÞ þ
Z

r

s¼1=Λ
ds

bðsÞ
s

;

Ψ2ðrÞ ¼ − lnðΛLÞ þ
Z

r

s¼1=Λ
ds

1

saðsÞ : ð4:13Þ

The two functions Ψ1;2ðrÞ can be expressed as

Ψ1ðrÞ ¼ − lnðΛLÞ þ
Z

r

s¼1=Λ

ds
s
þ
Z

r

s¼1=Λ
ds

�
bðsÞ − 1

s

	
;

¼ lnðr=LÞ þ ψ1ðrÞ; ð4:14Þ

which is finite, and

Ψ2ðrÞ ¼ − lnðΛLÞ þ
Z

r

s¼1=Λ

ds
s
þ 1

rha0ðrhÞ
Z

r

s¼1=Λ
ds

a0ðsÞ
aðsÞ

þ
Z

r

s¼1=Λ
ds

�
1 − a − sa0ðsÞ

rha0ðrhÞ
saðsÞ

�
;

¼ lnðr=LÞ − 1

4πTrh
ln ðaðrÞÞ þ ψ2ðrÞ; ð4:15Þ

where

ψ1ðrÞ ¼
Z

r

s¼1=Λ
ds

�
bðsÞ − 1

s

	
; ð4:16aÞ

ψ2ðrÞ ¼
Z

r

s¼1=Λ
ds

�
1 − a − sa0ðsÞ

rha0ðrhÞ
saðsÞ

	
: ð4:16bÞ

Both ψ1 and ψ2 are constructed so that they are finite
everywhere in the bulk.
As before, (4.9c) guarantees that

∂tδĴ
ti þ ∂zδĴ

zi ¼ 0: ð4:17Þ

This is the exact conservation law for magnetic flux lines.
The quasihydrodynamic mode for electric flux lines will
arise by matching to the near-horizon region.
b. Inner region: Near the horizon, the general solution

for the two-form field as a sum of a regular pure-gauge and
infalling parts:

δBti ¼ Bð1Þ
ti ðr; xμÞ þ Bð2Þ

ti ðr; xμÞa−iω=4πT; ð4:18aÞ

δBzi ¼ Bð1Þ
zi ðr; xμÞ þ Bð2Þ

zi ðr; xμÞa−iω=4πT; ð4:18bÞ

where δBμi are regular function at r ¼ rh. We proceed by
substituting the above ansatz into the equations of motion
near the horizon and demanding that the coefficients of
terms containing aðrÞ−1, and aðrÞ−n−iω=4πT for n > 0
vanish. This procedure implies several constraints on Bti

and Bzi. First, demanding that the coefficients of aðrÞ−1 in
both (4.9a) and (4.9b) vanish, gives

∂tB
ð1Þ
zi − ∂zB

ð1Þ
ti ¼ 0; ð4:19Þ

where we denote Bμνðrh; xμÞ as simply Bμν. Similarly, by
demanding that the coefficient of a−2−iω=4πT in (4.9a)
vanishes, we find that

Bð2Þ
ti ¼ 0: ð4:20Þ

On the other hand, the function Bð2Þ
zi ðrh; xμÞ is nonvanishing

and satisfies a more complicated constraint. However, there

is no need for us to solve explicitly for Bð2Þ
zi . We only require

it to be finite at the horizon.
c. Intermediate region: In the intermediate region, we

match the solutions from inner and outer regions. Staring
from the inner region, we isolate the logarithmically
divergent piece in δBxz by writing

δBzi ¼ Bð1Þ
zi þ Bð2Þ

zi ðxμÞ
�
1 −

iω
4πT

ln aðrÞ þOðω2=T2Þ
	
;

≈ ðBð1Þ
zi þ Bð2Þ

zi Þ þ
1

4πT
∂tB

ð2Þ
zi ln aðrÞ; ð4:21Þ

where we take Φ2ðrÞ ≈Φ2ðrhÞ. The matching between the
solutions in the two regions implies that
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∂tB
ð2Þ
zi ¼ −

1

rh
δĴzi; ð4:22aÞ

Bð1Þ
zi þ Bð2Þ

zi ¼ δB̂zi þ δĴziðψ2ðrhÞ þ lnðrh=LÞÞ; ð4:22bÞ

Bð1Þ
ti ¼ δB̂ti þ δĴtiðψ1ðrhÞ þ lnðrh=LÞÞ: ð4:22cÞ

Substituting the expression for Bð1Þ from Eqs. (4.22a)–
(4.22c) into the near-horizon constraint (4.19), we find that

−
1

rh
δĴzi ¼ ðdδB̂Þtiz − ðlnðrh=LÞ þ ψ1ðrhÞÞ∂zδĴti

þ ðlnðrh=LÞ þ ψ2ðrhÞÞ∂tδĴxz: ð4:23Þ

To interpret this relation in the dual field theory language,
we recall that the physical source is defined by the
following linear combination of the coefficients of the
r-independent term and the logarithmic term, as outlined
in Eq. (4.4) (see also [31,39]):

δb ¼ δB̂ðr → 1=ΛÞ − 1

κðΛÞ δĴ ¼ δB̂ − ln ðLΛeκðΛÞÞδĴ;

ð4:24Þ

where M≡ Λ expðκðΛÞÞ is an RG-invariant scale. The
constraint (4.24) then becomes

−r−1h δĴzi ¼ ðdδbÞtiz − ðlnðMrhÞ þ ψ1ðrhÞÞ∂zδĴti

þ ðlnðMrhÞ þ ψ2ðrhÞÞ∂tδĴzi: ð4:25Þ

By turning off the source, we finally find the Ward identity
for the approximately conserved current:

∂thδJzii − v2∂zhδJtii ¼ −
1

τ
hδJzii; ð4:26Þ

where

v2 ¼ lnðMrhÞ þ ψ1ðrhÞ
lnðMrhÞ þ ψ2ðrhÞ

;
1

τ
¼ r−1h

lnðMrhÞ þ ψ2ðrhÞ
:

ð4:27Þ

The meaning of this equation is clear. This is a quasihy-
drodynamic relaxation equation for δJyz, which corre-
sponds to the electric field in the thermal plasma. The
electric field is therefore not only induced through fluctu-
ating magnetic fields, as in MHD, but is a genuine
dynamical d.o.f., with a relaxation time τ. A direct
consequence is that the system indeed contains dynamical
photons, as claimed in [31,39]. At large τ, the approx-
imately conserved quantity is the conservation of the
number of electric flux lines crossing a co-dimension-
two surface. We note that in this expression, temperature

(or rh) sets the characteristic energy scale of the system.
Mrh is the parameter that controls the renormalized
electromagnetic coupling:

e−2r ¼ lnðMrhÞ: ð4:28Þ

For the case at hand, the AdS5-Schwarzschild black hole,
we find that ψ1ðrhÞ ¼ ψ2ðrhÞ ¼ 0. Hence, the speed of the
propagation of photons is actually the speed of light in
vacuum, which is independent of the electric charge: v ¼ 1.
As e−2r ≫ 1, the time scale τ obeys τT ≫ 1, and so the
electric field is indeed a quasihydrodynamic mode. For this
geometry,

1

τ
¼ πT

lnðMπTÞ
: ð4:29Þ

This may be compared with the numerical estimate of this
lifetime found in [39], which is about 3.5% larger.
d. Results: We now collect our results. Using (4.17),

(4.26) and (4.27), and defining δEx ¼ δJyz, δBy ¼ δJty,
we conclude that

∂tδBy þ ∂zδEx ¼ 0; ð4:30aÞ

∂tδEx þ v2∂zδBy ¼ −
δEx

τ
: ð4:30bÞ

These are precisely the dynamical Maxwell’s equations in
the presence of an Ohmic current J ∝ E, as discussed in
Sec. II D. The conductivity of the plasma is proportional to
1=τ ∝ e2r and is small in the quasihydrodynamic limit.
Indeed, as the electromagnetic coupling vanishes, the
photons decouple from matter and there is no Debye
screening. Hence, as T → 0 and er → 0, the quasihydrody-
namic mode—the photon—becomes arbitrarily long lived.

B. Alfvén waves and photons

We now consider the case with a nonzero background
magnetic field, i.e., with hðrÞ ≠ 0. The background sol-
ution is the magnetic black brane solution [99], which is the
same background one considers in the case of external,
nondynamical magnetic field (see Ref. [31] for a discussion
on the relation between holography with and without
dynamical magnetic fields). The thermodynamic quantities,
transport coefficients and the low-energy spectrum as a
function of temperature and background magnetic field
were computed numerically in [31,100] (see also
[101,102]). Here, we show that the form of the quasihy-
drodynamic low-energy spectrum can in fact be obtained
analytically.
The equations of motion for the background metric, i.e.,

for fa; b; cg, are not particularly illuminating and we will
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not write them here. However, it is important to note that
the background equation for the background two-form
gauge field is

∂rð
ffiffiffiffiffiffi
−g

p
HrtzÞ ¼ d

dr

�
rh0

b
ffiffiffi
c

p
	

¼ 0: ð4:31Þ

In other words, we can write the radial derivative of hðrÞ as

h0ðrÞ ¼ h0
b

ffiffiffi
c

p
r

; ð4:32Þ

where h0 is a constant. We choose a gauge with hðrhÞ ¼ 0
and, as a result, it is convenient to write down the solution
to (4.32) as

hðrÞ ¼ −h0 lnðrhΛÞ þ ϕðrhÞ þ h0

Z
r

s¼1=Λ
ds

bðsÞ ffiffiffiffiffiffiffiffiffi
cðsÞp

s
;

ð4:33Þ

where ϕðrhÞ is a finite integral

ϕðrhÞ ¼ h0

Z
rh

s¼0

ds

�
bðsÞ ffiffiffiffiffiffiffiffiffi

cðsÞp
s

−
1

s

	
: ð4:34Þ

This form is particularly convenient for analyzing the
solution near the boundary, r ≈ 1=Λ ≪ 1. The result is

hðrÞ ¼ h0 ln

�
r
rh

	
þ finite: ð4:35Þ

Similarly, there are two additional radially conserved
quantities, Q1 and Q2, such that dQ1=dr ¼ dQ2=dr ¼ 0,
which arise from linear combinations of the xx- and tt-
components, and yy and xx components, respectively.
Namely,

Q1 ¼
ffiffiffi
c

p
br3

ðabÞ0 þ 4rhh0

b
ffiffiffi
c

p ; Q2 ¼
a

r3
ffiffiffi
c

p c0 þ 4rhh0

b
ffiffiffi
c

p :

ð4:36Þ

Using hðrhÞ ¼ 0, we find that

Q1 ¼ −
4πT

ffiffiffiffiffiffiffiffiffiffiffi
cðrhÞ

p
r3h

¼ −Ts; ð4:37aÞ

Q2 ¼ 0; ð4:37bÞ

where s is the entropy density of the system, as measured
by the horizon area.
These relations are crucial to simplify the equations of

motion for the metric hμν and the gauge field fluctuation
δBμν, which consist of four second-order ODEs:

� ffiffiffi
c

p
r3b

h0ti

	0
− 4h0δB0

zi −
k

r3a
ffiffiffi
c

p ðωhzi þ khtiÞ ¼ 0;

ð4:38aÞ
�

a
r3

ffiffiffi
c

p h0zi

	0
− 4h0δB0

ti þ
ω

r3a
ffiffiffi
c

p ðωhzi þ khtiÞ ¼ 0;

ð4:38bÞ
�
r

ffiffiffi
c

p
b

δBti

	0
− h0h0zi −

kr
a

ffiffiffi
c

p ðωδBzi þ kδBtiÞ ¼ 0;

ð4:38cÞ
�
raffiffiffi
c

p δB0
zi

	0
− h0h0ti þ

ωr
a

ffiffiffi
c

p ðωδBzi þ kδBtiÞ ¼ 0;

ð4:38dÞ

and two first-order (constraint) equations:

ω

� ffiffiffi
c

p
br3

h0ti − 4h0δBzi

	
þ k

�
affiffiffi
c

p
r3
h0zi − 4h0δBti

	
¼ 0;

ð4:39aÞ

ω

�
r

ffiffiffi
c

p
b

δB0
ti − h0hzi

	
þ k

�
raffiffiffi
c

p δB0
zi − h0hti

	
¼ 0:

ð4:39bÞ

a. Outer region: The equations in the outer region can be
organized into two decoupled sets:

ffiffiffi
c

p
r3b

h0tiðr; xμÞ − 4h0δBziðr; xμÞ ¼ π̂tiðxμÞ; ð4:40aÞ

raffiffiffi
c

p δB0
ziðr; xμÞ − h0htiðr; xμÞ ¼ δĴziðxμÞ; ð4:40bÞ

and

a
r3

ffiffiffi
c

p h0ziðr; xμÞ − 4h0δBtiðr; xμÞ ¼ π̂ziðxμÞ; ð4:41aÞ

r
ffiffiffi
c

p
b

δB0
tiðr; xμÞ − h0hziðr; xμÞ ¼ δĴtiðxμÞ; ð4:41bÞ

where fπ̂ti; π̂zi; Ĵti; Ĵzig are integration constants. The first-
order equations (4.39) imply that

∂tπ̂
ti þ ∂zπ̂

zi ¼ 0; ∂tδ̂Jti þ ∂zδĴ
zi ¼ 0; ð4:42Þ

which are nothing but the exact conservation laws
for transverse momentum and the two-form current
(magnetic flux).
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Let us first look at the first pair of equations, i.e.,
Eqs. (4.40a)–(4.40b). Solving for hti, we find

raffiffiffi
c

p
� ffiffiffi

c
p
r3b

h0ti

	
− 4h0ðh0hti þ δĴziÞ ¼ 0: ð4:43Þ

This implies that

htiðr;xμÞ ¼−
δĴziðxμÞ

h0
þ Ĉð1Þ

1 ðxμÞΨð1Þ
1 ðrÞþ Ĉð2ÞðxμÞΨð2Þ

1 ðrÞ;

ð4:44Þ

where ĈðnÞ
1 are two integration constants of the equa-

tion (4.43). Similarly, using (4.40a)–(4.41b), we find that

δBziðr;xμÞ¼−
π̂tiðxμÞ
4h0

þ Ĉð1Þ
1 ðxμÞΦð1Þ

1 ðrÞþ Ĉð2Þ
1 ðxμÞΦð2Þ

1 ðrÞ;

ð4:45Þ

where Ψ1 and Φ1 satisfy

ffiffiffi
c

p
r3b

Ψ0
1 − 4h0Φ1 ¼ 0;

raffiffiffi
c

p Φ0
1 − h0Ψ1 ¼ 0; ð4:46Þ

which are solved by

Ψð1Þ
1 ¼ ab; Φð1Þ

1 ¼ hþ Q1

4h0
: ð4:47Þ

This solution can be used to construct the other linearly
independent solution to (4.46) via the Wronskian trick.
Applying this method to Ψ1, we find that

Ψð2Þ
1 ðrÞ ¼ ab

Z
r

s¼0

ds
s3

a2b
ffiffiffi
c

p : ð4:48Þ

It is convenient to use the relation (4.46) to solve forΦð2Þ
1 in

terms of Ψð2Þ
1 in order to avoid the unnecessary appearance

of a logarithmic divergence. We find

Φð2Þ
1 ðrÞ ¼ 1

4h0
þ
Z

r

s¼0

ds
h0

ffiffiffi
c

p
sa

Ψð2Þ
1 ðsÞ; ð4:49Þ

where the value of Φð2Þ
1 ðr ¼ 0Þ is fixed by the first

derivative of Ψð2Þ
1 at r → 0 through the first relation in

Eq. (4.46). In summary, the solutions for hti and δBzi in the
outer region are

hti ¼ −
δĴziðxμÞ

h0
þ aðrÞbðrÞĈð1Þ

1 ðxμÞ þ ψ ð2Þ
1 ðrÞĈð2Þ

1 ðxμÞ;

ð4:50aÞ

δBzi ¼ −
π̂tiðxμÞ
4h0

þ
�
Q1

4h0
þ h

	
Ĉð1Þ
1 þ

�
ϕð2Þ
1 ðrÞ

þ
�
h0

ffiffiffiffiffiffiffiffiffiffiffi
cðrhÞ

p
rha0ðrhÞ

ψ ð2Þ
1 ðrhÞ

	
ln a

�
Ĉð2Þ
1 ; ð4:50bÞ

where

ψ ð2Þ
1 ¼ Ψð2Þ

1 ; ð4:51aÞ

ϕð2Þ
1 ¼ 1

4h0
þ
Z

r

s¼0

ds
h0ψ

ð2Þ
1 ðsÞ ffiffiffiffiffiffiffiffiffi

cðsÞp
saðsÞ

×

�
1 −

sa0ðrhÞψ ð2Þ
1 ðrhÞ

ffiffiffiffiffiffiffiffiffiffiffi
cðrhÞ

p
rha0ðsÞψ ð2Þ

1 ðsÞ ffiffiffiffiffiffiffiffiffi
cðsÞp

	
: ð4:51bÞ

To better understand the meaning of variables Ĉð1Þ
1 and Ĉð2Þ

1 ,
it is helpful to rewrite them in terms of the zero magnetic
field case. First, we need to consider how the fluctuations
hti and δBzi behave close to the boundary and define

ĥti ¼ −
δĴzi
h0

þ Ĉð1Þ
1 ; ð4:52aÞ

δB̂zi ¼ −
π̂ti
4h0

þ Q1

4h0
Ĉð1Þ
1 þ Cð2Þ

1

4h0
: ð4:52bÞ

Upon substituting the above definitions into the outer
region solutions and expanding them near the boundary,
we find

hti ¼ ĥti þ
1

4
r4ðπ̂ti þ 4h0δB̂ziÞ þOðr5Þ; ð4:53aÞ

δBzi ¼ δB̂zi þ ðδĴzi þ h0ĥtiÞ lnðr=rhÞ þOðrÞ; ð4:53bÞ

where, in terms of the radial conserved quantity (4.36),

ab ¼ 1þ
Z

r

s¼0

ds
s3bffiffiffi
c

p ðQ1 þ 4h0hÞ ≈ 1þ 1

4
r4Q1 þOðr5Þ:

ð4:54Þ

Note also that the above near-boundary expansion reduces
to the one in the zero background magnetic field case of
Sec. IVA as we take h0 ¼ 0.
An analogous sequence of manipulations can be

applied to the second pair of fluctuations, hzi and δBti
from Eqs. (4.41a)–(4.41b). The solutions are then
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hziðr;xμÞ¼−
δĴtiðxμÞ

h0
þ Ĉð1Þ

2 ðxμÞΨð1Þ
2 ðrÞþ Ĉð2Þ

2 ðxμÞΨð2Þ
2 ðrÞ;

ð4:55aÞ

δBtiðr;xμÞ¼−
π̂ziðxμÞ
4h0

þ Ĉð1Þ
2 ðxμÞΦð1Þ

2 ðrÞþ Ĉð2Þ
2 ðxμÞΦð2Þ

2 ðrÞ:

ð4:55bÞ

The functions Ψ2 and Φ2 satisfy

a
r3

ffiffiffi
c

p Ψ0
2 − 4h0Ψ2 ¼ 0;

r
ffiffiffi
c

p
b

Φ2 − h0Ψ2 ¼ 0; ð4:56Þ

the solutions to which are

Ψð1Þ
2 ðrÞ ¼ cðrÞ; ð4:57aÞ

Ψð2Þ
2 ðrÞ ¼ cðrÞ

Z
r

s¼0

ds
s3

aðsÞcðsÞ3=2 ; ð4:57bÞ

Φð1Þ
2 ðrÞ ¼ hðrÞ þ Q2

4h0
; ð4:57cÞ

Φð2Þ
2 ðrÞ ¼ 1

4h0
þ
Z

r

s¼0

ds
h0bðsÞ
s

ffiffiffiffiffiffiffiffiffi
cðsÞp Ψð2Þ

2 : ð4:57dÞ

Note that Ψð1Þ
2 , Φð2Þ

1 and Φð2Þ
2 are finite at the horizon while

Ψð2Þ
2 is not. The latter solution can again be split into a finite

and a divergent part as

Ψð2Þ
2 ðrÞ ¼ ψ ð2Þ

2 þ r3hcðrÞ
a0ðrhÞcðrhÞ3=2

ln a; ð4:58Þ

where

ψ ð2Þ
2 ¼ cðrÞ

Z
r

s¼0

ds
s3

aðsÞcðsÞ3=2
�
1 −

r3ha
0ðsÞcðsÞ3=2

s3a0ðrhÞcðrhÞ3=2
	
;

ð4:59Þ

and

Ψð1Þ
2 ¼ ψ ð1Þ

2 ; Φð1Þ
2 ¼ ϕð1Þ

2 ; Φð2Þ
2 ¼ ϕð2Þ

2 : ð4:60Þ

Similarly, as before, we can relate the functions Ĉð1Þ
2 and

Ĉð2Þ
2 to their h0 ¼ 0 counterparts as

ĥzi ¼ −
δĴti
h0

þ Ĉð1Þ
2 ; ð4:61aÞ

δB̂ti ¼ −
π̂zi
4h0

þ Q2

4h0
Ĉð1Þ
2 þ Cð2Þ

2

4h0
: ð4:61bÞ

Hence, this gives the following two near-boundary
expansions:

hzi ¼ ĥzi þ
1

4
r4ðΠ̂zi þ 4h0δB̂tiÞ þOðr5Þ; ð4:62aÞ

δBti ¼ δB̂ti þ ðδĴti þ h0ĥziÞ lnðr=rhÞ þOðrÞ; ð4:62bÞ

which reduce to the near-boundary expansions of metric
and two-form field fluctuations in the zero magnetic field
case (cf. Sec. IVA) and decouple from each other upon
setting h0 ¼ 0.
b. Inner region: The solutions in the near-horizon region

can be written in the following form:

0
BBB@

htiðr; xμÞ
hziðr; xμÞ
δBtiðr; xμÞ
δBziðr; xμÞ

1
CCCA ¼

0
BBBBB@

Hð1Þ
ti ðr; xμÞ

Hð1Þ
zi ðr; xμÞ

Bð1Þ
ti ðr; xμÞ

Bð1Þ
zi ðr; xμÞ

1
CCCCCA

þ

0
BBBBB@

Hð2Þ
ti ðr; xμÞ

Hð2Þ
zi ðr; xμÞ

Bð2Þ
ti ðr; xμÞ

Bð2Þ
zi ðr; xμÞ

1
CCCCCA
aðrÞ−iω=4πT; ð4:63Þ

whereHðnÞ
μν ðr; xμÞ and BðnÞ

μν ðr; xμÞ are regular functions of r.
The regularity at the horizon implies a number of nontrivial
constraints among these functions. To see this, we sub-
stitute the near-horizon solutions (4.63) into the equations
of motion (4.38), expand the equations near the horizon
and then demand that the coefficients of divergent terms
[i.e., aðrÞ−1, aðrÞ−iω=4πT , aðrÞ−1−iω=4πT and aðrÞ−2−iω=4πT]
vanish. Among many constraints that emerge from this
procedure, demanding that the coefficients of aðrÞ−1 vanish
implies that

∂tH
ð1Þ
zi − ∂zH

ð1Þ
ti ¼ 0; ð4:64aÞ

∂tB
ð1Þ
zi − ∂zB

ð1Þ
ti ¼ 0: ð4:64bÞ

Similarly, requiring that the coefficients of aðrÞ−2−iω=4πT
in (4.38) vanish implies that

Hð2Þ
ti ¼ Bð2Þ

ti ¼ 0; ð4:65Þ

where we have used a shorthand notation Hμν ¼
Hμνðrh; xμÞ. These are the essential ingredients required
to derive the approximate conservation law of interest to
this section.
c. Intermediate region:We proceed by matching the two

sets of solutions in the intermediate region. The matching
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conditions imply that the coefficient of the terms that scale
as ln a have to match. In particular,

∂tH
ð2Þ
zi ¼ 4πTr3h

a0ðrhÞ
ffiffiffiffiffiffiffiffiffiffiffi
cðrhÞ

p Ĉð2Þ
2 ; ð4:66aÞ

∂tB
ð2Þ
zi ¼ 4πTh0

ffiffiffiffiffiffiffiffiffiffiffi
cðrhÞ

p
rha0ðrhÞ

ψ ð2Þ
1 ðrhÞĈð2Þ

1 : ð4:66bÞ

Similarly, we find the following relations for the matching
of the finite part of the solutions:

Hð1Þ
ti ¼ −

δĴzi
h0

þ ψ ð2Þ
1 ðrhÞĈð2Þ

1 ; ð4:67aÞ

Hð1Þ
zi þHð2Þ

zi ¼−
δĴti
h0

þcðrhÞĈð1Þ
2 þψ ð2Þ

2 ðrhÞĈð2Þ
2 ; ð4:67bÞ

Bð1Þ
ti ¼ −

π̂zi
4h0

þ ϕð2Þ
2 ðrhÞĈð2Þ

2 ; ð4:67cÞ

Bð1Þ
zi þ Bð2Þ

zi ¼ −
π̂ti
4h0

þ Q1

4h0
Ĉð1Þ
1 þ ϕð2Þ

1 ðrhÞĈð2Þ
1 : ð4:67dÞ

To understand the constraints imposed by the regularity of

Hμν and Bμν, and consequently of ĈðnÞ
1;2 , we replace Ĉ

ðnÞ
1;2 by

variables in Eqs. (4.52)–(4.61). Henceforth, for simplicity,
we will also turn off the sources for both π̂μν and δĴμν. The
first set of relations that follows from regularity conditions
implies that

�
∂t þ

1

τ1

	
ðπzi þ 4h0 lnðMrhÞδĴtiÞ

− v21∂zðπ̂ti þ 4h0 lnðMrhÞδĴziÞ −D1∂zδĴzi ¼ 0;

ð4:68Þ

where

v21 ¼
ψ ð2Þ
1 ðrhÞ

ψ ð2Þ
2 ðrhÞ

;

D1 ¼
�
cðrhÞ −Q1ψ

ð2Þ
1 ðrhÞ

h0ψ
ð2Þ
2 ðrhÞ

	
;

τ−11 ¼ 4πTr3h
a0ðrhÞψ ð2Þ

2 ðrhÞ
ffiffiffiffiffiffiffiffiffiffiffi
cðrhÞ

p : ð4:69Þ

We briefly defer the physical interpretation of this result.
The other relation is significantly more complicated:

�
∂t þ

1

τ2

	��
lnðMrhÞ −

Q1

4h20

	
δĴzi þ

π̂ti
4h0

	

−D2∂tδĴzi − v22∂z

�
lnðMrhÞδĴti þ

π̂zi
4h0

	
¼ 0; ð4:70Þ

where

v22 ¼
ϕð2Þ
2 ðrhÞ

ϕð2Þ
1 ðrhÞ

;

D2 ¼ −
Q1=4h20

ð4h0ϕð2Þ
1 ðrhÞÞ

;

τ−12 ¼ 4πTh0ψ
ð2Þ
1 ðrhÞ

ffiffiffiffiffiffiffiffiffiffiffi
cðrhÞ

p
rha0ðrhÞϕð2Þ

1 ðrhÞ
: ð4:71Þ

d. Summary: We now provide the physical interpretation
of the above holographic results. For simplicity, we will
focus on the regime h0 ≪ T2, where we will see how
quasihydrodynamics emerges. The analysis is similar for
more generic systems. In this regime, jQ1j ≫ 4h20 lnðMrhÞ,
and we find that bðrhÞ ≈ cðrhÞ ≈ 1, ϕð2Þ

1 ≈ ϕð2Þ
2 ≈ 1=4h0,

and that ψ ð2Þ
2 ¼ Oðh0Þ, while

ψ ð2Þ
1 ¼ −

1

Q1

þ αh20
Q2

1

þOðh30Þ; ð4:72Þ

where α is a dimensionless coefficient which can be
computed.
It is instructive to change variables to those used in

Sec. II D. Namely, the “velocity field”

δuy ¼ 1

χ
πty; χ ¼ 4h20

e2r
þ sT; ð4:73Þ

along with δBy ¼ δĴty and δEx ¼ δĴyz; recall the definition
of er in (4.28). Here, χ denotes the susceptibility of the
transverse momentum and is proportional to (εþ p) for the
system described in Sec. II D. Equation (4.42) then implies
that

χ∂tδuy þ ∂zπ
zy ¼ 0; ð4:74aÞ

∂tδBy þ ∂zδEx ¼ 0: ð4:74bÞ

The first equation is the conservation of momentum. The
second equation is Faraday’s law.
Finally, we turn our attention to the remaining two

equations of motion. Firstly, in the limit described above,
we find that (4.68) becomes
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πzy ≈ −
1

4πT
∂z

�
χδuy þ 4h0

e2r
δEx

	
: ð4:75Þ

Note that we have not included the term with ∂tπ
zy as it is

subleading relative to the constant term in πzy when ω ≪ T
(the regime of validity of our analysis). Hence, πzy is not a
quasihydrodynamic d.o.f. Nevertheless, it was convenient
to carry it through the calculation as if it was quasihy-
drodynamic. Indeed, (4.75) reduces to a first-order con-
stitutive relation within hydrodynamics, and as h0 → 0, we
recover the classic holographic result that the shear vis-
cosity η obeys η ¼ s=4π. At first order in h0, we observe a
correction to the stress tensor arising from the dynamical
electric field, which would not have been included in
conventional MHD. The ellipsis in (4.75) denotes higher-
order corrections in h0, which we have neglected.
The second equation of motion follows from (4.70):

∂tδEx þ ∂zδBy ¼ −
1

τ
ðδEx þ h0δuyÞ þ � � � ; ð4:76Þ

where 1=τ is given by (4.29). This is precisely Ampere’s
law in a plasma. Since the Ohmic current must be evaluated
in the rest frame of the fluid, we obtain a velocity-
dependent term in (4.76), exactly analogous to (2.36c).
Again, � � � denotes corrections in h0 which we have
neglected for simplicity.
Combining (4.74), (4.75) and (4.76) we thus arrived at a

holographically derived theory of quasihydrodynamic
MHD with dynamical electric fields in the transverse
Alfvén channel, which is exactly analogous to our dis-
cussion in Sec. II D. In holography, we may carry out the
computation to higher orders in h0 in principle, although
we will not systematically discuss the higher-order con-
tributions here. We expect that at sufficiently low T, the
electric field will remain a quasihydrodynamic mode at
higher orders in h0, but have not found a simple analytic
proof of this.
As we have shown in this section, a holographic analysis

of the bulk theory (4.1) with a dynamical metric and a two-
form gauge field of [31,39] opens the door to a systematic
derivation of not only MHD but also its various extensions
that pertain to the physics of plasmas.

V. QUASIHYDRODYNAMICS FROM
HOLOGRAPHY II: MÜLLER-ISRAEL-STEWART
THEORY AND HIGHER-DERIVATIVE GRAVITY

In this section, we show how the linearized conformal
Müller-Israel-Stewart (MIS) equations from Sec. II C can
be derived from a systematic expansion in an example of a
holographic higher-derivative theory. In terms of the stress-
energy tensor Tμν and gapped modes Πμν, the linearized
fluctuations of the MIS equations (2.24) can be written as

scalar∶ ∂tδTxy ¼ −
1

τ
δTxy; ð5:1aÞ

shear∶ ∂tδTxz þD
τ
∂zδTtz ¼ −

1

τ
δTxz; ð5:1bÞ

sound∶ ∂tΠzz þ 4

3

D
τ
∂zδTtz ¼ −

1

τ
Πzz; ð5:1cÞ

where the fluctuations are functions of t and z and the
diffusion constant D is defined in Eq. (2.31). δTμν denotes
the first-order perturbation of Tμν and in the sound channel,
Πzz is defined as Πzz ≡ δTzz − δp, where δp is the
perturbation of the pressure. As explained in Sec. II C,
the three equations in (5.1) can be written in a covariant
form of a single approximate conservation law. In particu-
lar, they are the xy, xz and zz components of Eq. (2.25).
To show how the MIS equations arise from a dual

gravitational description, we focus on the Einstein-Gauss-
Bonnet theory [53,54,103,104], which is a useful holo-
graphic toy model for analyzing thermal field theories at
intermediate coupling strengths. The crucial feature of the
theory, and of other higher-derivative theories, is the
emergence of quasinormal modes with a purely relaxing,
imaginary dispersion relation ωðkÞ [51,54,105]. As was
demonstrated in [51,54], these modes reproduce many
expected spectral properties of thermal theories in transition
from strong, towards weak coupling. They exhibit the
emergence of quasiparticlelike excitations in the spectrum,
formation of branch cuts [51,54,106] and the quasiparticle
transport peak in the spectral function at k ¼ 0 [107].
Moreover, the existence of purely relaxing quasinormal
modes leads to the breakdown of hydrodynamics, formally
defined at the critical momentum kc at which the collision
occurs, given some λGB. In the shear channel, this is a
results of the collision of diffusive and gapped poles.
The breakdown of hydrodynamics also leads to a longer
hydrodynamization time [18,108], relevant in heavy-ion
collisions [17,20,109], and a longer isotropization time
[110,111].
The action of the Einstein-Gauss-Bonnet theory in five

dimensions is

S ¼ 1

2κ5

Z
d5x

ffiffiffiffiffiffi
−g

p �
Rþ 12

L2

þ λGBL2

2
ðRabcdRabcd − 4RabRab þ R2Þ

�
: ð5:2Þ

We set the anti-de Sitter (AdS) radius to L ¼ 1. An
especially useful feature of this theory lies in the fact that
its equations of motion involve only first and second
derivatives. Thus, in principle, the coupling λGB ∈
ð−∞; 1=4� can be treated nonperturbatively. The back-
ground solution for this theory can be written in the form

HOLOGRAPHY AND HYDRODYNAMICS WITH WEAKLY … PHYS. REV. D 99, 086012 (2019)

086012-27



ds2 ¼ L2

r2

�
−aðrÞbðrÞdt2 þ bðrÞ

aðrÞ dr
2 þ dx2 þ dy2 þ dz2

�
;

ð5:3Þ

where

aðrÞ ¼ NGBfðrÞ; bðrÞ ¼ NGB;

fðrÞ ¼ 1 −
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − 4λGBð1 − r4=r4hÞ

p
2λGB

: ð5:4Þ

The symbol rh denotes the radial position of the horizon.
The AdS boundary is at r ¼ 0. We set N2

GBfð0Þ ¼ 1 to
ensure that the boundary speed of light equals to one.
Moreover, the Hawking temperature is given by
T ¼ NGB=ðπrhÞ. For further details regarding this theory,
see [54].
Increasing the negative value of the higher-derivative

coupling constant λGB, i.e., increasing −λGB, can be though
of as tuning the dual coupling constant away from infinity.
In the regime of large −λGB, the relaxational quasinormal
mode comes into the regime of jωj=T ≪ 1 and has a
nontrivial interplay with the hydrodynamic modes [51,54].
Its gap can be defined as

ωg ≡ ωðk ¼ 0Þ ¼ −
i

τðλGBÞ
: ð5:5Þ

This is the mode that plays the role of Πμν in the MIS
theory. As we show below, its associated relaxation time τ
can be found analytically when τðλGBÞT ≫ 1. Moreover,
we will also find the speed of propagation of modes at large
k, v, which was discussed in Secs. II B and II C,
cf. Eqs. (2.15) and (2.27). In particular, v2 ¼ D=τ. The
results derived from the action (5.2) are

τ ¼ ψ2ðrhÞ
r3hNGB

; ð5:6aÞ

v2 ¼ ψ1ðrhÞψ 0
2ð0Þ

ψ2ðrhÞψ 0
1ð0Þ

; ð5:6bÞ

where ψ1 and ψ2 are function of the background metric:

ψ1ðrÞ ¼ r4h

Z
r=rh

s¼0

ds
s3

1 − 2λGBfðrhsÞ
; ð5:7aÞ

ψ2ðrÞ ¼
r4h
4
ln fð0Þ þ r4h

Z
r=rh

s¼0

ds
s3

fðrhsÞ

×

�
1 − 2λGBfðrhsÞ −

f0ðrhsÞ
s3f0ðrhÞ

	
: ð5:7bÞ

Performing the integral ψ2 explicitly, we obtain the
relaxation time

τ ¼ 1

8πT

�
γGBðγGB þ 2Þ − 3þ 2 ln

�
2

γGB þ 1

		
; ð5:8Þ

where γGB ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − 4λGB

p
. The expression agrees precisely

with the (zero-momentum) frequency of the gap of the
nonhydrodynamic modes in all three channels of Einstein-
Gauss-Bonnet gravity obtained from the analytic quasi-
normal mode calculations of Refs. [51,54]:

wg ¼
ωg

2πT
¼ −

4i
γGBðγGB þ 2Þ − 3þ 2 lnð 2

γGBþ1
Þ : ð5:9Þ

In particular, see Eq. (2.44) of Ref. [54]. Importantly,
we note that unlike in MIS theory, cf. Sec. II C, the
relaxation time τ that is derived from the gravity bulk,
which encodes all higher-order corrections to hydrody-
namics, does not equal the second-order transport coef-
ficient τΠ [54,103,104]:

τΠ ¼ 1

2πT

�
1

4
ð1þ γGBÞ

�
5þ γGB −

2

γGB

	

−
1

2
ln

�
2ðγGB þ 1Þ

γGB

�	
: ð5:10Þ

However, in the large −λGB limit, as λGB → −∞,

lim
λGB→−∞

τ ¼ lim
λGB→−∞

τΠ ¼ −
λGB
2πT

: ð5:11Þ

Finally, the speed v is given by

v2 ¼ −
8λGB

γGBðγGB þ 2Þ − 3þ 2 lnð 2
γGBþ1

Þ : ð5:12Þ

Note that the reason that v is superluminal stems from the
fact that it is computed from taking the limit of k → ∞—
the limit in which the Einstein-Gauss-Bonnet theory
suffers from various known UV problems and instabilities
[54,112–114]. The theory should always be thought of as
one with a UV cutoff on ω and k for any nonzero λGB.
For this reason, acausal UV behavior is irrelevant for the
ω ≪ T and k ≪ T regime of interest to this work in which
the theory of quasihydrodynamics is applicable.
The remaining of this section is devoted to demonstrat-

ing how the equations (5.1) emerge from the matching
conditions in the bulk.

A. Scalar channel

We begin by deriving the scalar channel equation (5.1a).
To do this, we study the decoupled δgxy fluctuation of the
black brane metric (5.3).

δðds2Þ ¼ δgxyðr; t; zÞdxdy≡ 2

r2
hxyðr; t; zÞdxdy: ð5:13Þ
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The bulk equation of motion for this mode, in the Fourier
basis hxyðr; t; zÞ ∼ hxyðrÞe−iωtþikz, can be written as

∂r

�
f∂rhxy

r3ð1 − 2λGBfÞ
	

¼ −
ω2 − k2fA

r3N2
GBfð1 − 2λGBfÞ

hxy; ð5:14Þ

where the coefficient A is

A ¼ N2
GB

�
1 −

2λGBrf0

1 − 2λGBf

	
: ð5:15Þ

The matching procedure then proceeds in the manner
outlined in Sec. III.
a. Outer region: In the outer region, e−4πT=ω=T ≪

rh − r, where we neglect the right-hand side of (5.14),
we find that the solution for hxy is

hxyðr; xμÞ ¼ ĥxyðxμÞ þ π̂xyðxμÞΨ2ðrÞ; ð5:16Þ

where Ψ2ðrÞ can be written as

Ψ2ðrÞ ¼ r4h

Z
r=rh

s¼0

ds
s3

fðrhsÞ
ð1 − 2λGBfðrhsÞÞ; ð5:17Þ

which diverges at the horizon. We split Ψ2ðrÞ into a finite
part, ψ2, and the part that is logarithmically divergent at the
horizon:

Ψ2ðrÞ ¼
r3h

f0ðrhÞ
Z

r=rh

s¼0

ds
f0ðrhsÞ
fðrhsÞ

þ r4h

Z
r=rh

s¼0

ds
s3

fðrhsÞ
�
1− 2λGBfðrhsÞ−

f0ðrhsÞ
s3f0ðrhÞ

	

¼ −
r4h
4
ln ðfðrÞÞ þψ2ðrÞ; ð5:18Þ

where ψ2ðrÞ was stated in Eq. (5.7b). In terms of boundary
operators, π̂xy ¼ δTxy.
b. Inner region: The inner, near-horizon region is

defined by rh − r ≪ 1=T. There, we make the following
ansatz for hxy:

hxyðr; xμÞ ¼ Hð1Þ
xy ðr; xμÞ þHð2Þ

xy ðr; xμÞfðrÞ−iω=4πT; ð5:19Þ

where HðiÞ
μν ðr; xμÞ are regular function at the horizon. We

then substitute the above ansatz into the equation of motion
(5.14) and demand that the coefficients of all divergent
pieces vanish in the near-horizon expansion. For the
coefficient of fðrÞ−1, we find that

Hð1Þ
xy ¼ 0; ð5:20Þ

where we have used the shorthand notation HðiÞ
xy≡

HðiÞ
xy ðrh; xμÞ.

c. Intermediate region: The intermediate region, defined
as e−4πT=ω=T ≲ rh − r≲ 1=T, is where we match the two
solution from outer and inner regions. First, we expand the
logarithmically divergent term of the inner region solution,

hxyðr ≈ rhÞ ¼ Hð2Þ
xy −

iω
4πT

Hð2Þ
xy ln f ¼ Hð2Þ

xy þ ln f
4πT

∂tH
ð2Þ
xy :

ð5:21Þ

Second, we demand that the two branches of solutions
match:

1

4πT
∂tH

ð2Þ
xy ¼−

r4h
4
π̂xy; Hð2Þ

xy ¼ ĥxyþ π̂xyψ2ðrhÞ: ð5:22Þ

Third, using the above relation for ∂tHð2Þ and the expres-
sion for the Hawking temperature T, we find that

ψ2ðrhÞ∂tπ̂xy ¼ −∂tĥxy − NGBr3hπ̂xy: ð5:23Þ

Finally, we can turn off the source ĥ to show that the above
matching condition takes the form of the first approxi-
mately conserved current in (5.1a), and thus of the
linearized MIS theory, with the relaxation time τ stated
in Eq. (5.6a).

B. Shear channel

In this shear channel, we turn on the metric fluctuations

δðds2Þ ¼
X
i¼x;y

2

r2
ðhtiðr; t; zÞdtdxi þ hziðr; t; zÞdzdxiÞ;

ð5:24Þ

where we have used the radial gauge hrμ ¼ 0. The relevant
set of coupled dynamical equations of motions is

∂r

�
1 − 2λGBf

r3
∂rhti

	

−
kA

N2
GBr

3f
ð1 − 2λGBfÞðωhiz þ khtiÞ ¼ 0; ð5:25aÞ

∂r

�
f

r3ð1 − 2λGBfÞ
∂rhiz

	

þ ωð1 − 2λGBfÞ
N2

GBr
3f

ðωhiz þ khtiÞ ¼ 0; ð5:25bÞ

and a first-order constraint equation

ω∂rhti þ kfA∂rhiz ¼ 0; ð5:26Þ

where the coefficient A was defined in (5.15). As before,
it is the first-order constraint (5.26) that implies the
conservation of the transverse momentum Tti. This is
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not the case for the approximate conservation of δTiz,
which instead arises from the matching condition in the
bulk. Note that the outer, the inner and the intermediate
matching regions are defined in the same way as in the
scalar channel.
a. Outer region: As in the scalar channel, first consider

the outer region, where we write the metric fluctuations as

htiðr; xμÞ ¼ ĥtiðxμÞ þ π̂tiðxμÞΨ1ðrÞ; ð5:27aÞ

hizðr; xμÞ ¼ ĥziðxμÞ þ π̂ziðxμÞΨ2ðrÞ: ð5:27bÞ

The functions Ψ1;2 are then split into a finite and a singular
part at the horizon,

Ψ1;2ðrÞ ¼ ψ1;2ðrÞ þ singular part: ð5:28Þ

The procedure for finding Ψ2 is identical to the one the
scalar channel, cf. Eq. (5.18). On the other hand, Ψ1

contains no singular part and thus we can express it as

Ψ1ðrÞ ¼ ψ1ðrÞ ¼ r4h

Z
r=rh

s¼0

ds
s3

1 − 2λGBfðrhsÞ
: ð5:29Þ

Due to the constraint (5.26), π̂ti and π̂iz are not independent,

ψ 0
1ð0Þ

ψ 0
2ð0Þ

∂tπ̂ti − ∂zπ̂zi ¼ 0; ð5:30Þ

which upon performing holographic renormalization yields
the conserved transverse momentum ∂μδT

μ
i ¼ 0.

b. Inner region:We proceed by writing hti and hzi at the
horizon in terms of regular and infalling parts:

�
δhtiðr; xμÞ
δhziðr; xμÞ

	
¼

�
δHð1Þ

ti ðr; xμÞ
δHð1Þ

zi ðr; xμÞ

	

þ
�
δHð2Þ

ti ðr; xμÞ
δHð2Þ

zi ðr; xμÞ

	
fðrÞ−iω=4πT: ð5:31Þ

The equation of motion near the horizon then implies

Hð2Þ
ti ¼ 0; ð5:32aÞ

∂tH
ð1Þ
zi − ∂zH

ð1Þ
ti ¼ 0: ð5:32bÞ

c. Intermediate region: Using the same matching pro-
cedure as in the scalar channel, the logarithmically diver-
gent terms imply that

1

4πT
∂tH

ð2Þ
zi ¼ −

r4h
4
π̂zi: ð5:33Þ

Similarly, matching the finite pieces gives

Hð1Þ
ti ¼ ĥti þ ψ1ðrhÞπ̂tiðxμÞ;

Hð1Þ
zi þHð2Þ

zi ¼ ĥzi þ ψ2ðrhÞπ̂ziðxμÞ: ð5:34Þ
Turning off the source ĥ and substituting the above
matching conditions into Eq. (5.32a), which is a conse-
quence of horizon regularity, we find the following relation:

∂tπ̂zi −
ψ1ðrhÞ
ψ2ðrhÞ

∂zπ̂ti ¼ −
�
NGBr3h
ψ2ðrhÞ

	
π̂zi: ð5:35Þ

Finally, combining this result with the conservation of
transverse momentum and using the holographic dictionary
for the stress-energy tensor, we recover the conserved and
the approximately conserved quasihydrodynamic MIS
equations for δTti and δTzi:

∂tδTti þ ∂zδTzi ¼ 0; ð5:36aÞ

∂tδTzi þ v2∂zδTti ¼ −
1

τ
δTzi; ð5:36bÞ

where one can show after holographic renormalization that

π̂zi ∝ δTi
z; π̂ti ∝

ψ 0
2ð0Þ

ψ 0
1ð0Þ

δTi
t: ð5:37Þ

Both expressions have the same proportionality constant.

C. Sound channel

Lastly, in the sound channel, we turn on the following
perturbations the metric, again in the radial gauge,

δðds2Þ¼ 1

r2
ðhttdt2þ2htzdtdzþhxxdx2þhyydy2þhzzdz2Þ:

ð5:38Þ

There are four second-order equations of motion for htt, htz,
hii ≡ hxx þ hyy and hzz. The equation of motion for htt does
not play a direct role in the computation (the relevant part
of it is a derivative of a constraint). The remaining
equations are

d
dr

�ð1 − 2λGBf
r3

h0tz

	
þ ωk
r3f

ð1 − λGBð2f − rf0ÞÞhii ¼ 0;

ð5:39aÞ
d
dr

� ffiffiffi
f

p ð1 − 2λGBfÞ
r3

ðh0ii þ h0zzÞ
	

−
k2

r3
ffiffiffi
f

p ð1 − λGBð2f − rf0ÞÞhii ¼ 0; ð5:39bÞ

d
dr

�
f
r3
ð1 − 2λGBfÞ−1ðh0ii − 2h0zzÞ

	

−
1

N2
GBr

3f
ð2N2

GBk
2fhtt þ 4ωkhtz

þ 2ω2hzz þ ðω2 −Ak2fÞhiiÞ ¼ 0: ð5:39cÞ
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In addition, we also have three first-order constraint
equations

ωðh0ii þ h0zzÞ þ kh0tz −
f0

f

�
khtz þ

1

2
ωðhii þ hzzÞ

	
¼ 0;

ð5:40aÞ

ωh0tz þ N2
GBkfh

0
tt þ

1

2
N2

GBkf
0htt − N2

GBfkAh0 ¼ 0;

ð5:40bÞ
r
f
ðω2hzz þ 2ωkhtz þ N2fk2htt þ ðω2 − k2fAÞhiiÞ

þ 3N2
GBfh

0
tt −

�
3fA −

N2
GBf

0

2ð1 − 2λGBfÞ
	
ðh0zz þ h0iiÞ ¼ 0:

ð5:40cÞ

As we shall see, the constraint equations in (5.40) will
becomes the conservation of energy, longitudinal momen-
tum and the tracelessness condition of the stress-energy
tensor, respectively.
a. Outer region: The outer region solutions for htz, hii −

2hzz and hþ hzz can easily be obtained from Eqs. (5.39).
We find

htz ¼ ĥtzðxμÞ þ π̂tzðxμÞΨ1ðrÞ; ð5:41aÞ

hii − 2hzz ¼ ĥiiðxμÞ − 2hzzðxμÞ þ π̂2ðxμÞΨ2ðrÞ; ð5:41bÞ

hii þ hzz ¼ ĥþ ĥzz þ π̂3ðxμÞΨ3ðrÞ: ð5:41cÞ

The functions Ψ1 and Ψ3 are finite everywhere in the bulk
while Ψ2 diverges at the horizon. The functions Ψ1;2 are
analogous to the ones that appear in the scalar and the shear
channel computations. The new Ψ3 is

Ψ3ðrÞ ¼ ψ3ðrÞ ¼ r4h

Z
r=rh

s¼0

ds
s3ffiffiffiffiffiffiffiffiffiffiffiffiffi

fðrhsÞ
p ð1 − 2λGBfðrhsÞÞ

:

ð5:42Þ

We also write the solutions for h and hzz, which will prove
convenient in the matching procedure:

hii ¼ ĥii þ
1

3
ðπ̂2ðxμÞΨ2ðrÞ þ 2π̂3ðxμÞΨ3ðrÞÞ; ð5:43aÞ

hzz ¼ ĥzz þ
1

3
ðπ̂3ðxμÞΨ3ðrÞ − π̂2ðxμÞΨ2ðrÞÞ: ð5:43bÞ

To better understand the role of the functions π̂μν, let us
consider the first-order constraint equations in the outer
region, which are

∂tðh0ii þ h0zzÞ − ∂zh0tz ¼ 0; ð5:44aÞ

∂th0tz − ∂zðh00tt − h0iiÞ ¼ 0; ð5:44bÞ

h0tt − ðh0tz þ h0iiÞ ¼ 0: ð5:44cÞ

After using the holographic dictionary, which is schemati-
cally h0μν ∼ δTμ

ν, then, as claimed above, these equations
become the conservation of energy ∂μδTμ

t ¼ 0, momentum
∂μδTμ

z ¼ 0, and the conformal tracelessness condition
δTμ

μ ¼ 0. In terms of the functions π̂μνðxμÞ, these relations
lead to

ψ 0
3ð0Þ∂tπ̂3 − ψ 0

1ð0Þ∂zπ̂tz ¼ 0; ð5:45aÞ

ψ 0
1ð0Þ∂tπ̂tz −

1

3
∂zðψ 0

3ð0Þπ̂3 − ψ 0
2ð0Þπ̂2Þ ¼ 0: ð5:45bÞ

b. Inner region: We again write down the ansatz

0
B@

hzz
hii
htx

1
CA ¼

0
BB@

Hð1Þ
zz ðr; xμÞ

Hð1Þ
ii ðr; xμÞ

Hð1Þ
tz ðr; xμÞ

1
CCAþ

0
BB@

Hð2Þ
zz ðr; xμÞ

Hð2Þ
ii ðr; xμÞ

Hð2Þ
tz ðr; xμÞ

1
CCAfðrÞ−iω=4πT

ð5:46Þ

and substitute it into the equations of motion, which we
expand in the near-horizon region. The functions HðnÞ are
regular at the horizon. As a result, one finds a number of
relations between the above near-horizon solutions. Among
then, the ones relevant to the present derivation are

Hð1Þ
ii ¼ 0; ∂tð∂tH

ð1Þ
zz − 2∂zH

ð1Þ
tz Þ ¼ 0; Hð2Þ

tz ¼ 0:

ð5:47Þ

The second equation arose from the nonradial derivative
part of (5.39c). It implies that

∂tH
ð1Þ
zz − 2∂zH

ð1Þ
tz ¼ F ðtÞ; ð5:48Þ

where the function F ðtÞ is independent of spatial coordi-
nates. Assuming regularity at spatial infinity, we conclude
that F ðtÞ ¼ 0 [40]. This will prove essential in recovering
the approximate conservation law of the MIS theory.
c. Intermediate region: Again, we expand the near-

horizon solutions as

0
B@

hzz
hii
htx

1
CA ¼

0
BB@

Hð1Þ
zz þHð2Þ

zz

Hð1Þ
ii þHð2Þ

ii

Hð1Þ
tz þHð2Þ

tz

1
CCAþ 1

4πT
∂t

0
B@

Hð2Þ
zz

Hð2Þ

Hð2Þ
tz

1
CA ln f;

ð5:49Þ
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where we have used the shorthand notation
HðnÞðr ¼ rh; xμÞ ¼ HðnÞ. The matching condition for the
logarithmically divergent pieces implies that

∂tHð2Þ ¼ −
�
πTr4h
3

	
π̂2ðxμÞ; ∂tH

ð2Þ
zz ¼

�
πTr4h
3

	
π̂2ðxμÞ:

ð5:50Þ

For the finite terms, we find

Hð1Þ
tz ¼ ĥtz þ π̂tzψ1ðrhÞ; ð5:51aÞ

Hð1Þ
zz þHð2Þ

zz ¼ ĥzz þ
1

3
ðπ̂3Ψ3ðrhÞ − π̂2ψ2ðrhÞÞ; ð5:51bÞ

Hð2Þ
ii ¼ ĥii þ

1

3
ðπ̂2ψ2ðrhÞ þ 2π̂3Ψ3ðrhÞÞ; ð5:51cÞ

where we used the fact that Hð2Þ
tz ¼ Hð1Þ ¼ 0. Relations

(5.51b) and (5.51c) can be combined into

∂tH
ð1Þ
zz ¼ 1

2
∂tHð2Þ − ∂tH

ð2Þ
zz −

1

2
ψ2ðrhÞ∂tπ̂2

¼ −
1

2
ðπTr4hÞπ̂tz −

1

2
ψ2ðrhÞ∂tπ̂2; ð5:52Þ

where in the second line, we used the matching conditions
for the divergent terms from Eq. (5.50). The regularity
condition (5.47) then implies

∂tH
ð1Þ
zz − 2∂zH

ð1Þ
tz ¼ −

1

2
ðπTr4hÞπ̂2 −

1

2
ψ2ðrhÞ∂tπ̂2

− 2ψ1ðrhÞ∂zπ̂tz ¼ 0: ð5:53Þ

In other words, we find the approximate conservation law:

∂tπ̂2 þ 4
ψ1ðrhÞ
ψ2ðrhÞ

∂zπ̂tz ¼ −
NGBr3h
ψ2ðrhÞ

π̂2: ð5:54Þ

One can convert π̂2 and π̂tz into the expectation values of
the stress-energy tensor in the following way: first, we
recall that the dissipative part of the stress-energy tensor
can be written as π̂zz ¼ δTzz − δp and that

δp ¼ 1

3

X
i¼x;y;z

δTii ∝
1

3
π̂3: ð5:55Þ

It follows that the dissipative part of the stress-energy
tensor in MIS theory is

Πzz ¼ δTzz − δp ∝ −
1

3
π̂2: ð5:56Þ

Similarly, one can write σzz in terms of the tz component of
the stress-energy tensor as

σzz ¼ 4

3
∂zvz ¼

4

3

1

εþ p
∂zδTtz ∝

4

3

1

εþ p
π̂tz; ð5:57Þ

where δTtz ∝ π̂tz. Eq. (5.54) expressing approximate con-
servation of π̂2 can finally be written as the linearized MIS
equation in the sound channel [cf. Eq. (5.1c)]:

∂tΠzz −
4

3

D
τ
∂zhδTtzi ¼ −

1

τ
Πzz: ð5:58Þ

The relaxation time τ and the diffusion constantD are again
given by Eqs. (5.6a) and (5.6b).

VI. CONCLUSION

In this paper, we have developed a general framework
for discussing linearized hydrodynamic theories with addi-
tional approximately conserved currents, which we called
quasihydrodynamics. As shown, this framework can be
used to understand a large number of phenomenological
theories discussed in previous literature, including our main
two examples: magnetohydrodynamics coupled to dynami-
cal electric fields (which thus includes dynamical photons),
and the relativistic Müller-Israel-Stewart theory. Since a
generic feature of such theories is the presence of not only
massless hydrodynamic modes, but also of “massive” long-
lived modes, a systematic constructions of effective qua-
sihydrodynamic theories is a formidable task, as the formal
gradient expansion is not directly applicable. An even more
difficult task is a derivation of such effective theories from
their underlying quantum microscopic description—for
some recent progress in the hydrodynamic setting (without
approximately conserved quantities) see [115].
With a view towards a long-term goal of building

systematic quasihydrodynamic theories, we studied the
emergence of quasihydrodynamic theories in strongly
coupled theories with holographic duals. As we have
shown, holography can be used as a tool to systematically
derive a low-energy description of systems with long-lived
excitations. In particular, we have developed an explicit
holographic algorithm for analytically computing the
linearized quasihydrodynamic equations in a generic sys-
tem, extending and simplifying earlier developments of
[38,40]. We first showed in detail how to carry out this
procedure to unambiguosly demonstrate the existence of
dynamical photons in a holographic dual of magnetohy-
drodynamics [31]. This explicitly confirms the claims made
previously in [31,39] that the holographic dual of a theory
with a one-form symmetry encodes dynamical electromag-
netism on the boundary. Moreover, it provides a systematic
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method for deriving extensions of MHD, which we
anticipate will find a wealth of applications in plasma
physics. In our second example, we uncovered the equa-
tions of MIS theory from a holographic higher-derivative
Einstein-Gauss-Bonnet gravity theory, which was previ-
ously shown to be able to exhibit long-lived massive
excitations within the low-energy (hydrodynamic) regime
[51,54]. Systematically derived extensions of the MIS
theory may find future applications in the physics of
heavy-ion collisions and other types of fluid dynamics at
intermediate strength of the coupling constant. For exam-
ple, with a view towards the description of a conjectured
critical point of quantum chromodynamics, it would be
interesting to understand the recently proposed Hydro+ of
[116] from the point of view of our present work.
Beyond the ability to derive dynamical equations of

motion and effective field content of quasihydrodynamic
theories, we expect that our methods will be useful also for
analytically recovering hydrodynamic dispersion relations
in the holographic duals of ordinary fluids, superfluids,
solids and more. The abstract nature of the method allows
one to carry out the entire calculation in terms of gravi-
tational background fields until the very end, be they
analytically or numerically known. One is at most required

to perform a set of simple final numerical integrals to obtain
those dispersion relations.
Finally, we anticipate that these methods will assist

future research into the systematic development of dis-
sipative nonlinear effective field theories for systems with
weakly broken symmetries, following the series of recent
advances in Refs. [2–9].
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